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INTRODUCTION

A linear random recurrence is a sequence of random variables (Xn)n∈N

which satisfies the distributional equality

X1 = 0, Xn
d
= Vn +

K∑
r=1

Ar(n)X
(r)
In
(r)
, n ≥ 2, (1)

where Xn is some characteristics of a structure of size n, which is split accor-

ding to some rule into K smaller structures of random sizes In(r) ∈ {1, . . . , n},
Vn is a random toll term associated with the splitting, Ar(n) > 0 is a ran-

dom weight of substructure r and K is a fixed positive integer. For every r =

1, . . . , K, the variable X
(r)
k which corresponds to the rth structure is assumed

independent of ((In(1), . . . , I
n
(K), A1(n), . . . , AK(n), Vn))n≥2 and distributed like

Xk, for each k ∈ N. Furthermore, the sequences (X
(1)
n )n∈N, . . . , (X

(K)
n )n∈N are

assumed independent.

A very special case of (1) is the recurrence

X1 = 0, Xn
d
= 1 +X ′In , n ≥ 2, (2)

where In ∈ {1, . . . , n− 1} is an arbitrary random index, and X ′k is assumed

independent of (In) and distributed like Xk, for each k ∈ N := {1, 2, . . .}.
Random recurrence (2) can be naturally interpreted in terms of a Markov

chain. Let (Yn)n∈N0 be a decreasing Markov chain with state space N and

transition probabilities

P{Yn = j|Yn−1 = i} = πi,j > 0, 1 ≤ j < i, i ≥ 2,

P{Yn = j|Yn−1 = i} = 0, j ≥ i, i ≥ 2,

P{Yn = 1|Yn−1 = 1} = 1.

For every fixed n ∈ N, define a random variable

Xn := inf{k ∈ N0 := N ∪ {0} : Yk = 1 given Y0 = n}, (3)



7

which is the absorption time of the chain starting at state Y0 = n. Conditio-

ning on the size of the first jump of the chain and using the Markov property

it is seen that (2) holds, where n − In is equal to the size of the first jump.

Therefore, the distribution of In is given by

P{In = k} = πn,k, 1 ≤ k < n, n ≥ 2. (4)

In this setting, recurrences (2) were investigated in [68, 82, 123, 132],

Random recurrences (1), often in the simple form with K = 1, arise in

diverse areas of applied probability such as random regenerative structures

[12, 56, 58, 59, 60, 61, 63], random trees [32, 38, 40, 42, 74, 77, 97, 107,

111, 112], coalescent theory [14, 41, 49, 50, 55, 62, 65, 100, 101], recursive

algorithms [33, 66, 75, 109, 119, 121], random walks with barrier [78, 79, 104,

105], to name but a few.

The thesis consists of two parts. In the first part (Chapter 1) a new

technique is developed for the asymptotic analysis of the moments of linear

random recurrences, and some general results are presented for the absorption

times of non-increasing Markov chains. In the second part (Chapters 2 and 3)

we establish new results for two models where distributional recurrences (1)

occur: these are the stick-breaking partitions (Chapter 2) and exchangeable

coalescents (Chapter 3). We describe now the contents in more detail.

Chapter 1. The method of iterative functions presented in Section 1.1

can be applied to various linear recurrences of the form

a1 = a, an = bn +
n−1∑
k=1

cn,kak, n ≥ 2, (5)

where (cn,k)n≥2, 1≤k<n is a given triangular array, and (bn)n≥2 a given sequence

of real numbers. It particular, the moments (EXk
n)n∈N of fixed order k for

solutions of (1) satisfy such recurrences. Generally speaking, the asymptotic

analysis of recurrences (5) is a hard analytical problem. Nevertheless, various

methods, with different ranges of applicability, have been elaborated to date.

Among the existing approaches the most popular is the singularity ana-

lysis of generating functions [40, 47]. The method gives a very precise infor-
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mation on the asymptotic behavior whenever there is a tractable functional

relation between the generating functions of the sequences involved.

The idea of the repertoire method proposed in [66] can be briefly described

as follows. First we build up a repertoire (b
(α)
n )α∈A, where A is a finite set, of

inhomogeneous terms of (5) by choosing sequences (a
(α)
n ) such that the sum in

(5) is tractable. Then we construct a solution an to (1.4) with inhomogeneous

term bn as a linear combination of solutions a
(α)
n , α ∈ A.

Yet another method, proposed in [28] and further developed in [121], is

based on the harmonic analysis and potential theory.

We suggest in this thesis a new approach which we call the method of ite-

rative functions. The development of the method was motivated by a conjec-

ture of Martin Möhle (2008) regarding the number of collisions Xn in the

coalescent process driven by the Poisson-Dirichlet random measure. In this

thesis we settle the conjecture by proving (Theorem 55) that the moments

EXk
n for each k ≥ 1 behave for large n like the powers of the log-star func-

tion which grows extremely slow, namely slower than any iteration of the

logarithm. The analogous result is also shown for the moments Eτ kn of the

absorption time τn of the same coalescent process. This kind of exotic beha-

vior of the moments partly explains the fact that the methods available in the

literature do not suffice to tackle the problem. The number of collisions and

the absorption time in the Poisson-Dirichlet coalescent are interesting, yet

special instances of the recurrence (1). The suggested method is also capable

to tackle many other linear recurrences (1).

Theorem 19, which is the main result of Section 1.2, provides a weak

convergence result for the absorption time Xn defined by (3). A curious

by-product of this result is that beta (a, b) distributions with a > 1 and

b > 0 occur as the laws of exponential functionals of killed subordinators

(increasing Levý processes).

Chapter 2. In a classical occupancy scheme n balls are thrown inde-

pendently in an infinite array of boxes with probability pk of hitting box

k = 1, 2, . . ., where (pk)k∈N is a fixed sequence of positive frequencies sum-
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ming up to one. The quantities of traditional interest are

• Kn the number of boxes occupied by at least one of n balls,

• Kn,r the number of boxes occupied by exactly r out of n balls,

• Mn the range of occupancy, equal to the maximal index of occupied

box,

• Ln := Mn−Kn the number of empty boxes within the occupancy range,

• Zn,k the number of balls in the kth box in the last-to-first order of

boxes.

In applications ‘boxes’ are clusters, species, types of data, etc. The quantities

in the list characterize the sampling variability, which for large n is domi-

nantly determined by the boxes occupied by a few balls, thus determined

by the way the frequencies pk approach zero, as k → ∞. The first two va-

riables are functionals of the induced partition of n, defined as the unordered

collection of positive occupancy counts.

The Bernoulli sieve is a version of the occupancy scheme with random

frequencies

Pk := W1W2 · · ·Wk−1(1−Wk), k ∈ N,

where (Wk)k∈N are independent copies of a random variable W taking values

in (0, 1). The name derives from the following recursive construction based

on i.i.d. qk
d
= 1−W : at round 1 a coin with probability q1 for heads is flipped

for each of n balls and every time it turns heads the ball is put in box 1,

then at round 2 a coin with probability q2 for heads is flipped for each of the

remaining balls and every time it turns heads the ball is sent to box 2, and

so on until all balls are allocated in boxes.

It is useful to identify frequencies (Pk) with the lengths of component in-

tervals induced by splitting [0, 1] at points of a multiplicative renewal process

(sometimes called stick-breaking) (Qk)k∈N0 , where

Q0 := 1, Qj :=

j∏
i=1

Wi, j ∈ N.
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In the spirit of Kingman’s ‘paintbox representation’ of exchangeable parti-

tions [58], we may identify the boxes with open intervals (Qk, Qk−1), and

mark the balls by independent points U1, . . . , Un sampled from the uniform

[0, 1] distribution, independently of (Qk). The event Ui ∈ (Qk−1, Qk) then

means that ball i falls in box k. Keep in mind that in the natural order the

intervals are indexed from the right to the left, thus the occupancy range is

determined by the interval containing the leftmost mark min(U1, . . . , Un). In

view of this construction a random partition of n induced by the Bernoulli

sieve can be called stick-breaking partition.

Theorem 23 which is the main result of Section 2 provides an ultimate

result concerning the weak convergence of the number of occupied boxes in

the Bernoulli sieve. To prove it we use a new approach which is based on

the analysis of small frequencies Pk’s and relies heavily upon certain weak

convergence results for perturbed random walks. The latter topic is explored

in Section 2.4 and may be of independent interest. Other results of Section

2 includes: the asymptotics of the first moment of the number Ln of empty

boxes in the occupancy range of the Bernoulli sieve (Theorem 33), explicit

determination of the law of Ln in a particular case (Proposition 34) and

convergence of small parts to zero in probability under an infinite mean

assumption (Proposition 38).

Chapter 3. Exchangeable coalescents have become a powerful tool for

applications in the population genetics, and more precisely for analyzing the

genealogy of DNA sequences. The coalescent process is a natural extension of

the classical population genetics concept of neutral evolution and it appears

as an approximation to the Fisher-Wright model when the population size is

large. The basic idea of the coalescent (or more precisely n-coalescent), which

goes back to J. F. C. Kingman [88, 89], can be briefly described as follows. We

select n individuals from the present generation in a large population, and

trace backwards in time their genealogical history. For every two individuals

there will be an epoch when two lineages coalesce and their most recent

common ancestor is encountered. Continuing this process backwards in time
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we construct the coalescent tree, the root of this tree being the most recent

common ancestor for the whole sample. The shape of coalescent tree depends

heavily on the rate of coalescence of the lineages. In the simplest instance,

when only binary collisions are possible, we obtain the Kingman coalescent.

If multiple collisions are allowed, the corresponding coalescent is called the

lambda-coalescent.

There are several important functionals of the coalescents which have

become central objects of research in the past few years:

• Xn the number of collisions in the n-coalescent tree;

• τn the absorption time (the height of the n-coalescent tree or the time

back to the most recent common ancestor);

• Ln the total branch length of the n-coalescent, which is the sum of

lengths of all branches in the n-coalescent tree.

These functionals are particular examples of linear random recurrences (1)

since the following distributional equalities hold

X1 = 0, Xn
d
= 1 +X ′In , n ≥ 2; (6)

τ1 = 0, τn
d
= Tn + τ ′In , n ≥ 2; (7)

L1 = 0, Ln
d
= nTn + LIn , n ≥ 2, (8)

where In denotes the number of remaining blocks after the first collision, and

Tn is the time of the first collision; X ′k (respectively, τ ′k, L
′
k) is assumed in-

dependent of In (respectively, (Tn, In)) and distributed like Xk (respectively,

τk, Lk), for each k ∈ N.

In Section 3.1 we consider the lambda-coalescents, also known as coales-

cents with multiple collisions, with positive frequency of singleton clusters.

The class in focus covers, for instance, the beta (a, b)-coalescents with a > 1.

We show that some large-sample properties of these processes can be de-

rived by coupling with an increasing Lévy process (subordinator), and by

exploiting parallels with the theory of regenerative composition structures.
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In particular, we discuss the limiting distributions of the absorption time

and the number of collisions. In Section 3.2 we provide expansions for the

moments of the number of collisions in the beta (2, b) - coalescents. Also we

establish the strong law of large numbers and a central limit theorem for

this functional. Finally in Section 3.3 we investigate the asymptotics of the

functionals acting on the Poisson-Dirichlet coalescent. An interesting conse-

quence of our results is that the asymptotics of Xn and τn are determined by

a generalized ‘log-star’ function. A remarkable feature of this function is its

extremely slow growth.
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Chapter 1

Moments of random

recurrences

The chapter is divided in two independent parts. The purpose of Section 1.1

is to propose a new method of obtaining the first-order asymptotics of the

moments of linear random recurrences. In Section 1.2 we prove a result about

the weak convergence of the absorption times of certain decreasing Markov

chains, the main technical tool being the method of moments.

1.1 Method of iterative functions

Denote by C(m)(B) the space of functions which are m-times differentiable

on the set B. If B = [a,∞) then the derivative at point a is assumed to be

the right derivative. We use the notation

r◦(0)(x)
def
= x, r◦(k)(x)

def
= r(r◦(k−1)(x)), k ∈ N.

Finally, we recall the standard notation bxc = sup{k ∈ Z : k ≤ x} and

dxe = inf{k ∈ Z : k ≥ x} for the floor and ceiling function, respectively.
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1.1.1 Definitions and basic properties. This subsection in-

troduces iterative functions and investigates some of their basic properties.

Definition 1. Suppose that the function g : R+ → R+ is increasing, unboun-

ded and continuous, and satisfies the following condition: for some x0 > 0

and every x1 > x0 there exists εx1 > 0 such that

x− g(x) > εx1 for all x ∈ (x0, x1). (1.1)

Assuming that h : R+ → R+ and k : [0, x0] → R are continuous functions,

define the function g∗ : R+ → R by the following equality

g∗(x) =

m0(x)∑
i=1

h(g◦(i−1)(x)) + k(g◦(m0(x))(x)), (1.2)

where

m0(x) := inf{k ≥ 0 : g◦(k)(x) ≤ x0}.

We call g∗ the iterative function generated by the quadruple (h, g, x0, k) and

denote it by g∗ = Iter(h, g, x0, k).

Note that technical condition (1.1) is sufficient for m0(x) to be finite for

every x ∈ R+. This follows from the estimate m0(x) ≤ bx−x0
εx
c + 1 which is

implied by the inequality

x− kεx > g◦(k)(x), x > x0, k = 0, . . . ,m0(x),

which can be obtained by induction.

Remark 2. From the definition it follows that g∗ satisfies the functional equa-

tion

g∗(x) = h(x) + g∗(g(x)), x > x0, (1.3)

with initial condition

g∗(x) = k(x), x ≤ x0.

Note that the last equality and (1.3) characterize g∗. Below are some

examples of iterative functions.
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Example 3. Let h(x) ≡ 1, g(x) = αx, α ∈ [0, 1), x0 = 1, k(x) ≡ 0. Then

g∗(x) = 1+g∗(αx), for x > 1, and g∗(x) = 0, for x ∈ [0, 1]. The corresponding

solution is g∗(x) = dlog 1
α
xe, x > 1.

By an elementary function we mean a function constructed from ’basic’

functions (constants x 7→ c ∈ R; powers x 7→ xα, α ∈ R; exponentials

x 7→ ax, a > 0; logarithms x 7→ loga x, a > 0, a 6= 1; trigonometric functions

x 7→ sinx, x 7→ cosx, x 7→ tanx, x 7→ cotx and their inverses) with the aid

of finitely many elementary operations (+,−,×,÷) and compositions.

The next example is more general.

Example 4. Let f(·) be an arbitrary elementary function which is conti-

nuous on [0,+∞) and assumed to be unbounded and strictly increasing on

[x0,+∞), for some x0 > 0. From the obvious equality

f(x) = 1 + f(f−1((f(x)− 1)), x > f−1(x0 + 1),

it follows that the function f(·) is iterative and that it is generated by the

quadruple (1, f−1((f(x)− 1), x0, f(x)).

Example 5. Let h(x) ≡ 1, g(x) = log x, x0 = 1, k(x) ≡ 0. Then g∗(x) =

1 + g∗(log x), x > 1, or

g∗(x) = log∗ x,

the log-star function which is arguably the best known non-trivial iterative

function. It is clear that Iter(1, g, x0, 0) = m0(x). In particular, this equality

holds for the log-star function.

If h(x0) 6= 0 then the iterative functions Iter(h, g, x0, 0) are piecewise

continuous. However we prefer to work with smooth iterative functions which

was the main reason for introducing functions k in Definition 1. It turns out

that Iter(h, g, x0, 0) and Iter(h, g, x0, k) are asymptotically equivalent, and

an appropriate choice of k makes Iter(h, g, x0, k) smooth enough. Below we

formalize this statement and also describe how the mentioned smoothness

can be obtained by the choice of k.
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Introduce the equivalence relation ≈ on the set of iterative functions by

the rule

g∗1 ≈ g∗2 ⇐⇒ g∗1 = Iter(h, g, x0, k1), g∗2 = Iter(h, g, x0, k2).

This relation induces partitioning of the set of iterative functions into the

classes of equivalence.

Definition 6. The equivalence class

F := {F = Iter(h, g, x0, k), k ∈ C[0, x0]}

is called the iterative function generated by the triple (h, g, x0). When it does

not lead to ambiguity, we call an iterative function generated by the triple

(h, g, x0) an arbitrary element of this class.

Since |g∗1(x) − g∗2(x)| is bounded on R+, for any g∗1, g
∗
2 ∈ F , all iterative

function in the same equivalence class are asymptotically equivalent (provi-

ded they diverge to +∞).

Definition 7. An m-times differentiable modification of iterative function g∗

is an arbitrary iterative function ĝ∗ such that ĝ∗ ≈ g∗ and ĝ∗ ∈ C(m)[x0,+∞).

Our first result which is a direct consequence of Lemma 16 and Lemma

17 given below shows that provided g and h are smooth enough one can find

a function k such that the function Iter(h, g, x0, k) is smooth. For a collection

of functions f1, . . . , fn let W (f1, . . . , fn) denote its Wronskian.

Theorem 8. Assume that g, h ∈ C(m)[x0,+∞) and that

W
(
xi − gi(x), i = 0, . . . ,m+ 1

)
(x0) 6= 0.

Then there exists a function k of the form

k(x) =
m+1∑
i=1

αix
i,

such that the iterative function generated by the quadruple (h, g, x0, k) is m-

times differentiable on [x0,+∞).
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Remark 9. The vector of coefficients (α1, α2, . . . , αm+1) is a solution to the

system of linear equations (see Lemma 17) and can be calculated explicitly.

An example of a smoothed iterative function is given below.

Example 10. Recall that the log-star function is an iterative function gene-

rated by the quadruple (1, log x, 1, 0). A twice differentiable modification F

of the log-star function can be constructed as follows. According to Lemma

17, the corresponding function k takes the form k(x) = − 2
13
x3 + 3

13
x2 + 12

13
x.

Therefore

F (x) =

{
1 + F (log x), x > 1,

− 2
13
x3 + 3

13
x2 + 12

13
x, x ∈ [0, 1].

The graphs of functions log∗ x and F (x) for x > 0 are depicted below.

1.1.2 Asymptotics of moments. The first step of asymptotic

analysis of recurrences (1) is to find the asymptotics of moments EXk
n and

central moments E(Xn − EXn)k, as n→∞.

This problem reduces to studying the recurrence equations of the form

a1 = 0, an = bn +
n−1∑
k=1

cn,kak, n ≥ 2, (1.4)



18 CHAPTER 1. MOMENTS OF RANDOM RECURRENCES

where (bn)n∈N and (cn,k)n∈N, k<n are given numeric sequences.

In the sequel, unless stated the contrary, we tacitly suppose that bn ≥ 0

and, hence, an ≥ 0. However, a perusal of the proofs given below reveals that

we could have assumed that bn is only non-negative or non-positive for large

enough n. Under this last assumption, formulations of results would get cum-

bersome which has forced us to keep less generality but more transparency.

While investigating recurrence (1.4), without loss of generality, we can

assume that for every n ≥ 2

n−1∑
k=1

cn,k = 1 and cn,k ≥ 0, k = 1, . . . , n− 1 (1.5)

(see, for instance, [121, p. 9]). Recurrences (1.4), with bn ≥ 0, which satisfy

(1.5) will be referred to as recurrences with weights reduced to probabilities.

If (1.5) holds, denote by In a random variable with distribution

P{In = k} = cn,k, k = 1, . . . , n− 1.

Theorem 11. Assume that the sequence (an)n∈N satisfies recurrence (1.4)

with weights reduced to probabilities. Let g : R+ → R+ be continuous, increa-

sing and unbounded function such that

g(n) = EIn + o(EIn), n→∞1,

and h : R+ → R+ a continuous function such that

h(n) ∼ bn, n→∞.

If

• lim
n→∞

an = +∞,

• g∗(EIn)− g∗(g(n)) = o(h(n)), n→∞,

1Since In ≤ n− 1, it is always possible to choose g such that (1.1) holds.
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where g∗ is an iterative function generated by the triple (h, g, x0) then the

following implications are true

Eg∗(In)− g∗(EIn) = o(h(n)), n→∞ =⇒ (1.6)

an ∼ g∗(n), n→∞,

Eg∗(In)− g∗(EIn) ∼ h(n)d, n→∞, for some d < 1 =⇒ (1.7)

an ∼ (1− d)−1g∗(n), n→∞.

Proof. Set a′n := an−g∗(n), n ∈ N. The sequence (a′n) satisfies the recurrence

a′1 = −g∗(1), a′n = bn − g∗(n) + Eg∗(In) +
n−1∑
k=1

cn,ka
′
k, n ≥ 2. (1.8)

If Eg∗(In) − g∗(EIn) = o(h(n)) and g∗(EIn) − g∗(g(n)) = o(h(n)) then the

inhomogeneous term of (1.8) is o(h(n)). Therefore, applying Theorem 13 (II)

yields a′n = o(an) which implies an ∼ g∗(n).

If Eg∗(In)−g∗(EIn) ∼ h(n)d, for some d ∈ (0, 1), and g∗(EIn)−g∗(g(n)) =

o(h(n)) then the inhomogeneous term of (1.8) is asymptotically equal to

h(n)d. Therefore, applying Theorem 13 (I) yields a′n ∼ and which implies

an ∼ (1− d)−1g∗(n).

Finally, if Eg∗(In) − g∗(EIn) ∼ h(n)d, for some d < 0, we can apply

Theorem 13 (II) to the sequences (g∗(n) − an) and (an) to conclude that

g∗(n) − an ∼ −and. The latter is equivalent to an ∼ (1 − d)−1g∗(n). The

proof is complete.

Theorem 12. Assume that the sequence (an)n∈N satisfies recurrence (1.4)

with weights reduced to probabilities. Let g : R+ → R+ be a twice differen-

tiable, increasing and unbounded function such that

g(n) = EIn + o(EIn), n→∞,

and h : R+ → R+ a twice differentiable function such that

h(n) ∼ bn, n→∞.

If the following conditions hold
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(C1) lim
n→∞

an = +∞;

(C2) There exists continuous function k such that the iterative function F

generated by the quadruple (h, g, x0, k) is twice differentiable;

(C3) F (EIn)− F (g(n)) = o(h(n)), n→∞;

(C4) There exists M > 0 such that for all n ∈ N

Var In ≤MEIn;

(C5) lim
n→∞

supx≥EIn/2 |F ′′(x)|Var In
h(n)

= 0;

(C6) lim
n→∞

sup1≤x≤n |F (x)|
h(n)Var In

= 0;

(C7) lim
n→∞

F ′(EIn)

h(n)
= 0,

then

an ∼ F (n), n→∞.

Proof. Since conditions (C1) and (C3) hold, according to implication (1.6)

in Theorem 11, it is enough to show that

αn := EF (In)− F (EIn) = o(h(n)).

With κ := 1
2M

and An := {|In − EIn| > κVar In} we have

|αn| ≤ |E(F (In)− F (EIn))1An|+ |E(F (In)− F (EIn))1Acn| =: βn + γn.

An application of Chebyshev’s inequality yields

βn ≤ 2 sup
1≤x≤n

|F (x)|P(An) ≤
2Var In sup1≤x≤n |F (x)|

(κVar In)2
,

which is o(h(n)) by condition (C6).
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Using the Taylor expansion around EIn leads to

γn =
∣∣∣E(F ′(EIn)(In − EIn) +

1

2
F ′′(θn)(In − EIn)2

)
1Acn

∣∣∣
≤

∣∣∣F ′(EIn)E(In − EIn)1An

∣∣∣+
1

2

∣∣∣EF ′′(θn)(In − EIn)21Acn

∣∣∣ = γ1,n + γ2,n,

where at the last line the equality |E(In − EIn)1An| = |E(In − EIn)1Acn|
has been utilized and θn ∈ [EIn − κVar In,EIn + κVar In]. Consequently, by

Cauchy-Schwarz and Chebyshev’s inequalities, we obtain

γ1,n = |F ′(EIn)E(In − EIn)1An| ≤ |F ′(EIn)|
√

E(In − EIn)2
√

P(An)

≤ |F ′(EIn)|
√

Var In

√
Var In

(κVar In)2
=

1

κ
|F ′(EIn)|,

which is o(h(n)) by condition (C7).

Finally, an appeal to condition (C4) allows us to conclude that

γ2,n ≤
1

2
sup

x≥EIn/2
|F ′′(x)|Var In,

which is o(h(n)) by condition (C5). The proof is complete.

Based on Theorem 11 and Theorem 12 we formulate the following algo-

rithm which can be used to derive the asymptotic behavior of the moments

of linear random recurrences.

Algorithm

1. Make a reduction to probabilities using, for example, the method des-

cribed in [121]. As a result, we obtain the recurrence of the form

A1 = 0, An = Bn +
n−1∑
k=1

pn,kAk,

where
∑n−1

k=1 pn,k = 1 for all n ≥ 2 and Bn ≥ 0. Let In be a random

variable with distribution P{In = k} = pn,k, n ≥ 2, k < n.

2. Prove the divergence of An using, for example, Proposition 14 or other

methods.
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3. Find a continuous, strictly increasing and unbounded function g(x)

defined on R+, such that g(n) = EIn + o(EIn). Pick an x0 as defined in

(1.1). Find a continuous function h(x) defined on R+ such that h(n) ∼
Bn.

4. Find an iterative function g∗ generated by the quadruple (h, g, x0, k),

where k is any continuous function on [0, x0].

