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People create their own questions because they are afraid to look
straight. All you have to do is look straight and see the road, and
when you see it, don’t sit looking at it – walk.

AYN RAND

We shall not grow wiser before we learn that much that we have
done was very foolish.
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CHAPTER 1

INTRODUCTION

Theoretical cosmology is a discipline of fundamental research in which various domains
of physics interweave par excellence. The physics that occurs on a quantum scale can
have a pronounced impact on the large-scale structure of our Universe. As perhaps
the most eye-catching example, consider the cosmic microwave background (CMB):
the thermal relic radiation providing us with a snapshot of the early Universe when it
was only 380.000 years old. According to the current leading theoretical paradigm, the
quantum physics of inflationary perturbations is essential for a proper understanding
of the tiny temperature fluctuations on the CMB sky observed today. Think also of
the Big Bang nucleosynthesis of light elements. Detailed knowledge of nuclear fusion
and the role of stars as the nuclear furnace, in which hydrogen and helium fuse into
heavier nuclei, enable us to calculate the abundances of the light elements generated
in a cosmic furnace 3 minutes after the Big Bang. Finally, appreciate that only after
Einstein formulated his general theory of relativity, cosmologists realised how the local
energy density of matter and radiation affects the global expansion and curvature of the
Universe.

Observational cosmology is unlike any other experimental science limited by man’s
position on earth. There is no laboratory in which, in a controlled setting, shielded
from any unwanted and undesired external influences, a parameter of the theory can
be varied while others can be kept fixed (“ceteris paribus”), to study its effect. Mea-
surements on distant galaxies have to be performed simply by looking at them. Despite
these obvious hurdles, the last two decades we are experiencing an epoch known as
“precision cosmology” which, somewhat euphemistically, implies that observational
cosmologists are actually able to perform consistent measurements on the sky through
different observational windows. A wealth of information has thus been extracted from
the electromagnetic radiation emitted towards us millions of light years away.
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The synthesis of theoretical and observational efforts have culminated in what is
usually referred to as the ΛCDM concordance model or the standard model of Big Bang
cosmology, briefly to be discussed below. It is the simplest cosmological model that is
compatible with observations and attempts to explain the previously mentioned origin
and structure of the CMB and the abundances of the light elements in the Universe.
Moreover, it serves to explain the large scale structure of galaxies and clusters of galax-
ies. The existence of CDM or cold dark matter is postulated. This form of matter has
so far not been detected from emitted or scattered electromagnetic radiation but only
inferred from its gravitational effect on luminous matter. Finally, it models the recently
observed accelerated expansion of the Universe, availing itself of Λ, the cosmological
constant, for that purpose. It is most commonly associated with a homogeneously dis-
tributed vacuum energy density pervading all of empty spacetime and it acts against the
collapsing effects of gravity on the largest observable scale. Although the name “ΛCDM
concordance model” is supposed to induce familiarity in the reader, neither the origin
of Λ, nor of CDM – the two main constituents of this model adding up to a shocking
95% of the energy density in the Universe today – are known, leaving plenty of work to
be done on the theoretical side.

1.1 The Big Bang Model of the Universe

In this section we aim to give a brief overview of the current status of the Big Bang model
summarising our current understanding of the Universe. We focus on its successes and
achievements, as well as the remaining problems and open questions. To simplify the
discussion, we do not comprehensively discuss existing observational evidence, nor do
we present a mathematically rigorous summary.

1.1.1 Planck Epoch 0 ≤ t . 10−43 s and GUT Epoch 10−43 s . t . 10−36 s

The beginning of the Universe is still subject to speculation as perturbative quantum
gravity breaks down at energies of the order of the Planck scale of kBT ' 1019 GeV.
The reason for this is that gravity is a non-renormalisable theory [1]. Until a definite
quantum theory of gravity, such as string theory or loop quantum gravity, has been
formulated little will be known about this epoch. Progress is also hampered due to a
lack of observations. The Universe cools down as it expands, hence quantum gravita-
tional effects are expected to become less significant as time elapses. Eventually any
grand unified symmetry is assumed to be broken as the strong force separates from
the electroweak force (the unified forces of electromagnetism and the weak interaction).
Here, we enter the inflationary era.
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1.1.2 Inflationary Epoch 10−36 s . t . 10−32 s

Inflation is a period of rapid, quasi exponentially fast expansion of the Universe [2–5].
In the simplest models, a scalar field referred to as the inflaton is responsible for this
accelerated expansion while it rolls down its potential hill. The existence of the inflaton
is postulated to solve the following four problems. Firstly, inflation solves the flatness
problem. In a radiation or matter-dominated Universe a deviation from flatness (the
spatial curvature of the Universe) grows in time. This deviation from flatness is very
small today and, consequently, must have been extremely small in the early Universe.
Secondly, inflation addresses the horizon problem. Two opposite directions on the CMB
sky are observed to be in thermal equilibrium at the same temperature (up to relative
temperature fluctuations of the order of 10−5) despite the fact that, without inflation
and in a standard Big Bang scenario, they would have never been in causal contact.
Thirdly, inflation dilutes any unwanted monopoles (and other relics) predicted by vari-
ous particle theories. Inflation solves these three problems simply because it gives rise
to a dramatic increase in size of the Universe. Finally, inflation provides us with a causal
mechanism to create initial density inhomogeneities.

The latter argument in favour of the inflationary paradigm is most intriguing and
worthy of consideration [3, 6–13]. The Universe today is clearly not completely homo-
geneous as stars and galaxies populate our otherwise extremely dilute Hubble volume.
Given a tiny initial density inhomogeneity, it is easy to understand how this small fluc-
tuation grows in time due to gravitational collapse to form more complicated structures.
But what is the origin of these initial density inhomogeneities? The inflaton is a dy-
namical quantum field and necessarily possesses quantum fluctuations, which in turn
generate gravitational potential fluctuations. The wavelength of a scalar gravitational
fluctuation gets stretched during inflation as a consequence of the Universe’s expansion
and eventually becomes super-Hubble sized. The amplitude of scalar gravitational fluc-
tuations remains fixed during their entire super-Hubble evolution. After inflation, the
Hubble horizon grows faster than the wavelength of the fluctuations, allowing them to
re-enter the horizon.

Given a suitable environment, decoherence is supposed to turn the quantum fluctu-
ations of the scalar gravitational potential into classical stochastic fluctuations. The clas-
sical density fluctuations, induced by the tiny gravitational fluctuations, in turn grow
under the influence of gravity and eventually evolve to all the structure we observe in
our Universe today in the form of stars, galaxies, and clusters of galaxies. Inflation thus
explains how initial density inhomogeneities can be laid out on a super-Hubble scale in
a causal manner.

At the end of inflation, the Universe has increased in size by an enormous factor
of at least 63 e-foldings (depending on the model), leaving it virtually empty and ex-



4 Chapter 1. Introduction

tremely cold. We then enter a short phase of reheating. When the inflaton reaches the
minimum of its potential hill and decays, it is understood to generate the conventional
forms of matter by releasing its remaining energy during a short of period of coherent
oscillations. Then, we enter the radiation-dominated era.

Let us finally mention that no direct observational evidence for inflation exists (and
competing models have been formulated, e.g. pre-Big Bang scenarios or the ekpyrotic
scenario [14–17]). The four problems listed above are translated to model-dependent
questions that remain unanswered: what is the inflaton field? Why does the inflaton
field start up the hill? How fine-tuned does the inflaton potential need to be? How
exactly does reheating work? It is also uncertain at which energy scale inflation took
place, so the period during which the inflaton dominates the Universe’s evolution,
stated at the very beginning of this subsection, merely provides an indication. Current
observations support an inflationary scenario only indirectly, as observational cosmolo-
gists measure the amplitude, the slope (spectral index), and the running of the spectral
index of the power spectrum of the CMB temperature anisotropy. In the near future, the
Planck satellite could further constrain or potentially detect non-Gaussianity and the
tensor-to-scalar ratio [18, 19].

1.1.3 Radiation-Dominated Epoch 10−32 s . t . 7 · 104 years

Once inflation has ended and the Universe has reheated, it is filled with relativistic
particles. The evolution of the Universe is now dominated by radiation (as the equation
of state of the energy content of the Universe at these high energies is ω ' 1/3).

Baryogenesis

The Universe contains much more baryons than anti-baryons. The reason for this asym-
metry is hitherto scarcely understood, but it is assumed to be generated at some mo-
ment in time between inflation and electroweak symmetry breaking. If the asymmetry
is produced above the electroweak scale, leptogenesis scenarios are usually appealed
to. Mechanisms invoking new physics at the electroweak scale that try to explain the
observed baryon asymmetry are collectively referred to as electroweak baryogenesis
scenarios. If the electroweak phase transition is of the first order, bubbles of the true
vacuum emerge and expand in the sea of the false vacuum. Particles thus experience
a rapid change in their mass as a bubble’s wall passes by. Sakharov’s conditions are
fulfilled during this violent process (baryon number violation, C-symmetry and CP-
symmetry violation and the interactions that are supposed to generate the baryon asym-
metry should take place out of thermal equilibrium [20]).



1.1. The Big Bang Model of the Universe 5

Electroweak Symmetry Breaking t ∼ 10−10 s

During the electroweak symmetry breaking at an energy scale of roughly 100 GeV all
particles acquire a mass via the Higgs mechanism, as the Higgs field develops a non-
zero vacuum expectation value. The Higgs boson is currently intensively hunted for at
the Large Hadron Collider (LHC).

Hadron Epoch 10−6 s . t . 1 s

While the temperature continues to drop as the Universe expands, free quarks and glu-
ons become confined in baryons and mesons during the QCD phase transition which
occurs at t ' 10−6 s after the Big Bang. At roughly 1 s the neutrinos decouple and form
a yet unobserved cosmic neutrino background, analogous to the CMB. When the tem-
perature drops below the mass of the electron, most electron-positron pairs annihilate.
A small residual fraction of electrons remains. The Universe’s energy density is now
dominated by photons.

Big Bang Nucleosynthesis 1 s . t . 20 min

As already eluded to earlier, the process of Big Bang nucleosynthesis forms one of the
observational cornerstones of ΛCDM cosmology [21]. The temperatures during this
window of the Universe’s evolution are “just right” to support nuclear fusion, mainly
generating deuterium as well as helium and lithium isotopes from hydrogen.

1.1.4 Matter-Dominated Epoch 7 · 104 years . t . 13.7 · 109years

At matter-radiation equality, energy densities in matter and radiation are equal. Per-
turbations begin to form and grow due to gravitational collapse as the Jeans’ length
decreases. The Jeans’ length is the length scale below which the pressure in a gas cloud
counteracts the gravitational force.

Recombination t ' 380.000 years

At recombination, neutral hydrogen forms as electrons and protons combine. As the
scattering cross section of photons with bound electrons is much smaller than with
free electrons, the photons decouple and the Universe becomes transparent. For the
photons that now constitute the CMB, this is the so-called moment of “last scattering”.
These photons have indeed not scattered during the next 13.7 billion years, however,
some of these eventually end up in the detectors of our COBE, WMAP or Planck satel-
lites [18, 19]. Temperature fluctuations in the CMB sky today correspond to small matter
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density inhomogeneities at the time of photon decoupling and thus provide us with
direct observational evidence of what the Universe was made of, only 380.000 years
after the Big Bang.

Dark Ages, Reionisation, and Structure Formation

Under the influence of gravity structure forms. The 21 cm line of neutral hydrogen can
in principle be used to probe the so-called dark ages, the period before the first stars
were created. Explosions of these early stars reionise the Universe at a redshift of z∼10.
As time elapses, more structure on larger scale continues to grow, shaping the Universe
we observe today. An unresolved problem during this stage of the evolution is what
the nature of the CDM is [22, 23]. Dark matter is needed to successfully explain the
rotation velocities of stars in galaxies and the rotation velocities of galaxies in clusters
of galaxies. An outstanding measurement has been performed recently in a system
known as the Bullet Cluster [24, 25]: due to a collision between two galaxies, a separa-
tion appears to have taken place between the ordinary baryonic matter, which slowed
down by the collision, and the dark matter which travelled on almost unaffected. This
measurement alone favours CDM to modified gravity theories to explain dark matter-
related observations.

1.1.5 Dark Energy-Dominated Epoch t ∼ 13.7 · 109 years

In 1998, cosmologists were taken by surprise when a measurement on type 1a super-
novae indicated that the expansion of the Universe is accelerating today [18, 26, 27].
Type 1a supernovae, violent explosions of white dwarf stars, are thought to have an
almost fixed luminosity. Consequently, these type of supernovae can act as “standard
candles” suitable for determining the separation distance between us. At redshifts z≤2,
these supernovae were observed to be dimmer than expected, which fuelled suspicions
that the Universe is currently experiencing yet another moment of accelerated expan-
sion. This measurement has been confirmed and checked against other types of mea-
surements in subsequent years (CMB and Large Scale Structure observations), placing it
on more solid footing. Its effect is most easily modelled by Λ, the cosmological constant,
usually considered to be the energy density of the vacuum. However, many alternative
explanations exist [28–34]. Dark energy, a mysterious form of energy modelled by e.g.
a scalar field, or alternative theories of gravity replacing Einstein’s general theory of
gravity on the largest observable scale can account for these observations as well. This
ends our concise overview of ΛCDM cosmology and we refer the reader to extensive
literature on the subject [35–39].
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1.2 Quantum Physics in Modern Cosmology

In the previous section we gave a brief overview of cosmic history. Quantum field
theory is indispensable for understanding many aspects of cosmology, both in the early
Universe and today. Several of the open problems in modern cosmology can be linked
to, or have already been shown to be closely connected to, quantum physics. Hence, a
proper understanding of the impact of various quantum effects on the evolution of our
Universe might continue to drastically change how we view our world. This thesis is
concerned with two aspects of quantum field theory relevant to cosmology which we
outline below.

1.2.1 Quantum Backreaction and the Cosmological Constant Problem

Quantum backreaction investigates how quantum fluctuations (of matter fields and
gravity waves) on average affect the background spacetime geometry in perturbative
quantum gravity [40–43]. Quantum backreaction is not to be confused with classical
backreaction, where the impact of averaged small-scale classical inhomogeneities on
the large-scale background geometry is investigated. Classically, the Einstein field equa-
tions read:

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν . (1.1)

The stress-energy tensor follows for example from varying a classical action for a scalar
field. In the semiclassical approach to quantum gravity, however, the fields are treated
as quantum fields propagating on a classical background. The classical Einstein field
equations are promoted to:

Rµν −
1

2
Rgµν + Λgµν = 8πG〈Ω|T̂µν |Ω〉 , (1.2)

where |Ω〉 is a quantum state. We stress that the metric gµν that appears in the equation
above refers to the background metric only, as we are, for the moment, not interested
in classical metric fluctuations around the homogeneous background metric. In this
picture, the classical background is curved not only by the classical fields living on the
spacetime, but also by the expectation value of their quantum fluctuations:

〈Ω|T̂µν |Ω〉 = Tµν + 〈Ω|δ̂Tµν |Ω〉 . (1.3)

Here, the first contribution on the right-hand side is the classical stress-energy ten-
sor already present in equation (1.1). The second contribution is due to the quantum
fluctuations, and thus contains loop corrections only. The stress-energy tensor on the
right-hand side of the quantum-corrected Einstein field equations contains the quan-
tum fluctuations of all fields as well as from the graviton (gravity waves [44]). The
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expectation value has to be calculated given a certain state |Ω〉 which is for example in
de Sitter spacetime usually taken to be the Bunch-Davies vacuum1, corresponding to
the flat space Minkowski vacuum in the deep ultraviolet (UV). But of course one is free
to choose any other state.

In the absence of a theory of quantum gravity, the regime of validity of the semiclas-
sical approach to quantum gravity is hard to determine. However, one can argue that
at an energy scale much lower than the Planck scale, corrections arising from quantum
gravity to the semiclassical Einstein equations are expected to be small. Thus it is an
effective field theory approach.

Equation (1.2) looks deceivingly simple. Just like the classical Einstein field equa-
tions, it is a set of differential equations from which one may determine the metric gµν .
The quantum-corrected or semiclassical Einstein field equations are in reality extremely
complicated. Let us therefore discuss, on a conceptual level, how they should and how
they should not be interpreted. Let us start with the latter case. Consider fixing the back-
ground to be for example the de Sitter or a particular quasi de Sitter spacetime. One thus
fixes a certain scale factor a(t). Then, consider the behaviour of quantum fluctuations
superimposed on this background. In inflationary perturbation theory, this is precisely
the route taken and leads, as discussed, to a deeper understanding of the observed
classical fluctuations on the CMB sky in terms of quantised fluctuations superimposed
on a fixed background geometry. Indeed, the quantum fluctuations are supposed to
generate small perturbations of the metric tensor. If, however, the quantum fluctuations
do not turn out to be small, one can only safely claim that the background metric one
expanded about is not the correct background solution to the Einstein field equations
in the first place. In principle, one could proceed by some sort of iterative procedure
and hope that the solution to equation (1.2) converges, but this is not guaranteed. One
has mainly followed this line of reasoning in literature. Let us finally mention that if
indeed the quantum fluctuations only slightly perturb the background metric, it is not
the relevant regime to consider if one is interested in significant quantum backreaction
effects.

Instead, one should consider equation (1.2) intuitively as an equation that deter-
mines an arbitrary background evolution, given both the classical and quantum contri-
butions to the stress-energy tensor. The word “arbitrary” only implies that the back-
ground metric is not completely fixed. We take as an example an FLRW or Friedmann-
Lemaı̂tre-Robertson-Walker metric, which can describe an expanding Universe:

gµν = diag
(
−1, a2(t), a2(t), a2(t)

)
. (1.4)

1Note that the Bunch-Davies vacuum is an incomplete description of the state as it can lead to infrared (IR)
divergences, which we discuss shortly.



1.2. Quantum Physics in Modern Cosmology 9

The form of the FLRW metric is fixed by the symmetries of FLRW spacetimes (homo-
geneity and isotropy). Now, the evolution of the scale factor a(t) follows from solving
equation (1.2), which is now usually referred to as the quantum-corrected Friedmann
equation. This is in contrast with defining a particular scale factor a(t), as discussed
previously. Just as for the classical Einstein equations, one thus makes a certain ansatz
for the metric based on the symmetry properties of the problem under consideration.
The classical stress-energy tensor in FLRW spacetimes has the following form:

Tµν = (ρ+ P )uµuν + Pgµν , (1.5)

where ρ and P are the fluid’s density and pressure, respectively, and where uµ is the ve-
locity vector field of the cosmological fluid. In the fluid’s rest frame, it reads uµ = δ0

µ. If
the state |Ω〉, with respect to which the expectation value of the quantum contribution to
the stress-energy tensor is calculated, also obeys the symmetries of an FLRW spacetime,
one finds:

〈Ω|δ̂Tµν |Ω〉 = f1(t)uµuν + f2(t)gµν , (1.6)

for some time-dependent functions f1(t) and f2(t) that depend on the chosen model.
Hence, given a particular interacting field theoretical model, the semiclassical field equa-
tions (1.2) written in the FLRW metric (1.4), and using equations (1.5) and (1.6) deter-
mine the evolution of the scale factor a(t).

There is a particularly convenient way of evaluating the expectation value of the
stress-energy tensor. If we take the standard free action for a scalar field:

SM =

∫
d4x
√
−g
[
−1

2
∂µφ(x)∂νφ(x)gµν − 1

2
m2φ2(x)

]
, (1.7)

the stress-energy tensor follows by variation with respect to the metric as:

Tµν = − 2√
−g

δSM

δgµν
= ∂µφ∂νφ+ gµν

[
−1

2
∂αφ(x)∂βφ(x)gαβ − 1

2
m2φ2(x)

]
. (1.8)

We can now write the corresponding quantum contribution as:

〈Ω|δ̂Tµν |Ω〉 =

[
∂µ∂̃ν + gµν

{
−1

2
gαβ∂α∂̃β −

1

2
m2

}]
〈Ω|φ̂(x)φ̂(x̃)|Ω〉

∣∣∣∣
x̃=x

=

[{
δαµδ

β
ν −

1

2
gµνg

αβ

}
∂α∂̃β −

1

2
gµνm

2

]
〈Ω|φ̂(x)φ̂(x̃)|Ω〉

∣∣∣∣
x̃=x

, (1.9)

where ∂̃ = ∂/(∂x̃). The object 〈Ω|φ̂(x)φ̂(x̃)|Ω〉 is just a propagator of the theory, which
can be non-local due to memory effects from an interaction that build up. Hence, full
knowledge of the propagator determines the expectation value of the stress-energy ten-
sor in a very straightforward manner.
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We have so far not addressed the question of renormalisation. Physically, diver-
gences arise due to the fact that one performs a perturbative expansion of expectation
values in terms of the Feynman propagator, whose expression at coincidence diverges.
It is often stated in literature that the divergences arise due to an infinite amount of
fluctuating UV modes, which distills down to the same thing. These divergences have
to be regulated using for example a UV cutoff or dimensional regularisation. We will
mostly employ the latter technique, as it respects the symmetries of the background
spacetime. We thus introduce local covariant counterterms to remove the divergences.
UV divergences aside, there are IR divergences which should be treated on different
footing. They can be a consequence of an unphysical choice of the state |Ω〉, with respect
to which an expectation value is calculated. IR divergences are removed by considering
a proper, physically sensible state [45–48]. An example of an IR divergent state is the
Bunch-Davies vacuum for a massless, minimally coupled scalar field and the graviton
in de Sitter spacetime.

The study of quantum backreaction is motivated partly by our ever increasing ability
to perform accurate measurements on the sky, yet it is also intricately related to the
cosmological constant problem. Let us therefore now discuss the cosmological constant
problem and for simplicity’s sake only consider one scalar field in Minkowski space-
time. The energy density per mode for a scalar field in its ground state equals ω/2,
where ω2 = k2 + m2, and k = ‖~k‖ as usual. The total vacuum energy density, i.e.: the
contribution to the energy density for all modes, is therefore formally divergent:

〈0|δ̂T
vac

00 |0〉 = 〈0|ρ̂vac|0〉 =

∫
d3~k

(2π)3

1

2

√
k2 +m2 . (1.10)

In Minkowski spacetime one can simply normal order this term away as only energy
differences affect the dynamics of a system, not the value of the energy itself. In curved
spacetimes this is profoundly different, however, as also vacuum energy itself affects the
background curvature. One often reads that, based on Lorentz invariance, this vacuum
energy density gives rise to a stress-energy tensor of the form:

〈0|δ̂T
vac

µν |0〉 = −〈0|ρ̂vac|0〉gµν . (1.11)

Although certainly true, let us examine this statement in a little more detail. From
equation (1.11) one can already see that the vacuum energy density acts as a repulsive
force as it gives rise to an equation of state ω = P/ρ = −1, where P is the pressure. As
the expression in equation (1.10) is divergent, one can formally introduce a UV cutoff
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ΛUV and evaluate the integral above:

〈0|ρ̂vac|0〉 =

∫ ΛUV

0

dk k2

4π2

√
k2 +m2 (1.12)

=
1

32π

[
ΛUV(Λ2

UV +m2)
1
2 (m2 + 2Λ2

UV)−m4arcsinh

(
ΛUV

m

)]
=

Λ4
UV

16π2
+
m2Λ2

UV

16π2
+

m4

64π2
log

[
m2

4Λ2
UVe

−1/2

]
+O

(
Λ−1

UV

)
.

Likewise, we can evaluate the pressure from equation (1.8), arising from the vacuum
contribution only, as:

〈0|P̂vac|0〉 =
1

3
〈0|T̂ ii, vac|0〉 =

1

3

∫ ΛUV

0

dk k2

4π2

k2

(k2 +m2)
1
2

(1.13)

=
Λ4

UV

48π2
− m2Λ2

UV

48π2
− m4

64π2
log

[
m2

4Λ2
UVe

−7/6

]
+O

(
Λ−1

UV

)
.

The first two terms proportional to Λ4
UV and m2Λ2

UV in both of the equations (1.12)
and (1.13), which are evidently Lorentz invariance breaking terms, can be removed by
local counterterms. One can introduce a renormalisation scale µ to subtract the loga-
rithmic divergences. The final, physical result is obtained by sending ΛUV → ∞, and
absorbing the remaining numerical factors in the logarithm in a convenient manner, to
find:

〈0|ρ̂ren
vac|0〉 = −〈0|P̂ ren

vac |0〉 =
m4

64π2
log

[
m2

µ2

]
. (1.14)

This indeed confirms equation (1.11). It is important to note that the logarithmic term
containing the mass is considered to be physical unlike the other terms proportional to
a power of the mass. The reason is that in a Higgs-like setting, where the mass m of the
field is generated by some other field, the logarithmic term cannot be subtracted by a
local counterterm.

Note that the calculation above is valid only in Minkowski spacetime. In particular,
in more general spacetimes, we have already seen that the structure of the stress-energy
tensor can have a different form, such as in equation (1.6). It can, however, be expected
that equation (1.11) provides an accurate approximation to (1.6) in the deep UV, as that
regime is insensitive to the local properties of spacetime2.

We thus see that the vacuum contributes to the Einstein field equations just like
the cosmological constant does. They can be combined into an effective cosmological

2The following condition should hold: µ2UV � ‖Rµνρσ‖, where µUV is the lowest scale of the UV and
‖Rµνρσ‖ is any mathematically well-defined norm of the Riemann tensor.
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constant:
Λeff = Λ + 8πG〈0|ρ̂ren

vac|0〉 , (1.15)

or, equivalently, into an effective energy density of the vacuum:

ρeff =
Λ

8πG
+ 〈0|ρ̂ren

vac|0〉 . (1.16)

The measured energy density of the vacuum roughly equals:

ρeff ' 10−47 GeV4 . (1.17)

The question that now arises is what the origin of this extremely tiny energy density
is. This question is usually referred to as the “old” cosmological constant problem.
Is it perhaps the case that ρeff simply happens to be that small? Or does a dynami-
cal mechanism exist that effectively makes it almost vanish? Can what we measure
really be attributed to an effective energy density of the vacuum, or is the number in
equation (1.17) a manifestation of an alternative theory of gravity, or is it perhaps a
materialisation of a more complicated dark energy scenario? The second cosmological
constant problem is often phrased in literature as follows: given the observation that
ρeff is so small, why is it not exactly equal to zero? For example, from some new sym-
metry principle, it might be easier to understand why the cosmological constant should
vanish entirely, rather than trying to find an explanation of its smallness. Even if we
set it zero within a certain perturbative approximation scheme, its value would change
again, if we were to include higher order radiative corrections. The third cosmological
constant problem is also referred to as the “cosmic coincidence problem” or the “why
now?” problem. It is related to the observational fact that the energy density in matter
and ρeff are comparable today. For a pure cosmological constant, ρeff remains constant
throughout the evolution of the Universe. Given the fact that the energy density in
matter decreases as the Universe expands, the two initial energy densities must be fine-
tuned to be of the same order of magnitude today. This leaves the impression that we
are perhaps living in an epoch that is somehow special.

Usually, the cutoff ΛUV introduced in equation (1.12) is considered to be physical
and is not removed in order to obtain a renormalised expression in equation (1.14). The
leading order term proportional to Λ4

UV is kept, and it is then argued that perhaps the
Planck scale is a natural cutoff, as that scale roughly corresponds to the scale up to which
we trust perturbative calculations in quantum field theory on curved spacetimes. Then,
one finds:

〈0|ρ̂vac|0〉 'M4
pl ' 1076 GeV4 . (1.18)

This number gives rise to a discrepancy between theory and observation of about 123
orders of magnitude. This huge number thus assumes that the cutoff ΛUV is kept finite
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and should not be sent to infinity. However, it is precisely the latter operation one needs
to perform in order to obtain a correct physical result that is both Lorentz invariant and
cutoff independent. Note also that the two leading order contributions to the unrenor-
malised energy density and pressure in equations (1.12) and (1.13), proportional to Λ4

UV,
do not have the correct form of the vacuum stress-energy tensor3 in equation (1.14).

Although a great many other directions of research are pursued to resolve this prob-
lem [28, 31, 32], we previously mentioned that the process of quantum backreaction
and the cosmological constant problem are closely related. Intuitively, the reason is the
following: imagine one can find a certain quantum process whose contribution grows
in time. Although initially the quantum contribution to the energy density is small and
it consequently has a negligible effect on the Universe’s evolution, as time elapses it
might grow and even come to dominate the late time behaviour [47, 49–67].

In section 2 we investigate the effect of the trace anomaly on the cosmological con-
stant and we find that the latter is almost unaffected by the trace anomaly’s quantum
backreaction. In section 3 we evaluate the fermion propagator in FLRW spacetimes with
constant deceleration and the corresponding one-loop stress-energy tensor, which is a
first step in examining the effects of the fermion’s backreaction. This can be appreciated
from the appropriate generalisation of equation (1.9).

1.2.2 Decoherence in Quantum Field Theory

In both classical and quantum physics performing an accurate measurement is about
isolation. Experimental physicists devote a great deal of their time trying to minimise
undesired external influences, as these might be harmful to a successful measurement.
A superb example in cosmology is the detection of the CMB. First, one needs to ac-
curately measure the earth’s motion with respect to the CMB rest frame, in order to
subtract the dipole that would otherwise completely dominate the CMB sky. Then, one
needs to worry about how to subtract the influence on the CMB sky from resolved point
sources (nearby stars in the galactic plane, for example). Yet still more work needs to
be done, when one corrects for unresolved point sources that clearly have a distorting
effect on the CMB sky, too. In order to undertake a correct statistical interpretation of the
measurement, one needs to understand detector noise, et cetera. Hence, in order to mea-
sure a certain physical phenomenon, one tries to accurately isolate this phenomenon, so
as to shield all external influences to the furthest possible extent.

For quantum phenomena these considerations apply in even stricter a fashion: the
macroscopic reality we observe around us on a daily basis obeys the laws of classical

3If one were to argue that the correct form of the stress-energy tensor is given in equation (1.6) rather
than (1.11), one concludes from equations (1.12) and (1.13) that f1(t) = const and f2(t) = const. A stress-
energy tensor with f1(t) = const, however, violates the Bianchi identity, from which we conclude f1(t) = 0.
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physics, despite the fact that the underlying microscopic reality is governed by the
laws of quantum mechanics. This observation has intrigued physicists since the early
days of quantum mechanics. The Copenhagen Interpretation, built on the principles of
the Born Rule, Heisenberg’s uncertainty principle, and the wave-particle duality, also
postulates that a measurement apparatus is a classical device. According to the Copen-
hagen Interpretation, we have to make a rather ad hoc distinction between the quantum
world, governed by quantum theory, and classical reality, governed by the familiar
laws of classical physics. The distinction between these two domains blurred, as soon
as macroscopic manifestations of quantum theory were experimentally observed. The
Many Worlds Interpretation maximally exploits the principle of superposition, arguing
that every possible alternative history or future is modelled by different branches of a
universal wave function. Both the Copenhagen Interpretation and the Many Worlds
Interpretation consider the vastness of the Hilbert space of solutions to Schrödinger’s
equation essentially problematic. If arbitrary linear quantum superpositions of classical,
mutually exclusive, alternatives are mathematically allowed, what is the process which
singles out the classical domain? Instead, decoherence capitalises on the vastness of
the Hilbert space. A quantum system in isolation behaves in a very quantum mechan-
ical fashion, however, as soon as it is exposed to an environment, it becomes for an
observer in some cases almost prohibitively difficult to probe the quantum aspects of
its behaviour due to a huge increase of the total accessible Hilbert space. Decoherence
attempts to understand the quantum-to-classical transition in a quantitative manner. The
framework of decoherence describes the quantum-to-classical transition of a particu-
lar system S coupled to an environment E, as perceived by some observer O. It is
concerned with the emergence of a classical reality out of an underlying quantum de-
scription [68–76]. It leans on the Born Rule, Heisenberg’s uncertainty principle, and
the wave-particle duality from the Copenhagen Interpretation, but it does not impose
an artificial boundary between classical and quantum domains. The consequence of
decoherence is additive probabilistic behaviour and it gives the appearance of a wave
function collapse.

Before discussing decoherence, it is instructive to look at what coherence actually
means. According to the wave-particle duality, particles exhibit both wave-like and
particle-like properties. Electrons, for example, behave just like light in a double slit
experiment. If the quantum state of a single electron is pure, the electron behaves in
a very quantum mechanical fashion, which can result in an interference pattern on the
screen behind the two slits in these type of experiments. The ability to interfere is called
quantum coherence. A single electron in a mixed quantum state, however, does not
behave coherently, and an observer will not detect an interference pattern.

Another important aspect of decoherence is entanglement. Consider two quantum
states |ψA〉 and |ψB〉 of two disconnected systems. Now, the total quantum state de-
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scribing both system A and system B is given by:

|ψT〉 = |ψA〉 ⊗ |ψB〉 . (1.19)

Because the total state is just the product of the two initial states, the total state is said
to be separable, and A and B are not entangled. Consider now a basis of states |ψiA〉 on
the Hilbert space of system A, and likewise a basis of states |ψjB〉 on B’s Hilbert space.
We can thus have a total state of the form:

|ψT〉 =
∑
i,j

cij |ψiA〉 ⊗ |ψ
j
B〉 . (1.20)

Now, if |ψA〉 =
∑
i c
A
i |ψiA〉 and likewise |ψB〉 =

∑
j c
B
j |ψ

j
B〉 such that cij = cAi c

B
j , the

state is separable again. However, if cij 6= cAi c
B
j the state is no longer separable and

hence said to be entangled. This means that a quantum description of A is impossible
without knowledge of B and vice versa. We will shortly come across a simple example
of an entangled state. It is important to realise that an interaction between system A

and B, or, in the context of decoherence, between the system S and the environment E,
generically results in entanglement between the two. The interaction can change S, leav-
ing E virtually unaffected, or rather it can change E, leaving S almost unchanged, or a
combination of both. Entanglement is a very quantum mechanical property of systems,
as it can produce correlations over macroscopic distances due to the non-local nature
of quantum mechanics, despite the fact that the interaction that originally produced the
entanglement is perfectly local.

Let us return to discussing decoherence. As we have just seen, the interaction be-
tween the system and the environment generates entanglement between the two. This
leads, in turn, to coherent behaviour of the total combined system of S and E. The
observer’s limited ability to probe the resulting correlations produced by the entangle-
ment leads to a perceived loss of information about the system. The quantum nature
of the system has thus been “lost” to the observer in inaccessible correlations – and the
state appears classical. The von Neumann entropy quantifies the loss of coherence or
correlations between the two.

Decoherence thus gives the appearance of a collapse of the wave function. Deco-
herence does not describe how the wave function changes from a quantum mechanical
superposition of several outcomes before a measurement to a specific single eigenstate
after the measurement. Rather, it describes how a quantum mechanical superposition
evolves into a classical stochastic mixture of various possible outcomes, such that to
each outcome one can assign a certain definite probability. This statement is only ap-
proximately correct, however, as decoherence is never complete. The openness of most
quantum systems thus explains why they turn so quickly into a classical stochastic mix-
ture of states. One can even argue that decoherence makes it very difficult to observe a
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specific quantum effect about S. Indeed, it poses a tough challenge for building quan-
tum computers, which are thought to rely on the undisturbed propagation of quantum
coherence.

In the conventional approach to decoherence, one can construct the reduced density
matrix ρ̂red from the full density matrix ρ̂ by tracing over the environmental degrees of
freedom E: ρ̂red = TrE [ρ̂]. This approach, however, suffers from various shortcomings
(we will discuss this in detail in section 4.1). Decoherence is often characterised by
the decay of the off-diagonal entries of the reduced density matrix in the observer’s
basis. Of course, any hermitian matrix can be diagonalised by an appropriate choice
of the basis elements in which the matrix is represented. It is important to realise that
decoherence does not merely use this triviality, but rather invokes a dynamical process
that kills these off-diagonal terms in a specific basis, namely the observer’s basis. This is
also called the pointer basis4. A diagonal (reduced) density matrix is easy to interpret:
each entry simply corresponds to one of the (classical) outcomes of a measurement. In
reality, of course, a system does not fully decohere and the von Neumann entropy is
then used to quantify the amount of decoherence that has taken place. Apart from the
total entropy increase, there is also an interest to calculate the decoherence time. This
is the characteristic time scale at which decoherence is effective. If this time scale is
sufficiently long, one can even detect the process of decoherence in a laboratory experi-
ment [77].

It is instructive to consider a simple example that is frequently used in the decoher-
ence literature to make the discussion above somewhat less abstract [74]. Let us consider
a rather trivial quantum mechanical example of a two-spin state system of spin up | ↑〉
and spin down | ↓〉. A general quantum mechanical state follows by the principle of
superposition:

|ψ〉 = α|↑〉+ β|↓〉 , (1.21)

where |α|2 + |β|2 = 1. The density matrix now follows as:

ρ̂ = |ψ〉〈ψ| = |α|2|↑〉〈↑ |+ αβ∗|↑〉〈↓ |+ α∗β|↓〉〈↑ |+ |β|2|↓〉〈↓ | .=
(
|α|2 αβ∗

α∗β |β|2

)
. (1.22)

This density matrix describes a pure state and brings about a vanishing entropy. Let
us now add a two-spin state environment, where spin up corresponds to |E〉 and spin
down to |E〉, and where of course 〈E|E〉 = 0. The observer measuring the system’s spin

4One often reads that the pointer basis coincides with the basis in which the interaction becomes local.
Although true in most cases in quantum mechanics, it is more complicated in quantum field theory. An
interaction of the form hφ(x)χ2(x), as we discuss in chapter 6, is local in position space, and consequently
non-local in momentum space. However, a density matrix describing the Gaussian properties of our deco-
hered system tends to diagonalise in the Fourier basis.
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is assumed to be coupled only weakly to the environment. For simplicity, we further-
more assume a perfect coupling between system and environment, i.e.: the environment
aligns itself perfectly with the system:

|ψ〉S+E =
(
α|↑〉+ β|↓〉

)
|E〉 → α|↑〉|E〉+ β|↓〉|E〉 . (1.23)

Here, |ψ〉S+E denotes the total state. The interaction clearly produces entanglement, as
we see that the state is not separable as discussed right after equation (1.20). In this
example of decoherence it is the environment that changes due to the interaction and
the system is not. The total density matrix now reads:

ρ̂S+E = |α|2|↑〉〈↑ |⊗ |E〉〈E|+αβ∗|↑〉〈↓ |⊗ |E〉〈E|+α∗β|↓〉〈↑ |⊗ |E〉〈E|+ |β|2|↓〉〈↓ |⊗ |E〉〈E|,
(1.24)

Let us now calculate the reduced density matrix by tracing over the environmental
degrees of freedom:

ρ̂red = TrE(ρ̂S+E) = 〈E|ρ̂S+E|E〉+ 〈E|ρ̂S+E|E〉
.
=

(
|α|2 0

0 |β|2

)
, (1.25)

The reduced density matrix describes a fully decohered system as all the off-diagonal
terms have disappeared. The coefficients |α|2 and |β|2 can now safely be interpreted as
classical probabilities. The reduced density matrix in equation (1.25) is thus nothing but
a classical probability distribution function. We can find the resulting change in entropy
in a straightforward manner:

∆S = S[ρ̂red ]− S[ρ̂] = −|α|2 log(|α|2)− |β|2 log(|β|2) > 0 . (1.26)

This is not a very realistic example of decoherence, as it presents a rather artificial
model and the relevant dynamics have been neglected. Hence, one cannot calculate
the decoherence time scale.

Whenever one is interested in the decoherence of a system in a relativistic setting,
problems arise with the conventional way of solving for the reduced density matrix. We
will extensively discuss these in section 4.1. In order to study decoherence in quantum
field theory, therefore, we formulate our novel “correlator approach” to decoherence
in chapter 4. In order to quantitatively compare our novel approach to the conven-
tional approach, we study the decoherence of a quantum mechanical system in chap-
ter 5. Chapter 6 is concerned with studying decoherence in an interacting quantum
field theoretical model. We calculate the Gaussian von Neumann entropy at late times,
which measures the total amount of decoherence that has occurred. We also calculate
the decoherence rate in our model. That chapter comprises the first realistic study of
decoherence in a renormalised interacting quantum field theory.





CHAPTER 2

EFFECT OF THE TRACE ANOMALY

ON THE

COSMOLOGICAL CONSTANT

It has been argued that the quantum (conformal) trace anomaly could potentially pro-
vide us with a dynamical explanation of the cosmological constant problem. In this
chapter, however, we show by means of a semiclassical analysis that the trace anomaly
does not affect the cosmological constant. We construct the effective action of the confor-
mal anomaly for flat FLRW spacetimes, consisting of local quadratic geometric curva-
ture invariants. Counterterms are thus expected to influence the numerical value of the
coefficients in the trace anomaly and we must therefore allow these parameters to vary.
We calculate the evolution of the Hubble parameter in quasi de Sitter spacetime, where
we restrict our Hubble parameter to vary slowly in time, and in FLRW spacetimes.
We show dynamically that a Universe, consisting of matter with a constant equation
of state, a cosmological constant, and the quantum trace anomaly, evolves either to the
classical de Sitter attractor or to a quantum trace anomaly driven one. When considering
the trace anomaly truncated to quasi de Sitter spacetime, we find a region in parameter
space where the quantum attractor destabilises. When considering the exact expression
of the trace anomaly, a stability analysis shows that whenever the trace anomaly driven
attractor is stable, the classical de Sitter attractor is unstable, and vice versa. Semiclassi-
cally, the trace anomaly does not affect the classical late time de Sitter attractor and hence
it does not solve the cosmological constant problem. This chapter is based on [78].
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2.1 Introduction

Recent observations have clearly indicated that the expansion of the Universe is acceler-
ating. According to Einstein’s general relativity, this can only be realised if the pressure
of the dominant component of the Universe is negative today. These observations have
triggered a renewed interest in the cosmological constant problem (for recent reviews,
see e.g. [31, 32, 79]). As discussed in chapter 1, what is usually referred to as the
“old” cosmological constant problem, can be phrased as follows: why is the measured
(effective) cosmological constant extremely close to zero?

One approach dealing with the cosmological constant problem is concerned with
employing the effective field theory of gravity [80, 81]. Lacking a full quantum theory
of gravity, an effective field theory of gravity adopts the following point of view: in
order to describe quantum phenomena at very large and cosmologically relevant dis-
tances, the precise physics at the shortest distance scale is irrelevant. In other words,
the effective field theory of gravity is the low energy limit of quantum gravity. It
combines classical general relativity with knowledge of quantum field theory in curved
spacetimes [82].

In order to describe these long distance effects accurately, one supplements the clas-
sical Einstein-Hilbert action with certain additional contributions. One of these ad-
ditions is the trace anomaly or conformal anomaly which quantum field theories are
known to exhibit [82–89]. If the classical action is invariant under conformal trans-
formations of the metric, the resulting stress-energy tensor is traceless. As an explicit
example, one can easily verify that the trace of a massless, conformally coupled scalar
field vanishes. In quantum field theory the stress-tensor is promoted to an operator. A
careful renormalisation procedure renders its expectation value 〈T̂µν〉 finite. However,
inevitably, the renormalisation procedure results in general in a non-vanishing trace
of the renormalised stress-energy tensor. Classical conformal invariance cannot be pre-
served at the quantum level. Ever since its discovery, the trace anomaly has found many
applications in various areas in physics (see e.g. [90]).

An alternative approach to the backreaction problem of quantum fluctuations on
the homogeneous background spacetime deals with quantum fields whose spectrum
is nearly flat [49–52, 54, 56, 60, 64–67]. The spectrum in the infrared is not suppressed
and is therefore expected to yield a strong backreaction. Examples of such fields are the
minimally coupled massless scalar and the graviton.

2.1.1 The Cosmological Constant and the Trace Anomaly

Some authors stated that the trace anomaly could have effects on dark energy and the
cosmological constant problem [91, 92], whereas it has been argued by other authors
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that the trace anomaly could potentially provide us with a dynamical explanation of
the cosmological constant problem [93–98]. Broadly speaking, the line of reasoning is
as follows (for a more in-depth review, we refer to [98]). The new, conformal degree of
freedom is usually parametrised by:

gµν(x) = e2σ(x)gµν(x) . (2.1)

According to the authors of e.g. [98], the trace anomaly cannot be generated from a
local finite term in the action, but rather stems from a non-local effective action that
generates the conformal anomaly by variation with respect to the metric [99]. It is this
genuine non-locality of the trace anomaly, revealing a large distance effect of quantum
physics, that is at the very foundation of its connection with the effective field theory of
gravity. One then argues that the new conformal field should dynamically screen the
cosmological constant, thus solving the cosmological constant problem.

2.1.2 The Semiclassical Approach to the Cosmological Constant and
the Trace Anomaly

The proposal advocated in [98] is very interesting and should be investigated further.
Before studying the effect of a new conformal degree of freedom (2.1), we feel that firstly
a proper complete analysis of the dynamics resulting from the effective action of the
trace anomaly should be performed. This is what we pursue in this chapter.

According to the Cosmological Principle the Universe is homogeneous and isotropic
on the largest and cosmologically relevant scale. The CMB measurements [18] constrain
the inhomogeneities at order 10−4 ∼ 10−5. Moreover, the Universe appears to be spa-
tially flat. Let us make the following observations.

Firstly, the Cosmological Principle dictates the use of the conformally flat FLRW
metric gµν = a2(η)ηµν . Hence, inhomogeneous fluctuations of the metric tensor, and in
particular of the conformal part of the metric tensor (2.1), are observed and expected
to be small at the largest scale, comparable to the Hubble radius (also in the early
Universe).

Secondly, we are led to an essentially semiclassical analysis. The vacuum expecta-
tion value of the stress-energy tensor resulting in the trace anomaly has been calculated
semiclassically. In a semiclassical analysis quantum fluctuations backreact on the back-
ground spacetime. Phase transitions aside, quantum fluctuations naturally affect the
homogeneous background homogenously. It is a well-known fact that quantum fluctu-
ations can break certain symmetries present in de Sitter [49–52], e.g. time translation
invariance. However, we are not aware of quantum fluctuations breaking the homo-
geneity and isotropy of the background spacetime.
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Finally, if quantum fluctuations compensate for or screen the cosmological constant,
we must have Tµν ∝ gµν . Let us set: Tµν = θ(x)gµν . Stress-energy conservation and
metric compatibility immediately yield: ∇µθ(x) = ∂µθ(x) = 0. Hence we conclude
that θ(x) must be a constant: θ(x) = θ0. Only homogeneous vacuum fluctuations can
compensate the cosmological constant. Moreover, Tµν = θ0gµν does not break any of
the symmetries of a maximally symmetric spacetime5. Hence, this form cannot be used
to study dynamical backreaction.

The arguments above motivate a semiclassical approach to examining the connec-
tion between the cosmological constant and the trace anomaly. Note that we do not
consider a new, conformal degree of freedom (2.1). Hence, we do certainly not exclude
any possible effect this (inhomogeneous) conformal degree of freedom might have on
the cosmological constant. However, it is plausible that in order to address the link be-
tween the cosmological constant and the trace anomaly, a semiclassical analysis suffices.

2.1.3 The Modified Starobinsky Model

Another application of the conformal anomaly can be found in what has become known
as trace anomaly induced inflation: in the absence of a cosmological constant, the trace
anomaly could provide us with an effective cosmological constant. Originally, Starobin-
sky [100] realised that quantum one-loop contributions of massless fields can source a
de Sitter stage. Subsequently, the theory of trace anomaly induced inflation received
significant contributions from [101–104]. If one includes a cosmological constant, the
theory of anomaly induced inflation is plagued by instabilities, which we will also
come to address. The Modified Starobinsky Model as advocated by [105–107], takes
advantage of these instabilities to account for a graceful exit from inflation. It is argued
that supersymmetry breaking changes the degrees of freedom such that it destabilises
the quantum anomaly driven attractor and simultaneously stabilises the classical de
Sitter attractor.

Improving on e.g. [106, 108], we incorporate matter with a constant equation of state
in the Einstein field equations. It is simply inconsistent not to include matter. Consider
the following analogy: if we examine an empty Universe with a cosmological constant
only, there are no dynamics and the (00) Einstein equation yields H2 = Λ/3. Matter
drives the dynamics and H2 6= Λ/3 can only be realised with ρM 6= 0.

In literature, if one solves the trace of the Einstein field equations in a Universe
with a cosmological constant and trace anomaly, one solves, however, in reality for the
dynamics in a Universe filled with radiation. For it is only radiation with equation of
state ω = 1/3 that does not contribute to the trace of the Einstein field equation: Trad = 0.

5Maximally symmetric spacetimes are de Sitter, anti de Sitter and Minkowski spacetime.
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This point has not been included in other papers. We consider matter with constant but
otherwise arbitrary equation of state ω > −1, and not just (implicitly) radiation.

2.1.4 Outline

In this chapter we show that the cosmological constant problem cannot be solved by
taking account of the trace anomaly alone. The outline of this chapter is as follows. In
section 2.2 we recall the basics of the conformal anomaly and discuss how to study its
effect on the evolution of the Universe by tracing the Einstein field equations.

In section 2.3, we derive the conformal anomaly from an effective action in flat
homogeneous FLRW spacetimes, consisting of local quadratic geometric curvature in-
variants. Since one usually adds infinite counterterms to cancel the radiative one-loop
divergences, we do not see any reason why we should exclude adding a Gauss-Bonnet
counterterm to cancel the anomaly in flat FLRW spacetimes. Even though this term in
the effective action is formally divergent, at the level of the equation of motion it yields
a finite result. Hence, the coefficients multiplying the curvature invariants in the trace
anomaly are not uniquely specified by the anomaly. The physical coefficient, i.e.: the
parameter that can be measured, receives contributions both from the trace anomaly
and from possible counterterms, cancelling divergences from the underlying (and yet
unknown) fundamental theory. This motivates varying the coupling parameters multi-
plying the curvature invariants in the anomaly. We can thus study all possible effects of
the anomaly on the evolution of our Universe.

In section 2.4 we study the evolution of a quasi de Sitter Universe in the presence of
matter with constant equation of state, a cosmological constant, and the trace anomaly.
In quasi de Sitter spacetime we assume, loosely speaking, that the Hubble parameter is
a slowly varying function of time. Effectively, we truncate the expression of the exact
trace anomaly and discard higher order derivative contributions.

In section 2.5 we generalise our analysis and study the evolution of an FLRW Uni-
verse again in the presence of matter with constant equation of state, a cosmological
constant, and the trace anomaly. We examine the exact trace anomaly and take all
higher derivative contributions into account. As the dimensionality of the phase space
increases, we must carefully perform a stability analysis of the late time asymptotes.

2.2 The Einstein Field Equations and the Trace Anomaly

In this section, we derive the expression for the trace anomaly in FLRW spacetimes in
four spacetime dimensions. The Einstein field equations capture how the trace anomaly
affects the Universe’s expansion.



24 Chapter 2. Effect of the Trace Anomaly on the Cosmological Constant

2.2.1 The Conformal Anomaly in FLRW Spacetimes

The trace anomaly or the conformal anomaly in four dimensions is in general curved
spacetimes given by [82, 83, 98]:

TQ ≡
〈
T̂µµ

〉
= bF + b′

(
E − 2

3
2R

)
+ b′′2R , (2.2)

where:

E ≡ ∗Rµνκλ∗Rµνκλ = RµνκλR
µνκλ − 4RµνR

µν +R2 (2.3a)

F ≡ CµνκλC
µνκλ = RµνκλR

µνκλ − 2RµνR
µν +

1

3
R2 , (2.3b)

where as usualRµνκλ is the Riemann curvature tensor, ∗Rµνκλ = εµναβR
αβ
κλ/2 its dual,

Cµνκλ the Weyl tensor, andRµν andR the Ricci tensor and scalar, respectively. Note that
E is the Gauss-Bonnet invariant. The general expression for the trace anomaly can also
contain additional contributions if the massless conformal field is coupled to other long
range gauge fields (see e.g. [82]). Finally, the parameters b, b′ and b′′ appearing in (2.2)
are dimensionless quantities multiplied by ~ and are given by:

b =
1

120(4π)2
(NS + 6NF + 12NV ) (2.4a)

b′ =− 1

360(4π)2

(
NS +

11

2
NF + 62NV

)
, (2.4b)

where NS , NF and NV denote the number of fields of spin 0, 1/2 and 1 respectively
(~ = 1). It is important to note that b > 0 whereas b′ < 0 in general. It turns out that the
coefficient b′′ is regularisation-dependent and is therefore not considered to be part of
the true conformal anomaly. We take this into account and study the effect of b′′ on the
stability of the solutions we are about to derive. For definiteness, we will assume that
these parameters take their Standard Model values: NS = 4, NF = 45/2, and NV = 12.
Note if we were to include right-handed neutrinos, NF = 24. One could also examine
the numerical value of the coefficients (2.4) for the late time Universe. Today’s massless
particle is just the photon, hence NV = 1, NS = 0, and NF = 0.

Let us specialise to flat Friedmann-Lemaı̂tre-Robertson-Walker or FLRW spacetimes
in which the metric is given by gαβ = diag

(
−1, a2(t), a2(t), a2(t)

)
where a(t) is the scale

factor of the Universe in cosmic time t. Recall that a conformal transformation leaves
the Weyl tensor invariant. Hence, in FLRW spacetimes F = 0. Given the FLRW metric
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one can easily verify that:

R2 = 36
[
Ḣ2 + 4(ḢH2 +H4)

]
(2.5a)

RµνR
µν = 12

[
Ḣ2 + 3(ḢH2 +H4)

]
(2.5b)

RµνκλR
µνκλ = 12

[
Ḣ2 + 2(ḢH2 +H4)

]
(2.5c)

2R =− 6
[ ...
H + 7ḦH + 4Ḣ2 + 12ḢH2

]
. (2.5d)

Hence, the exact expression for the trace anomaly in FLRW spacetimes in four dimen-
sions reads:

TQ = 4b′
{ ...
H + 7ḦH + 4Ḣ2 + 18ḢH2 + 6H4

}
− 6b′′

{ ...
H + 7ḦH + 4Ḣ2 + 12ḢH2

}
.

(2.6)
To capture the leading order dynamics, we work in quasi de Sitter spacetime and allow
for a mildly time-dependent Hubble parameter:

ε ≡ − Ḣ

H2
= constant� 1 , (2.7)

i.e.: we assume that ε is both small and time-independent. This would truncate the trace
anomaly up to terms linear in Ḣ yielding:

TQ = 24b′
{

3ḢH2 +H4
}
− 72b′′ḢH2 . (2.8)

We will examine both the exact form of the trace anomaly (2.6) as well as its truncated
form (2.8). Truncating the expression for the trace anomaly is motivated by the follow-
ing realisation. In general backgrounds we need a non-local effective action to generate
the trace anomaly in the equation of motion. The non-locality at the level of the effective
action corresponds to an expansion in derivatives at the level of the equation of motion.
Generally, higher derivative contributions in an equation of motion have the tendency
to destabilise a system unless the initial conditions are highly fine-tuned. Formally, this
is known as the theorem of Ostrogradsky, and its relevance to cosmology is outlined,
for example, in [109].

Note that when b′′ = 2b′/3 the truncated version is exact. We discuss this further in
section 2.4.2. Finally, note that, although we have truncated equation (2.6) to obtain (2.8),
equation (2.8) is still covariant.

2.2.2 The Dynamics Driven by the Trace Anomaly

From the Einstein-Hilbert action:

S = SEH + SM =
1

16πG

∫
d4x
√
−g (R− 2Λ) +

∫
d4x
√
−gLM , (2.9)
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where:
LM = −1

2
∂αφ(x)∂βφ(x)gαβ − 1

2
m2φ2(x)− V (φ(x)) , (2.10)

the Einstein field equations follow as usual as:

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν , (2.11)

of which the trace can easily be verified to be:

R− 4Λ = −8πGT , (2.12)

where T = Tµµ. If one considers an empty Universe with a cosmological constant, the
(00) Einstein field equation acts as a constraint equation for the Hubble parameter and
one simply finds H2 = Λ/3 as usual. However, for a non-empty Universe, the (00)
Einstein field equation becomes a dynamical constraint. The Bianchi identity for the
left-hand side of equation (2.11) results in stress-energy conservation for the right-hand
side:

∇µTµν = 0 . (2.13)

Because of stress-energy conservation, the (00) and the (ij) components of the Einstein
field equations are not independent6. Therefore, any linear combination of the (00) and
(ij) components of the Einstein field equations combined with stress-energy conserva-
tion suffice to describe the time evolution of the Hubble parameter. In particular, the
trace equation (2.12) and stress-energy conservation (2.13) contain all relevant dynamics
for H .

Let us set φ(x) = φcl(x) + ϕ(x) for the quantum field in SM and require that the
classical field obeys the equation of motion. Note that the quantum perturbation ϕ(x)

does not obey this equation of motion. We expand in terms of the quantum field and
construct the effective action as usual:

exp [iΓ[φcl]] (2.14)

= exp [iSM[φcl]]

×
∫
Dϕ exp

[
i

(∫
x

δSM

δφcl(x)
ϕ(x) +

1

2

∫
x,y

δ2SM

δφcl(x)φcl(y)
ϕ(x)ϕ(y) +O(ϕ3)

)]
= exp [iSM[φcl] + iΓQ[φcl]] .

The first contribution to the effective action corresponds to the classical part of the ac-
tion and ΓQ[φcl] is the contribution to the effective action taking account of the vacuum

6For example, stress-energy conservation combined with the (00) Einstein field equation yield the (ij)
component of the Einstein field equations.
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fluctuations. The stress-energy tensor now follows as:

Tµν = − 2√
−g

δ

δgµν
Γ[φcl] = − 2√

−g
δ

δgµν
(SM[φcl] + ΓQ[φcl]) ≡ TC

µν + TQ
µν . (2.15)

Hence, there are both classical and quantum contributions to the full stress-energy ten-
sor. Classically, from the equation of motion the scalar field obeys, we have:

∇µTC
µν = 0 . (2.16)

Hence, from (2.13) we derive:
∇µTQ

µν = 0 . (2.17)

Concluding, due to stress-energy conservation at the classical level and for the full
stress-energy tensor, we have derived stress-energy conservation for the quantum con-
tributions as well.

Analogously to the classical stress-energy tensor, we can symbolically write for the
quantum contribution to the stress-energy tensor: Tµν,Q = (−ρQ, pQ, pQ, pQ). Combin-
ing:

TQ(t) =− ρQ(t) + 3pQ(t) (2.18a)

ρ̇Q(t) =− 3H {ρQ(t) + pQ(t)} , (2.18b)

yields:
d

dt

[
a4(t)ρQ(t)

]
= −a4(t)H(t)TQ(t) . (2.19)

We thus find (identical to [101]):

ρQ(t) =− 1

a4(t)

∫ t

dτa4(τ)H(τ)TQ(τ) (2.20a)

pQ(t) =
1

3
(TQ(t) + ρQ(t)) . (2.20b)

Although in general spacetimes it is not possible to perform this integral, in cosmologi-
cally relevant FLRW spacetimes we can [110]. If we consider the exact form of the trace
anomaly (2.6) in flat FLRW spacetimes, we can easily see that ρQ(t) should be of the
following form:

ρQ(t) = b′
[
c1ḦH + c2Ḣ

2 + c3ḢH
2 + c4H

4
]

+ b′′
[
c5ḦH + c6Ḣ

2 + c7ḢH
2
]
. (2.21)

Upon inserting this ansatz into equation (2.19) and equating the contributions at each
order, we immediately find:

ρQ = 2b′
[
−2ḦH + Ḣ2 − 6ḢH2 − 3H4

]
+ 3b′′

[
2ḦH − Ḣ2 + 6ḢH2

]
. (2.22)



28 Chapter 2. Effect of the Trace Anomaly on the Cosmological Constant

Because ρQ can be expressed in a local form, we would like to point out that this yields a
local expression for the stress-energy tensor, too. Although quantum fluctuations of the
conformal field may still act non-locally on the background spacetime, at the classical
level the trace anomaly affects the spacetime only locally. Again, when working in
quasi de Sitter spacetime where ε is both small and time-independent, we can truncate
this expression for the quantum density finding:

ρQ = −6b′
[
2ḢH2 +H4

]
+ 18b′′ḢH2 . (2.23)

Again, when b′′ = 2b′/3, this analysis becomes exact.
In the next sections, we solve the Einstein field equations in FLRW spacetimes for a

Universe in the presence of a) a non-zero cosmological constant, b) the trace anomaly as
a contribution to the quantum stress-energy tensor, and c) matter with constant equa-
tion of state ρM = ωpM, where ω > −1. We thus consider non-tachyonic matter only,
which does not exclude [111, 112], where the effect of a finite period with ω < −1 is
investigated.

The trace anomaly enters the Einstein field equation naturally in the trace equa-
tion (2.12). We can thus study the effect of the trace anomaly on the evolution of a
Universe with a cosmological constant and matter. Hence, the trace equation of the
Einstein field equations is given by:

R− 4Λ = −8πG {TQ + TM} , (2.24)

where:
TM = −ρM + 3pM = ρM (3ω − 1) . (2.25)

Now, we can employ the (00) Einstein field equation from (2.11) to express ρM in terms
of ρQ yielding:

9(1 + ω)H2(t) + 6Ḣ(t)− 3(1 + ω)Λ = −8πG [TQ + (1− 3ω)ρQ] . (2.26)

The equation above governs the dynamics for the Hubble parameter that we will solve
in various interesting cases. For the anomalous trace we can either take the exact ex-
pression (2.6), containing higher derivatives of the Hubble parameter, or its truncated
version (2.8). Likewise, for the quantum density we can either insert the full expres-
sion (2.22) or the truncated one (2.23). The reason for truncating the expression for the
quantum trace and density as outlined above is the realisation that higher derivative
contributions in an equation of motion generally have the tendency to destabilise a
system.

In literature (see e.g. [107]), one only has considered an empty Universe with a
cosmological term and trace anomaly. In reality, one solved for a radiation-dominated
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Universe, for only radiation (ω = 1/3) does not contribute to the trace of the Einstein
field equations. We incorporate matter with constant equation of state parameter ω.

Independently on whether or not one truncates the expressions for the anomalous
trace and quantum density, one can solve for the asymptotes yielding the late time
behaviour. Setting all time derivatives of the Hubble parameter equal to zero, one can
easily solve for the two late time constants:

(
HC,A

0

)2

=
−1±

√
1 + 64πGb′Λ/3

32πGb′
. (2.27)

Here, HC
0 turns out to be the classical de Sitter attractor, whereas HA

0 is a new, quantum
anomaly driven attractor. This result for the late time constants is identical to the case
where matter is absent [106]. We can write the expression above in a somewhat more
convenient form by defining the dimensionless parameter λ:

λ =
GΛ

3
, (2.28)

that sets the scale for the cosmological constant Λ. In the current epoch, λ is extremely
small, which allows us to expand (2.27) finding7:

HC
0 =

√
Λ

3
[1− 8πb′λ] (2.29a)

HA
0 =

√
−1

16πG b′
− Λ

3
. (2.29b)

In the absence of a cosmological constant, the trace anomaly can thus provide us with
an inflationary scenario, which has already been appreciated by [100, 101, 103, 104].
Finally, note these asymptotes are independent of b′′.

2.3 The Effective Action Generating the Trace Anomaly

The authors of [98] are correct in saying that the conformal anomaly cannot be generated
by a finite effective action, built out of local quadratic geometric curvature invariants
only. We show that the trace anomaly can be generated by an infinite effective action in
flat FLRW spacetimes, that consists only of local quadratic geometric curvature invari-
ants. Although infinite at the level of the effective action, we generate a finite on shell

7Note the nomenclature in literature is somewhat misleading. Rather than calling (2.29a) the classical de
Sitter attractor, it would be more natural to denote it with the quantum-corrected classical attractor. Hence, the
quantum attractor (2.29b) should preferably be denoted by anomaly driven attractor or Planck scale attractor.
We will nevertheless adopt the nomenclature existing in literature.
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contribution. We first write the trace anomaly in conformal time dt = a(η)dη such that
the full conformal anomaly (2.6) reads:

TQ = 24b′

(
a′′

a3

(
a′

a2

)2

−
(
a′

a2

)4
)

(2.30)

− 6 (b′′ − 2b′/3)

(
a′′′′

a5
− 4

a′′′

a4

a′

a2
− 3

(
a′′

a3

)2

+ 6
a′′

a3

(
a′

a2

)2
)
.

Here, dashes denote conformal time derivatives. In general, the trace of a stress-energy
tensor can be written as:

T = − 2√
−g

gµν
δS

δgµν
=

4

a3(η)V

δS

δa
. (2.31)

Here, V is the (spatial) volume. The correct effective action Γan that generates the trace
anomaly in spatially flat FLRW spacetimes is given by:

Γan =

∫
dDx
√
−g
{
βDE − 12 (b′′ − 2b′/3)R2

}
, (2.32)

where:
βD = b′

1

(D − 4)
+ β0 . (2.33)

Here, D is the dimension of the spacetime and β0 is an undetermined finite (and phys-
ically irrelevant) constant. Only after variation we let D → 4. The numerical factors
in (2.32) are chosen in accordance with the trace of the Einstein field equations, i.e.: the
trace of the variation:

gµν
δ

δgµν
S = gµν

δ

δgµν
[SEH + Γan] = 0 , (2.34)

indeed yields:
R− 4Λ = −8πGT . (2.35)

The effective action (2.32) merits some clarifying remarks. Firstly, the variation of R2

yields the 2R term in the conformal anomaly in a straightforward manner. This term is
not unique for one could have equally well taken RµνRµν into account8. Secondly, note
that the local effective action depends solely on the scale factor. If one were to rewrite
this effective action covariantly in terms of the full metric, the effective action would
become non-local [84, 99], also see [113, 114]. It is well known that the effective action

8We can easily split RµνRµν in an R2 contribution and a Gauss-Bonnet term, that yields a vanishing
surface term in four dimensions.
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of the conformal factor can be written in a local form [110, 115]. However, we have been
able to rewrite this expression in terms of the Gauss-Bonnet invariant multiplying an
infinite constant. Finally, note that the coefficient (2.33) diverges in four dimensions.
However, the Gauss-Bonnet invariant in D dimensions reads:

E =

(
a′

a2

)4

[(D − 8)(D − 3)(D − 2)(D − 1)] +
a′′

a3

(
a′

a2

)2

[4(D − 3)(D − 2)(D − 1)] ,

(2.36)
which can be determined from the D dimensional generalisations of equation (2.5).
Note that:

− 2√
−g

gµν
δ

δgµν

∫
dDx
√
−gE = D(D − 4)E . (2.37)

Clearly, the Gauss-Bonnet term corresponds only in four dimensions to a total deriva-
tive that can be neglected. Hence, we choose the divergent coefficient βD such that the
factor (D − 4) cancels, yielding a non-vanishing and finite contribution at the level of
the equation of motion when D → 4. The contribution from β0 is identically zero when
we let D → 4. Although divergent in the action, we have shown that at the level of
the equation of motion the term involving βD yields a finite contribution. All physical
measurements are performed on shell, hence we cannot exclude a counterterm of the
form βDE in the effective action.

This procedure can be debated. In literature one usually prefers a finite effective
action. We abandon this assumption and require a finite equation of motion only. We
cannot think of a physical measurement that distinguishes the two approaches and
therefore we argue that one should consider and examine all possible effects the coun-
terterms might have on the trace anomaly.

In homogeneous cosmology, R2 and E are the only local quadratic geometric cur-
vature invariants9. Divergences up to one-loop in perturbative quantum gravity can be
cancelled only by counterterms of the form R2 and E. The physical coefficients mul-
tiplying R2 and E in the renormalised one-loop effective action receive contributions
which one can write as:

αphysR
2 = [αanom(m) + αct]R

2 (2.38a)

βphysE = [βanom(m) + βct]E , (2.38b)

where αanom(m) is the mass-dependent finite contribution from the trace anomaly, and
where m = {mi} denotes the mass of the particles i. It is in principle uniquely defined

9Because F = 0, we can express RµνκλRµνκλ in terms of RµνRµν and R2. Hence, R2 and E are linearly
independent. Note furthermore that if one investigates inhomogeneities in the Universe, one measures (sta-
tistical) correlation functions. They are translation invariant as a consequence of the symmetry of the vacuum
state and therefore respect the symmetry of the background spacetime.
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by the requirement that αanom → 0 as m → ∞. Similarly, βanom(m) is the (infinite)
anomalous contribution determined by the requirement that βanom → 0 as m → ∞.
These requirements in principle fix βanom(m) and αanom(m) uniquely. While there is
agreement in literature on the value of αanom(m) (also used in this chapter), disagree-
ment exists on the value of βanom(m). Therefore we leave it unspecified. The contribu-
tions αct and βct correspond to the parts of the counterterms that remain when eventual
one-loop divergences are cancelled10. It is however only the sum of these terms, yielding
αphys and βphys, that is physical, i.e.: measurable [66, 67]. Since these parameters have
not been measured, we cannot simply assume that the coefficients in the trace anomaly
are just given by (2.4). We should allow these coefficients to vary in order to examine the
full effect of the trace anomaly on the evolution of our FLRW Universe. This is precisely
what we pursue in the following sections.

2.4 The Trace Anomaly in Quasi de Sitter Spacetime

In this section we work in quasi de Sitter spacetime, where we treat ε as a small and time-
independent constant which allows us to neglect higher order derivative contributions.
The reason for discarding higher order derivative contributions is that they tend to
destabilise a dynamical system, formally known as the theorem of Ostrogradsky [109].

We have to distinguish two cases separately. In the spirit of [98], the numerical
value of the parameter b′′ occurring in the trace anomaly is not fixed because it is a
regularisation scheme-dependent parameter. Generally, however, we cannot exclude
the presence of this term and we therefore allow it to take different values. First, we
allow for an unrestricted value of b′′ and, secondly, we set b′′ = 2b′/3. This case is
particularly interesting as this value of b′′ sets the total coefficient multiplying the 2R

contribution in the trace anomaly to zero.

2.4.1 Case I: Unrestricted Value of b′′

We thus insert the truncated expression for the trace anomaly (2.8) and the quantum
density (2.23) into the Einstein field equation (2.26). This yields:

9(1 + ω)H2(t) + 6Ḣ(t)− 3(1 + ω)Λ (2.39)

= −8πG
[
{12b′(5 + 3ω)− 54b′′(1 + ω)} ḢH2 + 18b′(1 + ω)H4

]
.

10For a calculation involving anomaly calculations around Minkowski spacetime, we refer to [116, 117]. For
the calculation of the αanom(m) function for a scalar field in de Sitter spacetime, we refer to [82].
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This differential equation can be solved exactly. Separation of variables yields:

t− t′ =
1

(1 + ω)

∫ H(t)

H(t′)

dH
2 + αH2

Λ− 3H2 − 48πGb′H4
, (2.40)

where α is conveniently defined as:

α = 8πG {4b′(5 + 3ω)− 18b′′(1 + ω)} . (2.41)

One can perform the integral in terms of logarithms where one has to take the signs of
the occurring parameters carefully into account. The integral above gives:

t− t′ =
1

−48πGb′(1 + ω)
{

(HA
0 )2 − (HC

0 )2
} (2.42)

×
[
−

1 + 1
2α(HA

0 )2

HA
0

{
log

(
H(t) +HA

0

H(t)−HA
0

)
− log

(
H(t′) +HA

0

H(t′)−HA
0

)}
+

1 + 1
2α(HC

0 )2

HC
0

{
log

(
H(t) +HC

0

H(t)−HC
0

)
− log

(
H(t′) +HC

0

H(t′)−HC
0

)}]
.

Note the asymptotes of this analytic solution coincide with the asymptotes obtained
earlier in (2.29) as expected.

In figure 2.1, we numerically calculate the dynamics of the Hubble parameter for
various initial conditions. The two asymptotes divide this graph into three distinct
regions that are not connected for finite time evolution. The region bounded by the
two asymptotes contains initial conditions for H(t) such that H(t) grows for late times
towards HA

0 , and initial conditions such that H(t) asymptotes to the de Sitter attractor
HC

0 . In figures 2.2 and 2.3, we examine whether our approximation that ε is both small
and a constant is valid for calculating the dynamics. In figure 2.2 one can clearly see
that ε � 1 for late times. If ε̇ = 0, we should have ε̇/(Hε) � 1, an assumption
that is violated as depicted in figure 2.3. However, already for a classical cosmological
constant-dominated Universe with matter, a similar violation occurs.

Furthermore, note the existence of a branching point, an initial condition for H(t)

such that for H(0) > HBP the Hubble parameter asymptotes to the quantum attractor
HA

0 and for H(0) < HBP the Hubble parameter decreases to the classical de Sitter
attractor HC

0 . When rewriting equation of motion (2.39) in terms of ε and noting that
ε should diverge exactly at the branching point, one finds:

HBP =
1√

8πG {9(1 + ω)b′′ − 2(5 + 3ω)b′}
. (2.43)

We probe the dependence on scale by changing the numerical value attached to λ in
equation (2.28). If we decrease λ, then also Λ decreases which results in a smaller HC

0 .
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Figure 2.1: Dynamics of the Hubble parame-
ter in quasi de Sitter spacetime in the presence
of a non-zero cosmological constant, the trace
anomaly, and matter (ω = 0). Depending
on the initial conditions, the Hubble parame-
ter evolves to either the classical de Sitter or
the quantum anomaly driven attractor. We
use λ = 1/50, b′ = −0.015 (Standard Model
value), and b′′ = 0.
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Figure 2.2: Validity of the assumption ε � 1.
For the various initial conditions in figure 2.1,
one can clearly see that this approximation is
well justified.
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Figure 2.3: Validity of the assumption ε̇ = 0.
For the various initial conditions in figure 2.1,
we calculate ε̇/(Hε). Clearly, this condition is
violated at all times.
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Figure 2.4: Instability of the quantum
anomaly driven attractor in quasi de Sitter
spacetimes. We use λ = 1/50, ω = 1/3, and
b′′ = 7b′/6 < 5b′/6.
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Also, it turns out that both of the asymptotes are already reached much faster. This
improves the validity of the assumption ε � 1, whereas the assumption ε̇/(Hε) � 1 is
still seriously violated at all times.

Let us study the analytical solution (2.42) more closely. In particular, it is interesting
to derive the high and low energy limits of this solution. Of course, one naively expects
in the high or low energy limit to flow towards the quantum or classical attractor, re-
spectively. However, the analysis turns out to be somewhat more subtle. We will show
that under a certain condition, the quantum anomaly driven attractor becomes unstable.
Although solution (2.42) looks complicated at first glance, it simplifies when defining:

Ω = 3(1 + ω) [1 + 32πb′λ] (2.44a)

A =
1 + 1

2α(HA
0 )2

HA
0

(2.44b)

B =
1 + 1

2α(HC
0 )2

HC
0

. (2.44c)

We define the initial conditions at t′ as:

c1 = log

(
H(t′) +HA

0∣∣H(t′)−HA
0

∣∣
)

(2.44d)

c2 = log

(
H(t′) +HC

0∣∣H(t′)−HC
0

∣∣
)
. (2.44e)

Note that Ω > 1, generically. With these definitions, equation (2.42) reduces to:

Ω (t− t′) = −A

[
log

(
H(t) +HA

0∣∣H(t)−HA
0

∣∣
)
− c1

]
+B

[
log

(
H(t) +HC

0∣∣H(t)−HC
0

∣∣
)
− c2

]
. (2.45)

In the high energy limit, we set:

δ(t) =
H(t)−HA

0

HA
0

, (2.46)

such that δ(t)� 1. Equation (2.45) thus modifies to:

Ω (t− t′) = −A
[
log

(
2 + δ(t)

|δ(t)|

)
− c1

]
+B

[
log

(
1 + δ(t) +HC

0 /H
A
0∣∣1 + δ(t)−HC

0 /H
A
0

∣∣
)
− c2

]
. (2.47)

We can expand the second logarithm making use of λ� 1. The leading order contribu-
tion (in δ(t)) is given by the denominator in the logarithm, because this term diverges as
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δ(t) approaches zero. We can thus exponentiate the equation and solve for the Hubble
parameter: ∣∣H>(t)−HA

0

∣∣ = 2HA
0 exp

[
Ω

A
(t− t′ + ∆t>)

]
, (2.48)

where the time shift ∆t> is given by:

Ω∆t> = B

(
c2 − 2

HC
0

HA
0

)
−Ac1 . (2.49)

As Ω > 0, this solution converges whenever A < 0. This provides a stability condition
on b′′ in terms of b′ and λ. The quantum anomaly driven attractor is stable, whenever
the following inequality is satisfied:

b′′ >
2

9
b′

4 + 3ω + 16πλb′(5 + 3ω)

(1 + ω)(1 + 16πλb′)
. (2.50)

In figure 2.4, we have numerically calculated the evolution of the Hubble parame-
ter in a radiation-dominated Universe when this inequality is not satisfied. We use
b′′ = 7b′/6 < 5b′/6. For initial conditions above the attractor, the Hubble parameter
increases to even higher energies, whereas for initial conditions below the quantum
attractor, the Hubble parameter evolves towards the classical attractor. Hence even in
quasi de Sitter spacetimes, physically questionable solutions occur. However, note that
when b′′ = 2b′/3, the specific case under consideration in subsection 2.4.2, the above
inequality is satisfied.

When the above inequality is satisfied, the Hubble parameter in the high energy
limit decays exponentially towards the quantum anomaly driven attractor, where some
”frequency dependence” through Ω/A and a time shift ∆t> can be recognised. The time
shift can without observational consequences be absorbed in the initial time t′.

The low energy limit reveals less surprising behaviour. Here, we set:

δ̃(t) =
H(t)−HC

0

HC
0

, (2.51)

and δ̃(t)� 1. Again we use λ� 1 in order to capture the leading order dynamics. This
yields: ∣∣H<(t)−HC

0

∣∣ = 2HC
0 exp

[
−Ω

B
(t− t′ + ∆t<)

]
. (2.52)

Because B > 0, this solution converges. In the low energy limit the time shift ∆t< is
slightly different as compared to (2.49):

Ω∆t< = Bc2 −A
(
c1 − 2

HC
0

HA
0

)
. (2.53)
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Figure 2.5: Phase space flow in quasi de Sit-
ter spacetime. The phase space consists of two
lines. The flow, indicated by the arrows, is to-
wards the classical or quantum attractor rep-
resented by two dots. In this regime, both at-
tractors are stable. The vertical dashed line
indicates the branching point and the dashed-
dotted line the classical evolution. We use
ω = 0, λ = 1/50, b′ = −0.015 (Standard Model
value), and b′′ = 0.
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Figure 2.6: Phase space flow in quasi de Sitter
spacetime for b′′ = 2b′/3 such that the 2R does
not contribute in the trace anomaly. Qualita-
tively, the dynamics do not change when com-
pared to figure 2.5. Again, both attractors are
stable. Apart from b′′, the value of the other
parameters are identical to figure 2.5.

Finally, we examine the phase space flow in quasi de Sitter spacetime. In figure 2.5,
we show a parametric plot of H versus ε. The phase space basically consists of two
lines. The phase space flow is towards either the classical or the quantum anomaly
driven attractor as indicated by the arrows. Note that we have chosen both attractors
to be stable. Furthermore, we also include the branching point (2.43) and the classical
evolution, that is, the evolution of a Universe with b′′ = b′ = 0. As expected, the flow
is towards the classical attractor in this case. Although the analysis performed above is
for generic values of b′′, we set it to zero in figure 2.5 and b′ takes its Standard Model
value.

2.4.2 Case II: b′′ = 2b′/3

As indicated earlier, we must consider the case when b′′ = 2b′/3 separately, because
in this particular case the total coefficient in front of the 2R contribution to the trace
anomaly vanishes. All higher derivative contributions precisely cancel and also the Ḣ2
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contribution happens to cancel, such that we find ourselves immediately situated in
quasi de Sitter spacetime. Albeit a simple case, we do take the full trace anomaly into
account.

The analytic solution obtained in (2.42) still applies and moreover, it becomes exact.
The branching point is still given by equation (2.43) for which we just have to insert
b′′ = 2b′/3. Clearly, in figure 2.6 one can see that qualitatively the dynamics have not
changed compared to figure 2.5. The branching point has shifted somewhat to the right,
and the way in which the Hubble parameter approaches its two late time asymptotes
differs. However, the important features of figure 2.5, i.e.: two stable attractors, the
occurrence of a branching point and the shape and dimension of the phase space, do
not change.

2.5 The Trace Anomaly in FLRW Spacetimes

We turn our attention to solving the full trace equation (2.26), where we neither trun-
cate the expression for the anomalous trace (2.6) nor for the quantum density (2.22).
Obviously, we cannot solve this equation analytically, for it contains all higher order
derivative contributions, which forces us to rely on numerical methods.

Firstly, we note that the asymptotes (2.29) do not change by including the higher
derivative contributions. Keeping Ostrogradsky’s theorem in mind, we expect to incur
all kinds of issues related to the stability of our system and asymptotes in particular. It is
therefore essential to perform a stability analysis for small perturbations δH(t) around
both of the asymptotes. We insert:

H(t) = HC,A
0 + δH(t) , (2.54)

in equation (2.26), where HC,A
0 can either denote the classical or the quantum attractor.

For the small perturbations around these two attractors we make the following ansatz:
δH(t) = c exp[ξt]. We linearise the trace equation finding the characteristic equation
from which we determine the eigenvalues ξ of our system:

2 (µ− 3ν/2) ξ3 + 6 (µ− 3ν/2) (2 + ω)HC,A
0 ξ2 (2.55)

+

(
{6µ(5 + 3ω)− 27ν(1 + ω)}

(
HC,A

0

)2

− 3

)
ξ

+9

(
4µ
(
HC,A

0

)2

− 1

)
(1 + ω)HC,A

0 = 0 ,

where µ = −8πGb′ and ν = −8πGb′′. Remarkably, the solutions of this third order
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equation are simple:

ξ(1) =− 3HC,A
0 (1 + ω) (2.56a)

ξ(2) =− 3HC,A
0

2
+
√

∆ (2.56b)

ξ(3) =− 3HC,A
0

2
−
√

∆ , (2.56c)

where:

∆ = − 3

4 (2µ− 3ν)

{
−4 +

(
HC,A

0

)2

(10µ+ 9ν)

}
. (2.57)

Clearly, when Re ξ(i) < 0 for i = 1, 2, 3, the corresponding attractor is stable. Since we
only consider non-tachyonic matter, eigenvalue (2.56a) is negative. However, a finite
period in which ω < −1 is not excluded (see e.g.: [111, 112]). If one were to consider
other equations of state than the simple linear one ρM = ωpM, this statement might no
longer hold [118]. Hence, only for ξ(2), when ∆ > 0, we could encounter a potential
instability. Surprisingly, the stability analysis does not depend on the equation of state
ω, because ω enters only through equation (2.56a). The condition for instability thus
reads:

∆ >

(
3HC,A

0

2

)2

. (2.58)

We can rewrite this equation to find:

4 + 8πG
(
HC,A

0

)2

(10b′ + 9b′′) ≷ 72πG (b′′ − 2b′/3)
(
HC,A

0

)2

. (2.59)

In the expression above, we should read the inequality > or < whenever b′′ − 2b′/3 > 0

or b′′ − 2b′/3 < 0, respectively. We can now insert either the classical or quantum
asymptotes previously derived in equation (2.29) and verify which of the two above
inequalities is satisfied. Upon inserting the expression for the classical attractor, equa-
tion (2.59) yields:

1 + 32πλb′ ≷ 0 , (2.60)

where λ = GΛ/3 � 1 as before. Only the first inequality > will be satisfied. Hence we
conclude that the classical attractor is unstable if b′′ − 2b′/3 > 0. The converse will be
true if b′′ − 2b′/3 < 0. Likewise, equation (2.59) for the quantum attractor, after some
algebra, reads:

− 1− 32πλ

3
b′ ≷ 0 . (2.61)

Concluding, when using λ� 1, we unambiguously find:
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Figure 2.7: Dynamics of the Hubble parame-
ter taking the full trace anomaly into account.
We take b′′ = 0 such that b′′ − 2b′/3 > 0,
yielding an unstable classical attractor. We
use ω = 0, λ = 1/50, b′ = −0.015 (Standard
Model value).
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Figure 2.8: Dynamics of the Hubble parame-
ter taking the full trace anomaly into account.
We take b′′ = b′ such that b′′ − 2b′/3 < 0,
yielding a stable classical attractor. We use
ω = 0, λ = 1/50, b′ = −0.015 (Standard
Model value). Clearly, the classical attractor
is under-damped, resulting in various oscilla-
tions around HC

0 .

Figure 2.9: Parametric phase space plot for
figure 2.7 in which the classical attractor is
unstable. We indicate the quantum anomaly
driven attractor as a small black sphere.

Figure 2.10: Parametric phase space plot for
figure 2.8 in which the classical attractor is
stable. Because of under-damping, one spi-
rals towards the classical attractor. For clarity,
we only include the flow for two initial con-
ditions H(0) =

√
3/Λ/2 and H(0) = 6

√
3/Λ.

The twister like structure is clearly visible.
Qualitatively, the phase space flow resulting
from other initial conditions is identical.
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If b′′ − 2b′/3 > 0, then

{
Classical attractor unstable
Quantum attractor stable

(2.62a)

If b′′ − 2b′/3 < 0, then

{
Classical attractor stable
Quantum attractor unstable.

(2.62b)

Let us first of all recall that it is precisely the combination b′′ − 2b′/3 that multiplies
the 2R contribution in the trace anomaly. This calculation thus proves the statements
about stability made in e.g. [106] using the Routh-Hurwitz method. Our proof is
more general because we include a constant but otherwise arbitrary equation of state
parameter ω > −1. Moreover, while the Routh-Hurwitz method can only guarantee
stability of a solution (when certain determinants are all strictly positive), it does not
tell anything about instability [106, 119]. Furthermore appreciate that the singular point
in this analysis, b′′ − 2b′/3 = 0, or equivalently 2µ/3 − ν = 0, immediately directs us
to the quasi de Sitter spacetime analysis performed in section 2.4.2, where all higher
derivative contributions precisely cancel, rendering both attractors stable.

Let us compare figures 2.7 and 2.8. In the former figure, we used b′′ = 0 such that
b′′ − 2b′/3 > 0, yielding an unstable classical attractor. However, if H(0) ≤ HC

0 the
quantum anomaly driven asymptote is not an attractor and the Hubble parameter runs
away to negative infinity. In the latter figure, we set b′′ = b′ such that b′′ − 2b′/3 < 0

which gives us a stable classical attractor. Likewise, for initial conditions H(0) ≥ HA
0

the de Sitter solution is not an attractor and the Hubble parameter rapidly blows up to
positive infinity.

In figure 2.8, we can observe another interesting phenomenon. In this case, the clas-
sical attractor is under-damped, resulting in decaying oscillations around the de Sitter
attractor. In figure 2.7 these oscillations are not always present. The eigenvalues (2.56)
develop an imaginary contribution resulting in oscillatory behaviour whenever:

∆ < 0 . (2.63)

We thus find:
4 + 8πG

(
HC,A

0

)2

(10b′ + 9b′′) ≶ 0 . (2.64)

The inequality < or > holds whenever b′′ − 2b′/3 > 0 or b′′ − 2b′/3 < 0 applies, re-
spectively. Again, we verify which of the two inequalities is actually satisfied. To study
oscillations around a stable classical attractor, we should take the> inequality (there are
no oscillations around an unstable attractor). We thus find:

1 + 2πλ (10b′ + 9b′′) > 0 . (2.65)

Clearly, this inequality is always satisfied because λ� 1. We thus conclude that when-
ever the classical de Sitter attractor is stable, oscillations occur. Furthermore, we can
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Figure 2.11: Parameter space for oscillations
around the quantum anomaly driven attrac-
tor. The grey region is excluded either be-
cause b′ > 0 or because the quantum attrac-
tor has become unstable. The red region in
parameter space shows oscillatory behaviour,
whereas the white region is either critically
damped or over-damped. We use λ = 1/50.

insert the quantum anomaly driven attractor in equation (2.64). Now, we should use
the < inequality in order to study oscillatory behaviour around the (stable) quantum
attractor. This yields:

− 1− 9

2

b′′

b′
− 8πλ (10b′ + 9b′′) < 0 . (2.66)

Oscillatory behaviour around the quantum attractor thus occurs when:

b′′ < −2

9
b′
(

1 + 8πλb′

1 + 8πλ

)
. (2.67)

In figure 2.11 we depict the parameter space (the b′ versus b′′ plane) resulting in oscil-
latory behaviour around the quantum anomaly driven attractor. First of all, we should
have b′′ − 2b′/3 > 0 yielding a stable quantum attractor. Of course, one cannot have
oscillations around an unstable attractor. Secondly, note that b′ < 0 because of equa-
tion (2.4b). Finally, when the newly derived inequality (2.67) is satisfied, oscillations
occur. These considerations divide the phase space into three regions: a region where
oscillatory behaviour occurs, another region which results in critically or over-damped
behaviour, and a part of phase space that is forbidden, as shown in figure 2.11.

Let us now return to discussing the classical attractor that shows its oscillatory be-
haviour manifestly. We calculate the frequency of oscillations around this attractor.
Taking the square root of (2.57) and extracting an i we find the (quantum-corrected)
frequency for oscillations around the classical attractor:

ωC =

√
1 + 2πλ (10b′ + 9b′′)

8πG (2b′/3− b′′)
. (2.68)

Note that this frequency is independent on the equation of state parameter ω. The
frequency of oscillations around the quantum attractor can be found analogously.

Let us analyse the phase space in the case of a stable quantum or classical attractor.
In figure 2.9, we visualise the phase space flow for the former case parametrically in the
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H(t), ε(t) and ε̇(t) directions11. The small black sphere denotes the quantum anomaly
driven attractor. For the latter case, we include, in figure 2.10, the phase space flow of
just two initial conditions for H(t) for clarity. The under-damped oscillatory behaviour
results in the twister like structure visible in the H(t), ε(t) and ε̇(t) directions.

Finally, we would like to point out that including all higher derivative contributions,
which thus corresponds to solving the trace equation exactly, modifies the dynamics
of the Hubble parameter significantly. Attractors that were stable in the absence of
higher derivatives, under certain conditions, destabilise. The reason for this, clearly, is
attributable to the presence of the 2R term in the trace anomaly, generating these higher
derivative contributions. We do not know whether or not incorporating the higher
derivatives is a sensible thing to do. Usually higher order derivatives tend to desta-
bilise a system signifying that some particular solutions are not physical. Therefore,
in the spirit of Ostrogradsky’s theorem, one can question whether the analysis where
higher derivative contributions are discarded is correct, or the analysis taking the full
trace anomaly into account. We do observe, however, that for certain initial conditions
the classical de Sitter attractor remains stable even when higher order derivatives are
included.

2.6 Conclusion

The trace of the Einstein field equations in cosmologically relevant spacetimes together
with stress-energy conservation completely captures the dynamics of the Hubble pa-
rameter. We derive the trace anomaly from an effective action in spatially flat FLRW
spacetimes. It consists of the local quadratic geometric curvature invariants R2 and the
Gauss-Bonnet term E. Because of the counterterms, that are supposed to cancel diver-
gences of the yet unknown underlying fundamental theory, we expect the coefficients
in the trace anomaly to change. The physical value of each of these coefficients receives
contributions both from the anomalous trace and from these counterterms. Because we
do not know the physical value these parameters will take, we must allow them to vary
in order to examine all possibilities.

We study the dynamics of the Hubble parameter both in quasi de Sitter and in FLRW
spacetimes, including matter, a cosmological term, and the trace anomaly. In quasi de
Sitter spacetime, where we restrict the Hubble parameter to vary slowly in time, we
find that for various initial conditions H(t) asymptotes either to the classical de Sitter
attractor, or to a quantum anomaly driven attractor. We find a region in parameter space
where the quantum attractor destabilises. Otherwise, both attractors are stable.

11Note we are not able to include the fourth dimension of the phase space, ε̈(t). However, also ε̈(t) rapidly
approaches zero as time elapses.
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In FLRW spacetimes we include all of the higher derivative contributions in the
trace anomaly. We perform a stability analysis for small perturbations around the two
asymptotes. For b′′ − 2b′/3 > 0, the quantum attractor is stable and the classical de
Sitter attractor is unstable. On the contrary, for b′′ − 2b′/3 < 0, the quantum attractor is
unstable and the de Sitter attractor becomes stable. The singular point in this analysis,
b′′−2b′/3 = 0, immediately directs us to quasi de Sitter spacetime in which the dynamics
are much simpler. In this case, both attractors are stable. The classical de Sitter attractor
always shows under-damped oscillatory behaviour and we calculate the frequency of
these oscillations. We analyse the phase space of the quantum attractor and conclude
there is some region in parameter space for which oscillations occur.

There is no dynamical effect that influences the effective value of the cosmological
constant, i.e.: the classical de Sitter attractor. Based on our semiclassical analysis we
thus conclude that the trace anomaly does not solve the cosmological constant problem.

We study both the truncated and the exact expression of the trace anomaly in flat
FLRW spacetimes. We do not know which of the two approaches is correct. Keep-
ing Ostrogradsky’s theorem in mind, higher derivative contributions usually have the
tendency to destabilise a dynamical system. Discarding these higher derivatives and
studying the trace anomaly in quasi de Sitter spacetime would thus seem plausible. We
do observe, however, that for certain initial conditions the classical de Sitter attractor
remains stable even when higher order derivatives are included.

Finally, one could wonder whether the quantum anomaly driven attractor is physi-
cal. The quantum attractor is of the order of the Planck mass Mpl, so only when matter
in the early Universe is sufficiently dense, H ' O(Mpl). We then expect to evolve to-
wards the quantum attractor. However, at these early times we also expect perturbative
general relativity to break down. Hence, this attractor might even not be there or it may
be seriously affected by quantum fluctuations. Quantum fluctuations present at that
epoch might even induce tunnelling towards the regime where H(t) asymptotes to the
classical attractor.



CHAPTER 3

FERMION PROPAGATOR IN

COSMOLOGICAL SPACES

We calculate the fermion propagator in FLRW spacetimes with constant deceleration
parameter q = ε− 1, where ε = −Ḣ/H2, for excited states. For fermions whose mass is
generated by a scalar field through a Yukawa coupling m = gYφ, we assume φ ∝ H . We
first solve for the mode functions by splitting the spinor into a direct product of helicity
and chirality spinors. We also allow for non-vacuum states. We normalise the spinors
using a consistent canonical quantisation and by requiring orthogonality of particle and
anti-particle spinors. We apply our propagator to calculate the one-loop effective action
and renormalise using dimensional regularisation. Since the Hubble parameter is now
treated dynamically, this paves the way to study the dynamical backreaction of fermions
on the background spacetime. This chapter relies on [120].

3.1 Introduction

Partly motivated by our increased capability in recent years to perform accurate obser-
vations on the sky, we have turned our attention to investigating the impact of quantum
effects on the evolution of the Universe. In pursuit of this goal, quantum field theory
in cosmological spacetimes continues to be an increasingly important field of research.
Among other things, it investigates how quantum fluctuations affect the background
spacetime in perturbative quantum gravity, a process also known as quantum backre-
action. In chapter 2 we considered the effect of the trace anomaly on the background
evolution. While the trace anomaly concerns conformal fields and mostly affects the
ultraviolet (UV), in this chapter we study a potentially much stronger effect: the back-
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reaction of massive fermions that might non-trivially affect the infrared (IR) part of
gravity.

A line of research deals for example with the backreaction of quantum fields whose
spectrum is nearly flat. Examples of these fields are the minimally coupled massless
scalar and the graviton. Consequently, these fields are expected to yield a substantial
backreaction [47, 49–52, 54, 56, 60, 62–67]. Also fermions in curved spacetimes, and in
particular in maximally symmetric spacetimes, were investigated (see e.g.: [121–125]).

An essential element to study quantum effects in curved spaces is the propagator.
Due to its high degree of symmetry, de Sitter spacetime proves to be ideally suited for
calculating various quantum effects. Moreover, results are immediately applicable to
inflation, cosmologists’ favourite paradigm for a brief exponentially fast expansion in
the early Universe. Chernikov and Tagirov calculated the scalar propagator in de Sitter
spacetime [126], also see [127, 128]. The vector propagator was constructed by [129, 130]
and the graviton propagator received contributions from [50, 51, 131–134]. Candelas
and Raine calculated the fermion propagator [121].

However, de Sitter spacetime suffers from several drawbacks. Firstly, pure de Sitter
spacetime is never realised in nature. Since de Sitter spacetime corresponds to a globally
constant Hubble parameterH , this is in reality never attained. Secondly, de Sitter space-
time is non-dynamical. It is therefore inconsistent to study backreaction effects while
at the same time assuming a constant background. We should allow the background
to change to encompass all possible backreaction effects consistently. Therefore, it is
necessary to consider propagators in more general spacetimes.

The scalar and graviton propagator were calculated by [65] in quasi de Sitter space-
time and subsequently generalised to Friedmann-Lemaı̂tre-Robertson-Walker or FLRW
spacetimes with constant deceleration by [47, 66, 67]. In this chapter we calculate the
fermion propagator in FLRW spacetimes with constant deceleration.

We should touch upon an important issue. In the massive case we need two addi-
tional constraints to be satisfied in order to solve for the propagator:

ε ≡ − Ḣ

H2
= const (3.1a)

m

H
= const . (3.1b)

Recall that all interesting epochs in the evolution of our Universe satisfy the first con-
straint. In the matter era we have ε = 3/2, in the radiation-dominated epoch we find
ε = 2. It also serves as an approximation to both inflation and the current dark energy-
dominated epoch, when ε � 1. Note that ε coincides with the slow-roll parameter
of inflation and it is related to the somewhat more familiar deceleration parameter
q = ε − 1. Hence, equation (3.1a) is equivalent to requiring a constant deceleration



3.2. Fermions in FLRW Spacetimes 47

parameter.
The second assumption (3.1b) is required to analytically derive the propagator in the

massive case. In Yukawa theory, the mass of the fermion is generated by a scalar field
for which we can achieve φ ∝ H in several cases to which we will turn shortly.

We then calculate the one-loop effective action induced by fermions using our prop-
agator. The one-loop backreaction arises from integrating out a free, quadratic fermion
field and, using dimensional regularisation, this generates a correction to the (classical)
Friedmann equations.

The Hubble parameter occurring in this effective action is now a dynamical quantity.
Consequently, the backreaction of these fermions on the background spacetime can thus
be analysed dynamically. Also, when the fermions are coupled to a scalar field, this
opens up the possibility to study the impact of the fermions on the evolution of scalar
fields.

This chapter is outlined as follows. In section 3.2 we review the basic theory required
to study fermions in curved spaces and we establish our notation. Sections 3.3 and 3.4
are devoted to deriving the fermionic propagator in FLRW spacetimes in the massless
and massive case, respectively. Finally, in section 3.5, we apply our propagator to calcu-
late the one-loop effective action.

3.2 Fermions in FLRW Spacetimes

Let us first turn our attention to the quantum field theoretical aspects of dealing with
fermions in curved spacetimes. We will in particular be interested in the cosmologically
relevant FLRW spacetimes.

3.2.1 The Dirac Equation

Fermions are in general D dimensional curved spacetimes described by the action [82]:

S =

∫
dDx
√
−g
{
i

2

[
ψ̄γµ∇µψ −

(
∇µψ̄

)
γµψ

]
−mψ̄ψ

}
, (3.2)

where the Dirac matrices γµ satisfy the following anti-commutation relations:

{γµ, γν} = −2gµν . (3.3)

Variation with respect to ψ̄ = ψ†γ0 yields the equation of motion the fermion field ψ

satisfies:
iγµ∇µψ(x)−mψ(x) = 0 . (3.4)
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We will make use of the vierbein formalism, which can be thought of as a transformation
of the metric tensor to a locally flat Minkowski metric:

gµν(x) = eaµ(x)ebν(x)ηab , (3.5)

where ηab = diag(−1, 1, · · · , 1) is the Minkowski metric. We use Greek letters to run
over spacetime indices, whereas we use Latin letters either for the tangent space in-
dices or for spinor indices. It will be clear from the context which interpretation we
are using. The Minkowski metric and the (flat space) Dirac matrices γa are spacetime-
independent. Spacetime and tangent space indices are raised or lowered by making use
of the full metric and Minkowski metric, respectively. The covariant derivative acting
on a Dirac spinor is defined as:

∇µψ(x) = ∂µψ(x)− Γµψ(x) , (3.6)

where the spin connection is given by:

Γµ = −1

8
eνc
(
∂µeνd − Γαµνeαd

) [
γc, γd

]
, (3.7)

such that ∇µγν = 0. Let us specialise to flat FLRW spacetimes in which the metric is
given by gµν = a2(η)ηµν . Here, a(η) is the scale factor of the Universe in conformal time
defined by dt = a(η)dη. In FLRW spacetimes the vierbeins are a function of conformal
time only:

ebµ(η) = δbµa(η) (3.8a)

eµb (η) = δµb a
−1(η) . (3.8b)

We thus find:
iγµ∇µψ(x) = a−

D+1
2 (η)iγb∂b

(
a
D−1

2 (η)ψ(x)
)
. (3.9)

This useful identity relates covariant derivatives to partial derivatives in the tangent
space. Since we work in the chirality representation, the flat space Dirac matrices are
given by:

γ0 =

(
0 I
I 0

)
, (3.10)

where I is the 2× 2 identity matrix and:

γi =

(
0 σi

−σi 0

)
, (3.11)

and where the σi denote the Pauli matrices.
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ΞR<0

Λ>0

Φ

VHΦL

Figure 3.1: Qualitative sketch for the “Mexi-
can hat” potential (3.15) assuming µ2 � |ξR|.
Near the minimum of the potential (3.16), as-
sumption (3.1b) is satisfied.

In Yukawa theory the mass of the fermion appearing in equation (3.2) is time-depen-
dent and generated by a scalar field. Let us thus briefly consider the complex system of
a fermion whose mass is generated by a homogeneous scalar field φ(η), both of which
are coupled to gravity. The action is:

S =

∫
dDx
√
−g
{
−1

2
gµν∂µφ∂νφ− V (φ)− gYψ̄ψφ

}
+

∫
dDx
√
−g
{
i

2

[
ψ̄γµ∇µψ −

(
∇µψ̄

)
γµψ

]}
. (3.12)

Here, gY is the Yukawa coupling constant. By comparing equations (3.12) and (3.2), we
can thus identify the mass of the fermion as:

m(η) = gYφ(η) . (3.13)

Furthermore, the (classical) evolution of the homogeneous background field φ(η) is
governed by:

2φ− ∂φV (φ,R) = 0 , (3.14)

where V (φ,R) is the potential:

V (φ,R) =
µ2

2
φ2 +

ξ

2
Rφ2 +

λ

4!
φ4 . (3.15)

Here, ξ denotes some non-minimal coupling to gravity and R is the Ricci scalar. In
FLRW spacetimes in D = 4 we have R = 6(Ḣ + 2H2) = 6(2− ε)H2, where the Hubble
parameter is given by H = ȧ/a. Dots denote derivatives with respect to cosmic time
and dashes correspond to conformal time derivatives. Assuming µ2 � ξR, the solution
of equation (3.14) is:

φ = ±H
√

6

λ
[ε(3− 2ε)− 6ξ(2− ε)] . (3.16)
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Clearly, we have that φ ∝ H and assumption (3.1b) is satisfied. Moreover, observe that
we need ξ < ε(3−2ε)/{6(2−ε)}. The potential is depicted in figure 3.1. Given a potential
of the form (3.15), we identify some interpretations leading to this scenario. In the early
Universe the Higgs field satisfies µ2 � |ξR| and hence equation (3.16). A quintessence
field has µ2 = 0 and equation (3.16) is also satisfied in the late Universe. Finally, we can
infer that a massless minimally coupled scalar field is also allowed in the regime where
0 < ε < 3/2 or ε > 2.

We work in the approximation where ε̇ = 0, which is not equivalent to the standard
slow-roll approximation of inflation, where one introduces the slow-roll parameters ε
and η. These parameters are allowed to vary slowly in time, such that ε̇ and η̇ contri-
butions are higher order in the slow-roll parameters and can be neglected when one
is interested in the leading order behaviour only. When ε is allowed to vary in time,
equation (3.16) generalises to φ = αH , where:

α = ±

√
6

λ

[
ε(3− 2ε) +

ε̇

H
− 6ξ(2− ε)

]
+O (α̇) . (3.17)

The leading order slow-roll approximation to this equation corresponds to:

α = ±
√

6

λ
[3ε− 6ξ(2− ε)] . (3.18)

Note the equation above depends on ε, whereas it does not depend on η.

3.2.2 The Propagator

Depending on which pole prescription one uses in the spirit of the Schwinger-Keldysh
formalism (see e.g. [135–137]), one can obtain different propagators such as the anti-
time ordered, time ordered or Wightman propagators. We are primarily interested in
the time ordered or Feynman fermion propagator, defined by:

iSabF (x, x̃) = 〈Ω|T{ψ̂a(x) ˆ̄ψb(x̃)}|Ω〉

= θ(η − η̃)〈Ω|ψ̂a(x) ˆ̄ψb(x̃)|Ω〉 − θ(η̃ − η)〈Ω| ˆ̄ψb(x̃)ψ̂a(x)|Ω〉 . (3.19)

The symbols a and b are the spinor indices and |Ω〉 denotes the state of the system. Also
note the minus sign in front of the second θ-function. The fermion propagator at tree
level satisfies: √

−g
[
iγµ∇xµ −m

]
iSabF (x, x̃) = iδD(x− x̃)Iab , (3.20)

and it satisfies a similar equation when x and x̃ are interchanged.
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3.2.3 Properties of FLRW Spacetimes

We already discussed that FLRW spacetimes can be characterised by the scale factor a as
a function of either cosmic or conformal time. There are, however, a few more important
properties of this spacetime that are worth mentioning here. An important relation that
we will use throughout this manuscript is:

a(η)η = − 1

H(η)(1− ε)
. (3.21)

This equation is equivalent to assumption (3.1a), see [66, 67]. Let us define some relevant
geometrical functions:

y++(x, x̃) =
∆x2

++(x, x̃)

ηη̃
=

1

ηη̃

(
− (|η − η̃| − iε)2

+ ‖~x− ~̃x‖2
)

(3.22a)

y+−(x, x̃) =
1

ηη̃

(
− ( η − η̃ + iε)

2
+ ‖~x− ~̃x‖2

)
(3.22b)

y−+(x, x̃) =
1

ηη̃

(
− ( η − η̃ − iε)2

+ ‖~x− ~̃x‖2
)

(3.22c)

y−−(x, x̃) =
1

ηη̃

(
− (|η − η̃|+ iε)

2
+ ‖~x− ~̃x‖2

)
, (3.22d)

which all vanish near the lightcone. Here, ε > 0 in equation (3.22) refers to the Feyn-
man or time ordered pole prescription12. In de Sitter spacetime, i.e.: when ε = 0,
the de Sitter invariant function y++(x, x̃) is related to the geodesic length l(x, x̃) as
y++|ε=0 = 4 sin2(Hl/2).

3.3 FLRW Fermion Propagator: the Massless Case

Massless fermions in FLRW spacetimes are not difficult to deal with. By making use of
equation (3.9) the propagator for massless (conformal) fermions should satisfy:

a−
D+1

2 iγb∂b

(
a
D−1

2 iSc(x, x̃)
)

=
i

aD
δD(x− x̃) . (3.23)

Let us recall the following identity:

∂2 1

∆xD−2

++ (x, x̃)
=

4πD/2

Γ (D/2− 1)
iδD(x− x̃) . (3.24)

12Note that the ε of the Feynman pole prescription is unrelated to the “slow roll” parameter ε in FLRW
spacetimes.



52 Chapter 3. Fermion Propagator in Cosmological Spaces

We can thus immediately infer the solution of equation (3.23):

iSc(x, x̃) = (aã)
−D−1

2
Γ (D/2− 1)

4πD/2
iγb∂b

1

[∆x2
++(x, x̃)]

D−2
2

. (3.25)

Here, ã = a(η̃). This completes the calculation for the propagator of massless fermions
in FLRW spacetimes in D dimensions. This propagator is valid in any FLRW spacetime
and assumption (3.1a) can be relaxed. Because massless fermions are conformal in
any dimension, their propagator is much easier to calculate than the massless scalar
propagator [47, 65–67].

3.4 FLRW Fermion Propagator: the Massive Case

A massive fermion is not conformal and hence its propagator in general contains some
complicated mass dependence13. We firstly solve for the fermionic mode functions. We
generalise the approach outlined in [138, 139] to incorporate FLRW spacetimes with
constant ε. Using these mode functions, we then return to position space to construct
the Feynman propagator.

3.4.1 Fermionic Mode Functions

Let us firstly define the rescaled fermionic spinor:

χ(x) = a
D−1

2 (η)ψ(x) . (3.26)

Keeping an eye on equation (3.9) one can easily check that this factor is chosen such to
conveniently transform the covariant derivative into a partial derivative. Equation of
motion (3.4) thus reads:

iγb∂bχ(x)− amχ(x) = 0 . (3.27)

The canonical momentum associated with ψ̂(x) follows from promoting the variation
of equation (3.2) with respect to ψ̇(x) to an operator. According to the usual moves
in quantum field theory, we impose anti-commutation relations between ψ̂(x) and its
associated canonical momentum:

{ψ̂a(x, t), aD−1(t)ψ̂∗b (y, t)} = δD−1(x− y)δab , (3.28)

13Note in [82] there is an erroneous statement regarding massive fermion propagators in curved spacetimes.
It is argued on page 87 that a fermionic propagator in any spacetime can be related to the scalar field propa-
gator in that spacetime. This is not correct. The (spinorial) structure that arises when a covariant derivative
acts on a spinor, as given in equation (3.9), is much more complicated than for scalar fields.
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with the other anti-commutators vanishing. By making use of the rescaling in equa-
tion (3.26), appreciate that the anti-commutation relations above simplify:

{χ̂a(x, t), χ̂∗b(y, t)} = δD−1(x− y)δab (3.29a)

{χ̂a(x, t), χ̂b(y, t)} = 0 (3.29b)

{χ̂∗a(x, t), χ̂∗b(y, t)} = 0 . (3.29c)

Chirality and Helicity Decomposition

Therefore, we expand the rescaled spinors χ̂(x) and ˆ̄χ(x) in creation and annihilation
operators as follows:

χ̂(x) =

∫
dD−1k

(2π)D−1

∑
h

âk,hχ
(h)(k, η)eik·x + b̂†k,hν

(h)(k, η)e−ik·x (3.30a)

ˆ̄χ(x) =

∫
dD−1k

(2π)D−1

∑
h

b̂k,hν̄
(h)(k, η)eik·x + â†k,hχ̄

(h)(k, η)e−ik·x . (3.30b)

The expansion above merits a few remarks. Firstly, âk,h and b̂k,h are the fermion and
anti-fermion annihilation operators of helicity h, respectively. We thus have in the usual
sense: âk,h|Ω〉 = 0 = b̂k,h|Ω〉. The helicity h, i.e.: the spin in the direction of motion, can
be either +1 or −1, in units of ~.

Let us for simplicity return to the D = 4 setting we are familiar with. We will
generalise the following considerations shortly to arbitrary dimensions.

In the equation above χ(h)(k, η) is a 4-spinor of helicity h. We decompose the 4-
spinor χ(k, η) into a direct product of chirality and helicity 2-spinors:

χ(k, η) =
∑
h

χ(h)(k, η) =
∑
h

(
χL,h(k, η)

χR,h(k, η)

)
⊗ ξh . (3.31)

Here, χL,h(k, η) and χR,h(k, η) are left- and right-handed 1-spinors of helicity h, respec-
tively. Furthermore, ξh is the helicity 2-eigenspinor:

ĥξh ≡ ~̂k · ~σξh = hξh , (3.32)

where ~σ = (σ1, σ2, σ3) is a shorthand notation for the Pauli matrices. Furthermore note
that ĥ2 = ĥ†ĥ = 1.

For future convenience, let us explicitly derive the two vectors ξh. We write:

~̂k = (k̂x, k̂y, k̂z) , (3.33)
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and keep in mind that:

‖~̂k‖2 = k̂2
x + k̂2

y + k̂2
z = 1 . (3.34)

It is a trivial exercise to solve for the two eigenvectors of ĥ, which correctly normalised
to unity read:

ξ+ =
1√

2(1− k̂z)

(
k̂x − ik̂y
1− k̂z

)
(3.35a)

ξ− =
1√

2(1 + k̂z)

(
ik̂y − k̂x
1 + k̂z

)
. (3.35b)

Moreover, the helicity eigenstates are mutually orthogonal:

ξ†+ · ξ− = 0 . (3.36)

Finally, we have tacitly ignored the expansion of the anti-particle contribution ν(k, η) in
chirality and helicity spinors in equation (3.30). We will return to this subtlety shortly.

Generalisation to Higher Dimensions

Our chirality and helicity decomposition of the spinor degrees of freedom in equa-
tion (3.31) also works in D spacetime dimensions. Once a particular representation of
the gamma matrices has been found, the projection operator:

P± =
1± γD+1

2
, (3.37)

splits the 2D/2-spinor degrees of freedom in two equal contributions of definite chirality,
i.e.: a left- and right-handed 2(D−2)/2-spinor (see e.g. [140]). Here:

γD+1 = αDγ
0 · · · γD−1 , (3.38)

where αD is fixed by requiring that P± is a proper projection operator:

P 2
± = P± , P+P− = 0 =⇒ (γD+1)2 = 1 . (3.39)

This yields:
αD = exp

[
i
π

4
(D − 1)(D + 2)

]
. (3.40)

In D = 4, we recognise the familiar γ5 = iγ0γ1γ2γ3. A helicity operator that commutes
with the projection operator can be defined in Fourier space as:

ĥ = −e
iπ

(D−2)(D−1)
4

Γ(D − 1)
εil1···lD−2kiγ

l1 · · · γlD−2 , (3.41)
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where εil1···lD−2 is the Levi-Civita tensor in D − 1 dimensions. The exponential phase
ensures that ĥ is hermitian. Finally, the Gamma function has been inserted to account
for the number of different permutations of gamma matrices.

Hence, χL,h(k, η) and χR,h(k, η) are 2(D−4)/2-spinors. Note that the definition of the
helicity operator is consistent with equation (3.32). Most importantly, the chirality and
helicity decomposition as proposed in equation (3.31) carries through for any dimen-
sion.

When an explicit form of ξh is required, we return to D = 4 and use equation (3.35).
We subsequently generalise the result of such calculations by analytically extending it
to arbitrary D.

Spinorial Normalisation Conditions

In textbooks on quantum field theory, such as [141, 142], one expands the fermion in
momentum space in spin eigenstates, whereas we expand in helicity eigenstates. This
results in a different normalisation requirement on the spinors in momentum space
and, consequently, the standard textbook results cannot be copied in a straightforward
manner. The reason for expanding in helicity eigenstates is that in curved spacetimes
helicity is more convenient to work with rather than spin. Spin is a conserved quan-
tity, i.e.: an appropriate quantum number, in static backgrounds, whereas helicity is
conserved in time-dependent but spatially homogeneous backgrounds [143]. One can
easily show that the helicity operator constructed above in equation (3.41) commutes
with the kinetic operator in Wigner space for spatially homogeneous correlators.

We normalise the spinors using two conditions: a consistent canonical quantisation
and orthogonality of particle and anti-particle spinors. We thus impose the usual anti-
commutation relations between creation and annihilation operators:

{âk,h, â†k′,h′} = (2π)D−1δD−1(k− k′)δh,h′ (3.42a)

{b̂k,h, b̂†k′,h′} = (2π)D−1δD−1(k− k′)δh,h′ , (3.42b)

and all other anti-commutators vanish identically. Now, equation (3.42) is consistent
with equation (3.29), if and only if:∑

h

χ(h)
a (k, η)χ

∗(h)
b (k, η) + ν(h)

a (−k, η)ν
∗(h)
b (−k, η) = δab. (3.43)

Note that this is a condition on 2(D/2)−1(2D/2 + 1) matrix elements in spinor space, i.e.:
for each a and b the equality above has to be satisfied.

Secondly, we require that the particle and anti-particle spinors are mutually orthog-
onal:

χ̄(h)(k, η)ν(h′)(k, η) = 0 = ν̄(h′)(k, η)χ(h)(k, η) . (3.44)
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This restricts 4 matrix elements in helicity space, i.e.: for each h, h′ = ± the equality
above needs to be obeyed.

Peskin and Schroeder [141] impose normalisation conditions on both particle and
anti-particle spinors in spin space. The corresponding conditions in helicity space are
only partially satisfied. Both particle and anti-particle spinors of different helicity are
trivially orthogonal by construction in equation (3.36). However, we do not relate the
amplitude of equal helicity states for particles and anti-particles to the mass of the
spinor, because helicity eigenstates for a particle at rest cannot be constructed.

Particle Mode Functions

We will now solve the Dirac equation. Let us insert equation (3.30) into the Dirac equa-
tion (3.27). Making use of our chirality and helicity decomposition (3.31) transforms the
Dirac equation to a first order coupled system of differential equations:

iχ′L,h + hkχL,h − amχR,h = 0 (3.45a)

iχ′R,h − hkχR,h − amχL,h = 0 . (3.45b)

The arguments of the functions in the equation above have been omitted for notational
convenience. The left- and right-handed spinors, however, are now a function of the
magnitude of the Fourier mode k only, because the differential equation is invariant
under ~k → −~k.

Standard model fermions are chiral, in the sense that mR 6= mL. For simplicity, we
take one mass m = mR = mL only. The following derivation can easily be generalised
when standard model fermions are considered by making use of the P± projectors in
equation (3.37).

We now return to the expansion in chirality and helicity spinors of the anti-particle
contribution ν(k, η), which we did not need so far. Since the Dirac equation is a linear
differential equation, the solution for ν(k, η) cannot contain any new degrees of freedom
once we completely solve for χ(k, η). In other words: the form of ν(k, η) is dictated once
we have completely specified χ(k, η). We expand ν(k, η) slightly differently:

ν(k, η) =
∑
h

ν(h)(k, η) =
∑
h

(
νR,h(k, η)

νL,h(k, η)

)
⊗ ξh . (3.46)

Note that we flipped the position of the left- and right-handed spinors compared to
equation (3.31). Consequently, the resulting equation of motion for both νR,h(k, η) and
νL,h(k, η) are identical to equation (3.45).

Alternatively, we could have expanded differently and flipped helicity, i.e.: send
h→ −h in equation (3.31). Because the mass enforces mixing between different chirality
states, labelling these states differently has no physical relevance.
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We return to equation of motion (3.45) and define:

u±h(k, η) ≡ χL,h(k, η)± χR,h(k, η)√
2

. (3.47)

This transforms equation (3.45) to:

iu′+h + hku−h − amu+h = 0 (3.48a)

iu′−h + hku+h + amu−h = 0 . (3.48b)

We exploit assumption (3.1a), which is equivalent to equation (3.21). Inserting this
expression into the equation above yields:

iu′+h + hku−h +
m

H(1− ε)
u+h

η
= 0 (3.49a)

iu′−h + hku+h −
m

H(1− ε)
u−h
η

= 0 . (3.49b)

Recall that the mass of a fermion in Yukawa theory is time-dependent in FLRW space-
times. There does not exist a rescaling of the functions u±h that removes the mass
dependence in the equation of motion above. Even when one assumes that the mass m
is time-independent, one cannot find such a rescaling. It is particularly simple to choose
m/H constant, as following from equation (3.16), and for convenience we define:

ζ =
m

H(1− ε)
. (3.50)

We can proceed and decouple the two linear differential equations to find:

u′′±h +

(
k2 +

ζ2 ± iζ
η2

)
u±h = 0 . (3.51)

The solutions are given by:

u±h = αh±k
√
−kη H(1)

ν± (−kη) , (3.52)

where αh±k are two normalisation constants that still need to be determined and H(1)
ν± is

the Hankel function of the first kind of order:

ν± =
1

2
∓ iζ . (3.53)

This implies:

ν+ + ν− = 1 (3.54a)

ν∗+ = ν− . (3.54b)
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The Hankel function of the second kind also solves equation (3.51). In the infinite
asymptotic past, equivalent to the deep UV, the fermions become effectively massless
for ε < 1, and the distinction between u+h and u−h vanishes as a consequence. Therefore
we require that the vacuum mode functions in this regime equal the standard conformal
vacuum solutions:

lim
η→−∞

u+h(−kη) =
1√
2
e−ikη (3.55a)

lim
η→−∞

u−h(−kη) =
−h√

2
e−ikη . (3.55b)

This excludes the Hankel function of the second kind for the moment from contributing.
Away from the vacuum, we should of course also incorporate the second solution to
equation (3.51) to allow for mode mixing. Note that the UV limits above yield the
familiar UV behaviour for the left- and right-handed spinors (e.g.: [141]):

lim
η→−∞

χL,h(k, η) =
1− h

2
e−ikη (3.56a)

lim
η→−∞

χR,h(k, η) =
1 + h

2
e−ikη . (3.56b)

When solutions (3.52) are substituted in equation (3.49a) one finds:

αh−k = ihαh+k e
iπν− . (3.57)

We are free to fix the remaining coefficient αh+k by the following condition:∑
±
|u±h|2 = |u+h|2 + |u−h|2 = 1 . (3.58)

Let us postpone the motivation for this requirement and, for the moment, simply nor-
malise accordingly for convenience. We thus find:

αh+k =

√
π

4
ei
π
2 (ν++1/2) , (3.59)

where we have chosen the unobservable phase factor in accordance with the UV limit in
equation (3.55). We use some well-known identities involving Hankel functions which
we list for convenience in appendix A of this chapter.

Concluding, we find that the vacuum solutions to equation (3.49), neglecting deriva-
tives of ε and treating the quotient m/H as time-independent, are given by:

u+h(−kη) = ei
π
2 (ν++1/2)

√
−πkη

4
H(1)
ν+

(−kη) (3.60a)

u−h(−kη) =− heiπ2 (ν−+1/2)

√
−πkη

4
H(1)
ν− (−kη) . (3.60b)
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As we send ε→ 0 and approach de Sitter space, our solution is in accordance with [139],
as can be seen from equation (3.53). In this solution we have tacitly assumed that ε < 1,
such that η < 0, equivalent to an accelerated expansion. If, however, ε > 1, or η > 0,
which corresponds to a decelerating Universe, one should use relations (3.114d–3.114e)
in appendix A of this chapter. The case ε = 1 requires special attention, see e.g. [47] for
the analogous scalar propagator case.

Let us now turn our attention to finding the solution for the second mode function,
corresponding to the excited state. The procedure is completely analogous: again, we
let η → −∞ and match to the appropriate UV expansion involving the second solution
H

(2)
ν± (−kη). We normalise the solution according to equation (3.58), and choose the

phase factor in accordance with the corresponding UV limit. We can thus construct
the total solution by linear superposition:

u+h(−kη) = cH(η, ζ) + dH̃(η, ζ) (3.61a)

u−h(−kη) =− hcH̃∗(η, ζ) + hdH∗(η, ζ) , (3.61b)

where:

H(η, ζ) = ei
π
2 (ν++1/2)

√
−πkη

4
H(1)
ν+

(−kη) (3.62a)

H̃(η, ζ) = e−i
π
2 (ν++1/2)

√
−πkη

4
H(2)
ν+

(−kη) . (3.62b)

Note that we have omitted all k dependence in equation (3.61) for notational conve-
nience. Note finally that the two fundamental solutions (3.62) in u+h(−kη) are not
complex conjugates of each other, unlike for example for the scalar field case. How-
ever, the second solution u−h(−kη) can be obtained from complex conjugation of the
fundamental solutions comprising u+h(−kη), as can clearly be seen in equation (3.61)
above.

For the moment, we leave the normalisation constants c and d undetermined. Ap-
preciate we are nevertheless free to normalise the fundamental solutions to unity. Of
course, we will determine the normalisation constants shortly. But first, we need to
solve for the anti-particle mode functions.

Anti-particle Mode Functions

Let us stress again that the other spinor ν(h)(k, η) cannot contain any new degrees of
freedom because Dirac’s equation is linear. We only have to determine the connection
with χ(h)(k, η). When we expand according to equation (3.46), the coupled linear differ-
ential equations νR,h(k, η) and νL,h(k, η) obey are identical to equation (3.45). Therefore,
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we can analogously define:

ν±h(k, η) ≡ νL,h(k, η)± νR,h(k, η)√
2

. (3.63)

We are rewarded for our extensive discussion of chirality and helicity. The solutions of
ν±h(−kη) are identical to equation (3.61), where we should only denote the coefficients
in this solution differently:

ν+h(−kη) = fH(η, ζ) + gH̃(η, ζ) (3.64a)

ν−h(−kη) =− hfH̃∗(η, ζ) + hgH∗(η, ζ) . (3.64b)

The functions appearing in this equation are given in equation (3.62). We need to deter-
mine how the coefficients c and d of u±h(−kη) relate to f and g of ν±h(−kη). Moreover,
we need to find the correct normalisation condition for c and d.

Normalisation of the Mode Functions

Inspired by our discussion in this subsection, we impose two normalisation conditions
on the spinors: a consistent canonical quantisation, as in equation (3.43), and orthogo-
nality between particle and anti-particle spinors, as in equation (3.44).

After quite some work the, naively, 10 constraint equations in D = 4 in equa-
tion (3.43) yield the following 3 conditions on our coefficients:

|c|2 + |d|2 + |f |2 + |g|2 = 2 (3.65a)

|c|2 − |d|2 + |f |2 − |g|2 = 0 (3.65b)

cd∗ + fg∗ = 0 . (3.65c)

The orthogonality condition in equation (3.44) yields one more condition:

cf∗ + dg∗ = 0 . (3.65d)

The solution is:

|f | = |d| (3.66a)

|g| = |c| (3.66b)

φf = φc − φd + φg ± π . (3.66c)

The last line relates the phases of our normalisation constants, e.g.: φf denotes the phase
of f . Moreover, from equation (3.65) we can derive:

|c|2 + |d|2 = 1 (3.66d)

|f |2 + |g|2 = 1 , (3.66e)
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where the second line is a consequence of the first. Note that this condition also fol-
lows from charge conservation, as argued in [139]. Changing the normalisation in
equation (3.58) results in a change of the right-hand side of equations (3.65a), (3.66d),
and (3.66e). Normalising the fundamental solutions to unity as in equation (3.58) is
particularly convenient as it allows for a particle interpretation of |d|2 and |f |2.

The normalisation constants provide us with three physical degrees of freedom. Of
course |c| is physical, which determines |d| through equation (3.66d). Hence, φd is phys-
ical just as in the scalar field case. Since φc is a phase that can be removed without
physical consequences, the phase relation (3.66c) determines φf in terms of the third
physical phase φg . Note finally that one of the two phase relations (3.65c) and (3.65d) is
redundant in this part of the analysis.

A final remark is in order. To derive equation (3.65), we need the explicit form of ξh
in equation (3.35), which is only valid in D = 4. However, we analytically continue this
result to arbitrary dimension and one naturally finds equation (3.65).

Summary

Using the solutions for u±h(k, η) and ν±h(k, η), given in equations (3.61) and (3.64),
respectively, we recall relations (3.47) and (3.63), to find:

χL,h(k, η) =
1√
2

[
c{H − hH̃∗}+ d{H̃+ hH∗}

]
(3.67a)

χR,h(k, η) =
1√
2

[
c{H+ hH̃∗}+ d{H̃ − hH∗}

]
, (3.67b)

and moreover:

νL,h(k, η) =
1√
2

[
f{H − hH̃∗}+ g{H̃+ hH∗}

]
(3.67c)

νR,h(k, η) =
1√
2

[
f{H+ hH̃∗}+ g{H̃ − hH∗}

]
, (3.67d)

where the fundamental solution are given in equation (3.62). The normalisation condi-
tions (3.66) determine f and g in terms of c and d. Moreover, we have |c|2 + |d|2 = 1.

3.4.2 The Feynman Propagator

Having discussed the fermionic mode functions in some detail, we can turn our atten-
tion to solving the Feynman propagator for fermions. We insert the rescaled spinors,
expanded in terms of creation and annihilation operators, into the formal definition of



62 Chapter 3. Fermion Propagator in Cosmological Spaces

the Feynman propagator (3.19), which yields:

iSabF (x, x̃) = θ(η − η̃)a−
D−1

2 ã−
D−1

2

∫
dD−1k

(2π)D−1

∑
h

χ(h)
a (k, η)χ̄

(h)
b (k, η̃)eik·(x−x̃) (3.68)

− θ(η̃ − η)a−
D−1

2 ã−
D−1

2

∫
dD−1k

(2π)D−1

∑
h

ν̄
(h)
b (k, η̃)ν(h)

a (k, η)e−ik·(x−x̃),

where a = a(η) and ã = a(η̃). The reader can easily see that we have to make use of the
solutions (3.67) above to calculate the 16 matrix elements of the propagator.

Outline of the Calculation

Let us outline this rather cumbersome calculation in seven steps.
1. We recall the form of e.g. the massless fermionic propagator (3.25) and realise we

have to extract an operator acting on x, rather than on x̃.
The reader can easily see that the 16 matrix elements of the propagator contain

products of two Hankel functions. Some of these products involve Hankel functions at
the same order, but others encompass Hankel functions where the order differs. Since
we can only easily integrate products of Hankel functions of equal order, we need to
transform precisely the latter products by making use of identities (3.114), e.g.:

H(m)
ν+

(−kη)H(n)
ν− (−kη̃) = −e

±iπ(ν−−1)

k

(
d

dη
+
ν−
η

)
H(m)
ν− (−kη)H(n)

ν− (−kη̃) , (3.69)

where + or − applies when m equals 1 or 2, respectively. Clearly, the “extracted opera-
tor” is a function of η.

2. We rewrite the Hankel functions in terms of MacDonald functions. By making
use of [144, 145], we find:

H(1)
ν (z) =− 2i

π
e−i

π
2 νKν(−iz) (3.70a)

H(2)
ν (z) =

2i

π
ei
π
2 νKν(iz) , (3.70b)

where Kν(z) is a MacDonald function.
3. The emerging matrix structure of equation (3.68) is most easily uncovered by

evaluating its 2 × 2-matrix constituents successively and writing the result in terms of
Pauli matrices. Recalling equations (3.33) and (3.34), we derive:

k
(
k̂xσx + k̂yσy + k̂zσz

)
= kjσ

j → ±iσj∂j , (3.71)

where the − or + sign applies depending on whether one deals with the θ(η − η̃) or
θ(η̃ − η) contribution in equation (3.68), respectively. The last step is possible because
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only the exponent depends on x. Note finally that the index j in equation (3.71) is
supposed to run over (flat) spatial indices exclusively.

4. The k-independent contribution to the propagator can thus be pulled out of the
Fourier integral. These matrices simplify considerably when we consider the following
identities:(

iγb∂b + am
) 1± γ0

2
=

1

2

(
±i∂η ± iσj∂j + am i∂η + iσj∂j ± am
i∂η − iσj∂j ± am ±i∂η ∓ iσj∂j + am

)
. (3.72)

Clearly, we recognise the complex conjugate of the Dirac operator and the (1 ± γ0)/2

structure we are familiar with from the de Sitter propagator.
5. Let us present an intermediate result that already captures much of the final

structure of our propagator. For brevity, let us only consider the contribution to the
propagator arising from the first θ-function in the propagator, i.e.: when η > η̃. This
part of the Feynman propagator reads:

iSabF (x, x̃)
∣∣∣
η>η̃

= a−
D−1

2 ã−
D−1

2 (iγb∂b + am)
[√ηη̃
π

{1 + γ0

2

∫
dD−1k

(2π)D−1
K−(k, η, η̃) (3.73)

+
1− γ0

2

∫
dD−1k

(2π)D−1
K+(k, η, η̃)

}]
,

where:

K−(k, η, η̃) = |c|2Kν−(ikη)Kν−(−ikη̃)− icd∗Kν−(ikη)Kν−(ikη̃) (3.74a)

− ic∗dKν−(−ikη)Kν−(−ikη̃)− |d|2Kν−(−ikη)Kν−(ikη̃)

K+(k, η, η̃) = |c|2Kν+
(ikη)Kν+

(−ikη̃) + icd∗Kν+
(ikη)Kν+

(ikη̃) (3.74b)

+ ic∗dKν+(−ikη)Kν+(−ikη̃)− |d|2Kν+(−ikη)Kν+(ikη̃) .

The contribution to the propagator when η < η̃ is given by the same expression, where
we only need to replace the normalisation constants c and d by f and g, respectively.

The complicated structure of the propagator in spinor space has dramatically sim-
plified by extracting the appropriate operators in position space, which could already
be expected from the propagator in de Sitter spacetime.

6. We need to perform the Fourier integrals over the functions K−(k, η, η̃) and
K+(k, η, η̃) next. We use:∫

dD−1k

(2π)D−1
eik·xf(k) =

2

(4π)
D−1

2

∫ ∞
0

dk kD−2
JD−3

2
(kx)

( 1
2kx)

D−3
2

f(k) , (3.75)

which is valid for any function f(k) that depends solely on k = ‖k‖. Here, Jµ(kx) is a
Bessel function of the first kind. The reader can easily verify that all the Fourier integrals



64 Chapter 3. Fermion Propagator in Cosmological Spaces

we need to perform are of the following form:∫ ∞
0

dk kµ+1Jµ(ck)Kν(αk)Kν(βk) , (3.76)

where the arguments of the MacDonald functions are purely imaginary: α = ±iη and
β = ±iη̃. We perform these integrals in appendix B of this chapter by making use
of [144]. The result of this integral can be expressed in terms of the Gauss’ hypergeomet-
ric function 2F1. The θ-functions in the propagator, in combination with the arguments
of the hypergeometric functions, allow us to rewrite these arguments in terms of the
y-functions (3.22) we introduced in section 3.2.3.

A well-known fact in Minkowski or de Sitter spacetime extends to our analysis in
FLRW spacetimes: the small, real contribution needed to make the Fourier integrals
convergent determines the ε pole prescription of the various contributions to the prop-
agator.