5. If g∗ is an elementary function go to the next step, otherwise, select k

such that g∗ is twice differentiable (see Theorem 8) and go to the next

step.

6. If g∗(EIn)− g∗(g(n)) = o(h(n)) then go to the next step, otherwise go

to step 3 and choose asymptotically smaller term o(EIn).

7. If Eg∗(In)−g∗(EIn) = o(h(n)) (this can be checked using, for example,

Theorem 12) then An ∼ g∗(n). If Eg∗(In) − g∗(EIn) ∼ h(n)d then

An ∼ (1− d)−1g∗(n).

1.1.3 Applications.

Number of collisions in beta(a, 1)-coalescents.

Let Xn be the number of collisions in beta(a, 1)-coalescent, a > 0, restricted

to the set {1, . . . , n} (see Chapter 3 for the definition and more details). Many

results concerning the asymptotics of EXk
n, k ∈ N, are known [36, 41, 42, 62,

76, 97, 111, 112] but we partly derive them again just in order to show how

our method works.

It is known that (Xn)n∈N0 satisfy recurrence (2) with In having distribu-

tion

P{In = n− k} =

(2−a)Γ(a+k−1)
Γ(a)Γ(k+2)

1− Γ(a+n−1)
Γ(a)Γ(n+1)

, k = 1, . . . , n− 1, n ≥ 2,

if a 6= 2, and

P{In = n− k} =
1

(hn − 1)(k + 1)
, k = 1, . . . , n− 1, n ≥ 2,
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where hn =
∑n

k=1 k
−1, if a = 2.

From these formulae we deduce the divergence of In to ∞ in probability

which implies, by Proposition 14, that lim
n→∞

EXn = +∞. It is also clear that

no reduction of weights to probabilities is needed.

Case 0 < a < 1 [36, 62, 78]. Since

EIn = n− (1− a)−1 + o(1),

we can choose

g(x) = x− 1

1− a
and h(x) = 1.

Then functional equation (1.3) has an elementary solution g∗(x) = (1− a)x.

By Theorem 11, EXn ∼ g∗(n) ∼ (1− a)n, n→∞.

Case a = 1 (Bolthausen-Sznitman coalescent) [41, 78, 97, 111, 112]. Since

EIn = n− log n+O(1), Var In = O(n)

we can choose

g(x) = x− log x and h(x) = 1.

The relation

x

log x
= 1 + o(1) +

x− log x

log(x− log x)
, x→∞,

implies that x 7→ x/ log x is an iterative function generated by the quadruple

(1 + o(1), x − log x, 2, x/ log x). An application of Theorem 12 with F (x) =

x/ log x gives2 EXn ∼ n
logn

, n→∞.

Case a = 2 (Theorem 46). From the expression for P{In = k}, when a = 2,

and the known asymptotics hn = log n+ const +O(1/n), n→∞, we deduce

EIn =
1

hn − 1

n−1∑
k=1

n− k
k + 1

= n− n

log n
+O

(
n

log2 n

)
.

2The only thing which may require verification is condition C3. In the present situation,

EIn − g(n) = O(1), and the derivative of F (x) = x/ log x tends to zero, as x → ∞.

Therefore, condition C3 follows by application of the mean value theorem.
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Therefore, we can choose

g(x) =

(
x− x

log x

)
1(e,∞)(x) and h(x) = 1.

From the relation

log2 x = 2 + o(1) + log2(x− x

log x
), x→∞,

it follows that x 7→ 2−1 log2 x is an iterative function generated by the qua-

druple (1 + o(1), x− x
log x

, 2, 2−1 log2 x). Applying the mean value theorem to

the differentiable function x 7→ log2 x we obtain

log2 EIn − log2 g(n) = O

(
1

log n

)
and

lim
n→∞

1

2

(
E log2 In − log2 EIn

)
= 1− π2

6
,

which, in view of implication (1.7), yields EXn ∼ 3
π2 log2 n, n→∞.

Examples from the analysis of algorithms.

By using our method we give new proofs of the results from [109],[94] and

[119], respectively.

The Quickselect algorithm. Let Xn be the number of comparisons

that the Quickselect algorithm needs to find min(x1, . . . , xn) of a sample

x1, . . . , xn. Then

X1 = 0, Xn
d
= n− 1 +X ′In , n ≥ 2,

where In = Jn ∨ 1, and Jn is uniformly distributed on {0, . . . , n− 1}. Since

EIn =
n− 1

2
+

1

n
,

we can choose

g(x) =
x+ 1

2
and h(x) = x− 1.

Then functional equation (1.3) has elementary solutions g∗(x) = 2x + c,

c ∈ R. By Theorem 11, EXn ∼ g∗(n) ∼ 2n, n→∞.
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The depth of random node in a random binary search tree. The

corresponding recurrence is

X0 = −1, X1 = 0, Xn
d
= 1 +X ′In , n ≥ 2,

where P{In = k} = 2k/n2, for k ∈ {1, . . . , n − 1} and P{In = 0} = 1/n.

Since

EIn =
(n− 1)(2n− 1)

3n
,

we can choose

g(x) = 2x/3 and h(x) = 1.

According to Example 1, the corresponding iterative function is

g∗(x) = dlog 3
2
xe, x > 1.

Since lim
n→∞

(E log+ In− log n) = −1/2, it follows that lim
n→∞

(Ef(In)−f(EIn)) =

1− 1
2 log(3/2)

, where

f(x) =
log+ x

log(3/2)
.

Finally, in view of f(x) ∼ g∗(x) we have EXn ∼ 2 log(3/2)f(n) ∼ 2 log n,

n→∞, according to Theorem 11.

The Quicksort algorithm. Let Xn denote the random number of compa-

risons needed to sort a list of length n by the Quicksort. Then

X0 = X1 = 0 and Xn
d
= n− 1 +X ′In−1 +X ′′n−In , n ≥ 2,

where In has the uniform distribution on {1, . . . , n}, and X ′k and X ′′k are

assumed independent of (In) and distributed like Xk, for each k ∈ N0.

Set an := EXn, then

a0 = a1 = 0 and an = n− 1 +
n−1∑
k=0

2

n
ak, n ≥ 2.

The reduction of weights to probabilities can be made by the substitution

a′n := an/(n+ 1) which yields

a′n =
n− 1

n+ 1
+

n−1∑
k=0

2(k + 1)

n(n+ 1)
a′k, n ≥ 2.
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Using the same arguments as in the previous example we obtain a′n ∼ 2 log n.

Therefore, EXn ∼ 2n log n, n→∞, as is well-known3.

Limitations of the method.

The method of iterative functions is not universal, it has some limitations

which we would like to emphasize on.

(a) An indispensable requirement of our method to work is the divergence

of (an), the solution to (1.4). In particular, our method cannot detect

the convergence of an to a constant.

(b) It may be difficult to guess which elementary function has the same

asymptotics as given iterative function.

(c) If condition (1.7) holds, for some d 6= 0, it may be hard to calculate

the constant d explicitly. Therefore, it seems that a natural assump-

tion for the method to work is (1.6) rather than (1.7). Condition (1.6)

holds if the solution is nearly linear and the variance of index In grows

not too fast (precise statements are made in Theorem 12). For ins-

tance, the expected number of collisions in the Bolthausen-Sznitman

and Poisson-Dirichlet coalescents (see Theorem 55 in Chapter 3) exhi-

bit the asymptotic behavior of this type.

1.1.4 Auxiliary results.

Properties of recurrences (1.4).

Theorem 13. Suppose that (an)n∈N and (a′n)n∈N satisfy the recurrences

an = bn +
n−1∑
k=1

pn,kak, n ≥ N, (1.9)

3The first result concerning the complexity of (non-randomized) Quicksort algorithm

with O(n log n) asymptotic goes back to the pioneering work by Hoare [72]. For complete

analysis of Quicksort and its different modifications we refer to a survey [129].
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and

a′n = b′n +
n−1∑
k=1

pn,ka
′
k, n ≥ N, (1.10)

respectively. Suppose that bn ≥ 0, for n ≥ N , and lim
n→∞

an = +∞. Then

I. b′n ∼ bn, n→∞ implies a′n ∼ an, n→∞, and

II. b′n = o(bn), n→∞ implies a′n = o(an), n→∞.

Proof of (I). We exploit the idea of proof of [63, Proposition 3]. Suppose

there exists ε0 > 0 such that an > (1 + ε0)a′n for infinitely many n. Since

lim
n→∞

an = +∞, we can pick ε ∈ (0, ε0] such that for any c > 0 the inequality

an > (1 + ε)a′n + c holds for infinitely many n. Let nc be minimal such n.

Since lim
c→∞

nc = +∞, without loss of generality we can assume that nc > N .

For n ≤ nc − 1, we have an ≤ (1 + ε)a′n + c which implies

(1 + ε)a′nc + c < anc = bnc +
nc−1∑
k=1

pnc,kak ≤ bnc + c+ (1 + ε)
nc−1∑
k=1

pnc,ka
′
k.

Simplifying the last expression gives 1 + ε < bnc/b
′
nc . Sending c → ∞ leads

to ε < 0, which is a contradiction. Thus we have proved that

lim sup
n→∞

an
a′n
≤ 1.

A symmetric argument proves the converse inequality for the lower limit.

Proof of (II) proceeds by applying the already established part (I) to the

sequences (an) and (an − a′n) and noting that the relation bn ∼ bn − b′n

implies an ∼ an − a′n. The proof is complete.

A simple sufficient condition for lim
n→∞

an = +∞ is given below.

Proposition 14. Assume that the sequence (an)n∈N satisfies (1.4) with

weights reduced to probabilities. If In
P→ ∞ and lim inf

n→∞
bn = b ∈ (0,∞],

then lim
n→∞

an = +∞.
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Proof. From recurrence (1.4) we obtain

an = bn +
n−1∑
k=1

pn,kak = bn +
M−1∑
k=1

pn,kak +
n−1∑
k=M

pn,kak

≥ bn +
(

inf
1≤k<M

ak

)M−1∑
k=1

pn,k +
(

inf
M≤k≤n−1

ak

) n−1∑
k=M

pn,k.

Sending n → ∞ gives lim inf
n→∞

an ≥ b + inf
k≥M

ak. Letting M → ∞ leads to

lim inf
n→∞

an ≥ b+ lim inf
n→∞

an which completes the proof.

The moments of different functionals of partition-valued processes appea-

ring in Sections 2 and 3 satisfy the following recurrence

a0 := a, an = bn +
n∑
k=0

pn,kak, n ∈ N, (1.11)

where (pn,k)0≤k≤n is a probability distribution with pn,n < 1 and (bn)n∈N is

a given sequence of positive real numbers. With a view towards subsequent

applications Proposition 15 investigates the rate of growth of the so defined

an and particularly provides conditions of its boundedness.

Proposition 15. Suppose there exists a sequence (ψn)n∈N such that

(C1) lim infn→∞ ψn
∑n

k=0(1− k/n)pn,k > 0,

(C2) the sequence (ψkbk/k)k∈N is non-increasing.

Then the sequence (an)n∈N0 defined by (1.11) satisfies

an = O
( n∑
k=1

bkψk
k

)
, n→∞. (1.12)

In particular, (an) is bounded if the series
∑∞

k=1
bkψk
k

converges.

Proof. Write for simplicity pk for pn,k and let πk =
∑k

j=0 pj. Using (C2) we

have
n∑
k=1

bkψk
k

πk−1 ≥
bnψn
n

n∑
k=1

πk−1 = bnψn

n−1∑
j=0

(1− j/n)pj.
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By (C1) there exist n0 ∈ N and c > 0 such that

c

n∑
k=1

bkψk
k

πk−1 ≥ bn , n ≥ n0. (1.13)

From this, xn := c
∑n

k=1 bkψk/k satisfies

xn ≥ bn +
n∑
k=1

xkpk , n ≥ n0 (1.14)

To check the latter, write

bn +
n∑
k=1

xkpk = bn + c
n∑
j=1

n∑
k=j

bjψj
j
pk

= bn + c
n∑
j=1

bjψj
j

(1− πj−1)

= bn + c
n∑
j=1

bjψj
j
− c

n∑
j=1

bjψj
j
πj−1

= xn + bn − c
n∑
j=1

bjψj
j
πj−1

(1.13)

≤ xn.

Set x0 := 0. Subtracting (1.11) from (1.14) we see that yn := xn + c0 − an
satisfies yn ≥

∑n
k=0 pkyk for n ≥ n0 and arbitrary c0. By choosing c0 ≥

maxn≤n0 an it is easily shown by induction that yn ≥ 0 for all n ∈ N, which

implies the desired estimate of an.

Properties of iterative functions.

For the given strictly increasing continuous function g, there exists the unique

inverse function g−1 which defines the sequence (An)n∈N0 as follows

A0 = 0, An := (g−1)◦(n−1)(x0), n ∈ N. (1.15)

Lemma 16. Assume that g, h ∈ C(m)[x0,+∞), k ∈ C(m)[0, x0] and F =

Iter(h, g, x0, k) is m-times differentiable at x0. Then F is m-times differen-

tiable on [x0,+∞).



30 CHAPTER 1. MOMENTS OF RANDOM RECURRENCES

Proof. We only treat the case m = 1, as, for m = 2, 3, . . ., the proof is

the same. Since F is a sum of compositions of C(1)[x0,+∞) functions, it

is differentiable on [x0,+∞)\(Ai)i∈N. Therefore, we only have to check the

continuity and differentiability at the points (Ai).

First step. Proof of continuity. By the assumption, F is continuous at A1 =

x0, i.e.,

k(x0) = h(x0) + k(g(x0)). (1.16)

For fixed k ≥ 2, we have from (1.2)

F (Ak − 0) =
k−1∑
i=1

h(g◦(i−1)(Ak − 0)) + k(g◦(k−1)(Ak − 0)), (1.17)

and

F (Ak + 0) =
k∑
i=1

h(g◦(i−1)(Ak + 0)) + k(g◦(k)(Ak + 0)). (1.18)

Now use (1.16) and continuity of h and g to obtain

F (Ak + 0)− F (Ak − 0)

= h(g◦(k−1)(Ak)) + k(g◦(k)(Ak))− k(g◦(k−1)(Ak))

= h(x0) + k(g(x0))− k(x0)
(1.16)
= 0.

Second step. Proof of differentiability. The differentiability of F at x0 implies

that

k′(x0) = h′(x0) + k′(g(x0))g′(x0). (1.19)

For k ≥ 2, using (1.17) and (1.18) yields

F ′−(Ak) = lim
x→Ak−0

d

dx

( k−1∑
i=1

h(g◦(i−1)(x)) + k(g◦(k−1)(x))

)
,

F ′+(Ak) = lim
x→Ak+0

d

dx

( k∑
i=1

h(g◦(i−1)(x)) + k(g◦(k)(x))

)
.
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Consequently,

F ′+(Ak)− F ′−(Ak)

= lim
x→Ak+0

d

dx
h(g◦(k−1)(x)) + k(g◦(k)(x))− lim

x→Ak−0

d

dx
k(g◦(k−1)(x)).

Set u(x) := g◦(k−1)(x), then u(Ak + 0) = u(Ak − 0) = u(Ak) = x0 and

F ′+(Ak)− F ′−(Ak)

= lim
x→Ak+0

d

dx
h(u(x)) + k(g(u(x)))− lim

x→Ak−0

d

dx
k(u(x))

= lim
x→Ak+0

(h′(u(x)) + k′(g(u(x)))g′(u(x)))u′(x)− lim
x→Ak−0

k′(u(x)))u′(x)

= (h′(x0) + k′(g(x0))g′(x0)− k′(x0))u′(x0) = 0,

by (1.19). The proof is complete.

From Lemma 16 it follows that the function F is m-times differentiable

provided it satisfies the conditions

k(x0) = h(x0) + k(g(x0)),

k′(x0) = h′(x0) + k′(g(x0))g′(x0),

. . . . . . . . . . . . . . . . . . . . . . . . . . .

k(m)(x0) = h(m)(x0) + (k(g(x0)))(m).

(1.20)

The following lemma proves the existence of a function k(x) such that (1.20)

holds.

Lemma 17. Assume that W
(
x−g(x), . . . , xm+1−gm+1(x)

)∣∣∣
x=x0

6= 0. Then

there exists a function k(x) =
∑m+1

i=1 αix
i which satisfies (1.20).

Proof. Plugging the representation k(x) =
∑m+1

i=1 αix
i into (1.20) gives the

system of linear equations(
α1(x0 − g(x0)) + . . .+ αm+1(xm+1

0 − gm+1(x0))
)

= h(x0),(
α1

d
dx

(x− g(x)) + . . .+ αm+1
d
dx

(x1+m − gm+1(x))
)∣∣∣

x=x0
= h′(x0),

. . . . . . . . . . . . . . . . . . . . . . . . . . .(
α1

dm

dxm
(x− g(x)) + . . .+ αm+1

dm

dxm
(xm+1 − gm+1(x))

)∣∣∣
x=x0

= h(m)(x0).
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The determinant of this system is W (x0) which is not equal to zero by the

assumption. Therefore, the system has a unique solution which implies that

the function k is well defined and satisfies conditions (1.20).

Using a reasoning similar to that used in the proof of Theorem 13 one

can check the following.

Theorem 18. Let the triples (h1, g, x0) and (h2, g, x0) generate the iterative

functions f1 and f2, respectively. Assume that lim
x→∞

f1(x) = +∞. Then

I. h2(x) ∼ h1(x), x→∞ implies f2(x) ∼ f1(x), x→∞, and

II. h2(x) = o(h1(x)), x→∞ implies f2(x) = o(f1(x)), x→∞.

1.2 Absorption time of decreasing Markov

chains

1.2.1 Main result. In this subsection we investigate the weak

convergence of the absorption time Xn defined by (3). Recall that the distri-

bution of the corresponding In was given in (4).

Theorem 19. Assume that, for each x > 0, there exists a limit

Φ(x) := lim
n→∞

n(1− E(In/n)x), (1.21)

and that Φ(x) is finite, for some x > 0. Then, as n→∞,

Xn/n
d→
∫ ∞

0

e−σtdt, (1.22)

where (σt)t≥0 is a subordinator with the Lévy exponent Φ(x).

Remark 20. According to the Lévy-Khintchine formula, Φ(x) can be repre-

sented as follows

Φ(x) = λ+ κx+

∫ ∞
0

(1− e−tx)ρ(dt), x ≥ 0,

where λ ≥ 0 is the killing rate, κ ≥ 0 is the drift and ρ is the Lévy measure

of (σt).
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1.2.2 Proof of Theorem 19. For n ∈ N and k ∈ N0, set

m(k)
n := EXk

n and M (k)
n := E(Xn/n)k.

We start with an auxiliary result.

Lemma 21. For fixed k ∈ N,

m
(k)
1 = 0, m(k)

n =
k−1∑
j=0

(
k

j

)
(−1)k−j−1m(j)

n +
n−1∑
i=1

P{In = i}m(k)
i , n ≥ 2.

Proof. For fixed k ∈ N and n ≥ 2, using (2) we obtain

m(k)
n = E(1 +XIn)k =

k∑
i=0

(
k

i

)
EX i

In =
k−1∑
i=0

(
k

i

)
E(Xn − 1)i

+ EXk
In =

k−1∑
i=0

(
k

i

) i∑
j=0

(
i

j

)
m(j)
n (−1)i−j +

n−1∑
i=1

P{In = i}m(k)
i

=
k−1∑
j=0

m(j)
n

k−1∑
i=j

(
k

i

)(
i

j

)
(−1)i−j +

n−1∑
i=1

P{In = i}m(k)
i

=
k−1∑
j=0

(
k

j

)
(−1)k−j−1m(j)

n +
n−1∑
i=1

P{In = i}m(k)
i ,

where the last equality follows from the formula

k−1∑
i=j

(
k

i

)(
i

j

)
(−1)i−j =

k!

j!

k−1∑
i=j

(−1)i−j

(k − i)!(i− j)!

=

(
k

j

) k−j−1∑
i=0

(
k − j
i

)
(−1)i

=

(
k

j

)( k−j∑
i=0

(
k − j
i

)
(−1)i − (−1)k−j

)
=

(
k

j

)
(−1)k−j−1.
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Proof of Theorem 19. Assuming that (1.21) holds set

Ψn(x) := E(In/n)x = E exp(−x(log n− log In)), n ∈ N.

Then, for each x > 0,

Φ(x) = lim
n→∞

n(1−Ψn(x)) = lim
n→∞

(
− n log Ψn(x)

)
.

This implies that Φ(x) = − log φ(x), where φ(x) is the Laplace-Stieltjes trans-

form of, possibly improper, probability distribution µ 6= δ∞ on [0,∞]. Hence

Φ(x) is the Laplace exponent of a subordinator (σt), say. Furthermore,

E
(∫ ∞

0

e−σtdt

)k
=

k!

Φ(1) · · ·Φ(k)
=: l(k), k ∈ N0,

and the law of the last integral is uniquely determined by its moments. While

in the case λ = 0 (no killing) this directly follows from [21, Theorem 2(i)], in

the case λ > 0 one can argue as follows. We have∫ ∞
0

e−σtdt =

∫ T

0

e−σtdt
d
=

∫ T

0

e−σ
∗
t dt,

where (σ∗t ) is a subordinator with the Laplace exponent Φ∗(x) = Φ(x) − λ,

and T is a random variable with exponential distribution with parameter

λ which is independent of both subordinators. Now another appeal to [21,

Theorem 2(i)] allows us to conclude that

E
(∫ T

0

e−σ
∗
t dt

)k
=

k!

(λ+ Φ∗(1)) · · · (λ+ Φ∗(k))
= l(k), k ∈ N0.

Therefore, to prove (1.22) it suffices to show that, for every k ∈ N,

lim
n→∞

M (k)
n = l(k). (1.23)

For every k ∈ N0, set

a(k)
n := nk(M (k)

n − l(k)), n ∈ N.

By using induction on k we will prove that a
(k)
n = o(nk), as n → ∞, for

every k ∈ N0. Since a
(0)
n = 0 the hypothesis holds for k = 0. Assume that
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a
(j)
n = o(nj) for j ≤ k − 1, in particular, that (1.23) holds with k replaced

by j, j ≤ k − 1. This together with Lemma 21 implies that, for every fixed

k ∈ N, the sequence (M
(k)
n ) satisfies the equality

M
(k)
1 = 0, M (k)

n = kM (k−1)
n /n+ o(1/n) +

n−1∑
i=1

P{In = i}(i/n)kM
(k)
i , n ≥ 2.

Hence

a(k)
n = c(k)

n +
n−1∑
i=1

P{In = i}a(k)
i , n ∈ N,

where

c(k)
n := nk−1

(
n
(
E(In/n)k − 1

)
l(k) + kl(k−1)

)
+ o(nk−1).

As n → ∞, the expression in the large parantheses goes to −Φ(k)l(k) +

kl(k−1) = 0. Therefore, c
(k)
n = o(nk−1). Now it can be checked that |a(k)

n | ≤∑n
i=1 |c

(k)
i |, n ∈ N. Since the usual convergence entails the convergence in the

sense of Cezàro this further leads to

|a(k)
n |
nk
≤ 1

n

n∑
i=1

|c(k)
i |
ik−1

→ 0,

as n→∞. The proof is complete.

1.2.3 Example. Consider an example in which Xn/n converges in

distribution to a random variable with beta(a, b) distribution with density

x 7→ xa−1(1− x)b−1

B(a, b)
1(0,1)(x). (1.24)

Example 22. Let α > −1 and δ, γ be non-negative numbers such that γ/(1 +

α) ≤ δ. For n ∈ N large enough, set

P{In = n− 1} = 1− δ

n
, P{In = k} =

(
k

n

)α
γ

n2
, k = 2, 3, . . . , n− 2,

and

P{In = 1} =
δ

n
− γ

n2

n−2∑
k=2

(
k

n

)α
.
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Then (1.21) holds with

Φ(x) = x+ δ − γ

x+ α + 1
=

(
δ − γ

α + 1

)
+ x+

γ

α + 1
− γ

x+ α + 1

=

(
δ − γ

α + 1

)
+ x+ γ

∫ ∞
0

(1− e−xt)e−(α+1)tdt.

Hence Φ(x) is the Laplace exponent of a subordinator with killing rate δ −
γ/(α + 1), unit drift and the Lévy measure ρ defined by

ρ(dt) = γe−(α+1)t1(0,∞)(t)dt.

If we take δ := γ/(α + 1) > 0 then Xn/n
d→ beta(α + 2, δ), as n → ∞,

whereas if we take δ > 0 and γ := 0 then Xn/n
d→ beta(1, δ), as n→∞. Thus

the set of limiting laws for Xn/n contains beta(a, b) laws with parameters

a ≥ 1 and b > 0, and these are the laws of the exponential functionals of

certain subordinators.

Note that there does not exist a subordinator for which the law of expo-

nential functional is beta(a, b) law with a < 1. Indeed, assuming the contrary

the corresponding Laplace exponent would take the form x 7→ x(x+a+b−1)
x+a−1

.

This, however, is impossible since this function is not monotone on (0,∞)

when a < 1.