7. The final result for the constant ε and constant ζ FLRW fermion propagator reads:

iSabF (x, x̃) = a (iγµ∇µ +m)
(aη ãη̃)−

D−2
2

√
aã

[
iS+(x, x̃)

1 + γ0

2
+ iS−(x, x̃)

1− γ0

2

]
, (3.77)

where:

iS±(x, x̃) =
Γ
(
D
2 ± iζ

)
Γ
(
D−2

2 ∓ iζ
)

(4π)
D/2

Γ
(
D
2

) (3.78)

×

{
|c|2 2F1

(
D

2
± iζ, D − 2

2
∓ iζ;

D

2
; 1− y++(x; x̃)

4

)
∓ icd∗ eiπ

D−1
2 2F1

(
D

2
± iζ, D − 2

2
∓ iζ;

D

2
; 1− y+−(x; ˜̄x)

4

)
∓ ic∗d e−iπ

D−1
2 2F1

(
D

2
± iζ, D − 2

2
∓ iζ;

D

2
; 1− y−+(x; ˜̄x)

4

)
− |d|2 2F1

(
D

2
± iζ, D − 2

2
∓ iζ;

D

2
; 1− y−−(x; x̃)

4

)}
,

where the y-functions are given in equation (3.22) and ζ in (3.50). Moreover, to write the
propagator in terms of the y-functions we introduced the following notation:

˜̄x = (η̃, x̃) = (−η̃, x̃) . (3.79)

One can think of ˜̄x as an antipodal coordinate (see e.g.: [67, 127, 146–148]). Note that
we extract an operator in equation (3.77) that does not depend on x̃. However, there
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is nothing special about the x leg of the propagator. Keeping remark 1 above in mind,
we know that we could have equally well written the propagator (3.77) in terms of an
operator acting on x̃ by replacing:

a (iγµ∇µ +m)→ ã
(
iγ̃µ∇̃µ +m

)
. (3.80)

This propagator would then have satisfied the Dirac equation (3.20) in terms of x̃.
As a first check of this result, note that if we send m → 0 and d → 0, the massive

fermionic FLRW propagator (3.77) correctly yields the massless fermionic FLRW prop-
agator, earlier derived in equation (3.25). Again, in order to derive this result, we need
the explicit form of ξh given by equation (3.35). The operator in equation (3.77) has thus
been constructed in D = 4. However, we can analytically continue again to arbitrary
dimensions.

Finally, let us study the IR behaviour of our propagator. Note that the coincidence
propagator (in Fourier space) is IR finite due to Pauli’s exclusion principle. In position
space, note that the IR limit of all the y-functions in equation (3.22) is:

y(x; x̃)→ ±∞ , (3.81)

where the plus or minus sign applies for infinite spacelike or timelike separation, re-
spectively. If we recall the following well-known relation:

2F1 (a, b; c; z) =
Γ(c)Γ(b−a)

Γ(b)Γ(c−a)
(1−z)−a 2F1

(
a, c−b; a−b+1;

1

1−z

)
(3.82)

+
Γ(c)Γ(a−b)
Γ(a)Γ(c−b)

(1−z)−b 2F1

(
b, c−a; b−a+1;

1

1−z

)
,

we can easily extract the leading order IR behaviour of the propagator in equation (3.78):

iS±(x, x̃) =
Γ
(
D−2

2 ∓ iζ
)

Γ (1± 2iζ)

(4π)
D/2

Γ (1± iζ)

{
|c|2

(
y++(x; x̃)

4

)−(D−2
2 ±iζ)

(3.83)

∓ icd∗ eiπ
D−1

2

(
y+−(x; ˜̄x)

4

)−(D−2
2 ±iζ)

∓ ic∗d e−iπ
D−1

2

(
y−+(x; ˜̄x)

4

)−(D−2
2 ±iζ)

− |d|2
(
y−−(x; x̃)

4

)−(D−2
2 ±iζ)

}
+O

(
y−

D
2 ±iζ

)
.

Note that for spacelike IR separation, all y-functions behave identically, and the result
above can be simplified further. For timelike IR separation, the ε-prescription in equa-
tion (3.22) dictates how to take the powers of the y-functions. Of course, one has to
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insert equation (3.83) above into equation (3.77) to obtain the full propagator in the IR
limit.

The fermionic propagator (3.77) is analogous to the scalar and graviton propagator
in Universes with constant deceleration parameter q = ε − 1, derived in [47, 66, 67].
Unlike in the case of scalars and gravitons, where quite generically the Bunch-Davies
vacuum is IR divergent, the fermionic propagator is IR finite due to Pauli’s exclusion
principle, which forbids an accumulation of fermions in the deep IR. The IR behaviour
for the scalar and graviton are important, as it can comprise secular effects (that grow
as a power in time) in for example Veff(Φ) (see: [149]) and Tµν1 loop (see: [47]). Mathemat-
ically speaking, Pauli blocking is enforced by the imaginary i in equation (3.51), which
ultimately carries through in the complex indices of the hypergeometric functions in the
propagator (3.78).

3.4.3 Fermionic de Sitter Propagator

Having derived the fermionic FLRW propagator, let us verify whether it correctly re-
duces to the fermionic de Sitter propagator, which is a well-known result in literature.
The fermion propagator in de Sitter spacetime reads [121, 125]:

iSΛ
F (x, x̃) = a (iγµ∇µ +m)

HD−2

√
aã

[
iSΛ

+(x, x̃)
1 + γ0

2
+ iSΛ

−(x, x̃)
1− γ0

2

]
, (3.84)

where the superscript Λ denotes de Sitter spacetime and where:

iSΛ
±(x, x̃) =

Γ
(
D
2 − 1∓ imH

)
Γ
(
D
2 ± i

m
H

)
Γ
(
D
2

)
(4π)

D/2 2F1

(
D

2
−1∓ im

H
,
D

2
± im

H
;
D

2
; 1− y

4

)
.

(3.85)
Here, y is shorthand for y++(x, x̃). If we send ε → 0, and set c = 1 and d = 0,
equation (3.77) above correctly reproduces the de Sitter result. Moreover, using:

2F1

(
D

2
− 1,

D

2
;
D

2
; 1− y

4

)
=
(y

4

)1−D/2

, (3.86)

note that the massless limit of equation (3.84) indeed corresponds to equation (3.25)
in de Sitter space. We conclude that the fermionic propagator in FLRW spacetimes
correctly reduces to the known cases existing in literature.

3.5 One-loop Effective Action

As a simple application for the propagator derived in section 3.4.2, we calculate the
one-loop contribution to the effective action. This is important to study the impact of
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fermions on the evolution of the background spacetime, and of scalar fields coupled to
these fermions. We renormalise using the minimal subtraction dimensional renormali-
sation technique.

3.5.1 Evaluating the One-loop Backreaction

The one-loop effective action formally reads:

Γ1 = −iTr log
[√
−g (iγµ∇µ −m)

]
=

∫ m

dm̄Tr
[√
−g iSabF (x, x̃)

]
. (3.87)

Here, the trace is both over spatial and spinorial indices. We have been able to eval-
uate the logarithm at the expense of losing all mass-independent contributions to the
effective action.

The effective action for a massless fermion is completely fixed by the trace anomaly,
which this field is known to exhibit (see for example [78, 82, 98]). The trace anomaly can
be generated from a finite non-local effective action (see e.g.: [98]). It can alternatively be
generated from an infinite, but local effective action [78, 150], as we have also discussed
in chapter 2. We will henceforth neglect all contributions from the trace anomaly to
the effective action in this chapter, because it has already been extensively discussed in
literature, and in the previous chapter.

We treat the covariant derivative according to equation (3.9), and we can easily ex-
pand the hypergeometric functions in equation (3.78) at coincidence. In dimensional
regularisation, the D-dependent powers in this expansion do not contribute. These are
generated for the y++ and y−− contributions to equation (3.78) by the first term in:

2F1 (a, b; c; z) =
Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
(1− z)c−a−b 2F1 (c− a, c− b; c− a− b+ 1; 1− z)

+
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) 2F1 (a, b; a+ b− c+ 1; 1− z) . (3.88)

Moreover, when we trace over spacetime indices, note that there is no contribution at
all from the derivative term hitting one of the hypergeometric functions:

lim
x̃→x

∞∑
n=0

γb∂b y
n
++(x, x̃) = − lim

x̃→x

∞∑
n=0

nγ0 y
n
++(x, x̃)

η
= 0 . (3.89)

Here, n is the integer-valued coefficient of the Taylor expansion of a hypergeometric
function. A similar identity holds for y−−. Likewise, for y+− or y−+, we have e.g.:

lim
x̃→x

γb∂b y+−(x, ˜̄x) = 0 . (3.90)
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Note that both y+− and y−+ depend on the antipodal coordinate ˜̄x in equation (3.77).
At coincidence, we also use:

(aã)−
D−1

2 (ηη̃)−
D−2

2

(
am∓ D − 2

2

i

η

)
→ ±i (H|1− ε|)D−2

H(1− ε)
(
D − 2

2
∓ iζ

)
.

(3.91)
The result is:

Γ1 =

∫
dDx
√
−g (H|1−ε|)D−2

(2π)D/2

{
Γ
(
1−D

2

)
(|c|2−|d|2)

∫ m

dm̃m̃
Γ
(
D
2 +iζ̃

)
Γ
(
D
2 −iζ̃

)
Γ
(

1−iζ̃
)

Γ
(

1+iζ̃
)

+H(1−ε)
(
cd∗ eiπ

D−1
2 + c∗d e−iπ

D−1
2

)∫ m

dm̃
Γ
(
D
2 + iζ̃

)
Γ
(
D
2 − iζ̃

)
Γ
(
D
2

) }
. (3.92)

Let us compare this result with the known calculations in literature in de Sitter space-
time (ε → 0) and in the vacuum (|d| = 0). Note the two omissions in the Candelas and
Raine effective action [121]. When tracing over spinor indices, we have:

Tr
1± γ0

2
= 2

D
2 −1 , (3.93)

and this trace does not, as is apparent from [121], equal D/2 because a spinor in D

spacetime dimensions has 2
D
2 degrees of freedom (see e.g.: [140]). Indeed, this has

already been noted by [151, 152]. Moreover, the effective action in [121] misses a factor
of 2, stemming from the separate particle and anti-particle contributions, which has
been corrected for in e.g. [125].

The reader can easily verify that equation (3.92), taking these errors into account,
agrees with [121, 125] in de Sitter spacetime and in the vacuum.

3.5.2 Dimensional Regularisation

In the spirit of dimensional regularisation, we now expand around D = 4. We can use
the familiar result:

Γ(x+ yε̃) = Γ(x) [1 + yε̃ ψ(x)] +O(ε̃2) , (3.94)

where ε̃� 1 and where ψ(x) is the digamma function defined by ψ(x) = d log Γ(x)/dx.
Anticipating the form of the counterterms we will add shortly, we introduce a scale µ
by:

(H|1− ε|)D = (H(1− ε))4µD−4

(
H|1− ε|

µ

)D−4

(3.95)

' (H(1− ε))4µD−4

[
1 +

D − 4

2
ln

(
H2(1− ε)2

µ2

)]
,
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where we neglect O{(D − 4)2} contributions. Finally, we recall the familiar result:

Γ

(
1− D

2

)
=

2

D − 4
+ γE − 1 +O(D − 4) , (3.96)

where γE is the Euler–Mascheroni constant. We thus arrive at:

Γ1 =

∫
dDx

√
−g

4π2

{(
|c|2 − |d|2

)
µD−4

[(
1

2
m2H2(1− ε)2 +

1

4
m4

)
(3.97)

×
(

2

D − 4
+ γE − 1 + ln

[
H2(1− ε)2

2πµ2

])
+

∫ m

dm̃
(
m̃3+m̃H2(1−ε)2

)[
ψ(2−iζ̃)+ψ(2+iζ̃)

]]

+ 2H3(1− ε)3Im (cd∗)

∫ m

dm̃Γ(2 + iζ̃)Γ(2− iζ̃)

}
.

Here, Im(cd∗) = |c||d| sin(φc − φd) denotes the imaginary part of cd∗.
The one-loop backreaction contains a divergence when D = 4. However, appreciate

that the contribution to the effective action multiplying the mixed coefficients is finite
in D = 4.

3.5.3 Tree Level Friedmann Equations

Anticipating the renormalisation procedure in the next section, we need the tree level,
i.e.: classical, Friedmann equations of motion responsible for driving the expansion of
the Universe. The system of interest is thus given by:

S =
1

κ

∫
dDx
√
−g {R− (D − 2)Λ}+

∫
dDx
√
−g
{
−1

2
gµν∂µϕ∂νϕ− V (ϕ)

}
+

∫
dDx
√
−g
{
−1

2
gµν∂µφ∂νφ− V (φ)− gYψ̄ψφ

}
(3.98)

+

∫
dDx
√
−g
{
i

2

[
ψ̄γµ∇µψ −

(
∇µψ̄

)
γµψ

]}
.

Here, κ = 16πGN represents the rescaled Newton constant and Λ denotes the cosmologi-
cal constant. The reader can easily recognise the usual Einstein-Hilbert action on the first
line. We introduce a new scalar field, ϕ, responsible for the dynamics of the Universe.
By an appropriate choice of the potential V (ϕ), a scalar field can mimic any mixture of
fluids relevant for the evolution of our Universe (see e.g. [153]). The last two lines in
equation (3.98) above are identical to equation (3.12) and contain the fermion field and
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the scalar field φ generating the mass of the fermion through a Yukawa coupling, as in
equation (3.13). We write:

ϕ(x) = ϕ0(t) + δϕ(x) (3.99a)

φ(x) = φ0(t) + δφ(x) , (3.99b)

where we assume the background fields ϕ0(t) and φ0(t) to be homogeneous. Moreover,
we assume that ρϕ � ρφ, such that ϕ(x) drives the dynamics of the Universe as stated
above. The classical Friedmann equations of motion are:

H2 − 1

D − 1
Λ−

κ
(

1
2 ϕ̇

2
0 + V (ϕ0)

)
(D − 1)(D − 2)

= 0 (3.100a)

Ḣ +
D − 1

2
H2 − Λ

2
+
κ
(

1
2 ϕ̇

2
0 − V (ϕ0)

)
2(D − 2)

= 0 , (3.100b)

and, moreover, the classical scalar field equation of motion reads:

ϕ̈0 + (D − 1)Hϕ̇0 +
∂V

∂ϕ
(ϕ0) = 0 . (3.100c)

We can thus derive the following identities:

√
κ ϕ̇0 =

√
2(D − 2)εH (3.101a)

√
κ
∂V

∂ϕ
(ϕ0) =−

√
2(D − 2)ε (D − 1− ε)H2 (3.101b)

√
κ ϕ̈0 =−

√
2(D − 2)ε εH2 (3.101c)

∂2V

∂ϕ2
(ϕ0) = 2(D − 1− ε)εH2 . (3.101d)

Here, we use assumption (3.1a).

3.5.4 Renormalisation

In order to derive equation (3.97), we assume a constant deceleration ε, as in equa-
tion (3.1a). We now promote this constant to a dynamical quantity:

ε→ ε(t) . (3.102)

We will motivate this step shortly. The effective action (3.97) now contains divergences
in both H(t) and ε(t) that we ought to cancel by an appropriate counterterm action.
It is not possible to identify local covariant counterterms of curvature invariants only
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that remove the singularities in both of these quantities at the level of the effective
action. We can use the tree level equations of motion derived above in equation (3.101)
to renormalise the effective action, which is first order in ~. By making use of an in-
finitesimal field redefinition, one can show the following: substituting the zeroth order
equation of motion into the first order contribution to the action yields, up to one-loop,
the same equation of motion as directly varying the action. We thus add the following
counterterm action:

Γct =

∫
dDx
√
−g
(
c1φ

2R+ c2φ
2 ∂

2V

∂ϕ2
(ϕ0)− c3κφ2gµν∂µϕ∂νϕ+ c4φ

4
)
. (3.103)

The form of the counterterm action is unique, which can be shown by making use of
dimensional analysis, and by requiring that only two time derivatives can act on ϕ0(t)

or a(t) for stability. These conditions limit us to the counterterms above and possibly
φ2ϕ2ϕ. However, one can easily verify that the latter term does not have the correct
form required to cancel the divergences in equation (3.97).

We recall relation (3.13). We need to expand the various terms in the counterterm ac-
tion above aroundD = 4, by making use ofR = (D−1)(D−2ε)H2, and equation (3.101):

R ' 6(2− ε)H2 + (D − 4)(7− 2ε)H2 (3.104a)

∂2V

∂ϕ2
(ϕ0) ' 2(3− ε)εH2 + (D − 4)2εH2 (3.104b)

κgµν∂µϕ∂νϕ ' − 4εH2 − (D − 4)2εH2 , (3.104c)

where we neglected all O{(D − 4)2} contributions in the equations above. We can now
easily solve for the coefficients in the counterterm action:

c1 =− g2
Y

|c|2 − |d|2

48π2

µD−4

D − 4
+ cf1 (3.105a)

c2 = g2
Y

|c|2 − |d|2

8π2

µD−4

D − 4
+ cf2 (3.105b)

c3 =− 3g2
Y

|c|2 − |d|2

32π2

µD−4

D − 4
+ cf3 (3.105c)

c4 =− g2
Y

|c|2 − |d|2

8π2

µD−4

D − 4
+ cf4 , (3.105d)

where the divergent coefficients inD = 4 are fixed to cancel the divergences occurring in
equation (3.97), and where e.g. cf1 is a finite, but arbitrary coefficient of the counterterm
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action. The renormalised one-loop effective action (3.97) thus reads:

Γ1,ren =

∫
d4x

√
−g

4π2

{
(|c|2−|d|2)

[∫ m

dm̃
(
m̃H2(1−ε)2+m̃3

) [
ψ(2− iζ̃)+ψ(2 + iζ̃)

]
+

(
1

2
m2H2(1−ε)2+

1

4
m4

)(
γE− 1+ln

[
H2(1− ε)2

2πµ2

])
− 1

12
m2H2(7−5ε)

]

+ 2H3(1− ε)3Im (cd∗)

∫ m

dm̃Γ(2 + iζ̃)Γ(2− iζ̃)

}
(3.106)

+

∫
d4x
√
−g
(
cf1φ

2R+ cf2φ
2 ∂

2V

∂ϕ2
(ϕ0)− cf3κφ2gµν∂µϕ∂νϕ+ cf4φ

4
)
.

The effective action above comprises the one-loop backreaction of fermions. This term
gives rise to additional, physical corrections to the (classical) Friedmann equations, thus
obtaining the so-called quantum-corrected Friedmann equations. We will study its ef-
fect on the evolution of our Universe, and its impact on the evolution of the scalar field
to which the fermions are coupled, in a future publication. Note that in this equation,
we have neglected all contributions to the one-loop effective action arising from the
trace anomaly.

If we expand equation (3.106) to first order in ε, we can find out how large the first
order correction to the de Sitter result is. We have:

Γ1,ren = ΓΛ
1,ren + ε

∫
d4x

√
−g

4π2

{
(|c|2 − |d|2)

[
m2H2

{
5

12
− γE − ln

[
H2

2πµ2

]}
− 1

2
m4

+

∫ m

dm̃i

(
m̃2H +

m̃4

H

)[
ψ′(2 + im̃/H)− ψ′(2− im̃/H)

]
(3.107)

− 2m̃H2
[
ψ(2 + im̃/H) + ψ(2− im̃/H)

]]

+ 2H3Im (cd∗)

∫ m

dm̃Γ(2 + im̃/H)Γ(2− im̃/H)

×
[
i
m̃

H

(
ψ(2 + im̃/H)− ψ(2− im̃/H)

)
− 3

]}
+O

(
ε2
)
,

where the prime denotes a derivative with respect to the argument, and the super-
script Λ represent the well-known de Sitter result, which trivially follows from equa-
tion (3.106) by letting ε→ 0.

Let us at this point, however, already consider the ζ � 1 limit, to extract the physical
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behaviour of the effective potential resulting from equation (3.106). Note firstly that:

Γ1,ren =

∫
d4x
√
−g (−Veff(φ)) , (3.108)

where Veff(φ) denotes the one-loop effective potential for φ. In order to evaluate the
integrals over m̃ occurring in equation (3.106), we need the following asymptotic ex-
pansions (ζ ∈ R):

lim
ζ→∞

Γ(2 + iζ)Γ(2− iζ) = 2π|ζ|3e−π|ζ|
(

1 +
1

ζ2
+O

(
1

ζ4

))
(3.109a)

lim
ζ→∞

[ψ(2 + iζ) + ψ(2− iζ)] = ln[ζ2] +
13

6

1

ζ2
− 119

60

1

ζ4
+O

(
1

ζ6

)
. (3.109b)

Keeping the leading order terms of the effective potential (3.108) in this limit only, we
find from equations (3.106) and (3.109a–3.109b):

Veff(φ)→ −|c|
2 − |d|2

16π2
g4

Yφ
4 ln

[
g2

Yφ
2

2πµ2

]
+

Im(cd∗)

π2
g3

Yφ
3H(1−ε) exp

[
−π gY|φ|

H|1− ε|

]
, (3.110)

where equation (3.13) has been used. Without studying the dynamics resulting from
this asymptotic effective potential, let us briefly consider its stability properties. Clearly,
this potential is unstable in the vacuum (|d| = 0) because the effective potential is un-
bounded from below in this case. This wild behaviour has already been recognised in
de Sitter spacetime [125].

An interesting phenomenon can be observed precisely when |c|2 = |d|2 = 1/2.
This is realised for example in a thermal state at high temperatures. In this case, the
asymptotic effective potential is exponentially suppressed and its (small) contributions
can either be positive or negative.

3.5.5 Discussion of the Renormalised Effective Action

Let us make a few general remarks. Consider quantum field theories in de Sitter space-
time. The Hubble parameter H in de Sitter spacetime is a constant. An effective action
for fermions or scalars in de Sitter spacetime contains divergences for example pro-
portional to a power of H (see e.g.: [82, 121, 125, 152]). The same statement holds for
divergences in the stress-energy tensor in for example the trace anomaly literature (see
e.g.: [82, 98]). At this point, one can interpret the results differently:

1. The Hubble parameter can, quite conservatively, be treated as a constant. The
argument for this case is simple: throughout the calculation one simply assumed
a constant Hubble parameter.
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2. The Hubble parameter is promoted to a dynamical quantity:

H → H(t) . (3.111)

A reason for supporting this case would be the following: when ε� 1 one would
find the de Sitter result as a leading order contribution in each time interval where
the Hubble parameter varies only adiabatically slowly, a spacetime also known as
locally de Sitter spacetime.

Depending on which of the two interpretations one adheres to, one would renor-
malise differently. If one advocates the first point of view, all terms of e.g. an effective
action merely contribute to the renormalised cosmological constant. If, however, one
prefers the second interpretation, one adds (dynamical) curvature invariants in order to
cancel these divergences in a covariant manner.

We observe the following. In the effective action (3.106) above, the Hubble parameter
is a dynamical quantity. Hence, covariant counterterms added to cancel UV divergences
can, and should, be treated dynamically. This allows us to study the backreaction of
fermions in a dynamical manner.

Albeit strictly speaking not allowed to relax the assumption H = const in de Sitter
spacetime, we conclude that promoting the Hubble parameter to a dynamical quantity
H = H(t) has been a useful approach. When in our calculation we keep ε constant, as
assumed, result (3.92) favours the second interpretation above.

Let us now return to our calculation to see what the above considerations can tell us
about our effective action (3.92). We face the following two options:

1. We treat ε as a constant.

2. We promote ε to a dynamical quantity, as already stated in equation (3.102). We
could call this a spacetime with an almost constant deceleration.

Despite the fact that throughout the calculation we have assumed that ε is a constant,
it will come as no surprise that we argue in favour of the latter option for two reasons: if
one would allow ε to change, one would probably find our main result for the effective
action before renormalisation (3.92) in each time interval where ε changes only very
slowly. Secondly, the latter option is the generalisation of the confirmed de Sitter case
above.

An obvious disadvantage of our choice is that we can only renormalise on-shell.
Consider the divergences in equation (3.97). As already mentioned, it is not possible to
identify local covariant counterterms of curvature invariants only that remove all sin-
gularities in H(t) and ε(t) at the level of the effective action. Therefore, we relied on an
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on-shell renormalisation technique, and inserted the zeroth order (tree level) Friedmann
equations of motion into the effective action at first order in ~.

Finally, let us try to comfort the reader who would rather keep ε constant, but who
would simultaneously like to understand how to improve on his final result for the
renormalised effective action. In this case, the only appropriate counterterms to renor-
malise equation (3.97) available to us, are the following:

Γalt
ct =

√
−g
(
αφ2R+ βφ4

)
. (3.112)

We can then renormalise the theory as usual14, with:

α =− g2
Y

|c|2 − |d|2

24π2

µD−4

D − 4

(1− ε)2

2− ε
+ αf (3.113a)

β =− g4
Y

|c|2 − |d|2

8π2

µD−4

D − 4
+ βf . (3.113b)

We could now study mode mixing15. One could simply allow ε andm/H to vary in time
and choose (if necessary infinitesimally small) time intervals in which ε and m/H vary
only slowly. Subsequently, one can match the solutions in two neighbouring intervals
and study mode mixing in the spirit of [154]. In this case, this procedure would imply
that we would have to renormalise for each time interval separately, as the coefficients
in equation (3.113) depend on ε. This is not surprising: a sudden jump in for example
m/H , even infinitesimally small, is not a physical phenomenon and would call for non-
local counterterms (see e.g.: [155]).

3.6 Conclusion

In this chapter, we construct the fermionic propagator in realistic FLRW spacetimes with
constant deceleration parameter q = ε − 1. Moreover, we assume that m/H is also
constant, which can be realised in Yukawa theory by means of a scalar field for which
φ ∝ H . We derive the propagator both in the (trivial) massless case, in equation (3.25),
and in the massive case, in equation (3.77).

14The case ε = 2 would have to be considered separately, for R = 0 in a radiation-dominated Universe.
15As already formulated in [154] a (numerical) study of mode mixing is the answer to the fundamental

problem that we can only solve for the mode functions exactly for a limited number of choices of a(t). In their
paper, Tsamis and Woodard study mode mixing for a massless minimally coupled scalar field in constant ε
FLRW spacetimes. The basic strategy is as follows: in each – possibly infinitesimally small – time interval ε
can be well approximated by a constant. The mode functions in two adjacent time intervals can be related
by imposing two conditions: (i) continuity of the mode functions and (ii) continuity of their first derivatives.
Hence, the mode functions at some later time η can be obtained from the initial condition at η′ by means of a
transfer matrix.
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Two pillars support our derivation. We split the fermionic degrees of freedom into
a direct product of chirality and helicity eigenspinors. We normalise the spinors using
a consistent canonical quantisation, and we require orthogonality of particle and anti-
particle spinors. Moreover, we verify that upon sending ε to zero, we recover the known
vacuum-to-vacuum de Sitter results in literature.

We calculate the one-loop effective action induced by fermions using our propaga-
tor. The one-loop backreaction arises from integrating out a free, quadratic fermion
field and, using dimensional regularisation, this generates a correction to the (classical)
Friedmann equations. This effective action allows for the first time for a dynamical
interpretation of H such that the study of dynamical backreaction, either on the back-
ground spacetime, or on scalar fields coupled to these fermions, is within reach.

Appendix A: Properties of Hankel Functions

In section 3.4.1 we used the following well-known identities involving Hankel func-
tions:

H
(1)
−ν (z) = eiπνH(1)

ν (z) (3.114a)

H
(2)
−ν (z) = e−iπνH(2)

ν (z) (3.114b)

{H(1)
ν (z)}∗ = H

(2)
ν∗ (z∗) (3.114c)

H(1)
ν

(
eiπz

)
=−H(2)

−ν (z) = −e−iπνH(2)
ν (z) (3.114d)

H(2)
ν

(
e−iπz

)
=−H(1)

−ν (z) = −eiπνH(1)
ν (z) . (3.114e)

The Wronskian of two Hankel functions reads:

W [H(1)
ν (z), H(2)

ν (z)] = − 4i

πz
. (3.114f)

Moreover, we made use of the following recurrence relation:

H
(i)
ν−1(z) =

d

dz
H(i)
ν (z) +

ν

z
H(i)
ν (z) . (3.114g)

Appendix B: Fourier Transforming Hankel Functions

Consider the following integral equation:

I ≡
∫ ∞

0

dxxµ+1Jµ(cx)Kν(ax)Kν(bx) . (3.115)
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Here, Jµ(z) is a Bessel function of the first kind, and Kν(z) is a MacDonald function.
Note that for all integrals in equation (3.76) both a and b are purely imaginary. The
requirements from [144] are such that:

Re(a) > 0 (3.116a)

Re(b) > 0 (3.116b)

c >0 (3.116c)

Re(µ± ν) >− 1 (3.116d)

Re(µ) >− 1 . (3.116e)

Hence, we introduce small, real contributions in the arguments of both MacDonald
functions, only to take these to zero again at the end of the calculation. We thus write:

a = δ + iα (3.117a)

b = δ + iβ . (3.117b)

We choose δ > 0 to make the integral convergent. We now use equation (6.578.10)
from [144] to find:

I =

√
πcµΓ(µ+ ν + 1)Γ(µ− ν + 1)

23/2(ab)µ+1(u2 − 1)
1
2µ+ 1

4

P
−µ− 1

2

ν− 1
2

(u) , (3.118)

where:

u =
a2 + b2 + c2

2ab
. (3.119)

Here, P−µ−
1
2

ν− 1
2

(u) represents the associated Legendre function, which we can rewrite
in terms of a Gauss’ hypergeometric function 2F1 by making use of equations (8.702)
and (9.131.1) of [144]:

I =

√
π(c/2)µΓ(µ+ ν + 1)Γ(µ− ν + 1)

4(ab)µ+1Γ(µ+ 3/2)
2F1

(
µ+ ν + 1, µ− ν + 1;µ+

3

2
;

1− u
2

)
.

(3.120)
Upon taking δ → 0 we find:

lim
δ→0

1

(ab)µ+1
=

1

|ab|µ+1
exp[−iπ(µ+ 1)θ(αβ)sgn(α+ β)] . (3.121)

Finally, note that we can further simplify the argument of the hypergeometric function
in equation (3.120) to:

1− u
2

= 1 +
c2 − (α+ β + iδ)2

4αβ
. (3.122)
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Let us finally stress that we have introduced δ > 0 to make the integral convergent. It is,
however, of significant physical importance, for it is the same δ that dictates the ε pole
prescription in the propagator, as can be seen in equations (3.77–3.78), and (3.22). This
should not come as a surprise: we observe the same behaviour in e.g. Minkowski and
de Sitter spacetimes.



CHAPTER 4

ENTROPY AND CORRELATORS IN

QUANTUM FIELD THEORY

It is well known that loss of information about a system, for some observer, leads to an
increase in entropy as perceived by this observer. We use this idea to propose an al-
ternative approach to decoherence in quantum field theory: neglecting observationally
inaccessible correlators gives rise to an increase in entropy of the system. As this is the
first chapter on decoherence, we develop our understanding of classicality in quantum
field theory in section 4.1, on which we also rely in the subsequent chapters 5 and 6.
As an example, we calculate the entropy of a general Gaussian state and, assuming
the observer’s ability to probe this information experimentally, we also calculate the
correction to the Gaussian entropy for two specific non-Gaussian states. This chapter is
primarily based on [156], but also relies on [157].

4.1 Introduction

As we also discussed in chapter 1, decoherence is a quantum phenomenon that de-
scribes how a quantum system turns into a classical stochastic system. The main idea
of the framework of decoherence [68–72], for reviews see [73–76], is that a macroscopic
system S cannot be separated from its environment E. The theory of decoherence is
widely used, e.g. in quantum computing [158, 159], black hole physics [160], inflation-
ary perturbation theory [161], and in elementary particle physics such as electroweak
baryogenesis models [162]. Our quantum system is described by a density matrix ρ̂
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which in the Schrödinger picture satisfies the von Neumann equation:

ı~
∂

∂t
ρ̂ = [Ĥ, ρ̂] , (4.1)

where Ĥ is the Hamiltonian. The most natural way of defining the entropy of a quantum
system is to use the von Neumann entropy:

SvN = −Tr[ρ̂ ln(ρ̂)] . (4.2)

Since quantum mechanics and quantum field theory are unitary theories, the von Neu-
mann entropy is conserved, albeit in general not zero.

4.1.1 The Conventional Approach to Decoherence

It is hard to study decoherence in quantum field theory as it generally requires out-
of-equilibrium, finite temperature, and interacting quantum field theoretical compu-
tations. Moreover, exact solutions to most physically relevant quantum field theories
are not known. Let us first discuss the conventional approach to decoherence and its
shortcomings. If the observer and the environment are weakly coupled, we are allowed
to integrate the environment out to study its average effect on the system, as perceived
by the observer. Alternatively, one could say that the environmental degrees of freedom
are inaccessible to the observer. In the conventional approach to decoherence one is thus
interested in solving for the reduced density matrix, which is obtained by tracing over
the environmental degrees of freedom of the full density matrix:

ρ̂red(t) = TrE [ρ̂(t)] . (4.3)

Tracing out some degrees of freedom results in complications. The unitary von Neu-
mann equation (4.1) transforms to a non-unitary “master equation” for ρ̂red. The master
equation is in principle equivalent to the von Neumann equation if no approximations
are made. This is for example clear from the influence functional method. In other
words: the exact master equation is just as hard to solve as the von Neumann equation
in interacting quantum field theories. Therefore, one usually relies on perturbative
methods to simplify the exact master equation and to derive a perturbative master
equation:

i∂tρ̂red = [ĤS , ρ̂red] +D[ρ̂red] , (4.4)

whereD[ρ̂red] collectively refers to all non-unitary dissipative terms [74, 75, 163] and ĤS

is the non-interacting Hamiltonian of the system. We discuss the perturbative master
equation in more detail in chapter 5. The pointer basis is the basis in which a (reduced)
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density matrix becomes diagonal, as discussed in chapter 1. When ρ̂red becomes ap-
proximately diagonal in the pointer basis, our quantum system effectively transforms
to a classical stochastic system. In reality, however, systems do not fully decohere, so in
order to quantify the amount of decoherence, one is interested in the entropy increase
due to the loss of quantum coherence. One is thus interested in the “reduced von
Neumann entropy”:

Sred(t) = −Tr[ρ̂red ln(ρ̂red)] . (4.5)

The master equation (4.4) suffers from both theoretical and practical shortcomings:

• It is disturbing that the reduced density matrix evolves non-unitarily while the
underlying quantum theory is unitary, and hence the implications should be care-
fully checked16;

• The perturbative master equation is so complex that basic field theoretical ques-
tions have so far never been properly addressed: no well-established treatment to
take perturbative corrections to the reduced density matrix into account exists17,
nor has any reduced density matrix ever been renormalised;

• As we show in chapter 5, the perturbative master equation leads in very simple
situations in quantum mechanics to physically unacceptable secular growth of
the entropy. This is caused by inadequate perturbative approximations used in
specifying (4.4).

These shortcomings have hampered progress in decoherence studies in the context of
interacting quantum field theories.

4.1.2 The Correlator Approach to Decoherence

Here, we propose a decoherence program that can be implemented in a field theoretical
setting, and that also allows us to incorporate renormalisation procedures. The idea is
very simple, and we present it for a real scalar field φ(x). A generalisation to other types
of fields, e.g. gauge and fermionic fields, should be quite straightforward.

It is of course widely appreciated that entropy can be generated as a result of an
incomplete knowledge of a system. The infinite hierarchy of irreducible n-point func-
tions completely captures all observable properties of a system. Note that these n-point
correlators can also be mixed and contain information about the correlation between

16The energy is not conserved as a consequence. This means that this basic method to check a particular
numerical evolution for ρred is not available.

17For example in [164], the decoherence of inflationary primordial fluctuations is studied using the master
equation without addressing renormalisation. In [165–167] however, perturbative corrections to a density
matrix are calculated in various quantum mechanical cases.
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the system and environment. A “perfect observer” would in principle be able to detect
correlation functions up to arbitrary order. In reality, our observer is of course limited by
the sensitivity of its measurement device. Also, higher order correlation functions be-
come more and more difficult to measure due to their non-local character. The observer
can, as a consequence, only probe a finite subset of the infinite hierarchy of correlation
functions. We thus propose:

Neglecting observationally inaccessible correlators will give rise to
an increase in entropy of the system, as perceived by the observer.

Hence, both the system and the environment evolve unitarily, however, the observer
would say that the system evolves to a mixed state with positive entropy as information
about the system is dispersed in inaccessible correlation functions. While we worked
on this idea [168–170], Giraud and Serreau [171] advocate similar ideas independently,
which they illustrate in a λφ4(x) model (also see the more recent paper by Gautier and
Serreau [172]). Both of us build on older work that can already be interpreted in a
similar spirit [161, 173–176]. However, this early work does not identify the dynamical
mechanism responsible for the entropy increase and decoherence. In passing we note
that we shall not address the entropy generated due to the loss of unitarity caused by
some observer’s inability to access the information stored in parts of the spacetime.
Prominent examples of this research field include black hole and de Sitter space entropy,
and there is extensive literature on the subject.

The total von Neumann entropy can be subdivided as follows:

SvN = Sg(t) + Sng(t) = Sg
S + Sg

E + Sg
SE + Sng . (4.6)

Here, Sg(t) is the total Gaussian von Neumann entropy, that contains information about
both the system S, the environment E, and the their correlations SE, and Sng(t) is the
total non-Gaussian von Neumann entropy (consisting of S, E, and SE contributions).
The Gaussian von Neumann entropy for the system is defined by:

Sg
S(t) = −Tr[ρ̂g ln(ρ̂g)] , (4.7)

where ρ̂g is the Gaussian part of the full density operator ρ̂. Although SvN is conserved
in unitary theories, Sg

S can increase18 at the expense of other decreasing contributions to
the total von Neumann entropy, such as Sng.

Let us make our reasoning somewhat more precise. One can in principle calculate
various correlators from the density matrix. For example, the three Gaussian correlators,

18Calzetta and Hu [177] prove an H-theorem for a quantum mechanical O(N)-model, also see [178], and
refer to “correlation entropy” what we would call “Gaussian von Neumann entropy”.
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that suffice to calculate the Gaussian von Neumann entropy, are given by:

〈φ̂(~x, t)φ̂(~y, t)〉 = Tr[ρ̂(t)φ̂(~x)φ̂(~y)] = F (~x, t; ~y, t′)|t=t′ (4.8a)

〈π̂(~x, t)π̂(~y, t)〉 = Tr[ρ̂(t)π̂(~x)π̂(~y)] = ∂t∂t′F (~x, t; ~y, t′)|t=t′ (4.8b)
1

2
〈{φ̂(~x, t), π̂(~y, t)}〉 =

1

2
Tr[ρ̂(t){φ̂(~x), π̂(~y)}] = ∂t′F (~x, t; ~y, t′)|t=t′ , (4.8c)

where π̂ denotes the momentum field conjugate to φ̂, and where the curly brackets
denote the anti-commutator. Note that these three Gaussian correlators can all be deter-
mined from the statistical propagator F (~x, t; ~y, t′) in the Heisenberg picture. The fourth
Gaussian correlator is trivial as it is restricted by the canonical commutation relations.
In section 4.4, we establish the connection between the Gaussian correlators and the
Gaussian von Neumann entropy.

There is an infinite number of higher order, non-Gaussian correlators that charac-
terise a system, where one can think of e.g.:

〈φ̂(~x1, t) · · · φ̂(~xn, t)〉 = Tr[ρ̂(t)φ̂(~x1) · · · φ̂(~xn)] (4.9a)

〈π̂(~x1, t) · · · π̂(~xn, t)〉 = Tr[ρ̂(t)π̂(~x1) · · · π̂(~xn)] , (4.9b)

where n ≥ 3. Of course one can also imagine a higher order correlation function con-
sisting of a mixture of both φ̂’s and π̂’s. Furthermore, one can define higher order, non-
Gaussian mixed correlators, consisting of both the system and the environment field,
and thus probing the correlation between the two. Finally, one could think of other
correlators obtained by further differentiating the statistical propagator:

∂nt ∂
m
t′ F (~x, t; ~y, t′)|t=t′ = ∂nt ∂

m
t′ Tr[ρ̂(t0)φ̂(~x, t)φ̂(~y, t′)]|t=t′ , (4.9c)

where n + m ≥ 3. These correlators also encode information on non-Gaussian correla-
tions. For free theories, all these correlators either vanish or can be expressed in terms
of the Gaussian correlators.

Let us turn our attention to interacting field theories and present two simple ar-
guments why, generally speaking, the Gaussian correlators dominate over the non-
Gaussian correlators. In interacting quantum field theories, the Gaussian correlators
all stem from tree-level physics, whereas non-Gaussian correlators are generated by the
interactions. Relying on a perturbative treatment of these interactions, we can safely
expect that all of these higher order, non-Gaussian correlators above are suppressed,
as they generically are proportional to a non-zero power of the (perturbatively small)
interaction coefficient. A second, more heuristic, argument invokes the (classical) cen-
tral limit theorem, according to which systems with many stochastic mutually inde-
pendent degrees of freedom tend to become normally distributed, and hence nearly
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Gaussian. While this theorem is derived for classical systems, and for independent
stochastic variables, we believe that it will, in a certain quantum disguise, also apply
to weakly interacting quantum systems with many degrees of freedom. It would be of
great interest to prove such a theorem.

Hence, we expect that to a good approximation, many of the relevant properties of
quantum systems are encoded in the Gaussian part ρ̂g of the full density operator ρ̂,
and the non-Gaussian correlators are thus, typically, much more difficult to access19. It
is important to realise that, although non-Gaussian correlators are perturbatively small,
a huge amount of information can be stored in them, as their phase space is much larger
than the phase space consisting of the Gaussian correlations. If we assume that the
information stored in these non-Gaussian correlators is barely accessible in experiments,
then neglecting this information gives rise to an increase in the entropy. As before,
a quantum system with a considerable amount of entropy corresponds to a classical
system.

Figure 4.1 provides us with an intuitive picture of our correlator approach to deco-
herence. The x- and y-axes contain two of the three Gaussian correlators, defined in
equations (4.8a) and (4.8b). The z-axis contains just one specific non-Gaussian correla-
tor. Now, the perceived evolution of our system, as measured by the observer, is the
projection of the unitary trajectory on the “Gaussian plane”. Although the evolution is
unitary, the measured evolution by an imperfect observer is no longer unitary, which is
precisely what generates entropy.

The crucial point is that all information about a general Gaussian density matrix,
and thus about the Gaussian part of a state, is stored only in the three equal time
correlators (4.8). In quantum field theories, the problem seems to be that the evolu-
tion equations of the three Gaussian correlators do not close as soon as perturbative
corrections are included. A way out of this impasse, and in our opinion the way out,
is to solve for the dynamics of the unequal time statistical correlator, i.e.: the statisti-
cal propagator, from which one then extracts the three relevant correlators (4.8). The
perturbative equations for the non-equal time statistical propagator, together with the
causal propagator, do close. A sophisticated field theoretical framework exists, based
on variation of the 2PI effective action written in the Schwinger-Keldysh formalism (see
e.g. [179, 180]), which allows to renormalise the statistical propagator, include pertur-
bative corrections, and study genuine time evolution in an out-of-equilibrium setting.
Finally, it is important to stress that our correlator approach to decoherence does not
require a non-unitary process of tracing out environmental degrees of freedom.

19As a simple example, consider the temperature correlations induced by scalar field perturbations from
inflation: while the amplitude of scalar field fluctuations is given by Tr[ρ̂(t)φ̂N (~x, t)2] ∼ GNH2/ε ∼ 10−10,
where φN denotes the Newtonian potential, whereGN is Newton’s constant, andH is the Hubble rate during
inflation, the three point function is naturally expected to be of the order ∼ (GNH

2/ε)2 ∼ 10−20 or smaller.



4.1. Introduction 85

t=t0

t=t f

<Φ
2
><Π

2
>

<ΦΧ
2
>

unitary evolution

apparent measured evolution

Figure 4.1: Intuitive picture of our correlator approach to decoherence: entropy is generated by
projecting the unitary evolution on the phase space of observable, Gaussian correlators.
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4.1.3 Outline

This chapter deals with establishing the connection between correlators and entropy in
quantum field theory. We distinguish two cases: in the simplest case we assume that
our observer can only measure Gaussian correlators, and his apparatus is insensitive to
all non-Gaussian correlators. We will consider this situation in sections 4.2 to 4.4.

In the second case, we assume that our observer is sensitive to specific types of non-
Gaussianities present in our theory, apart from the leading order Gaussian correlators of
course, either because the observer has developed a sensitive measurement device, or
because the non-Gaussianities happen to be large enough. We will consider this case in
section 4.5. The sections above contain, for pedagogical reasons, quantum mechanical
derivations rather than quantum field theoretical calculations. We will generalise our
results to quantum field theory in section 4.6.

This chapter aims only at developing the necessary machinery to discuss entropy
generation in an interacting quantum field theory in an out-of-equilibrium setting, see
e.g. [179, 181–189]. We discuss the application of these ideas in chapter 6 in great detail.

4.2 Gaussian Entropy from the Wigner Function

Entropy has of course been widely studied over the years [190–195]. In this section, we
derive an entropy formula based on a naı̈ve, probabilistic interpretation of the Wigner
function. This characterises much of the 20th century efforts to connect the Wigner func-
tion, Boltzmann’s equations, Boltzmann’s H-theorem, and macroscopic entropy [196].
Let us begin by considering the Hamiltonian of a time-dependent harmonic oscillator,
which is the “free” Hamiltonian of one degree of freedom:

H(p, x) =
p2

2m
+

1

2
mω2x2 +Hs , Hs = xj . (4.10)

In general, the oscillator’s mass and frequency, and the source current can all depend
on time: m = m(t), ω = ω(t), and j = j(t), respectively. Hs is the source Hamiltonian
and j = j(t) the corresponding current. This Hamiltonian is relevant both for many
condensed matter systems that can be realised in laboratories and in an early Universe
setting. For the latter, the time dependence of the parameters is introduced for example
by the Universe’s expansion, or by phase transitions. Alternatively, this Hamiltonian
can represent for example the simplest model of a laser, where x = x(t) is the photon
amplitude, where, if m → 1, ω(t) → E(t)/~ is the photon’s frequency, and where
j = j(t) is a charge current that coherently pumps energy into the system, transforming
the vacuum state into a coherent state [197, 198].
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The time dependence of the parameters changes the system’s energy, but simultane-
ously does not change the Gaussian nature of a state if such a state is imposed initially,
i.e.: the evolution implied by the Hamiltonian (4.10) transforms an initial Gaussian
density matrix into another Gaussian density matrix. Moreover, as we will come to
appreciate, one has to add a coupling to the environment, or add a self-interaction, to
generate entropy. The Lagrangian L = pẋ −H follows as usual from the Hamiltonian.
Note that the source term can be removed from this Lagrangian by a simple coordinate
shift:

x(t)→ z(t) = x(t)− x0(t) , (4.11)

upon which the Lagrangian reduces to a quadratic form:

L =
1

2
mż2 − 1

2
mω2z2 + L0(t) +

d

dt
[mzẋ0] . (4.12)

Here, L0(t) is a z-independent function of time, and the last term is a boundary term
which does not contribute to the equation of motion if x0(t) is a function that obeys:

d

dt
[mẋ0] +mω2x0 + j = 0 . (4.13)

A general Gaussian density matrix centred at the new origin remains a Gaussian density
matrix centred at the origin under the evolution of a source-free, quadratic Hamilto-
nian and moreover, which is what the analysis above shows, linear source terms in
the Hamiltonian will not alter the Gaussian nature of the state. We can thus consider
Gaussian density matrices centred at the origin, whose time evolution is governed by a
Hamiltonian of the form (4.10) with j(t)→ 0. When written in position space represen-
tation, the general density operator of a quantum mechanical Gaussian state centred at
the origin is of the form:

ρ̂g(t) =

∫ ∞
−∞

dx

∫ ∞
−∞

dy|x〉ρg(x, y; t)〈y| , (4.14a)

where:
ρg(x, y; t) = N (t) exp

[
−a(t)x2 − b(t)y2 + 2c(t)xy

]
, (4.14b)

and where a = a(t), b = b(t), and c = c(t) are determined from the von Neumann
equation (4.1). The subscript g denotes “Gaussian”. Moreover, from ρ̂†g = ρ̂g, it follows
that b∗ = a and c∗ = c. When c = 0 one recovers a pure state with vanishing entropy.
However, when c 6= 0 the density matrix is mixed, and it cannot be written in the simple
diagonal form, ρg(x, y; t) = Ψ∗(y, t)Ψ(x, t), where Ψ(x, t) =

√
N exp(−ax2). When

c > 0 the density matrix tends to get diagonal in the x − y direction, however, when
c < 0 the diagonalisation occurs in the x + y direction, in which case the entropy is not
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defined. The Heisenberg uncertainty relation is in trouble in this case as we will see
in equation (4.34). Hence, it is natural to assume that c > 0. We keep the discussion
phenomenological and do not discuss the physical origin of c 6= 0. The normalisation
N is obtained from requiring Tr[ρ̂g] = 1:

Tr[ρ̂g] =

∫ ∞
−∞

dx̃〈x̃|ρ̂g|x̃〉 =

∫ ∞
−∞

dxρg(x, x; t) = N
√

π

2(aR − c)
= 1 , (4.15)

from which we conclude:

N =

√
2(aR − c)

π
, (4.16)

provided that c < aR, where aR = <[a]. The equations that the functions a(t), b(t), and
c(t) of the density matrix (4.14b) obey can easily be obtained from the von Neumann
equation (4.1), which in this Gaussian case, in the position basis, reads:

ı~∂tρg(x, y; t) = − ~2

2m

(
∂2
x − ∂2

y

)
ρg(x, y; t) +

1

2
mω2(x2 − y2)ρg(x, y; t) . (4.17)

If we insert equation (4.14b) in the equation above, we find:

daR

dt
=

4~
m
aIaR (4.18a)

dc

dt
=

4~
m
aIc (4.18b)

d

dt
ln(N ) =

2~
m
aI (4.18c)

daI

dt
=

2~
m

(
a2

I − a2
R + c2

)
+
mω2

2~
, (4.18d)

where we defined aI = =[a]. Note that N ∝
√
aR − c is consistent with equation (4.18c)

as it should20.
The Wigner function is defined as a Wigner transform of the density matrix:

W(q, p; t) =

∫ ∞
−∞

dre−ıpr/~ρg(q + r/2, q − r/2; t) , (4.19)

where we defined the average and relative coordinates, q = (x + y)/2 and r = x − y,
respectively. Hence, a Wigner transform can be thought of as an ordinary Fourier trans-
form with respect to the relative coordinate r of the density matrix. The inverse Wigner
transform determines ρg(x, y; t) in terms ofW(q, p; t):

ρg(x, y; t) =

∫ ∞
−∞

dp

2π~
eıp(x−y)/~W(q, p; t) , (4.20)

20Indeed, by making use of equations (4.31) one can show that equations (4.18) are consistent with (and
equivalent to) the Hamilton equations for the correlators (4.38).
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where 2π~ is the standard phase space measure. We obtain the Gaussian Wigner func-
tion by performing the integral (4.19):

W(q, p; t) =M(t) exp
[
−αw(t)q2 − βw(t)(p+ qpc(t))2

]
, (4.21)

where:

αw = 2(aR − c) (4.22a)

βw =
1

2~2(aR + c)
(4.22b)

pc = 2~aI (4.22c)

M =

√
4(aR − c)
aR + c

, (4.22d)

and pc denotes a “classical” momentum, which makes the Wigner function non-diago-
nal. Note that the Wigner function (4.21) is normalised to unity, in the sense that:∫ ∞

−∞

dqdp

2π~
W(q, p; t) = 1 . (4.23)

Recalling definition (4.19), equation (4.17) transforms to:(
∂t +

p

m
∂q −mω2q∂p

)
W(q, p; t) = 0 , (4.24)

where we made use of the following relations:(
∂2
x − ∂2

y

)
ρg(x, y; t) = 2∂q∂rρg(q + r/2, q − r/2; t) (4.25a)

reıpr/~ =− ı~∂peıpr/~ . (4.25b)

Upon noting that p/m = ẋ = ∂pH , and−mω2x = ṗ = −∂xH , we see that equation (4.24)
is nothing but the Liouville equation for the Boltzmann’s distribution function f(x, p; t):

∂tf(x, p; t) + ẋ∂xf(x, p; t) + ṗ∂pf(x, p; t) = 0 . (4.26)

A probabilistic interpretation of the Wigner function thus seems plausible by the fol-
lowing identification:

W(q, p; t)⇔ f(x, p; t) . (4.27)

Of course, the equations forW(q, p; t) and f(x, p; t) are identical only in a free harmonic
oscillator theory and, when interactions are included, differences arise between the von
Neumann equation for the density operator ρ̂g(t) (or the corresponding equation for
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W(q, p; t)) and the Boltzmann equation for f(x, p; t). This indeed makes the identifi-
cation (4.27) less rigorous, but it remains a useful picture. The correspondence (4.27)
has been widely used in literature to develop a formalism relevant for example for the
physics of heavy ion collisions [186, 199], or for baryogenesis [143, 200].

In the distant 1969, Cahill and Glauber [198] have proposed to approximate the den-
sity operator in the coherent state basis |α〉 by its diagonal form: ρg ≈ ρcs(α) = 〈α|ρ̂g|α〉,
which they interpret as a quasi-probability distribution. Since coherent states harbour
many properties of classical particles, one can argue that this is reasonable. Recall that
coherent states are defined by â|α〉 = α|α〉, where â =

√
mω/2[x̂ + ıp̂/(mω)] denotes

the annihilation operator for the oscillator (4.10). The density matrix ρcs(α) represents
an early example of a quasi-probability distribution for a quantum system. Needless to
say, by this line of reasoning one can get only approximate answers for the expectation
value 〈Â〉 = Tr[ρ̂gÂ] of an operator Â and likewise for the entropy (which is just the
expectation value of − ln(ρ̂g)). Another common way of approximating expectation
values of operators is to give a probabilistic interpretation to the Wigner function, along
the same line of reasoning as argued above in equation (4.27) for a free theory. In this
approach [173, 198], the entropy is approximated by:

S ≈ SW ≡ −Tr[W(q, p; t) ln(W(q, p; t))] , (4.28)

where the trace Tr →
∫

dpdq/[2π~] should be interpreted as an integration over the
phase space volume, as in equation (4.23). We now insert equation (4.21) into equa-
tion (4.28) to find:

SW =
1

2
ln

(
aR + c

aR − c

)
+ 1− ln(2) = ln

(
∆

2

)
+ 1 , (4.29)

where we defined:
∆2 =

aR + c

aR − c
. (4.30)

We evaluate the phase space Gaussian integrals by shifting the momentum integration
to p′ = p−pc (the Jacobian of this shift equals unity). At this point, it is useful to evaluate
a few quantum mechanical expectation values. We can extract the following correlators
from our Gaussian state:

〈x̂2〉 = Tr[ρ̂gx̂
2] =

∫ ∞
−∞

dx̃〈x̃|ρ̂gx̂
2|x̃〉 =

1

4(aR − c)
(4.31a)〈1

2
{x̂, p̂}

〉
=− ~

aI

2(aR − c)
(4.31b)

〈p̂2〉 = ~2 |a|2 − c2

aR − c
. (4.31c)
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Here, we made use of 〈x|p̂|ψ〉 = −ı~∂x〈x|ψ〉. Moreover, one can easily verify that
〈[x̂, p̂]〉 = 〈x̂p̂ − p̂x̂〉 = ı~, as it should. This enables us to find the equivalent inverse
relations:

aI =−
〈

1
2{x̂, p̂}

〉
2~〈x̂2〉

(4.32a)

aR =
∆2 + 1

8〈x̂2〉
(4.32b)

c =
∆2 − 1

8〈x̂2〉
, (4.32c)

and to express ∆ in equation (4.30) in terms of the correlators (4.31):

∆2 =
4

~2

[
〈x̂2〉〈p̂2〉 −

〈1

2
{x̂, p̂}

〉2
]
. (4.33)

For the moment this is just a definition, but as we will come to discuss, the physical
meaning of ~∆ is the phase space area, in units of ~, occupied by a (Gaussian) state
centred at the origin21. For a pure state ∆ = 1, while for a mixed state ∆ > 1. Hence,
we can define the uncertainty relation for a Gaussian state, generalising Heisenberg’s
uncertainty relation, as:

(~∆)2

4
= 〈x̂2〉〈p̂2〉 −

〈1

2
{x̂, p̂}

〉2

≥ ~2

4
. (4.34)

If c is negative and |c| < aR, we can in principle have ∆ < 1, which can be seen from
equation (4.30). It would be interesting to investigate whether any physical experiment
could be proposed where a violation of Heisenberg’s uncertainty relation occurs, even
if it were for only a very brief interval in time (such that it would still hold on average).

Furthermore, it is natural to define the statistical particle number density on our
phase space as:

n ≡ ∆− 1

2
, (4.35)

in terms of which the Wigner entropy (4.29) can be rewritten as:

SW = ln

(
n+

1

2

)
+ 1 . (4.36)

21It is easy to generalise the definition of ∆ to include Gaussian states that are displaced from the origin:

∆2 =
4

~2

[
〈∆x̂2〉〈∆p̂2〉 −

〈1

2
{∆x̂,∆p̂}

〉2]
,

where e.g. ∆x̂ = x̂− 〈x̂〉.
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These results in principle agree with the entropy per mode of scalar cosmological pertur-
bations obtained in [173]. Shortly, we shall see that the Wigner entropy (4.36) is a good
approximation for the Gaussian von Neumann entropy if n� 1, or, equivalently, when
∆ � 1. One could have already anticipated this, as inserting a minimum uncertainty
state ∆ = 1 should give S = 0, but clearly equation (4.29) does not.

4.3 The Phase Space Area and the Wigner Function

We show next that the phase space area ∆ is a special function, as it is conserved by the
evolution equations resulting from the Hamiltonian (4.10):

˙̂x = ∂pĤ =
p̂

m
(4.37a)

˙̂p =− ∂xĤ = −mω2x̂ , (4.37b)

where we set j → 0. These equations imply for the correlators:

d

dt
〈x̂2〉 =

2

m

〈1

2
{x̂, p̂}

〉
(4.38a)

d

dt

〈1

2
{x̂, p̂}

〉
=−mω2〈x̂2〉+

1

m
〈p̂2〉 (4.38b)

d

dt
〈[x̂, p̂]〉 = 0 (4.38c)

d

dt
〈p̂2〉 =− 2mω2

〈1

2
{x̂, p̂}

〉
. (4.38d)

Recall that these equations are, in the light of equation (4.32), equivalent to (4.18). The
third equation is automatically satisfied by the commutation relations, [x̂, p̂] = ı~. One
can combine the other three equations in equation (4.38) to show that:

d

dt

~2∆2

4
=

d

dt

[
〈x̂2〉〈p̂2〉 −

〈1

2
{x̂, p̂}

〉2
]

= 0 . (4.39)

This implies that ∆ (and in fact any function of ∆) is conserved by the free Hamiltonian
evolution (4.37–4.38).

Of course, when interactions are included, the conservation law (4.39) is violated.
In quantum field theory interactions are typically cubic or quartic in the fields, and
will thus induce non-Gaussianities in the density matrix. In particular, for a quantum
mechanical λφ4 model, this has been investigated by Calzetta and Hu [177, 201]. They
derive an H-theorem for ∆ in the case of a quantum mechanical O(N) model, also
see [178].
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Let us try to put these results briefly in historical context. The fundamental question
that is left unanswered in [173] is what, in interacting theories, the dynamical mecha-
nism for the growth of ∆ is. Instead, the authors argue that an observer that measures
cosmological perturbations can be approximated by a coherent state (which is a good
classical basis), thus explaining the growth in ∆. Two mechanisms were considered
in [161]: a projection on the particle number basis and on the coherent state basis.
In both cases, information of the phase of the squeezed Gaussian state is lost, which
thus generates entropy. In the latter approach formula (4.33) is reproduced, while in
the former, the entropy acquires the form of the statistical entropy of Bose particles
S = (n+1) ln(n+1)−n ln(n), with n→ sinh2(r) the particle number associated with the
squeezed state, and r the squeezing parameter of the state. While these early articles,
and many subsequent ones [202, 203], attempted to explain the origin of entropy of
cosmological perturbations by a (non-unitary) process of coarse graining (associated
with particular properties of the observer’s measuring apparatus), a genuine dynamical
mechanism of entropy generation was lacking.

This has changed recently [170, 174–176, 204–207], now dynamical mechanisms for
entropy generation have been proposed. Rather than discussing various mechanisms
in detail, let us just point out that the notion of how entropy should be defined and
generated has evolved: recently, it has been advocated that the relevant entropy to con-
sider is the Gaussian entropy, although the approaches differ in the actual origin of the
entropy increase. For example, Prokopec and Rigopoulos suggested in [206] that tracing
over the unobserved isocurvature perturbations leads to entropy generation in the adi-
abatic mode. Similarly, tracing over the unobserved gravitational waves should lead to
entropy generation in the adiabatic mode [208]. Kiefer, Lohmar, Polarski, and Starobin-
sky [174, 207], as well as Campo and Parentani [175, 176], among others, suggested
that, if super-Hubble modes take the role of the system, the origin of the entropy of
cosmological perturbations should be associated with the stochastic noise generated by
the sub-Hubble ultraviolet modes, representing the environment. We have considered
the possibility that gravitons decohere scalar cosmological perturbations [208]. Both
Giraud and Serrau [171] and we advocate that neglecting observationally inaccessible
non-Gaussianities is a prominent mechanism to generate entropy.

So far, we have discussed how the Gaussian entropy in Wigner space is defined, and
qualitatively discussed various mechanisms to generate entropy dynamically. Let us
now, to finish this section, discuss how one can sensibly think of a decohered state in
Wigner space, and discuss the physical meaning of ∆(t). We now view the phase space
area as a function of time because we deal with some interacting theory. Despite the fact
that the Wigner entropy (4.29) only approximates the von Neumann entropy, the Wigner
transform offers a useful, intuitive way of depicting decohered states irrespective of the
precise underlying mechanism by which such a state has decohered in the first place.
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Φ

Π
D

Figure 4.2: General shape of the Wigner function, representing the 2-dimensional Gaussian phase
space distribution of a certain state. The 1σ or 2σ cross-section is an ellipse. For the current
quantum mechanical discussion, we of course let π → p and φ̄→ q.

Let us, for this reason, discuss this phenomenologically. The Wigner function (4.21) is
a 2-dimensional Gaussian function, whose width in the p-direction need a priori not
necessarily be the same as in the q-direction. Hence, in general it can be squeezed in
some direction. This is illustrated in figure 4.2. The 1σ or 2σ cross-section of the phase
space distribution has the shape of an ellipse, which we also visualise in figure 4.2. If
the cross-section is a circle centred at the origin, the state is either pure or mixed and
if, moreover, its area is unity ∆(t) = 1, it is a pure vacuum state. If the cross-section is
again a circle but displaced from the origin, we are dealing with a generalised coherent-
squeezed state (whose shape is not described by equation (4.29) for obvious reasons). If
the cross-section is an ellipse, it is a squeezed state as mentioned before. The ellipse is
parametrised by:

αw(t)q2 + βw(t) (p+ q pc(t))
2

= ϑ , (4.40)

where we have made use of equation (4.21) and where ϑ is some constant that deter-
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Figure 4.3: Squeezed state before decoherence.
For example, the area of the ellipse of a vacuum
state would be unity ∆ = 1. For the current
quantum mechanical discussion, we of course
let π → p and φ̄→ q, also in figure 4.4.
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Figure 4.4: Squeezed state after decoherence.
Clearly, the accessible phase space has in-
creased and one can say that knowledge about
the system has been lost. The entropy has in-
creased compared to figure 4.3.

mines the height at which we slice the Wigner function. The area of this ellipse is now
given by22:

A(t) =
ϑπ√

αw(t)βw(t)
= ϑπ~∆(t) , (4.41)

where we have used equations (4.22) and (4.30). Clearly, the area of the ellipse in Wigner
space is determined from the phase space area ∆(t). Note that if ϑ = 1/π, we have
A = ∆.

Figures 4.3 and 4.4 visualise the decoherence process of a squeezed state. Initially,
in figure 4.3, the state is squeezed and has unity phase space area ∆(t0) = 1, such that
its entropy vanishes. Now, we switch on our favourite decoherence mechanism: the
state interacts with some environment and environmental degrees of freedom are traced
over, or non-Gaussian correlators generated by the interaction with the environment
are neglected. Consequently, the area in phase space increases ∆(t) > 1, such that
S(t) > 0. Hence, the ellipse in Wigner space grows, which we depict in figure 4.4. An
important feature of any decoherence process reveals itself: for a highly squeezed state,
given the knowledge of q, the value p can take is constraint in a very narrow interval.

22Note that the area of ellipse defined by the equation Ax2 +Bxy + Cy2 = 1 isA = 2π/
√

4AC −B2.
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Interestingly, after the state has decohered, and given the same value of q, the range
of values p can take has increased. Indeed, one can say that knowledge about p has
been lost compared to the squeezed state before decoherence, hence entropy has been
generated. Alternatively, we can say that, given some measurement of q, the value
p can take is, after decoherence, drawn from a classical stochastic distribution, which
coincides with the familiar idea that decohered quantum systems should behave as
uncorrelated stochastic systems. Indeed, n roughly counts the number of patches in
phase space that behave independently and are uncorrelated.

With this intuitive notion of a decohered state in mind, one can understand that,
for highly squeezed states, the position space basis (which generalises to the field am-
plitude basis in the quantum field theoretical case) is the pointer basis. Let us start
out with a highly squeezed state, i.e.: take for example a pure state during inflation
that rapidly squeezes during the Universe’s expansion. The Hamiltonian of the state is
then dominated by the potential term, and the kinetic term only contributes little. In
thermal equilibrium, the system will minimise its free energy F = H − TS, where T
is the temperature of the heat bath. Now, if we switch on some decoherence mecha-
nism due to interaction with the environment, the entropy will increase mainly due to
momentum increase, i.e.: 〈p̂2〉 will increase. Indeed, increasing 〈p̂2〉 will hardly affect
the Hamiltonian, whereas it will significantly affect the entropy. Hence, the variable x is
robust during the process of decoherence, in the sense that 〈x̂2〉will hardly change, such
that it qualifies as a proper pointer basis. Note however, that x is only a pointer basis
in the statistical sense, such that there is a well-defined probability distribution function
from which a measurement can be drawn.