1.3 Bibliographic comments

Methods of asymptotic analysis of recurrences. Some known ap-

proaches to investigating deterministic recurrences were partially surveyed in

Introduction. On the other hand, the contraction method is a quite universal

probabilistic technique for the asymptotic analysis of linear random recur-

rences (1). The method was invented by Uwe Rösler in [119] for the analysis

of the Quicksort algorithm and further developed in [106, 117, 120, 121].

The picture up to 1998 is surveyed in [122]. It seems that the most general

result on the contraction method with nondegenerate limit equation is deri-

ved in [108]. An important extension to the linear random recurrences with
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degenerate limit equation can be found in [109]. The main result of [109] is

reformulated as Proposition 51 of the present work.

Iterative functions and ”log star”-function. The iterative functions

which were the main ingredient of the method described in Section 1.1 have

already been used in the context of divide-and-conquer paradigm [85]. The

cited paper is concerned with stochastic processes (T (x))x∈R+ whose marginal

distributions are given by the equality

T (x)
d
= a(x) + T ′(t(x)), x ∈ R+,

where a(·) is a non-negative (deterministic) function, and t(·) is a random

variable taking values in [0, ·] which is independent of (T ′(x))x∈R+ , an inde-

pendent copy of (T (x))x∈R+ .

To our knowledge, the ”log star” asymptotics arises not often. In particu-

lar, we are only aware of three applied models which exhibit such a behavior:

(a) the number of distinguishable alleles according to the Ohta-Kimura

model of neutral mutation [86];

(b) the average complexity of Delaunay triangulation of the Euclidian mi-

nimum spanning tree [37];

(c) the total number of particles at time t > 0 in the spatial Kingman

coalescent on graph with bounded degrees [4].

Absorption time in Markov chains.

There are several articles dealing with the absorption times of nonincrea-

sing Markov chains. From the results of these papers it follows that the weak

asymptotic behavior of the absorption times can be substantially different.

For instance, in [132] it is proved that under certain monotonicity assump-

tions, the absorption times exhibit the same weak asymptotic behavior as the

first-passage time through a level by a random walk with finite variance of

steps (which means that the limit law is normal). In [68] conditions are found

which ensure that, suitably normalized, absorption times weakly converge to
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the law of exponential functional of a subordinator. There are examples in

which the limit law does not exist at all (see, for example, [82]).

Assuming that the distribution of size of the first jump of a Markov chain

is of the form

P{In = k} =
pn−k

p1 + . . .+ pn−1

, k = 1, . . . , n− 1, n ≥ 2,

where (pk)k∈N is a probability distribution with p1 > 0, or

In = [nη] + 1, (1.25)

where η ∈ (0, 1) is a random variable with distribution not supported by

a geometric sequence, in [78] and [80], respectively, the whole spectra are

obtained of possible limiting laws for, properly centered and normalized,

absorption times. In the case when η in (1.25) has uniform [0, 1] law, the law of

corresponding absorption time Xn arises in a number of diverse applications.

For instance, the Xn has the same law as (a) the number of upper records in

a sample of size n+1 from a continuous distribution, (b) the number of cycles

in random permutations of n + 1 objects, (c) the number of collision events

that take place in beta (3, 1) coalescent restricted to the set {1, 2, . . . , n+ 1}
until there is just a single block. A longer list of examples can be found in

[10].

Section 1.1 and Section 1.2 are based on [95] and [96], respectively.
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Chapter 2

Stick-breaking partitions

2.1 Definition and discussion

In a classical occupancy scheme balls are thrown independently in an infinite

array of boxes with probability pk of hitting box k = 1, 2, . . . , where (pk)k∈N

is a fixed collection of positive frequencies summing up to unity. A quantity

of traditional interest is the number Kn of boxes occupied by at least one of

n balls. In concrete applications ‘boxes’ correspond to distinguishable species

or types, and Kn is the number of distinct species represented in a random

sample of size n.

Less explored are the mixture models in which frequencies are themselves

random variables (Pk)k∈N, so that the balls are allocated independently condi-

tionally given the frequencies. The model is important for many applications

related to sampling from random discrete distributions, and may be inter-

preted as the occupancy scheme in random environment. The variability of

allocation of the balls is then affected by both randomness in sampling and

randomness of the environment. With respect to Kn, the environment may

be called strong if the randomness in (Pk) has dominating effect. One way to

capture this idea is to consider the conditional expectation

R∗n := E
(
Kn | (Pk)

)
=
∞∑
k=1

(
1− (1− Pk)n

)



40 CHAPTER 2. STICK-BREAKING PARTITIONS

and to compare fluctuations of Kn about R∗n with fluctuations of R∗n itself. By

Karlin’s [84] law of large numbers, one always has Kn ∼ R∗n a.s., as n→∞,

so the environment may be regarded as strong if the sampling variability is

negligible to the extent that R∗n and Kn, normalized by the same constants,

has the same limiting distributions, see [60] for examples.

In this chapter we focus on the limiting distributions of Kn for the Ber-

noulli sieve [52, 56, 57, 63], which is the infinite occupancy scheme with

random frequencies

Pk := W1W2 · · ·Wk−1(1−Wk), k ∈ N, (2.1)

where (Wk)k∈N are independent copies of a random variable W taking values

in (0, 1). From a viewpoint, Kn is the number of blocks of a regenerative

composition structure [11, 58, 60] induced by a compound Poisson process

with jumps | logWk|. Discrete probability distributions with random masses

(2.1) are sometimes called residual allocation models, the best known being

the instance associated with Ewens’ sampling formula, when W
d
= beta(c, 1)

for c > 0. Following [56, 63], frequencies (2.1) can be considered as sizes of the

component intervals obtained by splitting [0, 1] at points of a stick-breaking

process (multiplicative renewal process) (Qk)k∈N0 , where

Q0 := 1, Qj :=

j∏
i=1

Wi, j ∈ N. (2.2)

Accordingly, boxes can be identified with open intervals (Qk, Qk−1), and balls

with points of an independent sample U1, . . . , Un from the uniform distribu-

tion on [0, 1] which is independent of (Qk). In this representation balls i and

j occupy the same box iff points Ui and Uj belong to the same component

interval.

Throughout we assume that the distribution of | logW | is non-lattice, and

we use the following notation for the moments

µ := E| logW |, σ2 := Var (logW ) and ν := E| log(1−W )|,

which may be finite or infinite.
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In this chapter we derive the limiting distributions of Kn directly from

the properties of the counting process

N∗(x) := #{k ∈ N : Pk ≥ e−x}

= #{k ∈ N : W1 · · ·Wk−1(1−Wk) ≥ e−x}, x > 0, (2.3)

in the range of small frequencies (large x). This allows us to treat the cases

of finite and infinite ν in a unified way, and to see how the centering of Kn

needs to be adjusted in the case ν =∞. We emphasize here that the connec-

tion between Kn and N∗(x) remains veiled unless we consider the Bernoulli

sieve as the occupancy scheme with random frequencies (a random environ-

ment), and the process of occupancy counts Kn is analyzed conditionally on

the environment. Thus we believe that the approach presented here offers a

natural way to study the occupancy problem, since the method is based on

a direct analysis of frequencies and calls for generalizations.

2.2 Markov chains and distributional recur-

rences

A random combinatorial structure which captures the occupancy of boxes by

n indistinguishable balls is the weak composition C∗n comprised of nonnegative

integer parts summing up to n. The adjective ’weak’ means that zero parts

are allowed, for instance, the sequence (2, 3, 0, 1, 0, 0, 1, 0, 0, 0, . . .) (padded

by infinitely many 0’s) is a possible value of C∗7 . A related structure which

contains less information is a composition Cn of n obtained by discarding

zero parts of C∗n. Arranging further the parts of Cn in non-increasing order

yields a random partition of n.

If C∗n is generated by the Bernoulli sieve, the corresponding partition

can be called stick-breaking partition. In this case, the parts of C∗n can be

represented (see [58, p. 452]) as the magnitudes of jumps of a time-homo-

geneous nonincreasing Markov chain Q∗n = (Q∗n(k))k∈N0 on integers, which
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starts at n and moves from n to m with transition probabilities

q∗(n,m) =

(
n

m

)
E(1−W )n−mWm, m = 0, . . . , n.

In the same direction, parts of the composition Cn are the magnitudes of

jumps of a Markov chain Qn = (Qn(k))k∈N0 with transition probabilities

q(n,m) =

(
n

m

)
E(1−W )n−mWm

1− EW n
, m = 0, . . . , n− 1.

Define Mn to be the index of the last occupied box in the Bernoulli sieve,

which is the value of k satisfying Qk < min(U1, . . . , Un) < Qk−1, and let

Ln := Mn − Kn be the number of empty boxes with indices not exceeding

Mn. The Markovian realization implies (see [56, Section 3]) the following

distributional recurrences the first two of which are of the form (2), and the

third is of the form (1):

M0 = 0, Mn =d M
′
Q∗n(1) + 1, n ∈ N,

K0 = 0, Kn =d K
′
Qn(1) + 1, n ∈ N, (2.4)

L0 = 0, Ln =d L
′
Q∗n(1) + 1{Q∗n(1)=n}, n ∈ N, (2.5)

where in the right-hand sides M ′
j and L′j are assumed independent of Q∗n(1)

and distributed like Mj and Lj, respectively, for each j ∈ N, and K ′j is assu-

med independent of Qn(1) and distributed like Kj, for each j ∈ N. Analysis

of these recurrences by known direct methods is difficult, as these impose res-

trictive conditions on the moments of Qn(1) or Q∗n(1). Nevertheless, coupling

with the multiplicative random walk allows one to gain enough information

about the compositions. For instance, let gn,m be the potential function, equal

to the probability that Qn ever visits the state m:

gn,m =
∞∑
j=0

P{Qn(j) = m}.

The coupling implies that ([63, Proposition 5])

lim
n→∞

gn,m =
1− EWm

µm
, (2.6)

which is 0 if µ =∞.
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2.3 Number of occupied boxes

Set

ρ∗(x) := inf{k ∈ N : W1W2 . . .Wk < e−x}, x > 0. (2.7)

One of the main results of this chapter is the following theorem.

Theorem 23. If there exist functions f : R+ → R+ and g : R+ → R such

that (ρ∗(x)−g(x))/f(x) converge weakly, as x→∞, to some non-degenerate

and proper distribution, then also (Xn − bn)/an converge weakly, as n→∞,

to the same distribution, where Xn can be either Kn or N∗(log n), and the

constants are given by

bn =

∫ logn

0

g(log n− y)P{| log(1−W )| ∈ dy}, an = f(log n).

In more detail, possible limits for ρ∗ and the convergence criteria summa-

rized in [103, Proposition 27] lead to the following characterization.

Corollary 24. The assumption of Theorem 23 holds iff either the distri-

bution of | logW | belongs to the domain of attraction of a stable law, or

the function P{| logW | > x} slowly varies at ∞. Accordingly, there are five

possible types of convergence:

(a) If σ2 <∞ then, with

bn = µ−1

(
log n−

∫ logn

0

P{| log(1−W )| > x}dx
)

(2.8)

and an = (µ−3σ2 log n)1/2, the limiting distribution of (Kn − bn)/an is

standard normal.

(b) If σ2 =∞, and∫ x

0

y2 P{| logW | ∈ dy} ∼ `(x), x→∞,

for some ` slowly varying at ∞, then, with bn given in (2.8) and

an = µ−3/2c[logn], where (cn) is any positive sequence satisfying

lim
n→∞

n`(cn)/c2
n = 1, the limiting distribution of (Kn−bn)/an is standard

normal.
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(c) If

P{| logW | > x} ∼ x−α`(x), x→∞, (2.9)

for some ` slowly varying at ∞ and α ∈ (1, 2) then, with bn given

in (2.8) and an = µ−(α+1)/αc[logn], where (cn) is any positive sequence

satisfying lim
n→∞

n`(cn)/cαn = 1, the limiting distribution of (Kn− bn)/an

is α-stable with characteristic function

t 7→ exp{−|t|αΓ(1− α)(cos(πα/2) + i sin(πα/2) sgn(t))}, t ∈ R.

(d) Assume that the relation (2.9) holds with α = 1. Let r : R→ R be any

nondecreasing function such that lim
x→∞

xP{| logW | > r(x)} = 1 and set

m(x) :=

∫ x

0

P{| logW | > y}dy, x > 0.

Then, with

bn :=

∫ logn

0

log n− y
m(r((log n− y)/m(log n− y)))

P
{∣∣∣∣ log(1−W )

∣∣∣∣ ∈ dy

}
and

an :=
r(log n/m(log n))

m(log n)
,

the limiting distribution of (Kn− bn)/an is 1-stable with characteristic

function

t 7→ exp{−|t|(π/2− i log |t| sgn(t))}, t ∈ R.

(e) If the relation (2.9) holds for α ∈ [0, 1) then, with bn ≡ 0 and an :=

logα n/`(log n), the limiting distribution of Kn/an is the Mittag-Leffler

law θα with moments

∫ ∞
0

xk θα(dx) =
k!

Γk(1− α)Γ(1 + αk)
, k ∈ N.

According to [56], the number Ln of empty boxes is regulated by µ and ν

via the relation limn→∞ ELn = ν/µ (provided at least one of these is finite),

and the weak asymptotics ofMn (the index of the last occupied box) coincides
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with that of ρ∗(log n), i.e., (Mn − bn)/an and (ρ∗(log n) − bn)/an have the

same proper and non-degenerate limiting distribution (if any). In [56, 63]

it is shown that under the condition ν < ∞ the weak asymptotics of Kn

coincides with that of Mn, hence with that of ρ∗(log n). That is to say, when

ν < ∞, the way Ln varies does not affect the asymptotics of Kn through

the representation Kn = Mn − Ln. Clearly, this result is a particular case of

Theorem 23 because when ν <∞

lim
x→∞

g(x)−
∫ x

0
g(x− y)P{| log(1−W )| ∈ dy}

f(x)
= 0 (2.10)

(see Remark 31 for the proof).

Theorem 23 says that in the case ν =∞ the asymptotics of Ln may affect

the asymptotics of Kn, and this is indeed the case whenever (2.10) fails, hence

a two-term centering of Kn is indispensable. The following example illustrates

the phenomenon.

Example. Assume that, for some γ ∈ (0, 1/2),

P{W > x} =
1

1 + | log(1− x)|γ
, x ∈ [0, 1).

Then

E log2W <∞ and P{| log(1−W )| > x} ∼ x−γ, x→∞,

and in this case,

an = const log1/2 n and bn = µ−1(log n− (1− γ)−1 log1−γ n+ o(log1−γ n)).

Thus we see that the second term bn−µ−1 log n of centering cannot be ignored

(as it is not killed by the scaling). Moreover, one can check that indeed

ELn ∼
1

µ

n∑
k=1

EW k

k
∼ bn − µ−1 log n ∼ 1

µ(1− γ)
log1−γ n,

which demonstrates the substantial contribution of Ln.

We will make use of the poissonized version of the occupancy model, in

which balls are thrown in boxes in continuous time, at the epochs of a unit



46 CHAPTER 2. STICK-BREAKING PARTITIONS

rate Poisson process (πt)t≥0. The variables associated with time t ≥ 0 will be

denoted K(t),R∗(t) etc., i.e., K(t) = Kπt . For instance, the expected number

of occupied boxes within time interval [0, t] conditionally given (Pk) is

R∗(t) =
∞∑
n=0

(
e−ttn/n!

)
R∗n =

∞∑
k=1

(
1− e−tPk

)
.

The advantage of the poissonized model is that, given (Pk), the allocation of

balls in boxes 1, 2, . . . , as t varies, occurs by independent Poisson processes

of rates P1, P2, . . . .

The variable N∗(x) is the number of sites on [0, x] visited by a perturbed

random walk with the generic components (| logW |, | log(1 −W )|). We will

develop some general renewal theory for perturbed random walks, which

we believe might be of some independent interest. The approach based on

perturbed random walks is more general than the one exploited in [56] and

is well adapted to treat the cases ν <∞ and ν =∞ in a unified way.

2.4 Renewal theory for perturbed random

walks

2.4.1 Preliminaries. Let (ξk, ηk)k∈N be independent copies of a

random vector (ξ, η) with arbitrarily dependent components ξ > 0 and η ≥ 0.

We assume that the law of ξ is nonlattice, although extension to the lattice

case is possible. For (Sk)k∈N0 a random walk with S0 = 0 and increments ξk,

the sequence (Tk)k∈N with

Tk := Sk−1 + ηk, k ∈ N,

is called a perturbed random walk. Since lim
k→∞

Tk =∞ a.s., there is some finite

number

N(x) := #{k ∈ N : Tk ≤ x}, x ≥ 0,

of sites visited on the interval [0, x]. Let

R(x) :=
∞∑
k=0

(
1− exp

(
−xe−Tk

))
, x ≥ 0. (2.11)
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Our aim is to find conditions for the weak convergence of, properly normalized

and centered, N(x) and R(x), as x→∞.

It is natural to compare N(x) with the number of renewals

ρ(x) := #{k ∈ N0 : Sk ≤ x} = inf{k ∈ N : Sk > x}, x ≥ 0.

In the case Eη < ∞ the weak convergence of one of the variables (ρ(x) −
g(x))/f(x) and (N(x) − g(x))/f(x) (with suitable f, g) implies the weak

convergence of the other to the same distribution. We thus mainly focus on

the cases when the contribution of the ηk’s does affect the asymptotics of

N(x). Remark 25 collects some relevant properties of the functions f .

Remark 25. Assume that ρ(x)−g(x)
f(x)

weakly converges to a non-degenerate and

proper distribution, and that the centering g(x) cannot be ignored. Then,

according to [103, Proposition 27], the function f can be taken to satisfy

f(log n) = an with an defined in Theorem 23 and Corollary 24. Using a

result on asymptotic inverses of regularly varying functions [24, Theorem

1.5.12] we conclude that f(x) is regularly varying at ∞ with index β ∈
[1/2, 1]. In particular, lim

x→∞
f(x) = +∞, and f(log x) is slowly varying at

∞. Finally, we note that f(x) grows not slower than
√
x. This is obvious

if either β ∈ (1/2, 1] (in which case P{ξ > x} is slowly varying at ∞ with

index −β), or f(x) ∼ const
√
x (in which case Var ξ <∞). In the remaining

case
∫ x

0
y2P{ξ ∈ dy} ∼ `(x) and lim

x→∞
`(x) = ∞, where ` is slowly varying at

∞, f(x) satisfies lim
x→∞

x`(f(x))
f2(x)

= 1. Since lim
x→∞

`(f(x)) = +∞ we conclude that

lim
x→∞

(x/f 2(x)) = 0.

Recall the following easy observation: for x, y ≥ 0

ρ(x+ y)− ρ(x)
a.s.

≤ ρ′(x, y)
d
= ρ(y), (2.12)

where ρ′(x, y) := inf{k − ρ(x) ∈ N : Sk − Sρ(x) > y}, and (ρ′(x, y))y≥0 is

independent of ρ(x) and has the same distribution as (ρ(y))y≥0. Denote by

U(x) := Eρ(x) =
∑∞

k=0 P{Sk ≤ x} the renewal function of (Sk). From (2.12)

and Fekete’s lemma we have

U(x+ y)− U(x) ≤ C1y + C2, x, y ≥ 0, (2.13)
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for some positive constants C1 and C2.

For fixed function f > 0 we say that functions g1, g2 are f -equivalent if

lim
x→∞

g1(x)− g2(x)

f(x)
= 0.

In what follows we will consider functions involved in centering of random

variables up to this kind of equivalence. For instance, if we write g = 0, this

means that g is f -equivalent to zero for some (context-dependent) f involved

in scaling of some random variables.

The next lemma will be used in the proof of Theorem 30.

Lemma 26. If ρ(x)−g(x)
f(x)

weakly converges then

lim
x→∞

g(x)− g(x− y)

f(x)
= 0 locally uniformly in y, (2.14)

and, for every λ ∈ R,

lim
x→∞

∫ x
0
g(x− y) dG(y)−

∫ x+λ

0
g(x+ λ− y) dG(y)

f(x)
= 0, (2.15)

for arbitrary distribution function G with G(0) = 0.

Proof. First of all, note that, according to Remark 25, lim
x→∞

f(x) = +∞.

Clearly (2.14) is a property of the class of f -equivalent functions g. We refer

to [103, Proposition 27] for the list of possible limiting laws and corresponding

normalizations for ρ(x). Relation (2.14) trivially holds when g(x) ≡ 0. It is

known that g(x) cannot be chosen as zero if the law of ξ belongs to the

domain of attraction of an α-stable law for α ∈ [1, 2]. It is known that for

the law of ξ in the domain of attraction of an α-stable law with α ∈ (1, 2]

one can take g(x) = x/Eξ which satisfies (2.14).

Thus the only troublesome case is the stable domain of attraction for

α = 1. According to [3, Theorem 3], one can take

g(x) =
x

m(r(x/m(x)))
,

where m(x) :=
∫ x

0
P{ξ > y}dy, and r(x) is any nondecreasing function such

that lim
x→∞

xP{ξ > r(x)} = 1. The concavity of m(x) implies that x 7→ x/m(x)
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is nondecreasing. Thus x 7→ m(r(x/m(x))) is nondecreasing too as superpo-

sition of three nondecreasing functions. Hence, for every γ ∈ (0, 1),

g(γx) ≥ γg(x), x > 0,

which readily implies the subadditivity of g via

g(x) + g(z) ≥
(

x

x+ z
+

z

x+ z

)
g(x+ z) = g(x+ z).

Thus,

lim sup
x→∞

g(x)− g(x− y)

f(x)
≤ 0.

For the converse inequality for the lower limit it is enough to choose non-

increasing g from the f -equivalence class, and by [3, Theorem 2] this indeed

can be done by taking inverse function to x 7→ xm(r(x)).

The stated uniformity of convergence is checked along the same lines, and

(2.15) follows from the subadditivity of g and easy estimates.

2.4.2 The case without centering. We start with criteria for

the weak convergence of ρ(x) and R(x) in the case when no centering is

needed.

Theorem 27. For Y (x) any of the variables ρ(x), N(x) or R(ex) the follo-

wing conditions are equivalent:

(a) there exists function f(x) : R+ → R+ such that, as x→∞, Y (x)/f(x)

weakly converges to a proper and non-degenerate law,

(b) for some α ∈ [0, 1) and some function ` slowly varying at ∞,

P{ξ > x} ∼ x−α`(x), x→∞. (2.16)

Furthermore, if (2.16) holds then the limiting law is the Mittag-Leffler dis-

tribution θα, and one can take f(x) = xα/`(x).

The assertion of Theorem 27 regarding ρ(x) follows from [103, Proposition

27]. For the other two variables the result is a consequence of the following

lemma.
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Lemma 28. We have

lim
x→∞

N(x)

ρ(x)
= 1 in probability

and

lim
x→∞

R(x)

ρ(log x)
= 1 in probability.

Proof. By definition of the perturbed random walk

ρ(x− y)−
ρ(x)∑
j=1

1{ηj>y} ≤ N(x) ≤ ρ(x) (2.17)

for 0 < y < x. Clearly, ρ(x) ↑ ∞ a.s. and

ρ(x− y) ≥ ρ(x)− ρ′(x− y, y) a.s. (2.18)

with ρ′ as in (2.12), from which

ρ(x− y)

ρ(x)

P→ 1, x→∞. (2.19)

Finally, by the strong law of large numbers we have

lim
x→∞

∑ρ(x)
j=1 1{ηj>y}

ρ(x)
= P{η > y} a.s.

Therefore, dividing (2.17) by ρ(x) and letting first x→∞ and then y →∞
we obtain the first part of the lemma.

In what follows the record
∫ b
a

with b < ∞ means
∫

[a,b]
. For the second

assertion, we use the representation

R(x) =

∫ ∞
1

(1− e−x/y)dN(log y)

=

∫ x

0

N(log x− log y)e−ydy − (1− e−x)N(0). (2.20)

Since N(x) is a.s. non-decreasing in x we have, for any a < x,∫ x

0

N(log x− log y)e−ydy ≥
∫ a

0

N(log x− log y)e−ydy

≥ N(log x− log a)(1− e−a).
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Dividing this inequality by ρ(log x), sending x→∞ along with using (2.19)

and the already established part of the lemma, and finally letting a → ∞,

we obtain the half of desired conclusion.

To get the other half, write∫ x

0

N(log x− log y)e−ydy
a.s.

≤ ρ(log x)(1− e−x) (2.21)

+

∫ 1

0

(ρ(log x− log y)− ρ(log x))e−ydy,

where (2.12), the inequality N(x) ≤ ρ(x) a.s., and the fact that ρ(y) is a.s.

non-decreasing in y have been used. Since, by (2.13),

E
∫ 1

0

(ρ(log x− log y)− ρ(log x))e−ydy ≤
∫ 1

0

(C1| log y|+ C2)e−ydy <∞,

then dividing (2.21) by ρ(log x) and sending x→∞ completes the proof.

2.4.3 The case with nonzero centering. Now we turn to a

more intricate case when some centering is needed. We denote by F (x) the

distribution function of η, and by U(x) the renewal function of (Sk).

We will see that a major part of the variability of N(x) is absorbed by

the renewal shot-noise process (M(x))x≥0, where

M(x) :=

ρ(x)−1∑
k=0

F (x− Sk), x ≥ 0,

is the conditional expectation of N(x) given (Sk).

Lemma 29. We have

E
(
N(x)−M(x)

)2

=

∫ x

0

F (x− y)(1− F (x− y))dU(y),

which implies that, as x→∞,

E
(
N(x)−M(x)

)2

= O

(∫ x

0

(1− F (y))dy

)
= o(x). (2.22)
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Proof. For integer i < j,

E
(

1{Si≤x}(1{Si+ηi+1≤x} − F (x− Si))×

× 1{Sj≤x}(1{Sj+ηj+1≤x} − F (x− Sj))
∣∣∣∣(ξk, ηk)jk=1

)
= 1{Si≤x}(1{Si+ηi+1≤x} − F (x− Si))1{Sj≤x}

(
F (x− Sj)− F (x− Sj)

)
= 0.

Hence,

E
(
N(x)−M(x)

)2

= E
( ∞∑

k=0

1{Sk≤x}

(
1{Sk+ηk+1≤x} − F (x− Sk)

))2

= E
∞∑
n=0

1{Sk≤x}

(
1{Sk+ηk+1≤x} − F (x− Sk)

)2

= E
∞∑
k=0

1{Sk≤x}

(
F (x− Sk)− F 2(x− Sk)

)
=

∫ x

0

F (x− y)(1− F (x− y))dU(y).

If Eη <∞, then by the key renewal theorem, as x→∞,

lim
x→∞

E
(
N(x)−M(x)

)2

= a−1

∫ ∞
0

F (y)(1− F (y))dy <∞,

where a := Eξ may be finite or infinite. If Eη = ∞ and a < ∞, the ge-

neralization of the key renewal theorem due to Sgibnev [130, Theorem 4]

yields

E
(
N(x)−M(x)

)2

∼ a−1

∫ x

0

(1− F (y))dy.

Finally, if Eη =∞ and a =∞ a modification of Sgibnev’s proof gives

E
(
N(x)−M(x)

)2

= o

(∫ x

0

(1− F (y))dy

)
.

Thus (2.22) follows in any case.
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Theorem 30. If for some random variable Z

ρ(x)− g(x)

f(x)

d→ Z, x→∞, (2.23)

then also
M(x)−

∫ x
0
g(x− y)dF (y)

f(x)

d→ Z, x→∞, (2.24)

N(x)−
∫ x

0
g(x− y)dF (y)

f(x)

d→ Z, x→∞, (2.25)

and
R(x)−

∫ log x

0
g(log x− y)dF (y)

f(log x)

d→ Z, x→∞. (2.26)

Proof. Integration by parts yields

M(x) =

∫ x

0

F (x− y)dρ(y) = −F (x) +

∫ x

0

ρ(x− y)dF (y),

so to prove (2.24) it is enough to show that, as x→∞,

T (x) :=

∫ x

0

ρ(x− y)− g(x− y)

f(x)
dF (y)

d→ Z.

For any fixed δ ∈ (0, x) we may decompose T (x) as

T1(x) + T2(x) :=

∫ δ

0

ρ(x− y)− g(x− y)

f(x)
dF (y)

+

∫ x

δ

ρ(x− y)− g(x− y)

f(x)
dF (y). (2.27)

From the proof of Lemma 26 we know that without loss of generality it can

be assumed that g(x) is nondecreasing. Thus, almost surely,

ρ(x)− g(x)

f(x)
F (δ) − ρ(x)− ρ(x− δ)

f(x)
F (δ)

≤ T1(x)

≤ ρ(x)− g(x)

f(x)
F (δ) +

g(x)− g(x− δ)
f(x)

F (δ).

In view of (2.12) and (2.14), we have the convergence lim
δ→∞

lim
x→∞

T1(x) = Z in

distribution.
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For x > 0 set

Zx(t) :=
ρ(tx)− g(tx)

f(x)
, t ≥ 0

and Zx := (Zx(t))t≥0. We will establish next that there exists a random

process Z = (Z(t))t≥0 such that

sup
y∈[0,x]

(ρ(y)− g(y))

f(x)
= sup

t∈[0,1]

Zx(t)
d→ sup

t∈[0,1]

Z(t), x→∞, (2.28)

and, similarly,

inf
y∈[0,x]

(ρ(y)− g(y))

f(x)
= inf

t∈[0,1]
Zx(t)

d→ inf
t∈[0,1]

Z(t), x→∞. (2.29)

Case 1: If g(x) = x/Eξ then Z is an α-stable random variable for some α ∈
(1, 2]. Denote by Z = (Z(t))t≥0 a stable Lévy process such that Z(1)

d
= Z.

Regard Zx and Z as random elements of Skorohod’s space D[0,∞) endowed

with the M1-topology.

By [23, Theorem 1b],

Zx ⇒ Z, x→∞. (2.30)

Since the supremum and infimum functionals are M1-continuous, we obtain

(2.28) and (2.29) using the continuous mapping theorem.

Case 2: If g(x) cannot be chosen to be f -equivalent to x → x/Eξ (which

is just zero in the case Eξ = ∞), then Z is a 1-stable random variable. Set

Z = (Z(t))t≥0, where

Z(t) = Ẑ(t)− t log t, t ≥ 0,

and (Ẑ(t))t≥0 is a stable Lévy process such that Ẑ(1)
d
= Z. With this notation

we derive (2.30) from [35, Theorem 2], from which (2.28), (2.29) follow along

the above lines.
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Now it remains to estimate

inf
y∈[0,x]

(ρ(y)− g(y))

f(x)
(F (x)− F (δ)) ≤

inf
y∈[0,x−δ]

(ρ(y)− g(y))

f(x)
(F (x)− F (δ))

≤ T2(x)

≤
sup
y∈[0,x]

(ρ(y)− g(y))

f(x)
(F (x)− F (δ)).

Using (2.28) and (2.29), we conclude that lim
δ→∞

lim
x→∞

T2(x) = 0 in probability.

The proof of (2.24) is complete.

In view of (2.22), E(M(x)−N(x))2 = o(x). Since f 2(x) grows not slower

than x (see Remark 25), Chebyshev’s inequality yields

N(x)−M(x)

f(x)

P→ 0, x→∞.

Now (2.25) follows from (2.24).

It remains to establish (2.26). To this end, introduce for x > 1

Q1(x) :=

∫ x

1

e−y(N(log x)−N(log x− log y))dy ≥ 0,

Q2(x) :=

∫ 1

0

e−y(N(log x− log y)−N(log x))dy ≥ 0.

Using

EN(x) =

∫ x

0

F (x− y)dU(y) = −F (x) +

∫ x

0

U(x− y)dF (y)

and (2.13), we conclude that for y ∈ (1, x),

EN(log x)− EN(log x− log y) ≤ C1(1 + F (0)) log y + C2(1 + F (0)).

Therefore, EQ1(x) = O(1), as x → ∞, whence Q1(x)
f(log x)

P→ 0. Similarly,
Q2(x)
f(log x)

P→ 0. Thence, recalling (2.20)

Q1(x)−Q2(x)

f(log x)
=

(1− e−x)N(log x)−R(x)− (1− e−x)N(0)

f(log x)

P→ 0,
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as x → ∞. From the inequality N(x) ≤ ρ(x) a.s. and the weak law of large

numbers for ρ it follows that N(log x) grows in probability not faster than

log x. Therefore
N(log x)−R(x)

f(log x)

P→ 0, x→∞.

Now an appeal to (2.25) completes the proof.

2.5 Proof of Theorem 23

Set

S∗0 := 0 and S∗k := | logW1|+ . . .+ | logWk|, k ∈ N,

and

T ∗k := S∗k−1 + | log(1−Wk)|, k ∈ N.

The sequence (T ∗k )k∈N is a perturbed random walk. Since

ρ∗(x) = inf{k ∈ N : S∗k > x}, N∗(log x) := #{k ∈ N : T ∗k ≤ log x},

an appeal to Theorem 27 in the case g = 0, and to Theorem 30 in the case

g 6= 0 proves the result for N∗(log n). To prove the statement for Kn we will

use the poissonization.

Step 1. We first check that

lim
t→∞

EVar(K(t)|(Pk)) =
log 2

µ
, (2.31)

which is 0 for µ =∞. Plainly, this will imply that

K(t)− E(K(t)|(Pk))
q(t)

P→ 0, (2.32)

for any function q(t) such that lim
t→∞

q(t) =∞.

According to [84, formula (25)],

Var(K(t)|(Pk)) =
∞∑
k=1

(
e−tPk − e−2tPk

)
.
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With U∗(x) :=
∑∞

k=0 P{S∗k ≤ x} and ϕ(t) := Ee−t(1−W ) we obtain

EVar(K(t)|(Pk)) = E
∞∑
k=1

(
ϕ(te−S

∗
k−1)− ϕ(2te−S

∗
k−1)

)
=

∫ ∞
0

(
ϕ(te−x)− ϕ(2te−x)

)
dU∗(x),

which is the same as

EVar(K(ex)|(Wk)) =

∫ ∞
0

A(x− y)dU∗(y). (2.33)

for A(t) := ϕ(et)− ϕ(2et), t ∈ R. To proceed, observe that∫ ∞
0

e−z(1−W ) − e−2z(1−W )

z
dz = log 2,

which implies that A(t) is integrable, since by Fubini’s theorem,∫
R
A(t)dt =

∫ ∞
0

ϕ(z)− ϕ(2z)

z
dz

= E
∫ ∞

0

e−z(1−W ) − e−2z(1−W )

z
dz = log 2.

Furthermore, arguing in the same way as in [56, Section 5] we can prove that

A(t) is directly Riemann integrable. Therefore, application of the key renewal

theorem on R to (2.33) yields (2.31).

Chebyshev’s inequality together with (2.31) imply that, for every ε > 0,

lim
t→∞

P{|K(t)− E(K(t)|(Pk))| > εq(t)|(Pk)} = 0 in probability,

which proves (2.32) upon taking expectation and invoking the Lebesgue

bounded convergence theorem.

Step 2. Step 1 implies that (K(t)− g(t))/f(t) weakly converges to a proper

and nondegenerate probability law if and only if

E(K(t)|(Pk))− g(t)

f(t)
=
R∗(t)− g(t)

f(t)

weakly converges to the same law.
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Using this observation and exploiting Theorem 27 (in the case g = 0)

or formula (2.26) of Theorem 30 (in the case g 6= 0) we conclude that weak

convergence of ρ∗(x)−g(x)
f(x)

to some distribution θ implies the weak convergence

of both
R∗(t)−

∫ log t

0
g(log t− y)P{| log(1−W )| ∈ dy}

f(log t)

and
K(t)−

∫ log t

0
g(log t− y)P{| log(1−W )| ∈ dy}

f(log t)

to θ.

Step 3. It remains to pass from the poissonized occupancy model to the

fixed-n model. In view of (2.15),

b(t) :=

∫ log t

0

g(log t− y)P{| log(1−W )| ∈ dy}

satisfies

lim
t→∞

b(t)− b([t(1± ε)])
f(log t)

= 0

for every 0 < ε < 1. Since f(log t) is slowly varying (see Remark 25 and

Theorem 27), we have

X±(t) :=
K(t)− b(bt(1± ε)c)
f(log(bt(1± ε)c))

⇒ θ.

Let Ct be the event that the number of balls thrown before time t lies in the

limits from b(1− ε)tc to b(1 + ε)tc. By the monotonicity of Kn, we have

X−(t) ≥ X−(t)1Ct

≥
Kb(1−ε)tc − b(bt(1− ε)c)

f(log(bt(1− ε)c))
1Ct .

Since P(Ct)→ 1, we conclude that

θ(x,∞) ≥ lim sup
n→∞

P
{
Kn − b(n)

f(log n)
> x

}
,

for all x ∈ R. To prove the converse inequality for the lower limit, one has to

note that

X+(t)1(Ct)c
P→ 0,

and proceed in the same manner. The proof of the theorem is complete.
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Remark 31. Here is the promised verification of (2.10). We use terminology

introduced in the proof of Lemma 26.

Lemma 32. Relation (2.10) is a property of the class of f -equivalent functions

g.

Proof. Assume that g satisfies (2.10). We have to show that any g1 such that

lim
x→∞

g(x)−g1(x)
f(x)

= 0 satisfies (2.10), as well.

Plainly, it is enough to check that

A(x) :=

∫ x
0

(g(x− y)− g1(x− y))dF (y)

f(x)
→ 0, x→∞. (2.34)

For any ε > 0 there exists x0 > 0 such that for all x > x0
|g(x)−g1(x)|

f(x)
< ε.

Since f is regularly varying with index β ∈ [1/2, 1] (see Remark 25), without

loss of generality we can assume that f is nondecreasing. Hence

|A(x)| ≤
∫ x−x0

0

|g(x− y)− g1(x− y)|
f(x− y)

dF (y)

+

∫ x

x−x0

|g(x− y)− g1(x− y)|
f(x− y)

dF (y)

≤ ε+ sup
y∈[0,x0]

|g(y)− g1(y)|
f(y)

(F (x)− F (x− x0)).

Sending x→∞ and then ε ↓ 0 proves (2.34).

If the law of | logW | belongs to the domain of attraction of an α-stable

law, α ∈ (1, 2] then (ρ(x) − g(x))/f(x) weakly converges with g(x) = x/µ

and appropriate f(x). Such a g trivially verifies (2.10) which, by Lemma 32,

entails that every g1 from the same f -equivalence class verifies (2.10).

If the law of | logW | belongs to the domain of attraction of a 1-stable

law, then (ρ(x) − g(x))/f(x) weakly converges for g(x) = x
m(r(x/m(x)))

and

f(x) = r(x/m(x))
m(x)

, with m and r as defined in part (d) of Corollary 24. Since r

is regularly varying with index one, without loss of generality we can assume

it and hence g are differentiable. Since g(x)
xf(x)

is regularly varying with index
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(−1), it converges to 0, as x → ∞. Besides, lim
x→∞

xP{ζ > x} = 0 in view of

ν <∞, where we denoted | log(1−W )| by ζ. Hence,

lim
x→∞

g(x)P{ζ > x}
f(x)

= 0.

Thus it suffices to check that

lim
x→∞

E(g(x)− g(x− ζ))1{ζ≤x}
f(x)

= 0. (2.35)

Now the subadditivity and differentiability of g can be exploited in order to

show that

|g(x)− g(y)| ≤ c|x− y|, x, y > 0,

where c := 1/m(r(1)). This immediately implies (2.35) and the whole claim

by virtue of Lemma 32.

2.6 Number of empty boxes

Apart from Kn, other functionals which are the objects of intrinsic interest

for infinite occupancy schemes and, in particular, for the Bernoulli sieve are

• Mn the index of the last occupied box;

• Ln = Mn−Kn the number of empty intervals with indices not exceeding

the Mn;

• Kn,r the number of boxes occupied by exactly r balls;

• Zn,k the number of balls in the kth box in the left-to-right order of

boxes.

Ultimate results for the weak convergence of Mn and Zn,1 are known [56].

Under the assumption µ < ∞ the weak convergence of (Kn,1, . . . , Kn,r) and

(Zn,1, . . . , Zn,k) to some non-degenerate limiting random vectors is proved in

[57]. The asymptotics of the Kn,r’s in the case µ = ∞ will be discussed in

Section 2.7 of this chapter.
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The purpose of this section is a careful analysis of the asymptotics of ELn
(Theorem 33) which turns out to be an intricate analytical problem. Even

though there is an explicit formula [56]

ELn =
n∑
k=1

(−1)k+1

(
n

k

)
1− E(1−W )k

1− EW k
, (2.36)

it does not seem possible to employ it in order to conclude on the asymptotic

behavior of ELn without restrictive additional assumptions. Also we prove

that the distribution of Ln is geometric with parameter 1/2 whenever W
d
=

1−W (Proposition 34).

2.6.1 Main results.

Theorem 33. The expectation ELn exhibits the following asymptotic beha-

vior:

(i) If µ =∞ and ν =∞ then

lim inf
n→∞

EW n

E(1−W )n
≤ lim inf

n→∞
ELn ≤ lim sup

n→∞
ELn ≤ lim sup

n→∞

EW n

E(1−W )n
.

In particular,

lim
n→∞

EW n

E(1−W )n
= γ0 ∈ [0,∞]

implies limn→∞ ELn = γ0.

(ii) If ν <∞ and µ ≤ ∞ then

lim
n→∞

ELn = ν/µ.

(iii) If µ <∞ and ν =∞ then, as n→∞,

ELn ∼
1

µ

∫ n

1

Ee−y(1−W )

y
dy.

Proof. (i): Set sm = EWm

E(1−W )m
and Zn := Zn,1. The following equality holds

P{Zn = m} = gn,mP{Qm(1) = 0} = gn,m
E(1−W )m

1− EWm
, m ∈ N,m ≤ n,
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which implies the representation

ELn =
n∑

m=1

EWm

E(1−W )m
gn,m

E(1−W )m

1− EWm
= EsZn . (2.37)

The array cn,m := P{Zn = m} verifies the conditions of Lemma 35. In par-

ticular, lim
n→∞

cn,m = 0 in view of (2.6) and the assumption µ = ∞. Hence,

the first assertion of part (i) follows by applying that lemma with tn = ELn.

When γ0 is well defined the proof is simpler, as in this case the statement

follows from (2.37), divergence of Zn (recall that lim
n→∞

P{Zn = m} = 0), by

using the dominated convergence theorem in the case γ0 < ∞ and Fatou’s

lemma in the case γ0 =∞.

See [56] and [57] for the proof of (ii).

(iii): We use the same poissonized version of the Bernoulli sieve and the

same notation as on p. 46. In particular, the poissonized version of Ln is

denoted by L(t). Denote by π
(k)
t the number of balls falling in box k, so that

πt =
∑

k≥1 π
(k)
t . Then, conditionally on (Wj), (π

(k)
t )t≥0 is a Poisson process

with rate Pk = W1 . . .Wk−1(1 −Wk), and for different boxes these Poisson

processes are independent. From the representation

L(t) =
∑
k≥1

1{π(k)
t =0,

∑
j≥k+1 π

(j)
t ≥1}

we conclude that

E(L(t)|(Wk)) =
∑
k≥1

e−tPk(1− e−t(1−P1−...−Pk))

=
∞∑
k=1

(
e−tW1·...·Wk−1(1−Wk) − e−tW1·...·Wk−1

)
.

Recall the notation

ρ(x) := inf{k ∈ N : Sk > x}, x ≥ 0,

where (Sk)k∈N0 is a zero-delayed random walk with generic step | logW |. Set

ϕ(x) := Ee−x(1−W ) and

U(x) := Eρ(x) =
∞∑
k=0

P{Sk ≤ x}.
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Then we have

EL(t) = E
∞∑
k=1

(
ϕ(te−Sk−1)− exp(−te−Sk−1)

)
=

∫ ∞
0

(
ϕ(te−x)− exp(−te−x)

)
U(dx) (2.38)

=
∞∑
k=1

(−1)k+1 t
k

k!

(1− E(1−W )k)

1− EW k
, (2.39)

where the familiar formula for Laplace transform of the renewal measure∫ ∞
0

e−sxU(dx) =
1

1− EW s
, s > 0,

has been utilised. Note that (2.39) is an obvious counterpart of (2.36).

Set B(x) = ϕ(ex)− exp(−ex), x ∈ R. Since ν =∞ and∫ ∞
0

e−z(1−W ) − e−z

z
dz = | log(1−W )|,

we conclude that

lim
t→∞

∫ t

−∞
B(z)dz =∞. (2.40)

Applying a minor extension of [130, Theorem 5] to the equality

EL(et) =

∫ ∞
0

B(t− x)U(dx), (2.41)

which is equivalent to (2.38), yields

EL(et) ∼ 1

µ

∫ t

0

ϕ(ex)dx ∼ 1

µ

∫ et

1

ϕ(x)

x
dx, t→∞.

The asymptotics of ELn is now obtained by the depoissonization Lemma

36. The lemma is applicable because EL(t) is slowly varying. Indeed, slow

variation of
∫ t

1
ϕ(u)du/u is checked straightforwardly from ϕ(t) ↓ 0 and the

divergence of the integral for t =∞.

In the case ν <∞ it is known that Ln converges in distribution to some

proper random variable [56, Theorem 2.2]. However this result only gives
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implicit specification of the limiting law through the distributions of Ln’s,

which are not easy to determine, with one remarkable exception. Obviously

from the recursive construction of the Bernoulli sieve, the distribution of L1

is geometric with parameter EW . Curiously, the same is true for all n ∈ N
provided the law of W is symmetric around the midpoint 1/2.

Proposition 34. If W
d
= 1 −W then Ln is geometrically distributed with

parameter 1/2, for all n ∈ N.

Proof. The argument is based on the recurrence (2.5) for marginal distribu-

tions of the Ln’s. The symmetry W =d 1−W yields EW k = E(1−W )k, for

all k ∈ N and

P{Q∗n(1) = n} = P{Q∗n(1) = 0}, (2.42)

for all n ∈ N. We will show by induction on n that P{Ln = k} = 2−k−1, for

all k ∈ N0. Using (2.5) and (2.42) we obtain

P{Ln = 0} = P{Q∗n(1) = 0}+
n−1∑
k=1

P{Lk = 0}P{Q∗n(1) = k}

= P{Q∗n(1) = 0}+
1

2

(
1− 2P{Q∗n(1) = 0}

)
=

1

2
,

by the induction hypothesis. Assuming now that P{Ln = i} = 2−i−1, for all

i < k, we have

P{Ln = k} =
n−1∑
j=1

P{Q∗n(1) = j}P{Lj = k}

+ P{Q∗n(1) = n}P{Ln = k − 1}

= 2−k−1
(

1− 2P{Q∗n(1) = 0}
)

+ P{Q∗n(1) = 0}2−k = 2−k−1,

and the proof is complete.

Alternatively, one can use a representation of Ln through the sojourns of

the Markov chain Q∗n in positive states. Indeed, recall that L1 has geometric

distribution with parameter EW . Then using (2.42) and induction it can be

checked that the distribution of Ln does not depend on n ∈ N.
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2.6.2 Auxiliary results. For ease of reference we include a result

due to Toeplitz and Schur (see [69], Theorem 2 on p. 43 and Theorem 9 on

p. 52). We rewrite it in a form which is suitable for our purposes.

Lemma 35. Let (sn)n∈N be any sequence of real numbers and let

(cn,m)n,m∈N be a nonnegative array. Define another sequence (tn)n∈N by

tn =
∑n

m=1 cn,msm. If

(i) limn→∞ cn,m = 0 for all m,

(ii) limn→∞
∑n

m=1 cn,m = 1,

then

lim inf
n→∞

sn ≤ lim inf
n→∞

tn ≤ lim sup
n→∞

tn ≤ lim sup
n→∞

sn ≤ +∞.

Now we address the issue of depoissonization. Recall that the function

EL(t) is slowly varying.

Lemma 36. If lim
t→∞

EL(t) = +∞ then ELn ∼ EL(n), as n→∞.

Proof. For any fixed ε ∈ (0, 1),

EL(t) = EL(t)1{|πt−t|>εt} + EL(t)1{|πt−t|≤εt} =: A1(t) + A2(t),

where (πt) is the Poisson process such that L(t) = Lπt (see p. 46 for more

details). The sublinearity of EL(t) and the elementary large deviation bound

for Poisson processes [9],

P{|πt − t| > εt} ≤ c1e
−c2t, t > 0,

with some c1, c2 > 0, yield A1(t)→ 0, t→∞.

It remains to evaluate A2(t). Since both Mn and Kn are non-decreasing,

we have

A2(t) = E(M(t)−K(t))1{|πt−t|≤εt} ≤ EL[(1−ε)t] + E(M[(1+ε)t] −M[(1−ε)t]).

Similarly, A2(t) ≥ EL[(1+ε)t]−E(M[(1+ε)t]−M[(1−ε)t]). The first step is to prove

that

lim
ε↓0

lim
n→∞

E(M[(1+ε)n] −Mn) = 0. (2.43)
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Setting Tn = max(E1, . . . , En) and using the subadditivity of the renewal

function U we obtain

D(n) := E
(
M[(1+ε)n] −Mn

)
= E

(
U(T[(1+ε)n])− U(Tn)

)
≤ EU(T[(1+ε)n] − Tn)1{T[(1+ε)n]>Tn}.

An appeal to estimate U(x) ≤ ax + b, with some a, b > 0, allows us to

conclude that

D(n) ≤ E
(
a(T[(1+ε)n] − Tn) + b

)
1{T[(1+ε)n]>Tn}

≤ a(H[(1+ε)n] −Hn) + bP{T[(1+ε)n] > Tn},

where the equality ETn = Hn :=
∑n

k=1
1
k

has been utilized. Since

lim
ε↓0

lim
n→∞

(H[(1+ε)n] −Hn) = 0

and, by exchangeability,

P{T[(1+ε)n] > Tn} = 1− n

[(1 + ε)n]
→ ε,

as n→∞, we arrive at (2.43).

We are ready to finish the proof. Divide the inequality

EL(n/(1− ε)) ≤ A1(n/(1− ε)) + ELn + E(M[ 1+ε
1−εn] −Mn),

by EL(n). Letting n→∞ then ε→ 0 and using the slow variation of EL(n)

we obtain lim inf
n→∞

ELn
EL(n)

≥ 1. The upper bound follows in the same way from

the inequality

EL(n/(1 + ε)) ≥ ELn − E(Mn −M[ 1−ε
1+ε

n]).