4.4 Gaussian Entropy from the Replica Trick

Let us now return again to the non-interacting Hamiltonian in equation (4.10) and
evaluate the von Neumann entropy. Note that for free theories (in the absence of an
environment) we have SvN = Sg

S from equations (4.2) and (4.7). The entropy of a general
Gaussian state has been derived by Sohma, Holevo and Hirota [209, 210] by making use
of Glauber’s P representation for the density operator. Here, we present an alternative
derivation for the von Neumann entropy (4.2) of a general Gaussian state by making use
of the replica trick (see e.g.: [211–213]). Of course, there are other analogous methods
one can use. Notice first that:

ln(ρ̂g) = lim
ε→0

ρ̂εg − 1

ε
. (4.42)

Here, ε is a positive integer which is analytically extended to zero. Hence, in order to
calculate the entropy (4.2) we need to evaluate Tr

[
ρ̂1+ε

g

]
. Using equation (4.14), we thus
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have:

Tr
[
ρ̂1+ε

g

]
= N 1+ε

∫ ∞
−∞

dx0 · · ·
∫ ∞
−∞

dxε exp
[
− 2aR

(
x2

0 + · · ·+ x2
ε

)
+ 2c (x0x1 + x1x2 + · · ·+ xεx0)

]
= N 1+ε

∫ ∞
−∞

dx0 · · ·
∫ ∞
−∞

dxε exp
[
− 2β

{
(x0 − αx1)2 + (x1 − αx2)2

+ · · ·+ (xε − αx0)2
}]

= |1− α1+ε|−1

(
aR − c
β

) 1+ε
2

. (4.43)

Here, J = |1− α1+ε|−1 is the Jacobian of the transformation from xi to yi = xi − αxi+1,
where i = {0, 1, · · · , ε− 1}, and yε = xε − αx0. A comparison of the first and the second
line in equation (4.43) tells us that:

α± =
aR

c
±
√(aR

c

)2

− 1 (4.44a)

β± =
c

2α±
=
cα∓

2
. (4.44b)

In the limit c→ 0 one must recover a pure diagonal density operator and, consequently,
the shift α should vanish, singling out:

α = α− =
aR

c
−
√(aR

c

)2

− 1 (4.45a)

β = β− , (4.45b)

in equation (4.44) as the physical choice. Based on (aR− c)/β = (1−α)2, we can rewrite
equation (4.43) in a simpler form:

Tr
[
ρ̂1+ε

g

]
=

(1− α)1+ε

|1− α1+ε|
. (4.46)

Recall that normalisability of the density operator requires aR > c, which in turn implies
that 0 ≤ α < 1, such that the absolute value in equation (4.46) can be dropped. This
means that Tr

[
ρ̂1+ε

g

]
is analytic in α (for positive integers ε):

Tr
[
ρ̂1+ε

g

]
=

(1− α)1+ε

1− α1+ε
, (4.47)

such that one can analytically extend to complex ε. According to the replica method,
the entropy is then obtained by taking the limit ε → 0. To perform this procedure, we
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expand equation (4.47) to linear order in ε, and we find the following expression for the
von Neumann entropy (4.2):

SvN = − ln(1− α)− α

1− α
ln(α) . (4.48)

Using the expression for α in equation (4.45a) and the definition of the phase space area
in equations (4.30) and (4.33), we find:

α =
∆− 1

∆ + 1
, (4.49)

such that we can express the entropy (4.48) solely in terms of ∆:

SvN =
∆ + 1

2
ln

(
∆ + 1

2

)
− ∆− 1

2
ln

(
∆− 1

2

)
. (4.50)

Since 0 ≤ α < 1, we have 1 ≤ ∆ < ∞. The von Neumann entropy (4.50) vanishes
when ∆ = 1 (or c = 0), defining a pure state, while a strictly positive entropy SvN > 0

implies a mixed state ∆ > 1. Clearly, the Gaussian von Neumann entropy is completely
determined by the three Gaussian correlators characterising the state (4.33). For our
future quantum field theoretical discussion, it turns out to be extremely useful to express
the correlators appearing in ∆ in terms of the statistical propagator:

∆2 =
4

~2

[
〈x̂2〉〈p̂2〉 −

〈1

2
{x̂, p̂}

〉2
]

=
4

~2

[
F (t; t′)∂t∂t′F (t; t′)− {∂tF (t; t′)}2

]∣∣
t=t′

.

(4.51)
Here, the statistical propagator in quantum mechanics is given by:

F (t; t′) =
1

2
〈{x̂(t), x̂(t′)}〉 . (4.52)

Relations (4.50) and (4.48) suggest the following definition of the particle number n:

n ≡ α

1− α
=

∆− 1

2
, (4.53)

where 0 ≤ n <∞, in terms of which the entropy (4.50) becomes:

SvN = (1 + n) ln(1 + n)− n ln(n) , (4.54)

which is the well-known result from statistical physics for the entropy of n Bose particles
per (quantum) state [214]. Note that equation (4.54) is a convex function of n, such that
SvN(n1) + SvN(n2) > SvN(n1 + n2), which is another desirable property for the entropy.
The particle number n defined in equation (4.53) should be interpreted as a statistical
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Figure 4.5: Left: the von Neumann entropy (solid line) and its Wigner entropy approximation
(dashed line) for a Gaussian state as a function of the phase space area ∆. Right: the difference
between the Wigner and the von Neumann entropy. The Wigner entropy approaches the exact
von Neumann entropy rapidly as ∆ grows.

particle number. It should not be confused with the average particle occupation num-
ber n̄ = 〈N̂〉, given some state that can be either pure or mixed, and where N̂ is the
number operator. For a mixed state that is not squeezed, our n and n̄ will tend to agree.
However, whenever a state is squeezed, independently on whether it is pure or mixed,
they will not.

Finally, it is interesting to compare the von Neumann entropy (4.50) and the Wigner
entropy (4.29), as shown in figure 4.5. This reveals that the Wigner entropy represents
a large phase space (semiclassical) limit of the von Neumann entropy, which should
not come as a surprise. Indeed, the Wigner entropy can be used to accurately represent
the entropy in systems which develop large correlators (occupation numbers), such as
cosmological perturbations [173]. The Wigner entropy fails, however, to take account
of quantum correlations present in the density matrix and Wigner function, which are
properly taken into account in the exact expression for the entropy of a general Gaussian
state (4.50).

4.5 Non-Gaussian Entropy: Two Examples

An important question is how to generalise the von Neumann entropy of a Gaussian
state to include non-Gaussian corrections. Non-Gaussianities can be important either
because they are made large on purpose by specially preparing the state, or simply
because they are accessible in measurements due to the fact that the observer’s mea-
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surement device is very accurate.
While we are far from building a general theory of how non-Gaussian correlations

affect the notion of phase space volume, statistical particle number, and thus entropy,
we shall present two examples in this section: we consider a system in a state which
can be represented by an admixture of a Gaussian density matrix and some small non-
Gaussian contributions. Secondly, we consider small quartic corrections to the density
matrix, contributing to the kurtosis of the ground state.

Qualitatively, we expect that the correction to the Gaussian entropy due to non-
Gaussianities present in a theory is small, except for systems whose entropy is (almost)
zero. This can most easily be appreciated in the Wigner approach to entropy. Consider
for example a system with a large entropy, for example a squeezed state whose phase
space area in Wigner space has increased significantly due to developing a ∆� 1. Non-
Gaussianities can deform the area in phase space of the state (by squeezing, pushing or
stretching the Wigner function) roughly by a factor of order unity. Consequently, the
effect on the entropy will be relatively small. This can be understood by realising that a
lot of information is contained in unequal time correlators. Of course, such an argument
ceases to be true for a pure state, whose quantum properties are very pronounced.

4.5.1 Admixture of the Ground State and First Excited State

Let us consider a density matrix of the form:

ρ2(x, y; t) = N2(1 + ζ0x+ ζ∗0y+ ζ1x
2 + ζ∗1y

2 + 2ζ2xy) exp
(
−ax2 − a∗y2 + 2cxy

)
. (4.55)

Such a state typically appears when one uses a laser to excite a harmonic oscillator in its
ground state. The system can then be described by an admixture of the ground state and
a small contribution to the first exited state23. Note that the process of pumping energy
in a simple harmonic oscillator in its ground state could lead to creating a state that is
not pure (c 6= 0). The measuring apparatus is assumed to be sensitive to the admixture
of the two states. We shall assume that the non-Gaussianity is small, in the sense that
all ζi parameters (i = 0, 1, 2) are small, such that we content ourselves with performing
the analysis up to linear order in ζi.

23Recall that the wave function of the pure one particle state of the simple harmonic oscillator (4.10) (with
j = 0) is [215]:

ψ1(x) = 〈x|ψ1〉 =

[
4

π

(
mω

~

)3]1/4
x exp

(
−
mωx2

2~

)
,

with energy E1 = ~ω
(
1 + 1

2

)
. The problem at hand reduces to this state upon identifying aR ↔ mω/(2~),

aI → 0, c→ 0, ζ0 → 0, ζ1 → 0, and ζ2 → [1/π(mω/~)3]1/2.
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Notice first that to this order, the terms in parentheses in equation (4.55) can be
approximated by an exponential:

1 + ζ0x+ ζ∗0y + ζ1x
2 + ζ∗1y

2 + 2ζ2xy ' exp
(
ζ0x+ ζ∗0y + ζ1x

2 + ζ∗1y
2 + 2ζ2xy

)
, (4.56)

implying that the first two terms ζ0x+ ζ∗0y induce an entropy conserving shift in x and
y (as in coherent states). Of course, this ceases to be true at quadratic and higher orders
in ζ0. On the other hand, the ζ1 and ζ2 terms do change the entropy even at linear order.
At higher order, ζ1 and ζ2 induce kurtosis whose effect on the entropy we will discuss
shortly.

Before we turn our attention to calculating the entropy, let us first show that a den-
sity matrix (4.55) with ζ0 → 0 indeed generates non-trivial higher order correlators.
Normalising the trace to unity yields:

N2 =

√
2

π

(aR − c)
3
2

aR + c+ 1
2 (ζ1R + ζ2)

. (4.57)

An interesting higher order correlator to consider is for example the connected part of
the four-point correlator:

〈x̂4〉con = 〈x̂4〉 − 3(〈x̂2〉)2 . (4.58)

If the connected part of the four-point correlator is non-zero, the state is said to have
kurtosis. Using the Gaussian density matrix in equation (4.14) one can easily show that
the connected part of the four-point correlator vanishes as it should: for free theories
higher order correlators either vanish or can be expressed in terms of Gaussian correla-
tors. Using, however, the non-Gaussian density matrix in equation (4.55) with ζ0 → 0

and the normalisation constant (4.57), we find:

〈x̂4〉con = − 3(ζ1R + ζ2)2

16(aR − c)2(aR − c+ 1
2 (ζ1R + ζ2))2

' −3(ζ1R + ζ2)2

16(aR − c)4
+O

(
(ζ1R)3, (ζ2)3

)
.

(4.59)
Clearly, genuine non-Gaussian correlators are generated and this state has kurtosis at
quadratic order.

Let us now calculate the entropy by making use of equation (4.56). As said, it is
precisely ζ1 and ζ2 that affect the entropy. To see that, notice further that their effect can
be captured by a shift in a and c as follows:

a→ ā = a− ζ1 (4.60a)

c→ c̄ = c+ ζ2 , (4.60b)

such that the corresponding von Neumann entropy simply reads (cf. equation (4.54)):

S2 = (1 + n̄) ln(1 + n̄)− n̄ ln(n̄) , (4.61)
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where n̄ = n+ δn, and where as usual n = (∆−1)/2. Now δn ∝ ζ1R, ζ2 is the correction
to the Gaussian entropy we are about to calculate. Comparing with equations (4.44)
and (4.53) we have:

ᾱ =
āR

c̄
−
√
ā2

R

c̄2
− 1 (4.62a)

n̄ =
ᾱ

1− ᾱ
, (4.62b)

from which we immediately find, to linear order in ζ1R and ζ2:

δα =
α(1− α)

1 + α

(
ζ1R

aR − c
+

1 + α2

2α

ζ2
aR − c

)
(4.63a)

δn =
δα

(1− α)2
=
n(1 + n)

1 + 2n

(
ζ1R

aR − c
+

1 + 2n+ 2n2

2n(1 + n)

ζ2
aR − c

)
, (4.63b)

where we used aR/c = (1 + α2)/(2α). Finally, δS2 = {ln[(1 + n)/n]}δn implies that:

S2(t) = Sg(t) + δS2(t) , (4.64a)

where δS2 is an entropy shift given by:

δS2(t) =
n(1 + n)

1 + 2n

(
ζ1R

aR − c
+

1 + 2n+ 2n2

2n(1 + n)

ζ2
aR − c

)
ln

(
1 + n

n

)
, (4.64b)

where Sg = (1 + n) ln(1 + n)− n ln(n) is the von Neumann entropy of a Gaussian state
and n is the statistical particle number associated with the Gaussian part of the state as
before.

Several comments are in order. Firstly, the result (4.64) implies that to linear order
=[ζ1] does not change the entropy. In fact, =[ζ1] induces (de)squeezing of the state,
which can be appreciated from equation (4.22c). Secondly, δS2 is positive (negative)
whenever ζ1R and ζ2 are positive (negative), irrespective of n > 0. Thirdly, we have
rescaled ζ1R and ζ2 by aR − c to get a dimensionless quantity. This rescaling is natural,
since aR− c measures the width of the state. Finally, for large n, the formula (4.64) gives
a meaningful answer, since:

lim
n→∞

δS2 =
1

2

ζ1R + ζ2
aR − c

, (4.65)

is finite. On the other hand, when n→ 0, we encounter a logarithmic divergence:

lim
n→0

δS2 =

(
n

ζ1R
aR − c

+
1

2

ζ2
aR − c

)
ln
( 1

n

)
, (4.66)

indicating a mild (logarithmic) breakdown of the linear expansion. Notice, however,
that also in that limit formula (4.61) remains applicable.



4.5. Non-Gaussian Entropy: Two Examples 103

4.5.2 Kurtosis

In the former example non-Gaussianities are generated by adding a quadratic polyno-
mial to the prefactor. One could also introduce non-Gaussianities by adding higher
order, i.e.: cubic or quartic, powers in the exponential. Cubic corrections generate
skewness and since they contribute to the entropy at quadratic and higher orders in
the skewness parameter, we shall now focus on the quartic corrections to the density
matrix. Quartic corrections to a density matrix affect the kurtosis of a state and we
parametrise this as follows:

ρ4(x, y; t) = N4 exp
[
−ax2− a∗y2+ 2cxy

]
exp
[
η0x

4+ η∗0y
4+ η1x

3y+ η∗1xy
3+ η2x

2y2
]

≡ N4

Ng
ρg(x, y; t)ρng(x, y; t), (4.67)

where ρg is the Gaussian density matrix (4.14) as before, with the normalisation Ng

given in equation (4.16), and where ρng = exp(η0x
4 + η∗0y

4 + η1x
3y + η∗1xy

3 + η2x
2y2).

As in the previous example, we shall consider only linear corrections in ηi (i = 0, 1, 2) to
the entropy. To this order the non-Gaussian part of (4.67) can also be written as:

δρng ≡ ρng − 1 = η0x
4 + η∗0y

4 + η1x
3y + η∗1xy

3 + η2x
2y2 +O(η2

i ) . (4.68)

We can find the normalisation constant after some simple algebra by making use of the
equation above:

N4 = Ng

[
1 +

3

4

η0 + η∗0 + η1 + η∗1 + η2

[2(aR − c)]2

]−1

. (4.69)

To gain some intuitive understanding of what our density matrix looks like, let us
consider figure 4.6. Here, we show the Wigner transform of equation (4.67) using (4.68),
with η1 = 0 = η2. Clearly, the quartic corrections change the peak structure of our state
in phase space. Moreover, some regions in phase space now have a negative Wigner
function. This nicely illustrates the limitations of using the Wigner function as a proba-
bility density on our phase space as soon as non-Gaussianities (due to interactions) are
included, i.e.: equation (4.27) holds only approximately in this case.

In order to calculate the entropy, we need Tr[ρ̂1+ε
4 ] as before (cf. equation (4.43)). To

linear order in δρng we have:

Tr[ρ̂1+ε
4 ] =

(
N4

Ng

)1+ε (
Tr[ρ̂1+ε

g ] + (1 + ε)Tr[ρ̂1+ε
g δρ̂ng]

)
. (4.70)

The first term in the parentheses is just the Gaussian result (4.43) while the latter term
can be evaluated by making use of the formulae in appendix A of this chapter. Expand-
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Φ

Π

Φ

Π

Figure 4.6: Wigner transform of the density matrix described by equations (4.67) and (4.68), with
η0 6= 0 only. We used η0 > 0 (left) and η0 < 0 (right). The peak structure of our state in phase
space, that is simple for Gaussian density matrices, becomes much more complicated. Some
regions in phase space have a negative value of the Wigner function, indicating a breakdown
of the use of a Wigner function as a convenient measure of probability.

ing to linear order in ε, the equation above yields:

Tr[ρ̂1+ε
4 ] = 1 + ε

[
ln(1− α) +

α

1− α
ln(α)

]
+ ε

[
3

4

η0 + η∗0
[2(aR − c)]2

( 4α

1− α2
ln(α)− 1

)
+

3

4

η1 + η∗1
[2(aR−c)]2

(1 + α

1− α
ln(α)− 1

)
+

3

4

η2

[2(aR−c)]2
(4

3

1 + α+ α2

1− α2
ln(α)−1

)]
. (4.71)

As expected, we see that the entropy naturally splits into a Gaussian and a non-Gaussian
contribution:

S4(t) = Sg(t) + δS4(t) , (4.72a)

where Sg is the Gaussian entropy as before, and where:

δS4(t) =
η0 + η∗0

[2(aR−c)]2

(
3n(1 + n)

1 + 2n
ln

(
1 + n

n

)
+

3

4

)
(4.72b)

+
3

4

η1 + η∗1
[2(aR−c)]2

(
(1 + 2n) ln

(
1 + n

n

)
+ 1

)
+

η2

[2(aR−c)]2

(
1 + 3n+ 3n2

1 + 2n
ln

(
1 + n

n

)
+

3

4

)
.

This is the main result of this section and intuitive in the following sense: just as in the
first non-Gaussian example above, we see that positive parameters {η0R, η1R, η2} > 0,
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tend to make the effective state’s width (aR − c)−1/2 larger, which increases the area
in phase space the state occupies, which in turn increases the entropy. If, however
{η0R, η1R, η2} < 0, the phase space area shrinks, which in turn decreases the entropy.
The statements above hold for any statistical particle number 0 � n < ∞, with the
exception of n → 0, where, just as in the case studied above, a weak logarithmic diver-
gence occurs when η1R 6= 0 or η2 6= 0. Notice finally that =[η0] and =[η1] again do not
participate in entropy generation, but rather contribute to the squeezing of the state.

Kurtosis and skewness in quantum mechanics, studied in this section, occur also in
interacting quantum field theories, which we discuss next.

4.6 Entropy in Scalar Field Theory

The Gaussian and non-Gaussian entropies, that we have developed for pedagogical
reasons in sections 4.2, 4.4, and 4.5 for a density matrix with one degree of freedom in
quantum mechanics, can be generalised to field theory. However, we firstly need to
consider correlators in quantum field theory.

4.6.1 Equal Time Correlators in Scalar Field Theory

Let us now proceed analogous to equation (4.14) and write the density matrix operator
for our system in the field amplitude basis in Schrödinger’s picture (see e.g. [137]):

ρ̂g =

∫
Dφ
∫
Dφ′|φ〉ρg[φ, φ′; t]〈φ′| , (4.73)

where:
ρg[φ, φ′; t] = N exp

(
−φT ·A · φ− φ′T ·B ·φ′ + 2φT · C ·φ′

)
, (4.74)

where Dφ =
∏
~x∈V dφ(~x ) and |φ〉 =

∏
~x∈V |φ(~x )〉. A few words on the notation first.

We shall consider φ = φ(~x) as a vector whose components are labelled by ~x. Moreover,
A(~x, ~y, t) can be viewed as a matrix, such that A · φ is a vector again, where a · denotes
matrix multiplication, which, for the case at hand, is nothing but an integral over D − 1

dimensional space. Hence, quantities like φT ·A ·φ are scalars and involve two integrals
over space. Note that at this point we do not assume that A is homogeneous, i.e.:
A(~x, ~y, t) 6= A(~x−~y, t), but we rather keep any possible off-diagonal terms for generality.

Our density matrix (4.74) is hermitian, such that we have A∗(~x, ~y, t) = B(~x, ~y, t) and
C∗(~x, ~y, t) = C(~x, ~y; t), where we use A(~x, ~y, t) = A(~y, ~x, t) and C(~x, ~y, t) = C(~y, ~x; t).
The normalisation N of ρ[φ, φ′; t] can be determined from the standard requirement
Tr[ρ̂] = 1:

N =

(
det

[
2(AR − C)

π

])1/2

, (4.75)
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where we note that the hermitian partAh ofA is real and symmetric such thatAh = AR.
Just as in the quantum mechanical case, we need to calculate the three non-trivial

Gaussian correlators which completely characterise the properties of our Gaussian state.
In order to calculate these correlators, we need to have an expression for the statistical
propagator as in equation (4.8) which, given some initial density matrix ρ̂(t0), is in the
Heisenberg picture defined by:

F (~x, t; ~y, t′) =
1

2
Tr
[
ρ̂(t0){φ̂(~x, t), φ̂(~y, t′)}

]
. (4.76)

Let us begin by calculating:

〈φ̂(~x, t)φ̂(~y, t)〉 = F (~x, t; ~y, t) = Tr
[
ρ̂(t)φ̂(~x )φ̂(~y )

]
, (4.77)

where we have made use of the Heisenberg evolution equation for operators. It is con-
venient to add a source current j(~x, t) to the density matrix (4.73), such that ρ becomes:

ρjg[φ, φ′; t] = N exp
(
−φT ·A · φ− φ′T ·A† ·φ′ + 2φT · C ·φ′ + jT · φ+ j′

T · φ′
)
, (4.78)

in terms of which equation (4.77) can be rewritten as:

F (~x, ~y; t) =
δ

δj(~x )

δ

δj(~y )

∫
Dφρjg[φ, φ; t]

∣∣∣
j=j′=0

(4.79a)

=
δ

δj(~x )

δ

δj(~y )

∫
Dφ̃N exp

(
−2φ̃T · (AR − C) · φ̃

)
× exp

(
1

8
(j + j′)T · (AR − C)−1 · (j + j′)

) ∣∣∣∣∣
j=j′=0

=
1

4
(AR − C)−1(~x, ~y; t) .

We also need the other correlators:
1

2
〈{φ̂(~x), π̂(~y)}〉 = ∂t′F (~x, t; ~y, t′)|t=t′ =

1

2
Tr[ρ̂g(t){φ̂(~x ), π̂(~y )}] (4.79b)

= −~
2

(AR − C)−1 ·AI(~x, ~y; t)

1

2
〈{π̂(~x), π̂(~y)}〉 = ∂t∂t′F (~x, t; ~y, t′)|t=t′ =

1

2
Tr[ρ̂g(t){π̂(~x ), π̂(~y )}] (4.79c)

= ~2

[
1

2
A† ·(AR− C)−1 ·A+A ·(AR− C)−1 ·A†− C ·(AR− C)−1 · C

]
(~x, ~y; t) .

We have moreover made use of 〈φ′|π̂|φ〉 = −ı~ δ
δφ′ δ[φ

′ − φ]. As a check one can verify
that:

Tr(ρ̂g(t)[φ̂(~x ), π̂(~y )]) = ı~δD−1(~x− ~y ) . (4.80)
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Combining the equations above we find:

∆2(~x, ~y; t) =
4

~2

[〈
φ̂φ̂
〉
· 〈π̂π̂〉 − 1

4

〈
{φ̂, π̂}

〉
·
〈
{φ̂, π̂}

〉]
(~x, ~y; t)

= (AR − C)−1 · (AR + C)(~x, ~y; t) . (4.81)

This is the desired field theoretical generalisation of the Gaussian invariant ∆2 in equa-
tion (4.33). Notice that the result above applies for general, non-diagonal, Gaussian,
symmetric density matrices. This is an important quantity because, just as in the quan-
tum mechanical case, ∆ will be the conserved quantity under any quadratic Hamilto-
nian evolution. Since the von Neumann entropy is also conserved in this case, it is
natural to expect that SvN = SvN[∆].

Of course, if we are interested in problems in which the hamiltonian density is only
time-dependent, one can make use of spatial translation invariance of the correlators,
such that the equal time statistical correlator is homogeneous: F (~x, ~y; t) → F̃ (~x − ~y, t).
In this case it is beneficial to Fourier transform according to:

F̃ (~k, t) =

∫
dD−1(~x− ~y)F̃ (~x− ~y, t)e−ı~k·(~x−~y) , (4.82)

such that equation (4.81) becomes local in momentum space and reduces to the result
known in literature:

∆̃2(~k; t) =
4

~2

[
F̃ (~k, t, t)∂t∂t′ F̃ (~k, t, t′)−

(
∂t′ F̃ (~k, t, t′)

)2
]∣∣∣∣
t=t′

=
(ÃR + C̃)(~k, t)

(ÃR − C̃)(~k, t)
. (4.83)

This representation is particularly useful in problems with spatial translational symme-
try, such as cosmology [173, 176], also see [216, 217].

4.6.2 Entropy of a Gaussian state in Scalar Field Theory

Let us now discuss the von Neumann entropy (4.2) of the Gaussian density matrix (4.73)
by using the replica method (4.42). We consider a non-interacting theory and proceed
analogous to section 4.4. In particular, we thus have SvN = Sg

S , from equation (4.6).
Some subtleties arise, however, as we deal with a system with infinite degrees of free-
dom. For this reason, we nevertheless include an outline of the proof in appendix B of
this chapter. The entropy for a quantum system that can be described by a Gaussian
density matrix is given by:

SvN = Tr

[
∆ + I

2
· ln
(

∆ + I
2

)
− ∆− I

2
· ln
(

∆− I
2

)]
. (4.84)
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We denote the identity matrix by I = δD−1(~x − ~y). As in the quantum mechanical case,
we can define the generalised statistical particle number density correlator n = n(~x, ~y, t)

as:
n =

∆− I
2

, (4.85)

in terms of which the entropy (4.84) reads:

SvN = Tr [(n+ I) · ln (n+ I)− n · ln (n)] . (4.86)

In the limit when ‖n‖ � 1, in the sense that for the diagonalised matrix its diagonal
entries of interest are large, we can expand the logarithms in (4.86) to get for the entropy,
SvN ≈ Tr[ln(n) + I + O(n−1)], which nearly coincides with the Wigner entropy SW in
field theory, cf. equation (4.36). Equations (4.86) and (4.84) represent the von Neumann
entropy of a general Gaussian state in scalar field theory and are the main result of this
section.

In the homogeneous limit, we can again Fourier transform, and equation (4.84) re-
duces to:

SvN = V

∫
d3k

(2π)3

[
∆(k, t) + 1

2
ln

(
∆(k, t) + 1

2

)
− ∆(k, t)− 1

2
ln

(
∆(k, t)− 1

2

)]
,

(4.87)
where the volume factor arises because of the trace. The limit ∆(k, t) � 1 basically
agrees with [173].

4.6.3 Entropy of a Non-Gaussian state in Scalar Field Theory

Analogous to the one particle non-Gaussian entropy discussed in section 4.5, let us
generalise that result to the field theoretical case. The non-Gaussian density matrix ρ̂2

in equation (4.73) generalises to:

ρ̂2 =

∫
Dφ
∫
Dφ′|φ〉ρ2[φ, φ′; t]〈φ′| , (4.88a)

where:

ρ2[φ, φ′; t] = N2ρ0[φ, φ′; t]
[
1 + ζ0 · φ+ ζ†0 · φ′ + φT · ζ1 · φ+ φ′

T · ζ†1 · φ′

+ φT · ζ2 · φ′ + φ′
T · ζ†2 · φ

]
(4.88b)

ρ0[φ, φ′; t] = exp
[
−φT ·A · φ− φ′T ·A† ·φ′ + φT · C ·φ′ + φ′

T · CT ·φ
]
. (4.88c)

We could of course perform a similar shift in the exponent as we have done before in
equation (4.60), in which case the resulting equation for the entropy would formally be
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exact, i.e: we do not assume yet that the non-Gaussian contributions are small. If we
want to expand around the Gaussian result, however, we can only perform the integral
if we assume that all correlators, including the non-Gaussian ones, are homogeneous,
i.e.: they are only a function of the difference of their coordinatesA(~x, ~y, t) = A(~x−~y, t).
The Fourier transform of equation (4.88) is:

ρ2[φ, φ′; t] =
∏
k

N2,k exp
[
−Ā(k, t)|φ(k)|2 − Ā∗(k, t)|φ′(k)|2 + 2C̄(k, t)φ∗(k)φ′(k)

]
+O(ζ2

i ) , (4.89)

where we have set ζ0 = 0 as before, as it will not induce an entropy shift. Also,
the product over the momenta is only over half of the Fourier space. Moreover, we
have absorbed the small non-Gaussian contributions in the functions Ā and C̄ as in the
quantum mechanical case:

A(k, t)→Ā(k, t) = A(k, t)− ζ1(k, t) (4.90a)

C(k, t)→C̄(k, t) = C(k, t) + ζ2(k, t) . (4.90b)

Now we can read off the result for the entropy in Fourier space in equation (4.87) as:

SvN = V

∫
d3k

(2π)3

[
∆̄(k, t) + 1

2
ln

(
∆̄(k, t) + 1

2

)
− ∆̄(k, t)− 1

2
ln

(
∆̄(k, t)− 1

2

)]
.

(4.91)
Assuming that ζi(k, t) � 1 we can derive the change in entropy to linear order in ζi.
The result is:

S2(t) = Sg(t) + δS2(t) , (4.92a)

where Sg is the Gaussian contribution and δS2 is an entropy shift given by:

δS2 = V

∫
d3k

(2π)3

[(
ζ1R(k, t)

AR(k, t)−C(k, t)
+

1+2n(k, t)+2n2(k, t)

2n(k, t)(1 + n(k, t))

ζ2(k, t)

AR(k, t)−C(k, t)

)

× n(k, t)(1 + n(k, t))

1 + 2n(k, t)
ln

(
1 + n(k, t)

n(k, t)

)]
, (4.92b)

where, of course, n(k, t) = (∆(k, t) − 1)/2. This result is the field theoretical gener-
alisation of the quantum mechanical entropy (4.64). It can be applied to mildly non-
Gaussian states in field theory, which, apart from being mixed, also contain small one
particle contributions.

The field theoretical generalisation of the second example presented in section 4.5.2
is hard to solve for, even in the homogeneous case, as it is non-local in Fourier space.



110 Chapter 4. Entropy and Correlators in Quantum Field Theory

4.7 Conclusion

We formally develop a novel approach to decoherence in quantum field theory: neglect-
ing observationally inaccessible correlators will give rise to an increase in the entropy of
the system. This is inspired by realising that correlators are measured in quantum field
theories, and that higher order n-point functions are usually perturbatively suppressed.
An important advantage of this approach is that the procedure of renormalisation can
be systematically implemented.

We show how knowledge about the correlators of a system affects the notion of
the entropy associated to that state in two cases: we firstly calculate the entropy of
a general Gaussian state. This entropy can be expressed purely in terms of the three
equal time correlators characterising the Gaussian state. Moreover, all three correlators
can be obtained from the statistical propagator, which opens the possibility to study
quantum corrections on the entropy in an interacting quantum field theory in a system-
atic manner. Secondly, we calculate the entropy for two specific types of non-Gaussian
states. Firstly, we assume that the state of the system can be described by an admixture
of the ground state and a small contribution of the first excited state. This yields a
small correction to the Gaussian entropy. Secondly, in the quantum mechanical case, we
calculate an expression for the entropy in case our observer can probe a specific type of
kurtosis of the ground state. This also changes the entropy that the observes associates
to the state.

We also outline the use and limitations of the Wigner function, the Wigner transform
of the density matrix of a system. In particular, we show that ∆, the fundamental
quantity constructed from various correlators that fixes the entropy, coincides with the
phase space area in Wigner space. We generalise Heisenberg’s uncertainty relation in
equation (4.34), which now also applies to e.g. squeezed states.

As the Gaussian von Neumann entropy can be expressed in terms of the three Gaus-
sian correlators, we can make an interesting observation. Recalling the reduced density
matrix and its associated entropy in equations (4.3) and (4.5), respectively, we would be
tempted to conclude that:

Sg
S(t) = Sg

red(t) . (4.93)

In other words, keeping only the Gaussian contributions to the entropy, we see that the
Gaussian von Neumann entropy in equation (4.50) should be identical to the “reduced
von Neumann entropy” in equation (4.5). The argument is trivial:

〈x̂2〉 = Tr[ρ̂x̂2] =

∫ ∞
−∞

dx̃dq̃〈x̃q̃|ρ̂x̂2|q̃x̃〉 = TrS [ρ̂redx̂
2] , (4.94)

and similar expressions hold for 〈{x̂, p̂x}〉 and 〈p̂2
x〉. However, the perturbative approxi-

mations one relies on in practise in solving the perturbative master equation (4.4) render
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the equality (4.93) invalid. We will study this in detail in chapter 5.
This is a rather phenomenological discussion, connecting the notion of entropy, cor-

relators and phase space area in quantum field theory. Although we outline various
mechanisms how entropy could be generated, we have, in this chapter, not applied our
ideas to concrete systems. This is the topic of chapters 5 and 6.

Appendix A: Useful Integrals

Here we quote some integrals that are used in section 4.5. The three integrals are:

Iη0(ε) =

∫ ∞
−∞

dx0 · · ·
∫ ∞
−∞

dxε
(
η0x

4
ε + η∗0x

4
0

)
× exp

[
−2aR(x2

0 + · · ·+ x2
ε) + 2c(x0x1 + · · ·+ xεx0)

]
= (η0 + η∗0)

3

4

π
1+ε

2

(2β)
5+ε

2

(1− α2+2ε)2

(1− α2)2(1− α1+ε)5
(4.95a)

Iη1(ε) =

∫ ∞
−∞

dx0 · · ·
∫ ∞
−∞

dxε
(
η1x

3
εx0 + η∗1xεx

3
0

)
× exp

[
−2aR(x2

0 + · · ·+ x2
ε) + 2c(x0x1 + · · ·+ xεx0)

]
= (η1 + η∗1)

3

4

π
1+ε

2

(2β)
5+ε

2

α(1 + α−1+ε)(1− α2+2ε)

(1− α2)2(1− α1+ε)4
(4.95b)

Iη2(ε) =

∫ ∞
−∞

dx0 · · ·
∫ ∞
−∞

dxε
(
η2x

2
εx

2
0

)
× exp

[
−2aR(x2

0 + · · ·+ x2
ε) + 2c(x0x1 + · · ·+ xεx0)

]
= η2

1

4

π
1+ε

2

(2β)
5+ε

2

(1 + α2)2(1 + α−2+2ε)− α4(1 + α−6+2ε) + 6α1+ε

(1− α2)2(1− α1+ε)3
, (4.95c)

where ε ≥ 0 is an integer. The first non-trivial check of these integrals is to set ε = 0, in
which case their sum gives the (inverse) normalisation constant (4.69):

Iη0(0) + Iη1(0) + Iη2(0) =

√
π

2(aR − c)
3

4

η0 + η∗0 + η1 + η∗1 + η2

[2(aR − c)]2
= N−1

4 −N−1
g . (4.96)

Moreover, we encourage the reader to check the integrals for some other values of
ε. By performing direct integrations we have checked the integrals (4.95a–4.95c) for
ε = 1, 2, 3, 4, and 5, and they all give the correct answer. Since the expressions (4.95) are
analytic in ε when 0 < α < 1, they can be uniquely analytically extended to complex
values of ε in that range of α, based on which we calculate the von Neumann entropy
in section 4.5. For the entropy calculation we need to expand the integrals (4.95) around
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ε = 0 up to linear order in ε. From equation (4.70) we see that it is convenient to multiply
the integrals with N 1+ε

g = [2(aR − c)/π](1+ε)/2:

N 1+ε
g Iη0(ε) =

3

4

η0 + η∗0
[2(aR − c)]2

{
1 + ε

[
ln(1− α) +

α(5 + α)

1− α2
ln(α)

]}
(4.97a)

N 1+ε
g Iη1(ε) =

3

4

η1 + η∗1
[2(aR − c)]2

{
1 + ε

[
ln(1− α) +

1 + 3α+ 2α2

1− α2
ln(α)

]}
(4.97b)

N 1+ε
g Iη2(ε) =

3

4

η2

[2(aR − c)]2

{
1 + ε

[
ln(1− α) +

1

3

4 + 7α+ 7α2

1− α2
ln(α)

]}
, (4.97c)

where we use aR/c = (1 + α2)/(2α), 2β = c/α = 2(aR − c)/(1 − α)2, and we rescale ηi
by the square Gaussian width of the state, (aR− c)2, to write it in natural dimensionless
units.

Appendix B: Von Neumann Entropy for a Gaussian Field
Theory

Here we outline how to calculate the von Neumann entropy in field theory for a quan-
tum state that can be described by a general Gaussian density matrix. Keeping equa-
tion (4.42) in mind, we realise that, as in the quantum mechanical case, we have to
evaluate:

Tr
[
ρ̂1+ε

]
= N 1+ε

∫
Dφ0 · · ·

∫
Dφε exp

[
− 2(φT0 ·AR · φ0 + · · ·+ φTε ·AR · φε)

+ φT0 · C · φ1 + φT1 · C · φ0 + · · ·+ φTε · C · φ0 + φT0 · C · φε
]

(4.98)

= N 1+ε

∫
Dφ̆0 · · ·

∫
Dφ̆ε exp

[
− 2(φ̆T0 · ĂRI · φ̆0 + · · ·+ φ̆Tε · ĂRI · φ̆ε)

+ φ̆T0 · C̆I · φ̆1 + φ̆T1 · C̆I · φ̆0 + · · ·+ φ̆Tε · C̆I · φ̆0 + φ̆T0 · C̆I · φ̆ε
]

= N 1+εJ

∫
Dφ̃0 · · ·

∫
Dφ̃ε exp

[
−2(φ̃T0 · βI · φ̃0 + · · ·+ φ̃Tε · βI · φ̃ε)

]
,

where we note thatAR and C are real and symmetric matrices, and we assume that they
can both be diagonalised by the same orthogonal matrix O. We also define the identity
matrix I = δD−1(~x − ~y). We transform to the diagonal field coordinates by setting e.g.
φ̆0 = Oφ0, such that all matrices diagonalise, e.g.: O−1 · AR · O = ĂR(~x, t)I. Moreover,
we assume that CT = C. Secondly, we transform variables to φ̃i = φ̆i − αIφ̆i+1 for
i = {0, 1, · · · , ε − 1} and φ̃ε = φ̆ε − αIφ̆0, analogous to the quantum mechanical case.
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The Jacobian of this change of variables is now given by:

J =

∣∣∣∣∣ ∂(φ̆i)

∂(φ̃j)

∣∣∣∣∣ =
∣∣det[R−1]

∣∣ = det
[
(I− αI)−1

]
, (4.99)

where we write down the matrix R for clarity as:

R =


I −αI 0 · · · 0

0 I −αI · · · 0

0 0 I · · · 0
...

...
. . .

...
−αI 0 · · · 0 I

 . (4.100)

The diagonal matrices α(~x, t)I and β(~x, t)I generalise to:

α(~x, t)I =

 ĂR(~x, t)

C̆(~x, t)
−

√√√√( ĂR(~x, t)

C̆(~x, t)

)2

− 1

 I (4.101)

β(~x, t)I =
C̆(~x, t)

2α(~x, t)
I , (4.102)

where we note that ĂR − C̆ = β(1− α)2. Equation (4.98) can now easily be evaluated:

Tr
[
ρ̂1+ε

]
= det

[(
(1− α)ε+1

1− αε+1

)
I
]
. (4.103)

Expanding around ε = 0 we get:

SvN = −Tr

[(
ln(1− α) +

α

1− α
ln(α)

)
I
]
, (4.104)

where we make use of det[I + εA] = 1 + εTr[A] + O(ε2). The phase space invariant
∆2(~x, ~y, t) in equation (4.81) can also be cast in diagonal form:

∆̆2(~x, t)I =
ĂR(~x, t) + C̆(~x, t)

ĂR(~x, t)− C̆(~x, t)
I . (4.105)

We can thus derive α(~x, t) = (∆̆(~x, t) − 1)/(∆̆(~x, t) + 1). The resulting equation for the
entropy can be rotated back to the original non-diagonal field coordinates by making
use of the unitary matrix O:

SvN = Tr

[
∆ + I

2
· ln
(

∆ + I
2

)
− ∆− I

2
· ln
(

∆− I
2

)]
, (4.106)

which is nothing but equation (4.84).





CHAPTER 5

DECOHERENCE IN QUANTUM

MECHANICS

We study decoherence in a simple quantum mechanical model using two approaches.
Firstly, we follow the conventional approach to decoherence where one is interested in
solving the reduced density matrix from the perturbative master equation. Secondly, we
consider our correlator approach to decoherence, as outlined in section 4.1, where en-
tropy is generated by neglecting observationally inaccessible correlators. We show that
both methods can accurately predict a decoherence time scale. However, the entropy
obtained from the perturbative master equation generically suffers from physically un-
acceptable secular growth. We also discuss the relevance of the results in our quantum
mechanical model for interacting field theories. This chapter primarily builds on [218],
but also contains elements of [157] and [219].

5.1 Introduction

In section 4.1, just below equation (4.5), we argue that the conventional approach to de-
coherence, which relies on the perturbative master equation, suffers from several short-
comings. In quantum mechanics, however, we do not have to worry about divergences.
In this chapter we will study the perturbative master equation in quantum mechanics,
where the practical drawbacks we mention do not apply. Quantum mechanics thus
provides us with a level playing field to compare the conventional approach with our
correlator approach to decoherence. In this chapter, we study a well-known textbook
example [74, 75, 167, 220] of N + 1 simple harmonic oscillators. Here, one oscillator,
x, plays the role of the system, and the other N oscillators, qn, where 1 ≤ n ≤ N ,
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play the role of the environment. The oscillators will be coupled quadratically: λnxqn.
This induces mixing between the system and the environment. Secondly, we consider
the interaction λnxq

2
n that is the quantum mechanical analogue of the quantum field

theoretical model we investigate in chapter 6.
In the first, quadratic model with the bilinear coupling λnxqn, it is important to

realise that the entropy in our correlator approach to decoherence is not generated by
neglecting non-Gaussianities as our quantum mechanical model is Gaussian. Equa-
tion (4.6) simplifies to:

SvN = Sg
S + Sg

E + Sg
SE , (5.1)

as Sng = 0. The correlation entropy Sg
SE in this chapter plays the role of the non-

Gaussian contributions to the entropy Sng in the field theoretical example we consider
later, in chapter 6. In the second model, with the interaction λnxq

2
n, equation (4.6)

reduces to:
SvN = Sg

S + Sg
E + Sng , (5.2)

as Sg
SE = 0. For both cases, we present two calculations:

• We calculate the evolution of the entropy by solving for the reduced density matrix
from the perturbative master equation;

• We calculate the evolution of the entropy by solving for the Gaussian correlators,
either exactly or via the quantum mechanical Kadanoff-Baym equations, from
which we calculate the Gaussian von Neumann entropy.

In particular, we identify regions in parameter space where the perturbative master
equation performs well and where it does not. In section 5.2, we introduce the quadratic
model and, in section 5.3, we outline two derivations of the perturbative master equa-
tion. In sections 5.4 and 5.5, we analyse the evolution of the entropy in the quadratic
model for N = 1 and N = 50, respectively. We repeat this analysis in section 5.6 for the
second, interacting model. Finally, we derive the perturbative master equation from
the Kadanoff-Baym equations of motion in section 5.7, to illustrate the perturbative
approximations that cause the master equation to fail.

5.2 The Quadratic Model

We consider the following total quantum mechanical action:

S [x̃, {q̃n}] =

∫
dtL [x̃, {q̃n}] =

∫
dt {LS [x̃] + LE [{q̃n}] + LInt [x̃, {q̃n}]} , (5.3)
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where:

LS [x̃] =
1

2
m ˙̃x2 − 1

2
mω2

0 x̃
2 (5.4a)

LE [{q̃n}] =

N∑
n=1

(
1

2
mn

˙̃q2
n −

1

2
mnω

2
nq̃

2
n

)
(5.4b)

LInt [x̃, {q̃n}] =−
N∑
n=1

λ̃nq̃nx̃ . (5.4c)

Here, x̃ = x̃(t) denotes the system coordinate and q̃n = q̃n(t), with n = 1, · · · , N ,
are the environment coordinates. Also, m and mn are the masses of the system and
environment, respectively. Likewise, ω0 and ωn are the frequencies of the oscillators. It
is useful to perform the rescaling:

x =
√
mx̃ (5.5a)

qn =
√
mnq̃n , (5.5b)

after which the Lagrangian in equation (5.3) becomes:

L
[
x, {qn}

]
=

1

2
ẋ2 − 1

2
ω2

0x
2 +

N∑
n=1

(
1

2
q̇2
n −

1

2
ω2
nq

2
n

)
−

N∑
n=1

λnqnx , (5.6)

where λn = λ̃n/
√
mmn. Throughout the chapter we set 〈x̂〉 = 0 and 〈q̂n〉 = 0, where

1 ≤ n ≤ N . In section 4.2, we explain how to remove a linear source term from the
Lagrangian. We do not consider these terms here because they do not affect the entropy.
In order to understand how to impose initial conditions later on, it is useful to explicitly
derive the statistical propagator in thermal equilibrium. In thermal equilibrium the
Schwinger-Keldysh propagators for e.g. the coordinate x are given by:

ı∆++(k0) =
−ı

−(k0)2 + ω2
0 − ıε

+ 2πδ(−(k0)2 + ω2
0)

1

eβ|k0| − 1
(5.7a)

ı∆−−(k0) =
ı

−(k0)2 + ω2
0 + ıε

+ 2πδ(−(k0)2 + ω2
0)

1

eβ|k0| − 1
(5.7b)

ı∆+−(k0) = 2πδ(−(k0)2 + ω2
0)

[
θ(−k0) +

1

eβ|k0| − 1

]
(5.7c)

ı∆−+(k0) = 2πδ(−(k0)2 + ω2
0)

[
θ(k0) +

1

eβ|k0| − 1

]
, (5.7d)

where β = 1/(kBT ), with kB the Stefan-Boltzmann constant. The Schwinger-Keldysh
formalism, or the in-in formalism, is frequently used in out-of-equilibrium field theory
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applications, and we will extensively discuss this formalism in chapter 6. Let us for the
moment just say that these equations are the D = 1 dimensional version of the well-
known thermal propagators in quantum field theory given in equation (6.42), where we
identify k2 +m2

χ → ω2
0 . We can now Fourier transform equation (5.7) with respect to k0

to find:

ı∆++(t; t′) =
cos(ω0∆t)

2ω0
coth

(βω0

2

)
− ı

2
sign(∆t)

sin(ω0∆t)

ω0
(5.8a)

ı∆−−(t; t′) =
cos(ω0∆t)

2ω0
coth

(βω0

2

)
+
ı

2
sign(∆t)

sin(ω0∆t)

ω0
=
[
ı∆−−(t; t′)

]∗
(5.8b)

ı∆+−(t; t′) =
cos(ω0∆t)

2ω0
coth

(βω0

2

)
+
ı

2

sin(ω0∆t)

ω0
(5.8c)

ı∆−+(t; t′) =
cos(ω0∆t)

2ω0
coth

(βω0

2

)
− ı

2

sin(ω0∆t)

ω0
=
[
ı∆+−(t; t′)

]∗
, (5.8d)

where we define ∆t = t − t′. The causal and statistical propagators in thermal equi-
librium now follow as the sum and the difference of the two Wightman propagators:

∆c(t; t′) = ∆−+(t; t′)−∆+−(t; t′) = − sin(ω0∆t)

ω0
(5.9a)

F (t; t′) =
1

2

(
ı∆−+(t; t′) + ı∆+−(t; t′)

)
=

cos(ω0∆t)

2ω0
coth

(βω0

2

)
. (5.9b)

We recall the Gaussian von Neumann entropy in equation (4.50):

Sg
S(t) =

∆ + 1

2
ln

(
∆ + 1

2

)
− ∆− 1

2
ln

(
∆− 1

2

)
, (5.10)

where the phase space area in equation (4.51) reads (~ = 1):

∆2(t) = 4

[
〈x̂2〉〈p̂2〉 −

〈1

2
{x̂, p̂}

〉2
]

= 4
[
F (t; t′)∂t∂t′F (t; t′)− {∂tF (t; t′)}2

]∣∣
t=t′

.

(5.11)
Now, unlike in the non-interacting case, considered when deriving the equations above
in chapter 4, Sg

S(t) is no longer conserved. Using equation (5.1) and SvN = const, we
can derive the time evolution of the correlation entropy SSE :

SSE(t) = SvN − SS(t)− SE(t) = SS(0) + SE(0)− SS(t)− SE(t) , (5.12)

where we assumed that SSE(0) = 0 initially. We are now prepared to study the dynam-
ics resulting from this quantum mechanical model.
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5.3 The Master Equation

In this section, we outline for completeness two derivations of the master equation.
Paz and Zurek nicely derive the master equation, which we extensively discuss in
section 4.1, by means of perturbative methods [74] before they review the “influence
functional method”. The latter was pioneered by Caldeira and Leggett [163], see also
the early review of Grabert, Schramm and Ingold [220], which in principle allows us to
derive a non-perturbative master equation [165, 166, 221–223]. In a particular perturba-
tive approximation both derivations yield the same master equation.

One defines the reduced density matrix by tracing over the environmental degrees of
freedom in the full density matrix as in equation (4.3). In most of the cases of physical in-
terest, it is impossible to solve for the von Neumann equation of the density matrix (4.1)
exactly. Hence, it is impossible to perform the trace to find the reduced density matrix
exactly. Consequently, in order to write down an equation of motion for ρred, that is
usually referred to as a master equation, one approximates the von Neumann equation
in a certain way. For example, one can make a perturbative approximation, or neglect
the backreaction from the system on the environment. The master equation is non-
unitary in nature, which is precisely what generates the entropy. Let us state explicitly
that there is nothing wrong with tracing over environmental degrees of freedom per se,
it is the perturbative master equation, that is used to obtain the reduced density matrix,
that fails to capture the correct physics at late times, as we will see shortly. This is caused
by incorrect perturbative approximations, which do not resum a sufficient number of
diagrams.

Let us begin by following the perturbative approach as outlined by Paz and Zurek
in e.g. [74]. The Hamiltonian following from (5.6) is given by:

Ĥ = ĤS + ĤE + ĤInt =
1

2
p̂2
x +

1

2
ω2

0 x̂
2 +

N∑
n=1

(
1

2
p̂2
qn +

1

2
ω2
nq̂

2
n + λnq̂nx̂

)
. (5.13)

Here, ĤS is the system’s Hamiltonian, ĤE is the environmental Hamiltonian, and the
interacting Hamiltonian ĤInt induces the coupling between the two. The perturbative
solution to the von Neumann equation (4.1) is the Dyson series which is truncated at
second order. We can now trace over the environmental degrees of freedom to obtain:

˙̂ρI
red(t) =

1

i~
TrE [ĤI

Int(t), ρ̂(0)]− 1

~2

∫ t

0

dt1TrE [ĤI
Int(t), [Ĥ

I
Int(t1), ρ̂(0)]] , (5.14)

where for convenience we choose our initial time t0 = 0. Here, the superscript I denotes
the interaction picture such that ĤI

Int(t) = Û†0 ĤInt(0)Û0, with Û0 = exp[−i/~(ĤS+ĤE)].
If one now assumes that initially the total density matrix is not entangled, i.e.: we have
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that ρ̂(0) = ρ̂S(0)⊗ ρ̂E(0), one can rewrite equation (5.14) in order to express it solely in
terms of ρ̂I

red(t):

˙̂ρI
red(t) =

1

i~
TrE [ĤI

Int(t), ρ̂
I
red(t)⊗ ρ̂E(0)]

− 1

~2

∫ t

0

dt1TrE [ĤI
Int(t), [Ĥ

I
Int(t1), ρ̂I

red(t)⊗ ρ̂E(0)]] (5.15)

+
1

~2

∫ t

0

dt1TrE

(
[ĤI

Int(t),TrE

(
[ĤI

Int(t1), ρ̂I
red(t)⊗ ρ̂E(0)]

)
⊗ ρ̂E(0)]

)
.

The interaction Hamiltonian has a simple form for the models we consider in this chap-
ter:

ĤInt =

N∑
n

X̂nQ̂n , (5.16)

where X̂n = X̂n(x̂, p̂x) and Q̂n = Q̂n(q̂n, p̂qn) are operators acting on the system or
environment Hilbert space only. Equation (5.15) then reduces in the Schrödinger picture
to:

˙̂ρred(t) =
1

ı
[ĤS(t), ρ̂red(t)] +

1

ı

N∑
n=1

[〈Q̂n〉X̂n, ρ̂red(t)] (5.17)

−
N∑
n=1
m=1

∫ t

0

dt1

[
K(3)
nm(t, t1)[X̂n, [X̂m(t1 − t), ρ̂red(t)]]

+K(4)
nm(t, t1)[X̂n, {X̂m(t1 − t), ρ̂red(t)}]

]
,

with:

K(3)
nm(t, t1) =

1

2
〈{Q̂n(t), Q̂m(t1)}〉 − 〈Q̂n〉〈Q̂m〉 (5.18a)

K(4)
nm(t, t1) =

1

2
〈[Q̂n(t), Q̂m(t1)]〉 . (5.18b)

For the model (5.13) under consideration, equation (5.17) reduces further to:

˙̂ρred(t)=
1

i
[ĤS(t), ρ̂red(t)]−

∫ t

0

dt1ν(t1)[x̂, [x̂(−t1), ρ̂red(t)]]−iη(t1)[x̂, {x̂(−t1), ρ̂red(t)}].

(5.19)
Here, note that we have x̂(t) = x̂ cos(ω0t) + p̂x/ω0 sin(ω0t) due to changing back to the
Schrödinger picture from the interaction picture. The noise and dissipation kernels ν(t)



5.3. The Master Equation 121

and η(t) read at the lowest order in perturbation theory:

ν(t) =

N∑
n=1

λ2
n

2
〈{q̂n(t), q̂n(0)}〉 =

N∑
n=1

λ2
n

cos(ωnt)

2ωn
coth

(
βωn

2

)
(5.20a)

η(t) =

N∑
n=1

iλ2
n

2
〈[q̂n(t), q̂n(0)]〉 =

N∑
n=1

λ2
n

2

sin(ωnt)

ωn
. (5.20b)

One thus finds:

˙̂ρred(t) =− i[ĤS(t) +
1

2
Ω2(t)x̂2, ρ̂red(t)]− iγ(t)[x̂, {p̂x, ρ̂red(t)}]

−D(t)[x̂, [x̂, ρ̂red(t)]]− f(t)[x̂, [p̂x, ρ̂red(t)]] , (5.21)

where the frequency “renormalisation” Ω(t), the damping coefficient γ(t), and the two
diffusion coefficients D(t) and f(t) are given by:

Ω2(t) =− 2

∫ t

0

dt1η(t1) cos(ω0t1) (5.22a)

=

N∑
n=1

−λ2
n

ωn(ω2
0 − ω2

n)
[ωn (cos(ω0t) cos(ωnt)− 1) + ω0 sin(ω0t) sin(ωnt)]

γ(t) =

∫ t

0

dt1η(t1)
sin(ω0t1)

ω0
(5.22b)

=

N∑
n=1

λ2
n

2ω0ωn(ω2
0 − ω2

n)
[ωn cos(ωnt) sin(ω0t)− ω0 cos(ω0t) sin(ωnt)]

D(t) =

∫ t

0

dt1ν(t1) cos(ω0t1) (5.22c)

=

N∑
n=1

λ2
n coth

(
βωn

2

)
2ωn(ω2

0 − ω2
n)

[ω0 cos(ωnt) sin(ω0t)− ωn cos(ω0t) sin(ωnt)]

f(t) =−
∫ t

0

dt1ν(t1)
sin(ω0t1)

ω0
(5.22d)

=

N∑
n=1

λ2
n coth

(
βωn

2

)
2ω0ωn(ω2

0 − ω2
n)

[ω0 (cos(ω0t) cos(ωnt)− 1) + ωn sin(ω0t) sin(ωnt)] .

The crucial point is that the non-unitarity present in the master equation in the terms
γ(t), D(t), and f(t) in equation (5.21) brings about the entropy increase. This entropy
increase, in turn, is argued to be a good quantitative measure of the process of deco-
herence. Surprisingly, we are not aware of any direct calculation of the entropy in this
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approach in generality. Furthermore, it is important to note that the effective coupling
constant in the master equation (5.21) is not just given by λn, but rather by:

λeff
n =

λn
ω2

0 − ω2
n

. (5.23)

This can be readily appreciated from examining the eigenfrequencies for N = 1 in
equation (5.61) for small couplings. We will return to this observation in subsequent
sections, but let us at this stage already point out that when the system and environ-
mental frequencies are close together, one risks leaving the regime where the master
equation is valid. This is disturbing. When both frequencies are roughly equal, one is
in the so-called resonant regime, i.e.: the regime where the interaction between both
oscillators is most effective. There is in principle nothing non-perturbative about the
resonant regime. For example, one can study the case N = 1 where ω0 ' ω1, and with
both λ/ω2

0 � 1 and λ/ω2
1 � 1. Despite of this, the coefficients in the master equation

tend to become large in this regime.
Before we solve the master equation (5.21), let us outline the rather well-known in-

fluence functional derivation of the master equation which gives the same perturbative
result [74, 163]. The full density matrix is first projected on position basis:

ρ(x, q; y, r, t) =

∫
dx′dy′dq′dr′〈x, q|e−iĤt|x′, q′〉〈x′, q′|ρ̂(0)|y′, r′〉〈y′, r′|eiĤt|y, r〉 . (5.24)

One can then define a quantum mechanical kernel [137] to be the position space projec-
tion of the evolution operator, which can be evaluated using a path integral approach:

K(x, q, t;x′, q′, 0) = 〈x, q|e−iĤt|x′, q′〉 =

∫
DxDq eiS[x,q] (5.25a)

K∗(y, r, t; y′, r′, 0) = 〈y′, r′|eiĤt|y, r〉 =

∫
DyDr e−iS[y,r] , (5.25b)

where the action follows from equation (5.29). The boundary conditions for the path
integrals are given by: x(t) = x, x(0) = x′, q(t) = q, q(0) = q′, and likewise y(t) = y,
y(0) = y′, r(t) = r, and r(0) = r′. Now, we can trace over the environmental degrees
of freedom as usual to find the reduced density matrix. Assuming that the system and
environment are not entangled initially, i.e.: ρ̂(0) = ρ̂S(0)⊗ρ̂E(0), one can thus rearrange
the integrals to derive:

ρred(x, y, t) =

∫
dq〈x, q|ρ̂(t)|y, q〉 =

∫
dx′dy′J(x, y, t;x′, y′, 0)ρS(x′, y′, 0) , (5.26)

where:
J(x, y, t;x′, y′, 0) =

∫
DxDy eiSS [x]−iSS [y]F(x, y) , (5.27)
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and where the influence functional F is given by:

F(x, y) =

∫
dqdq′dr′ρE(q′, r′, 0)

∫
DqDr eiSE [q]−iSE [r]+iSInt[x,q]−iSInt[y,r] . (5.28)

Caldeira and Leggett then derive an equation for ρ̇red(x, y, t), i.e.: the master equation,
by carefully studying infinitesimal time translations ρred(x, y, t+ ε), which they expand
in ε. The resulting master equation is the same as equation (5.21).

5.4 The Quadratic Model: Two Oscillators

We can specialise to the case of two bilinearly coupled simple harmonic oscillators by
settingN = 1 in equation (5.6). The total Lagrangian we consider in this section is given
by:

L
[
x, q
]

=
1

2
ẋ2 − 1

2
ω2

0x
2 +

1

2
q̇2 − 1

2
ω2

1q
2 − λqx . (5.29)

This is the simplest quantum mechanical system one can think of that captures some of
the physics that is relevant for decoherence. As this model is extremely simple, we can
compare the entropy resulting from the perturbative master equation to the exact von
Neumann entropy.

5.4.1 The Master Equation Approach to Decoherence

We are now ready to evaluate the master equation (5.21). Let us project this operator
equation on the position bras and kets just as in equation (4.14) as follows24:

ρred(x, y; t) = 〈x|ρ̂red(t)|y〉 = Ñ (t) exp
[
−ã(t)x2 − ã∗(t)y2 + 2c̃(t)xy

]
. (5.30)

The master equation (5.21) thus reduces to the following coupled system of differential
equations:

dãR

dt
= 4ãIãR − 2γ(t)(ãR + c̃) +D(t)− 2f(t)ãI (5.31a)

dãI

dt
= 2

(
ã2

I − ã2
R + c̃2

)
+

1

2

(
ω2

0 + Ω2(t)
)
− 2γ(t)ãI + 2f(t)(ãR − c̃) (5.31b)

dc̃

dt
= 4ãIc̃− 2γ(t)(ãR + c̃) +D(t)− 2f(t)ãI (5.31c)

d

dt
ln(Ñ ) = 2ãI . (5.31d)

24One could also calculate ρred using the well-known Gaussian propagator of the reduced theory [167].
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Here, the subscript I denotes the imaginary part aI = =[a]. It turns out to be ad-
vantageous to directly compute the time evolution of our three non-trivial Gaussian
correlators. Analogous methods have been used in [224] to analyse decoherence in an
upside down simple harmonic oscillator. Let us start by recalling equation (4.31). It
is valid for the coefficients of the reduced density matrix, too. We can thus derive the
following set of differential equations:

d〈x̂2〉
dt

=−
˙̃aR − ˙̃c

4(ãR − c̃)2
= 2

〈
1

2
{x̂, p̂}

〉
(5.32a)

d〈p̂2〉
dt

=− 2(ω2
0 + Ω2)

〈
1

2
{x̂, p̂}

〉
− 4γ(t)〈p̂2〉+ 2D(t) (5.32b)

d
〈

1
2{x̂, p̂}

〉
dt

=− (ω2
0 + Ω2)〈x̂2〉+ 〈p̂2〉 − f(t)− 2γ(t)

〈
1

2
{x̂, p̂}

〉
. (5.32c)

These equations are completely equivalent to the perturbative master equation when
one is interested in the Gaussian correlators only. Initially, we impose that the system is
in a pure state:

〈x̂2(t0)〉 =
1

2ω0
(5.33a)

〈p̂2(t0)〉 =
ω0

2
(5.33b)〈

1

2
{x̂, p̂}

〉
= 0 . (5.33c)

We can then find the phase space area in equation (5.11), and the von Neumann entropy
for the system now follows via equation (5.10). We discuss the results after having
solved for the statistical propagator in the correlator approach to decoherence in the
next subsection.

5.4.2 The Correlator Approach to Decoherence

The statistical propagator in quantum mechanics contains all relevant information about
the three non-trivial Gaussian correlators characterising our system, as is apparent from
equation (5.11). This fixes the von Neumann entropy again via equation (5.10). Rather
than separately solving for these three correlators by means of calculating various ex-
pectation values, one can directly solve for the statistical propagator. This method is
analogous in spirit to the quantum field theoretical computations we perform in chap-
ter 6, although there we solve the Kadanoff-Baym equations for the system field φ to
obtain the correlators. The oscillator model of interest is admittedly very simple, so
one could use many equivalent methods to solve for the correlators. The point is that
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in the quantum field theoretical case we examine in chapter 6, it is the most tractable
method we are aware of. For interacting (non-Gaussian) models it is very hard to solve
for the total density matrix, even perturbatively. It is possible, however, to solve for the
statistical propagator by perturbative methods.

As the derivation of the statistical propagator for general initial conditions, i.e.: ini-
tial conditions that also permit entangled states, is straightforward, but rather cum-
bersome, we present a full derivation in appendix A of this chapter. The principle on
which this derivation relies is to diagonalise the coupled equations of motion for the
two oscillators, such that they decouple. One can then solve the differential equations
trivially, rotate back to the original frame, and impose initial conditions. It is important
to realize that our expression for the statistical propagator in equation (5.67) is exact.

Initial Conditions I: Pure and Thermal Initial States

In particular, we are interested in what we henceforth call “pure-thermal” initial condi-
tions. Here, pure refers to the initial state of the system, whereas thermal refers to the
initial state of the environment field. Since we are dealing with only one environmental
simple harmonic oscillator, the phrase “thermal initial condition” might be a little awk-
ward. We only imply that the environmental statistical propagator probes one point on
Planck’s distribution. We need, of course, many more oscillators to sensibly talk about
a thermal distribution of oscillators. Also, we require that the system and environment
are separable initially, such that no system-environment correlations are present at t0.
Using equation (5.9b), we thus require:

〈x̂2(t0)〉 = 1
2ω0

〈p̂2
x(t0)〉 = ω0

2 〈{x̂(t0), p̂x(t0)}〉 = 0

〈q̂2(t0)〉 = 1
2ω1

coth
(
βω1

2

)
〈p̂2
q(t0)〉 = ω1

2 coth
(
βω1

2

)
〈{q̂(t0), p̂q(t0)}〉 = 0

〈x̂(t0)q̂(t0)〉 = 0 〈p̂x(t0)p̂q(t0)〉 = 0

〈x̂(t0)p̂q(t0)〉 = 0 〈q̂(t0)p̂x(t0)〉 = 0 .
(5.34)

Having the statistical propagator in equation (5.67) at our disposal, we can now find the
phase space area and the resulting entropy in various interesting cases.

Initial Conditions II: Time Translation Invariant States

It turns out that there is a specific class of initial conditions that, as we shall see, do not
give rise to oscillatory behaviour in e.g. the entropy. Expectation values in this case are a
constant despite of the coupling λ between the two oscillators. We present a derivation
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Figure 5.1: Phase space area as a function of
time. Solid black: correlator approach to de-
coherence. Solid grey: master equation ap-
proach to decoherence. We use ω1/ω0 = 2,
λ/ω2

0 = 1/2, and βω0 = 2000.
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Figure 5.2: Phase space area as a function of
time. Solid black: correlator approach to de-
coherence. Solid grey: master equation ap-
proach to decoherence. We use ω1/ω0 = 2,
λ/ω2

0 = 1/2, and βω0 = 0.2.
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Figure 5.3: Entropy as a function of time.
Solid black: correlator approach to deco-
herence, which follows from equation (5.10).
Solid grey: master equation approach to de-
coherence. Dashed grey: correlation entropy,
which follows from equation (5.12). We use
ω1/ω0 = 2, λ/ω2

0 = 1/2, and βω0 = 2000.
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Figure 5.4: Entropy as a function of time.
Solid black: correlator approach to decoher-
ence. Solid grey: master equation approach
to decoherence. Dashed black: entropy of the
environment oscillator. Dashed grey: correla-
tion entropy. We use ω1/ω0 = 2, λ/ω2

0 = 1/2,
and βω0 = 0.2.
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at the end of appendix A of this chapter. Initially, we require:

〈x̂2(t0)〉 = 1
2ω0

〈p̂2
x(t0)〉 = ω0

2 〈{x̂(t0), p̂x(t0)}〉 = 0

〈q̂2(t0)〉 = 1
2ω0

〈p̂2
q(t0)〉 =

ω2
1

2ω0
〈{q̂(t0), p̂q(t0)}〉 = 0

〈x̂(t0)q̂(t0)〉 = 0 〈p̂x(t0)p̂q(t0)〉 = λ
2ω0

〈x̂(t0)p̂q(t0)〉 = 0 〈q̂(t0)p̂x(t0)〉 = 0 .

(5.35)

Clearly, the system is in a pure state and the environmental oscillator is in a “thermal”
state whose temperature is fixed by requiring:

coth

(
βω1

2

)
=
ω1

ω0
. (5.36)

Finally, we see that the initial state is entangled, i.e.: the initial state is not of the form
ρ̂(0) = ρ̂S(0)⊗ρ̂E(0). It would be of interest to find applications of this model in physical
systems, as we discuss shortly.

5.4.3 Results

Let us begin by examining figures 5.1 and 5.2. In these figures, we show the phase space
area as a function of time for both the master equation approach to decoherence (grey)
and our correlator approach to decoherence (black). In figure 5.1, the environment is,
effectively, at T = 0 as we use βω0 = 2000. In figure 5.2, we use βω0 = 0.2 such
that the environmental oscillator is in “thermal equilibrium” at some finite tempera-
ture kBT = 5ω0. The difference between the two phase space areas is perturbatively
small in both cases (the effective frequency that enters the master equation has been
calculated by perturbative methods). In other words: both methods agree well. We can
thus conclude that the entropy one obtains from the perturbative master equation in
the Gaussian case, in fact, stems from neglecting the correlation entropy, just as in our
correlator approach to decoherence.

As energy is conserved in our model, the Poincaré recurrence theorem applies. This
theorem states that our system will after a sufficiently long time return to a state arbi-
trary close to its initial state. The Poincaré recurrence time is the amount of time this
takes. In figure 5.1 we use almost commensurate eigenfrequencies. Consequently, the
behaviour of the phase space area as a function of time is very regular. Introducing
a non-zero temperature in figure 5.2 automatically makes the eigenfrequencies non-
commensurate and thus induces a greater irregularity in the time evolution of the phase
space area. In other words: the Poincaré recurrence time has increased.

In figures 5.3, 5.4, and 5.5 we show the Gaussian von Neumann entropy for the
system SS(t) (solid black) and for the environment SE(t) (dashed black), the Gaussian
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Figure 5.5: Entropy as a function of time.
Solid black: correlator approach to decoher-
ence. Solid grey: master equation approach
to decoherence. Dashed black: entropy of the
environment oscillator. Dashed grey: correla-
tion entropy. We use ω1/ω0 = 2, λ/ω2

0 = 1/2,
and βω0 = 0.2. The quasi periodic behaviour
is due to Poincaré’s recurrence theorem.
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Figure 5.6: Entropy as a function of time.
Solid black: correlator approach to decoher-
ence. Solid grey: master equation approach
to decoherence. We use ω1/ω0 = 201/200,
λ/ω2

0 = 1/4, and βω0 = 0.2, such that we
are in the resonant regime. The entropy as
obtained from the master equation shows un-
physical behaviour.

correlation entropy SSE(t) (dashed grey), and, finally, the entropy resulting from the
master equation Sred(t) (solid grey). The solid black line in figure 5.3 is the entropy
SS(t) one obtains from figure 5.1. Likewise, the solid black lines in figures 5.4 and 5.5
show the entropy SS(t) as a function of time one gets from figure 5.2. In figure 5.5
we show the behaviour up to very large times to nicely illustrate the quasi periodicity
resulting from Poincaré’s recurrence theorem.

The dashed black lines in figures 5.4 and 5.5 show the environmental entropy SE(t).
Just as SS(t), one can obtain SE(t) from the three non-trivial Gaussian correlators 〈q̂2〉,
〈p̂2
q〉, and 1/2〈{q̂, p̂q}〉, and by making use of equation (5.11). The environmental entropy

in figure 5.3 is precisely equal to the system entropy SS(t) because both the system and
the environment are at T = 0. The dashed grey lines in figures 5.3, 5.4, and 5.5 show the
Gaussian correlation entropy SSE(t) one obtains from equation (5.12). Finally, we can
easily compare with the reduced von Neumann entropy one obtains from solving the
master equation (5.32) in solid grey. Just as for the phase space area, the results differ
only due to a small perturbative error in the master equation.

The oscillatory behaviour in the entropy can be interpreted in two ways:

• If one averages out the oscillations, the entropy of the system oscillator evolves
from SS(0) = 0 to some small non-zero value SS > 0, where SS is the (classical)
time average SS = 〈SS(t)〉. This average non-zero value of the system entropy SS
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Figure 5.7: Entropy as a function of time.
Solid black: entropy of the system. Dashed
black: entropy of the environment oscilla-
tor. We use ω1/ω0 = 2, λ/ω2

0 = 1/4, and
β is thus fixed via relation (5.36). The sys-
tem entropy vanishes (pure state) and is time-
independent. The environmental entropy is
a constant, too. Despite that λ 6= 0, there
are no oscillations in the expectation values as
shown above.

exists by virtue of a negative correlation entropy. The amount of decoherence that
the system has experienced thus equals SS ;

• The Poincaré recurrence theorem enforces that the system returns arbitrarily close
to its initial state after some finite Poincaré recurrence time so no irreversible
decoherence has occurred. In quantum mechanics this recurrence time is rather
small. This is not the case in field theoretical models as we discuss shortly.

So far, it is clear that the phase space area or the entropy in our correlator approach
to decoherence and in the master equation approach to decoherence agree well, up to
perturbative corrections. Let us now examine the so-called resonant regime, where
ω1 ' ω0, in figure 5.6. Here, we set ω1/ω0 = 201/200. Our coupling is still small in this
case so we are well in the perturbative regime where the master equation should yield
sensible behaviour. Clearly, it does not as the entropy blows up. In the resonant regime
the master equation suffers from secular growth, which is physically not acceptable.
Our approach indeed yields a perfectly finite evolution for the entropy.

In figure 5.7, we show the time evolution of the entropy for the time translation
invariant initial conditions in equation (5.35) in our correlator approach to decoherence.
Neither the entropy nor the phase space area change in time. We find this result rather
interesting. Despite the fact that we are dealing with a non-zero coupling λ 6= 0, we can
fine-tune our initial conditions (5.35), such that there appears to be no influence of the
coupling whatsoever when the entropy is measured. In other words, the expectation
values in equation (5.35) are time-independent, and consequently fixed by their initial
values, despite of the coupling. This does not depend on how large the coupling λ is. It
would be of interest to find applications of this model in physical systems. The system
continues to behave coherently while being coupled to an environment. This could, for
instance, be potentially important for the study of quantum computing, where main-
taining quantum coherence for a long period of time is crucial.
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5.5 The Quadratic Model: N Oscillators

We are really interested in the general case of N -oscillators. Let us consider the original
Lagrangian in equation (5.3). We take N = 50 throughout this section. We can again
compare the exact von Neumann entropy to the entropy obtained from the perturbative
master equation.

5.5.1 The Master Equation Approach to Decoherence

The form of the perturbative master equation remains unchanged, of course, and it
is given in equations (5.21) and (5.22). Compared to the previous section, where we
study two oscillators, only the precise form of the coefficients in equation (5.22) changes.
Therefore, we exploit the same strategy as in the previous section, and solve for the three
non-trivial Gaussian correlators as in equation (5.32).

5.5.2 The Correlator Approach to Decoherence

The simplest way to studyN = 50 oscillators is not to diagonalise the resulting equation
of motion (although this is of course possible in principle), but just study the unitary
evolution of all Gaussian correlators in our system of interest by numerical methods.
Let us recall the total Hamiltonian of our system given in equation (5.13). Hamilton’s
equations of motion thus yield:

˙̂x = p̂x (5.37a)

˙̂px =− ω2
0 x̂−

N∑
n=1

λnq̂n (5.37b)

˙̂qn = p̂qn (5.37c)
˙̂pqn =− ω2

nq̂n − λnx̂ . (5.37d)

We can thus in a straightforward manner derive the following set of coupled linear
first order differential equations that govern the unitary time evolution of all Gaussian
correlators:

d〈x̂2〉
dt

= 2

〈
1

2
{x̂, p̂x}

〉
(5.38a)

d〈p̂2
x〉

dt
=− 2ω2

0

〈
1

2
{x̂, p̂x}

〉
− 2

N∑
n=1

λn〈p̂xq̂n〉 (5.38b)

d
〈

1
2{x̂, p̂x}

〉
dt

=− ω2
0〈x̂2〉+ 〈p̂2

x〉 −
N∑
n=1

λn〈x̂q̂n〉 (5.38c)
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d〈q̂2
n〉

dt
= 2

〈
1

2
{q̂n, p̂qn}

〉
(5.38d)

d〈p̂2
qn〉

dt
=− 2ω2

n

〈
1

2
{q̂n, p̂qn}

〉
− 2λn〈p̂qn x̂〉 (5.38e)

d
〈

1
2{q̂n, p̂qn}

〉
dt

=− ω2
n〈q̂2

n〉+ 〈p̂2
qn〉 − λn〈x̂q̂n〉 (5.38f)

d〈x̂q̂n〉
dt

= 〈p̂xq̂n〉+ 〈x̂p̂qn〉 (5.38g)

d〈p̂xq̂n〉
dt

= 〈p̂xp̂qn〉 − ω2
0〈x̂q̂n〉 −

N∑
i=1

λi〈q̂iq̂n〉 (5.38h)

d〈x̂p̂qn〉
dt

= 〈p̂xp̂qn〉 − ω2
n〈x̂q̂n〉 − λn〈x̂2〉 (5.38i)

d〈p̂xp̂qn〉
dt

=− ω2
0〈x̂p̂qn〉 − ω2

n〈p̂xq̂n〉 − λn
〈1

2
{x̂, p̂x}

〉
− λn

〈1

2
{q̂n, p̂qn}

〉
−

N∑
i=1
i 6=n

λi〈q̂ip̂qn〉 (5.38j)

d〈q̂nq̂m〉
dt

= 〈q̂np̂qm〉+ 〈q̂mp̂qn〉 (5.38k)

d〈q̂np̂qm〉
dt

= 〈p̂qn p̂qm〉 − ω2
m〈q̂nq̂m〉 − λm〈x̂q̂n〉 (5.38l)

d〈p̂qn p̂qm〉
dt

=− ω2
n〈q̂np̂qm〉 − ω2

m〈q̂mp̂qn〉 − λn〈x̂p̂qm〉 − λm〈x̂p̂qn〉 . (5.38m)

In the last three equationsm 6= n is assumed. In other words, for m = n, we would find
equations (5.38d), (5.38e), and (5.38f) again (if we take operator ordering properly into
account). As in the previous section, we require pure-thermal initial conditions. They
generalise to:

〈x̂2(t0)〉 = 1
2ω0

〈p̂2
x(t0)〉 = ω0

2 〈{x̂(t0), p̂x(t0)}〉 = 0

〈q̂2
n(t0)〉 = 1

2ωn
coth

(
βωn

2

)
〈p̂2
qn(t0)〉 = ωn

2 coth
(
βωn

2

)
〈{q̂n(t0), p̂qn(t0)}〉 = 0

〈x̂(t0)q̂n(t0)〉 = 0 〈p̂x(t0)p̂qn(t0)〉 = 0 〈x̂(t0)p̂qn(t0)〉 = 0

〈q̂n(t0)q̂m(t0)〉 = 0 〈p̂qn(t0)p̂qm(t0)〉 = 0 〈q̂n(t0)p̂qm(t0)〉 = 0

〈q̂n(t0)p̂x(t0)〉 = 0 ,
(5.39)

where of course 1 ≤ {n,m} ≤ N , with m 6= n. For simplicity we restrict ourselves to the
case where λ = λn, with 1 ≤ n ≤ N , throughout the chapter.
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Figure 5.8: Entropy as a function of time.
Solid black: correlator approach to decoher-
ence. Solid grey: master equation approach
to decoherence. We use ωn/ω0 ∈ [2, 3],
λ/ω2

0 = 1/8, and βω0 = 2.
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Figure 5.9: Entropy as a function of time.
Solid black: correlator approach to decoher-
ence. Solid grey: master equation approach to
decoherence. We use ωn/ω0 ∈ [9/10, 11/10],
λ/ω2

0 = 1/40, and βω0 = 1. The dashed
black line indicates complete thermalisation
(perfect decoherence).
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Figure 5.10: Entropy as a function of time.
Solid black: correlator approach to decoher-
ence. Solid grey: master equation approach
to decoherence. We use ωn/ω0 = 1 + n/50,
λ/ω2

0 = 3/40, and βω0 = 2.
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Figure 5.11: Entropy as a function of time.
Solid black: correlator approach to decoher-
ence. Solid grey: master equation approach
to decoherence. We use ωn/ω0 = 1 + n/100,
λ/ω2

0 = 3/40, and βω0 = 2.
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5.5.3 Results

We consider N = 50 environmental oscillators. Let us firstly present a case where the
master equation produces accurate results. In figure 5.8, we show the evolution of the
entropy obtained from the master equation (solid grey) and in our correlator approach
to decoherence (solid black). We randomly generate the environmental frequencies
ωn/ω0, with 1 ≤ n ≤ N , in the interval between 2 and 3. Henceforth, we denote this
by ωn/ω0 ∈ [2, 3]. With λ/ω2

0 = 1/8, this case is clearly deep in the perturbative regime
and away from resonance frequencies as all environmental frequencies are larger than
the system frequency. Only a little entropy is generated, so virtually no decoherence
has taken place compared to the thermal value the entropy can reach if decoherence
is effective. Indeed, given some temperature of the environment, the thermal value of
the entropy provides us with a reasonable estimate for the upper limit the entropy can
reach. For the parameters under consideration, we have a thermal entropy Sth ' 0.458

as βω0 = 2, whereas the average generated entropy is only of the order of SS ' 0.08.
This case is thus not very different from a T = 0 evolution. Our system has not de-
cohered, as the environmental frequencies are all larger than the system frequency, the
coupling is weak, and the temperature of the environment is low. In other words, the
system and environmental oscillators are virtually decoupled from each other.

Let us now consider figure 5.9. Here, we use ωn/ω0 ∈ [9/10, 11/10], with 1 ≤ n ≤ N .
These frequencies are thus randomly spaced around ω0 in a narrow interval. As all
frequencies are close to each other, we expect that thermalisation and decoherence oc-
cur swiftly and effectively, unlike the previous case we considered. At early times
0 ≤ ω0t . 15, we see that the entropy calculated from the master equation and our
correlator approach to decoherence coincide nicely. This is to be expected as the pertur-
bative master equation should yield the correct early time evolution. It is thus possible
to extract the relevant decoherence time scale correctly from both the master equation
and from our correlator approach to decoherence.

As entropy or phase space area quantifies the amount of decoherence, the rate of
change of the phase space area quantifies the decoherence rate Γ. We can determine Γ

at early times, formally, by solving:

∆̇(t) + Γ(t)[∆(t)− ∆̄] = 0 , (5.40)

where ∆̄ is a suitable average of ∆(t) at late times. Due to the oscillatory nature of the
phase space area as a function of time, one should average over a conveniently chosen
time interval to sensibly determine for example the decoherence rate at early times. In
this quantum mechanical example it is not possible to find a simple (time-independent)
analytic expression for Γ, whereas in the field theoretical model in chapter 6 it is well
approximated by the tree level decay rate. In [75], one can find a decoherence time for
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Figure 5.12: Entropy as a function of time.
Solid black: correlator approach to decoher-
ence. Solid grey: master equation approach
to decoherence. We use ωn/ω0 ∈ [3/4, 3/2],
λ/ω2

0 = 1/16, and βω0 = 2.

20 40 60 80 100
Ω0t

1

2

3

4

5
S

Figure 5.13: Entropy as a function of time.
Solid black: correlator approach to decoher-
ence. Solid grey: master equation approach to
decoherence. We use ωn/ω0 ∈ [19/20, 21/20],
λ/ω2

0 = 1/10, and βω0 = 1/10. At such a
high environmental temperature we generate
a significant amount of entropy.

this model that depends on the spatial coordinates of the density matrix. We do not find
an invariant measure of the decoherence rate of that type here.

Now, let us turn our attention to the late time behaviour in figure 5.9. Around
ω0t ' 280 the master equation suddenly destabilises and the entropy becomes ill de-
fined, in the sense that the effective phase space area of the state becomes negative. One
can easily check that the 51 eigenfrequencies one obtains by rotating to the diagonal
frame, analogous to equation (5.61) forN = 1, are all positive, so the resulting evolution
should be stable. Clearly, this signals a breakdown of the perturbative master equation.

The latter seems to be a generic feature of the perturbative master equation in the
resonant regime. Let us consider the figures 5.10, 5.11, 5.12, and 5.13. In figure 5.10
we use ωn/ω0 = 1 + n/50, in figure 5.11 we use ωn/ω0 = 1 + n/100, in figure 5.12:
ωn/ω0 ∈ [3/4, 3/2], and in figure 5.13: ωn/ω0 ∈ [19/20, 21/20]. Independently on how
one precisely chooses the distribution of environmental frequencies, the perturbative
master equation breaks down. The eigenfrequencies are positive in all these cases, and
we are in the perturbative regime in all these cases, so the evolution of the entropy
should be stable at all times.

The system’s entropy should asymptote to the thermal entropy if thermalisation is
complete, which we indicate by the dashed black line in all the figures in this section. At
high temperatures, a perfectly thermalised state corresponds to a maximally decohered
state, and consequently an imperfectly thermalised state corresponds to a partially de-
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cohered state. Averaging out the oscillations of our unitary evolution in e.g. figure 5.10
yields an average value of the entropy that is below this thermal value. This can be
expected given the fact that our coupling is very small λ/ω2

0 = 3/40. Also, one can
verify that the energy is conserved by the evolution, as it should.

However, the master equation in figure 5.10 yields a stationary entropy that is larger
than the thermal value, indicating that the temperature of the system would be higher
than the environmental temperature. Clearly, this does not make sense. The two most
important quantitative measures of decoherence one hopes to extract out of a calculation
are the decoherence rate and the total generated entropy, as the latter tells us how much
decoherence has taken place and how classical the state has become, and the former
how fast this state is reached. We conclude that for this choice of parameters the total
generated entropy at late times does not follow correctly from the master equation. We
checked that this failure of the master equation is generic. Even in the case of figure 5.9,
we see that although the asymptote is roughly equal to the thermal value in the range
25 . ω0t . 280, it is too high, based on our exact numerical analysis (SS < Sth).

The oscillations in the entropy as a function of time that are present in our exact
evolution are not present in the evolution of the entropy that follows from the mas-
ter equation. The master equation thus tends to overdamp oscillations in expectation
values.

Finally, compared to the N = 1 case we previously considered, we observe that
Poincaré’s recurrence time has dramatically increased. For example in figure 5.12, one
has to wait for a very long time before a random fluctuation decreases the entropy
significantly again to values close to its initial value. Thus, by including more oscillators
decoherence becomes rapidly more irreversible, as one would expect.

5.6 The Interacting Model

Let us consider the quantum mechanical system of N + 1 simple harmonic oscillators x
and qn, with 1 ≤ n ≤ N , coupled by an interaction term of the form hnxq

2
n:

L = LS + LE + LSE =
1

2

(
ẋ2 − ω2

0x
2
)

+

N∑
n=1

1

2

(
q̇2
n − ω2

nq
2
n

)
− 1

2
hnxq

2
n , (5.41)

which, indeed, is the quantum mechanical D = 1 dimensional analogue of the La-
grangian density in equation (6.2), that we consider in the next chapter. Here, ω0 and
{ωn} are the frequencies of the oscillators as usual. The x oscillator is the system in a
thermal environment of {qn} oscillators. We absorb the mass in the time in our action,
and the remaining dimensionless mass dependence in the {qn}.
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5.6.1 The Master Equation Approach to Decoherence

We use equations (5.17), (5.18), and (5.19) to derive the following expressions for the
noise and dissipation kernels:

ν(t) =

N∑
n=1

h2
n

16ω2
n

[(
coth2

(
βωn

2

)
+ 1

)
cos (2ωnt) + coth2

(
βωn

2

)
− 1

]
(5.42a)

=−MF
x (t, 0)

η(t) =

N∑
n=1

h2
n

8ω2
n

sin (2ωnt) coth

(
βωn

2

)
(5.42b)

=
1

2
M c
x(t, 0) .

Note that we can easily relate the noise and dissipation kernels to the self-mass correc-
tions in the Kadanoff-Baym equations, which we discuss in the next subsection. This is
an important identity and we will return to it shortly. One thus derives a perturbative
master equation for the three Gaussian correlators that is in form identical to equa-
tion (5.32), but where the various coefficients are no longer given by (5.22), but rather
by:

Ω2(t) =

N∑
n=1

h2
n

4ω2
n(4ω2

n − ω2
0)

coth

(
βωn

2

)
(5.43a)

× {−2ωn(1− cos(ω0t) cos(2ωnt)) + ω0 sin(ω0t) sin(2ωnt)}

γ(t) =

N∑
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16ω2
nω0

coth

(
βωn

2

){
sin([ω0 − 2ωn]t)
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ω0 + 2ωn

}
(5.43b)

D(t) =
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16ω2
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+

(
coth2
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βωn
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(5.43c)

f(t) =

N∑
n=1

−h2
n

16ω2
nω0

[(
coth2

(
βωn

2

)
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)
1− cos(ω0t)

ω0
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(
coth2

(
βωn

2

)
+ 1

)

× {ω0(1− cos(ω0t) cos(2ωnt))− 2ωn sin(ω0t) sin(2ωnt)}
ω2

0 − 4ω2
n

]
. (5.43d)

We impose initial conditions just as in equation (5.33). We can again find the phase
space area in equation (5.11) and the Gaussian von Neumann entropy for the system in
equation (5.10).
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5.6.2 The Correlator Approach to Decoherence

This subsection relies on the derivation of the Kadanoff-Baym equations in quantum
field theory we only present in chapter 6. Let us here just say that the Kadanoff-Baym
equations of motion capture the effect of the coupling to the environmental oscillators
on the statistical propagator of the system oscillator x, and read:

(∂2
t + ω2

0)Fx(t, t′) +

∫ t′

0

dt1M
F
x (t, t1)∆c

x(t1, t
′)−

∫ t

0

dt1M
c
x(t, t1)Fx(t1, t

′) = 0 (5.44a)

(∂2
t + ω2

0)∆c
x(t, t′)−

∫ t

t′
dt1M

c
x(t, t1)∆c

x(t1, t
′) = 0 , (5.44b)

where {t, t′} ≥ t0 = 0. The reader can easily see that these equations are the quan-
tum mechanical analogue of equation (6.99). This is a coupled system of differential
equations and we need to solve for the causal propagator ∆c

x before solving for Fx
in equation (5.9). The self-mass corrections to the propagators are at lowest order in
perturbation theory given by:

MF
x (t, t′) =−

N∑
n=1

h2
n

4

[(
ı∆+−

qn (t, t′)
)2

+
(
ı∆−+

qn (t, t′)
)2] (5.45a)

M c
x(t, t′) =−

N∑
n=1

ıh2
n

2

[(
ı∆+−

qn (t, t′)
)2 − (ı∆−+

qn (t, t′)
)2]

. (5.45b)

These are the quantum mechanical versions of the statistical and causal self-masses
defined by equations (6.35a) and (6.71) in the next chapter. As in our field theoreti-
cal model, we neglect the backreaction from the system on the environment. The free
thermal statistical and causal propagator for the environmental oscillators follow from
equation (5.9). The self-masses thus read:

MF
x (t, t′) =−

N∑
n=1

h2
n

2

[
(Fqn(t, t′))2 − 1

4
(∆c
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(5.46a)
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2

)
.

(5.46b)

An important difference compared to the field theoretical Kadanoff-Baym equations
in (6.99a) and (6.99b) is that we do not have to renormalise them. Also, we do not have
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to consider any memory effects before t0 = 0. We can now in a straightforward manner
solve the Kadanoff-Baym equations above by numerical methods to find the statistical
propagator and hence, as always, the phase space area and entropy as functions of time.
The numerical methods we use here are just the simplified numerical methods we use
in the quantum field theoretical case, which we describe in detail in section 6.6.

5.6.3 The Feynman-Vernon Path Integral

Let us finally remark that our Kadanoff-Baym equations (5.44) can also be obtained
starting from the Feynman-Vernon Gaussian path integral exponential obtained in [165],
that is normally used to derive the perturbative master equation. For example, after
integrating out the environment at one-loop order (which is usually a first step in deriv-
ing a master equation), the 1PI equations of motion can be obtained from the effective
action:

SS [x+]− SS [x−]−
∫ ∞

0

dt1T [x+(t1))− x−(t1)] (5.47)

+ ı

∫ ∞
0

dt1

∫ t1

0

dt2[x+(t1)− x−(t1)]ν(t1 − t2)[x+(t2)− x−(t2)]

+

∫ ∞
0

dt1

∫ t1

0

dt2[x+(t1)− x−(t1)]η(t1 − t2)[x+(t2) + x−(t2)]

= SS [x+]− SS [x−]−
∫ ∞

0

dt1T [x+(t1)− x−(t1)]

− 1

2

∑
a,b=±

ab

∫ ∞
0

dt1

∫ ∞
0

dt2x
a(t1)ıMab(t1; t2)xb(t2) .

Here,Mab are the self-masses that can be read off from equation (5.46), SS [x±] is the free
action defined by equation (5.41), and η and ν, or, equivalently, the causal and statistical
self-masses, are given in equation (5.42). In the equation above, T denotes the tadpole
contribution, which does not affect the entropy, and reads:

T =
N∑
n=1

hn
4ωn

coth

(
βωn

2

)
, (5.48)

which is easily inferred from the interaction term in (5.41) and (5.9b). The quantum-
corrected equation of motion for x(t) follows by variation of equation (5.47) with respect
to x±(t), and setting x±(t) equal to x(t). More generally, if one would introduce non-
local sources for two-point functions in the Feynman-Vernon path integral, one would
obtain the Kadanoff-Baym equations in (5.44).
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5.6.4 Results

Qualitatively, the results of our interacting model do not change compared to the sim-
ple quadratic model discussed in sections 5.4 and 5.5. As before, it is important to
distinguish between the resonant regime and non-resonant regime. In the former case,
we have that one or more ωn ' ω0/2, with 1 ≤ n ≤ N . In the non-resonant regime
all environmental frequencies differ significantly from ω0/2 and are as a consequence
effectively decoupled from the system oscillator. If one wants to study the efficient
decoherence of such a system, the non-resonant regime is not the relevant regime to
consider.

In figure 5.14 we show the Gaussian von Neumann entropy as a function of time
obtained from the Kadanoff-Baym equations and from the perturbative master equation
in black and grey, respectively. At the moment, we consider just one environmental
oscillator N = 1 in the non-resonant regime. Here, the two entropies agree nicely up
to the expected perturbative corrections due to the inappropriate resummation scheme
of the perturbative master equation to which we will return shortly. However, let us
now consider figure 5.15, where we study the resonant regime for N = 1. Clearly, the
entropy resulting from the master equation breaks down, and suffers from physically
unacceptable secular growth. The behaviour of the Gaussian von Neumann entropy
from the Kadanoff-Baym equations is perfectly stable. Moreover, given the weak cou-
pling h/ω3

0 = 0.1, we do not observe perfect thermalisation (indicated by the dashed
black line).

Let us now consider N = 50 environmental oscillators. In figure 5.16, we show
the evolution of the two entropies in the non-resonant regime, and in figure 5.17 in
the resonant regime. The entropy from the perturbative master equation blows up as
before, whereas the Gaussian von Neumann entropy is stable. The breakdown of the
perturbative master equation in this regime is generic.

Just as discussed in sections 5.4.3 and 5.5.3, we observe for N = 50 in figure 5.17
that Poincaré’s recurrence time has increased compared to the N = 1 case. Thus,
by including more oscillators, decoherence becomes rapidly more irreversible, as one
would expect.

The master equation does not predict the total amount of decoherence accurately.
In the resonant regime the entropy following from the perturbative master equation
blows up at late times and, consequently, fails to accurately predict the total amount
of decoherence that has taken place. Our correlator approach to decoherence does not
suffer from this fatal shortcoming. Also, the master equation tends to overdamp the
oscillations in the entropy.
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Figure 5.14: Entropy as a function of time for
N = 1 in the non-resonant regime. The Gaus-
sian von Neumann entropy (black) agrees
with the entropy from the master equation
(grey) up to the expected perturbative correc-
tions. The dashed line indicates full thermali-
sation of x. We use ω1/ω0 = 2, h/ω3

0 = 1, and
βω0 = 1/2.
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Figure 5.15: Entropy as a function of time for
N = 1 in the resonant regime. The Gaus-
sian von Neumann entropy (black) shows a
stable behaviour, unlike the entropy from the
perturbative master equation (grey), that re-
veals unphysical secular growth. The dashed
line indicates full thermalisation of x. We use
ω1/ω0 = 0.53, h/ω3

0 = 0.1, and βω0 = 1/2.
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Figure 5.16: Entropy as a function of time
for N = 50 in the non-resonant regime.
The Gaussian von Neumann entropy (black)
agrees with the entropy from the master
equation (grey) up to the expected pertur-
bative corrections. We use ωn/ω0 ∈ [2, 4],
1 ≤ n ≤ N , h/ω3

0 = 1/2, and βω0 = 1/2.
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Figure 5.17: Entropy as a function of time for
N = 50 in the resonant regime. The Gaus-
sian von Neumann entropy (black) yields
a stable behaviour in time, unlike the en-
tropy from the perturbative master equation
(grey), that reveals secular growth. We use
ωn/ω0 ∈ [0.5, 0.6], 1 ≤ n ≤ N , h/ω3

0 = 0.015,
and βω0 = 1/2.
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5.7 The Perturbative Master Equation from the Kadanoff-
Baym Equations

The secular growth we observe is caused by the perturbative approximations used in
deriving the master equation for the correlators (5.32). The coefficients appearing in
the master equation diverge either when ωn = ω0 or when ωn = ω0/2, which can be
appreciated from equations (5.22) and (5.43), respectively. However, there is nothing
non-perturbative about the resonant regime. Our interaction coefficients λ and h are
still very small such that the self-mass corrections to ω2

0 are tiny.
Here we outline the perturbative approximations that cause the master equation to

fail. In order to do this, we simply derive the master equation from the Kadanoff-Baym
equations by making a certain number of approximations. Of course, equation (5.32a) is
trivial to prove. The Kadanoff-Baym equations are given in equation (5.44) and contain
memory integrals over the causal and statistical propagators. We make the approxi-
mation to use the free equation of motion for the causal propagator appearing in the
memory integrals in equation (5.44), according to which:

(∂2
t + ω2

0)∆c,free
x (t, t′) = 0 . (5.49)

This equation is trivially solved in terms of sines and cosines. Let us thus impose initial
conditions at t = t′ as follows:

∆c
x(t, t′) ' ∆c,free

x (t, t′) = cos(ω0∆t)∆c
x(t′, t′) +

1

ω0
sin(ω0∆t)∂t∆

c
x(t, t′)|t=t′

=− 1

ω0
sin(ω0∆t) . (5.50)

Here, ∆t = t − t′. We rely upon some basic properties of the causal propagator (see
e.g. equations (5.9a) and (6.101) in the next chapter). Likewise, we approximate the
statistical propagator appearing in the memory integrals as:

Fx(t, t′) ' F free
x (t, t′) = cos(ω0∆t)Fx(t′, t′) +

1

ω0
sin(ω0∆t)∂tFx(t, t′)|t=t′ (5.51)

= cos(ω0∆t)〈x̂2(t′)〉+
1

ω0
sin(ω0∆t)

〈
1

2
{x̂, p̂}(t′)

〉
,

where we inserted how our statistical propagator is related to our three Gaussian corre-
lators. Note that expression (5.51) is not symmetric under exchange of t and t′, whereas
the statistical propagator, as obtained from e.g. the Kadanoff-Baym equations, of course
respects this symmetry.

Now, we send t′ → t in the Kadanoff-Baym equations and carefully relate the sta-
tistical propagator and derivatives thereof to quantum mechanical expectation values.
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From equation (5.44a), where we change variables to τ = t− t1, it thus follows that:

∂2
t Fx(t, t′)|t=t′ =− ω2

0〈x̂2(t)〉 −
∫ t

0

dτMF
x (τ,0)

sin(ω0τ)

ω0
+ 〈x̂2(t)〉

∫ t

0

dτM c
x(τ,0) cos(ω0τ)

−
〈

1

2
{x̂, p̂}(t)

〉∫ t

0

dτM c
x(τ, 0)

sin(ω0τ)

ω0
. (5.52)

Using equations (5.42) and (5.43), equation (5.52) above reduces to equation (5.32c):

d
〈

1
2{x̂, p̂}

〉
dt

= −(ω2
0 + Ω2)〈x̂2〉+ 〈p̂2〉 − f(t)− 2γ(t)

〈
1

2
{x̂, p̂}

〉
.

Here, we use the identities derived in equation (5.42) that relate the noise and dissipa-
tion kernels of the master equation to our causal and statistical self-mass. In order to
derive the final master equation for the correlator 〈p̂2〉, we have to use the following,
subtle argument:

∂2
t ∂t′F (t, t′)|t=t′ =

1

2

d

dt
〈p̂2(t)〉 . (5.53)

In order to derive its corresponding differential equation, we thus have to act with ∂t′

on equation (5.44a) and then send t′ → t. As an intermediate step, we can present:

1

2

d

dt
〈p̂2(t)〉 =− ω2

0

〈
1

2
{x̂, p̂}(t)

〉
−
∫ t

0

dτMF
x (τ, 0) cos(ω0τ) (5.54)

+
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0

dτM c
x(τ, 0)

[
− ω0 sin(ω0τ)〈x̂2(t′)〉+ cos(ω0τ)

〈
1

2
{x̂, p̂}(t′)

〉

− sin(ω0τ)

ω0
∂t′ {∂tFx(t, t′)|t=t′}

]
,

where we still have to send t′ → t on the second line. Now, one can use:

∂t′ {∂tFx(t, t′)|t=t′} = 〈p̂2(t′)〉 − ω2
0〈x̂2(t′)〉 . (5.55)

In the light of equations (5.42) and (5.43), equation (5.54) simplifies to equation (5.32b):

d〈p̂2〉
dt

= −2(ω2
0 + Ω2)

〈
1

2
{x̂, p̂}

〉
− 4γ(t)〈p̂2〉+ 2D(t) .

We conclude that, using the perturbative approximation in equations (5.50) and (5.51),
we can derive the master equation for the correlators from the Kadanoff-Baym equa-
tions. The master equation for the correlators is local. While this property may seem
very attractive at first sight, it may even well be the cause of the fatal failure of the mas-
ter equation to correctly capture the late time behaviour of quantum systems. Clearly,
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these approximations invalidate the intricate resummation techniques of the quantum
field theoretical 2PI (two particle irreducible) scheme, see chapter 6. In the 2PI frame-
work, one resums an infinite number of Feynman diagrams in order to obtain a stable
and thermalised late time evolution. By approximating the memory integrals in the
Kadanoff-Baym equations, the master equation spoils this beautiful property.

The derivation presented here can be generalised to quantum field theory. By using
similar approximations, one can thus derive the renormalised correlator equations that
would follow from the perturbative master equation.

5.8 Conclusion

Decoherence is often studied by considering a perturbative master equation. This ap-
proach suffers from both theoretical and practical shortcomings, as discussed in sec-
tion 4.1. In this chapter, we study two quantum mechanical models for which the
perturbative master equation can be solved, and we do not need to consider renor-
malisation. We can thus circumvent the practical drawbacks that usually prevent us
from solving the perturbative master equation in a renormalised interacting quantum
field theoretical model. In this simple, quadratic quantum mechanical model, we can
thus actually compare the master equation approach to decoherence and our correlator
approach to decoherence.

As we show in this chapter, the perturbative master equations leads, even in simple
situations in quantum mechanics, to physically unacceptable behaviour. Although for
early times the entropy increases, for late times the approach fails, and suffers from
secular growth as the entropy continues to grow without bound. This behaviour is
generic when at least some of the environmental oscillators are in the resonant regime.
Of course, one could argue that we should have solved the non-perturbative master
equation in the resonant regime. Although true in principle, the point of this chapter
is that it is much more convenient on theoretical and practical grounds to solve for
correlators than for density matrices. From the numerical analysis we conclude:

• Away from the resonant regime, the evolution of the entropy in the master equa-
tion approach and in our correlator approach to decoherence agree nicely (up
to the expected perturbative corrections). However, the system decoheres only
weakly in this regime. The two approaches also agree nicely at very early times,
such that both approaches can be used to accurately calculate decoherence rates;

• The perturbative master equation breaks down in the resonant regime despite of
the fact that we are still in the perturbative regime, and despite of the fact that
all eigenfrequencies are positive. The value to which the entropy asymptotes in
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the master equation approach, before the breakdown is reached, is generically
too high. This leads to an inaccurate prediction of the amount of decoherence
that has taken place. In some cases, the breakdown occurs already before this
asymptotic state has been reached. The master equation also tends to overdamp
the oscillations present in the evolution of the entropy;

• The evolution of the entropy in both the resonant and in the non-resonant regime
in our correlator approach to decoherence behaves perfectly finite. The late time
asymptote that is eventually reached either indicates perfect thermalisation (max-
imal decoherence) or, for smaller values of the coupling and a finite number of
environmental oscillators, imperfect thermalisation (imperfect decoherence).

Our correlator approach to decoherence thus provides us with a new insight in the
conventional approach to decoherence. If the entropy from the master equation agrees
with our exact Gaussian von Neumann entropy, up to perturbative corrections, then one
neglects the information stored in inaccessible correlators in the conventional approach
to decoherence, too.

There are generally speaking two quantitative results that can be obtained after per-
forming an experiment or a calculation concerning decoherence: the decoherence rate
and the total amount of decoherence. We argue that one should use the entropy (or,
equivalently, the phase space area) to quantify these two aspects of decoherence. The
decoherence rate Γ is the rate at which the phase space area changes, and can formally be
obtained from solving equation (5.40). The total amount of generated entropy measures
the total amount of decoherence that has occurred. At late times and at high temper-
atures, we see that, upon averaging out the oscillations, a thermal state is maximally
decohered. This agrees perfectly with the conventional wisdom that a reduced density
matrix, whose off-diagonal elements have disappeared, corresponds to a classical state.
A (free) thermal density matrix follows from equations (4.14b) and (4.32) as:

ρth(x, y; t) = Nth(t) exp

[
− ∆2

th

8〈x̂2〉th
(x− y)

2 − 1

8〈x̂2〉th
(x+ y)

2

]
. (5.56)

The thermal correlators can be read off for example from equation (5.34). Clearly, at high
temperatures, we have that ∆th � 1, such that the off-diagonal terms in the density
matrix almost disappear. In this sense, we see that the growth of ∆, which we take to
be the measure of decoherence, is also a good quantitative measure of how diagonal the
density matrix is in the position basis (pointer basis).

The classical limit of quantum mechanics is not classical mechanics but rather clas-
sical stochastic mechanics. Here, x and p are drawn from a probability distribution
function, which is, to a good approximation, given by the Wigner function. Likewise,
the classical limit of quantum field theory (in a thermal environment) is not classical
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field theory, but classical stochastic field theory. This implies that a particular measure-
ment does not yield a certain predetermined outcome, but rather a certain outcome
that is randomly drawn from a probability distribution function of uncorrelated, or not
entangled, possibilities.

Furthermore, we encounter the peculiar possibility that a system, despite of a cou-
pling with a second environmental oscillator, does not decohere due to a specially pre-
pared, entangled initial state. It would be interesting to investigate whether we can find
applications of such a model in physical systems.

Let us anticipate the field theoretical discussion of the next chapter. The set of
Kadanoff-Baym equations is the sophisticated machinery to properly solve for the Gaus-
sian correlators in an interacting quantum field theory. Only the diagrams that follow
from a 2PI effective action contribute. As is well known, the Kadanoff-Baym equations
resum Feynman diagrams, and prevent secular terms from developing. This leads to
a stable, thermalised late time behaviour (see [167, 179, 225]). We are not against non-
unitary or perturbative approximations in principle, however, one should make sure
that the essential physical features of the system one is describing are kept. The master
equation fails to do this. We have seen that the physically unacceptable secular growth
of the entropy is caused by the perturbative and non-unitary approximations used in
deriving the perturbative master equation. Let us mention two aspects. Firstly, in
section 5.7, we outline the approximations used to derive the master equation from the
Kadanoff-Baym equations, i.e.: in the memory kernels of the Kadanoff-Baym equations
we insert free propagators with appropriate initial conditions. Secondly, motivated by
our analysis of the λnxqn model, the quadratic coupling between system and environ-
ment is treated on equal footing as a proper, higher order, non-Gaussian interaction.
Here, in the perturbative master equation, one attempts to solve the following “interac-
tion” in the “Kadanoff-Baym” equations:

+ + . . . . (5.57)

Of course, this is not a proper interaction, and the one particle irreducible (1PI) self-
mass that enters the Kadanoff-Baym equations due to such a quadratic coupling simply
vanishes. In the quadratic quantum mechanical example, one should therefore just
solve for the correlators following from the von Neumann equation exactly, as we show
in this chapter.

Upon increasing the number of environmental oscillators N , Poincaré’s recurrence
time increases, such that we have to wait for a much longer time before the system
returns to a state arbitrarily close to its initial state. In an interacting field theory several
modes couple due to the loop integrals (hence N → ∞), such that our Poincaré recur-
rence time becomes infinite. Hence, the entropy increase has become irreversible for all
practical purposes, and our system has (irreversibly) decohered.
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Appendix A: The Statistical Propagator for N = 1

Let us now return to the Lagrangian (5.29), from which it follows that the equation of
motion for the two oscillators can be written in matrix form as:

d2

dt2
~q + Ω~q = 0 , (5.58)

where:

Ω =

(
ω2

0 λ1

λ1 ω2
1

)
, (5.59)

and where we employed the notation ~q T = (x, q). We can now easily diagonalise the
equation of motion:

d2

dt2
~qd + Ωd~qd = 0 , (5.60)

where we diagonalise the system by making use of the rotation matrix R:

Ωd = RΩRT =

(
ω̄2

0 0

0 ω̄2
1

)
(5.61)

=

(
1
2 (ω2

0 + ω2
1)− 1

2

√
(ω2

1 − ω2
0)2 + 4λ2

1 0

0 1
2 (ω2

0 + ω2
1) + 1

2

√
(ω2

1 − ω2
0)2 + 4λ2

1

)
,

with:

R =

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)
. (5.62)

Moreover, we define:

~qd(t) =

(
x̄(t)

q̄(t)

)
=

(
cos(θ)x(t)− sin(θ)q(t)

sin(θ)x(t) + cos(θ)q(t)

)
. (5.63)

Finally, one can derive that:

cos(2θ) =
ω2

1 − ω2
0√

(ω2
1 − ω2

0)2 + 4λ2
1

(5.64a)

sin(2θ) =
2λ1√

(ω2
1 − ω2

0)2 + 4λ2
1

. (5.64b)

In order for the system to be stable we should have ω̄2
0 ≥ 0, which implies λ1 ≤ ω0ω1.

When λ1 > ω0ω1, the upper eigenmode corresponds to an inverted harmonic oscillator,
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ω̄2
0 < 0, and we shall not consider this case here. We can immediately solve the equation

of motion in the diagonal frame:

~qd(t) =

(
x̄(t)

q̄(t)

)
=

(
A0 cos(ω̄0t) +B0 sin(ω̄0t)

A1 cos(ω̄1t) +B1 sin(ω̄1t)

)
. (5.65)

We do not yet impose initial conditions for the coefficients in this solution, but rather
first solve for the statistical propagator for the system:

Fx(t; t′) =
1

2
Tr [ρ̂(t0){x̂(t′), x̂(t)}] =

1

2
〈{x̂(t′), x̂(t)}〉 (5.66)

=
1

2

[
cos2(θ)〈{ˆ̄x(t′), ˆ̄x(t)}〉+ sin2(θ)〈{ˆ̄q(t′), ˆ̄q(t)}〉

+ cos(θ) sin(θ)〈{ˆ̄x(t′), ˆ̄q(t)}+ {ˆ̄q(t′), ˆ̄x(t)}〉
]
.

Inserting the solution (5.65) yields the general form for the statistical propagator:

Fx(t; t′) = cos2(θ)
{
〈Â2

0〉 cos(ω̄0t) cos(ω̄0t
′) + 〈B̂2

0〉 sin(ω̄0t) sin(ω̄0t
′) (5.67)

+
〈{Â0, B̂0}〉

2
(cos(ω̄0t) sin(ω̄0t

′) + sin(ω̄0t) cos(ω̄0t
′))
}

+ sin2(θ)
{
〈Â2

1〉 cos(ω̄1t) cos(ω̄1t
′) + 〈B̂2

1〉 sin(ω̄1t) sin(ω̄1t
′)

+
〈{Â1, B̂1}〉

2
(cos(ω̄1t) sin(ω̄1t

′) + sin(ω̄1t) cos(ω̄1t
′))
}

+
sin(2θ)

4

{
〈{Â0, Â1}〉 (cos(ω̄0t) cos(ω̄1t

′) + cos(ω̄1t) cos(ω̄0t
′))

+ 〈{B̂0, B̂1}〉 (sin(ω̄0t) sin(ω̄1t
′) + sin(ω̄1t) sin(ω̄0t

′))

+ 〈{Â0, B̂1}〉 (cos(ω̄0t) sin(ω̄1t
′) + sin(ω̄1t) cos(ω̄0t

′))

+ 〈{B̂0, Â1}〉 (sin(ω̄0t) cos(ω̄1t
′) + cos(ω̄1t) sin(ω̄0t

′))
}
.

Similarly, we can derive the statistical propagator for the environment:

Fq(t; t
′) =

1

2
Tr [ρ̂(t0){q̂(t′), q̂(t)}] =

1

2
〈{q̂(t′), q̂(t)}〉 (5.68)

=
1

2

[
sin2(θ)〈{ˆ̄x(t′), ˆ̄x(t)}〉+ cos2(θ)〈{ˆ̄q(t′), ˆ̄q(t)}〉

− cos(θ) sin(θ)〈{ˆ̄x(t′), ˆ̄q(t)}+ {ˆ̄q(t′), ˆ̄x(t)}〉
]
,



148 Chapter 5. Decoherence in Quantum Mechanics

such that we find:

Fq(t; t
′) = sin2(θ)

{
〈Â2

0〉 cos(ω̄0t) cos(ω̄0t
′) + 〈B̂2

0〉 sin(ω̄0t) sin(ω̄0t
′) (5.69)

+
〈{Â0, B̂0}〉

2
(cos(ω̄0t) sin(ω̄0t

′) + sin(ω̄0t) cos(ω̄0t
′))
}

+ cos2(θ)
{
〈Â2

1〉 cos(ω̄1t) cos(ω̄1t
′) + 〈B̂2

1〉 sin(ω̄1t) sin(ω̄1t
′)

+
〈{Â1, B̂1}〉

2
(cos(ω̄1t) sin(ω̄1t

′) + sin(ω̄1t) cos(ω̄1t
′))
}

− sin(2θ)

4

{
〈{Â0, Â1}〉 (cos(ω̄0t) cos(ω̄1t

′) + cos(ω̄1t) cos(ω̄0t
′))

+ 〈{B̂0, B̂1}〉 (sin(ω̄0t) sin(ω̄1t
′) + sin(ω̄1t) sin(ω̄0t

′))

+ 〈{Â0, B̂1}〉 (cos(ω̄0t) sin(ω̄1t
′) + sin(ω̄1t) cos(ω̄0t

′))

+ 〈{B̂0, Â1}〉 (sin(ω̄0t) cos(ω̄1t
′) + cos(ω̄1t) sin(ω̄0t

′))
}
.

Finally, we need the statistical propagator for the system-environment correlations:

Fxq(t; t
′) =

1

2
Tr [ρ̂(t0){x̂(t′), q̂(t)}] =

1

2
〈{x̂(t′), q̂(t)}〉 (5.70)

=
1

2

[
cos2(θ)〈{ˆ̄x(t′), ˆ̄q(t)}〉 − sin2(θ)〈{ˆ̄q(t′), ˆ̄x(t)}〉

sin(2θ)

2

(
〈{ˆ̄q(t′), ˆ̄q(t)}〉 − 〈{ˆ̄x(t′), ˆ̄x(t)}〉

) ]
,

which in turn yields:

Fxq(t; t
′) =

sin(2θ)

2

{
〈Â2

1〉 cos(ω̄1t) cos(ω̄1t
′) + 〈B̂2

1〉 sin(ω̄1t) sin(ω̄1t
′) (5.71)

+
〈{Â1, B̂1}〉

2
(cos(ω̄1t) sin(ω̄1t

′) + sin(ω̄1t) cos(ω̄1t
′))

− 〈Â2
0〉 cos(ω̄0t) cos(ω̄0t

′)− 〈B̂2
0〉 sin(ω̄0t) sin(ω̄0t

′)

− 〈{Â0, B̂0}〉
2

(cos(ω̄0t) sin(ω̄0t
′) + sin(ω̄0t) cos(ω̄0t

′))
}

+
cos2(θ)

2

{
〈{Â0, Â1}〉 cos(ω̄1t) cos(ω̄0t

′) + 〈{B̂0, B̂1}〉 sin(ω̄1t) sin(ω̄0t
′)

+ 〈{Â0, B̂1}〉 sin(ω̄1t) cos(ω̄0t
′) + 〈{B̂0, Â1}〉 cos(ω̄1t) sin(ω̄0t

′)
}

− sin2(θ)

2

{
〈{Â0, Â1}〉 cos(ω̄0t) cos(ω̄1t

′) + 〈{B̂0, B̂1}〉 sin(ω̄0t) sin(ω̄1t
′)

+ 〈{Â0, B̂1}〉 cos(ω̄0t) sin(ω̄1t
′) + 〈{B̂0, Â1}〉 sin(ω̄0t) cos(ω̄1t

′)
}
,
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and Fqx(t; t′) = Fxq(t
′; t). Now, we can impose initial conditions at t0 on all initial

correlations. We can derive:

〈x̂2(t0)〉 = cos2(θ)〈Â2
0〉+ sin2(θ)〈Â2

1〉+
1

2
sin(2θ)〈{Â0, Â1}〉 (5.72a)

〈q̂2(t0)〉 = sin2(θ)〈Â2
0〉+ cos2(θ)〈Â2

1〉 −
1

2
sin(2θ)〈{Â0, Â1}〉 (5.72b)

〈x̂(t0)q̂(t0)〉 =
1

2

[
sin(2θ)

(
〈Â2

1〉 − 〈Â2
0〉
)

+ cos(2θ)〈{Â0, Â1}〉
]

(5.72c)

〈p̂2
x(t0)〉 = cos2(θ)ω̄2

0〈B̂2
0〉+ sin2(θ)ω̄2

1〈B̂2
1〉+

1

2
sin(2θ)ω̄0ω̄1〈{B̂0, B̂1}〉 (5.72d)

〈p̂2
q(t0)〉 = sin2(θ)ω̄2

0〈B̂2
0〉+ cos2(θ)ω̄2

1〈B̂2
1〉 −

1

2
sin(2θ)ω̄0ω̄1〈{B̂0, B̂1}〉 (5.72e)

〈p̂x(t0)p̂q(t0)〉 =
1

2

[
sin(2θ)

(
ω̄2

1〈B̂2
1〉 − ω̄2

0〈B̂2
0〉
)

+ cos(2θ)ω̄0ω̄1〈{B̂0, B̂1}〉
]

(5.72f)

〈{x̂(t0), p̂x(t0)}〉 = cos2(θ)ω̄0〈{Â0, B̂0}〉+ sin2(θ)ω̄1〈{Â1, B̂1}〉

+
1

2
sin(2θ)

(
ω̄1〈{Â0, B̂1}〉+ ω̄0〈{B̂0, Â1}〉

)
(5.72g)

〈{q̂(t0), p̂q(t0)}〉 = sin2(θ)ω̄0〈{Â0, B̂0}〉+ cos2(θ)ω̄1〈{Â1, B̂1}〉

− 1

2
sin(2θ)

(
ω̄1〈{Â0, B̂1}〉+ ω̄0〈{B̂0, Â1}〉

)
(5.72h)

〈x̂(t0)p̂q(t0)〉 =
1

2

[ sin(2θ)

2

(
ω̄1〈{Â1, B̂1}〉 − ω̄0〈{Â0, B̂0}〉

)
+ cos2(θ)ω̄1〈{Â0, B̂1}〉

− sin2(θ)ω̄0〈{B̂0, Â1}〉
]

(5.72i)

〈q̂(t0)p̂x(t0)〉 =
1

2

[ sin(2θ)

2

(
ω̄1〈{Â1, B̂1}〉 − ω̄0〈{Â0, B̂0}〉

)
+ cos2(θ)ω̄0〈{B̂0, Â1}〉

− sin2(θ)ω̄1〈{Â0, B̂1}〉
]
. (5.72j)

These equations can be inverted to give:

〈Â2
0〉 =

1

2

[
〈x̂2(t0)〉+ 〈q̂2(t0)〉+ cos(2θ)

(
〈x̂2(t0)〉 − 〈q̂2(t0)〉

)
− 2 sin(2θ)〈x̂(t0)q̂(t0)〉

]
(5.73a)

〈Â2
1〉 =

1

2

[
〈x̂2(t0)〉+ 〈q̂2(t0)〉 − cos(2θ)

(
〈x̂2(t0)〉 − 〈q̂2(t0)〉

)
+ 2 sin(2θ)〈x̂(t0)q̂(t0)〉

]
(5.73b)

〈{Â0, Â1}〉 =
(
〈x̂2(t0)〉 − 〈q̂2(t0)〉

)
sin(2θ) + 2 cos(2θ)〈x̂(t0)q̂(t0)〉 (5.73c)

〈B̂2
0〉 =

1

2ω̄2
0

[
〈p̂2
x(t0)〉+ 〈p̂2

q(t0)〉+ cos(2θ)
(
〈p̂2
x(t0)〉 − 〈p̂2

q(t0)〉
)
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− 2 sin(2θ)〈p̂x(t0)p̂q(t0)〉
]

(5.73d)

〈B̂2
1〉 =

1

2ω̄2
1

[
〈p̂2
x(t0)〉+ 〈p̂2

q(t0)〉 − cos(2θ)
(
〈p̂2
x(t0)〉 − 〈p̂2

q(t0)〉
)

+ 2 sin(2θ)〈p̂x(t0)p̂q(t0)〉
]

(5.73e)

〈{B̂0, B̂1}〉 =
1

ω̄0ω̄1

[ (
〈p̂2
x(t0)〉 − 〈p̂2

q(t0)〉
)

sin(2θ) + 2 cos(2θ)〈p̂x(t0)p̂q(t0)〉
]

(5.73f)

〈{Â0, B̂0}〉 =
1

2ω̄0

[
〈{x̂(t0), p̂x(t0)}〉+ cos(2θ) (〈{x̂(t0), p̂x(t0)}〉 − 〈{q̂(t0), p̂q(t0)}〉)

+ 〈{q̂(t0), p̂q(t0)}〉 − 2 sin(2θ) (〈q̂(t0)p̂x(t0)〉+ 〈x̂(t0)p̂q(t0)〉)
]

(5.73g)

〈{Â1, B̂1}〉 =
1

2ω̄1

[
〈{x̂(t0), p̂x(t0)}〉 − cos(2θ) (〈{x̂(t0), p̂x(t0)}〉 − 〈{q̂(t0), p̂q(t0)}〉)

+ 〈{q̂(t0), p̂q(t0)}〉+ 2 sin(2θ) (〈q̂(t0)p̂x(t0)〉+ 〈x̂(t0)p̂q(t0)〉)
]

(5.73h)

〈{Â0, B̂1}〉 =
1

2ω̄1

[
sin(2θ) (〈{x̂(t0), p̂x(t0)}〉 − 〈{q̂(t0), p̂q(t0)}〉) + 2〈x̂(t0)p̂q(t0)〉

− 2〈q̂(t0)p̂x(t0)〉+ 2 cos(2θ) (〈x̂(t0)p̂q(t0)〉+ 〈q̂(t0)p̂x(t0)〉)
]

(5.73i)

〈{B̂0, Â1}〉 =
1

2ω̄0

[
sin(2θ) (〈{x̂(t0), p̂x(t0)}〉 − 〈{q̂(t0), p̂q(t0)}〉)− 2〈x̂(t0)p̂q(t0)〉

− 2〈q̂(t0)p̂x(t0)〉+ 2 cos(2θ) (〈x̂(t0)p̂q(t0)〉+ 〈q̂(t0)p̂x(t0)〉)
]
. (5.73j)

Note that for example x̂ and q̂ commute. It might seem that we brought out the big guns
to solve such a simple problem. This is necessary, however, to generalise the standard
setup to include non-separable initial states. Both Paz and Zurek [74] and Caldeira and
Leggett [163] for example assume that the density matrix is separable initially, i.e.:

ρ̂(0) = ρ̂S(0)⊗ ρ̂E(0) . (5.74)

As is apparent from equations (5.72) above, we are now in the position to relax this
assumption, and generalise to non-separable initial states. Grabert et al. [220] and
Romero and Paz [226] do not assume separable initial conditions in their discussion
of the master equation, and consider more general initial states, too.

For the “pure-thermal” initial conditions given in equation (5.34), we obtain by
means of equation (5.73):

〈Â2
0〉 =

1

2

[
1

2ω0
+

1

2ω1
coth

[
βω1

2

]
+ cos(2θ)

(
1

2ω0
− 1

2ω1
coth

[
βω1

2

])]
(5.75a)

〈Â2
1〉 =

1

2

[
1

2ω0
+

1

2ω1
coth

[
βω1

2

]
− cos(2θ)

(
1

2ω0
− 1

2ω1
coth

[
βω1

2

])]
(5.75b)
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〈{Â0, Â1}〉 = sin(2θ)

(
1

2ω0
− 1

2ω1
coth

[
βω1

2

])
(5.75c)

〈B̂2
0〉 =

1

2ω̄2
0

[
ω0

2
+
ω1

2
coth

[
βω1

2

]
+ cos(2θ)

(
ω0

2
− ω1

2
coth

[
βω1

2

))]
(5.75d)

〈B̂2
1〉 =

1

2ω̄2
1

[
ω0

2
+
ω1

2
coth

[
βω1

2

]
− cos(2θ)

(
ω0

2
− ω1

2
coth

[
βω1

2

])]
(5.75e)

〈{B̂0, B̂1}〉 =
1

ω̄0ω̄1
sin(2θ)

(
ω0

2
− ω1

2
coth

[
βω1

2

])
, (5.75f)

with all other correlators vanishing.
Let us now discuss the time translation invariant states as initial conditions, as dis-

cussed in subsection 5.4.2. In order to investigate the dependence on the initial condi-
tions, it turns out to be advantageous to rewrite equation (5.67) in terms of the average
time and the time difference:

τ =
1

2
(t+ t′) (5.76a)

∆t = t− t′ . (5.76b)

Making use of several trigonometric identities, this yields:

Fx(τ ; ∆t) =
cos2(θ)

2

[
cos(ω̄0∆t)

[
〈Â2

0〉+ 〈B̂2
0〉
]

+ cos(2ω̄0τ)
[
〈Â2

0〉 − 〈B̂2
0〉
]

+ sin(2ω̄0τ)〈{Â0, B̂0}〉
]

(5.77)

+
sin2(θ)

2

[
cos(ω̄1∆t)

[
〈Â2

1〉+ 〈B̂2
1〉
]

+ cos(2ω̄1τ)
[
〈Â2

1〉 − 〈B̂2
1〉
]

+ sin(2ω̄1τ)〈{Â1, B̂1}〉
]

+
sin(2θ)

4

[
cos(∆ω̄τ) cos(ω̄∆t)

(
〈{Â0, Â1}〉+ 〈{B̂0, B̂1}〉

)
+ cos(2ω̄τ) cos(∆ω̄∆t/2)

(
〈{Â0, Â1}〉 − 〈{B̂0, B̂1}〉

)
+ sin(∆ω̄τ) cos(ω̄∆t)

(
〈{B̂0, Â1}〉 − 〈{Â0, B̂1}〉

)
+ sin(2ω̄τ) cos(∆ω̄∆t/2)

(
〈{B̂0, Â1}〉+ 〈{Â0, B̂1}〉

) ]
,

where we defined:

ω̄ =
1

2
(ω̄0 + ω̄1) (5.78a)

∆ω̄ = ω̄0 − ω̄1 . (5.78b)
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We now require that the statistical propagator of our system does not depend on the
average time τ , such that:

〈Â2
0〉 = 〈B̂2

0〉 (5.79a)

〈Â2
1〉 = 〈B̂2

1〉 , (5.79b)

and all other correlators should vanish. Equation (5.72) thus tells us:

〈x̂2(t0)〉 = cos2(θ)〈Â2
0〉+ sin2(θ)〈Â2

1〉 (5.80a)

〈q̂2(t0)〉 = sin2(θ)〈Â2
0〉+ cos2(θ)〈Â2

1〉 (5.80b)

〈x̂(t0)q̂(t0)〉 =
1

2
sin(2θ)

(
〈Â2

1〉 − 〈Â2
0〉
)

(5.80c)

〈p̂2
x(t0)〉 = cos2(θ)ω̄2

0〈Â2
0〉+ sin2(θ)ω̄2

1〈Â2
1〉 (5.80d)

〈p̂2
q(t0)〉 = sin2(θ)ω̄2

0〈Â2
0〉+ cos2(θ)ω̄2

1〈Â2
1〉 (5.80e)

〈p̂x(t0)p̂q(t0)〉 =
1

2
sin(2θ)

(
ω̄2

1〈Â2
1〉 − ω̄2

0〈Â2
0〉
)

(5.80f)

〈{x̂(t0), p̂x(t0)}〉 = 0 (5.80g)

〈{q̂(t0), p̂q(t0)}〉 = 0 (5.80h)

〈x̂(t0)p̂q(t0)〉 = 0 (5.80i)

〈q̂(t0)p̂x(t0)〉 = 0 . (5.80j)

We have thus found a 2-parameter family of initial conditions, such that the statistical
propagator for the system does not depend on the average time. Consequently, the
entropy does not depend on the average time. Let us require that our system is in a
pure state initially, such that:

〈x̂2(t0)〉 =
1

2ω0
(5.81a)

〈p̂2
x(t0)〉 =

ω0

2
, (5.81b)

which is equivalent to:

〈Â2
0〉 = 〈Â2

1〉 =
1

2ω0
. (5.82)
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The other correlators in equation (5.80) can now trivially be determined:

〈q̂2(t0)〉 =
1

2ω0
(5.83a)

〈p̂2
q(t0)〉 =

ω2
1

2ω0
(5.83b)

〈x̂(t0)q̂(t0)〉 = 0 (5.83c)

〈p̂x(t0)p̂q(t0)〉 =
λ

2ω0
. (5.83d)

Clearly, the environment is in a thermal state at a temperature dictated by requiring
equation (5.36):

coth

(
βω1

2

)
=
ω1

ω0
.

We discuss the physical significance of this result in the main text of this chapter.





CHAPTER 6

DECOHERENCE IN QUANTUM

FIELD THEORY

We apply our correlator approach to decoherence outlined in section 4.1 to a renor-
malised interacting scalar field theory. Using out-of-equilibrium field theory techniques
at finite temperatures, we show that the Gaussian von Neumann entropy for a pure
quantum state asymptotes to the interacting thermal entropy. This quantifies decoher-
ence and thus measures how classical our pure state has become. The decoherence rate
can be well described by the single particle decay rate in our model. Connecting to
electroweak baryogenesis scenarios, we moreover study the effects of a changing mass
of the system field on the entropy. This chapter follows [170], [157] and [219].

6.1 Introduction

In section 4.1, we formulate our correlator approach to decoherence, according to which
a system will decohere due to the observer’s limited ability to access all correlators
characterising the properties of the system. In section 4.1 and chapter 5, we show
that the conventional approach to decoherence, which relies on the perturbative master
equation, suffers from a number of fatal shortcomings that prevent us to study decoher-
ence in a quantum field theoretical setting. In this final chapter on decoherence, this is
precisely our goal.
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6.1.1 The Model

We consider the following interacting scalar field theory:

S[φ, χ] =

∫
dDxL[φ, χ] =

∫
dDxL0[φ] + L0[χ] + Lint[φ, χ] , (6.1)

where:

L0[φ] =− 1

2
∂µφ(x)∂νφ(x)ηµν − 1

2
m2
φ(t)φ2(x) (6.2a)

L0[χ] =− 1

2
∂µχ(x)∂νχ(x)ηµν − 1

2
m2
χχ

2(x) (6.2b)

Lint[φ, χ] =− λ

3!
χ3(x)− 1

2
hχ2(x)φ(x) , (6.2c)

where ηµν = diag(−1, 1, 1, · · · ) is the D-dimensional Minkowski metric. Here, φ(x) will
play the role of the system, interacting with an environment χ(x), where we assume
that λ � h such that the environment is in thermal equilibrium at temperature T . We
furthermore assume that 〈φ̂〉 = 0 = 〈χ̂〉, which can be realised by suitably renormalising
the tadpoles.

As we study out-of-equilibrium quantum field theory, we work in the Schwinger-
Keldysh formalism. The 2PI (two particle irreducible) effective action captures the effect
of perturbative loop corrections to the various propagators ı∆φ and ı∆χ. Of course, we
will discuss these equations of motion in detail shortly, but when we omit all indices
and arguments, they have the following structure:

(∂2 −m2
φ)ı∆φ −

∫
Mφı∆φ = ıδD (6.3a)

(∂2 −m2
χ)ı∆χ −

∫
Mχı∆χ = ıδD , (6.3b)

whereMφ andMχ are the self-mass corrections. These two equations are non-linear due
to the coupling of the two fields with coupling constant h. Multiplying equation (6.3a)
by ∆0,φ = (∂2−m2

φ)−1δD and equation (6.3b) by ∆0,χ = (∂2−m2
χ)−1δD and integrating,

one gets the following Schwinger-Dyson equations:

= +
(6.4a)

= + +
. (6.4b)
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The dressed φ-propagator (double solid line) can be written as the sum of the tree level
propagator (solid line) and the self-mass corrections due to interaction with the dressed
χ-field (double dashed lines), and vice versa for the environment field χ.

Let us at this point explicitly state the two main assumptions of our work: firstly, we
assume that the observer can only detect Gaussian correlators, or two-point functions,
and consequently neglects the information stored in all higher order, non-Gaussian
correlators (of both φ and of the correlation between φ and χ). This assumption can
of course be generalised to incorporate knowledge of e.g. three- or four-point functions
in the definition of the entropy as discussed in chapter 4. Secondly, we neglect the
backreaction from the system field on the environment field, i.e.: we assume that we can
neglect the self-mass corrections due to the φ-field in equation (6.4b). This assumption
thus implies that the environment remains in equilibrium at temperature T . In particu-
lar, the self-mass corrections to the system propagators in equation (6.4a) are now given
by:

= + + . . . .
(6.5)

The first diagram contains the leading order self-mass correction, at order O(h2/ω2
φ),

where ω2
φ = m2

φ + k2. Effectively, it is a Gaussian correction to the φ-propagators, as it
acts just like a known source to φ. Note that in equation (6.5) we dropped a diagram at
order O(h2λ2/ω4

φ) since it is irrelevant for the argument presented below.
Looking at equation (6.5), we see that these two assumptions are well justified by

perturbative arguments, provided there are no secular effects: both the backreaction
of the system field on the environment field and the first intrinsically non-Gaussian
correction occurs only at order O(h4/ω4

φ), which can be appreciated by examining the
second Feynman diagram on the right-hand side of equation (6.5). The 3-point function
of the system, an intrinsically non-Gaussian correlator, is at one-loop level also pertur-
batively suppressed, at orderO(h3/ω3

φ). As a consequence, the counterterms introduced
to renormalise the tadpoles do not depend on time, too, such that we can remove these
terms in a consistent manner. The presence of the λχ3 interaction will introduce pertur-
bative thermal corrections to the tree-level thermal state, which we neglect for simplicity
in this work.