2.7 Small parts

Recall that Kn,r is the number of boxes occupied by exactly r balls in the

Bernoulli sieve, r ∈ N, r ≤ n. Proposition 38 given below complements

previously known results [57] about the weak convergence Kn,r.
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Let (pk)k∈N be a probability mass function. Consider the classical mul-

tinomial occupancy scheme in which n balls are thrown independently in

boxes, with probability pk of hitting box k = 1, 2, . . . The expected number

κn,r of boxes occupied by exactly r out of n balls is

κn,r =

(
n

r

)∑
j≥1

prj(1− pj)n−r, 1 ≤ r ≤ n. (2.44)

Lemma 37. For fixed r < s there exists a constant c such that

κn,r ≥ cκ2n,s, n ∈ N. (2.45)

Proof. Using (1− x)−1 ≥ ex for x ∈ (0, 1), we obtain(
n
r

)
xr(1− x)n−r(

2n
s

)
xs(1− x)2n−s

≥ c1
s!

2sr!
(nx)r−s(1− x)s−r−n

≥ c2(nx)r−senx/2

≥ c2 min
y>0

yr−sey/2

= c2

(
e

2(s− r)

)s−r
.

The result extends immediately to the case of random (Pk), particularly,

to those of the form (2.1). This generalization is used in the proof of Propo-

sition 38.

Proposition 38. (a) If µ < ∞ then, for every r ∈ N, the vector

(Kn,1, Kn,2, . . . , Kn,r) converges weakly, as n → ∞, to a proper mul-

tivariate distribution, and lim
n→∞

EKn,r = (µr)−1.

(b) If µ = ∞ then, for every r ∈ N, lim
n→∞

EKn,r = 0, so lim
n→∞

Kn,r = 0 in

probability.

Proof. Part (a) was proved in [57, Theorem 3.3].

We first prove (b) for r = 1, the result for r ≥ 2 follows from Lemma 37.

The frequencies Pk’s given by (2.1) can be expressed as

Pk = (1−Wk) exp(−Sk−1), (2.46)
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where (Sk)k∈N0 is a random walk with S0 = 0 and the generic step | logW |.
Formula (2.44) gives

E(Kn,1|(Wk)k∈N) = n
∑
j≥1

Pj(1− Pj)n−1.

Using 1− x ≤ e−x for x ∈ [0, 1], equality (2.46) and substituting ez for n, we

reduce estimating EKn,1 to estimating

E
∑
j≥1

ezPje
−ezPj = E

∑
j≥1

(1−Wj) exp{z − Sj−1 − ez−Sj−1(1−Wj)}

=

∫ ∞
0

f(z − y)dU(y),

where f(y) := E{(1−W ) exp(y− ey(1−W ))} and U(y) :=
∑

j≥0 P{Sj ≤ y}
is the renewal function of (Sj). The function f is nonnegative and integrable,

since
∫∞
−∞ f(y)dy = 1. Furthermore, the function y → e−yf(y) is nonincrea-

sing. It is known that these properties together ensure that f is directly

Riemann integrable (see, for instance, the proof of Corollary 2.17 in [43]).

When µ =∞, application of the key renewal theorem yields

lim
z→∞

∫ ∞
0

f(z − y)U(dy) = 0,

whence lim
n→∞

EKn,1 = 0.

2.8 Bibliographic comments

The model of stick-breaking partitions called the Bernoulli sieve was intro-

duced by Alexander Gnedin in [63]. The Bernoulli sieve is a generalization

of at least three models of applied probability.

Leader election procedure. If the law of W is degenerate at some point

p ∈ (0, 1), then the Bernoulli sieve reduces to the leader election procedure.

Assume that n persons play the following game. In the first round of the

game each of the players tosses once a coin with probability p for heads,
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and while those who throw tails are eliminated, those who obtain heads play

the second round with the same probability p of getting heads and so on

until there are no players. If in some round all remaining players get heads,

the round is deemed inconclusive and must be repeated, as many times as

necessary until some players are eliminated. The leader election problem

asks for the ‘probability of a single winner’ P{Zn,1 = 1}. Also of interest are

the number Mn of rounds until the leader(s) is (are) elected, the number

Ln of inconclusive rounds and some other quantities. These characteristics

were studied by many authors and in different (but equivalent) contexts:

leader election algorithm [45, 46, 83, 90, 91, 92, 93, 98, 116], extremes in the

geometric samples [6, 13, 27, 29, 30, 64, 70], etc.

Cycles in random permutations. Assume that the law ofW is beta(1, θ)

with some θ > 0. In this case the Bernoulli sieve is closely related to the cycles

of random permutations. Consider a random vector C(n) := (Cn,1, . . . , Cn,n),

where Cn,j is the number of cycles of length j in the θ-biased random per-

mutation of set {1, . . . , n} (see [7] for exhaustive information on random

permutations and related fields). Then

C(n) d
= (Kn,1, . . . , Kn,n),

where Kn,r is the number of boxes occupied by exactly r out of n balls in the

Bernoulli sieve. The distribution of C(n) is given by the formula:

P{C(n) = (c1, . . . , cn)} = 1{∑n
j=1 jcj=n}

n!

θ(n)

n∏
j=1

(
θ

j

)cj 1

cj!
, cj = 0, 1, . . . , n,

which is widely known as Ewens sampling formula. Other classical results

concerning the cycles of random permutations include the asymptotic inde-

pendence of the number of small cycles, the weak convergence of small cycles

to Poisson laws, the asymptotic normality of the total number of cycles.

Infinite occupancy schemes. An occupancy scheme in which n balls are

thrown in an infinite array of boxes with deterministic probabilities pk of
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hitting box k = 1, 2, . . . is known as Karlin’s occupancy scheme. Although

such a scheme was partly investigated in [8, 34], the first systematic treatment

is due to S. Karlin [84]. In particular, in the last cited work the central

limit theorem for the number of occupied boxes was proved. Later on a

more general result in that direction was obtained in [44]. A comprehensive

survey of the results related to the infinite occupancy scheme can be found

in [51]. The Bernoulli sieve is the Karlin’s occupancy scheme with random

frequencies (2.1).

Several papers were published which investigated the weak convergence

of Kn, the number of occupied boxes in the Bernoulli sieve. Under the as-

sumptions σ2 <∞ and ν <∞, the central limit theorem was proved in [63].

Under the sole assumption ν < ∞, this result was subsequently generalized

in [56] where the whole set of possible limiting laws for Kn was obtained.

Unlike the original Gnedin’s [63] proof which was analytic in nature and ba-

sed on the careful analysis of random recurrences, the approach in [56] was

mainly probabilistic and relied on the connection of Kn and ρ∗(x) defined

in (2.7). Yet another probabilistic argument exploited in this thesis is based

on studying the asymptotics of small frequencies. Even though such an ap-

proach is familiar from [12, 60, 84], the application to the Bernoulli sieve is

new. We emphasize that the connection of Kn and N∗(x) defined in (2.3) is

more fundamental that that of Kn and ρ∗(x) exploited in [56], since N∗(x)

is not sensitive to the arrangement of boxes in some order, as compared to

ρ∗(x) involving explicitly the ordered features of the environment.

The small parts Kn,r have received some attention in the literature, too.

See [57] for results concerning the Bernoulli sieve and [12, 128] and references

therein, for general occupancy schemes.

The perturbed random walks, as defined in this thesis, arise in diverse areas

of applied probability. In particular, these are closely related to perpetuities,

shot noise processes, regenerative processes, GI/G/∞ queues, etc. The per-

turbed random walks were studied in different contexts (see, for example, [5],

[67, Chapter 6], [81], [110]), but the general theory of these objects has not
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been developed so far (a work in progress [2] intends to contribute to such a

theory, at least to some extent). As a rule, questions about the asymptotics of

perturbed random walks were circumvented in the literature by imposing an

appropriate moment condition which allowed reduction to standard random

walks (see, for instance, [67, Chapter 6], [71], [118, Theorems 2.1 and 2.2]).

We are unaware of any results in the spirit of those presented in Section 2.4.

While Sections 2.1-2.5 are based on [53], Section 2.6 is based on [52]. The

results of Section 2.7 were proved in [54]
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Chapter 3

Exchangeable coalescents

3.1 Lambda-coalescents with dust com-

ponent

3.1.1 Preliminaries. The lambda-coalescent with values in parti-

tions of n integers is a Markovian process Πn = (Πn(t))t≥0 which starts at

t = 0 with n singletons and evolves according to the rule: for each t ≥ 0 when

the number of clusters is m, each k tuple of them is merging in one cluster

at probability rate

λm,k =

∫ 1

0

xk(1− x)m−kθ(dx), 2 ≤ k ≤ m, (3.1)

where θ is a measure on the unit interval with finite second moment.

The integral representation of rates (3.1) ensures that the processes Πn

can be defined consistently for all n, as restrictions of a coalescent process

Π∞ which starts with infinitely many clusters and assumes values in the set

of partitions of N, see [113]. The infinite coalescent Π∞ may be regarded as

a limiting form of Πn as n → ∞, and uniquely connected to a process with

values in the infinite-dimensional space of partitions of a unit mass. The

lambda-coalescents were introduced in the papers by Pitman [113] and Sagi-

tov [124], where the parameterization by finite measure Λ(dx) = x2θ(dx) was
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used. The reader is referred to the recent lecture notes [16, 18] for accessible

introduction to the theory of lambda-coalescents and a survey.

After some number of collisions (merging events) Πn enters the absor-

bing state with a sole cluster. Two basic characteristics of the speed of the

coalescence are the absorption time τn and the number of collisions Xn. The

large-n properties of τn and Xn are strongly determined by the concentration

of measure θ on the unit interval near the endpoints of [0, 1].

We suppose that θ has no mass at 1, which excludes forced termination of

Π∞ at an independent exponential time. The coalescent is said to come down

from infinity if Π∞(t) has finitely many clusters, for each t > 0, almost surely;

then τn converge to a finite random variable τ∞ which is the absorption time

of Π∞. Otherwise, Π∞(t) almost surely stays with infinitely many clusters,

for all t. There is a delicate criterion in terms of the rates λm,k to distinguish

between the two alternatives [127].

In this section we study τn and Xn under the assumption that Π∞ stays

infinite due to infinitely many original clusters which do not engage in colli-

sions before any given time t > 0. This family of lambda-coalescents can be

characterized by the moment condition∫ 1

0

x θ(dx) <∞. (3.2)

We call the collection of singleton clusters of Π∞(t) the dust component. The

dust component has a positive total frequency, meaning that the number of

singletons within Πn(t) grows approximately linearly in n, as n→∞.

The coalescents with dust component do not exhaust all coalescents which

stay infinite. One distinguished example is the Bolthausen-Sznitman coa-

lescent with θ(dx) = x−2dx which stays infinite although (3.2) fails. Such

examples on the border between ‘coming down from infinity’ and ‘possessing

dust component’ are more of an exception if one considers e.g. measures θ

satisfying a condition of regular variation near zero.

Under (3.2) every transition of Π∞ will involve infinitely many singletons.

This suggests that most of the collision events of Πn will involve some of the
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original n clusters, for large n. Another way to express this idea is to say

that in a tree representing the complete merging history of Πn, most of the

internal nodes are linked directly to one of n leaves. We will show that this

intuition is indeed correct, to the extent that the behaviour of τn and Xn can

be derived from that of analogous quantities associated with the evolution

of the dust component. In turn, the total frequency of the dust component

of Π∞ undergoes a relatively simple process, which may be represented as

exp(−St), where S = (St)t≥0 is a subordinator. Similarly for Πn, the engage-

ment of original n clusters in their first collisions follows a Markovian process

which has been studied in the context of regenerative composition structures

derived from subordinators [58]. A coupling of Π∞ with S will enable us to

apply known results about the level-passage for subordinators, and about the

asymptotics of regenerative composition structures.

The connection between Π∞ and S was first explored in [55] in the special

case when θ is a finite measure, hence subordinator S is a compound Poisson

process. While in the present paper we are mainly interested in infinite θ,

the case of finite θ is not excluded. Moreover, we will be able to extend the

results of [55] by removing a condition on θ imposed in that paper.

In a recent paper by Haas and Miermont [68] results on counting collisions

in the coalescent and counting blocks in the regenerative composition were

derived separately in the context of absorption times of decreasing Markov

chains. Our approach adds some insight to the connection between these

two models, and it entails some delicate features like differentiating between

collisions which involve some original clusters of Πn and the collisions which

do not.

3.1.2 The coalescent and singleton clusters. In the role

of the state space of the coalescent Πn with initially n clusters we take the set

of partitions of [n] := {1, . . . , n}, in which every singleton cluster is classified

as either primary or secondary. Under the dust component of Πn(t) we shall

understand the collection of primary clusters. Every nonsingleton cluster of

Πn(t) is regarded as secondary. For the notational convenience the clusters
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are written by increase of their minimal elements, the elements within the

clusters are written in increasing order, and the secondary clusters are written

in brackets. For instance, 1 (2) (3 5 6) 4 7, a partition of the set [7], has three

primary clusters and two secondary: 1, 4, 7 and (2), (3 5 6), respectively.

Introduce λm,1 as in (3.1) with k = 1. We have λm,1 <∞ by assumption

(3.2).

We define the lambda-coalescent Πn as a cádlág Markov process with

values in such partitions of [n] and the initial state 1 2 · · · n with n primary

clusters. Each admissible transition is either merging some clusters in one

cluster, or turning a primary singleton cluster into secondary. From partition

with m clusters, the transition rate for merging each particular k-tuple of m

clusters in one is λm,k (2 ≤ k ≤ m), and the transition rate for turning each

particular primary singleton cluster into secondary singleton cluster is λm,1.

For instance, the sequence of distinct states visited by Π7 could be

1 2 3 4 5 6 7→ 1 2 (3 5 6) 4 7→ 1 (2) (3 5 6) 4 7→

1 (2 4) (3 5 6) 7→ 1 (2 3 4 5 6 7)→ (1 2 3 4 5 6 7).

Let Nn(t) be the number of clusters in Πn(t). Then Nn = (Nn(t))t≥0 is a

nonincreasing Markov process, with the transition rate

ϕm,k :=

(
m

k

)
λm,k (3.3)

for jumping from m to m−k+1, for 2 ≤ k ≤ m. Turning a primary singleton

cluster into a secondary singleton cluster does not cause a jump of Nn. The

absorption time of Πn can be recast as τn = inf{t : Nn(t) = 1}, and the

number of collisions Xn is equal to the number of jumps the process Nn

needs to proceed from n to 1 (which is 4 in the above example where the

second transition does not alter the number of clusters).

Removing element n transforms partition of [n] into partition of [n− 1].

For example, partitions 1 (2 4) (3), 1 (2) 3 4 and 1 (2) 3 (4) all become

1 (2) (3). Restricting in this way Πn to [n − 1], pointwise in t ≥ 0, yields a

stochastic copy of Πn−1. This follows as in [113] since the rates satisfy the
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consistency relation

λm,k = λm+1,k + λm+1,k+1, 1 ≤ k ≤ m.

Therefore we may define Πn on the same probability space consistently for

all n. Explicit realization will appear in the sequel.

The projective limit of the processes Πn, n ∈ N, is a Markov process Π∞

starting at t = 0 with the infinite configuration of primary clusters 1 2 · · · ,
and assuming values in the space of partitions of the infinite set N. Each

partition Π∞(t) has only primary singletons, namely those original clusters

which do not engage in collisions up to time t. For a generic singleton, e.g.

labelled 1, the time before its first collision has exponential distribution with

parameter λ1,1, and when such a collision occurs infinitely many other clusters

are engaged.

The differentiation of singletons of Πn(t) into primary and secondary

becomes transparent by considering Πn as restriction of Π∞ on [n]. The

secondary singletons of Πn(t) are the unique representatives in [n] of some

infinite clusters of Π∞(t). The primary singletons of Πn(t) are also singletons

in the partition Π∞(t).

There is a construction of Π∞ based on a planar Poisson point process in

the strip [0, 1] × [0,∞) with intensity measure θ(dx) × dt, see [16, 18, 113].

With each atom (t, x) one associates a transition of Π∞ performed by tossing

a coin with probability x for heads. To pass from Π∞(t−) to Π∞(t), the coin

is tossed for each cluster of Π∞(t−), then those clusters marked heads are

merged in one, while the clusters marked tails remain unaltered. Although

there are infinitely many transitions within any time interval if θ is an infinite

measure, condition (3.2) ensures that Π∞ does not terminate. In the case of

finite θ transitions of Π∞ occur at the epochs of Poisson process with rate

θ([0, 1]).

Let N∗n(t) be the number of primary clusters in Πn(t). By homogeneity

properties of Πn, the process N∗n = (N∗n(t))t≥0 is a nonincreasing Markov
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process, jumping at rate ϕm,k from m to m− k for 1 ≤ k ≤ m. Let

τ ∗n := inf{t : N∗n(t) = 0}

be the random time when the last of n primary clusters disappears. For

1 ≤ r ≤ n, let Kn,r be the number of decrements of size r of (N∗n) on the

way from n to 0, let Kn :=
∑n

r=1Kn,r be the total number of decrements of

(N∗n), and let X∗n be the number of non-unit decrements of (N∗n). Obviously,

X∗n = Kn −Kn,1. (3.4)

We call the clusters of partition Πn(τ ∗n) that remain at time τ ∗n residual, and

we denote Rn the number of residual clusters.

Processes Nn and N∗n look very similar, thus at a first glance it might

seem surprising that N∗n is much easier to handle. The simplification comes

from the identification of the sequence of decrements of N∗n with the nth level

of a regenerative composition structure [58], and further connection to the

range of a subordinator. We show that N∗n yields a good approximation for

Nn for large n, thus X∗n and τ ∗n are close to their counterparts Xn and τn. In

one direction, the connection is quite obvious:

X∗n ≤ Xn, N∗n(t) ≤ Nn(t), τ ∗n ≤ τn.

For instance, the first inequality holds since every collision taking at least two

primary clusters contributes to Xn, and since with positive probability some

Rn ≥ 2 clusters remain at time τ ∗n when the last primary clusters disappears.

3.1.3 Coupling with a subordinator. Condition (3.2) implies

that there exists a pure-jump subordinator S = (St)t≥0 with the Laplace

transform

E(e−zSt) = e−tΦ(z), z ≥ 0, (3.5)

where the Laplace exponent is given by

Φ(z) :=

∫ 1

0

(1− (1− x)z)θ(dx).
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The coalescent process will be represented in terms of passage of S through

multiple exponentially distributed levels. We describe first the evolution of

the dust component.

Let ε1, . . . , εn be independent of S i.i.d. standard exponential random

variables, and let εn:n < · · · < εn:1 be their order statistics. It is not difficult

to see that Φ(n) coincides with the probability rate at which the subordinator

passes through the level εn:n from any state St = s < εn:n. The following

lemma extends this observation.

Lemma 39. For t ≥ 0, conditionally given St = s with s ∈ (εn:m+1, εn:m)

the subordinator is passing through εn:m at rate Φ(m), and is hitting at this

passage each of the intervals (εn:m−k+1, εn:m−k) at rate ϕm,k, for 1 ≤ k ≤ m ≤
n.

Proof. The proof exploits the Lévy-Khintchine formula (3.5) and the memo-

ryless property of the exponential distribution. See computations around [58,

Theorem 5.2] for details.

Now suppose that each of the primary clusters 1 2 . . . n is given an ex-

ponential mark ε1, . . . , εn, and that for every t ≥ 0 the marks εj > St are

associated with primary clusters j existing at time t. If t is a jump-time of S

and the interval (St−, St] covers exactly one mark εj, we interpret the event of

passage through εj as turning the primary cluster j into secondary. If (St−, St]

covers at least two of the εj’s, we interpret this event as a collision which takes

the corresponding primary clusters. Setting N∗n(t) := #{j ∈ [n] : εj > St}
we obtain a process with desired rates ϕm,k for transition from m to m− k,

as it follows from the lemma. In particular, Φ(n) =
∑n

k=1 ϕn,k coincides with

the total transition rate of the coalescent Πn from the initial state 1 2 · · · n.

A regenerative ordered partition of the set [n] is defined by sending i, j to

the same block iff Tεi = Tεj , see [58], where

Ts := inf{t ≥ 0 : St > s}

is the first passage time through level s ≥ 0. The number of blocks of the
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partition is equal to the number of jumps of N∗n prior to the absorption at

state 0.

These evolutions of primary clusters are consistent in n. Assigning the ex-

ponential marks ε1, ε2, . . . to infinitely many primary clusters 1 2 . . . defines

the initial state of the dust component. The frequency of the dust component

of Π∞ as time passes is the decaying process (exp(−St))t≥0.

One straightforward application of the representation by S concerns τ ∗n,

the maximal lifetime of primary clusters in Πn. We can identify τ ∗n with Tεn:1 ,

hence connect the limit behaviour of τ ∗n to that of Ts for high levels s. Indeed,

from the extreme-value theory it is known that εn:1 − log n converges in dis-

tribution, as n→∞, to a random variable with the Gumbel distribution. It

is also known that the scaled and centered random variables (Ts−g(s))/f(s)

can converge in distribution only if the normalizing constant f(s) goes to ∞
with s. Thus, Tεn:1 and Tlogn have the same limit law, if any. Moreover, it can

be shown that (Ts− g(s))/f(s) converges weakly to a given proper and non-

degenerate probability law if and only if the same holds for (T ′s− g(s))/f(s),

where T ′s is the number of points within [0, s] of a random walk which starts

at 0 and has the generic step distributed like S1. See [22] or [103, Proposi-

tion 27] for a complete list of limit distributions of T ′s and the conditions of

convergence. Summarizing the above, we have

Proposition 40. For constants an > 0 and bn ∈ R, if one of the random

variables (τ ∗n − bn)/an and (Tlogn− bn)/an converges weakly, as n→∞, to a

nondegenerate proper distribution, then the other random variable converges

weakly to this distribution too.

To realize the full dynamics of Πn in terms of the level-passage, a mark is

assigned to each cluster according to the following rule. At time 0 the marks

ε1, . . . , εn represent the primary clusters 1 2 · · ·n. At time t > 0 there is some

collection of marks on [St,∞) representing the clusters existing at this time. If

at time t > 0 the subordinator passes through exactly k marks corresponding

to some clusters I1, . . . , Ik ⊂ [n], then a new cluster I1 ∪ · · · ∪ Ik is born and

assigned a mark St + ε, where ε is a copy of the unit exponential random
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variable, independent of S and all other marks assigned before t. For instance,

if at the first passage time t = Tεn:n the subordinator jumps through exactly k

levels εj1 , . . . , εjk out of ε1, . . . , εn, then the secondary cluster J = {j1, . . . , jk}
is born (which is a singleton if k = 1) and assigned a mark exponentially

distributed on [St,∞).

In particular, when S passes at some time t through only one mark, there

is no change in Πn(t), and the mark of the corresponding singleton cluster is

just re-assigned.

3.1.4 The absorption time. We wish to exploit the lifetime τ ∗n of

primary clusters as approximation to the absorption time τn. At time τ ∗n the

coalescent process is left with Rn residual clusters, whence the distributional

identity

τ0 := 0, τn
d
= τ ∗n + τ̃Rn , n ∈ N, (3.6)

where τ̃m is assumed independent of (τ ∗n, Rn) and distributed like τm, for each

m ∈ N0. To address the quality of approximation we need to estimate Rn.

We begin with some preparatory work. By the first transition the Mar-

kov chain N∗n goes from n to a random state with distribution pn,k :=

ϕn,n−k/Φ(n), 0 ≤ k ≤ n − 1. Let gn,k be the probability that N∗n ever vi-

sits state k, so gn,n = 1 and, for 1 ≤ k ≤ n − 1, in terms of the realization

via subordinator, gn,k = P(Tεn:k+1
< Tεn:k) is the probability that the interval

[εn:k+1, εn:k] intersects the range of S. An explicit formula for gn,k in terms of

Φ is available (see [58, Eq. (50)]), but it is complicated and inconvenient for

computations.

Lemma 41. Suppose (rk)k∈N is a nonnegative sequence such that the se-

quence
(

Φ(k)rk
k

)
k∈N

is nonincreasing. Then the sequence (an)n∈N0 defined by

a0 = 0, an :=
n∑
k=1

gn,krk, n ≥ 1

satisfies the relation

an = O
( n∑
k=1

rkΦ(k)

k

)
, n→∞.
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Proof. The assertion follows from Lemma 15. Indeed, conditioning on the size

of the first jump of N∗n we see that the sequence (an) satisfies the recurrence

a0 = 0, an = rn +
n−1∑
k=0

pn,kak, n ∈ N.

To apply Lemma 15 we take ψn = Φ(n). Condition (C2) holds by the as-

sumptions and condition (C1) follows from

Φ(n)
n∑
k=0

(1− k/n)pn,k =
1

n

n−1∑
k=0

(n− k)ϕn,n−k

=
1

n

n∑
k=1

kϕn,k =

∫ 1

0

xθ(dx) > 0.

Note that, since the function s 7→ Φ(s)/s is nonincreasing, the sequence(
Φ(k)rk
k

)
is nonincreasing whenever (rk) is itself nonincreasing.

Denote ~θ(x) := θ([x, 1]), x ∈ (0, 1).

Lemma 42. If either of two equivalent conditions∫ 1

0

x−1dx

∫ x

0

~θ(y)dy <∞, (3.7)

∞∑
k=1

Φ(k)

k2
<∞ (3.8)

holds then

ERn = O(1), n→∞,

in which case the sequence of distributions of the Rn’s is tight.