The calculation we are about to embark on can be outlined as follows. The first
assumption above implies that we only use the three Gaussian correlators to calcu-
late the Gaussian von Neumann entropy: 〈φ̂(~x, t)φ̂(~y, t)〉, 〈π̂(~x, t)π̂(~y, t)〉, and the anti-
commutator correlator 1

2 〈{φ̂(~x, t), π̂(~y, t)}〉. Rather than attempting to solve for the dy-
namics of these three correlators separately, we solve for the statistical propagator, from
which these three Gaussian correlators can be extracted in a straightforward manner.
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Starting from the action in equation (6.1), we thus calculate the 2PI effective action that
captures the perturbative loop corrections to the various propagators of our system
field. Most of our attention is thus devoted to calculate the self-masses, renormalise
the vacuum contributions to the self-masses, and deal with the memory integrals, as a
result of the interaction between the two fields. Once we have the statistical propagator
at our disposal, our life becomes easier. Various coincidence expressions of the statis-
tical propagator and derivatives thereof fix the Gaussian entropy of our system field
uniquely, as discussed in chapter 4.

In section 6.2, we derive the Kadanoff-Baym equations in the 2PI formalism, which
we renormalise in section 6.3. Section 6.4 deals with how to solve the Kadanoff-Baym
equations by decoupling them. In section 6.5, we evaluate the finite temperature con-
tributions to the self-masses. In section 6.6, we discuss our numerical implementation
and finally, in section 6.7, we discuss our results.

6.1.2 Applications

Having introduced the setup of our theory, the assumptions, and their justification, let
us direct our attention to discussing potential applications. Although applications of
the framework of decoherence are mainly directed towards experimental efforts (for ex-
ample related to the increasingly relevant field of quantum computing), it also concerns
quantum field theory (see e.g. [227]).

Decoherence of Cosmological Perturbations

Research efforts relevant to theoretical cosmology are primarily focused on address-
ing the fundamental question of the decoherence of cosmological perturbations, see
e.g. [164, 174–176, 202, 204–207, 228–238]. Undoubtedly one of the most important con-
sequences of the inflationary paradigm is that it provides us with a causal explanation of
how initial density inhomogeneities can be laid out on a super Hubble scale, that seed
the large-scale structure we observe in the Universe today in for example clusters of
galaxies. We discuss this in some detail in chapter 1. Decoherence should bridge the gap
between the intrinsically quantum nature of the initial inhomogeneities during inflation
and the classical stochastic behaviour, as assumed by large-scale structure theory. We
expect that a suitable generalisation of our theory to an expanding Universe setting can
also be used to explain the decoherence of cosmological perturbations.

In literature, specific models for example assume that during inflation the UV (or
sub-Hubble) modes of a field, once integrated out, decohere the IR (or super-Hubble)
modes, because the former modes are inaccessible observationally ([239–241], however,
also see [242]). A similar split of UV and IR modes has been made in the context of
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stochastic inflation, see e.g. [243–248]. In [249] vacuum fluctuations decohere the mean
field, turning it into a classical stochastic field. In [176] it is argued that self-mass correc-
tions to the equation of motion for the statistical propagator can be rewritten in terms
of a stochastic noise term, that in turn decoheres the system. In [206], it was shown that
isocurvature modes decohere the adiabatic mode. Another possibility is that gravitons
decohere the adiabatic mode [208].

Non-equilibrium Quantum Field Theory

A second application is, of course, the study of out-of-equilibrium quantum fields from
a theoretical perspective. In recent years, out-of-equilibrium dynamics of quantum
fields have enjoyed a considerable attention, as the calculations involved become more
tractable (for an excellent review we refer to [179]). A central ingredient in performing
these studies is the 2PI effective action, from which quantum corrections to propagators
can be investigated. Out-of-equilibrium λφ4(x)-theory has been extensively studied, in
for example [184–189, 250–252]. The dynamics of non-equilibrium fermions have been
addressed in e.g. [253]. The classical aspects of quantum correlation functions in a
λφ3(x) interaction in de Sitter spacetime are investigated in [254].

An interesting study has been performed in [255], where one also studies, under
certain assumptions, the dynamics of a system field that interacts via a cubic coupling
with a thermal bath, which we also consider. Their thermal bath consists of two scalar
fields with different masses. Very recently, another interesting calculation for λφ4(x)

self-interaction has been performed by Giraud and Serreau [171], where one calculates
a decoherence parameter and thermalisation of an initial pure state.

Renormalising the Kadanoff-Baym equations is a subtle business. In λφ4(x)-theory
it has been examined in different contexts in [256–263]. We will also come to address the
question of renormalising our cubically interacting field theory. Our main finding is that
the structure of the renormalised equations of motion differs from the unrenormalised
equations, which has in general, to our knowledge, not previously been considered in
literature.

Furthermore, imposing initial conditions at some finite time t0 results in additional
infinities that have to be renormalised separately, according to the authors of [264–267].
A very interesting study has been performed by Garny and Müller [180], where renor-
malised Kadanoff-Baym equations in λφ4(x) are numerically integrated by imposing
non-Gaussian initial conditions at some initial time t0. We differ in our approach, as
we include memory effects before t0, such that our evolution, like Garny and Müller’s,
is divergence free at t0. In order to more efficiently resum higher order diagrams in
perturbation theory, one could consider nPI effective actions and the corresponding
time evolution of the quantum-corrected correlators (we refer to e.g. [268–273] regard-
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ing nPI effective actions and their applications). Although we emphasise that the 2PI
formalism is sufficient to study non-Gaussian corrections to the von Neumann entropy,
nPI techniques would allow in principle to more efficiently study the time evolution of,
say, the irreducible 4-point function, to incorporate knowledge of this function into the
von Neumann entropy.

Baryogenesis

The work presented in this chapter is relevant for electroweak baryogenesis scenarios.
The attentive reader will have appreciated that we allow for a changing mass of the
system field in the Lagrangian (6.2a): mφ = mφ(t), generated by a time-dependent
Higgs-like scalar field during a symmetry breaking. Mechanisms invoking new physics
at the electroweak scale that try to explain the observed baryon asymmetry are col-
lectively referred to as electroweak baryogenesis scenarios. The standard model of
particle physics, for example, does not suffice, as its electroweak phase transition is a
crossover, which does not satisfy the three Sakharov conditions necessary to generate a
baryon asymmetry. It is possible, however, to have a strong first order phase transition
at the electroweak scale in several extensions of the standard model. During a first
order phase transition at the electroweak scale, bubbles of the true vacuum emerge and
expand. Fermions outside the bubbles, in the symmetric phase, are violently driven
out-of-equilibrium by the bubble wall that is passing by, and the mass of the fermions
changes non-adiabatically as a consequence. At this moment, CP violation also occurs
as an axial vector current is generated. Sakharov’s conditions are fulfilled during this
process such that a baryon asymmetry is supposed to be generated. The question is
how large this CP violating effect is.

The axial currents are difficult to calculate reliably, since a controlled calculation
would include non-equilibrium dynamics in a finite temperature plasma in the pres-
ence of a non-adiabatically changing mass parameter. In this work we do not consider
fermions but scalar fields, yet the setup of our theory features many of the properties
relevant for electroweak baryogenesis: our interacting scalar field model resembles the
Yukawa part of the standard model Lagrangian, where one scalar field plays the role
of the Higgs field and the other generalises to a heavy fermion (e.g. a top quark or a
chargino of a supersymmetric theory). The entropy is sensitive to quantum coherence,
just as the axial vector current.

The relevance of scattering processes for electroweak baryogenesis has been treated
in several papers in the 1990s [162, 274–278], however, no satisfactory solution to the
problem has been found so far. Quantum coherence also plays a role in models where
CP violating particle mixing is invoked to source baryogenesis [279–283]. More recently,
Herranen, Kainulainen and Rahkila [284–286] observed that the constraint equations for
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fermions and scalars admit a third shell at k0 = 0. The authors show that this third shell
can be used to correctly reproduce the Klein paradox both for fermions and bosons in
a step potential, and hope that their intrinsically off-shell formulation can be used to
include interactions in a field theoretical setting for which off-shell physics is essential.
The relevance of coherence in baryogenesis for a phase transition at the end of inflation
has been addressed in [287–289].

6.2 The Kadanoff-Baym Equations

In this first section, we introduce the Kadanoff-Baym equations that capture the effect
of loop corrections on various propagators. Let us start, however, by recalling a few
important equations that we discussed in the previous two chapters.

6.2.1 The Statistical Propagator and Entropy

As discussed in chapter 4, there is a connection between the statistical propagator and
the Gaussian von Neumann entropy of a system. The statistical propagator describes
how states are populated, and it is in the Heisenberg picture defined by:

Fφ(x;x′) =
1

2
Tr
[
ρ̂(t0){φ̂(x′), φ̂(x)}

]
=

1

2
Tr
[
ρ̂(t0)(φ̂(x′)φ̂(x) + φ̂(x)φ̂(x′))

]
, (6.6)

given some density matrix operator ρ̂(t0). The three Gaussian correlators are related in
a straightforward manner to the statistical propagator:

〈φ̂(~x, t)φ̂(~y, t)〉 = Fφ(~x, t; ~y, t′)|t=t′ (6.7a)

〈π̂(~x, t)π̂(~y, t)〉 = ∂t∂t′Fφ(~x, t; ~y, t′)|t=t′ (6.7b)

〈{φ̂(~x, t), π̂(~y, t)}/2〉 = ∂t′Fφ(~x, t; ~y, t′)|t=t′ . (6.7c)

In spatially homogeneous backgrounds, we can Fourier transform the statistical propa-
gator as follows:

Fφ(k, t, t′) =

∫
d(~x− ~x′)Fφ(x;x′)e−ı

~k·(~x−~x′) , (6.8)

which then only depends on k = ‖~k‖. The phase space area per mode ∆k is given in
equation (4.83):

∆2
k(t) = 4

[
F (k, t, t′)∂t∂t′F (k, t, t′)− (∂t′F (k, t, t′))

2
]∣∣∣
t=t′

, (6.9)

where ~ = 1 and c = 1. The Gaussian von Neumann entropy per mode now reads:

Sk(t) =
∆k + 1

2
log

(
∆k + 1

2

)
− ∆k − 1

2
log

(
∆k − 1

2

)
. (6.10)
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The phase space area can be related to an effective phase space particle number density
per mode, or the statistical particle number density per mode, as:

nk(t) =
∆k(t)− 1

2
. (6.11)

In appendix A of this chapter we study a non-trivial exact case: quantum scattering due
to a changing mass in the free case (the interaction coefficients h and λ in equation (6.2c)
are switched off). In this simple example, we can directly solve for the statistical propa-
gator, and no prior knowledge of the causal propagator is required. For a free scalar field
with a smoothly changing mass term, we show that ∆k(t) = 1 and hence no entropy
has been generated by the mass change. Secondly, we point out that the reader should
not confuse the statistical particle number density in equation (6.11) with the parameter
|βk|2 characterising the non-adiabaticity of the mass change in equation (6.156b), which
in literature is often referred to as a particle number as well [82]. This parameter is
non-zero, and possibly large, simply because the asymptotic in and out vacua differ.

6.2.2 Propagators in the Schwinger-Keldysh Formalism

The material included in this subsection may well be familiar to the experienced reader,
but we include it nevertheless for pedagogical reasons and in order to clearly establish
our notation. Let us consider the expectation value of an operator Q̂(t) in the Heisenberg
picture, given a density matrix operator ρ̂(t0):

〈Q̂(t)〉 = Tr
[
ρ̂(t0)Q̂(t)

]
(6.12)

= Tr

[
ρ̂(t0)

{
T exp

(
ı

∫ t

t0

dt′Ĥ(t′)

)}
Q̂(t0)

{
T exp

(
−ı
∫ t

t0

dt′Ĥ(t′)

)}]
,

where t0 < t denotes an initial time, T and T denote the anti-time ordering and time
ordering operations, respectively, and Ĥ(t) denotes the Hamiltonian. If the operator Q̂
in the Scrödinger picture depends explicitly on time, we should replace Q̂(t0) by Q̂S(t).

The Schwinger-Keldysh formalism, or closed time path (CTP) formalism, or in-in
formalism, is based on the original papers by Schwinger [290] and Keldysh [291] and
particularly useful for non-equilibrium quantum field theory (see: [136, 137, 181–183]).
According to the CTP formalism, the expectation value above can be calculated from
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Re t

Im t

Figure 6.1: Schwinger-Keldysh contour with
finite initial time t0 and final time tf .

Re t

Im t

Figure 6.2: Schwinger-Keldysh contour
where the initial and final times in figure 6.1
have been extended to negative and positive
infinity, respectively.

the in-in generating functional in the path integral formulation:

Z[Jφ+, J
φ
−, J

χ
+, J

χ
−, ρ(t0)] (6.13)

=

∫
Dφ+

0 Dφ
−
0 Dχ

+
0 Dχ

−
0 〈φ

+
0 , χ

+
0 |ρ̂(t0)|φ−0 , χ

−
0 〉

×
∫ φ−0

φ+
0

Dφ+Dφ−δ[φ+(tf)− φ−(tf)]

∫ χ−0

χ+
0

Dχ+Dχ−δ[χ+(tf)− χ−(tf)]

× exp

[
ı

∫
dD−1x

∫ tf

t0

dt′
(
L[φ+, χ+, t′]−L[φ−, χ−, t′]+Jφ+φ

+−Jφ−φ−+Jχ+χ
+−Jχ−χ−

)]
,

where the Lagrangian is given in equation (6.1). We can use the well-known Schwinger-
Keldysh contours depicted in figures 6.1 and 6.2. They run from t0 up to tf , where
both times can in principle be extended to negative and positive infinity, respectively
(as depicted in figure 6.2). As we will come to discuss, the two paths are not equivalent
in an interacting quantum field theory, where memory effects play an important role.
In this chapter, we will extend t0 to negative infinity at some point, but let us for the
moment keep it finite. Clearly, these contours are closely related to the two evolution
operators in equation (6.12). The fields φ and χ and their corresponding sources Jφ and
Jχ split up on the upper (+) and lower (-) parts of the contour, where necessarily the
conditions φ+(tf ) = φ−(tf ) and χ+(tf ) = χ−(tf ) apply. These conditions are indeed
enforced by the two functional δ-distributions. The first functional integrals in equa-
tion (6.13) are over the initial configuration space at t0, where the system is specified
by the density operator (density matrix) ρ̂(t0). The path integrals in equation (6.13) run
over the Schwinger-Keldysh contour in figure 6.1 or 6.2.

Expectation values of n-point functions are obtained by varying the generating func-
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tional (6.13) as follows:

Tr
[
ρ̂(t0)T [φ̂(x1) · · · φ̂(xn)]T [φ̂(y1) · · · φ̂(yk)]

]
(6.14)

=
δn+kZ[J, ρ(t0)]

−ıδJφ−(x1) · · · − ıδJφ−(xn)ıδJφ+(y1) · · · ıδJφ+(yk)

∣∣∣∣∣
J=0

,

provided that x0
j ≤ tf and y0

j ≤ tf for all j, and where J = (Jφ±, J
χ
±). We can now define

the following propagators:

ı∆++
φ (x;x′) = Tr

[
ρ̂(t0)T [φ̂(x′)φ̂(x)]

]
=

δ2Z[J, ρ(t0)]

ıδJφ+(x)ıδJφ+(x′)

∣∣∣∣∣
J=0

(6.15a)

ı∆−−φ (x;x′) = Tr
[
ρ̂(t0)T [φ̂(x′)φ̂(x)]

]
=

δ2Z[J, ρ(t0)]

ıδJφ−(x)ıδJφ−(x′)

∣∣∣∣∣
J=0

(6.15b)

ı∆−+
φ (x;x′) = Tr

[
ρ̂(t0)φ̂(x)φ̂(x′)

]
=

δ2Z[J, ρ(t0)]

−ıδJφ−(x)ıδJφ+(x′)

∣∣∣∣∣
J=0

(6.15c)

ı∆+−
φ (x;x′) = Tr

[
ρ̂(t0)φ̂(x′)φ̂(x)

]
=

δ2Z[J, ρ(t0)]

−ıδJφ+(x)ıδJφ−(x′)

∣∣∣∣∣
J=0

. (6.15d)

We define the various propagators for the χ-field analogously. In the absence of a con-
densate for χ all mixed two point functions, such as:

〈Ω|φ̂(x′)χ̂(x)|Ω〉 , (6.16)

vanish, by virtue of the interaction term (6.2c). Moreover, in equation (6.15), we let
ı∆++

φ (x;x′) ≡ ı∆F
φ (x;x′) denote the Feynman or time ordered propagator, and the anti-

time ordered propagator is represented by ı∆−−φ (x;x′). The two Wightman functions
are given by ı∆−+

φ (x;x′) and ı∆+−
φ (x;x′). From equation (6.1) we infer that the free

Feynman propagator obeys:

Dxı∆++
φ,0 (x;x′) ≡ (∂2

x −m2
φ)ı∆++

φ,0 (x;x′) = ıδD(x− x′) , (6.17)

where ∂2
x = ηµν∂µ∂ν , and where the analogous identity holds for ı∆++

χ,0 (x;x′). In the
presence of interactions the equation of motion for the Feynman propagator becomes
much more involved, and we will discus it shortly. One can easily show that at tree
level the Wightman functions obey the homogeneous equation:

Dxı∆+−
φ,0 (x;x′) = 0 = Dxı∆−+

φ,0 (x;x′) . (6.18)
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Identical relations hold for the free Wightman propagators for χ. The four propagators
defined above are not independent. The Wightman functions, for example, can be used
to obtain the time ordered and anti-time ordered propagators:

ı∆++
φ (x;x′) = θ(t− t′)ı∆−+

φ (x;x′) + θ(t′ − t)ı∆+−
φ (x;x′) (6.19a)

ı∆−−φ (x;x′) = θ(t′ − t)ı∆−+
φ (x;x′) + θ(t− t′)ı∆+−

φ (x;x′) , (6.19b)

where t = x0, t′ = x0 ′, and where this identity holds for the χ-propagators as well.
Appreciate that:

ı∆++
φ (x;x′) + ı∆−−φ (x;x′) = ı∆−+

φ (x;x′) + ı∆+−
φ (x;x′) (6.19c)

ı∆−+
φ (x;x′) = ı∆+−

φ (x′;x) , (6.19d)

are exact identities and they are also satisfied by the χ-propagators. We write the four
Green’s functions in the 2× 2 Keldysh propagator matrix form:

ıGφ(x;x′) =

(
ı∆++

φ ı∆+−
φ

ı∆−+
φ ı∆−−φ

)
, (6.20)

which at tree level obeys,

DxıGφ,0(x;x′) = ıσ3δD(x− x′) , (6.21)

where σ3 = diag(1,−1) is the third Pauli matrix, which we can also write as:

(σ3)ab = aδab , (6.22)

where a, b = ±. Let us define some more Green’s functions. In subsection 6.2.1, we
already defined the causal and statistical propagator, but let us for completeness list
them again. The causal propagator, also known as the Pauli-Jordan, or Schwinger, or
spectral two-point function, ı∆c

φ ≡ ı∆PJ
φ ≡ Aφ ≡ ρφ, is given by:

ı∆c
φ(x;x′) = Tr

(
ρ̂(t0)[φ̂(x), φ̂(x′)]

)
= ı∆−+

φ (x;x′)− ı∆+−
φ (x;x′) , (6.23)

and the statistical, or Hadamard two-point function, Fφ ≡ ∆H
φ , is given by:

Fφ(x;x′) =
1

2
Tr
[
ρ̂(t0){φ̂(x′), φ̂(x)}

]
=

1

2

(
ı∆−+

φ (x;x′) + ı∆+−
φ (x;x′)

)
. (6.24)

The retarded ı∆r and advanced ı∆a propagators are defined as:

ı∆r
φ(x;x′) = ı∆++

φ (x;x′)− ı∆+−
φ (x;x′)

=− [ı∆−−φ (x;x′)− ı∆−+
φ (x;x′)] = θ(t− t′)ı∆c

φ(x;x′) (6.25a)

ı∆a
φ(x;x′) = ı∆++

φ (x;x′)− ı∆−+
φ (x;x′)

=− [ı∆−−φ (x;x′)− ı∆+−
φ (x;x′)] = −θ(t′ − t)ı∆c

φ(x;x′) . (6.25b)
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Moreover, we can express all propagators ı∆ab
φ solely in terms of the causal and statisti-

cal propagators:

ı∆+−
φ (x;x′) = Fφ(x;x′)− 1

2
ı∆c

φ(x;x′) (6.26a)

ı∆−+
φ (x;x′) = Fφ(x;x′) +

1

2
ı∆c

φ(x;x′) (6.26b)

ı∆++
φ (x;x′) = Fφ(x;x′) +

1

2
sgn(t− t′)ı∆c

φ(x;x′) (6.26c)

ı∆−−φ (x;x′) = Fφ(x;x′)− 1

2
sgn(t− t′)ı∆c

φ(x;x′) . (6.26d)

Since F †φ = Fφ and (ı∆c
φ)† = −ı∆c

φ, the relations above correspond to splitting the
various Green’s functions into their hermitian and anti-hermitian parts (for that reason
we do not put an ı in front of Fφ). The definitions of the retarded, advanced, causal, and
the statistical propagators, and the relations between them easily extend to the χ-field.

6.2.3 The 2PI Effective Action

In order to study the effect of perturbative loop corrections on classical expectation
values, one often considers the effective action. In this subsection we calculate the 2PI
effective action, using the Schwinger-Keldysh formalism outlined above. Varying the
2PI effective action with respect to the propagators yields the so-called Kadanoff-Baym
equations that govern their dynamics. These equations of motion contain the non-local
scalar self-energy corrections, or self-mass corrections, to the propagators.

In the present subsection, we shall mainly follow [136, 143, 179, 254]. We can extract
the Feynman rules from the interaction part of the tree level action (6.2c):

Lint[φ, χ] = −
∑
a=±

a

(
λ

3!
(χa(x))3 +

1

2
h(χa(x))2φa(x)

)
. (6.27)

The Feynman propagator is promoted to ıGφ and each vertex has two polarities: plus (+)
and minus (−), such that the minus vertex gains an extra minus sign +ıλ as compared
to the standard perturbation theory plus vertex: −ıλ.

The 2PI effective action is obtained as a double Legendre transform of the generating
functional W for connected Green’s functions with respect to the linear source J and
another quadratic source (see e.g. [179]). In the absence of field condensates and tadpole
contributions the background fields vanish:

φ̄a ≡ 〈Ω|φ̂a|Ω〉 = 0 (6.28a)

χ̄a ≡ 〈Ω|χ̂a|Ω〉 = 0 , (6.28b)
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Figure 6.3: Contributions to the 2PI effective action up to two-loop order. The double solid lines
denote φ-propagators, whereas the double dashed lines correspond to χ-propagators.

in which case the variation with respect to the linear or quadratic sources can easily be
related. In particular, the definitions of the four propagators in equation (6.15) remain
valid. The effective action formally reads [179, 183, 292, 293]:

Γ[φ̄a, χ̄a, ı∆ab
φ , ı∆

ab
χ ] = S[φ̄a, χ̄a] +

ı

2
Tr ln[(ı∆ab

φ )−1] +
ı

2
Tr ln[(ı∆ab

χ )−1] (6.29)

+
ı

2
Tr
δ2S[φ̄a, χ̄a]

δφ̄aδφ̄b
ı∆ab

φ +
ı

2
Tr
δ2S[φ̄a, χ̄a]

δχ̄aδχ̄b
ı∆ab

χ + Γ(2)[φ̄a, χ̄a, ı∆ab
φ , ı∆

ab
χ ] .

Here, Γ(2) denotes the 2PI contribution to the effective action. We omit the dependence
on all variables for notational convenience. Several Feynman diagrams contribute to
the effective action, of which the one- and two-loop order contributions are given in
figure 6.3. We can now write the effective action up to two loops as:

Γ[ı∆ab
φ , ı∆

ab
χ ] = Γ0[ı∆ab

φ , ı∆
ab
χ ] + Γ1[ı∆ab

φ , ı∆
ab
χ ] + Γ2[ı∆ab

φ , ı∆
ab
χ ] , (6.30)

where the subscript denotes the number of loops, and where:

Γ0[ı∆ab
φ , ı∆

ab
χ ] =

∫
dDxdDx′

∑
a,b=±

a

2
(∂2
x −m2

φ)δD(x− x′)δabı∆ba
φ (x′;x) (6.31a)

+

∫
dDxdDx′

∑
a,b=±

a

2
(∂2
x −m2

χ)δD(x− x′)δabı∆ba
χ (x′;x)

Γ1[ı∆ab
φ , ı∆

ab
χ ] =− ı

2
Tr ln

[
ı∆aa

φ (x;x)
]
− ı

2
Tr ln

[
ı∆aa

χ (x;x)
]

(6.31b)

Γ2[ı∆ab
φ , ı∆

ab
χ ] =

ıλ2

12

∫
dDxdDx′

∑
a,b=±

ab
(
ı∆ab

χ (x′;x)
)3

+
ıh2

4

∫
dDxdDx′

∑
a,b=±

ab
(
ı∆ab

χ (x;x′)
)2
ı∆ab

φ (x′;x), (6.31c)

where Tr denotes a trace over both spacetime variables and the Keldysh indices ±. The



168 Chapter 6. Decoherence in Quantum Field Theory

equations of motion for the propagators result as usual from the variational principle:

δΓ[ı∆ab
φ , ı∆

ab
χ ]

δı∆ab
φ

= 0 (6.32a)

δΓ[ı∆ab
φ , ı∆

ab
χ ]

δı∆ab
χ

= 0 . (6.32b)

Explicitly, they yield:

a

2
(∂2
x −m2

φ)δD(x− x′)δab − ı

2

[
ı∆ab

φ (x;x′)
]−1

+
ıh2

4
ab
(
ı∆ab

χ (x;x′)
)2

= 0 (6.33a)
a

2
(∂2
x −m2

χ)δD(x− x′)δab − ı

2

[
ı∆ab

χ (x;x′)
]−1

+
ıλ2

4
ab
(
ı∆ab

χ (x;x′)
)2

+
ıh2

2
ab ı∆ab

χ (x;x′)ı∆ab
φ (x;x′) = 0 . (6.33b)

We bring these equations into a more familiar form by multiplying by 2aı∆bc
φ (x′;x′′) and

2aı∆bc
χ (x′;x′′), respectively, and then by integrating over x′ and summing over b = ±.

This results in the following one-loop Kadanoff-Baym [294] equations for the elements
of the Keldysh propagator ıG(x;x′):

(∂2
x −m2

φ)ı∆ab
φ (x;x′)−

∑
c=±

c

∫
dDx1M

ac
φ (x;x1)ı∆cb

φ (x1;x′) = aδabıδD(x− x′) (6.34a)

(∂2
x −m2

χ)ı∆ab
χ (x;x′)−

∑
c=±

c

∫
dDx1M

ac
χ (x;x1)ı∆cb

χ (x1;x′) = aδabıδD(x− x′) , (6.34b)

where the self-masses at one-loop have the form:

ıMac
φ (x;x1) =− 2ac

δΓ2[ı∆ab
φ , ı∆

ab
χ ]

δı∆ca
φ (x1;x)

= − ıh
2

2

(
ı∆ac

χ (x;x1)
)2 (6.35a)

ıMac
χ (x;x1) =− 2ac

δΓ2[ı∆ab
φ , ı∆

ab
χ ]

δı∆ca
χ (x1;x)

=− ıλ2

2

(
ı∆ac

χ (x;x1)
)2 − ıh2ı∆ac

χ (x;x1)ı∆ac
φ (x;x1) , (6.35b)

where in the last step we use the hermiticity symmetry of the operator ıG, according
to which, ı∆ac(x;x′) = ı∆ca(x′;x). The Feynman diagrams contributing to the one-
loop self-mass are given in figure 6.4. We choose the definition of (6.35) such that the
structure of the self-masses resemble that of the propagators. The factor 1/2 in (6.35)
originates from the symmetry factor of the one-loop self-mass diagram.
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Figure 6.4: Contributions to the self-masses up to one-loop order. Again, the double solid lines
denote φ-propagators, whereas the double dashed lines correspond to χ-propagators. Hence,
the first two Feynman diagrams contribute to the self-mass of χ(x), and only the third diagram
contributes to the self-mass of φ(x).

Equation (6.34a) consists of the following four equations:

(∂2
x −m2

φ)ı∆++
φ (x;x′) (6.36a)

−
∫

dDy
[
ıM++

φ (x; y)ı∆++
φ (y;x′)− ıM+−

φ (x; y)ı∆−+
φ (y;x′)

]
= ıδD(x− x′)

(∂2
x −m2

φ)ı∆+−
φ (x;x′) (6.36b)

−
∫

dDy
[
ıM++

φ (x; y)ı∆+−
φ (y;x′)− ıM+−

φ (x; y)ı∆−−φ (y;x′)
]

= 0

(∂2
x −m2

φ)ı∆−+
φ (x;x′) (6.36c)

−
∫

dDy
[
ıM−+

φ (x; y)ı∆++
φ (y;x′)− ıM−−φ (x; y)ı∆−+

φ (y;x′)
]

= 0

(∂2
x −m2

φ)ı∆−−φ (x;x′) (6.36d)

−
∫

dDy
[
ıM−+

φ (x; y)ı∆+−
φ (y;x′)− ıM−−φ (x; y)ı∆−−φ (y;x′)

]
=− ıδD(x− x′) ,

but in the light of equation (6.19), only two of them are independent. Note that we have
another set of four equations of motion for the χ-field. In the end, we are interested in
solving this equation of motion in Fourier space, e.g.:

ı∆ab
φ (x;x′) =

∫
dD−1~k

(2π)D−1
ı∆ab

φ (k, t, t′)eı
~k(~x−~x′) (6.37a)

ı∆ab
φ (k, t, t′) =

∫
dD−1(~x− ~x′)ı∆ab

φ (x;x′)e−ı
~k(~x−~x′) . (6.37b)
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Equation (6.36) transforms into:

(∂2
t + k2 +m2

φ)ı∆++
φ (k, t, t′) (6.38a)

+

∫ ∞
−∞

dt1

[
ıM++

φ (k, t, t1)ı∆++
φ (k, t1, t

′)− ıM+−
φ (k, t, t1)ı∆−+

φ (k, t1, t
′)
]

=− ıδ(t−t′)

(∂2
t + k2 +m2

φ)ı∆+−
φ (k, t, t′) (6.38b)

+

∫ ∞
−∞

dt1

[
ıM++

φ (k, t, t1)ı∆+−
φ (k, t1, t

′)− ıM+−
φ (k, t, t1)ı∆−−φ (k, t1, t

′)
]

= 0

(∂2
t + k2 +m2

φ)ı∆−+
φ (k, t, t′) (6.38c)

+

∫ ∞
−∞

dt1

[
ıM−+

φ (k, t, t1)ı∆++
φ (k, t1, t

′)− ıM−−φ (k, t, t′)ı∆−+
φ (k, t1, t

′)
]

= 0

(∂2
t + k2 +m2

φ)ı∆−−φ (k, t, t′) (6.38d)

+

∫ ∞
−∞

dt1

[
ıM−+

φ (k, t, t1)ı∆+−
φ (k, t1, t

′)− ıM−−φ (k, t, t1)ı∆−−φ (k, t1, t
′)
]

= ıδ(t−t′) .

Note that we have extended t0 → −∞ in the equation above. Again, we have an analo-
gous set of equations of motion for the χ-field. In principle we can solve these coupled
equations of motion only numerically in full generality. Our strategy is to push the
analytical calculation forward as far as possible by making appropriate approximations,
such that we can still accurately describe the physical phenomena we are interested in,
before relying on numerical methods.

6.3 Renormalising the Kadanoff-Baym Equations

In order to renormalise equation of motion (6.36) or (6.38) above, we Fourier transform
also with respect to the difference of the time variables:

ı∆ab
φ (x;x′) =

∫
dDk

(2π)D
ı∆ab

φ (kµ)eık·(x−x
′) (6.39a)

ı∆ab
φ (kµ) =

∫
dD(x− x′)ı∆ab

φ (x;x′)e−ık·(x−x
′) . (6.39b)

There is a subtlety: for the moment, we neglect the time dependence in the mass term.
We only use this assumption to renormalise. In the end, it turns out that we need a
mass-independent counterterm to cancel all divergences in our theory, which allows us
to consider a time varying mass term again. In fact, as we assume there is no residual
dependence on the average time coordinate (t+ t′)/2 in ı∆ab

φ (kµ), equation (6.39) coin-
cides with a Wigner transform. Fourier transforming equation of motion (6.36) yields:
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(−kµkµ −m2
φ − ıM++

φ (kµ))ı∆++
φ (kµ) + ıM+−

φ (kµ)ı∆−+
φ (kµ) = ı (6.40a)

(−kµkµ −m2
φ − ıM++

φ (kµ))ı∆+−
φ (kµ) + ıM+−

φ (kµ)ı∆−−φ (kµ) = 0 (6.40b)

(−kµkµ −m2
φ + ıM−−φ (kµ))ı∆−+

φ (kµ)− ıM−+
φ (kµ)ı∆++

φ (kµ) = 0 (6.40c)

(−kµkµ −m2
φ + ıM−−φ (kµ))ı∆−−φ (kµ)− ıM−+

φ (kµ)ı∆+−
φ (kµ) =− ı . (6.40d)

Here and henceforth, we use the notation kµk
µ = −k2

0 + k2 to distinguish the four-
vector length from the spatial three-vector length k = ‖~k‖. Because of the convolution,
the equations of motion above are local in Fourier space. Let us remind the reader
again that analogous equations hold for the χ-propagators. As already mentioned in the
introduction, we do not solve the dynamical equations for both φ- and χ-propagators.
Instead, we assume the following hierarchy of couplings:

h� λ , (6.41)

and expand the solution in powers of h/λ � 1. In fact, we solve the system only at
order (h/λ)0. This does not imply that the hχ2φ interaction is unimportant: we only
assume that λ is large, such that the χ-field is thermalised by its strong self-interaction.
This allows us to approximate the solutions of the dynamical equations for χ as thermal
propagators [295–297]:

ı∆++
χ (kµ) =

−ı
kµkµ +m2

χ − ıε
+ 2πδ(kµk

µ +m2
χ)neq

χ (|k0|) (6.42a)

ı∆−−χ (kµ) =
ı

kµkµ +m2
χ + ıε

+ 2πδ(kµk
µ +m2

χ)neq
χ (|k0|) (6.42b)

ı∆+−
χ (kµ) = 2πδ(kµk

µ +m2
χ)
[
θ(−k0) + neq

χ (|k0|)
]

(6.42c)

ı∆−+
χ (kµ) = 2πδ(kµk

µ +m2
χ)
[
θ(k0) + neq

χ (|k0|)
]
, (6.42d)

where the Bose-Einstein distribution is given by:

neq
χ (k0) =

1

eβk0 − 1
, β =

1

kBT
, (6.43)

with kB denoting the Stefan-Boltzmann constant, and T the temperature. Let us remark
that the assumption in equation (6.41) allows us to compute the quantum corrections
to the φ-propagators, as it depends solely on χ-propagators running in the loop. We
neglect the backreaction of the system field on the environment field, such that the latter
remains in thermal equilibrium at temperature T . This assumption is perturbatively
well justified, as already discussed in the introduction. Furthermore, we neglect for
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simplicity the O(λ2) correction to the propagators above that will slightly change the
equilibrium state of the environment field. Note finally that, in our approximation
scheme, the dynamics of the system-propagators are effectively influenced only by the
usual 1PI self-mass corrections. We can thus derive the following (free) thermal statisti-
cal and causal propagators:

F free
χ (k, t, t′) =

cos(ωχ (t− t′))
2ωχ

coth

(
1

2
βωχ

)
(6.44a)

ı∆c,free
χ (k, t, t′) =− ı

ωχ
sin (ωχ (t− t′)) . (6.44b)

Equation (6.42) allows us to identify two contributions to the self-masses: the vac-
uum contributions and the thermal contributions:

ıMab
φ (k, t, t′) = ıMab

φ,vac(k, t, t′) + ıMab
φ,th(k, t, t′) . (6.45)

Any divergences, if present, originate from the vacuum contributions to the self-masses
only. Let us therefore, for the moment, consider the vacuum propagators at T = 0:

ı∆++
χ (kµ) =

−ı
kµkµ +m2

χ − ıε
(6.46a)

ı∆−−χ (kµ) =
ı

kµkµ +m2
χ + ıε

(6.46b)

ı∆+−
χ (kµ) = 2πδ(kµk

µ +m2
χ)θ(−k0) (6.46c)

ı∆−+
χ (kµ) = 2πδ(kµk

µ +m2
χ)θ(k0) . (6.46d)

Let us now evaluate the Feynman self-mass ıM++
φ,vac(x;x′), which follows from equa-

tion (6.35a), where we make the simplifying assumption mχ → 0. Let us briefly expati-
ate on the justification of this assumption, as at first sight it seems that mχ → 0 would
make our approximation scheme more susceptible to undesired backreaction effects. It
is a priori not at all clear that the backreaction is negligible: if we examine the second
Feynman diagram on the right-hand side of equation (6.4b), we see that the leading
order backreaction occurs at order O(h2/ω2

χ). Since in our setup ω2
χ = k2 + m2

χ = k2,
it is clear that the backreaction on deep IR (infrared) Fourier modes of the environment
field is perturbatively unsuppressed. Despite of that, it does not spoil the perturbative
arguments employed in the introduction: the influence of the environment field on the
system field is still perturbatively under control. In order to see this, let us consider the
first non-Gaussian contribution on the right-hand side of equation (6.5). Indeed, one
can show that the IR part of the inner loop is phase space suppressed: the IR part of this
integral is given by

∫ µ̄
0

d4q[(kνkν−m2
φ)(qσ+kσ)(qσ+kσ)]−1 ∼ µ̄2/m2

φ whenmφ > h ' µ̄.
Nevertheless, we admit it would be worthwhile to examine these integrals for mχ 6= 0,
and see whether the results presented in this chapter are robust under this change.
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We thus need to evaluate:

ı∆++
χ (x;x′) =

∫
dDk

(2π)D
ı∆++

χ (kµ)eık(x−x′) . (6.47)

This integral can be performed in arbitrary dimensions by making use of two straight-
forward contour integrations and [47, 144]:∫

dD−1~k

(2π)D−1
ei
~k·~xf(k) =

2

(4π)
D−1

2

∫ ∞
0

dk kD−2
JD−3

2
(kx)

( 1
2kx)

D−3
2

f(k) , (6.48)

which is valid for any function f(k) that depends solely on k = ‖~k‖. Jµ(kx) is a Bessel
function of the first kind. This yields:

ı∆++
χ (x;x′) =

Γ(D2 − 1)

4π
D
2

1

∆xD−2

++ (x;x′)
. (6.49)

Here, ∆x2
++(x, x′) is one of the distance functions between two spacetime points x and

x′, frequently used in the Schwinger-Keldysh formalism, and given by:

∆x2
++(x, x′) =− (|t− t′| − iε)2

+ ‖~x− ~x′‖2 (6.50a)

∆x2
+−(x, x′) =− ( t− t′ + iε)

2
+ ‖~x− ~x′‖2 (6.50b)

∆x2
−+(x, x′) =− ( t− t′ − iε)2

+ ‖~x− ~x′‖2 (6.50c)

∆x2
−−(x, x′) =− (|t− t′|+ iε)

2
+ ‖~x− ~x′‖2 . (6.50d)

We thus immediately find from equations (6.35a) and (6.49):

ıM++
φ,vac(x;x′) = − ıh

2

2

Γ2(D2 − 1)

16πD
1

∆x2D−4

++ (x;x′)
. (6.51)

The other self-masses can be obtained from this expression using the appropriate ε pole
prescription as indicated in equation (6.50). We now rewrite this expression slightly in
order to extract the divergence. For an arbitrary exponent β 6= D, β 6= 2, we can easily
derive:

1

∆xβ++(x;x′)
=

1

(β − 2)(β −D)
∂2 1

∆xβ−2
++ (x;x′)

. (6.52)

Furthermore, recall [65, 66]:

∂2 1

∆xD−2

++ (x;x′)
=

4π
D
2

Γ(D−2
2 )

ıδD(x− x′) . (6.53a)
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Let us also recall the similar identities for the other distance functions:

∂2 1

∆xD−2

−− (x;x′)
=− 4π

D
2

Γ(D−2
2 )

ıδD(x− x′) (6.53b)

∂2 1

∆xD−2

+− (x;x′)
= 0 (6.53c)

∂2 1

∆xD−2

−+ (x;x′)
= 0 . (6.53d)

We now arrange equation (6.51), using equations (6.52) and (6.53a):

ıM++
φ,vac(x;x′) =−

ıh2Γ2(D2 − 1)

64πD
1

(D − 3)(D − 4)

[
4π

D
2 µD−4

Γ(D−2
2 )

ıδD(x− x′)

+ ∂2

{
1

∆x2D−6

++ (x;x′)
− µD−4

∆xD−2

++ (x;x′)

}]
. (6.54)

Here, the scale µ has been introduced on dimensional grounds. If we Taylor expand the
term in curly brackets25 around D = 4, we find:

ıM++
φ,vac(x;x′) =−

ıh2Γ(D2 − 1)µD−4

16π
D
2 (D − 3)(D − 4)

ıδD(x− x′) (6.55)

+
ıh2

128π4
∂2

[
log(µ2∆x2

++(x;x′))

∆x2
++(x;x′)

]
+O(D − 4) .

We have been able to separate a local (D − 4)−1 divergence and a non-local finite term
to the self-mass. In order to precisely cancel the divergence, we can thus add a local
counterterm, i.e.: an ordinary mass term of the form:

ıM±±φ,ct(x;x′) = ∓
ıh2Γ(D2 − 1)µD−4

16π
D
2 (D − 3)(D − 4)

ıδD(x− x′) . (6.56)

The relative sign difference of ıM−−φ,ct(x;x′) is due to equation (6.53b). We are left with
the following renormalised vacuum contribution to the self-mass:

ıM++
φ,ren(x;x′) = −

ıh2Γ2(D2 − 1)

64πD(D − 3)(D − 4)
∂2

{
1

∆x2D−6

++ (x;x′)
− µD−4

∆xD−2

++ (x;x′)

}
. (6.57)

25Note that in the minimal subtraction scheme, one would also expand the term multiplying the Dirac delta
function around D = 4, which gives rise, once integrated at the level of the equation of motion, to a finite
local contribution to the mass of φ.
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We now perform a spatial Fourier transform in order to solve for the dynamics this term
generates:

ıM++
φ,ren(~k, t, t′) =

∫
dD−1(~x− ~x′)ıM++

φ,ren(x;x′)e−ı
~k(~x−~x′) . (6.58)

By introducing a regulator in order to dispose of the overall surface terms arising from
two partial integrations, we can easily convert the partial derivatives. Using several
analytic extensions, we obtain:

ıM++
φ,ren(k,t,t′) =

ıh2Γ2(D2 −1)2
D−13

2 π−
D+1

2

k
D−3

2 (D−3)(D−4)

(
∂2
t +k2

)[
− µD−42

3−D
2 π

1
2 k

D−5
2

Γ(D−2
2 )

e−ık(|∆t|−ıε)

+
kD−4(ı|∆t|+ ε)

5−D
2

2D−4Γ(D − 3)
KD−5

2
(k(i|∆t|+ε))

]
, (6.59)

where k = ‖~k‖, ∆t = t − t′, and where Kν(z) is the modified Bessel function of the
second kind. We expand this result around D = 4:

ıM++
φ,ren(k,t,t′) =

ıh2

32π2
√

2kπ

(
∂2
t +k2

)[√ π

2k

(
γE+log

[
k

2ıµ2(|∆t|!−ıε)

]
e−ık(|∆t|−ıε)

)

−
√
ı|∆t|+ ε ∂νKν (ık(|∆t| − ıε))

∣∣∣
ν=1/2

]
+O(D − 4) . (6.60)

Here, γE is the Euler-Mascheroni constant. Moreover, the scale µ introduced earlier
combines nicely with the other terms to make the argument of the logarithm dimen-
sionless, as it should. Indeed, we need to find an expression for the derivative with
respect to the order ν of Kν(z). Starting from the general expansion:

Kν(z) =
π csc(πν)

2

∞∑
k=0

{
1

Γ(k − ν + 1)k!

(z
2

)2k−ν
− 1

Γ(k + ν + 1)k!

(z
2

)2k+ν
}
, (6.61)

we immediately derive:

∂νKν(z)
∣∣∣
ν=1/2

=−
√

π

2z
ez [Chi(2z)− Shi(2z)] (6.62)

=−
√

π

2z
ez
[
γE + log(2z) +

∫ 2z

0

dt
cosh t− 1

t
−
∫ 2z

0

dt
sinh t

t

]
,

where Chi(2z) and Shi(2z) are the hyperbolic cosine and hyperbolic sine integral func-
tions, respectively, defined by the expressions on the second line. In our case, the vari-
able z is imaginary, so it proves useful to extract an ı, and convert this expression to the
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somewhat more familiar sine and cosine integral functions, defined by:

si(z) =−
∫ ∞
z

dt
sin t

t
(6.63a)

ci(z) =−
∫ ∞
z

dt
cos t

t
. (6.63b)

We finally arrive at:

ıM++
φ,ren(k, t, t′) =

ıh2

64kπ2

(
∂2
t + k2

) [
e−ık|∆t|

(
γE + log

[
k

2ıµ2(|∆t| − ıε)

])
(6.64)

+ eık|∆t|
(

ci(2k(|∆t| − ıε))− ısi(2k(|∆t| − ıε))
)]

+O(D − 4) ,

where we have set the ε regulators in the exponents to zero as the expression is well
defined. Rather than going several times through the calculation above to determine
the other self-masses, we make use of a few analytic extensions. Observe for example
that if ∆t > 0, ∆x++(x, x′) and ∆x−+(x, x′) coincide, and hence the expressions for the
self-masses ıM++

φ,ren(k, t, t′) and ıM−+
φ,vac(k, t, t′) should also coincide in that region. All

we need to do is to sensibly analytically extend to ∆t < 0. We thus need:

si(−z) = −si(z)− π . (6.65)

If ∆t < 0, we have to carefully make use of the ε pole prescription in the cosine integral
function:

ci(−2k(−∆t+ ıε)) =−
∫ ∞
−2k(−∆t+ıε)

dt
cos t

t
(6.66)

=−

[∫ −ıε
−2k(−∆t)

dt+

∫ 2k(−∆t)

−ıε
dt+

∫ ∞
2k(−∆t)

dt

]
cos t

t

=− log(ıε) + log(−ıε) + ci(2k(−∆t)) = −ıπ + ci(2k(−∆t)) .

We thus find the following expressions for the renormalised self-masses:

ıMab
φ (k, t, t′) = ıMab

φ,ren(k, t, t′) + ıMab
φ,th(k, t, t′) , (6.67)

where:

ıMab
φ,ren(k, t, t′) =

(
∂2
t + k2

)
ıZabφ (k, t, t′) , (6.68a)
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where:

Z±±φ (k, t, t′) =
h2

64kπ2

[
e∓ık|∆t|

(
γE + log

[
k

2µ2|∆t|

]
∓ ıπ

2

)

+ e±ık|∆t|
(

ci(2k|∆t|)∓ ısi(2k|∆t|)
)]

(6.68b)

Z∓±φ (k, t, t′) =
h2

64kπ2

[
e∓ık∆t

(
γE + log

[
k

2µ2|∆t|

]
∓ ıπ

2
sgn(∆t)

)

+ e±ık∆t
(

ci(2k|∆t|)∓ ısgn(∆t)si(2k|∆t|)
)]
. (6.68c)

Of course, we should still evaluate all thermal contributions ıMab
φ,th. Firstly, appreci-

ate that ıM−+
φ,vac(k, t, t′) and ıM+−

φ,vac(k, t, t′) need not be renormalised. The reason is
that these expressions do not contain a divergence in D = 4, which can be seen from
equations (6.53c–6.53d). Moreover, the local counterterm which we add to renormalise
ıM−−φ,vac(k, t, t′) contains the opposite sign as compared to ıM++

φ,vac(k, t, t′), because of
equation (6.53b), which we already stated in equation (6.56). Finally, we send all ε
regulators to zero, as the expression above is well defined in the limit ∆t→ 0.

We perform two independent checks of the calculation above. Firstly, one can renor-
malise via a calculation in Fourier space (rather than position space). We show that the
two results agree in appendix B of this chapter. Secondly, one can calculate the retarded
self-mass directly from the position space result using (6.55) and compare with the result
obtained from (6.68). We show that the two results agree in appendix C of this chapter.

If one were to evaluate the two time derivatives in the expressions above, one would
find a divergent answer in the limit when ∆t → 0. We also show this in appendix B of
this chapter. This does not reflect an incorrect renormalisation procedure. It is crucial to
extract the two time derivatives, as presented above, in order to properly take the effect
of the self-masses into account, as only now Zabφ (k, t, t′) is finite at coincidence ∆t → 0.
Indeed, this is most easily seen in position space26.

Let us compare these expressions with existing literature. In e.g. [179, 259], it is
derived that the renormalised equations for λφ4(x) theory have an identical structure
as the unrenormalised equations. In our theory, clearly, the structure of the equations
changes as we need to extract an operator of the form (∂2

t + k2), as derived in equa-
tion (6.68).

26One can recognise that the structure of the renormalised self-masses in equation (6.68) is identical to the
d’Alembertian in Fourier space. The presence of Zabφ (k, t, t′) induces time dependence in the propagator. A
similar phenomenon has been observed in [298], in which the effect of gravitons on fermions in an expanding
Universe is investigated, where it is referred to as a “finite wave function renormalisation”.



178 Chapter 6. Decoherence in Quantum Field Theory

6.4 Decoupling the Kadanoff-Baym Equations

Having renormalised our theory, we are ready to massage the Kadanoff-Baym equa-
tions (6.38) in two different ways. Firstly, we write Kadanoff-Baym equations in terms
of the causal and statistical propagator, such that they decouple. This is of course a
vital step required to solve the Kadanoff-Baym equations in the next section. Secondly,
we show that when we write the equations in terms of the advanced and retarded
propagators, the one-loop contributions preserve causality, as they should.

Note that the structure of the self-mass (6.35) is such that we can construct relations
analogous to equation (6.26):

Z+−
φ (k, t, t′) = ZFφ (k, t, t′)− 1

2
ıZcφ(k, t, t′) (6.69a)

Z−+
φ (k, t, t′) = ZFφ (k, t, t′) +

1

2
ıZcφ(k, t, t′) (6.69b)

Z++
φ (k, t, t′) = ZFφ (k, t, t′) +

1

2
sgn(t− t′)ıZcφ(k, t, t′) (6.69c)

Z−−φ (k, t, t′) = ZFφ (k, t, t′)− 1

2
sgn(t− t′)ıZcφ(k, t, t′) , (6.69d)

such that we find from (6.68):

ZFφ (k, t, t′) =
1

2

[
Z−+
φ (k, t, t′) + Z+−

φ (k, t, t′)
]

(6.70a)

=
h2

64kπ2

[
cos(k∆t)

(
γE + log

[
k

2µ2|∆t|

]
+ ci(2k|∆t|)

)

+ sin(k|∆t|)
(

si(2k|∆t|)− π

2

)]
Zcφ(k, t, t′) = ı

[
Z+−
φ (k, t, t′)− Z−+

φ (k, t, t′)
]

(6.70b)

=
h2

64kπ2

[
− 2 cos(k∆t)sgn(∆t)

(
si(2k|∆t|) +

π

2

)
+ 2 sin(k∆t)

(
ci(2k|∆t|)− γE − log

[
k

2µ2|∆t|

])]
.

The thermal contributions to the various self-masses in equation (6.45) obey a set of
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identities analogous to equation (6.69) above:

M+−
φ,th(k, t, t′) = MF

φ,th(k, t, t′)− 1

2
ıM c

φ,th(k, t, t′) (6.71a)

M−+
φ,th(k, t, t′) = MF

φ,th(k, t, t′) +
1

2
ıM c

φ,th(k, t, t′) (6.71b)

M++
φ,th(k, t, t′) = MF

φ,th(k, t, t′) +
1

2
sgn(t− t′)ıM c

φ,th(k, t, t′) (6.71c)

M−−φ,th(k, t, t′) = MF
φ,th(k, t, t′)− 1

2
sgn(t− t′)ıM c

φ,th(k, t, t′) . (6.71d)

Needless to say that we still have to calculate these contributions. Let us first, however,
derive a system of two closed equations for the causal and statistical propagator by
adding and subtracting equations (6.38c) and (6.38b). In order to obtain the equation of
motion for the causal propagator, we subtract (6.38b) from (6.38c), to find:

(∂2
t + k2 +m2

φ)ı∆c
φ(k, t, t′) +

1

2

∫ ∞
−∞

dt1

[{
ıM−+

φ (k, t, t1)− ıM+−
φ (k, t, t1)

}
sgn(t1−t′)

+ ıM++
φ (k, t, t1)− ıM−−φ (k, t, t1)

]
ı∆c

φ(k, t1, t
′) = 0 . (6.72)

Using equations (6.68), (6.69), and (6.71) we find:

(∂2
t + k2 +m2

φ)∆c
φ(k, t, t′)−

(
∂2
t + k2

) ∫ t

t′
dt1Z

c
φ(k, t, t1)∆c

φ(k, t1, t
′) (6.73)

−
∫ t

t′
dt1M

c
φ,th(k, t, t1)∆c

φ(k, t1, t
′) = 0 .

Note that equation (6.73) is causal, in the sense that no knowledge in the future of the
maximum of t, t′ is needed to specify ı∆c

φ(k, t, t′). Moreover, at one-loop, the evolution
of ı∆c

φ requires only knowledge of the Green’s functions in the time interval between t′

and t, and is thus independent of the initial conditions at t0 = −∞. Finally note that we
deleted the ı in front of ı∆c

φ in the equation of motion above to stress that ∆c
φ is real, to

prepare this equation for numerical integration.

In order to get an equation for the statistical Hadamard function (6.6), we add equa-
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tion (6.36b) to (6.36c), to get:

(∂2
t + k2 +m2

φ)Fφ(k, t, t′) (6.74)

+
1

2

∫ ∞
−∞

dt1

[
ıM++

φ (k, t, t1)− ıM+−
φ (k, t, t1)

+ ıM−+
φ (k, t, t1)− ıM−−φ (k, t, t1)

]
Fφ(k, t1, t

′)

+
1

4

∫ ∞
−∞

dt1

[{
ıM+−

φ (k, t, t1) + ıM−+
φ (k, t, t1)

}
sgn(t1 − t′)

− ıM++
φ (k, t, t1)− ıM−−φ (k, t, t1)

]
ı∆c

φ(k, t1, t
′) = 0.

Again using equations (6.68), (6.69), and (6.71) we find the relevant differential equation
for the statistical propagator:

(∂2
t + k2 +m2

φ)Fφ(k, t, t′) (6.75)

−
(
∂2
t + k2

) [∫ t

−∞
dt1Z

c
φ(k, t, t1)Fφ(k, t1, t

′)−
∫ t′

−∞
dt1Z

F
φ (k, t, t1)∆c

φ(k, t1, t
′)

]

−
∫ t

−∞
dt1M

c
φ,th(k, t, t1)Fφ(k, t1, t

′) +

∫ t′

−∞
dt1M

F
φ,th(k, t, t1)∆c

φ(k, t1, t
′) = 0 .

We can thus say that the equations of motion for the causal and statistical propagator
have decoupled in the following sense: the differential equations haven been brought
in triangular form. Note that equations (6.73) and (6.75), together with the causal and
statistical self-masses in equation (6.70), represent a closed, causal system of equations
suitable for integration in terms of an initial value problem. Given the knowledge of
F and ı∆c for both χ and φ, all other Green’s functions can be reconstructed from
equation (6.26). This strategy was used (see [179] and references therein) to study the
dynamics of out-of-equilibrium quantum statistical (scalar and fermionic) field theo-
ries. Indeed, we will shortly solve equations (6.73) and (6.75) numerically. We em-
phasise, however, that the form of equations (6.75) and (6.73) differs from the ones
found in [179]. The renormalised equations of motion have a different structure than
the unrenormalised ones, which is not taken into account in e.g. [179, 259].

Before doing so, let us show that the one-loop self-masses do not spoil causality in
another way: the retarded and advanced Green’s functions only receive information
from the past and future light cone, respectively. Now, subtracting equation (6.38b)
from (6.38a), one obtains:

(∂2
t + k2 +m2

φ)ı∆r
φ(k, t, t′) +

∫ ∞
−∞

dt1ıM
r
φ(k, t, t1)ı∆r

φ(k, t1, t
′) = −ıδ(t− t′) . (6.76)
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Making use of equations (6.170) and (6.71), we find:

ıM r
φ(k, t, t1) = −

(
∂2
t + k2

)
θ(t− t1)Zcφ(k, t, t1)− θ(t− t1)M c

φ,th(k, t, t1) . (6.77)

Equation of motion (6.76) transforms into:

(∂2
t + k2 +m2

φ)ı∆r
φ(k, t, t′)− (∂2

t + k2)

∫ t

−∞
dt1Z

c
φ(k, t, t1)ı∆r

φ(k, t1, t
′) (6.78)

−
∫ t

−∞
dt1M

c
φ,th(k, t, t1)ı∆r

φ(k, t1, t
′) = −ıδ(t−t′).

The retarded propagator gets contributions only from within the past light cone, i.e.:
when t1 < t. Likewise, one can show that the advanced propagator acquires contri-
butions from the future only, i.e.: when t1 > t. Rather than solving for the causal
propagator, we could, alternatively, solve for the retarded propagator or the advanced
propagator. We will, however, not pursue this in the present work.

6.5 Finite Temperature Contributions to the Self-masses

In this section, we evaluate all contributions to the self-masses at a finite temperature,
which we have postponed so far.

6.5.1 The Causal Self-mass

Let us first evaluate the thermal contribution to the causal self-mass. Formally, from
equations (6.35) and (6.71), it reads:

M c
φ,th(k,∆t = t− t′) =− ı

[
M−+
φ,th(k, t, t′)−M+−

φ,th(k, t, t′)
]

(6.79)

=− h2

∫
dD−1~k1

(2π)D−1
F th
χ (k1,∆t)∆

c
χ(‖~k − ~k1‖,∆t) ,

where the superscript F th
χ denotes that we should only keep the thermal contribution to

the statistical propagator, as we have already evaluated the vacuum contribution. The
following change of variables is useful:∫

dD−1~k1

(2π)D−1
=

1

(2π)D−1

∫ ∞
0

dk1k
D−2

1

∫
dΩD−2 (6.80)

=
ΩD−3

(2π)D−1

∫ ∞
0

dk1k
D−2

1

∫ 1

−1

d cos(θ)[sin(θ)]D−4

=
ΩD−3

(2π)D−1

∫
dk1k

D−2

1

∫ ω+

ω−

dω
2ω

(2kk1)D−3
[(ω2

+ − ω2)(ω2 − ω2
−)]

D−4
2 ,
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where we have chosen θ ≡ ∠(~k,~k1). In the final line, we have changed variables to
ω ≡ ωχ(‖~k − ~k1‖) = (‖~k − ~k1‖2 + m2

χ)1/2, which clearly depends on θ. Furthermore
ω2
± = (k±k1)2 +m2

χ, and ΩD−3 denotes the area of the D− 3 dimensional sphere SD−3:

ΩD−3 =
2π

D−2
2

Γ(D2 − 1)
. (6.81)

Using equation (6.44), we have:

M c
φ,th(k,∆t) = h2 ΩD−3

(2π)D−1

∫ ∞
0

dk1k
D−2

1

∫ ω+

ω−

dω
2ω

(2kk1)D−3
[(ω2

+−ω2)(ω2−ω2
−)]

D−4
2

× 1

ω(k2
1 +m2

χ)
1
2

neq
χ

[
{k2

1 +m2
χ}

1
2

]
cos
[
{k2

1 +m2
χ}

1
2 ∆t

]
sin(ω∆t) . (6.82)

This contribution cannot contain any new divergences, as the latter all stem from the
vacuum contribution, which allows us to let D → 4. Moreover, we are interested, as in
section 6.3, in the limit mχ → 0. Equation (6.82) thus simplifies to:

M c
φ,th(k,∆t) =

h2

4π2

sin(k∆t)

k∆t

∫ ∞
0

dk1
sin(2k1∆t)

eβk1 − 1
(6.83)

=
h2

16π2

sin(k∆t)

k(∆t)2

[
2π∆t

β
coth

(
2π∆t

β

)
− 1

]
.

At coincidence ∆t → 0, the thermal contribution to the causal self-mass vanishes, as it
should.

6.5.2 The Statistical Self-mass

The thermal contribution to the statistical self-mass is somewhat harder to obtain. It is
given by:

MF
φ,th(k,∆t = t− t′) =

1

2

[
M−+
φ,th(k,∆t) +M+−

φ,th(k,∆t)
]

(6.84)

= −h
2

2

∫
dD−1~k1

(2π)D−1

[
Fχ(k1,∆t)Fχ(‖~k−~k1‖,∆t)−

1

4
∆c
χ(k1,∆t)∆

c
χ(‖~k−~k1‖,∆t)

]∣∣∣∣
th

,

where, of course, we are only interested in keeping the thermal contributions. The
second term in the integral consists of two causal propagators, that does not contribute
at all at finite temperature. It is convenient to split the thermal contributions to the
statistical self-mass as:

MF
φ,th(k,∆t) = MF

φ,vac−th(k,∆t) +MF
φ,th−th(k,∆t) , (6.85)
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where we have:

MF
φ,vac−th(k,∆t) =− h2

2

∫
dD−1~k1

(2π)D−1

cos(ωχ(k1)∆t) cos(ωχ(‖~k − ~k1‖)∆t)
ωχ(k1)ωχ(‖~k − ~k1‖)[eβωχ(k1) − 1]

(6.86a)

MF
φ,th−th(k,∆t) =− h2

2

∫
dD−1~k1

(2π)D−1

cos(ωχ(k1)∆t) cos(ωχ(‖~k − ~k1‖)∆t)
ωχ(k1)[eβωχ(k1)−1]ωχ(‖~k − ~k1‖)[eβωχ(‖~k−~k1‖)−1]

.

(6.86b)

Here, MF
φ,vac−th is the vacuum-thermal contribution to the statistical self-mass, and we

define MF
φ,th−th to be the thermal-thermal contribution. As before, we let D → 4 and

mχ → 0. Let us firstly evaluate the vacuum-thermal contribution. Equation (6.86a) thus
simplifies to:

MF
φ,vac−th(k,∆t) = − h2

8π2k∆t

∫ ∞
0

dk1
cos(k1∆t)

eβk1 − 1
[sin((k + k1)∆t)− sin(|k − k1|∆t)] .

(6.87)
We have to take the absolute values in the equation above correctly into account by
making use of Heaviside step-functions, and we can moreover expand the exponential,
to find:

MF
φ,vac−th(k,∆t) = − h2

16π2k∆t

∫ ∞
0

dk1

∞∑
n=1

e−βnk1

{
sin ((2k1 + k)∆t) (6.88)

+ 2θ(k1 − k) sin (k∆t) + {θ(k − k1)− θ(k1 − k)} sin ((2k1 − k)∆t)

}
.

Integrating over k1 and collecting the terms we get:

MF
φ,vac−th(k,∆t) =− h2

8π2k∆t

∞∑
n=1

{
cos(k∆t)

(
1− e−βnk

) 2∆t

(βn)2 + (2∆t)2
(6.89)

+ sin(k∆t)e−βnk

[
1

βn
− βn

(βn)2 + (2∆t)2

]}
.
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The sum can be performed, resulting in:

MF
φ,vac−th(k,∆t) =

h2

16π2k(∆t)2

[
sin(k∆t)

{
2∆t

β
log
(
1−e−βk

)
(6.90)

+e−βk
∑
±

± ı
2

1± 2ı∆t
β

2F1

(
2,1± 2ı∆t

β
; 2± 2ı∆t

β
; e−βk

)}

− cos(k∆t)

{
1

2

(
2π∆t

β
coth

(
2π∆t

β

)
− 1

)

− e−βk
∑
±

± ı∆tβ
1± 2ı∆t

β

2F1

(
1, 1± 2ı∆t

β
; 2± 2ı∆t

β
; e−βk

)}]
,

where 2F1 is the Gauss’ hypergeometric function. For convenience we quote the low
temperature (βk � 1) and the high temperature (βk � 1) limits of this expression. In
the low temperature limit, equation (6.90) reduces to:

MF
φ,vac−th(k,∆t)

βk�1−→ − h2

16π2k(∆t)2

{
cos(k∆t)

2

[
2π∆t

β
coth

(
2π∆t

β

)
− 1

]
(6.91)

+ e−βk
[
cos(k∆t)

−(2∆t/β)2

1 + (2∆t/β)2
+ sin(k∆t)

(
2∆t

β
− 2∆t/β

1 + (2∆t/β)2

)]}
,

and its coincidence limit is finite:

lim
∆t→0

MF
φ,vac−th(k,∆t)

βk�1−→ −h
2(π2 − 6e−kβ)

24π2kβ2
. (6.92)

In the high temperature limit, equation (6.90) reduces to:

MF
φ,vac−th(k,∆t)

βk�1−→ h2

4π2β

[
cos(k∆t)

{
log(βk) + γE − 1 +

1

2

∑
±
ψ

(
1± 2ı∆t

β

)}

− sin(k∆t)

4k∆t

{∑
±
ψ

(
1± 2ı∆t

β

)
+ 2γE

}]
. (6.93)

There is a mild logarithmic divergence, MF
φ,vac−th ∝ log(βk), in the limit when βk → 0.

Also note that in equation (6.93) above, we tacitly assumed that also ∆t/β � 1. We only
use equation (6.93) to calculate the coincidence limit ∆t → 0 of the statistical self-mass,
in which case this approximation is well justified:

lim
∆t→0

MF
φ,vac−th(k,∆t)

βk�1−→ h2

4π2β
(log(βk)− 1) . (6.94)
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The final, remaining contribution to the statistical self-mass is MF
φ,th−th(k,∆t) in equa-

tion (6.86b), and it is much harder to obtain. In fact, it turns out we can only evaluate
its high (βk � 1) and low (βk � 1) temperature contributions in closed form. For that
reason we present the calculation in appendix D of this chapter, and in the current sec-
tion only state the main results. The low temperature (βk � 1) limit of MF

φ,th−th(k,∆t)

is given by:

MF
φ,th−th(k,∆t)

kβ�1−→ − h2

16π2k
e−βk

[
cos(k∆t)

{
2π∆t coth

[
2π∆t
β

]
β(β2+(∆t)2)

(6.95)

+
βk

β2+(∆t)2
+

β2(5β2+11(∆t)2)

(β2+(∆t)2)2(β2+(2∆t)2)

}

+ sin(k∆t)

{
2π coth

[
2π∆t
β

]
β2+(∆t)2

− k∆t

β2+(∆t)2
− 2β∆t

(β2+(∆t)2)2
− 8∆t

β(β2+(2∆t)2)

}]
.