Proof. The equivalence of (3.7) and (3.8) is established by repeated integra-

tion by parts.

In the genealogical history of each residual cluster there is the last se-

condary cluster appearing as a result of collision or switch involving some

primary clusters. If secondary cluster b is born at some time t ≤ τ ∗n of such
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an event, and if at this time some j ≥ 0 other primary clusters co-exist,

then b corresponds to a residual cluster provided that b and its followers do

not collide with these j primary clusters or their followers before time τ ∗n.

That is to say, b and the j primary clusters belong to distinct branches if the

coalescent tree is cut at time τ ∗n. Let qj be the probability that such cluster b

corresponds to a residual cluster; restricting the coalescent to j + 1 clusters

it is seen that qj indeed depends only on j. The consistency property of the

coalescent with respect to the restrictions entails that qj is decreasing in j.

Averaging over the times when some primary clusters engaged we find the

expected number of residual clusters

ERn =
n−1∑
j=0

gn,jqj. (3.9)

Furthermore, given St = s, we have exactly j exponential marks of the

primary clusters larger than s. The cluster b is assigned a new exponential

mark u = s+ ε which lies within each of the spacings in (s,∞) generated by

εn:j, . . . , εn:1 with the same probability 1/(j+1). If this spacing is (εn:k+1, εn:k)

then b may correspond to a residual cluster only if (i) Tεn:k+1
< Tu < Tεn:k and

(ii) b does not collide further with k primary clusters and their followers before

time τ ∗n. If (i) occurs, condition (ii) is not sufficient for the correspondence

since possible collisions with some of j primary clusters or their followers are

ignored. This leads to the inequality

qj ≤
1

j + 1

j∑
k=0

gj+1,k+1pk+1,kqk, 1 ≤ j ≤ n− 1,

and q0 = 1. Substituting ϕk,1 = k(Φ(k)− Φ(k − 1)) we obtain

qj ≤
1

j + 1

j+1∑
k=1

gj+1,k
k(Φ(k)− Φ(k − 1))

Φ(k)
qk−1

≤ c

j + 1

j+1∑
k=1

(Φ(k)− Φ(k − 1))qk−1,

where Lemma 41 was applied with

rk =
k(Φ(k)− Φ(k − 1))qk−1

Φ(k)
.
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The required monotonicity condition holds since both qk and Φ(k)−Φ(k−1)

are decreasing in k, the latter by concavity of Φ. Here and throughout c will

denote a positive constant whose value is not important and may change

from line to line.

Setting aj = (j + 1)qj and bj = c(Φ(j + 1)− Φ(j))/(j + 1), we obtain

from the above

aj ≤
j∑

k=0

bkak, j ∈ N0.

We want to show that the sequence (aj) is bounded. To that end, let Mj :=

maxi=0,...,j ai, then also

Mj ≤
j∑

k=0

bkMk.

Since Φ(j)/j decreases we have Φ(j + 1) − Φ(j) ≤ Φ(j + 1)/(j + 1), which

taken together with (3.8) implies that the series
∑∞

k=0 bk converges, so we

can choose

n0 := inf{k ≥ 0 :
∞∑
i=k

bi < 1/2}.

If limn→∞Mn =∞ then

1 ≤ lim inf
n→∞

∑n
k=0 bkMk

Mn

= lim inf
n→∞

∑n
k=n0

bkMk

Mn

≤
∞∑

k=n0

bk ≤ 1/2,

which is an obvious contradiction. Therefore (an) is bounded. From this

qj ≤Mj/(j + 1) ≤ c/j.

Substituting this bound into (3.9) and applying Lemma 41 leads to the

conclusion that ERn remains bounded, as n→∞, by the virtue of (3.8).

Recall that the convergence of Ts in distribution always requires a scaling

constant going to∞ as s→∞. Under conditions of Lemma 42 the sequence

of laws of τRn is tight. Now from Proposition 40 and the decomposition (3.6)

the following main result of this subsection emerges.
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Theorem 43. Suppose (3.7) holds. For some constants an > 0 and bn ∈ R,

if one of the variables (Tlogn − bn)/an and (τn − bn)/an converges weakly,

as n → ∞, to a nondegenerate proper distribution then the other variable

converges weakly to the same distribution.

The value of this result lies in the fact that the limit laws for Ts and the

conditions of convergence are immediately translated into the convergence

of τn. Normalizing and centering constants are known explicitly, see [103,

Proposition 27] or [22]. It follows that only stable laws and the Mittag-Leffler

laws can appear as the limit distributions of τn.

If measure θ is finite the condition (3.7) obviously holds. In this case S

is a compound Poisson process. Theorem 43 has been proved in [55] under

the assumptions that θ is not supported by a geometric sequence (1−xk)k∈N
(meaning that the law of S1 is nonlattice) and that

ν :=

∫ 1

0

| log x| θ(dx) <∞. (3.10)

Theorem 43 shows that the result of [55] is still true without requiring (3.10).

Assumption (3.7) is not very restrictive since Φ(k) = o(k), k → ∞,

always holds. Concretely, suppose the right tail of θ has the property of

regular variation at 0, that is

~θ(x) ∼ x−γ`1(1/x), x ↓ 0, (3.11)

for some function `1 of slow variation at ∞, and γ ∈ [0, 1]. Then condition

(3.7) is satisfied for γ ∈ [0, 1). In the edge case γ = 1 the behaviour of `1 is

important, for instance (3.7) holds for `1(y) = (log y)−δ if δ > 2 and does not

hold if δ ∈ (1, 2].

We use condition (3.7) to bound Rn, although we perceive that (3.7) can

be omitted and the equivalence in Theorem 43 holds in full generality for

the coalescents with dust component. Note that (3.7) is the local property of

~θ near 0. More substantially, the limit law is affected by the decay at ∞ of

the right tail of the distribution of S1, for which the behaviour of ~θ near 1 is
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responsible. We illustrate this by two examples.

Example: normal limits. Assume in addition to (3.7) that

s2 := Var(S1) =

∫ 1

0

| log(1− x)|2θ(dx) <∞.

Then, as n→∞,
τn − m−1 log n

(m−3s2 log n)1/2

d→ N (0, 1), (3.12)

where m := ES1 =
∫ 1

0
| log(1− x)|θ(dx). In view of [103, Proposition 27] and

the remark in the paragraph preceding Proposition 40 the latter asymptotic

result holds with τn replaced by Tlogn. By Theorem 43, (3.12) holds. The

same argument also applies to relation (3.16).

This setting applies to beta (a, b) coalescents, a > 1, b > 0, which are the

lambda-coalescents driven by

θ(dx) = (1/B(a, b))xa−3(1− x)b−11(0,1)(x)dx,

where B(u, v) :=
∫ 1

0
zu−1(1− z)v−1dz, u, v > 0, denotes the Euler beta func-

tion.

The case a > 2 was settled in [55]. We focus on the previously open case

1 < a ≤ 2.

For a = 2 we compute the constants as

m = b(b+ 1)ζ(2, b), s2 = 2b(b+ 1)ζ(3, b),

where ζ(u, v) :=
∑∞

i=0(i+ v)−u, u > 1, v > 0, is the Hurwitz zeta function.

For a ∈ (1, 2) we have

m =
a+ b− 1

(a− 1)(2− a)

(
1− (a+ b− 2)

(
Ψ(a+ b− 1)−Ψ(b)

))
, (3.13)

s2 =
a+ b− 1

(a− 1)(2− a)
×
(

2
(
Ψ(a+ b− 1)−Ψ(b)

)
− (a+ b− 2)

(
(Ψ(a+ b− 1)−Ψ(b))2 + Ψ′(b)−Ψ′(a+ b− 1)

))
,(3.14)
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where Ψ is the logarithmic derivative of the gamma function. Finally, condi-

tion (3.7) holds since (3.11) is satisfied with γ = 2− a ∈ [0, 1) and constant

function `1. Therefore, convergence (3.12) holds with the computed m and s2.

Example: stable limits. Assume (3.7) and

~θ(1− e−y) ∼ y−β`(y), y →∞, (3.15)

for some function ` slowly varying at ∞ and β ∈ (1, 2). Then

τn − m−1 log n

m−(β+1)/βcblognc

d→ S(β), n→∞, (3.16)

where cn is any sequence satisfying limn→∞ n`(cn)/cβn = 1, and S(β) is a

random variable with the β-stable distribution with characteristic function

z 7→ exp{−|z|βΓ(1− β)(cos(πβ/2) + i sin(πβ/2) sgn(z))}, z ∈ R.

To illustrate, consider

θ(dx) =
xa−2dx

(1− x)| log(1− x)|d
,

where d ∈ (2, 3) and a ∈ (d, d + 1). Then (3.2) is satisfied, and condition

(3.11) holds with γ = d+ 1− a ∈ (0, 1) which implies (3.7). Condition (3.15)

is fulfilled with β = d− 1 ∈ (1, 2). Therefore, the absorption time τn of such

coalescent has limiting law (3.16).

3.1.5 The number of collisions. As an approximation to the

number of collisions Xn we shall consider X∗n, the number of jumps of N∗n of

size at least two. We will not be able to derive a complete result comparable

with Theorems 45 or 43 because the universal criterion for convergence of

X∗n is not available. The cases when we know the behaviour of X∗n (Corollary

24 and Proposition 38 of the present work and [11, 60, 61]) are all covered by

the assumption that θ satisfies (3.11). We shall also proceed in this direction

but exclude the case γ = 1 when Kn,1 is the term of dominating growth in

the sum Kn =
∑n

r=1 Kn,r. By Karamata’s Tauberian theorem [24] condition
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(3.11) with γ < 1 is equivalent to the analogous asymptotics of the Laplace

exponent

Φ(z) ∼ Γ(1− γ)zγ`1(z), z →∞.

The case of finite θ appears when γ = 0 and Φ is an increasing bounded

function.

The sequence (Xn) is nondecreasing and satisfies a distributional recur-

rence

X1 = 0, Xn
d
= X̃n−Jn+1 + 1{Jn≥2}, n ≥ 2, (3.17)

where in the right-hand side X̃i is assumed independent of Jn and distributed

like Xi, for each i ∈ N, and Jn is distributed like the first decrement of N∗n,

that is P{Jn = k} = pn,n−k for 1 ≤ k ≤ n. Similarly, the number X∗n of

collisions which involve at least two primary clusters satisfies

X∗1 = 0, X∗n
d
= X̃∗n−Jn + 1{Jn≥2}, n ≥ 2, (3.18)

with the convention X∗0 = 0. We may decompose Xn as

Xn = X∗n +Dn
(3.4)
= Kn −Kn,1 +Dn a.s. (3.19)

where Dn is the number of collisions which take at most one primary cluster.

Thus a collision contributes to Dn if either exactly one primary cluster merges

with at least one secondary cluster, or at least two secondary and no primary

clusters are merged.

Lemma 44. We have

EDn ≤ c
n∑
k=1

(Φ(k)/k)2 , n ∈ N. (3.20)

In particular, if either of two equivalent conditions∫ 1

0

x−2

(∫ x

0

~θ(y)dy

)2

dx <∞, (3.21)

∞∑
k=1

(Φ(k)/k)2 <∞ (3.22)

holds then the sequence of distributions of the Dn’s is tight.
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Proof. The equivalence of (3.21) and (3.22) follows from [17, Proposition

1.4].

Choose some primary cluster b, to be definite let it be the cluster labelled

1, and suppose X̃n−1 is realised as the number of collisions among n − 1

primary clusters [n] \ {b} and their followers. Then Xn = X̃n−1 + Zn, where

Zn is the indicator of the event that the first collision of b involves exactly

one other cluster a. At the time of the merge of b with a the Markov chain N∗n

decrements by two or one, depending on whether a is primary or secondary.

Let Yn be the indicator of the event that the first involvement of b is either

turning b into secondary cluster, or a collision taking at most one other

primary cluster and arbitrary number of secondary clusters. Clearly, Yn ≥ Zn,

therefore from (3.17)

Xn

d

≤ X̃n−Jn + Yn−Jn+1 + 1{Jn≥2}, (3.23)

where
d

≤ stands for ‘stochastically smaller’. Passing to expectations in (3.23),

(3.18) and (3.19) we see that, for dn := EDn, yn := EYn,

d1 = 0, dn ≤
n−1∑
k=1

pn,k(dk + yk+1), n = 2, 3, . . . ,

and iterating this inequality yields

d1 = 0, dn ≤
n−1∑
j=1

gn,jyj+1, n = 2, 3, . . .

By exchangeability, we have yn = (EKn,1 + 2EKn,2)/n. Since

EKn,1 =
n∑
k=1

gn,kpk,k−1 =
n∑
k=1

gn,k
k(Φ(k)− Φ(k − 1))

Φ(k)
,

using Lemma 41 with rk = k(Φ(k)− Φ(k − 1))/Φ(k) yields

EKn,1 ≤ cΦ(n), n ∈ N. (3.24)

Using this, the inequality from Lemma 37 and the monotonicity of Φ,

EKn,2

(2.45)

≤ c1 EKdn/2e,1
(3.24)

≤ c2 Φ(dn/2e) ≤ c2 Φ(n).
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Thus

dn ≤ c
n∑
k=1

gn,kΦ(k)/k,

and using Lemma 41 with rk = cΦ(k)/k results in (3.20).

The compound Poisson case. Assume that θ is a finite measure on (0, 1),

not supported by a geometric sequence of the form (1 − xk)k∈N, for some

x ∈ (0, 1). Since a linear time change of the coalescent does not affect the

distribution of Xn we will not lose generality by assuming that θ is a pro-

bability measure on (0, 1). Let (Wk)k∈N be independent copies of a random

variable W such that the law of 1 −W is θ. The subordinator S is then a

unit rate compound Poisson process with the generic jump | logW | having

some nonlattice law.

The next theorem improves upon a result from [55] by removing condition

(3.10).

Theorem 45. For constants an > 0 such that lim
n→∞

an = ∞, and bn ∈ R,

whenever any of the variables

Kn − bn
an

,
X∗n − bn
an

or
Xn − bn
an

converges weakly, as n→∞, to a nondegenerate proper distribution then all

three variables converge weakly to this distribution.

Proof. Recall representation (3.19). Since ν is a probability measure we have

Φ(k) < 1, hence condition (3.22) is satisfied, and the sequence of laws of the

Dn’s is tight by Lemma 44. By Proposition 38, the sequence of laws of the

Kn,1’s is tight as well. By the assumption an →∞ the result follows.

From Corollary 24 it is known that, depending on the behaviour of ~θ(x)

near x = 1 there are five different modes of the weak convergence of, suitably

normalized and centered, Kn (hence Xn). Below we provide an example which

partially coincides with Example on p. 45 to demonstrate a substantial role

of the parameter ν =
∫ 1

0
| log x|θ(dx).
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Example. Suppose θ has the right tail of the form

~θ(x) =
| log x|ρ

1 + | log x|ρ
, x ∈ (0, 1]

with ρ > 0. In the case ρ ∈ (0, 1/2) we have ν =∞, and

Xn − m−1 log n+ (m(1− ρ))−1 log1−ρ n

c log1/2 n

d→ N (0, 1), n→∞,

where m =
∫ 1

0
| log(1− x)| θ(dx).

In the other case, when ρ > 1/2 (then ν < ∞ for ρ > 1), the centering

simplifies, so that

Xn − m−1 log n

c log1/2 n

d→ N (0, 1), n→∞.

Evolution of secondary particles. In the compound Poisson case the

number Vt of secondary clusters of Π∞(t) is finite, for each t ≥ 0. The process

V = (Vt)t≥0 starts with V0 = 0 and is a Markov chain with the transition rate

ϕm,k =
(
m
k

)
λm,k for jumping from m to m − k + 1, 0 ≤ k ≤ m, k 6= 1. The

rate for k = 0 is given by the same formula (3.1), and ϕm,0 <∞ because θ is

finite. The k = 0 transition, resulting in increase of the number of secondary

clusters by one, occurs when some (in fact, infinitely many) primary clusters

merge without engagement of secondary clusters. The stationarity of V is

a consequence of the existence of the dust component with infinitely many

clusters.

It can be shown that the Markov chain V is positively recurrent and has

a unique stationary distribution (zm) found from the balance equation

zm =
∞∑
k=0

zm+k−1ϕm+k−1,k (3.25)

supplemented by the conditions z0 = 0 and
∑∞

m=1 zm = 1.

Suppose for example that θ(dx) = dx is the Lebesgue measure on

[0, 1]. In this case ϕm,k = (m + 1)−1. Equation (3.25) becomes zm =
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∑∞
j=m−1 zj/(j + 1). Differencing yields zm−zm+1 = zm−1/m, which is readily

solved as

zm =
e−1

(m− 1)!
, m ∈ N,

so in this case the stationary distribution is shifted Poisson.

In contrast, the number of secondary clusters in the finite coalescent Πn

is not a Markov process, because the transition rates depend on the number

of remaining primary particles.

The case of slow variation. Suppose (3.11) holds with γ = 0 and slowly

varying `1(z) → ∞, z → ∞. The Laplace exponent satisfies then Φ(z) ∼
`1(z). Suppose also that the subordinator has finite moments

m = ES1 =

∫ 1

0

| log(1− x)|θ(dx), s2 = VarS1 =

∫ 1

0

| log(1− x)|2θ(dx).

Choose the centering/scaling constants as

bn =
1

m

∫ n

0

Φ(z)

z
dz , an =

√
s2

m3

∫ n

0

Φ2(z)

z
dz.

In [11] it was shown that, as n→∞,

EKn ∼ bn,
√

VarKn ∼ an,

and that the normal limit (Kn−bn)/an
d→ N (0, 1) holds for various classes of

functions `1. In particular, these include functions of slow variation at infinity

with asymptotics as diverse as

`1(z) = log(log(. . . (log(z)) . . . )), `1(z) = logβ z , `1(z) = exp(logβ z),

where β > 0.

The series (3.22) converges for arbitrary `1, hence, by Lemma 44, EDn =

O(1). On the other hand, from (3.24) and by the properties of slowly varying

functions [24]

EKn,1 = O(Φ(n)) = o(an).

It is immediate now that (Kn−bn)/an
d→ N (0, 1) implies both (X∗n−bn)/an

d→
N (0, 1) and (Xn − bn)/an

d→ N (0, 1).
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Example: gamma subordinators. Consider the classical gamma subor-

dinator with Laplace exponent Φ(z) = α log(1 + z/β), where α, β > 0. The

corresponding θ driving the coalescent has density

θ(dx) =
α(1− x)β−1

| log(1− x)|
dx.

The central limit theorem for Kn was proved by different methods in [61]

and [11]. From this we conclude that the number of collisions also satisfies

(Xn − bn)/an
d→ N (0, 1), where the constants can be chosen as

an =

√
β log3 n

3
, bn =

β log2 n

2
.

Example: beta(2, b)-coalescents. For this family θ(dx) = x−1(1−x)b−1dx.

The convergence of Xn to the standard normal distribution holds with sca-

ling/centering constants

an =

√
s2

3m3
log3 n, bn =

log2 n

2m
,

where m = ζ(2, b), s2 = 2ζ(3, b).

In Section 3.2 this result will be proved by a different technique based on

the asymptotic analysis of moments.

Regular variation with index 0 < γ < 1. A key distribution in this case

is the law of the random variable

I =

∫ ∞
0

exp(−γSt)dt,

known as the exponential functional of the subordinator γS. The distribution

of I is uniquely determined by the moments

EIk =
k!∏k

i=1 Φ(γi)
.

From [60, Theorem 4.1 and Corollary 5.2] X∗n/an
d→ I, where an = Γ(2 −

γ)nγ`1(n), and no centering is required. In fact, Kn/an and Kn,r/an (r ≥ 1)

converge almost surely and in the mean.
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To justify the convergence of Xn using (3.19) we need to estimate EDn.

For 0 < γ < 1/2 we have EDn = O(1) since Φ(z) ∼ c `1(z)zγ, hence the

series (3.22) converges. For 1/2 < γ < 1 we have

n∑
k=1

(Φ(k)/k)2 ∼ c n2γ−1`2
1(n),

and for γ = 1/2 the latter sum, as a function of n, has the property of slow

variation at infinity (see [24, Proposition 1.5.8]). Thus in any case Dn/an → 0

in probability. It follows that Xn/an
d→ I.

Example: beta (a, b)-coalescents with 1 < a < 2. In this case

Xn

n2−a
d→ Γ(2− a)

2− a

∫ ∞
0

exp{−(2− a)St} dt, n→∞,

where the Laplace exponent of S is given by

Φ(z) =

∫ 1

0

(1− (1− x)z)xa−3(1− x)b−1dx.

This result was obtained in [68] by another method, and with a change of

variables the equivalence with [78, Theorem 7.1] in the case b = 1 can be

established.

The subfamily of beta-coalescents with parameters b = 2 − a was inten-

sively studied. In the literature sometimes α := 2− a is taken as parameter,

so that θ in this notation becomes

θ(dx) = x−α−1(1− x)α−1.

In this case N∗n decrements like a random walk conditioned to hit 0 and,

moreover, there is an explicit formula (see [58, p. 471])

gn,k =
(α)k(α)n−k

(α)n

(
n

k

)
,

where (α)k denotes the rising factorial. The variable Kn is then the number

of blocks in Pitman’s (α, α)-partition (or in the regenerative composition

induced by excursions of a Bessel bridge [58]).
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3.2 Number of collisions in beta (2, b)-

coalescents

Most intensively studied lambda-coalescents are those driven by a beta mea-

sure

θ(dx) = cxa−3(1− x)b−11(0,1)(x)dx, a, b, c > 0, (3.26)

and called the beta-coalescents. The weak convergence results surveyed in

Section 3.4 (see Table 1 there) indicate that the two parameter values a = 1

and a = 2 play a kind of threshold-role when studying the limiting behavior

of the number of collisions Xn of beta (a, b)-coalescents. In this section we

focus on the asymptotics of Xn for beta (2, b)-coalescents, b > 0 and thus

assume throughout this section that

θ(dx) = x−1(1− x)b−11(0,1)(x)dx, b > 0.

Although the result of forthcoming Theorem 49 has already been obtained

on p. 92 we think that its alternative derivation is worth having.

3.2.1 Preliminaries. Throughout the section we often use the no-

tation introduced in the previous section without special mention.

From the structure of the coalescent process it follows that (Xn)n∈N sa-

tisfies the distributional recurrence (6) with In having distribution

P{In = k} = ϕn,n−k+1/
n∑
k=2

ϕn,k (3.27)

=
Γ(k + b− 1)Γ(n+ 1)

(n− k + 1)Γ(k)Γ(n+ b)H(n, b)
, k ∈ N, k ≤ n− 1,

where rates ϕn,k were defined in (3.3),

H(n, b) :=
b

b+ n− 1
+ Ψ(b+ n− 1)−Ψ(b)− 1, n ∈ N, b > 0,

and Ψ(·) denotes the logarithmic derivative of the gamma function. The

random variable In is the (random) state of the process Nn after its first
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jump. Note that Ψ(b + n − 1) = log n + O(1/n), n → ∞ (see [1, formula

(6.3.18)]), and, therefore,

H(n, b) = log n−Ψ(b)− 1 +O
( 1

n

)
, n→∞. (3.28)

Recall that
n∑
k=2

ϕn,k = Φ(n) =

∫ 1

0

(1− (1− x)n)θ(dx).

In the proofs we will need the asymptotics of the total rates

Φn =
H(n, b)

B(2, b)
∼ log n

B(2, b)
, n→∞, (3.29)

and explicit expressions of the moments

m(b)
r :=

∫ 1

0

| log(1− x)|rθ(dx) =

∫ 1

0

| log(1− x)|r (1− x)b−1

x
dx

= Γ(r + 1) ζ(r + 1, b), r > 0, (3.30)

where ζ(·, ·) is the Hurwitz zeta function. The last formula follows from a

Hurwitz identity (see, for example, [1, formula (23.2.7)]). Set

m := m
(b)
1 = ζ(2, b) and s2 := m

(b)
2 = 2ζ(3, b).

3.2.2 Main results. Our first result presents the asymptotic ex-

pansions of the moments of Xn. For convenience, we use the notation

logk n := (log(n))k, k, n ∈ N.

Theorem 46. (Expansion of moments)

As n→∞, for k ∈ N,

EXk
n =

1

(2m)k
log2k n+

2k((2k + 1)s2 + 6cm)

3(2m)k+1
log2k−1 n+O(log2k−2 n),

where c := −Ψ(b)− 1. In particular, the variance VarXn has the asymptotic

expansion

VarXn =
s2

3m3
log3 n+O(log2 n) =

2ζ(3, b)

3ζ3(2, b)
log3 n+O(log2 n).
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Remark 47. For t ≥ 0, let (fi(t))i∈N be a sequence (in some order) of

the asymptotic frequencies of the random exchangeable partition Π∞(t)

(corresponding to the beta (2, b) - coalescent). By [113, Proposition 26],

(Ŝt := − log(1 −
∑∞

i=1 fi(t)))t≥0 is a version of S a pure-jump subordina-

tor with the Lévy exponent Φ. We will come back to this remark later in the

proofs.

Corollary 48. (Strong law of large numbers)

As n→∞, Xn/ log2 n→ 1/(2m) almost surely.