Note that this expression is finite in the limit when ∆t→ 0:

lim
∆t→0

MF
φ,th−th(k,∆t)

kβ�1−→ −h2 3 + kβ

8π2kβ2
e−kβ . (6.96)

The high temperature (βk � 1) limit yields:

MF
φ,th−th(k,∆t)

kβ�1−→ − h2

16π2kβ2

[
π2

2
−4 (γE−ci(|k∆t|)+log(|k∆t|)) (6.97)

+
(k∆t)2

2

d

dγ
2F3

(
1, 1; 2, 2, 1+γ;− (k∆t)2

4

)∣∣∣∣∣
γ= 1

2

− β cos(k∆t)

|∆t|

(
si(2|k∆t|)+

π

2

)
+
β sin(k∆t)

∆t

(
ci(2|k∆t|)− γE − log

(
2|∆t|
kβ2

)
− 1

)
+ kβ

∑
±

e−kβ±ık∆t

2(1∓ ı∆t/β)

{
2F1

(
2,2∓ 2ı∆t

β
;3∓ 2ı∆t

β
;e−

kβ
2

)

+
(kβ)2

12
2F1

(
4,2∓ 2ı∆t

β
;3∓ 2ı∆t

β
;e−

kβ
2

)}]
.

Clearly, the limit ∆t→ 0 of the self-mass above is finite, too:

lim
∆t→0

MF
φ,th−th(k,∆t)

kβ�1−→ − h2

32π2kβ2

(
8 + π2 + 4kβ log

[
1

2
(kβ)2

])
, (6.98)

where we ignored the subleading term in equation (6.97) to derive the coincidence limit
above.
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6.6 Solving the Kadanoff-Baym Equations

Let us once more explicitly write down the equations of motion of the causal and sta-
tistical propagators (6.73) and (6.75), respectively, we numerically tackle in this section:

(∂2
t + k2 +m2

φ)∆c
φ(k, t, t′)−

(
∂2
t + k2

) ∫ t

t′
dt1Z

c
φ(k, t, t1)∆c

φ(k, t1, t
′) (6.99a)

−
∫ t

t′
dt1M

c
φ,th(k, t, t1)∆c

φ(k, t1, t
′) = 0

(∂2
t + k2 +m2

φ)Fφ(k, t, t′) (6.99b)

−
(
∂2
t + k2

) [∫ t

−∞
dt1Z

c
φ(k, t, t1)Fφ(k, t1, t

′)−
∫ t′

−∞
dt1Z

F
φ (k, t, t1)∆c

φ(k, t1, t
′)

]

−
∫ t

−∞
dt1M

c
φ,th(k, t, t1)Fφ(k, t1, t

′) +

∫ t′

−∞
dt1M

F
φ,th(k, t, t1)∆c

φ(k, t1, t
′) = 0 .

The causal and statistical self-masses have now been calculated in sections 6.3 and 6.5.
In particular, we are interested in two cases:

mφ(t) = m0 = const (6.100a)

m2
φ(t) = A+B tanh(ρ{t− tm}) , (6.100b)

where we let A and B take different values. Also, tm is the time at which the mass
changes most rapidly, which we take to be ρtm = 30. Let us outline our numerical
approach. In the code, we take t0 = 0 and we let ρt and ρt′ run between 0 and 100, for
example.

6.6.1 Boundary Conditions for the Causal Propagator

Clearly, we first need to determine the causal propagator. Note that equations of mo-
tion (6.99) depend on two variables, i.e.: for each t′, we have to solve this equation of
motion27. The self-mass corrections contribute through a “memory kernel” (memory
integral over time) between t′ and t. The boundary conditions for determining the
causal propagator are as follows:

∆c
φ(t, t) = 0 (6.101a)

∂t∆
c
φ(t, t′)|t=t′ =− 1 . (6.101b)

27Alternatively, we could have written down the equations of motion of the causal and statistical propaga-
tor, where the operator acts on the other leg of the propagator, on t′. Then we would have to solve these four
equations of motion simultaneously. Needless to say the two methods are completely equivalent.
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Condition (6.101a) has to be satisfied by definition, and condition (6.101b) follows from
the commutation relations.

6.6.2 The Memory Kernels for the Statistical Propagator

Once we have solved for the causal propagator, we turn our attention to the second
equation (6.99b). Suppose we would not have sent t0 → −∞. The equation for the
statistical propagator would then have been of a different form. Consider for example
just one of the memory kernels in equation (6.99b):

∫ t′

−∞
dt1M

F
φ,th(k, t, t1)∆c

φ(k, t1, t
′) <

∫ t′

t0

dt1M
F
φ,th(k, t, t1)∆c

φ(k, t1, t
′) . (6.102)

Clearly, these two memory kernels are not equivalent. The second memory kernel in
equation (6.102) corresponds to an interaction that is switched on non-adiabatically at
time t0. To understand this, consider replacing the coupling constant h hidden in the
self-masses with28:

h→ hθ(t1 − t0) . (6.103)

The step-function would have transformed the first memory kernel in equation (6.102)
to the second one. The two standard Schwinger-Keldysh contours presented in fig-
ures 6.1 and 6.2 are thus not equivalent in interacting quantum field theories, where
memory effects play an important role. Alternatively, we could say that non-locality,
generic for any interacting quantum field theory, enforces the memory kernel to start
at the infinite past. This effect has, in the context of electromagnetic radiation, been
recognised and investigated by Serreau [299]. The memory integral, extended to neg-
ative infinity, plays an important role in the work of Borsanyi and Reinosa [260, 261],
too. They suggest to use that in connection with a generalised dissipation-fluctuation
theorem.

Of course, we have to start at some finite time t0 in our numerical analysis. We
therefore make the assumption to approximate the propagators in the memory kernels

28Note that t > t1 by construction.
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from the negative past to t0 with the free propagators:

(∂2
t + k2 +m2

φ)Fφ(k, t, t′) (6.104)

−
(
∂2
t + k2

)[∫ t0

−∞
dt1Z

c
φ(k, t, t1)F free

φ (k, t1, t
′)+

∫ t

t0

dt1Z
c
φ(k, t, t1)Fφ(k, t1, t

′)

−
∫ t0

−∞
dt1Z

F
φ (k, t, t1)∆c,free

φ (k, t1, t
′)−

∫ t′

t0

dt1Z
F
φ (k, t, t1)∆c

φ(k, t1, t
′)

]

−
∫ t0

−∞
dt1M

c
φ,th(k, t, t1)F free

φ (k, t1, t
′)−

∫ t

t0

dt1M
c
φ,th(k, t, t1)Fφ(k, t1, t

′)

+

∫ t0

−∞
dt1M

F
φ,th(k, t, t1)∆c,free

φ (k, t1, t
′) +

∫ t′

t0

dt1M
F
φ,th(k, t, t1)∆c

φ(k, t1, t
′) = 0,

where F free
φ (k, t1, t

′) and ∆c,free
φ (k, t1, t

′) are the free thermal propagators one can read
off in equation (6.44), where, of course, we should replace ωχ with ωφ and, in the case of
a changing mass, we should insert the initial mass ω2

φ = k2 +m2
φ,in. This approximation

induces an error of the order O(h4/ω4
φ). An alternative approach has been outlined

in [180] where, for λφ4(x) theory, non-Gaussian initial conditions at t0 are imposed.

It is possible to evaluate a certain part of these memory kernels in closed form. We
can explicitly evaluate the infinite past memory kernels corresponding to the vacuum
contributions to the self-masses. We find:

(
∂2
t + k2

) [∫ t0

−∞
dt1Z

c
φ(k, t, t1)F free

φ,th(k, t1, t
′)−

∫ t0

−∞
dt1Z

F
φ (k, t, t1)∆c,free

φ (k, t1, t
′)

]
=

h2

32π2

∫ t0

−∞
dt1

[
cos[k(t− t1)]

t− t1
cos[ωφ(t1 − t′)]

ωφ
coth

[
1

2
βωφ

]
(6.105)

+
sin[k(t− t1)]

t− t1
sin[ωφ(t1 − t′)]

ωφ

]

= − h2

64ωφπ2

[
cos[ωφ(t−t′)]
sinh

(
1
2βωφ

) {e
1
2βωφci [(ωφ+k)(t−t0)] + e−

1
2βωφci [(ωφ−k)(t−t0)]

}
+

sin[ωφ(t−t′)]
sinh

(
1
2βωφ

) {e
1
2βωφsi [(ωφ+k)(t−t0)] + e−

1
2βωφsi [(ωφ−k)(t−t0)]

}]
.

In case we would need the T = 0 vacuum propagators in the memory kernels only, one
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can easily send T → 0 in the expression above, yielding:

(
∂2
t + k2

) [∫ t0

−∞
dt1Z

c
φ(k, t, t1)F free

φ,vac(k, t1, t
′)−

∫ t0

−∞
dt1Z

F
φ (k, t, t1)∆c,free

φ (k, t1, t
′)

]
= − h2

32ωφπ2

{
cos[ωφ(t− t′)]ci [(ωφ + k)(t− t0)] (6.106)

+ sin[ωφ(t− t′)]si [(ωφ + k)(t− t0)]
}
.

Equation (6.105) merits another remark. If we let t → t0, we encounter a logarithmic
divergence in the vacuum contribution to the memory kernels as ci(x) ∝ log(x) as
x → 0. This divergence is only apparent. Intuitively, this should of course be the case
as we introduced the boundary time t0 by hand and no divergences should arise as a
consequence. If h = const, the time t0 is introduced as a fictitious time, hence observ-
ables cannot depend on t0. Of course, neglecting the memory integral from negative
past infinity to t0 introduces a dependence on t0. Thus, removing the distant memory
integrals completely is equivalent to setting h→ hθ(t1 − t0) as in equation (6.103).

We can prove that this logarithmic divergence is only apparent rigorously by rewrit-
ing equation (6.104) for the statistical propagator in a different form, and by using the
symmetry properties of the propagators. The idea is to explicitly evaluate the ∂2

t acting
on the self-mass contributions and then transform the t derivatives to t1 derivatives by
using the fact that the vacuum contributions to the self-masses (6.70) are a function of
∆t = t− t1 only. Equation (6.104) can thus be rewritten as:

(∂2
t + k2 +m2

φ)Fφ(k, t, t′)−M free
F (k, β, t, t′, t0) + ZFφ (k, t, t′)

−
[
∂tZ

c
φ(k, t, t0)Fφ(k, t0, t

′)− ∂tZFφ (k, t, t0)∆c
φ(k, t0, t

′) (6.107)

+ Zcφ(k, t, t0)∂t0Fφ(k, t0, t
′)− ZFφ (k, t, t0)∂t0∆c

φ(k, t0, t
′)
]

−
∫ t

t0

dt1Z
c
φ(k, t, t1)(∂2

t1 +k2)Fφ(k, t1, t
′) +

∫ t′

t0

dt1Z
F
φ (k, t, t1)(∂2

t1 +k2)∆c
φ(k, t1, t

′) = 0.

For notational convenience we dropped all thermal contributions to the self-masses as
they are irrelevant for the argument. Apart from that, this differential equation is com-
pletely equivalent to (6.104). Furthermore, M free

F (k, β, t, t′, t0) is defined as the memory
integrals calculated in equation (6.105).

Now, we can see another logarithmic divergence appearing in ∂tZcφ(k, t, t0) in equa-
tion (6.107) when we send t → t0. The reader can easily verify that the logarithmic
divergences in M free

F (k, β, t, t′, t0) and ∂tZcφ(k, t, t0)Fφ(k, t0, t
′) in equation (6.107) above

cancel to leave a finite result when t → t0 if we set the statistical propagator equal to
the free thermal statistical propagator 2Fφ(k, t0, t

′) = coth(βωφ/2) cos(ωφ(t0 − t′))/ωφ.
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We thus find that at order O(h2/ω2
φ) no divergences at t0 remain, and we expect that

a similar treatment would cure these type of apparent divergences at higher order.
Clearly, t0 has been introduced by hand so this should not lead to any irregularities.

Let us finally make some remarks about the literature. The authors of [264–267]
study out-of-equilibrium λφ4(x). They encounter, after renormalisation, a residual di-
vergence in their theory at the surface of initial boundary conditions at t0 which they
choose to renormalise separately. We differ in their approach as we do not find these
residual divergences. The infinite past memory kernel precisely takes care of these as
can be appreciated from the previous discussion. This is also the case in the approach
of [260, 261] mentioned before.

6.6.3 Boundary Conditions for the Statistical Propagator

If the mass is constant as in equation (6.100a), we can make some non-trivial statements
based on analytical calculations. The bottom line is that the generated entropy is con-
stant. The argument is rather simple. When mφ = const, we have:

Fφ(k, t, t′) = Fφ(k, t− t′) . (6.108)

Using a few Fourier transforms (6.39), we see that quantities like:

Fφ(k, 0) =

∫ ∞
−∞

dk0

2π
Fφ(kµ) (6.109a)

∂tFφ(k,∆t)|∆t=0 =− ı
∫ ∞
−∞

dk0

2π
k0Fφ(kµ) (6.109b)

∂t′∂tFφ(k,∆t)|∆t=0 =

∫ ∞
−∞

dk0

2π
k2

0Fφ(kµ) , (6.109c)

are time-independent. Consequently, the phase space area ∆k is constant, and so is
the generated entropy. If our initial conditions differ from these values, we expect to
observe some transient dependence. Independently of how one imposes initial condi-
tions, the phase space area and entropy should settle to this constant value. This entropy
is the interacting thermal entropy. The total amount of generated entropy measures
the total amount of decoherence that has occurred. As we will come to appreciate, the
thermal entropy provides a good estimate of the maximal amount of entropy that can be
generated given a temperature T (perfect decoherence at high temperatures), however,
depending on the particular parameters in the theory, this maximal amount of entropy
need not always be reached (imperfect decoherence). Effectively, the interaction opens
up phase space for the system field implying that less information about the system field
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is accessible to us and hence we observe an increase in entropy. In order to evaluate the
integrals above, we need the statistical propagator in Fourier space:

Fφ(kµ) =
1

2

ıM+−(kµ) + ıM−+(kµ)

ıM+−(kµ)− ıM−+(kµ)

[
ı

kµkµ+m2
φ+ıM r(kµ)

− ı

kµkµ+m2
φ+ıMa(kµ)

]
.

(6.110)
Here, ıM r and ıMa are the retarded and advanced self-masses, respectively. All the
self-masses in Fourier space in this expression are derived in appendix E of this chapter.

The discussion above is important for understanding how to impose boundary con-
ditions for the statistical propagator at t0. We impose either so-called “pure state initial
conditions” or “mixed state initial conditions”. If we constrain the statistical propagator
to occupy the minimally allowed phase space area initially, we impose pure state initial
conditions, and set:

Fφ(t0, t0) =
1

2ωin
(6.111a)

∂tFφ(t, t0)|t=t0 = 0 (6.111b)

∂t′∂tFφ(t, t′)|t=t′=t0 =
ωin

2
, (6.111c)

where ωin refers to the initial mass mφ(t0) of the field if the mass changes throughout
the evolution. This yields ∆k(t0) = 1, such that:

Sk(t0) = 0 . (6.112)

Initially, we thus force the field to occupy the minimal area in phase space. Clearly,
if we constrain our field to be in such an out-of-equilibrium state initially, we should
definitely not include all memory kernels pretending that our field has already been
interacting from negative infinity to t0. Otherwise, our field would have thermalised
long before t0 and could have never began the evolution in its vacuum state. If we thus
impose pure state initial conditions, we should drop the ”thermal memory kernels”:∫ t0

−∞
dt1M

c
φ,th(k, t, t1)F free

φ (k, t1, t
′) and

∫ t0

−∞
dt1M

F
φ,th(k, t, t1)∆c,free

φ (k, t1, t
′) ,

(6.113)
but rather keep the ”vacuum memory kernels” in equation (6.104), which are the other
two memory kernels involving free propagators. We evaluated the relevant integrals
in closed form in equation (6.106). This setup roughly corresponds to switching on
the coupling h adiabatically slowly at times before t0. At t0, the temperature of the
environment is suddenly switched on such that the system responds to this change from
t0 onwards. Note that if we would not include any memory effects and switch on the
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coupling h non-adiabatically at t0, the pure state initial conditions would correspond
to the physically natural choice. This would, however, also instantaneously change the
vacuum of our theory, and we would thus need to renormalise our theory both before
and after t0 separately. Including the vacuum memory kernels is thus essential, as it
ensures that our evolution is completely finite at all times without the need for time-
dependent counterterms29.

Secondly, we can impose mixed state boundary conditions, where we use the nu-
merical values for the statistical propagator and its derivatives calculated from equa-
tions (6.109) and (6.110), such that we have ∆k(t0) = ∆ms = const and:

Sk(t0) = Sms > 0 , (6.114)

where we use the subscript “ms” to denote “mixed state”. In other words, we constrain
our system initially to be in the interacting thermal state and Sms is the value of the
interacting thermal entropy. The integrals in equation (6.109) can now be evaluated
numerically to yield the appropriate initial conditions. For example, when βρ = 1/2,
k/ρ = 1, mφ/ρ = 1, and h/ρ = 3, we find:

Fφ(k/ρ = 1,∆t)|∆t=0 = 1.89885 (6.115a)

∂tFφ(k/ρ = 1,∆t)|∆t=0 = 0 (6.115b)

∂t′∂tFφ(k/ρ = 1,∆t)|∆t=0 = 2.08941 . (6.115c)

Clearly, equation (6.115b) always vanishes as the integrand is an odd function of k0.
The numerical value of the phase space area in this case follows from equations (6.115)
and (6.9) as:

∆ms = 3.98371 . (6.116)

The interacting thermal entropy in equation (6.10) hence reads:

Sms = 1.67836 . (6.117)

This numerical answer makes sense. For the given choice of parameters, the non-
interacting thermal value of the entropy equals Sfree

th = 1.37. As a second example,
consider the case when βρ =∞ (zero temperature), k/ρ = 1, mφ/ρ = 1, and h/ρ = 4:

Fφ(k/ρ = 1,∆t)|∆t=0 = 0.35196 (6.118a)

∂tFφ(k/ρ = 1,∆t)|∆t=0 = 0 (6.118b)

∂t′∂tFφ(k/ρ = 1,∆t)|∆t=0 = 0.73120 . (6.118c)

29In [300, 301] the renormalisation of fermions in an expanding Universe is investigated, where a similar
singularity at the initial time t0 is encountered. It could in their case, however, be removed by a suitably
chosen Bogoliubov transformation.
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The phase space area now follows as:

∆ms = 1.01461 . (6.119)

Hence also:
Sms = 0.04327 . (6.120)

At zero temperature we indeed expect a small deviation from Sfree
th = 0. The mixed state

initial condition basically assumes that our system field has already equilibrated before
t0, such that the entropy has settled to the constant mixed state value. In this case, we
include of course both the vacuum memory kernels and the thermal memory kernels30.
Needless to say we are completely free to impose any other type of initial condition as
well, but we consider the two cases above to be physically well motivated.

A few more words on the memory kernels for the mixed state boundary conditions
are in order. For the vacuum memory kernels, we use equation (6.105). It is unfortu-
nately not possible to evaluate the thermal memory kernels in closed form, too. The
two integrals in equation (6.113) have to be evaluated numerically as a consequence.
One can numerically verify that the integrands are highly oscillatory and do not settle
quickly to some constant value for each t and t′ due to the competing frequencies ω
and k. We choose to integrate from -300 to t0ρ = 0, and smooth out the remaining
oscillations of the integral by defining a suitable average over half of the period of the
oscillations.

Finally, let us outline the numerical implementation of the Kadanoff-Baym equa-
tions (6.99a) and (6.104). Solving for the causal propagator is straightforward, as equa-
tion (6.101) provides us for each t′ with two initial conditions at t = t′ and at t = t′ + δt,
where δt is the numerical step size. We can thus solve the causal propagator as a func-
tion of t for each fixed t′. Solving for the statistical propagator is somewhat more subtle.
The initial conditions, e.g. in equation (6.111), for a given choice of parameters only fix
Fφ(t0, t0), Fφ(t0 + δt, t0) = Fφ(t0, t0 + δt), and Fφ(t0 + δt, t0 + δt). This is sufficient to
solve for Fφ(t, t0) and Fφ(t, t0 + δt) as functions of time for fixed t′ = t0 and t′ = t0 + δt.
Now, we can use the symmetry relation Fφ(t, t′) = Fφ(t′, t), such that we can also find
Fφ(t0, t

′) and Fφ(t0 + δt, t′) as functions of t′ for fixed t = t0 and t = t0 + δt. The latter
step provides us with the initial data that is sufficient to find Fφ(t, t′) as a function of t

30Let us make an interesting theoretical observation that to our knowledge would apply for any interacting
system in quantum field theory. Suppose our coupling h would be time-independent. Suppose also that
the system field φ and the environment field χ form a closed system together. Now, imagine that we are
interested in the time evolution of the entropy at some finite time t0. Our system field has then already been
interacting with the environment at times before t0, such that one can expect that our system has equilibrated
at t0. Hence, to allow out-of-equilibrium initial conditions, one must always change the theory slightly. The
possibility that we advocate is to drop those memory kernels that do not match the chosen initial condition.
In this way, the evolution history of our field is consistent.
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for each fixed t′. Note that the formal divergence of derived quantities, such as the total
particle number per volume N/V =

∫
[d3k/(2π)3]nk or the total entropy per volume

S/V =
∫

[d3k/(2π)3]Sk does not pose any problems for the dynamics we are about to
solve, since these quantities do not enter the equations of motion.

6.6.4 Summary

To summarise, let us for clarity repeat the equations of motion we rely upon in the
next two sections. We solve the Kadanoff-Baym equations for the causal and statistical
propagator, given in equations (6.99a):

(∂2
t + k2 +m2

φ)∆c
φ(k, t, t′)−

(
∂2
t + k2

) ∫ t

t′
dt1Z

c
φ(k, t, t1)∆c

φ(k, t1, t
′) (6.121a)

−
∫ t

t′
dt1M

c
φ,th(k, t, t1)∆c

φ(k, t1, t
′) = 0 ,

and (6.104):

(∂2
t + k2 +m2

φ)Fφ(k, t, t′) (6.121b)

−
(
∂2
t + k2

)[∫ t0

−∞
dt1Z

c
φ(k, t, t1)F free

φ (k, t1, t
′)+

∫ t

t0

dt1Z
c
φ(k, t, t1)Fφ(k, t1, t

′)

−
∫ t0

−∞
dt1Z

F
φ (k, t, t1)∆c,free

φ (k, t1, t
′)−

∫ t′

t0

dt1Z
F
φ (k, t, t1)∆c

φ(k, t1, t
′)

]

−
∫ t0

−∞
dt1M

c
φ,th(k, t, t1)F free

φ (k, t1, t
′)−

∫ t

t0

dt1M
c
φ,th(k, t, t1)Fφ(k, t1, t

′)

+

∫ t0

−∞
dt1M

F
φ,th(k, t, t1)∆c,free

φ (k, t1, t
′) +

∫ t′

t0

dt1M
F
φ,th(k, t, t1)∆c

φ(k, t1, t
′) = 0.

We use all self-masses calculated previously: we need the vacuum self-masses in equa-
tion (6.70), the thermal causal self-mass in equation (6.83), the vacuum-thermal contri-
bution to the statistical self-mass in equation (6.90), and finally the high temperature
or low temperature contribution to the thermal-thermal statistical self-mass in equa-
tion (6.97) or (6.95). If we impose pure state initial conditions, we need the infinite past
memory kernel in equation (6.106) and we drop the two thermal contributions to the
infinite past memory kernel in equation (6.113). If we impose mixed state initial condi-
tions, we need equation (6.105) and we keep all thermal contributions to the memory
kernel.

Once we have solved for the statistical propagator, our life becomes much easier as
we can immediately find the phase space area via relation (6.9). The phase space area
fixes the entropy.
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6.7 Entropy Generation in Quantum Field Theory

Let us discuss our results. In this section, we consider the evolution of the Gaussian von
Neumann entropy. We consider an environment χ both at zero temperature βρ = ∞
and at finite temperatures. We also extract the decoherence rate and consider a changing
mass of the φ field.

6.7.1 Evolution of the Entropy: Vacuum Case

As a first, maybe somewhat artificial case we consider the time evolution of the phase
space area and the Gaussian von Neumann entropy when βρ =∞, i.e.: the environment
field is in its vacuum state. Of course, the regime βρ � 1 is not the relevant regime to
consider when one is interested in a significant amount of decoherence. This can already
be anticipated from equation (6.120). Let us nevertheless discuss this regime in detail,
as it allows us to understand the effect of our approximation scheme.

In figure 6.5, we show the evolution of the phase space area for both pure state initial
conditions (black line) and mixed state initial conditions (grey line). For pure state initial
conditions, the evolution is precisely as anticipated. The phase space area increases from
its minimal area ∆k(t0) = 1, to the asymptotic value ∆ms calculated in equation (6.119).
For mixed state initial conditions, we observe some transient behaviour which even-
tually decays. We then smoothly evolve to ∆ms. The initial transient is due to our
assumption to approximate the propagators in the memory kernel from past infinity to
t0 with free propagators. As is apparent from (6.106), its effect becomes less important
as time elapses.

From the evolution of the phase space area (for pure state initial conditions), we
can immediately find the time evolution of the Gaussian von Neumann entropy Sk(t)

in figure 6.6. This shows that entropy has been generated by interaction with an envi-
ronment that is in the vacuum state, assuming that some observer is only sensitive to
Gaussian correlators. The entropy eventually settles to its asymptotic value Sms. As can
be anticipated, the generated entropy per mode is small: both system and environment
are in a state close to the minimum energy state (T = 0). This increase in entropy
can be understood by the system’s tendency to evolve towards the vacuum state of the
interacting theory.

The fact that our numerical asymptote is located slightly above the one calculated
from (6.119) can be fully attributed to numerical accuracy. We can observe a “beating”
phenomenon that persists even if the accuracy increases (such that it cannot be at-
tributed to numerical artifacts). It is caused by a frequency mismatch by approximating
the propagators in the infinite past memory kernel by free propagators.
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Figure 6.5: Phase space evolution for constant
mφ for pure state initial conditions (black line)
and mixed state initial conditions (grey line).
In both cases the phase space area settles to
the constant value ∆ms (dashed line) calcu-
lated in equation (6.119). We use βρ = ∞,
k/ρ = 1, mφ/ρ = 1, h/ρ = 4, and N = 2000.
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Figure 6.6: Entropy generation for the system
field φ through interaction with the environ-
ment χ. As both fields are in a vacuum state,
the entropy generation is small. We use the
same parameters as in figure 6.5.
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Figure 6.7: Statistical propagator in Fourier
space for a small coupling h/ρ = 3/2 (black)
and a larger one h/ρ = 4 (dashed). Be-
cause of the coupling, we observe that the
δ-function, present in the original dispersion
relation, has broadened to a “quasi-particle
peak”, roughly of a Breit-Wigner form. If the
coupling increases, the “quasi particle peak”
broadens further. Clearly, when h � ωφ in
the strongly coupled regime, we have a “col-
lection of quasi particles”. We use βρ = ∞,
k/ρ = 1, mφ/ρ = 1, and µ/ρ = 1.
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Figure 6.8: Statistical particle number den-
sity nk as a function of k/ρ at zero temper-
ature βρ = ∞. We use: h/ρ = 1 and
mφ/ρ = 1 (black), h/ρ = 2 and mφ/ρ = 1

(black dashed), h/ρ = 1 and mφ/ρ = 0.5

(grey), and h/ρ = 2 and mφ/ρ = 0.5 (grey
dashed). In the UV nk vanishes irrespective
of the value of h/ρ ormφ/ρ. Particles are only
produced by the interaction in the statistical
sense in the IR. The mass only influences the
IR behaviour.
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To gain some further intuitive understanding, we show the statistical propagator in
Fourier space in equation (6.110) for βρ = ∞, h/ρ = 3/2 and for h/ρ = 4 in figure 6.7.
When h/ρ = 0, we have a δ-function dispersion relation as usual, but in the presence
of a non-zero coupling, the δ-function broadens to a so-called “quasi particle peak” of
a Breit-Wigner form. For h/ρ = 4, this peak is still well pronounced, but when we
enter the strongly coupled regime, this simple picture breaks down when the resonance
becomes broad and we can no longer sensibly talk about a “quasi particle”, but rather
we should think of a “collection of quasi particles”.

From the phase space area ∆ms we can easily obtain the statistical particle number
density (6.11). It is interesting to study its behaviour as a function of k. Figure 6.8
clearly shows that in the deep UV (ultraviolet) the particle number density vanishes:
the interaction between the two fields only produces particles (in the statistical sense)
in the IR. Moreover, using figure 6.8, we can show:

nk(h,mφ)→ nUV

(
h

k

)
= ζ

h2

k2
, (6.122)

in the deep UV. In fact, we can estimate the constant of proportionality ζ appearing in
equation (6.122) as ζ ' 0.0008 which turns out to be insensitive to the value of the mass
of the system field mφ and the coupling h. The mass only influences the IR behaviour,
as expected, which can also be appreciated from figure 6.8.

6.7.2 Evolution of the Entropy: Thermal Case

This subsection discusses the time evolution of the Gaussian von Neumann entropy at
finite temperatures. Let us firstly turn our attention to figure 6.9. This plot shows the
phase space area as a function of time at a fairly low temperature βρ = 2. Starting at
∆k(t0) = 1, its evolution settles precisely to ∆ms, indicated by the dashed black line,
as one would expect. From the evolution of the phase space area, one readily finds the
evolution of the entropy as a function of time in figure 6.10.

At a higher temperature, βρ = 1/2, we observe in figures 6.11 and 6.12 that the
generated phase space area and entropy as a function of time are larger. This can be
easily understood by realising that the thermal value of the entropy, set by the environ-
ment, provides us with a good estimate of the maximal amount of decoherence that our
system can experience. Again we observe an excellent agreement between ∆ms or Sms

and the corresponding numerical evolution.
Let us now discuss figure 6.13. Here, we show two separate cases for the evolution of

the entropy: one at a very low temperature βρ = 10 (in black) and one vacuum evolution
βρ = ∞ (in grey), which we already considered in the previous subsection. As we
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Figure 6.9: Phase space area as a function of
time. It settles nicely to ∆ms, indicated by the
dashed black line. We use βρ = 2, k/ρ = 1,
mφ/ρ = 1, h/ρ = 4, and a total number of
steps N = 2000 up to tρ = 100.
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Figure 6.10: Entropy as a function of time.
The evolution of the entropy is obtained
from the phase space area in figure 6.9. For
50 < tρ < 100, the entropy continues to coin-
cide with Sms.
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Figure 6.11: Phase space area as a function
of time. At high temperatures, we see that
the phase space area settles quickly again to
∆ms. We use βρ = 1/2, k/ρ = 1, mφ/ρ = 1,
h/ρ = 3, and N = 2000 up to tρ = 100.
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Figure 6.12: Entropy as a function of time,
which follows again from the evolution of the
phase space area as depicted in figure 6.11.
Our pure state quickly appears to our ob-
server as a mixed state with a large positive
entropy Sms.
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Figure 6.13: Entropy as a function of time.
The evolution at very low temperatures
βρ = 10 (black) resembles the vacuum evo-
lution βρ = ∞ (grey) as one would intu-
itively expect. We furthermore use k/ρ = 1,
mφ/ρ = 1, h/ρ = 4, and N = 2000 up to
tρ = 100.

1 2 3 4
h�Ρ

2

3

4

5

6

7

Dms

Figure 6.14: We show ∆ms, the interacting
thermal phase space area, as a function of
h/ρ. For h/ρ � 1, we see that ∆ms is
almost equal to the free phase space area
∆free = coth(βω/2), indicated by the dashed
black line. For larger values of h/ρ we ap-
proach the non-perturbative regime. We use
βρ = 1/2, k/ρ = 1, and mφ/ρ = 1.

would intuitively expect, we see that the former case settles to an entropy Sms = 0.04551

that is slightly above the vacuum asymptote Sms = 0.04326.

Finally, in figure 6.14, we show the interacting phase space area ∆ms as a function of
the coupling h. For h/ρ � 1, we see that ∆ms approaches the free thermal phase space
area ∆free = coth(βω/2). For larger values of the coupling, we see that ∆ms > ∆free. If
these two differ significantly, we enter the non-perturbative regime. In the perturbative
regime, this plot substantiates our earlier statement that the free thermal entropy ∆free

provides us with a good estimate of the total amount of decoherence that our system can
experience. Our system, however, thermalises to ∆ms, and not to ∆free as the interaction
changes the nature of the free thermal state. Hence, the total amount of decoherence
corresponds to the interacting thermal entropy Sms.

These figures comprise the most important results of this chapter. We conclude that,
although a pure state with vanishing entropy Sk = 0 remains pure under unitary evo-
lution, the observer perceives this state over time as a mixed state with positive entropy
Sms, as non-Gaussianities are dynamically generated (both in the correlation between
the system and environment as well as in higher order correlations of the system field
itself). In other words, a realistic observer cannot probe all information about the system
and thus discerns a loss of coherence of our pure state.
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6.7.3 The Decoherence Rate

As the Gaussian von Neumann entropy in equation (6.10) is the only invariant mea-
sure of the entropy of a Gaussian state, we take the point of view that this quantity, or
equivalently, the phase space area in equation (6.9), should be taken as the quantitative
measure for decoherence. This agrees with the general view on decoherence, according
to which the decoherence rate is the rate at which a system in a pure state evolves into
a mixed state due to its interaction with an environment.

This is to be contrasted with some of the literature where different, non-invariant
measures are proposed [75, 171]. For example in [71, 75], the superposition of two
minimum uncertainty Gaussian states located at positions x and x′ is considered. The
decoherence rate is defined differently, i.e.: it is the characteristic timescale at which
the off-diagonal contributions in the total density matrix decay and coincides with the
timescale at which the interference pattern in the Wigner function decays. It is given by:

τ−1
D = γ

(
x− x′

λT

)2

, (6.123)

where the thermal de Broglie wavelength is given by λT = (2mkBT )−1/2. In other
words, according to [75], the decoherence rate depends on the spatial separation x−x′ of
the two Gaussians. Note that in quantum field theory the expression would generalise
to τ−1

D ∝ (φ−φ′)2. This is just one example, one can find other definitions of decoherence
in literature.

As we have considered Gaussian states only and not the superposition of two spa-
tially separated Gaussians, which when considered together is in fact a highly non-
Gaussian state, a direct comparison is not straightforward. The main difference is that
our decoherence rate does not depend on the configuration space variables x or φ but
is an intrinsic property of the state. In other words, we do not look at different spa-
tial regions of the state, but rather to the state as a whole from which we extract one
decoherence rate. As we outlined in chapter 4, a nice intuitive way to visualise the
process of decoherence is in Wigner space. The pure state considered in the previous
subsection decoheres, and its phase space area increases to approximately its thermal
value. When ∆k � 1 (or nk � 1), different regions in phase space of area ~/2 are, to a
good approximation, not correlated and thus evolve independently.

Let us extract the decoherence rate from the evolution of the entropy. We define
the decoherence time scale to be the characteristic time it takes for the phase space area
∆k(t) to settle to its constant mixed state value ∆ms. The phase space area approaches
the constant asymptotic value in an exponential manner:

d

dt
δ∆k(t) + Γdecδ∆k(t) = 0 , (6.124)
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LogH∆DL Figure 6.15: Decoherence time scale at zero

temperature βρ = ∞. We confirm the scaling
relation for the decoherence time scale antic-
ipated in equation (6.125). For all plots, we
take k/ρ = 1 and N = 1000, and further-
more we use mφ/ρ = 1, h/ρ = 4 (solid black
line), mφ/ρ = 1, h/ρ = 1 (dashed black line),
mφ/ρ = 4, h/ρ = 4 (solid grey line), and
mφ/ρ = 4, h/ρ = 1 (dashed grey line).

where δ∆k(t) = ∆ms −∆k(t), and where Γdec is the decoherence rate. This equation is
equivalent to ṅk = −Γdec(nk − nms), where nk is defined in equation (6.11), and nms is
the stationary n corresponding to ∆ms.

To simplify the discussion, let us for the moment return to an environment in its
vacuum state βρ = ∞. We anticipate that the decoherence rate depends both on the
coupling constant and on the energy of our system field. The following intuitive picture
is helpful: the solution of equation (6.124) results in an exponential decay to the mixed
state value δ∆k(t) ∝ exp[−Γdect]. Furthermore, a stronger coupling h should result in a
larger value of Γdec. However, a larger energy ωφ should be reflected in a smaller value
of Γdec. On dimensional grounds, we thus anticipate:

Γvac
dec =

h2

ωφ
γ , (6.125)

where γ = const. We stress again that this expectation just concerns the βρ = ∞ case.
Let us now test this expected scaling relation. Looking back at figure 6.5, we see in the
first few time steps that ∆k(t) oscillates. Clearly, the time scale of these oscillations has
nothing to do with the decoherence time scale, but can rather be attributed to numerical
accuracy. To capture the decoherence time scale correctly, let us, rather than ∆ms−∆k(t),
consider the difference ∆ms

k (t) − ∆k(t) of the evolution of the phase space area ∆ms
k (t)

using mixed state initial conditions and ∆k(t) using pure state initial conditions.
By rescaling the obtained decoherence rate by a factor of ωφ/h2, we can test the

scaling relation (6.125). On a logarithmic scale, we observe in figure 6.15 an exponential
decay towards ∆ms, where we plot:

ωφ
h2

log(δ∆) ≡ ωφ
h2

log

(
∆ms
k (t)−∆k(t)

∆ms
k (t0)−∆k(t0)

)
. (6.126)

All the rescaled time evolutions of the phase space area now precisely overlap. We
can thus estimate the value of the constant of proportionality γ appearing in equa-
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tion (6.125):

Γvac
dec = (0.0101± 0.0003)

h2

ωφ
. (6.127)

This relation gives the decoherence rate for our particular model. This result is nothing
but the single particle decay rate:

Γvac
φ→χχ = −

Im(ıM r
φ,vac)

ωφ

∣∣∣∣
k0=ωφ

=
1

32π

h2

ωφ
, (6.128)

where we use equation (6.202) and e.g. [255, 302]. A few remarks are in order. One
should calculate the imaginary part of the retarded self-mass as it characterises our
decay process, which follows from equation (6.110). In order to calculate the decay
rate, we have to project the retarded self-mass on the quasi particle shell k0 = ωφ. Of
course, one should really take the perturbative correction to the dispersion relation of
order O(h2/ω2

φ) into account, but this effect turns out to be rather small. Alternatively,
we can project the advanced self-mass in Fourier space on k0 = −ωφ.

Now let us return again to an environment at finite temperatures. We anticipate that
the decoherence rate is given by the single particle decay rate of the interaction φ→ χχ

as well. The single particle decay rate at finite temperatures reads31:

Γφ→χχ = −
Im(ıM r

φ)

ωφ

∣∣∣∣
k0=ωφ

=
h2

32πωφ
+

h2

16πkβωφ
log

(
1− e−

β
2 (ωφ+k)

1− e− β2 (ωφ−k)

)
, (6.129)

where we used the retarded self-mass in Fourier space in equation (6.194a), and several
relevant self-masses in appendix E of this chapter. Let us briefly outline the steps needed
to derive the result above. In order to calculate ıM r

φ(kµ), we use ıM r
φ,vac(kµ) in equa-

tion (6.202) as before. There are no thermal-thermal contributions to ıM r
φ(kµ), which can

be appreciated from equation (6.212). Finally, to derive the vacuum-thermal contribu-
tion, let us recall equation (6.71c): M++

φ (k, t, t′) = MF
φ (k, t, t′)+sgn(t− t′)ıM c

φ(k, t, t′)/2.
We clearly need the vacuum-thermal contribution to MF

φ (kµ), which is given in equa-
tion (6.215). The imaginary part of the second term vanishes, which can be seen by
making use of an inverse Fourier transform, just as in the first lines of equations (6.218)
and (6.219). This fixes ıM r

φ(kµ) completely. We thus expect:

Γdec ' Γφ→χχ . (6.130)

Let us examine figures 6.16 and 6.17. From our numerical calculation, we can thus easily
find δ∆k(t) = ∆ms −∆k(t), which we show in solid black. We can now compare with
the single particle decay rate in equation (6.129) and plot −Γφ→χχt. We conclude that
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Figure 6.16: Decoherence rate at low temper-
atures. We show the exponential approach
to ∆ms in solid black and the correspond-
ing decoherence rate given in equation (6.130)
(dashed line). We use the phase space area
from figure 6.9.
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Figure 6.17: Decoherence rate at high temper-
atures. We show the exponential approach
to ∆ms in solid black and the correspond-
ing decoherence rate given in equation (6.130)
(dashed line). We use the phase space area
from figure 6.11.

the decoherence rate can again be well described by the single particle decay rate in our
model, thus confirming equation (6.130) above.

Let us compare the result (6.130) to literature. Let us remark that most of the cal-
culations have been performed in an expanding Universe setting, or with a different
model, so it is hard to compare this result quantitatively. In [241], it was found that, for
a different model during inflation, the decoherence rate is proportional to the spatial
volume, which we certainly do not find.

6.7.4 The Emerging k0 = 0 Shell

To develop some intuition, we depict Fφ(kµ) as a function of k0, keeping various other
parameters fixed. In the vacuum βρ = ∞, it is clear from the analytic form of the
statistical propagator that a k0 = 0 shell does not exist. In the vacuum, we have that
Fφ(kµ) = 0 for |k0| ≤ k. At low temperatures, βρ = 2, we observe in figure 6.18
that two more quasi particle peaks emerge where |k0| ≤ k. The original quasi particle
peaks at |k0| ' ωφ, however, still dominate. At high temperatures, βρ = 0.1, we
observe in figure 6.19 that the two additional quasi particle peaks already present at
lower temperatures increase in size and move closer to k0 = 0, where they overlap. The
original quasi particle peaks located at |k0| ' ωφ broaden as the interaction strength
h increases. Moreover, for increasing h, the original quasi particle peaks get dwarfed

31For cases where mχ 6= 0, see [303].
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Figure 6.18: The statistical propagator at low
temperatures. Apart from the original quasi
particle peaks, two more peaks emerge at
|k0| ≤ k. We use βρ = 2, k/ρ = 1, mφ/ρ = 1,
and h/ρ = 4 (solid black) and h/ρ = 2

(dashed). In the latter case, we do not show
the entire original quasi particle peak for il-
lustrative reasons.
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Figure 6.19: The statistical propagator at high
temperatures. For larger couplings, we ob-
serve that the newly emerging quasi particle
peaks move closer to k0 = 0, where they
eventually almost completely overlap. We
use βρ = 0.1, k/ρ = 1, mφ/ρ = 1, and
h/ρ = 1.61 (solid black), h/ρ = 1.5 (dot-
dashed), and h/ρ = 1 (dashed).

by the new quasi particle peaks at |k0| ≤ k that by now almost completely overlap at
k0 = 0. Figure 6.19 also suggests that the quasi particle picture breaks down in thermal
equilibrium for moderate couplings.

What we observe here is related to the coherence shell at k0 = 0, first introduced by
Herranen, Kainulainen and Rahkila [286, 304] to study quantum mechanical reflection
and quantum particle creation in a thermal field theoretical setting (for a discussion of
fermions see [284, 285]). They interpret this new spectral solution of the statistical two
point function as a manifestation of non-local quantum coherence. As we have just
seen, the statistical propagator at late times will basically evolve to equation (6.110). We
conclude that the emerging k0 = 0 shell translates to large entropy generation at high
temperatures. It is also clear that the naive quasi particle picture of free thermal states
breaks down in the high temperature regime.

6.7.5 Evolution of the Entropy: Changing Mass

Let us now study the evolution of the entropy where the mass of the system field
changes according to equation (6.100b). For a constant mass mφ, the statistical prop-
agator depends only on the time difference of its arguments Fφ(k, t, t′) = Fφ(k, t − t′)
due to time translation invariance. This observation allowed us to find the asymptotic
value of the phase space area by means of another Fourier transformation with respect
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to t − t′. When the mass of the system field changes, however, we introduce a genuine
time dependence on the average time coordinate τ = (t + t′)/2 in the problem, and we
can only asymptotically compare the entropy to the stationary values well before and
after the mass change, where our previous analysis should still apply. Recall that the
counterterms introduced in equation (6.56) to renormalise the theory do not depend on
mφ so we do not have to consider renormalisation again.

Depending on the size of the mass change that our field experiences, we can identify
the following two regimes:

|βk|2 � 1 adiabatic regime (6.131a)

|βk|2 � 1 non− adiabatic regime , (6.131b)

where βk is one of the coefficients of the Bogoliubov transformation that relates the
initial (in) vacuum to the final (out) vacuum state, which can be seen in equations (6.155)
and (6.156) in appendix A of this chapter. As a consequence of the mass change, the state
gets squeezed [156]. If βk = 0, the in and out vacuum states are equal such that |βk|2
quantifies the amount of particle creation and, using equation (6.156b), reads:

|βk|2 =
sinh2

(
πω−
ρ

)
sinh

(
πωin

ρ

)
sinh

(
πωout

ρ

) ωin�ρ
ωout�ρ−→ ρ

2πωin

(
1− πωin

2ρ

)2

. (6.132)

Here, ω2
in = m2

φ,in + k2 and ω2
out = m2

φ,out + k2 are the initial and final frequencies.
Also, m2

φ,in = A− B and m2
φ,out = A+ B, where we make use of equation (6.100b) and

equation (6.156b) in appendix A of this chapter. Finally, we define ω± = 1
2 (ωout ± ωin).

A non-adiabatically fast change of the mass results in a significant amount of particle
creation according to the discussion in appendix A of this chapter. The word “particle”
in particle creation is not to be confused with the statistical particle number defined by
means of the phase space area in equation (6.11). Whereas the latter counts the phase
space occupied by a state in units of the minimal uncertainty wave packet, the former
corresponds to the conventional notion of particles in curved spacetimes where one
plane wave field excitation â†~k|0〉 = |~k〉 is referred to as one particle (for a discussion on
wave packets in quantum field theory, see e.g. [305, 306]). When we consider a changing
mass in the absence of any interaction terms, |βk|2 increases whereas the phase space
area remains constant. For the parameters we consider in this paper |βk|2 ' O(10−4),
such that we are in the adiabatic regime.

In figures 6.20, 6.21, 6.22, and 6.23, we consider the coherence effects due to a mass
increase and decrease. Here, we takemφ/ρ = 1 andmφ/ρ = 2, giving rise to the constant
interacting thermal entropies S(1)

ms and S
(2)
ms , respectively. The numerical value of these

asymptotic entropies is calculated just as in the constant mass case such that we find
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Figure 6.20: Entropy as a function of time for
a mass increase from mφ/ρ = 1 to mφ/ρ = 2,
giving rise to the constant interacting ther-
mal entropies S(1)

ms and S(2)
ms , respectively. The

mass changes rapidly at tρ = 30. We use
βρ = 2, k/ρ = 1, h/ρ = 4, and N = 1600.
The grey lines are the corresponding constant
mass entropy functions where we use mixed
state initial conditions.
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Figure 6.21: Entropy as a function of time for
a mass increase from mφ/ρ = 1 to mφ/ρ = 2,
giving rise to the constant interacting ther-
mal entropies S(1)

ms and S(2)
ms , respectively. The

mass changes rapidly at tρ = 30. We use
βρ = 1/2, k/ρ = 1, h/ρ = 3, and N = 1600.
The grey lines are the corresponding constant
mass entropy functions where we use mixed
state initial conditions.
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Figure 6.22: Entropy as a function of time for
a mass decrease where we use the same pa-
rameters as in figure 6.20.
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Figure 6.23: Entropy as a function of time for
a mass decrease where we use the same pa-
rameters as in figure 6.21.
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S
(1)
ms > S

(2)
ms . We use mixed state initial conditions as outlined in equation (6.114), and

moreover we insert the initial mass in the memory kernels.
In figure 6.20, we show the effects on the entropy for a mass increase at fairly low

temperatures βρ = 2. In grey we depict the two corresponding constant mass entropy
functions to compare the asymptotic behaviour. In order to calculate the latter, we also
use mixed state boundary conditions. Clearly, well before and after the mass increase,
the entropy is equal to the constant interacting thermal entropy, S(1)

ms and S
(2)
ms , respec-

tively. The small difference between the numerical value of the interacting thermal
entropy S(2)

ms (in dashed grey) and the corresponding mφ/ρ = 2 constant mass evolution
is just due to numerical accuracy. It is interesting to observe that the new interacting
thermal entropy is reached on a different time scale than ρ−1, the one at which the
system’s mass has changed. We will further discuss this observation shortly.

Again, we verify that the rate at which the phase space area changes, defined analo-
gously to equation (6.124), can be well described by the single particle decay rate (6.129).
Given the fact that the mass changes so rapidly in our case, one should use the final mass
mφ,out in equation (6.129). In figure 6.24 we show both the exponential approach to-
wards the constant interacting phase space area ∆

(2)
ms and the decay rate (6.129). In order

to produce figure 6.24, we subtract the constant mass evolution of the phase space area
using mixed state initial conditions rather than ∆

(2)
ms to find δ∆k(t) in equation (6.124).

This qualitative picture does not change when we consider the same mass increase,
only now at higher temperatures βρ = 1/2 in figure 6.21. The interacting thermal
entropies in this case are larger due to the fact that the temperature is higher. Again
we observe a small difference between S(2)

ms and the mφ/ρ = 2 constant mass evolution
due to numerical accuracy. Also, the decoherence rate can be well described by the
single particle decay rate which we depict in figures 6.24 and 6.25. At zero temperature
βρ = ∞, the effect of the mass change is analogous too, which we for completeness
include in figures 6.26 and 6.27.

When we consider the “time reversed process”, i.e.: a mass decrease from mφ/ρ = 2

to mφ/ρ = 1, we observe an entropy increase. We show the resulting evolution of the
entropy in figures 6.22 and 6.23 for βρ = 2 and βρ = 1/2, respectively. The evolution
of the entropy reveals no further surprises and corresponds to the time reversed picture
of figures 6.20 and 6.21. The decoherence rate for a mass decrease can again be well
described by the single particle decay rate in equation (6.129).

If we compare the evolution of the entropy in time in these cases with the free case
Sk(t) = 0 in appendix A of this chapter, we conclude that, clearly, the interacting case
reveals much more interesting behaviour. The presence of an environment field induces
dynamics when the mass of the system field changes: the Gaussian von Neumann
entropy depends on time and evolves from one value S(1)

ms to another S(2)
ms , or vice versa.
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Figure 6.24: Decoherence rate at low temper-
atures. We show the exponential approach
to ∆

(2)
ms in solid black and the correspond-

ing decoherence rate given in equation (6.130)
(dashed line). We use the phase space area
from figure 6.20.
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Figure 6.25: Decoherence rate at high temper-
atures. We show the exponential approach
to ∆

(2)
ms in solid black and the correspond-

ing decoherence rate given in equation (6.130)
(dashed line). We use the phase space area
from figure 6.21.
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Figure 6.26: Entropy decrease due to a mass
increase from mφ/ρ = 0.75 to mφ/ρ = 2.
We use βρ = ∞, h/ρ = 4, k/ρ = 1, and
N = 2000.
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Figure 6.27: Entropy increase due to a mass
decrease from mφ/ρ = 2 to mφ/ρ = 0.75.
The other parameters are the same as in fig-
ure 6.26. The small asymptotic differences be-
tween S(1)

ms and S
(2)
ms and the actual evolution

is just due to numerical accuracy.
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We observe that the rate at which the mass changes is much larger than the decoher-
ence rate. As long as this condition is satisfied, coherence effects continue to be impor-
tant. Eventually though, the Gaussian von Neumann entropy settles to its new constant
value, and no particle creation remains as our state thermalises again. In the context of
baryogenesis, we thus expect that quantum coherence effects remain important as long
as this condition persists, too. Of course, one would have to generalise our model to a
CP violating model in which the effects that are of relevance for coherent baryogenesis
scenarios are captured.

6.7.6 Squeezed States

The effect of a large non-adiabatic mass change on the quantum state is a rapid squeez-
ing of the state, which can neatly be visualised in Wigner space, which can be appreci-
ated from figures 6.33 and 6.34 in appendix A of this chapter. Although it is numerically
challenging to implement a case where the mass changes non-adiabatically fast, we can
probe its most important effect on the state by considering a state that is significantly
squeezed initially. A pure and squeezed state is characterised by the following initial
conditions:

Fφ(k, t0, t0) =
1

2ωφ
[cosh(2r)− sinh(2r) cos(2ϕ)] (6.133a)

∂t∂t′Fφ(k, t, t′)|t=t′=t0 =
ωφ
2

[cosh(2r) + sinh(2r) cos(2ϕ)] (6.133b)

∂tFφ(k, t, t0)|t=t0 =
1

2
sinh(2r) sin(2ϕ) . (6.133c)

Here, ϕ characterises the angle along which the state is squeezed and r indicates the
amount of squeezing. As a squeezed state is pure, we have ∆k(t0) = 1 initially. A
mixed initial squeezed state condition can be achieved by multiplying equation (6.133)
by a factor.

We show the corresponding evolution for the phase space area in two cases in fig-
ures 6.28 and 6.29. As the squeezed state thermalises, we observe two effects. Firstly,
there is the usual exponential approach towards the thermal interacting value ∆ms we
observed before. As we showed previously, this process is characterised by the single
particle decay rate in equation (6.129). Secondly, superimposed on that behaviour, we
observe damped oscillatory behaviour of the phase space area as a function of time that
is induced by the initial squeezing.

The latter process in principle introduces a second decay rate in the evolution: one
can associate a characteristic time scale at which the amplitude of the oscillations decay
(superimposed on the exponential approach towards ∆ms). From figures 6.28 and 6.29
we determined that the exponential decay of the envelope of the oscillations can also



210 Chapter 6. Decoherence in Quantum Field Theory

Dms

2 4 6 8 10 12 14
tΡ

1.5
2.0
2.5
3.0
3.5
4.0
4.5

D

Figure 6.28: Phase space area as a function
of time for a squeezed initial state. We use
ϕ = 0, e2r = 1/5 (or, equivalently, ϕ = π/2,
e2r = 5), βρ = 0.5, k/ρ = 1, mφ/ρ = 1,
h/ρ = 3, andN = 300 up to tρ = 15. The grey
line indicates the pure state evolution previ-
ously considered in figure 6.11.
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Figure 6.29: Phase space area as a function
of time for a squeezed initial state. On top
of the exponential approach towards ∆ms, we
observe oscillatory behaviour. The amplitude
of the oscillations decays with the single par-
ticle decay rate. We use ϕ = 0, e2r = 5, and
the other parameters are given in figure 6.28.

be well described by the single particle decay rate in equation (6.129). We thus observe
only one relevant time scale of the process of decoherence in our scalar field model: the
single particle decay rate. We conclude that in the case of a non-adiabatic mass change,
the decay of the amplitude of the resulting oscillations will be in agreement with the
single particle decay rate, too.

6.8 Conclusion

We study the decoherence of a quantum field theoretical system in a renormalised and
perturbative 2PI scheme. As most of the non-Gaussian information about a system is
experimentally hard to access, we argue in our “correlator approach” to decoherence
that neglecting this information and, consequently, keeping only the information stored
in Gaussian correlators, leads to an increase of the Gaussian von Neumann entropy of
the system. This is inspired by realising that correlators are observables in quantum
field theories, and that higher order irreducible n-point correlators are usually pertur-
batively suppressed. We argue that the Gaussian von Neumann entropy should be used
as the quantitative measure of decoherence.

The most important result in this chapter is shown in figure 6.12, where we depict
the time evolution of the Gaussian von Neumann entropy for a pure state at a high
temperature. Although a pure state with vanishing entropy Sk = 0 remains pure under
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unitary evolution, the observer perceives this state over time as a mixed state with
positive entropy Sms > 0.

The reason is that non-Gaussianities are generated by the unitary evolution (both in
the correlation between the system and environment as well as in higher order corre-
lations in the system itself) and subsequently neglected in our Gaussian von Neumann
entropy. This increase in entropy can be understood from the system’s tendency to
evolve towards the interacting thermal state of the theory. Even though we do not solve
the full 2PI equations at one-loop, we have strong numerical evidence that, within our
approximation scheme, the system evolves towards its correct stationary interacting
state.

We extract two relevant quantitative measures of decoherence: the maximal amount
of decoherence Sms and the decoherence rate Γdec. The total amount of decoherence
corresponds to the interacting thermal entropy Sms and is slightly larger than the free
thermal entropy, depending on the strength of the interaction h. The decoherence rate
can be well described by the single particle decay rate of our interaction Γφ→χχ, which
is given in equation (6.129).

This study builds the quantum field theoretical framework for other decoherence
studies in various relevant situations, where different types of fields and interactions
can be involved. In cosmology for example, the decoherence of scalar gravitational
perturbations can be induced by e.g. fluctuating tensor modes (gravitons) [161], isocur-
vature modes [206], or even gauge fields. In quantum information physics it is very
likely that future quantum computers will involve coherent light beams that interact
with other parts of the quantum computer as well as, inevitably, with an environ-
ment [158, 159, 307]. For a better understanding of decoherence in such complex sys-
tems it is clear that a proper quantum field theoretical framework, such as developed in
this chapter, is necessary.

We also study the effects on the Gaussian von Neumann entropy of a changing
mass. The Gaussian von Neumann entropy changes to the new interacting thermal
entropy after the mass change on a time scale that is again well described by the single
particle decay rate in our model. It is the same decay rate that describes the decay of the
amplitude of the oscillations for a squeezed initial state.

One can view our model as a toy model relevant for electroweak baryogenesis sce-
narios. It is thus interesting to observe that the coherence time scale (the time scale at
which the entropy changes) is much larger than the time scale ρ−1 at which the mass of
the system field changes. We conclude that the coherent effect of a non-adiabatic mass
change (squeezing) is not immediately destroyed by the process of decoherence and
thermalisation.
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Appendix A: Quantum Effects of a Changing Mass: Free
Case

It is interesting to compare our results to a non-trivial exact case: scattering of a chang-
ing mass field in the spirit of Birrell and Davies [82]. The solutions presented here stem
from the cosmological particle creation literature (based on [40, 41]) and are originally
due to Bernard and Duncan [308]. This is maybe not a very exciting example, as no
entropy is generated of course in free theories, it nevertheless provides an intuitive way
of how the Wigner function, discussed in chapter 4, can be used. Let us consider the
action of a free scalar field:

S[φ] =

∫
d4x

{
−1

2
∂µφ(x)∂νφ(x)ηµν − 1

2
m2
φ(t)φ2(x)

}
, (6.134)

where as usual ηµν = diag(−1, 1, 1, 1) is the Minkowski metric, and where we consider
the following behaviour of the mass mφ(t) of the scalar field, mediated for example by
some other Higgs-like scalar field:

m2
φ(t) = (A+B tanh(ρt)) . (6.135)

From (6.134), it follows that: (
∂2
t − ∂2

i +m2
φ(t)

)
φ(x) = 0 . (6.136)

The vacuum causal and statistical propagators follow from equations (6.23) and (6.6),
where now ρ̂(t0) = |0〉〈0|, as:

ı∆c
φ(x;x′) = 〈0|[φ̂(x), φ̂(x′)]|0〉 (6.137a)

Fφ(x;x′) =
1

2
〈0|{φ̂(x′), φ̂(x)}|0〉 . (6.137b)

Let us quantise our fields in D-dimensions by making use of creation and annihilation
operators:

φ̂(x) =

∫
dD−1~k

(2π)D−1

(
â~k φk(t)ei

~k·~x + â†~k
φ∗k(t)e−i

~k·~x
)
. (6.138)

The annihilation operator acts as usual on the vacuum â~k|0〉 = 0. We impose the
standard commutation relations [â~k, â

†
~k′

] = (2π)D−1δD−1(~k − ~k′). Hence, the equation
of motion for the mode functions φk(t) of φ(x), defined by relation (6.138), follows in a
straightforward manner as: (

∂2
t + k2 +m2

φ(t)
)
φk(t) = 0 , (6.139)
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where k = ‖~k‖. The mode functions determine the causal and statistical propagators
from (6.137) completely:

ı∆c
φ(k, t, t′) = φk(t)φ∗k(t′)− φk(t′)φ∗k(t) (6.140a)

Fφ(k, t, t′) =
1

2
{φk(t′)φ∗k(t) + φk(t)φ∗k(t′)} . (6.140b)

The physical picture is clear: we would like to study reflection and transmission, i.e.:
scattering, of an incoming wave due to the changing mass. Before solving this equation
of motion exactly, let us first solve for the asymptotic mode functions to gain intuitive
understanding. In the asymptotic past (t→ −∞), equation (6.139) is solved by:

φin
k (t) =

1√
2ωin

exp [−ıωint] , (6.141)

i.e.: one right-moving or incoming wave with frequency:

ωin =
(
k2 +A−B

) 1
2 . (6.142)

In the infinite asymptotic future, the solution necessarily is an appropriately normalised
linear superposition of a left- and right-moving wave:

φout
k (t) = αk

1√
2ωout

exp [−ıωoutt] + βk
1√

2ωout
exp [ıωoutt] , (6.143)

where:
ωout =

(
k2 +A+B

) 1
2 , (6.144)

and where:
‖αk‖2 − ‖βk‖2 = 1 , (6.145)

for a consistent canonical quantisation. In both asymptotic regions we can now imme-
diately calculate the statistical propagator from equation (6.140b):

Fin(k, t, t′) =
1

2ωin
cos(ωin(t− t′)) (6.146a)

Fout(k, t, t
′) =

1

2ωout

[
(|αk|2 + |βk|2) cos(ωout(t− t′)) (6.146b)

+ αkβ
∗
ke
−ıωout(t+t

′) + α∗kβke
ıωout(t+t

′)
]
.

Using equation (6.9), we can calculate the area in phase space which the in and out states
occupy:

∆in
k (t) = 1 = ∆out

k (t) . (6.147)
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Figure 6.30: Statistical Propagator for a small
change in the mass. Parameters: k/ρ = 1,
A/ρ2 = B/ρ2 = 1/2. The mass changes most
rapidly at tρ = 5.

Figure 6.31: Statistical Propagator for a large
change in the mass. Parameters: k/ρ = 1,
A/ρ2 = B/ρ2 = 2. The mass changes most
rapidly at tρ = 5.

Hence for the entropy we find:

Sin
k (t) = 0 = Sout

k (t) . (6.148)

We conclude that in both asymptotic regions the entropy is zero and no entropy has been
generated by changing the mass. However, we can do better than study the asymptotic
behaviour only. Birrell and Davies study cosmological particle creation in section 3.4 of
their book [82] in a simple, conveniently chosen cosmological setting. They consider a
scale factor as a function of conformal time a(η), which behaves as:

a2(η) = A+B tanh(ρη) . (6.149)

This represents an asymptotically static Universe with a smooth expansion connecting
these two asymptotic regions. Indeed, the equation of motion (in conformal time) for the
mode functions Birrell and Davies consider coincides precisely with equation (6.139).
The solution to equation (6.139), which behaves as a positive frequency mode in the
asymptotic past (t → −∞), can be expressed in terms of Gauss’ hypergeometric func-
tion 2F1:

φin
k (t) =

1√
2ωin

exp

[
−ıω+t− ı

ω−
ρ

log{2 cosh(ρt)}
]

(6.150)

×2F1

(
1 + ı

ω−
ρ
, ı
ω−
ρ

; 1− ıωin

ρ
;

1

2
{1 + tanh(ρt)}

)
,
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such that:
lim

t→−∞
φin
k (t) =

1√
2ωin

exp [−ıωint] , (6.151)

where we defined ωin and ωout in equations (6.142) and (6.144), respectively, and:

ω± =
1

2
(ωout ± ωin) . (6.152)

Alternatively, the modes which reduce to positive frequency modes in the out region
are given by:

φout
k (t) =

1√
2ωout

exp

[
−ıω+t− ı

ω−
ρ

log{2 cosh(ρt)}
]

(6.153)

×2 F1

(
1 + ı

ω−
ρ
, ı
ω−
ρ

; 1 + ı
ωout

ρ
;

1

2
{1 + tanh(ρt)}

)
,

such that:
lim
t→∞

φout
k (t) =

1√
2ωout

exp [−ıωoutt] . (6.154)

We can rewrite the hypergeometric functions above using equations (15.3.3) and (15.3.6)
of [309] and identify:

φin
k (t) = αkφ

out
k (t) + βkφ

out ∗
k (t) , (6.155)

where:

αk =

(
ωout

ωin

) 1
2 Γ (1− ıωin/ρ) Γ (−ıωout/ρ)

Γ (−ıω+/ρ) Γ (1− ıω+/ρ)
(6.156a)

βk =

(
ωout

ωin

) 1
2 Γ (1− ıωin/ρ) Γ (ıωout/ρ)

Γ (ıω−/ρ) Γ (1 + ıω−/ρ)
. (6.156b)

Having the mode functions at our disposal, we can find (the rather cumbersome ex-
pressions for) the exact causal and statistical propagators. In figures 6.30 and 6.31 we
show the exact statistical propagator for a relatively small increase of the mass (from
mφ/ρ = 0 to mφ/ρ = 1), and a larger one (from mφ/ρ = 0 to mφ/ρ = 4), for one
particular Fourier mode only (k/ρ = 1). Unlike in equation (6.135), the mass changes
here most rapidly at tρ = 5. We can easily relate the statistical propagator to the phase
space area by making use of equation (6.9). It will not come as a surprise to the reader
that we find:

∆k(t) = 1 , (6.157)

and hence:
Sk(t) = 0 , (6.158)
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Figure 6.32: This plot shows |βk|2 as a
function of the final mass mout/ρ, for fixed
k/ρ = 0.01. The dashed line shows the
adiabatic regime (min/ρ = 0.2) whereas the
solid line shows the non-adiabatic regime
(min/ρ = 0.02).

also for all intermediate times. An important remark is in order. The reader should not
confuse |βk|2 calculated from equation (6.156b) with the phase space particle number
density or statistical number density (6.11). Although the mass is changing, the phase
space particle density remains zero but |βk|2, which in literature is often referred to as
a particle number, can change significantly due to the squeezing, as can be appreciated
from figure 6.32. This is just caused by the fact that the in and out vacua differ. We plot
the behaviour of |βk|2 as a function of mout/ρ in both the adiabatic regime (|βk|2 � 1)
and non-adiabatic regime (|βk|2 � 1).