Finally, given next is a central limit theorem for Xn.

Theorem 49. (Central limit theorem)

As n→∞, the sequence

Xn − 1
2m

log2 n√
s2

3m3
log3 n

weakly converges to the standard normal law.

Remark 50. The proof of Theorem 49 presented in Section 3.2.4 draws heavily

from the coalescent theory and results on random exchangeable partitions.

We leave open the question whether it is possible to deduce the asymptotic

normality of Xn from recurrence (6) with In satisfying (3.27), i.e., without

using pathwise results available in the coalescent setting.

Recently there appeared a preprint [31] whose authors readdressed the is-

sue of finding the weak asymptotics of Xn in beta (2, b)-coalescent using the

recurrence alone. Their proof is incomplete since it is based on an unproved

conjecture which, however, seems to be correct and, in the first approxima-

tion, follows from our Lemma 54.

3.2.3 Proof of Theorem 46 and Corollary 48.

Proof of Theorem 46. For k ∈ N, set a
(k)
n := EXk

n. By induction on k we

will prove the asymptotic expansion

a(k)
n = αk log2k n+ rk log2k−1 n+O(log2k−2 n), k ∈ N, (3.31)
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where α := (2m)−1 and

rk :=
2

3
kαk+1((2k + 1)s2 + 6cm). (3.32)

For k = 1, write an instead of a
(1)
n for simplicity. In view of (6), we have

a1 = 0, an = 1 +
n−1∑
i=1

aiP{In = i}, n ≥ 2. (3.33)

Put bn := an − α log2 n, n ∈ N. From (3.33) it follows that b1 = 0 and

bn = 1 + α

n−1∑
i=1

(log2(n− i)− log2 n)P{In = n− i}+
n−1∑
i=1

biP{In = i}

=: cn +
n−1∑
i=1

biP{In = i}, n ≥ 2. (3.34)

Using Lemma 53 (with k = 1 and k = 2), we get

cn = 1 + α
n−1∑
i=1

(
log2(1− i/n) + 2 log n log(1− i/n)

)
P{In = n− i}

= 1 +
α

H(n, b)

(
s2 +O

( log2 n

nb∧1

)
+ 2 log n

(
− m +O

( log n

nb∧1

)))
= 1− log n

H(n, b)
+

s2

2mH(n, b)
+O

( log n

nb∧1

)
,

and, by (3.28),

cn = 1− H(n, b) + Ψ(b) + 1 +O(1/n)

H(n, b)
+

s2

2mH(n, b)
+O

( log n

nb∧1

)
=

s2

2m
−Ψ(b)− 1

H(n, b)
+O

( log n

nb∧1

)
=:

C1

H(n, b)
+O

( log n

nb∧1

)
.

Substituting this relation into (3.34) yields

bn =
C1

H(n, b)
+O

( log n

nb∧1

)
+

n−1∑
i=1

biP{In = i}.

Set dn := bn − (C1/m) log n, n ∈ N. Then, d1 = 0 and

dn =
C1

H(n, b)
+
C1

m

n−1∑
i=1

log(i/n)P{In = i}

+ O
( log n

nb∧1

)
+

n−1∑
i=1

diP{In = i}, n ≥ 2.
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Another appeal to Lemma 53 leads to

dn =
C1

H(n, b)
+

C1

mH(n, b)

(
−m1 +O

( log n

nb∧1

))
+ O

( log n

nb∧1

)
+

n−1∑
i=1

diP{In = i}

= O
( log n

nb∧1

)
+

n−1∑
i=1

diP{In = i}.

By Lemma 54, dn = O(1). Therefore, an = α log2 n+ r1 log n+O(1), and we

have already proved (3.31) for k = 1.

The induction step from {1, . . . , k} to k + 1 works as follows. Using (6)

and dropping terms of lower orders (which is possible due to the assumption

of induction) we get a
(k+1)
1 = 0 and

a(k+1)
n = (k + 1)αk log2k n+ (k + 1)rk log2k−1 n+

+O(log2k−2 n) +
n−1∑
j=1

a
(k+1)
j P{In = j}, n ≥ 2.

Put b
(k+1)
n := a

(k+1)
n − αk+1 log2k+2 n, n ∈ N. Then, we have b

(k+1)
1 = 0 and

b(k+1)
n = c(k+1)

n +
n−1∑
j=1

b
(k+1)
j P{In = j}, n ≥ 2, (3.35)

where

c(k+1)
n := αk+1

n−1∑
j=1

(
log2k+2(n− j)− log2k+2 n

)
P{In = n− j}

+ (k + 1)αk log2k n+ (k + 1)rk log2k−1 n+O(log2k−2 n).

Binomial expansion of log2k+2(n− j) = (log(1− j/n) + log n)2k+2 leads to

c(k+1)
n = (k + 1)αk log2k n+ (k + 1)rk log2k−1 n+O(log2k−2 n)

+αk+1

n−1∑
j=1

P{In = j}
2k+1∑
i=0

(
2k + 2

i

)
log2k+2−i(j/n) logi n

= (k + 1)αk log2k n+ (k + 1)rk log2k−1 n+O(log2k−2 n)

+αk+1

2k+1∑
i=0

(
2k + 2

i

)
logi n

n−1∑
j=1

P{In = j} log2k+2−i(j/n).
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Using Lemma 53 gives

c(k+1)
n

= (k + 1)αk log2k n+ (k + 1)rk log2k−1 n+O(log2k−2 n)

+
αk+1

H(n, b)

2k+1∑
i=0

(
2k + 2

i

)
logi n

(
(−1)im2k+2−i +O

( log2k+2−i n

nb∧1

))
= (k + 1)αk log2k n+ (k + 1)rk log2k−1 n+O(log2k−2 n)

+
αk+1

H(n, b)

(
−m

(
2k + 2

2k + 1

)
log2k+1 n+ s2

(
2k + 2

2k

)
log2k n

)

= (k + 1)αk log2k n
(

1− log n

H(n, b)

)
+
(

(k + 1)rk + αk+1(2k + 1)(k + 1)s2 log n

H(n, b)

)
log2k−1 n

+ O(log2k−2 n)

= (k + 1)
(
rk + (2k + 1)αk+1s2 − (Ψ(b) + 1)αk

)
log2k−1 n

+ O(log2k−2 n)

=: ck log2k−1 n+O(log2k−2 n).

Plugging the last expression into (3.35) gives b
(k+1)
1 = 0 and

b(k+1)
n = ck log2k−1 n+O(log2k−2 n) +

n−1∑
j=1

b
(k+1)
j P{In = j}, n ≥ 2.

Set e
(k+1)
n := b

(k+1)
n − Ck log2k+1 n, n ∈ N, where Ck := ck/((2k + 1)m). The
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so defined sequence is given by the recurrence

e(k+1)
n = ck log2k−1 n+O(log2k−2 n)

+ Ck

n−1∑
i=1

(
log2k+1(n− i)− log2k+1 n

)
P{In = n− i}

+
n−1∑
j=1

e
(k+1)
j P{In = j}

= ck log2k−1 n+O(log2k−2 n)

+ Ck

n−1∑
i=1

P{In = i}
2k∑
j=0

(
2k + 1

j

)
logj n log2k+1−j(i/n)

+
n−1∑
j=1

e
(k+1)
j P{In = j}.

Using again Lemma 53 yields

e(k+1)
n = ck log2k−1 n+O(log2k−2 n)

+ Ck
log2k n

H(n, b)
(2k + 1)

(
−m1 +O

( log n

nb∧1

))
+

n−1∑
j=1

e
(k+1)
n−j P{In = j}

= O(log2k−2 n) +
n−1∑
j=1

e
(k+1)
n−j P{In = j},

by the choice of Ck. For sufficiently large n, we can choose Mk > 0 such that

the O(log2k−2 n) term is dominated by

Mk(kα
k−1 log2k−2 n+ krk−1 log2k−3 n+O(log2k−4 n)).

Therefore, for large n, e
(k+1)
n ≤ Mka

(k)
n . By the assumption of induction,

a
(k)
n = O(log2k n). Therefore, e

(k+1)
n = O(log2k n). Setting rk+1 := Ck =

ck/((2k + 1)m), we obtain

a(k+1)
n = αk+1 log2k+2 n+ rk+1 log2k+1 n+O(log2k n).

The sequence (rk)k∈N satisfies the recurrence

rk+1 =
k + 1

(2k + 1)m
(rk + (2k + 1)αk+1s2 − (Ψ(b) + 1)αk),
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with initial condition

r1 =
s2

2m
−Ψ(b)− 1

m1

.

The unique solution of this recurrence is given by (3.32). The proof of Theo-

rem 46 is complete. �

Proof of Corollary 48. For n ∈ N and ε > 0, set An(ε) := {|Xn − EXn| ≥
εEXn}. By Chebyshev’s inequality, P{An(ε)} ≤ VarXn/(εEXn)2. From

Theorem 46 it follows that

VarXn

(EXn)2
=

4s2

3m

1

log n
+O

( 1

log2 n

)
.

Therefore, replacing n by nk := bexp(k2)c, it follows that
∑∞

k=1 P{Ank(ε)} <
∞ and, hence, Xnk/EXnk → 1 almost surely as k →∞ by the Borel-Cantelli

lemma. Thus we have already verified the result along the subsequence

(nk)k∈N. For each integer n ≥ n1, there exists a unique index k = k(n) ∈ N
such that nk ≤ n < nk+1. It is clear that the sequence (Xn)n∈N is almost sur-

ely non-decreasing. Therefore, the corollary follows from the standard sand-

wich argument

Xnk

EXnk

EXnk

EXnk+1

≤ Xn

EXn

≤
Xnk+1

EXnk+1

EXnk+1

EXnk

almost surely

and from EXnk/EXnk+1
∼ log2 nk/ log2 nk+1 ∼ k4/(k + 1)4 → 1. �

3.2.4 Proof of Theorem 49. We will use [109, Theorem 2.1],

which is written down below in a modified form as suggested by Gnedin,

Pitman and Yor [61, Theorem 10]. In the following, for random variables X

we use the notation ‖X‖3 := (E(|X|3))1/3.

Proposition 51. Assume that a random sequence (Un)n∈N of real-valued

random variables satisfies the distributional recurrence

Un
d
= U ′Jn + Vn, n ≥ n0, (3.36)

for some n0 ∈ N, where U ′k is assumed independent of (Jn, Vn) and distributed

like Uk, for each integer k ≥ n0; Jn takes values in {0, 1, . . . , n} and P{Jn =

n} < 1 for each integer n ≥ n0. Suppose further that ‖Un‖3 < ∞ and that,

for some constants C > 0 and α > 0, the following three conditions hold.
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(i) lim sup
n→∞

E log

(
Jn ∨ 1

n

)
< 0 and sup

n≥2

∥∥∥∥log

(
Jn ∨ 1

n

)∥∥∥∥
3

<∞.

(ii) For some λ ∈ [0, 2α) and some κ > 0, as n→∞,

‖Vn − µn + µJn‖3 = O(logκ n), VarUn = C log2α n+O(logλ n),

where µn := EUn.

(iii) α > 1/3 + max(κ, λ/2).

Then, as n → ∞, the sequence (Un − µn)/(
√
C logα n) weakly converges to

the standard normal law.

Remark 52. The recurrence (6) is of the form (3.36) with random indices

Jn := In, where In has distribution (3.27). By Lemma 53 and (3.28),

E log
(Jn
n

)
=

n−1∑
i=1

log
(

1− i

n

)
P{In = i} ∼ − m

log n
.

Therefore, limn→∞ E log(Jn/n) = 0. In particular, the first part of condition

(i) in Proposition 51 is not satisfied. Hence, Proposition 51 is not applicable

to (6) with In having distribution (3.27).

Fix any T > 0. The total number Xn of collisions is the sum of the

numbers of collisions occurring during the time intervals [0, T ) (denote it by

Xn(T )) and [T,∞) (denote it by X̂n(T )). Since the coalescent is a Mar-

kov process, X̂n(T )
d
= X ′Nn(T ), where X ′k is independent of (Jn, Vn) :=

(Nn(T ), Xn(T )) and distributed like Xk, for each k ∈ N. Thus we have proved

that (Xn) satisfies another recurrence of the form (3.36), namely

Xn
d
= X ′Nn(T ) +Xn(T ). (3.37)

Proof of Theorem 49. Let us prove that recurrence (3.37) satisfies all the

conditions of Proposition 51.

Since Xn ≤ n− 1 almost surely, ‖Xn‖3 <∞.

Recall that Xn(T ) is the number of jumps of the process Πn(t))t∈[0,T ).

From the construction of the coalescent based on a planar Poisson point
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process (see p. 76) it follows that with probability one Xn(T ) is bounded

from above by a random variable with Poisson distribution with parameter

TΦ(n). By (3.29), TΦ(n) ∼ (T/B(2, b)) log n. Therefore,

‖Xn(T )‖3 = O(log n), n→∞. (3.38)

Let Q(T ) := (f̂i(T ))i∈N be the decreasing rearrangement of the asymptotic

frequencies of the random exchangeable partition Π∞(T ) (corresponding to

the beta (2, b) - coalescent). According to Remark 47, 1−
∑∞

i=1 f̂i(T ) = e−ŜT .

The elements of the set Q(T ) ∪ {1 −
∑∞

i=1 f̂i(T )} are the lengths of the

intervals (from left to right) comprising the partition of [0, 1]. Let U1, . . . , Un

be independent random variables (points), uniformly distributed on [0, 1]

and independent of the lengths of the intervals. Let Wn,i(T ) be the number

of points falling in the interval of length f̂i(T ). Set

ηn(T ) := |{i ∈ {1, . . . , n} : Ui > 1− e−ŜT }|,

ζn(T ) := |{i ≥ 1 : Wn,i(T ) > 0}|, θn(T ) := ζn(T ) + 1{ηn(T )>0}.

From the paintbox construction [87] of a random exchangeable partition it

follows that

Nn(T )
d
= ζn(T ) + ηn(T ).

Arguing in the same way as in [61, p. 592] we conclude that, as n → ∞,

ηn(T )/n→ e−ŜT almost surely, which easily implies that

lim
n→∞

(
− log

(
ηn(T ) ∨ 1

n

))
= ŜT (3.39)

almost surely, and that, for each k ∈ N,

lim
n→∞

E

∣∣∣∣∣
(

log

(
ηn(T ) ∨ 1

n

))k∣∣∣∣∣ = EŜkT . (3.40)

Note that in view of (3.30) the right-hand side is finite, for each k ∈ N. Inter-

preting the intervals as ”boxes” and the points as ”balls”, the θn(T ) is just

the number of occupied boxes in the classical multinomial occupancy scheme.



104 CHAPTER 3. EXCHANGEABLE COALESCENTS

From the results in [51, p. 152] it follows that limn→∞ n
−1E(θn(T )|(f̂i(T ))) =

0 almost surely. This fact together with Proposition 2 of the same reference

(see also [84, Theorem 8]) leads to limn→∞ θn(T )/n = 0 almost surely condi-

tionally on (f̂i(T ))i∈N, and, hence, unconditionally. The latter implies that

limn→∞Nn(T )/n = e−ŜT almost surely and, hence,

lim
n→∞

(
− log

(
Nn(T )

n

))
= ŜT (3.41)

almost surely. Since

− log

(
Nn(T )

n

)
≤ − log

(
ηn(T ) ∨ 1

n

)
almost surely, (3.39), (3.40), and (3.41) together imply that, for each k ∈ N,

lim
n→∞

E

∣∣∣∣∣
(

log

(
Nn(T )

n

))k∣∣∣∣∣ = EŜkT , (3.42)

by a variant of Fatou’s lemma, sometimes called Pratt’s lemma [115].

The condition (i) of Proposition 51 follows from (3.42). The estimate

‖µn − µJn‖3 = O(log n) follows from Theorem 46 and (3.42). In view of this

observation, (3.38) and Theorem 46, (ii) holds with κ = 1, α = 3/2 and

λ = 2. Therefore, (iii) holds too. �

3.2.5 Auxiliary results. The proof of Theorem 46 relies upon the

following two technical results.

Lemma 53. For all k ∈ N and b > 0, as n→∞,∣∣∣H(n, b)
n−1∑
i=1

P{In = i}
(
− log

( i
n

))k
−m(b)

k

∣∣∣ = O
( logk n

nb∧1

)
, (3.43)

where H(n, b) is the function defined after (3.27) and m
(b)
k = k!ζ(k + 1, b).

Proof. We first prove that

Jn(b, k) :=
∣∣∣ n−1∑
i=1

(
1− i

n

)b−1 1

i

(
− log

(
1− i

n

))k
−m(b)

k

∣∣∣
= O

( logk n

nb∧1

)
(3.44)
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and that

Ln(b, k) :=
∣∣∣ n−1∑
i=1

(
1− i

n

)b−1 1

i+ 1

(
− log

(
1− i

n

))k
−m(b)

k

∣∣∣
= O

( logk n

nb∧1

)
. (3.45)

Fix k ∈ N. For b > 1, introduce the continuous non-negative function fb :

[0, 1] → R via fb(x) := x−1(1 − x)b−1(− log(1 − x))k for x ∈ (0, 1), fb(0) :=

1{k=1}, and fb(1) := 0. Pick some δ ∈ (0, 1) such that fb is non-increasing on

[δ, 1]. Then,

∣∣∣ 1
n

n−1∑
i=[nδ]+1

fb

( i
n

)
−
∫ 1

δ

fb(x) dx
∣∣∣

=
∣∣∣ n−1∑
i=[nδ]+1

∫ (i+1)/n

i/n

(
fb

( i
n

)
− fb(x)

)
dx−

∫ ([nδ]+1)/n

δ

fb(x) dx
∣∣∣

≤
n−1∑

i=[nδ]+1

∫ (i+1)/n

i/n

(
fb

( i
n

)
− fb

(i+ 1

n

))
dx+

∫ ([nδ]+1)/n

δ

fb(x) dx

= O
( 1

n

)
.

It is easily checked that fb is continuously differentiable on (0, δ) with

sup0<x<δ |f ′b(x)| < ∞. Therefore, exploiting the mean value theorem for dif-

ferentiable functions, we have

∣∣∣ 1
n

[nδ]∑
i=1

fb

( i
n

)
−
∫ δ

0

fb(x) dx
∣∣∣ = O

( 1

n

)
.

Combining these two pieces together and using the equality m
(b)
k =∫ 1

0
fb(x) dx, we get Jn(b, k) = O(1/n), which is more than we need.

Assuming that b ∈ (0, 1], an application of the previous result to the

function fb+1, which satisfies

fb+1(x) =
(1− x)b−1(− log(1− x))k

x
− (1− x)b−1(− log(1− x))k
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for x ∈ (0, 1), yields

∣∣∣ n−1∑
i=1

((1− i
n
)b−1(− log(1− i

n
))k

i
−

(1− i
n
)b−1(− log(1− i

n
))k

n

)
−
∫ 1

0

fb+1(x) dx
∣∣∣ = O

( 1

n

)
. (3.46)

Note that
∫ 1

0
fb+1(x) dx = m

(b)
k − k!/bk+1.

For all n ∈ N with b log n ≥ 1, we now use the inequalities

1

n

n−1∑
i=1

( i
n

)b−1(
− log

( i
n

))k
≥

∫ 1

1
n

xb−1(− log x)k dx =
k!

bk+1

(
1− n−b

k∑
i=0

(b log n)i

i!

)
≥ k!

bk+1
− k!

logk n

bnb

k∑
i=0

1

i!
≥ k!

bk+1
− k!e

logk n

bnb

to conclude that, as n→∞,

∣∣∣ 1
n

n−1∑
i=1

(
1− i

n

)b−1(
− log

(
1− i

n

))k
− k!

bk+1

∣∣∣ = O
( logk n

nb

)
.

Combining this estimate with (3.46) yields (3.44).

Let us now prove (3.45). If k ∈ N \ {1}, then

0 ≤ Mn(b, k)

:=
n−1∑
i=1

(1− i
n
)b−1(− log(1− i

n
))k

i
−

n−1∑
i=1

(1− i
n
)b−1(− log(1− i

n
))k

i+ 1

≤
n−1∑
i=1

(1− i
n
)b−1(− log(1− i

n
))k

i2

∼ 1

n

∫ 1

0

(1− x)b−1(− log(1− x))k

x2
dx,

and the last integral is finite. Therefore, Mn(b, k) = O(1/n), which, together

with (3.44), proves (3.45) under the current assumptions.
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If k = 1, then

0 ≤ Mn(b, k)

≤ n(1−b)∨0

n−1∑
i=1

− log(1− i
n
)

i2
= n(1−b)∨0

n−1∑
i=1

1

i2

∞∑
j=1

( i
n
)j

j

≤ n(1−b)∨0

n−1∑
i=1

1

i2

∞∑
j=1

( i
n

)j
= n(1−b)∨0

n−1∑
i=1

1

i2

i
n

1− i
n

= n(1−b)∨0

n−1∑
i=1

1

i(n− i)
= n(1−b)∨0 1

n

n−1∑
i=1

(1

i
+

1

n− i

)
∼ 2 log n

nb∧1
.

This relation, together with (3.44), proves (3.45).

For b = 1, the left-hand side of (3.45) coincides with that of (3.43). Thus,

we only have to check (3.43) for b 6= 1. To this end, keeping in mind (3.44)

and (3.45), it suffices to show that

∣∣∣ n−1∑
i=1

(Γ(n− i+ b− 1)Γ(n+ 1)

Γ(n− i)Γ(n+ b)
−
(

1− i

n

)b−1) 1

i+ 1

(
− log

(
1− i

n

))k∣∣∣
= O

( logk n

nb∧1

)
. (3.47)

First, we will prove that for any b > 0, there exists a constant M > 0 such

that for all n ∈ N and all j ∈ N, j ≤ n− 1

∣∣∣Γ(n− j + b− 1)Γ(n+ 1)

Γ(n− j)Γ(n+ b)
−
(

1− j

n

)b−1 ∣∣∣ ≤ M

n

(
1− j

n

)b−2

, (3.48)

or, equivalently,

∣∣∣Γ(j + b− 1)Γ(n+ 1)

Γ(j)Γ(n+ b)
−
(
j

n

)b−1 ∣∣∣ ≤ M

n

(
j

n

)b−2

. (3.49)

The subsequent argument relies on the following inequality (see [1, formula

(6.1.47)]). For c, d > −1, there exists Mc,d > 0 such that for all n ∈ N,∣∣∣Γ(n+ c)

Γ(n+ d)
− nc−d

∣∣∣ ≤ Mc,d n
c−d−1.
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(3.49) now follows from the chain of inequalities∣∣∣Γ(j + b− 1)Γ(n+ 1)

Γ(j)Γ(n+ b)
−
( j
n

)b−1∣∣∣
=

∣∣∣(Γ(j + b− 1)

Γ(j)
− jb−1

)Γ(n+ 1)

Γ(n+ b)
+

Γ(n+ 1)

Γ(n+ b)
jb−1 −

( j
n

)b−1∣∣∣
≤ Γ(n+ 1)

Γ(n+ b)

∣∣∣Γ(j + b− 1)

Γ(j)
− jb−1

∣∣∣+ jb−1
∣∣∣Γ(n+ 1)

Γ(n+ b)
− n1−b

∣∣∣
≤ Γ(n+ 1)

Γ(n+ b)
Mb−1,0 j

b−2 + jb−1M1,b n
−b

≤
∣∣∣Γ(n+ 1)

Γ(n+ b)
− n1−b

∣∣∣Mb−1,0 j
b−2 + n1−bMb−1,0 j

b−2 + jb−1M1,b n
−b

≤ M1,bMb−1,0

n2

( j
n

)b−2

+
Mb−1,0

n

( j
n

)b−2

+
M1,b

n

( j
n

)b−1

≤ M

n

( j
n

)b−2

,

where M := M1,bMb−1,0 + Mb−1,0 + M1,b. Plugging (3.48) into the left-hand

side of (3.47) gives∣∣∣ n−1∑
i=1

(Γ(n− i+ b− 1)Γ(n+ 1)

Γ(n− i)Γ(n+ b)
−
(

1− i

n

)b−1) 1

i+ 1

(
− log

(
1− i

n

))k∣∣∣
≤ M

n

n−1∑
i=1

(
1− i

n

)b−2 1

i+ 1

(
− log

(
1− i

n

))k
=: Qn(b, k).

For b > 1, the function x 7→ x−1(1− x)b−2 logk(1− x) is integrable on [0, 1],

which implies that the latter sum is bounded and the right-hand side in (3.47)

is O(1/n). If b ∈ (0, 1), then noting that the function x 7→ x−1(− log(1−x))k

is non-decreasing on (0, 1), we conclude that, for n ≥ 2,

Qn(b, k) =
M

nb

n−1∑
i=1

(n− i)b−2 1

(i+ 1)/n

(
− log

(
1− i

n

))k
≤ M

nb

n−1∑
i=1

(n− i)b−2 1

i/n

(
− log

(
1− i

n

))k
≤ 2M logk n

nb

n−1∑
i=1

(n− i)b−2 = O
( logk n

nb

)
.

Thus, (3.47) is established and the proof is complete.
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Lemma 54. Fix k ∈ N and b > 0, and suppose that (bn)n∈N is some sequence

satisfying bn = O(n−b logk n). If the sequence (an)n∈N is defined recursively

by

a1 := 0, an := bn +
n−1∑
i=1

aiP{In = i}, n ≥ 2,

where P{In = k} is defined in (3.27), then an = O(1).