Let us now examine the same process in Wigner space. Of course, we will reach a
similar conclusion (6.158), but Wigner space is much more suited to visualise the process
neatly. The statistical propagator is also the essential building block for the Wigner
function which can be appreciated from generalising equations (4.32) and (4.22) to:

αw(k, t) =
1

2Fφ(k, t, t)
(6.159a)

βw(k, t) =
2Fφ(k, t, t)

∆2
k(t)

(6.159b)

pc =− ∂tFφ(k, t, t′)|t=t′
Fφ(k, t, t)

(6.159c)

Mk(t) =
2

∆k(t)
. (6.159d)

We can thus plot cross-sections of the 2-dimensional Gaussian phase space distribution
in the Wigner representation. In figure 6.33, we depict the squeezing of the Gaussian
phase space due to the changing mass. At early times, the state is still in an unsqueezed
vacuum. At tρ = 2 some squeezing is visible, whereas at late times tρ = 9 this is
manifest. Despite the effect of the changing mass on the accessible phase space in
Wigner space, the area of the ellipse remains constant throughout the whole process
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Figure 6.33: Squeezing of the Gaussian phase
space in the Wigner representation due to a
changing mass. We use k/ρ = 0.2 and m/ρ

changes from 0 to 4, where the mass changes
most rapidly at tρ = 5. For early times tρ = 0,
the Gaussian phase space is a perfect circle
(black). Already for tρ = 2 a little squeezing
is visible (grey) and at late times tρ = 9 this is
manifest (black dashed). The coordinates pr
and qr are rescaled for dimensional reasons:
pr = p

√
ω(t) and qr = q/

√
ω(t).
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Figure 6.34: Rotation of the Gaussian phase
space in the Wigner representation due to a
mass that has changed. We use the same
parameters as in figure 6.33. The squeezed
phase space ellipses are plotted at times
tρ = 9.5 (black), tρ = 9.6 (black dashed),
tρ = 9.7 (grey), and tρ = 9.8 (grey dashed).
The rotation is clearly visible and its direc-
tion is indicated by the arrow. This can be
understood from realising that an arbitrary
squeezed state can be interpreted as a super-
position of ordinary coherent states, and the
knowledge that the latter show the same ro-
tating behaviour.

as expected from equation (6.158). At late times, when the mass has settled to its final
constant value m/ρ = 4, the squeezed ellipse rotates in Wigner space, which we depict
in figure 6.34, but it is not squeezed any further. The rotation can be anticipated by the
intuitive notion that an arbitrary squeezed state can be thought of as a superposition of
coherent states (just imagine that the ellipse is replaced by a number of circles displaced
from the origin). Coherent states that are displaced from the origin rotate in time.

This simple example suggests the following: (i) the area in phase space a state occu-
pies is a good quantitative measure of the entropy, (ii) the statistical propagator contains
all the information required to calculate this phase space area, and (iii) a changing mass
does not change the entropy for a free scalar field. If we contrast this result with the
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calculations performed in this chapter, it is important to realise that just a changing
mass, in the absence of interactions, produces no entropy, whereas we have shown that
the entropy can change in the interacting case.

Appendix B: Alternative Method of Renormalisation

In this appendix, we find the correctly renormalised self-masses by means of an alter-
native, Fourier space calculation. From equations (6.35a) and (6.46a) we immediately
deduce:

ıM++
φ,vac(kµ) =− ıh2

2

∫
dD(x− x′)

(
ı∆++

χ,vac(x;x′)
)2
e−ık(x−x′) (6.160)

=
ıh2

2

∫
dDk′

(2π)D
1

k′µk
′µ +m2

χ − ıε
1

(kµ − k′µ)(kµ − k′µ) +m2
χ − ıε

=− h2

2

∫ 1

0

dx

∫
dDl

(2π)D
1

(lµlµ + kµkµx(1− x) +m2
χ − ıε)2

,

where we use Feynman’s trick (see e.g. [141]), perform a Wick rotation, and we define
lµ = k′µ − xkµ as the new Euclideanised integration variable. The integral can now be
performed in a straightforward manner, which yields, when mχ → 0:

ıM++
φ,vac(kµ) =

h2(D − 2)(kµk
µ − ıε)D−4

2 21−2Dπ
3−D

2 Γ(D−2
2 )

Γ(D2 )Γ(D−1
2 ) sin(πD2 )

(6.161)

=
h2µ4−D

16π2(D − 4)
− h2

32π2

(
2− γE − log

(
kµk

µ − ıε
4πµ2

))
+O(D − 4) ,

where in the last line we expand around D = 4 as usual, and we introduce a scale
µ to make the argument of the logarithm dimensionless. Observe that the (numerical
value of the) divergent term coincides with equation (6.54), as it should be. Note that
for ıM−−φ,vac(kµ), we would have to use the other Wick rotation (in order not to cross the
poles) giving us the desired minus sign difference just as in the position space calcu-
lation. Finally, we need to perform the k0 integral in order to derive the self-mass in
Fourier space. The relevant integral is:

ıM++
φ,ren(k, t, t′) =

h2

32π2

∫ ∞
−∞

dk0

2π
e−ık

0∆t

(
γE − 2 + log

(
kµk

µ − ıε
4πµ2

))
(6.162)

=− h2

64π3

[
2πδ(∆t)

{
log
(
4πµ2

)
+ 2− γE

}
−
∫ ∞
−∞

dk0e−ık
0∆t
{

log
∣∣k2 − (k0)2

∣∣− ıπθ((k0)2 − k2)
}]

.
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In order to make the inverse Fourier integral convergent, we introduce ε regulators
where appropriate. As an intermediate result, we present:

ıM++
φ,ren(k, t, t′) (6.163)

= − h2

32π2

[
δ(∆t)

{
log
(
4πµ2

)
+2−γE

}
+
[
γE+log (−ı{|∆t|+ıε})

]cos (k{|∆t|+ıε})
−ıπ(|∆t|+ıε)

+
[
γE + log (ı{|∆t| − ıε})

]cos (k{|∆t| − ıε})
ıπ(|∆t| − ıε)

+
1

2

(
e−ık(∆t|−ıε)

|∆t| − ıε
− eık(∆t|+ıε)

|∆t|+ ıε

)]
.

Clearly, the ε regulators in the logarithms and exponents are redundant, and can be sent
to zero. Using the Dirac rule:

1

x+ ıε
= P

1

x
− ıπδ(x) , (6.164)

where P denotes the Cauchy principal value, we finally arrive at:

ıM++
φ,ren(k, t, t′) = − h2

32π2

[
δ(∆t)

{
γE + 2 + log

(
4πµ2∆t2

)}
+

e−ık|∆t|

|∆t| − ıε

]
. (6.165)

This result is divergent when we let ∆t → 0. As already discussed in section 6.3, the
correct way to deal with this is to extract two time derivatives acting on e.g. Z++

φ (k, t, t′).
We are then left with a perfectly finite result, which can be appreciated from equa-
tion (6.68).

To prove this, let us indeed evaluate the two time derivatives in equation (6.68). The
result is:

ıM++
φ,ren(k, t, t′) =− h2

32π2

[
δ(∆t)

{
log
(
4µ2∆t2

)}
+

e−ık|∆t|

|∆t| − ıε
+ δ(∆t) [γE + 2 + log(π)]

]
=− h2

32π2

[
δ(∆t)

{
γE + 2 + log

(
4πµ2∆t2

)}
+

e−ık|∆t|

|∆t| − ıε

]
. (6.166)

The first line contains two elements. The first is obtained directly from evaluating the
double time derivative in equation (6.68). The second contribution originates from
expanding the term multiplying the delta function in equation (6.54) around D = 4,
corresponding to the minimal subtraction renormalisation scheme. Indeed, the second
line of equation (6.166) is identical to (6.165) as it should be. This shows that the position
space and Fourier space calculations yield identical results, however, the former calcu-
lation proves to be superior to the latter, as the two extracted time derivatives appear
naturally in that case.
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Appendix C: Retarded Self-mass

The vacuum contribution to the renormalised retarded self-mass ıM r
φ,ren(x;x′) can be

obtained by means of an independent calculation by making use of equation (6.55):

ıM r
φ,ren(x;x′) = ıM++

φ,ren(x;x′)− ıM+−
φ,vac(x;x′)

=
ıh2

128π4
∂2

[
log(µ2∆x2

++(x;x′))

∆x2
++(x;x′)

−
log(µ2∆x2

+−(x;x′))

∆x2
+−(x;x′)

]
=

ıh2

1024π4
∂4
[

log2(µ2∆x2
++(x;x′))−2 log(µ2∆x2

++(x;x′))

−log2(µ2∆x2
+−(x;x′))+2 log(µ2∆x2

+−(x;x′))
]

(6.167)

=
h2

256π3
∂4
[
θ(∆t2 − r2)θ(∆t)

{
1− log

(
µ2(∆t2 − r2)

)}]
,

where as before r = ‖~x− ~x′‖. In Fourier space we find, after some partial integrations:

ıM r
φ,ren(k, t, t′) (6.168)

=
h2

256π3
(∂2
t +k2)2

∫
d3(~x−~x′)θ(∆t2−r2)θ(∆t)

[
1−log

(
µ2(∆t2−r2)

)]
e−ı

~k·(~x−~x′)

=
h2

64kπ2
(∂2
t +k2)2θ(∆t)∆t2

[
sin(k∆t)− k∆t cos(k∆t)

(k∆t)2

(
1− log(µ2∆t2)

)
−
∫ 1

0

dxx sin(k∆tx) log
(
1− x2

) ]
.

The last integral is performed in e.g. [310]:

ıM r
φ,ren(k, t, t′) (6.169)

=
h2

64k3π2
(∂2
t +k2)2θ(∆t)

[
(k∆t cos(k∆t)−sin(k∆t))

[
ci(2k∆t)−γE−log

[
k

2µ2∆t

]
−1

]

+ (cos(k∆t) + k∆t sin(k∆t))
(π

2
+ si(2k∆t)

)
− 2 sin(k∆t)

]
.

Since the term in square brackets is proportional to (∆t)2 as ∆t → 0, the θ(∆t) com-
mutes through one of the (∂2

t + k2) operators. Evaluating it further yields:

ıM r
φ,ren(k, t, t′) =

h2

32kπ2
(∂2
t + k2)θ(∆t)

[
cos(k∆t)

(π
2

+ si(2k∆t)
)

(6.170)

− sin(k∆t)

(
ci(2k∆t)− γE − log

(
k

2µ2∆t

))]
.
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If we determine the retarded self-mass directly from equation (6.68), we find perfect
agreement with the result above, representing yet another consistency check of equa-
tion (6.68).

Appendix D: Thermal-thermal Contribution to the Statisti-
cal Self-mass

Only the high and low temperature limits of MF
φ,th−th(k,∆t) can be evaluated in closed

form. We derive these expressions in this appendix.

6.8.1 Low Temperature Contribution

Let us recall equation (6.86b), where we can perform the ω-integral by making use of
equation (6.80) and 1/(eβω − 1) =

∑∞
n=1 e−βnω :

MF
φ,th−th(k,∆t) =− h2

8π2k

∫ ∞
0

dk1
cos(k1∆t)

eβk1 − 1
(6.171)

×
∞∑
n=1

e−nβω

(∆t)2 + (nβ)2
[−nβ cos(ω∆t) + ∆t sin(ω∆t)]

∣∣∣ω=ω+

ω=ω−
,

where ω2
± = (k ± k1)2 + m2

χ. We now prepare this expression for k1 integration by
making use of 1/(eβk1 − 1) =

∑∞
m=1 e−βmk1 and some familiar trigonometric identities:

MF
φ,th−th(k,∆t) =− h2

16π2k

∞∑
m,n=1

1

(∆t)2 + (nβ)2

∫ ∞
0

dk1 e−βmk1 (6.172)

×

{
− βn e−βn(k+k1)

[
cos[(2k1 + k)∆t] + cos(k∆t)

]
+ ∆t e−βn(k+k1)

[
sin[(2k1 + k)∆t] + sin(k∆t)

]
+ θ(k − k1)βn e−βn(k−k1)

[
cos[(2k1 − k)∆t] + cos(k∆t)

]
+ θ(k − k1)∆t e−βn(k−k1)

[
sin[(2k1 − k)∆t]− sin(k∆t)

]
+ θ(k1 − k)βn e−βn(k1−k)

[
cos[(2k1 − k)∆t] + cos(k∆t)

]
− θ(k1 − k)∆t e−βn(k1−k)

[
sin[(2k1 − k)∆t]− sin(k∆t)

]}
.
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Upon integrating over k1 and rearranging the terms we obtain:

MF
φ,th−th(k,∆t) = − h2

16π2k

∞∑
m,n=1

1

(∆t)2 + (nβ)2
(6.173)

×

{
sin(k∆t)

(
e−βnk−e−βmk

)[ β∆t(m+ 3n)

[β(m+ n)]2 + (2∆t)2
− ∆t

β(m− n)

]

+ sin(k∆t)
(

e−βnk+e−βmk
)[ −β∆t(m− 3n)

[β(m− n)]2 + (2∆t)2
+

∆t

β(m+ n)

]

+ cos(k∆t)
(

e−βnk−e−βmk
)[−β2n(n+m) + 2(∆t)2

[β(m+ n)]2 + (2∆t)2
+
β2n(m− n) + 2(∆t)2

[β(m− n)]2 + (2∆t)2

− n

m+ n
+

n

m− n

]}
.

This expression contains two singular terms when m = n. By performing the inte-
gral (6.172) in that case, they are to be interpreted as:

e−βnk − e−βmk

m− n
m=n−→ βk e−βnk . (6.174)

This expression allows us to obtain the low temperature βk � 1 limit ofMF
φ,th−th(k,∆t).

It then suffices to consider three contributions in equation (6.173) only. Firstly, there is
the contribution for m = 1 = n, for n = 1 and m ≥ 2, and finally for m = 1 and n ≥ 2.
The sum in the last two cases can be evaluated in closed form, such that one obtains
equation (6.95).

6.8.2 High Temperature Contribution

Let us now consider the high temperature limit. It is clear from equation (6.173) that
when βk � 1, there is unfortunately no small quantity to expand about, as both m and
n can become arbitrarily large. Therefore, we go back to the original expression (6.86b),
proceed as usual by making use of equation (6.80) and rewrite it in terms of new (u, v)-
coordinates, or “light cone coordinates”, defined by:

u = k1 − ω (6.175a)

v = k1 + ω , (6.175b)
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such that of course k1 = (v + u)/2 and ω = (v − u)/2, in terms of which the region of
integration becomes:

−k ≤ u ≤ k (6.176a)

k ≤ v <∞ . (6.176b)

Equation (6.86b) thus transforms into:

MF
φ,th−th(k,∆t) =

h2

32π2k

∫ k

−k
du

1

2 sinh(βu/2)

∫ ∞
k

dv [cos(u∆t) + cos(v∆t)]

×

{
e
βu
2

eβ(v+u)/2 − 1
− e−

βu
2

eβ(v−u)/2 − 1

}
, (6.177)

where we take account of the Jacobian J = |∂(k1, ω)/∂(u, v)| = 1/2. One can now
perform the v-integral involving the cos(u∆t)-term. Secondly, since we are interested in
the limit βk � 1, and we moreover have |u| ≤ k, note that we also have |βu| � 1. The
cos(v∆t)-term can thus be expanded around |βu| � 1. An intermediate result reads:

MF
φ,th−th(k,∆t) =

h2

32π2kβ

{
− 2

∫ k

−k
du cos(u∆t) (6.178)

×

[
log (1− exp[−β(k + u)/2])

1− exp(−βu)
− log (1− exp[−β(k − u)/2])

exp(βu)− 1

]

+

∫ k

−k
du

∫ ∞
k

dv
cos(v∆t)

u

{
1 + βu/2

eβv/2(1 + βu/2)− 1
− 1− βu/2

eβv/2(1− βu/2)− 1

}}
.

The reader can easily see that we deliberately not Taylor expand the second line fully
around |βu| � 1. The reason is that the subsequent integration renders such a naive
Taylor expansion invalid. Let us first integrate the first two lines of equation (6.178). We
now expand the cos(u∆t)-integral around |β(k ± u)| � 1:∫ k

−k
du cos(u∆t)

[
log (1− exp[−β(k + u)/2])

1− exp(−βu)
− log (1− exp[−β(k − u)/2])

exp(βu)− 1

]
(6.179)

=

∫ k

−k
du cos(u∆t)

[
1

βu
log

(
k + u

k − u

)
+

1

2
log

(
β2

4
(k2 − u2)

)
− 1

2
+O(βk, βu)

]
.

Let us first evaluate the simple u-integrals in equation (6.179):∫ k

−k
du

cos(u∆t)

2

[
log

(
β2

4
(k2−u2)

)
−1

]
(6.180)

=
sin(k∆t)

∆t

(
ci(2|k∆t|)− log

(
2|∆t|
kβ2

)
−γE−1

)
− cos(k∆t)

|∆t|

(
si(2|k∆t|)+

π

2

)
,
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where ci(z) and si(z) are the cosine and sine integral functions, respectively, defined in
equation (6.63). The more complicated integral in (6.179) is:∫ k

−k
du

cos(u∆t)

βu
log

(
k+u

k−u

)
=

1

β

∞∑
n=0

2

1 + 2n

∫ 1

−1

dz z2n cos(k∆tz) (6.181)

=

∞∑
n=0

β−1

( 1
2 + n)2 1F2

(
1

2
+ n;

1

2
,

3

2
+n;− (k∆t)2

4

)
.

By making use of its definition, we expand the hypergeometric function 1F2 as follows:

1F2

(1

2
+ n;

1

2
,

3

2
+ n;− (k∆t)2

4

)
=
√
π
(1

2
+ n

) ∞∑
m=0

1

m!( 1
2 +n+m)Γ( 1

2 +m)

[
− (k∆t)2

4

]m
.

(6.182)
Inserting this into (6.181) and performing the n-sum we obtain:∫ k

−k
du

cos(u∆t)

βu
log

[
k + u

k − u

]
=

1

β

[
π2

2
+
√
π

∞∑
m=1

ψ( 1
2 +m)+2 ln(2)+γE

mm! Γ( 1
2 +m)

[
− (k∆t)2

4

]m]
,

(6.183)
where we perform the n-sum for m = 0 separately. Note that:

ψ(m+ 1/2)

Γ(m+ 1/2)
= − d

dγ

1

Γ(γ +m)

∣∣∣
γ=1/2

. (6.184)

Finally, we can perform the m-sum appearing in equation (6.183) to yield:∫ k

−k
du

cos(u∆t)

βu
log

(
k + u

k − u

)
=
π2

2β
− 4

β
(γE − ci(|k∆t|) + log(|k∆t|)) (6.185)

+
(k∆t)2

2β

d

dγ
2F3

(
1, 1; 2, 2, 1 + γ;− (k∆t)2

4

) ∣∣∣∣∣
γ= 1

2

.

It is useful to know the expansions of the hypergeometric function in equation (6.185).
The large time (k∆t� 1) expansion of this function is:

2F3

(
1, 1; 2, 2, 1 + γ;− (k∆t)2

4

)
=

Γ(1 + γ)√
π

cos
[
k∆t− π

2

(
γ + 5

2

)]
(k∆t/2)γ+ 5

2

(
1 +O((k∆t)−1)

)
+ 4γ

log((k∆t)2/4)− ψ(γ) + γE

(k∆t)2

(
1 +O((k∆t)−2)

)
, (6.186a)

whereas the small time (k∆t� 1) limit yields:

2F3

(
1, 1; 2, 2, 1 + γ;− (k∆t)2

4

)
= 1− (k∆t)2

16(1 + γ)
+O((k∆t)4) . (6.186b)
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We still need to perform some more integrals in equation (6.178). The third line in
equation (6.178) can be further simplified to:

∫ k

−k
du

∫ ∞
k

dv
cos(v∆t)e−

βv
2

1− e−
βv
2

β − 1 + βu
2

u+ 2
β

[
1− e−

βv
2

] +
1− βu

2

u− 2
β

[
1− e−

βv
2

]
 . (6.187)

We can now perform the u-integral:

=− 2

∫ ∞
k

dv
cos(v∆t)e−βv

1− e−
βv
2

{
log

[
k+

2

β

(
1−e−

βv
2

)]
−log

[
−k+

2

β

(
1−e−

βv
2

)]}

=− 4

∞∑
m=1

(
kβ
2

)2m−1

2m− 1

∫ ∞
k

dv
cos(v∆t)e−βv(
1− e−

βv
2

)2m (6.188)

=− 4

∞∑
m=1
n=0

(
kβ
2

)2m−1

2m− 1

Γ(2m+ n)

Γ(2m)Γ(n+ 1)
Re

∫ ∞
k

dve−
βv
2 (n+2)+ıv∆t ,

where the reader can easily verify that the argument of both logarithms in the first line
is positive. In the second line we expand the logarithm and make use of the binomial
series. Due to the cosine appearing in equation (6.188), we are only interested in the real
part of the integral on the second line. The v-integral can now trivially be performed.
In order to extract the high temperature limit correctly, it turns out to be advantageous
to perform the m-sum first:

= −4k

∞∑
n=0

Γ(n+ 2)

Γ(n+ 1)(n+ 2− 2ı∆t/β)
3F2

(
1, 1 +

n

2
,
n+ 3

2
;

3

2
,

3

2
;

(
kβ

2

)2
)

× Re e−
kβ
2 (n+2−2ı∆t

β ) . (6.189)

The Hypergeometric function can be expanded in the high temperature limit as:

3F2

(
1, 1 +

n

2
,
n+ 3

2
;

3

2
,

3

2
;

(
kβ

2

)2
)

= 1 +
1

72
(n+ 2)(n+ 3)(kβ)2 +O

(
(kβ)4

)
. (6.190)

We can check, using direct numerical integration, that the analytic answer improves
much if we keep also the second order term in this expansion. Finally, we can perform
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the remaining sum over n, yielding:

− 4k

∞∑
n=0

Γ(n+ 2)

Γ(n+ 1)(n+ 2− 2ı∆t/β)

(
1 +

1

72
(n+ 2)(n+ 3)(kβ)2

)
e−

kβ
2 (n+2−2ı∆t

β )

= −2k
e−kβ+ık∆t

1− ı∆t/β

[
2F1

(
2, 2− 2ı∆t

β
; 3− 2ı∆t

β
; e−

kβ
2

)
(6.191)

+
(kβ)2

12
2F1

(
4, 2− 2ı∆t

β
; 3− 2ı∆t

β
; e−

kβ
2

)]
,

where of course we are interested in the real part of the expression above. Having per-
formed the integrals needed to calculate the high temperature limit of MF

φ,th−th(k,∆t),
we can collect all the results in equations (6.178), (6.180), (6.185), (6.187), and equa-
tion (6.191) above, finding precisely equation (6.97).

Appendix E: The Statistical Propagator in Fourier Space

This appendix is devoted to calculating the statistical propagator in Fourier space at
finite temperature. Starting point is the equation of motion (6.40) in Fourier space. The
two Wightman functions are now given by:

ı∆−+
φ (kµ) =

−ıM−+
φ (kµ)ı∆a

φ(kµ)

kµkµ +m2
φ + ıM r

φ,ren(kµ)
(6.192a)

ı∆+−
φ (kµ) =

−ıM+−
φ (kµ)ı∆a

φ(kµ)

kµkµ +m2
φ + ıM r

φ,ren(kµ)
, (6.192b)

where we use the definition of the advanced propagator (6.25b) in Fourier space:

ı∆a
φ(kµ) =

−ı
kµkµ +m2

φ + ıMa
φ,ren(kµ)

, (6.193)

and the definitions of the advanced and retarded self-masses:

ıM r
φ,ren(kµ) = ıM++

φ,ren(kµ)− ıM+−
φ (kµ) = ıM−+

φ (kµ)− ıM−−φ,ren(kµ) (6.194a)

ıMa
φ,ren(kµ) = ıM++

φ,ren(kµ)− ıM−+
φ (kµ) = ıM+−

φ (kµ)− ıM−−φ,ren(kµ) . (6.194b)

Our starting point is:

ıM++
φ (kµ) =− ıh2

2

∫
dD(x− x′)

(
ı∆++

χ (x;x′)
)2
e−ık(x−x′) (6.195)

=− ıh2

2

∫
dDk′

(2π)D
ı∆++

χ (k′µ)ı∆++
χ (kµ − k′µ) .
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The thermal propagators appearing in this equation are given by equation (6.42), where
mχ → 0. This calculation naturally splits again into three parts:

ıM++
φ (kµ) = ıM++

φ,vac(kµ) + ıM++
φ,vac−th(kµ) + ıM++

φ,th−th(kµ) . (6.196)

A similar expression holds for the other self-masses. Let us firstly evaluate all vacuum
contributions to the self-masses. The simplest method of determining e.g. ıM+−

φ,vac(kµ)

or ıM−+
φ,vac(kµ) is to use the retarded self-mass in Fourier space and ıM++

φ,ren(kµ), which
we already derived in appendix B of this chapter. Using expressions (6.77) and (6.170),
we can derive:

ıM r
φ,ren(kµ) =

∫ ∞
−∞

d∆teık
0∆tıM r

φ,ren(k,∆t) (6.197)

=
−h2

64kπ2
(−k2

0 +k2)

∫ ∞
0

d∆t

[
eı(k+k

0)∆t
[
−ı (ci(2k∆t)−log(2k∆t)−γE)− π

2
−si(2k∆t)

]
+ eı(k

0−k)∆t
{
ı (ci(2k∆t)−log(2k∆t)−γE)− π

2
−si(2k∆t)

}
− 2ı log (2µ∆t)

(
eı(k+k0+ıε)∆t − eı(k

0−k+ıε)∆t
)]

,

where k2
0 = (k0)2, and where we use two partial integrations and dispose of the bound-

ary terms by introducing an ε regulator, where necessary. We can now use:∫ ∞
0

dx log(βx)eıαx = − ı
α

[
log

(
−ıα+ ε

β

)
+ γE

]
, (6.198)

and moreover we write:

eı(k
0±k)∆t =

−ı
k0 ± k

∂te
ı(k0±k)∆t , (6.199)

to prepare for another partial integration. Equation (6.197) evaluates to:

ıM r
φ,ren(kµ) =− h2

64kπ2

[
2(k0 − k)

(
log

(
−ı(k + k0) + ε

2µ

)
+ γE

)
− 2(k0 + k)

(
log

(
−ı(k0 − k) + ε

2µ

)
+ γE

)
+

∫ ∞
0

d∆t
2k0

∆t

(
eı(k

0+k)∆t − eı(k
0−k)∆t

)]
. (6.200)

For α, β ∈ R, we can use:

lim
z↓0

∫ ∞
z

d∆t

[
cos(α∆t)− 1

∆t
− cos(β∆t)− 1

∆t

]
= log

(
|β|
|α|

)
, (6.201)
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to evaluate the remaining integrals. The result is:

ıM r
φ,ren(kµ) =

h2

32π2

[
log

(
−k2

0 + k2 − ısgn(k0)ε

4µ2

)
+ 2γE

]
. (6.202)

From ıM r
φ,ren(kµ) = ıM++

φ,ren(kµ) − ıM+−
φ,vac(kµ) we can immediately find the Wightman

self-masses. We take ıM++
φ,ren(kµ) from equation (6.161), but we have to make sure we

use the same subtraction scheme as in our position space calculation in equation (6.55).
We therefore modify equation (6.161) slightly to:

ıM++
φ,ren(kµ) =

h2

32π2

[
log

(
−k2

0 + k2 − ıε
4µ2

)
+ 2γE

]
. (6.203)

We thus find:

ıM+−
φ,vac(kµ) =− ıh2

16π
θ(−k0 − k) (6.204a)

ıM−+
φ,vac(kµ) =− ıh2

16π
θ(k0 − k). (6.204b)

As a check, we consider the following relation that has to be satisfied:

ıM++
φ,ren(kµ) + ıM−−φ,ren(kµ) = ıM+−

φ,vac(kµ) + ıM−+
φ,vac(kµ) . (6.205)

Of course, ıM++
φ,ren(kµ) is given in equation (6.203), which also allows us to derive the

anti-time ordered self-mass:

ıM−−φ,ren(kµ) = − h2

32π2

[
log

(
−k2

0 + k2 + ıε

4µ2

)
+ 2γE

]
, (6.206)

where ıM−−φ,ren(kµ) contains an additional minus sign because of the Wick rotation (see
appendix B of this chapter for details). We thus find:

ıM+−
φ,vac(kµ) + ıM−+

φ,vac(kµ) = − ıh
2

16π
θ(k2

0 − k2) . (6.207)

This is in perfect agreement with equation (6.204). We have now calculated all vacuum
contributions to the self-masses. Let us now return to equation (6.196), where we are
furthermore interested in evaluating:

ıM++
φ,vac−th(kµ) =− h2

∫
dDk′

(2π)D
neq
χ (|k0 − k′0|)
k′µkµ − ıε

2πδ
(
(kµ − k′µ)(kµ − k′µ)

)
(6.208a)

ıM++
φ,th−th(kµ) =− ıh2

2

∫
dDk′

(2π)D
4π2δ

(
(kµ − k′µ)(kµ − k′µ)

)
δ
(
k′µk′µ

)
× neq

χ (|k0 − k′0|)neq
χ (|k′0|) . (6.208b)



Appendix E: The Statistical Propagator in Fourier Space 229

As all thermal contributions are finite, we can safely let D → 4, and furthermore make
use of equation (6.80):

ıM++
φ,vac−th(kµ) =− h2

8π2k

∫ ∞
0

dk′
∫ k+k′

|k−k′|
dω k′neq

χ (ω) (6.209a)

×
(

1

−(k0 + ω)2 + k′2 − ıε
+

1

−(k0 − ω)2 + k′2 − ıε

)
ıM++

φ,th−th(kµ) =− ıh2

16πk

∫ ∞
0

dk′
∫ k+k′

|k−k′|
dω neq

χ (k′) (6.209b)

×
∑
±
neq
χ (|k0 ± k′|)

[
δ(k0 ± k′ + ω) + δ(k0 ± k′ − ω)

]
.

Here, k = ‖~k‖ as before. Transforming to (u, v)-coordinates, already used in equa-
tion (6.175), now yields:

ıM++
φ,vac−th(kµ) =− h2

32π2k

∫ k

−k
du

∫ ∞
k

dv
u+ v

e
β
2 (u+v) − 1

(6.210a)

×
(

1

(v + k0)(u− k0)− ıε
+

1

(v − k0)(u+ k0)− ıε

)
ıM++

φ,th−th(kµ) =− ıh2

32πk

∫ k

−k
du

∫ ∞
k

dv neq
χ

(
1

2
(u+ v)

)
(6.210b)

×
∑
±
neq
χ

(∣∣∣∣k0 ± 1

2
(u+ v)

∣∣∣∣) [δ(k0 ± v) + δ(k0 ± u)
]
.

Let us firstly calculate ıM++
φ,th−th(kµ). The Dirac delta-functions trivially reduce equa-

tion (6.210b) further and moreover, we can make use of:

∫ k

−k
du

1

e
β
2 (u−k0)−1

1

e−
β
2 (u+k0)−1

=
2

β

1

e−βk0−1

[
2 log

[
1−e−

β
2 (k−k0)

1−e
β
2 (k+k0)

]
+ kβ

]
(6.211a)

∫ ∞
k

dv
1

e
β
2 (v−k0)−1

1

e
β
2 (v+k0)−1

=
2

β

[
1

1−eβk0 log
(

1−e−
β
2 (k−k0)

)
+

1

1− e−βk0 log
(

1− e−
β
2 (k+k0)

)]
. (6.211b)
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The final result for ıM++
φ,th−th(kµ) thus reads:

ıM++
φ,th−th(kµ) =− ıh2

16πkβ

[∑
±

θ(∓k0 − k)

e∓βk0 − 1

{
2 log

(
1− e−

β
2 (k∓k0)

1− e
β
2 (k±k0)

)
+ kβ

}
(6.212)

+
∑
±

[
θ(∓k0 + k)− θ(∓k0 − k)

]{ 1

1− e±βk0 log
(

1− e−
β
2 (k∓k0)

)
+

1

1− e∓βk0 log
(

1− e−
β
2 (k±k0)

)}]
.

Since this contribution to ıM++
φ (kµ) does not depend on the pole prescription, it com-

pletely fixes similar contributions to the other self-masses, e.g. ıM+−
φ,th−th = ıM++

φ,th−th.
It turns out that equation (6.210a) is not most advantageous to derive ıM++

φ,vac−th(kµ).
Let us therefore firstly evaluate ıM±∓(kµ). Let us thus start just as in equation (6.195)

and set:
ıM±∓φ (kµ) = ıM±∓φ,vac(kµ) + ıM±∓φ,vac−th(kµ) + ıM±∓φ,th−th(kµ) . (6.213)

The thermal-thermal contributions are given above in equation (6.212), so we only need
to determine the vacuum-thermal contributions. Hence, we perform an analogous cal-
culation as for ıM++, and transform to the familiar lightcone coordinates u and v to find
the following intermediate result:

ıM±∓φ,vac−th(kµ) = − ıh2

16πk

∫ k

−k
du

∫ ∞
k

dv neq
χ (|k0±(u+ v)/2|)

[
δ(k0 ± u) + δ(k0 ± v)

]
.

(6.214)
The delta functions allow us to perform one of the two integrals trivially. The remaining
integral can also be obtained in a straightforward manner:

ıM±∓φ,vac−th(kµ) =
ıh2

8πkβ

[{
θ(k ± k0)− θ(−k ± k0)

}
log
(

1− e−
β
2 (k±k0)

)
− θ(∓k0 − k) log

(
1− e−

β
2 (∓k0+k)

1− e−
β
2 (∓k0−k)

)]
. (6.215)

By subtracting and adding the self-masses above, we obtain the vacuum-thermal con-
tributions to the causal and statistical self-masses in Fourier space from equations (6.79)
and (6.84), respectively. The vacuum-thermal contribution to the causal self-mass reads:

M c
φ,vac−th(kµ) = ıM+−

φ,vac−th(kµ)− ıM−+
φ,vac−th(kµ) (6.216)

=
ıh2

8πkβ
sgn(k0)

[
log
(

1− e−
β
2 (k+|k0|)

)
− log

(
1− e−

β
2 |k−|k

0||
)]

,
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where we make use of the theta functions to bring this result in a particularly compact
form. Likewise, the vacuum-thermal contribution to the statistical self-mass now reads:

MF
φ,vac−th(kµ) =

1

2

[
M+−
φ,vac−th(kµ) +M−+

φ,vac−th(kµ)
]

(6.217)

=
h2

16πkβ

[
sgn(k−|k0|) log

(
1−e−

β
2 (k+|k0|)

)
+ log

(
1−e−

β
2 |k−|k

0||
)]
.

As a check of the results above, we perform the inverse Fourier transforms of the causal
and statistical self-masses in equations (6.83) and (6.87), respectively, and we find agree-
ment with the results presented above.

The vacuum-thermal contribution to ıM++
φ (kµ) now follows in a convenient manner

from equations (6.71) and (6.83). Let us set the imaginary part of ıM++
φ (kµ) equal to:

M++
sgn (k,∆t) ≡ 1

2
sgn(∆t)M c

φ(k,∆t) (6.218)

=
h2

32π2

sin(k∆t)

k(∆t)2
sgn(∆t)

[
2π∆t

β
coth

(
2π∆t

β

)
− 1

]
βk�1−→ h2

16πβ

sin(k∆t)

k∆t
,

where we take the high temperature limit on the third line. We thus have:

M++
sgn (kµ) =

∫ ∞
−∞

d(∆t)M++
sgn (k,∆t)eık

0∆t

βk�1−→ h2

8πkβ

∫ ∞
0

d(∆t)
sin(k∆t) cos(k0∆t)

∆t

=
h2

32βk

[
sgn(k0 + k) + sgn(−k0 + k)

]
, (6.219)

where perform the remaining integral on the second line in a straightforward manner.
Using equation (6.71) and (6.217), we find:

M++
φ,vac−th(kµ)

βk�1−→ MF
φ,vac−th(kµ) + ıM++

sgn (kµ) (6.220a)

M−−φ,vac−th(kµ)
βk�1−→ MF

φ,vac−th(kµ)− ıM++
sgn (kµ) , (6.220b)
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such that:

ıM++
φ,vac−th(kµ)

βk�1−→ ıh2

16πkβ

[
sgn(k−|k0|) log

[
1−e−

β
2 (k+|k0|)

]
+log

[
1−e−

β
2 |k−|k

0||
]

+
ıπ

2

[
sgn(k0 + k) + sgn(−k0 + k)

] ]
(6.221a)

ıM−−φ,vac−th(kµ)
βk�1−→ ıh2

16πkβ

[
sgn(k−|k0|) log

[
1−e−

β
2 (k+|k0|)

]
+log

[
1−e−

β
2 |k−|k

0||
]

− ıπ

2

[
sgn(k0 + k) + sgn(−k0 + k)

] ]
. (6.221b)

One can check equation (6.219) by means of an alternative approach. The starting point
is the first line of equation (6.83) and one can furthermore realise that differentiating
M++

sgn (kµ) with respect to k0 brings down a factor of ı∆t, which conveniently cancels
the factor of ∆t that is present in the denominator. One can then integrate the result-
ing expressions (introducing ε regulators and UV cutoffs where necessary), confirming
expression (6.219).

In the low temperature limit, equation (6.218) reduces to:

M++
sgn (k,∆t)

βk�1−→ h2

24kβ2
sin(k∆t)sgn(∆t) . (6.222)

We can introduce an ε regulator:

M++
sgn (kµ)

βk�1−→ h2

12kβ2

∫ ∞
0

d(∆t) sin(k∆t) cos(k0∆t)e−ε∆t

=
h2

12β2

1

k2 − k2
0

. (6.223)

Analogously, we can derive the following expressions for the vacuum-thermal contri-
butions to ıM±±φ (kµ) in the low temperature limit:

ıM++
φ,vac−th(kµ)

βk�1−→ ıh2

16πkβ

[
sgn(k − |k0|) log

(
1− e−

β
2 (k+|k0|)

)
(6.224a)

+ log
(

1− e−
β
2 |k−|k

0||
)

+
ı4πk

3β

1

k2 − k2
0

]
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ıM−−φ,vac−th(kµ)
βk�1−→ ıh2

16πkβ

[
sgn(k − |k0|) log

(
1− e−

β
2 (k+|k0|)

)
(6.224b)

+ log
(

1− e−
β
2 |k−|k

0||
)
− ı4πk

3β

1

k2 − k2
0

]
.

We have now all self-masses at our disposal necessary to calculate F (kµ). To numeri-
cally evaluate the integrals in equation (6.109) we do not rely on the high and low tem-
perature expressions in equations (6.224) or (6.221) but we rather use exact numerical
methods, i.e.: the first line of equation (6.218).





CHAPTER 7

CONCLUSION

Despite of the vast size of the Universe today, quantum effects are of fundamental
importance to understand vital parts of its evolution. Right after the Big Bang, it is
likely that the Universe’s evolution is dominated by quantum effects. During inflation,
quantum processes might lie at the heart of the creation of the initial density inhomo-
geneities from which all of the structure we observe in the Universe today originated.
Out-of-equilibrium quantum effects might be invoked to explain both the asymmetry
between baryons and anti-baryons as well as the creation of yet undiscovered dark
matter particles. Quantum processes could be paramount to understand the nature
of the mysterious dark energy resulting in the Universe’s recently observed accelerated
expansion. Inspired by these considerations, this thesis investigates various interesting
aspects of quantum field theory in connection to cosmology.

7.1 Quantum Backreaction

In chapters 2 and 3, we study quantum backreaction, where the impact of quantum
fluctuations on the background geometry is investigated. In chapter 2, we consider
the effect of the trace anomaly on the cosmological constant. We study the dynamics
resulting from adding the trace anomaly to the Einstein field equations both in quasi de
Sitter spacetime, where we truncate all higher order derivatives whenever they occur,
and in full generality in FLRW spacetimes, where we keep all higher order derivative
contributions. We take matter with arbitrary constant equation of state and a cosmo-
logical constant into account. There is no dynamical effect that influences the effective
value of the cosmological constant (the classical de Sitter attractor). General relativity
at a cosmological scale is thus unaffected. Based on our semiclassical analysis, we thus
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conclude that the trace anomaly does not solve the cosmological constant problem. It
seems unlikely that the quantum anomaly driven attractor is physical given the obser-
vation that it is of the order of the Planck mass, while it simultaneously results from a
perturbative calculation. In chapter 3, we derive the time ordered fermion propagator
in FLRW spacetimes with constant deceleration parameter q = ε − 1. Furthermore,
we calculate the renormalised one-loop effective action. Variation of the effective ac-
tion yields a quantum correction to the classical Friedmann equations. The resulting
dynamics need yet to be investigated. We can already see that the effective potential,
calculated in a fixed background of constant ε, can become large and negative hence we
can certainly not exclude a significant effect due to the quantum backreaction on the
Universe’s expansion.

7.2 Decoherence in Quantum Field Theory

Chapters 4, 5, and 6 are concerned with decoherence. We formulate a novel approach
to decoherence, based on neglecting observationally inaccessible correlators. This is
inspired by realising that correlators are observables in quantum field theory, and that
higher order, irreducible n-point correlators are usually perturbatively suppressed. Our
“correlator approach” to decoherence is taylored to applications in quantum field the-
ory. Chapter 4 outlines this approach. Just as in the conventional approach to decoher-
ence, we consider a quantum system of interest, immersed in a thermal environment.
The amount of decoherence is quantified by the von Neumann entropy. We calculate
the von Neumann entropy of a general Gaussian state, which we coin the Gaussian von
Neumann entropy. This entropy can be solely expressed in terms of the three equal time
correlators characterising the Gaussian state, which can, in turn, all be derived from the
statistical propagator. This realisation opens the door to systematically study entropy
generation in an interacting field theoretical system. Furthermore, assuming the ob-
server’s ability to probe this information experimentally, we calculate the correction to
the Gaussian von Neumann entropy for two specific non-Gaussian states.

The conventional approach to decoherence, based on solving the reduced density
matrix from a non-unitary perturbative master equation, suffers from a number of draw-
backs, as outlined in section 4.1. To nevertheless allow for a quantitative comparison
between our correlator approach and the conventional approach to decoherence, we
apply both formalisms to two simple quantum mechanical models in chapter 5. We con-
sider a bilinear coupling between system and environment and a cubic interaction term
mimicking the Lagrangian we study in the quantum field theoretical case. Our main
finding is that in the resonant regime, where one or more of the frequencies of the simple
harmonic oscillators of the environment are comparable to the frequency of the system,
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the Gaussian von Neumann entropy obtained from the perturbative master equation
blows up. We probe the resonant regime with perturbatively small couplings, so this
secular growth of the entropy clearly indicates physically unacceptable behaviour. The
perturbative master equation tends both to overestimate the amount of entropy pro-
duced as well as to overdamp any fluctuations present in equal time correlators. The
Gaussian von Neumann entropy in our correlator approach to decoherence behaves in
a perfectly stable way. The quadratic model of two coupled simple harmonic oscillators
is perhaps the simplest model one can study in the context of decoherence. It is strik-
ing to observe that the perturbative master equation fails even there (in the resonant
regime). Of course, one could argue that we should have solved the non-perturbative
master equation in the resonant regime. Although true in principle, it is much more
convenient to solve for correlators than for density matrices. As one generally hopes to
extract two quantitative measures out of a decoherence related calculation, to wit the
decoherence rate and the total amount of decoherence, we conclude that the perturba-
tive master equation fails to accurately predict the latter. Had an invariant measure of
decoherence been used in the conventional approach to decoherence, the decoherence
rate could be correctly extracted from the perturbative master equation, as the early
time behaviour of the Gaussian von Neumann entropy coincides with the entropy in
our correlator approach to decoherence. The set of Kadanoff-Baym equations is the
sophisticated field theoretical machinery required to properly solve for the propagators
in an interacting quantum field theory. The Kadanoff-Baym equations resum Feynman
diagrams and prevent secular terms from developing, which leads to an asymptotically
stable thermalised state. The instabilities of the perturbative master equation in the
resonant regime have the following two reasons: the perturbative master equation can
be derived from the Kadanoff-Baym equations by a number of perturbative and non-
unitary approximations (in the memory kernels of the Kadanoff-Baym equations one
can insert free propagators with appropriate initial conditions to derive the perturbative
master equation). Even though these approximations lead to a closed and local system
of differential equations for the three Gaussian correlators which specify a general Gaus-
sian density matrix, they spoil the resummation scheme, which is the very reason for
the beautifully stable late time behaviour of the Kadanoff-Baym equations. Secondly,
the perturbative master equation incorrectly treats a quadratic coupling between system
and environment as a proper non-Gaussian interaction.

Chapter 6 contains the first realistic study of decoherence in a renormalised quantum
field theoretical setting. We extract the two quantitative measures of decoherence in
our model: the total amount of decoherence and the decoherence rate. Using out-of-
equilibrium field theory techniques, we show that the Gaussian von Neumann entropy
for a pure quantum state increases to the interacting thermal entropy. This measures
how classical our pure state has become. The decoherence rate is well described by
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the single particle decay rate in our model. We thus observe that decoherence happens
on the same time scale as the one on which the fields interact. The main finding in
this chapter is that, although a pure state remains pure under unitary evolution, the
observer perceives this state over time as a mixed state with positive entropy as non-
Gaussianities are dynamically generated. Alternatively, one could say that a realistic
observer cannot probe all information about the system and thus discerns a loss of
coherence of our pure state. We refer to figure 4.1 in section 4.1 for a qualitative, but
very intuitive picture of this setup. Motivated by a potentially interesting scenario of
baryogenesis during a first order phase transition at the electroweak scale, we also study
the effects on the Gaussian von Neumann entropy of a changing mass of the system
field. A changing mass squeezes the state, and we find that the Gaussian von Neumann
entropy changes to the new interacting thermal entropy after the mass change on a
time scale that is again well described by the single particle decay rate in our model.
By further study of squeezed initial states, we conclude that the coherent effect of a
non-adiabatic mass change is not immediately destroyed by the process of decoherence
and thermalisation. This conclusion certainly inspires further research in the context
of baryogenesis. Furthermore, this study builds the quantum field theoretical frame-
work for future decoherence studies. Interesting applications in cosmology for example
include the decoherence of cosmological perturbations and applications connected to
information physics and future quantum computers, where it seems likely that a better
understanding of decoherence in a relativistic setting is required.

7.3 Outlook

As a closing remark of this thesis, let us call the early days of quantum mechanics to
mind, where both theoretical and experimental physicists were surprised by the out-
come of many experiments. These results were heavily debated at the time as they
seemed to disagree with the familiar, intuitive notion of classical reality. Nowadays, the
quantum world is well understood by numerous laboratory experiments. Cosmologists
also realised that quantum theory turned out to be indispensable to understand part of
cosmic history. Given our current understanding of Big Bang cosmology, it is likely that
quantum theory will continue to surprise us by its profound impact on the evolution of
the Universe.



SAMENVATTING

In de bestseller A Brief History of Time schrijft Stephen Hawking: “Someone told me that
each equation I included in the book would halve the sales.” Ik vrees wat dat betreft het
ergste voor dit proefschrift. Nu wil ik toch proberen een korte uitleg van mijn onderzoek
te geven, zonder formules.

Ik zal starten met een overzicht van enkele belangrijke begrippen in de kosmologie,
het onderdeel van de natuurkunde dat zich ten doel heeft gesteld de evolutie van het
Universum te doorgronden.

Er zijn observationele kosmologen. Zij beschikken over zeer gevoelige telescopen
waarmee zij zoveel mogelijk informatie proberen te onttrekken aan het heelal, onder
andere aan het licht dat de sterren in onze richting uitzenden. Wat is bijvoorbeeld de
afstand van onze aarde tot een bepaalde ster? Als we de lengte van een stuk tapijt
willen weten, pakken we een meetlint en leggen dit langs het tapijt. De lengte van het
tapijt laat zich nu gemakkelijk aflezen. Het meetlint dat observationele kosmologen
gebruiken om de afstand tot een ster te bepalen is de lichtsterkte van de ster. Als ik
deze meettechniek wil uitleggen, kan ik een ster het beste met een kaars vergelijken en
meten hoe fel de kaars brandt. Als de kaars nu eerst voor ons op tafel en vervolgens ver
weg op de maan brandt (en wij er met een telescoop naar kijken) kunnen we in beide
situaties de lichtsterkte meten. Hoe verder weg de kaars staat, des te zwakker nemen
wij het licht waar. Uit de lichtsterkte van een ster kunnen observationele kosmologen
dus bepalen hoe ver deze ster van ons verwijderd is.

Dan zijn er theoretische kosmologen. Zij doen berekeningen om te kijken of ze
de waarnemingen van hun collega’s, de observationele kosmologen, kunnen begrij-
pen, of om iets uit te rekenen wat (nog) niet door de observationele kosmologen is
waargenomen. Theoretische kosmologie werd eigenlijk pas een serieuze wetenschap
nadat Einstein zijn algemene relativiteitstheorie geformuleerd had. De algemene rela-
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tiviteitstheorie is een theorie over de zwaartekracht waarmee je onder andere nauwkeu-
rig kunt uitrekenen met welke snelheid de aarde en de andere planeten in ons zonne-
stelsel rond de zon draaien. Een van de meest intrigerende aspecten van Einstein’s
theorie is dat een zwaar object en de ruimte rond dat object niet los van elkaar gezien
kunnen worden. Een massief object, zoals een ster, beı̈nvloedt de ruimte om zich heen,
en andersom. Neem als voorbeeld een bal en een tafellaken in gedachten en leg de bal
neer op een in alle hoeken omhoog gehouden, strak gespannen tafellaken. Zodra we
nu de bal in het midden van het laken leggen, vormt zich een deukje rond de bal en
is het laken niet meer helemaal vlak. Dit is precies het effect van een ster op de ruimte
rondom de ster: we zeggen dat een ster de ruimte kromt, net zoals een bal het tafellaken
indeukt.

Nu het duidelijk is hoe een ster de ruimte waar die zich bevindt beı̈nvloedt, zal het
geen verbazing wekken dat veel sterren samen ook een effect hebben op de ruimte.
Ingewikkelder geformuleerd: alle energie en materie in het heelal samen beı̈nvloeden
de ruimte van het heelal. Eén van de meest belangwekkende ontdekkingen van de
vorige eeuw (gedaan door Edwin Hubble en Milton Humason in 1929) was dat dit
effect de expansie van het heelal betrof. Men kan zich een voorstelling maken van
de expansie van het heelal door een half opgeblazen ballon in gedachte te nemen.
Op die half opgeblazen ballon zetten we met een stift een paar zwarte stippen. De
stippen symboliseren sterrenstelsels, grote groepen sterren. Als we nu de ballon verder
opblazen zal de afstand tussen twee willekeurige stippen op de ballon toenemen. Dit is
precies hetzelfde effect bij de expansie van het heelal op twee ver van elkaar verwijderde
sterrenstelsels. Die twee sterrenstelsels bewegen niet van elkaar af in de ruimte, maar
de ruimte tussen de sterrenstelsels is toegenomen.

Het Oerknal Model

Door de inspanningen van theoretische en observationele kosmologen is in de loop van
de vorige eeuw een model ontstaan waarmee alle waarnemingen, die tot op de dag van
vandaag gedaan zijn, gemodelleerd kunnen worden. Dit is het zogenaamde oerknal
model of, in vakjargon, het “ΛCDM concordance” model. De Λ (Lambda) staat voor
de zogenaamde kosmologische constante en zou veroorzaakt kunnen worden door de
energie van het vacuüm. Hierover straks meer. De CDM staat voor “Cold Dark Matter”,
ofwel koude donkere materie. Dit is een vorm van materie die, de naam zegt het al,
geen licht uitstraalt. Het heelal bestaat voor ongeveer 25% uit koude donkere materie
(terwijl de gewone, zichtbare materie slechts ongeveer 5% van de inhoud van het heelal
voor zijn rekening neemt). De donkere materie kunnen we dus niet zien, maar slechts
afleiden uit de zwaartekracht die het uitoefent op andere objecten, inclusief de gewone
materie. Een aansprekende vergelijking die ik Robbert Dijkgraaf heb horen maken is de
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volgende: de koude donkere materie is het beste te vergelijken met de takken van een
kerstboom die de lichtjes in de kerstboom (de normale, lichtgevende materie) op hun
plaats houden. Het idee is dan natuurlijk dat het donker is, zodat we slechts de lichtjes
in de kerstboom kunnen zien, en niet de takken waarop de lichtjes bevestigd zijn. De
overige 70% van het heelal bestaat dan dus uit de kosmologische constante.

Hoewel het feitelijke begin van het heelal nog altijd een mysterie is, is het wel duide-
lijk dat het heelal vlak na de oerknal erg klein en zeer heet moet zijn geweest. Terwijl het
heelal expandeerde, koelde het heelal langzaam af. Er zijn onder meer twee belangrijke
waarnemingen die het ΛCDM model ondersteunen. Deze zal ik nu kort toelichten.

Nucleosynthese

Nucleosynthese is een proces dat verantwoordelijk is voor de gemiddelde samenstelling
van de materie in het heelal. Het heelal bestond ongeveer 3 minuten na de oerknal
onder andere uit waterstofkernen. Dit is de simpelste atoomkern denkbaar: het bestaat
uit slechts één proton. Het heelal was op dit moment nog steeds gigantisch heet, zodat
deze waterstofkernen met enorme snelheden tegen elkaar aan botsten. Rond deze tijd
was de energie van de waterstofkernen geschikt voor kernfusie reacties. Kernfusie is
een proces dat uit lichte en simpele atoomkernen, zwaardere en complexere atoom-
kernen produceert. Op deze manier ontstaan deuteronen (één proton en neutron) en
helium- en lithiumkernen. Gegeven de omstandigheden van het heelal tijdens deze pro-
cessen, kunnen we precies berekenen hoeveel deuteronen en helium- en lithiumkernen
ontstaan zouden moeten zijn. Deze hoeveelheden kunnen we vervolgens vergelijken
met de hoeveelheden die we nu in het heelal waarnemen.

De Kosmische Achtergrondstraling

Een tweede belangrijke waarneming betreft de detectie van de kosmische achtergrond-
straling. Men kan deze straling overigens zelf waarnemen: als men de tv niet op een
kanaal afstemt ontvangt men alleen ruis. Een paar procent van deze ruis is afkomstig
van de kosmische achtergrondstraling. Er wordt ook wel eens gezegd dat de kosmische
achtergrondstraling lijkt op een babyfoto van het heelal. Het heelal was toen namelijk
slechts 380.000 jaar oud, dus tamelijk jong bezien op een kosmische schaal.

Hoe is deze straling ontstaan? Het heelal bestond destijds onder andere uit pro-
tonen, elektronen en fotonen. De temperatuur van het heelal was dusdanig hoog dat
elektronen niet met protonen gebonden waren in waterstofatomen, maar vrij van elkaar
bewogen. De fotonen botsten voortdurend met deze vrije elektronen.

Men kan deze situatie vergelijken met dichte mist: het licht wordt door de mist in
alle richtingen verstrooid met als gevolg dat men niks van de omgeving kan waarne-
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men. Als de koplampen van de auto fel aan staan terwijl het erg mistig is, dan wordt
het licht van de koplampen in alle richtingen weerkaatst door de waterdruppeltjes in de
mist. De mist wordt wit van kleur, omdat het licht van de koplampen ook weerkaatst
wordt in de richting van de ogen. Als nu de temperatuur van het heelal wat verder daalt
door de expansie, combineren de vrije elektronen en protonen tot waterstofatomen. Een
eigenschap van de verstrooiing van licht aan de neutrale waterstofatomen is, om de
analogie met de mist weer aan te houden, dat de mist rond de auto optrekt. De fotonen
botsen niet meer continu met de waterdruppeltjes in de mist, maar bewegen in een
rechte lijn. Het gevolg is dat men de omgeving weer waar kan nemen. Zo gaat het ook
in het heelal: deze fotonen bewegen vanaf 380.000 jaar na de oerknal tot op de dag van
vandaag (13.7 miljard jaar na de oerknal) ongehinderd rechtdoor. Een zeer klein deel
van deze fotonen treft onze detectoren, die dus daadwerkelijk een foto kunnen maken
van het heelal vrijwel direct na de oerknal.

Kwantummechanica en de Evolutie van het Heelal

Mijn proefschrift richt zich op twee aspecten van de toepassing van de kwantumme-
chanica op de evolutie van het heelal. In hoofdstuk 2 en 3 richt ik mij onder andere op
het kosmologische constante probleem. In de hoofdstukken 4, 5 en 6 houd ik me bezig met
decoherentie.

Kwantummechanica

Voor ik in kan gaan op de rol van de kwantummechanica in de kosmologie, zal ik eerst
de kwantummechanica kort introduceren. De kwantummechanica is een onderdeel van
de natuurkunde dat de mechanica (de beweging) van hele kleine deeltjes beschrijft. De
wetten van de kwantummechanica zijn volkomen anders dan de klassieke natuurkun-
dige wetten die de mechanica van bijvoorbeeld biljartballen beschrijft. De beweging van
twee botsende biljartballen is gemakkelijk te voorspellen gegeven de precieze posities
en snelheden van de beide biljartballen.

In de kwantummechanica ligt dit gecompliceerder, daar het niet mogelijk is om
zowel de positie als de snelheid van een deeltje exact te weten. De positie van een
deeltje wordt beschreven door een zogenaamde golffunctie, met behulp waarvan alleen
de kans dat een deeltje zich ergens bevindt berekend kan worden. Er kan dus ook alleen
gesproken worden over de kans dat twee deeltjes botsen. Het is belangrijk te beseffen
dat deze onzekerheid niet te wijten is aan de onderzoeker omdat deze niet beschikt over
een meetinstrument dat zowel de positie als de snelheid kan meten. Als dat de oorzaak
zou zijn, zou enkel een beter meetinstrument nodig zijn om dit probleem op te lossen.
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Nee, het is fundamenteel onmogelijk positie en snelheid met volledige zekerheid te
weten. Dit is slechts één aspect van de verrassende wereld van de kwantummechanica.

Kwantumfluctuaties

Men kan nu denken: ik begrijp dat de kwantummechanica van belang is om de bewe-
gingen van hele kleine deeltjes te doorgronden, maar het heelal is juist heel erg groot,
dus waarom zou kwantummechanica nodig zijn om het grote heelal te begrijpen? Sim-
pel beantwoord: direct na de oerknal was het heelal erg klein, oftewel de energie erg
groot, dus is kwantummechanica noodzakelijk om dat deel van de evolutie van het
heelal te begrijpen. Het zou kunnen zijn dat kwantummechanische processen verant-
woordelijk zijn voor de waargenomen waarde van de kosmologische constante. Laat
ik proberen dit te verhelderen. Net zoals we gezien hebben dat het voor kwantumme-
chanische deeltjes onmogelijk is zowel de positie als de snelheid op een bepaald tijdstip
precies te weten, zegt men ook wel dat men in de kwantummechanica een willekeurig
grote hoeveelheid energie kan lenen als men dit maar gedurende zeer korte tijd doet.
Het is dus net alsof men een enorme som geld van de bankrekening kan halen, als
deze som geld maar weer snel genoeg teruggestort wordt op die rekening. Een gevolg
hiervan is dat men deze energie, die men dus maar heel even ter beschikking heeft, kan
gebruiken om deeltjes te maken. Zelfs in het vacuüm – dat in de klassieke wereld van de
biljartballen dus geen deeltjes zou bevatten – vinden dit soort processen continu plaats:
dit zijn de zogenaamde kwantumfluctuaties.

Een interessant gevolg van de kwantumfluctuaties op de evolutie van het heelal
wil ik u niet onthouden. Kwantumfluctuaties staan, volgens de huidige theorieën,
aan de wieg van de eerste dichtheidsfluctuaties in het heelal. Laten we beginnen met
een appel die door de zwaartekracht naar de aarde toe valt. Dit beeld is trouwens
volgens de legende verantwoordelijk voor hoe Newton zijn zwaartekrachttheorie for-
muleerde (gepubliceerd in zijn levenswerk Philosophiae Naturalis Principia Mathematica
op 5 juli 1687). De les die we hieruit kunnen trekken is dat de zwaartekracht een
aantrekkende werking heeft op massieve objecten. Als we nu wat rondzwevende fijne
stofdeeltjes in het heelal in gedachte nemen, kunnen we aan de hand van dit beeld
begrijpen hoe deze fijne stofdeeltjes zullen samenklonteren. Een paar samengeklon-
terde stofdeeltjes oefenen weliswaar een hele geringe zwaartekracht uit, maar die is
wel genoeg om steeds meer nieuwe stofdeeltjes aan te trekken. Dit proces kan vrijwel
eindeloos doorgaan tot uiteindelijk structuur ontstaat op steeds grotere afstanden. Dit
principe resulteert in het ontstaan van sterren, en uiteindelijk zelfs van sterrenstelsels
en clusters (grote groepen van sterrenstelsels). Hoe zijn nu die allereerste, hele kleine
dichtheidsverschillen ontstaan die gedurende vele jaren uitgroeien tot zo‘n complexe
structuur? Hiervoor zijn de kwantumfluctuaties verantwoordelijk. De kleine fluctuaties



244 Samenvatting

vertegenwoordigen namelijk een bepaalde hoeveelheid energie, die ook zwaartekracht
uitoefent. Deze kleine, fluctuerende zwaartekracht is volgens de huidige theorieën ver-
antwoordelijk voor het ontstaan van de eerste dichtheidsfluctuaties een fractie van een
seconde na de oerknal.

Kosmologische Constante

De kosmologische constante vormt een groot probleem: zoals ik al zei bestaat 70% van
het heelal hier uit. Al zijn er genoeg mogelijke verklaringen voor geopperd, weten-
schappers hebben op dit moment nog geen idee wat of welk proces hiervoor precies
verantwoordelijk is. Voor we op een meer specifieke mogelijkheid ingaan, is het goed
om eerst stil te staan bij de meetbare effecten van de kosmologische constante. Eerder
had ik al uitgelegd hoe de afstand tot sterren bepaald kan worden: een ster is te verge-
lijken met een kaars, en door de lichtsterkte van de ster te meten kan de afstand tot ons
bepaald worden.

In 1998 leidde dit principe tot een verrassende ontdekking van donkere energie,
waarvan de kosmologische constante Λ de simpelste vorm is. In dit geval werd er niet
naar sterren gekeken, maar naar zogenaamde supernovae, enorm heftige en energie-
rijke explosies van een bepaald type sterren aan het einde van hun leven. Omdat super-
novae zo helder zijn, zijn deze, ook op grote afstanden, nog goed waar te nemen. De
verrassing ten tijde van de waarneming was dat deze supernovae nog veel verder van
ons verwijderd lijken te staan dan aanvankelijk werd gedacht op basis van de inhoud
van het heelal (ze waren dus minder fel dan gedacht). De kosmologische constante Λ

kan precies zorgdragen voor de waargenomen extra uitdijing van het heelal. Sinds 1998
heeft menig kosmoloog nagedacht over een mogelijke verklaring van de kosmologische
constante. Het zou kunnen zijn dat allerlei kwantummechanische effecten verantwoor-
delijk zijn voor de waargenomen waarde van Λ.

Het Kosmologische Constante Probleem

We kunnen dus zeggen dat de kwantummechanica er voor zorgt dat zelfs het vacuüm
een energiedichtheid heeft die niet nul is. Dit proces zou verantwoordelijk kunnen zijn
voor de recent waargenomen extra expansie van het heelal. Hoe groot is dit effect? Als
we dit effect meten met behulp van de supernovae, komen we tot een bijzonder kleine
waarde van de kosmologische constante. Echter, als we een berekening maken om de
grootte van de kosmologische constante langs wiskundige weg te achterhalen komen
we juist op een erg groot getal. Dit is een belangwekkend probleem in de natuurkunde
en staat bekend als het kosmologische constante probleem. Om de financiële analogie
aan te halen: uit een berekening volgt dat het gemiddelde bedrag dat op een bepaald
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moment door een kwantumfluctuatie van de rekening wordt gehaald erg groot is, ter-
wijl dit in werkelijkheid maar een paar cent bedraagt.

Mijn proefschrift richt zich op het idee dat niet alleen het vacuüm een bepaalde
energiedichtheid bezit maar dat allerlei deeltjes ook nog eens kwantumfluctuaties bezit-
ten. Deze fluctuaties zijn weliswaar erg klein maar zouden onder bepaalde omstandig-
heden juist erg groot kunnen worden. Zoals ik al schreef kwam uit een berekening dus
een veel te grote waarde van de kosmologische constante. Wellicht zou op deze manier
de waarde hiervan gecompenseerd kunnen worden.

Decoherentie

De kwantummechanica beschrijft het verrassende gedrag van hele kleine deeltjes. Er
kan slechts een kans uitgerekend worden om de positie van een deeltje ergens te vin-
den. De wereld om ons heen (de klassieke wereld van de biljartballen) lijkt zich ab-
soluut niet op deze wijze te gedragen, terwijl de biljartballen zelf uit heel veel kleine
deeltjes bestaan. Het kwantummechanische gedrag van een klein deeltje gaat vrijwel
verloren zodra men meer dan een paar geı̈soleerde kwantummechanische deeltjes in
beschouwing neemt. De theorie die dit proces beschrijft staat bekend als decoherentie.
Decoherentie beschrijft dus de zogenaamde “kwantum-naar-klassiek overgang” van
een bepaald kwantummechanisch systeem.

In dit proefschrift ontwikkel ik een nieuwe manier om over deze overgang na te
denken. Centraal hierbij staat de rol van de waarnemer die al dan niet in staat is
de kwantummechanische aspecten van een systeem te meten. Een waarnemer meet
de positie of de snelheid van een deeltje nooit exact, maar altijd met een bepaalde
nauwkeurigheid. Met een gewone liniaal kan de lengte van een stuk papier slechts
met een bepaalde nauwkeurigheid gemeten worden: zo kan de waarnemer op zijn
liniaal aflezen dat een A4’tje 29.7 cm lang is, plus of min enkele millimeters. In de kwan-
tummechanica hebben waarnemers ook te maken met dergelijke onnauwkeurigheden
bij metingen. Laten we aannemen dat de waarnemer eerst de positie van een deeltje
bepaalt en vervolgens de snelheid en dus ook de richting van dit deeltje wil bepalen.
We weten uit de kwantummechanica dat het fundamenteel onmogelijk is tegelijker-
tijd zowel de positie als de snelheid van een deeltje exact te weten. De waarnemer
beschikt over een zeer gevoelig meetinstrument dat de positie van een klein deeltje erg
nauwkeurig bepaalt. De waarnemer concludeert vervolgens – omdat de richting waarin
het deeltje zich beweegt niet vastligt – dat dit deeltje zich dus kwantummechanisch
gedraagt. Als de waarnemer echter een meetinstrument hanteert dat de positie en de
richting van een deeltje erg onnauwkeurig bepaalt zal hij concluderen dat het deeltje
zich juist klassiek gedraagt.
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Conclusie

Ik hoop een beknopt en helder beeld te hebben gegeven van een onderdeel van de
moderne kosmologie. Ik heb getracht een tipje van de sluier op te lichten over de
onderwerpen waarmee ik mij de afgelopen 4 jaar heb bezig gehouden. Ik heb daarbij het
belang van de kwantummechanica voor de kosmologie uiteen willen zetten. Ook heb ik
geprobeerd de soms verrassende aspecten van dit onderzoeksveld voor de evolutie van
het heelal weer te geven. Ik ben ervan overtuigd dat in de toekomst meer verrassende
en belangwekkende ontdekkingen op dit gebied zullen worden gedaan.
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