Proof. Since E(n− In) ∼ n/(b log n), there exists an M > 0 such that for all

n = 2, 3, . . .,
b

2n1+b/2
E(n− In) ≥ M logk n

nb
. (3.50)

It suffices to prove the following. If

c1 := 0, cn =
M logk n

nb
+

n−1∑
i=1

ciP{In = i}, n ≥ 2,

with M defined in (3.50), then

cn ≤ 2− n−b/2 for all n ∈ N. (3.51)

We will use induction. For n = 1, (3.51) is obviously satisfied as c1 = 0.

Assume (3.51) holds for all n = 1, . . . ,m− 1. Then,

cm ≤
M logkm

mb
+

m−1∑
i=1

(2− i−b/2)P{Im = i}.

We will now verify that the right hand side of the latter inequality is less

than or equal to 2−m−b/2 or, equivalently, that
m−1∑
i=1

((m− i)−b/2 −m−b/2)P{Im = m− i} ≥ M logkm

mb
.

The inequality (1− x)−a ≥ 1 + ax, x ∈ (0, 1), a > 0 yields

m−1∑
i=1

(
i−b/2 −m−b/2

)
P{Im = i}

= m−b/2
m−1∑
i=1

(
(i/m)−b/2 − 1

)
P{Im = i}

≥ b

2m1+b/2
E(m− Im) ≥ M logkm

mb
,

by (3.50).
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3.3 Functionals on the Poisson-Dirichlet coa-

lescent

3.3.1 Main results. The Poisson-Dirichlet (PD) coalescent Π
(γ)
∞

with parameter γ > 0 introduced by Sagitov in [125] is a particular example

of the coalescent with simultaneous multiple collisions.

Denote by Π
(γ)
n the PD coalescent restricted to the set {1, 2, . . . , n}. Let

Xn be the number of collisions, τn the absorption time and Ln the total

branch length of Π
(γ)
n . It was shown in [101] that (Xn), (τn) and (Ln) satisfy

distributional recurrences (6), (7) and (8), respectively, with Tn having the

exponential distribution with parameter 1− γn

[γ]n
and In having distribution

P{In = k} =
γk

[γ]n − γn
s(n, k), k ∈ N, k ≤ n− 1, (3.52)

where s(n, k) are the absolute Stirling numbers of the first kind and [γ]n :=

γ(γ + 1) · · · (γ + n− 1).

The moments of random sequences (Xn) and (τn) have the following

asymptotics

Theorem 55. For each k ∈ N,

lim
n→∞

EY k
n

(log∗γ(n))k
= 1,

where Yn denotes either Xn or τn, and the function x 7→ log∗γ(x) is defined

by the functional equation

log∗γ(x) = (1 + log∗γ(γ log x))1(e2γ∨1,∞)(x).

The function x 7→ log∗γ(x) is non-decreasing and unbounded; it grows

slower than any iteration of the logarithm, i.e., extremely slowly.

From Theorem 55 and Chebyshev’s inequality the weak law of large num-

bers emerges.

Corollary 56. As n→∞,

Xn

log∗γ(n)

P→ 1 and
τn

log∗γ(n)

P→ 1.
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Proposition 57 given next is a weak convergence result for the total branch

length Ln of the Poisson-Dirichlet coalescent.

Proposition 57. As n→∞,

Ln
n

d→ η,

where η has the standard exponential distribution.

We will give an elementary proof of this result which is completely dif-

ferent from that suggested by Martin Möhle in [101]. Indeed, (Ln) satisfies

L1 = 0, Ln
d
= nTn + L′In , n ≥ 2.

It remains to note that while L′In/n
P→ 0 in view of the estimates ELn = O(n2)

and EIn = O(log n), the relation Tn
d→ η holds trivially.

3.3.2 Proof of Theorem 55. We use the method of iterative

functions from Chapter 1. We begin with the proof for Xn.

From (3.52) it follows that

EIn = γ log n+O(1) and Var In = γ log n+O(1), n→∞.

Set

g(x) := γ log x, h(x) = 1 and g∗(x) = Iter(h, g, x0),

for some fixed x0 > exp(2γ∨1). Such a choice of x0 guarantees that condition

(1.1) holds. Indeed, we have δ := x0 − γ log x0 > 0, and x − γ log x > δ, for

all x > x0. The function g∗ satisfies the functional equation

g∗(x) = 1 + g∗(γ log x), x > x0.

Let F be the twice differentiable modification of g∗ of the form

F (x) =

{
1 + F (γ log x), x > x0,

α1x
3 + α2x

2 + α3x, x ∈ [0, x0],
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for some α1, α2, α3 (see Lemma 17). For fixed j ∈ N, we have

F ′(x) = o

(
1

x log x · · · log◦(j)(x)

)
F ′′(x) = o

(
1

x2(log x)2 · · · (log◦(j)(x))2

)
.

An application of Theorem 12 yields, EXn ∼ g∗(n) ∼ F (n).

Using the induction it is easy to check that, for k ≥ 2, the sequence (EXk
n)

satisfies the recurrence

EXk
n = en(k) +

n−1∑
i=1

P{In = k}EXk
i , n ≥ 2,

where en(k) = k(g∗(n))k−1 + o(k(g∗(n))k−1) and, for k ≥ 2, the statement

follows from Theorems 13 and 18. Since g∗(x) ∼ log∗ x, as x→∞, the proof

for Xn is complete.

As to τn, recall that a random variable Tn has an exponential distribution

with parameter 1− γn

[γ]n
. Therefore,

ET kn = k!
(

1− γn

[γ]n

)−k
→ k!, n→∞.

This implies that (Eτ kn) satisfies the recurrence

Eτ kn = e′n(k) +
n−1∑
i=1

P{In = k}Eτ ki , n ≥ 2,

where e′n(k) = kETnEτ k−1
n + o(ETnEτ k−1

n ). From the equivalence e′n(k) ∼
en(k) and Theorem 13, we obtain that Eτ kn ∼ EXk

n ∼ (g∗(n))k. The proof is

complete.

3.4 Bibliographic comments

The theory of exchangeable coalescents originates from the population gene-

tics. The foundations of the theory were laid down in the pioneering works

of Kingman [88, 89]. Based on the classical Wright-Fisher model, Kingman
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introduced one of the simplest patterns of the coalescent which is commonly

known as Kingman coalescent nowadays. Further developments of the theory

were made in [39, 73].

In 1999, Pitman [113] and Sagitov [124] independently introduced coales-

cents with multiple collisions also known as lambda-coalescents. In particular,

their results imply that the coalescents with multiple collisions are uniquely

determined by certain finite measures ’lambda’ on [0, 1] which justifies the

second term.

The last five years have seen an outbreak of activity around the

lambda-coalescents and particularly their large sample properties. Impor-

tant contributions were made by J. Berestycki, N. Berestycki, A. Gne-

din, A. Iksanov, M. Möhle, J. Schweinsberg, Y. Yakubovich and others

[14, 15, 36, 40, 42, 50, 53, 62, 68, 76, 77, 78, 100, 127].

As it has already been mentioned, the beta (a, b) - coalescents, i.e., the

lambda-coalescents driven by measures θ defined in (3.26), had been receiving

a lot of attention. This class covers many interesting cases. For instance, in

the case a = 2− b, a ∈ (0, 1) the corresponding coalescent is closely related

to b-stable branching [25]. We refer to p. 93 and to [114] and [16] for further

multiple connections of these beta-coalescents to various random processes.

The case a = b = 1 corresponds to the well-known Bolthausen-Sznitman

coalescent which was introduced in [26]. The process has connections to stable

subordinators [20] and the genealogy of continuous-state branching processes

[19]. In the recent years it was an object of intensive research [40, 42, 65, 77,

113].

Now we would like to give an up-to-date overview of the weak convergence

results for the three functionals acting on the beta (a, b) - coalescents: the

number of collisions Xn, the absorption time τn and the total branch length

Ln.

Table 1. Weak convergence of (Xn − an)/bn for beta (a, b) - coalescents.
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a b an bn Limit law Source

0 < a < 1 b > 0 n(α− 1) (α− 1)n1/α α-stable [62]

a = 1 b = 1 (see comments) n
(logn)2

1-stable [42, 77]

1 < a < 2 b > 0 0 κnα
∫∞
0 e−αStdt [54, 68]

a = 2 b > 0 (2r1)−1(logn)2 (3−1r−3
1 r2 log3 n)1/2 st. normal [54, 76]

a > 2 b > 0 m−1
1 logn (m−3

1 m2 logn)1/2 st. normal [54, 55]

Notation: α = 2− a, κ = Γ(α)/α,

r1 = ζ(2, b), r2 = 2ζ(3, b),

where ζ(·, ·) is the Hurwitz zeta function; when a > 2

m1 = Ψ(a− 2 + b)−Ψ(b), m2 = Ψ′(b)−Ψ′(a− 2 + b),

where Ψ(·) is the logarithmic derivative of the gamma function. The Laplace

exponent of a pure-jump subordinator (St)t≥0 is given by

Φ(z) =

∫ 1

0

(1− (1− x)z)xa−3(1− x)b−1dx.

Comments: In Table 1 the only open case is a = 1 and b 6= 1. In the case

a = b = 1 centering constants are given by

an = n(log n)−1 + n log log n(log n)−2. (3.53)

For the Kingman coalsescent Xn = n− 1, for all n ∈ N.

In what follows we assume that the value a = 0 corresponds to the King-

man coalescent and that c in (3.26) equals 1/B(a, b), where B is the beta

function.

Table 2. Weak convergence of (τn − cn)/dn for beta (a, b) - coalescents.
a b cn dn Limit law Source

a = 0 0 1 ρ [88]

a = 1 b = 1 log logn 1 st. Gumbel [50, 65]

1 < a < 2 b > 0 m−1 logn (m−3s2 logn)1/2 st. normal [54]

a = 2 b > 0 c−1
1 logn (c−3

1 c2 logn)1/2 st. normal [54]

a > 2 b > 0 (γm1)−1 logn γ−1(m−3
1 (m2 +m2

1) logn)1/2 st. normal [55]



3.4. BIBLIOGRAPHIC COMMENTS 115

Notation: The law ρ is an infinite convolution of the exponential laws with

parameters i(i−1)/2, i ≥ 2. The distribution function of the standard Gum-

bel law is x 7→ e−e
−x
, x ∈ R. The constants m and s2 are defined in (3.13)

and (3.14);

c1 = b(b+ 1)ζ(2, b), c2 = 2b(b+ 1)ζ(3, b),

where ζ is the Hurwitz zeta function. The constants m1 and m2 are the same

as in Table 1, and when a > 2

γ =
a− 1 + b

a− 1

a− 2 + b

a− 2
.

Comments: In the case a ∈ (0, 1), b > 0 the beta (a, b) - coalescent comes

down from infinity which implies that τn weakly converges without any nor-

malization. However, the limiting law is unknown.

The case a = 1 and b 6= 1 is completely open.

Table 3. Weak convergence of (Ln − en)/fn for beta (a, b) - coalescents.
a b en fn Limit law Source

a = 0 2 logn 2 st. Gumbel [40, 131]

a = 1 b = 1 (see comments) n
(logn)2

1-stable [40]

a > 1 b > 0 0 n
∫∞
0 e−Stdt [100, 101]

Notation: The Laplace exponent of a pure-jump subordinator (St)t≥0 is

given by

Φ(z) = (1/B(a, b))

∫ 1

0

(1− (1− x)z)xa−3(1− x)b−1dx.

Comments: In the case a = b = 1 centering constants en coincide with

an given by (3.53). To our knowledge, in the case 0 < a < 1 and b = 2 − a
only the law of large numbers has been proved so far [14]. The authors of

[36] made an attempt to settle the case a ∈ (0, 1) and b > 0, however their

results are incomplete. Summarizing we conclude that the cases a ∈ (0, 1),

b > 0 and a = 1, b 6= 1 are open.

The weak convergence result for the number of collisions of the

Bolthausen-Sznitman coalescent was first obtained in [42] with the aid of

the singular analysis of generating functions. Soon thereafter an alternative,
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purely probabilistic proof of this result was worked out in [77]. That proof

was based on a coupling with random walks with barrier. Later on such an

approach was further developed in [78] which allowed one to derive the weak

convergence results for the number of collisions in the beta (a, 1) - coalescents

with a ∈ (0, 2).

We would like to stress that several entries of the tables were completed

by specializing results obtained for more general lambda-coalescent processes

(see [55, 62, 68, 100, 101] and Section 3.1 of the present work).

Coalescents with simultaneous multiple collisions were introduced in

[102]. Further results can be found in [48, 49, 99, 101, 125, 126].

Sections 3.1, 3.2 and 3.3 are based on [54], [76] and [95], respectively.
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cesses. Probability Surveys 2 (2005), 191–212.

[22] Bingham, N. H. Limit theorems for regenerative phenomena, recur-

rent events and renewal theory. Z. Wahrsch. Verw. Gebiete. 21 (1972),

20–44.

[23] Bingham, N. H. Maxima of sums of random variables and suprema

of stable processes. Z. Wahrsch. Verw. Gebiete. 26 (1973), 273– 296.

[24] Bingham, N. H., Goldie, C. M., and Teugels, J. L. Regular

variation. Cambridge, Cambridge University Press, 1989.

[25] Birkner, M., Blath, J., Capaldo, M., Etheridge, A., Möhle,
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[29] Bruss, F. T., and Grübel, R. On the multiplicity of the maximum

in a discrete random sample. Ann. Appl. Probab. 13(4) (2003), 1252–

1263.

[30] Bruss, F. T., and O’Cinneide, C. A. On the maximum and its

uniqueness for geometric random samples. J. Appl. Probab. 27 (1990),

598–610.

[31] Chen, C.-H., and Fuchs, M. On the moment-transfer approach

for random variables satisfying a one-sided distributional recurrence.

preprint (2010).

[32] Chern, H. H., and Hwang, H. K. Partial match queries in random

quadtrees. SIAM J. Comput. 32(4) (2003), 904–915.

[33] Chern, H. H., Hwang, H. K., and Tsai, T. H. An asymptotic

theory for Cauchy-Euler differential equations with applications to the

analysis of algorithms. Journal of Algorithms 44(1) (2001), 177–225.

[34] Darling, D. A. Some limit theorems assiciated with multinomial

trials. Proc. Fifth Berkeley Symp. on Math. Statist. and Probab. 2

(1967), 345–350.

[35] de Haan, L., and Resnick, S. I. Conjugate Π-variation and process

inversion. Ann. Probab. 7 (1979), 1028–1035.

[36] Delmas, J. F., Dhersin, J. S., and Siri-Jegousse, A. Asymptotic

results on the length of coalescent trees. Ann. Appl. Probab. 18 (2008),

997—-1025.

[37] Devillers, O. Randomization yields simple O(n log∗ n) algorithms

for difficult Ω(n) problems. Internat. J. Comput. Geom. Appl. 2 (1992),

621–635.

[38] Devroye, L. Limit laws for sums of functions of subtrees of random

binary search trees. SIAM J. Comput. 32 (2003), 152–171.



BIBLIOGRAPHY 121

[39] Donnely, P., and Tavare, S. Coalescents and genealogical struc-

ture under neutrality. Annual Review of Genetics. 29 (1995), 401–421.

[40] Drmota, M. Random trees: An interplay between combinatorics and

probability. Springer, 2009.

[41] Drmota, M., Iksanov, A., Moehle, M., and Roesler, U.

Asymptotic results about the total branch length of the bolthausen-

sznitman coalescent. Stoch. Proc. Appl. 117 (2007), 1404–1421.

[42] Drmota, M., Iksanov, A., Möhle, M., and Rösler, U. A limi-
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Samenvatting

Stochastische (toevallige) recursieve combinatorische structuren (SRCS)

zijn de voornaamste onderzoeksobjecten van dit proefschrift. Onder de term

“recursieve combinatorische structuur” verstaan we een zelf-ontbindbaar

combinatorisch object dat zelf-gelijkend is: het object kan worden ontleed

in kleinere objecten die gelijksoortig zijn aan het originele object. De toeval-

ligheid zit in de manier van het construeren van het object en/of in de manier

van het ontleden van het object in delen. Door de interne recursieve structuur

van deze objecten kunnen we hun eigenschappen beschrijven via zogenaamde

stochastische recursieve rijen (SRR). Door de stochastische functie van deze

parameters voor een kleinere SRCS te berekenen met SRR kunnen we de

parameters van het grotere SRCS bepalen.

Een van de best bestudeerde klassen van SSR is de klasse van lin-

eaire SRR. Zulke stochastische rijen (Xn)n∈N worden beschreven door een

stochastische vergelijking voor kansverdelingen van de vorm:

X1 = a ≥ 0, Xn
d
= Vn +

K∑
r=1

Ar(n)X
(r)
In
(r)
, n ≥ 2.

In deze formule is Xn een parameter van een SRCS van grootte n. In

plaats van Xn te onderzoeken, kunnen we ook K ≥ 1 subproblemen van

stochastische grootte In(r) ∈ {1, . . . , n} onderzoeken. Vn ≥ 0 is een stochastis-

che niet-homogene term, de uitdrukkingen Ar(n) > 0 zijn de random

gewichten van groep r en K is een vast natuurlijk getal. Er wordt veron-

dersteld dat voor elke r = 1, . . . , K de stochastische variabele X
(r)
k , die

correspondeert met de bijdrage van de subgroep r, onafhankelijk is van

((In(1), . . . , I
n
(K), A1(n), . . . , AK(n), Vn))n≥2 en dat deze dezelfde verdeling heeft

als Xk voor elke k ∈ N. Deze rijen (vaak in een vereenvoudigde vorm met

K = 1) beschrijven de eigenschappen van een groot aantal stochastische

recursieve objecten zoals de absorptietijden van dalende Markov-ketens, de

duur van stochastische algoritmen, functionalen op de coalescenten en ran-

dom partities, de cyclische structuur van stochastische transposities etc.
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Vanuit methodologisch oogpunt bestaat dit proefschrift uit twee delen: in

Deel 1 (Part 1 in het proefschrift) wordt een nieuwe methode voor de analyse

van de momenten van SRR voorgesteld en wordt een nieuw resultaat over de

absorptietijd van dalende Markov-ketens bewezen; het tweede deel (Part 2 en

3) is gewijd aan twee bijzondere modellen voor SRCS: partities voortgebracht

door het “stok-breken” en onderling verwisselbare coalescenten.

De eerste helft van het eerste deel van het proefschrift is gewijd aan de

methode van iteratieve functies, een nieuwe methode voor de analyse van

de momenten van SRR. Oorspronkelijk werd deze methode ontwikkeld voor

het bepalen van het asymptotisch gedrag van de momenten van het aantal

botsingen Xn en de absorptietijd Tn voor de zogenaamde Poisson-Dirichlet

coalescent. Stelling 55, die bewezen wordt met behulp van de methode van

iteratieve functies, zegt dat EXk
n en ET kn , k ∈ N asymptotisch equivalent zijn

aan de machten van de log*-functie die als volgt is gedefinieerd:

log∗(x) =

{
1 + log∗(log x) als x > 1,

0 als x ∈ [0, 1].

Deze functie groeit langzamer dan elke iteratie van de logaritme. Dit niet-

standaard asymptotische gedrag van de momenten maakt duidelijk waarom

de bekende methoden van de asymptotische analyse geen resultaten hebben

opgeleverd. Dit was het geval voor het aantal botsingen en de absorptietijd

voor de Poisson-Dirichlet coalescent hetgeen ons gemotiveerd heeft om een

nieuwe methode voor de analyse van SRR te ontwikkelen. Deze methode kan

worden toegepast op een groot aantal SRR, zoals het hoofdstuk “Applica-

tions” van Part 1 laat zien. Het algoritme beschreven op pagina 21 geeft

een stapsgewijs schema voor hoe de methode van iteratieve functies gebruikt

kan worden om het asymptotische gedrag van lineaire SRR te bepalen. De

hoofdresultaten van dit deel, die de precieze fundering voor dit algoritme

geven, zijn Stellingen 11 en 12. In het tweede deel van Deel 1 wordt het

zwakke asymptotische gedrag bestudeerd van de absorptietijd Xn voor een

zekere klasse van dalende Markov-ketens. In het bijzonder, stelt Stelling 19 de

zwakke convergentie van Xn/n naar een exponentiële functionaal van zekere
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subordinator vast (met (eventueel) een niet-nul intensiteit van de absorptie

en verschuiving). Het bewijs is gebaseerd op de momentenmethode, hetgeen

de reden was om deze resultaten in Deel 1 te plaatsen.

In Deel 2 (Part 2) bestuderen we de asymptotiek van het aantal blokken

in een random partitie, voortgebracht door het “stok-breken” proces. We

beschouwen een partitie van het interval [0, 1] door te kijken naar de punten

van een multiplicatieve “random walk” (Qk)k∈N0 , waarbij

Q0 := 1, Qj :=

j∏
i=1

Wi, j ∈ N,

en (Wk)k∈N onafhankelijke kopieën zijn van een stochastische variabele W die

waarden aanneemt in het open interval (0, 1). Zij U1, . . . , Un een steekproef

uit een uniforme verdeling op [0, 1], onafhankelijk van de multiplicatieve “ran-

dom walk”. We noemen de open intervallen (Qk, Qk−1) “urnen” en punten

U1, . . . , Un “ballen”. De gebeurtenis Ui ∈ (Qk, Qk−1) betekent dat bal i in

urn k terecht is gekomen. Op deze manier krijgen we een bezettingsschema

van de urnen dat gerelateerd is aan een random partitie van het getal n in

niet-negatieve gehele termen:

n =
∞∑
k=1

#{1 ≤ i ≤ n : Ui ∈ (Qk, Qk−1)}.

Een van de meest belangrijke karakteristieken van zulke partities is het aan-

tal termen ongelijk aan nul Kn (ofwel het aantal bezette urnen). In Stelling

23 geven we het algemene resultaat over de partities, voortgebracht door het

bovenbeschreven “stok-breken” proces; het gaat over de zwakke convergen-

tie van de op een geschikte wijze gecentreerde en genormeerde rij Kn. Het

bewijs van deze stelling is gebaseerd op een koppeling met de zogenaamde

“verstoorde random walk”. De resultaten voor dit proces zijn afgeleid in

gedeelte 2.4 en zijn op zichzelf gezien interessant. Naast het aantal bezette

urnen Kn, hebben we ook de functionalen Ln en Kn,r onderzocht (Stelling

33, bewering 34 en bewering 38) die respectievelijk het aantal lege urnen tot

de laatste bezette urn en het aantal urnen met precies r ballen weergeven.

Alle genoemde functionalen zijn SRR.
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Het laatste deel van het proefschrift, Deel 3 (Part 3), is gewijd aan onder-

ling verwisselbare coalescenten waarbij meerdere partities tegelijkertijd kun-

nen samengaan. Het idee is als volgt: Neem n individuen uit een generatie

van de populatie en bepaal hun genealogie. Voor elk paar individuen bestaat

er een tijdstip waarop de twee stambomen samenkomen bij hun recentste

gemeenschappelijke voorouder. Als we met dit proces terug in tijd doorgaan,

krijgen we een coalescent-boom: de bladeren zijn de n individuen, de wor-

tel is de recentste gemeenschappelijke voorouder voor de hele steekproef. De

boomstructuur van deze coalescent beschrijft de genealogie van de popu-

latie en de boomstructuur hangt af van de intensiteit waarmee stambomen

samengevoegd worden. In het simpelste geval, als alleen binaire samenvoeg-

ingen zijn toegestaan, krijgen we Kingman’s coalescent. Als meerdere samen-

voegingen zijn toegestaan, dan heet deze coalescent lambda-coalescent. Op

de lambda-coalescenten kan men functionalen invoeren die de boomstructuur

beschrijven: het aantal samenvoegingen, de absorptietijden (de tijd tot de re-

centste gezamenlijke voorouder) enzovoort. Merk op dat deze functionalen

SRR zijn. Deel 3 is onverdeeld in 3 gedeeltes. In het eerste gedeelte bestud-

eren we lambda-coalescenten met positieve intensiteit van eenlingen, i.e., in

de limiet dat n → ∞ zijn er voor elke tijd t > 0 oneindig veel clusters die

nooit betrokken zijn geweest bij een samenvoeging. Voor deze klasse coa-

lescenten leiden we de zwakke asymptotiek voor het aantal botsingen en de

absorptietijden (Stellingen 45 en 43) af, door gebruik te maken van een kop-

peling met een toenemend Lévy-proces. Het tweede gedeelte van Deel 3 gaat

over het aantal botsingen Xn in de beta(2, b)-coalescent. In het bijzonder,

voor Xn bepalen we een ontbinding in de momenten (Stelling 46), leiden

we de wet van de grote aantallen af (Gevolg 48) en bewijzen we de centrale

limietstelling (Stelling 49). Het laatste gedeelte van Deel 3 is gewijd aan de

momenten van de functionalen op de Poisson-Dirichlet coalescent. De in Deel

1 beschreven Stelling 55, die bewezen is met behulp van de methode van it-

eratieve functies, beschrijft de asymptotiek van de momenten van het aantal

botsingen Xn en de absorptietijden Tn voor dit type coalescenten.
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