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Abstract

We study compactifications of eleven-dimensional supergravity on a Calabi-Yau
threefolds times a circle, with a duality twist along the circle a la Scherk-Schwarz.
This leads to four-dimensional N' = 2 gauged supergravity with a semi-positive
definite potential for the scalar fields, which we derive explicitly. Furthermore,
inspired by the orientifold projection in string theory, we define a truncation to
N = 1 supergravity. We determine the D-terms, Kahler- and superpotentials
for these models and study the properties of the vacua. Finally, we point out a
relation to M-theory compactifications on seven-dimensional manifolds with G,
structure.



http://arxiv.org/abs/1008.4286v1

Contents

Introduction and motivation

M-theory on Calabi-Yau manifolds

2.1 Calabi-Yau manifolds and dimensional reduction . . . . . . .
2.2 Symmetries of the five-dimensional theory . . . .. ... ..
2.2.1 Symmetries in the vector multiplet sector . . . . . . .
2.2.2  Symmetries in the hypermultiplet sector . . . . . ..

Scherk-Schwarz reduction to four dimensions

3.1 Ansatz for the compactification . . . . . .. ... ... ...
3.2 The four-dimensional action . . . . . ... .. ... ... ..
3.3 Gauged N = 2 supergravity formulation . . . .. ... ...

M-theory on twisted seven-manifolds

Truncation to N = 1 supersymmetry

5.1 Defining the truncation . . . . . . . .. ... ...
5.2  Performing the truncation . . . . . ... ... ... .. ...
5.3 Superpotential and D-terms . . . . .. ... ... L.
5.4 Connection to manifolds with G5 structure . . . . . . . . ..

Vacuum structure
Conclusions and outlook
Some details on the dimensional reduction to D =5

Some details on the dimensional reduction to D =4

16

19
20
23
25
28

29

31

33

36



1 Introduction and motivation

Scherk-Schwarz reductions [1, 2] provide a way to construct gauged supergravities
from higher dimensional ungauged ones. They typically lead to semi-positive defi-
nite potentials for the scalar fields with local minima that can describe Minkowski
or de Sitter vacua. Such models have been studied intensely over recent times in
the context of compactifications of string- and M-theory, with and without fluxes.
For some background material and earlier references, see e.g. [3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14].

Two classes of Scherk-Schwarz reductions are usually considered: the case of
twisted tori (or twistings of the cohomology of other manifolds), and the case of
reductions over a circle with a duality twist along the circle. Sometimes, these
two classes are related to each other, and reductions with duality twists can be
understood in terms of compactifications on twisted tori. For a discussion on
this, see e.g. [12]. This relation will also appear in our investigation, as we will
discuss, although we focus primarily on reductions with a duality twist.

In this paper, we present a detailed study of a Scherk-Schwarz reduction of eleven-
dimensional supergravity compactified on a Calabi-Yau threefold, denoted by X,
times a circle, with a duality twist along the circle. Equivalently, this model
can be formulated as a compactification on a seven-dimensional manifold, which
is a Calabi-Yau fibration over a circle. This yields gauged N' = 2 supergrav-
ity in four dimension with a scalar potential for the vector- and hypermultiplet
scalars. Moreover, there appear Chern-Simons like terms in four dimensions con-
sistent with A/ = 2 supersymmetry, induced from the Chern-Simons terms in
five dimensions. These models have also been investigated in [9, 15], which we
reproduce and elaborate on, and extend to include also the hypermultiplet sector.

The second part of the paper deals with truncations of our models from N = 2 to
N = 1 supersymmetry. Inspired by the rules of the orientifold projection in string
theory, we define a truncation of eleven-dimensional supergravity on Y = X x S*
to N = 1 supergravity in four dimensions. In the absence of the duality twist, our
rules are consistent with the results from compactifications of type ITA strings on
Calabi-Yau orientifolds [16]. Here, we study the extension of this truncation to
the case when the duality twist is non-trivial. On top of the Kahler potential,
this yields a class of superpotentials and D-terms which we compute explicitly.
It leads to formulas (5.41) and (5.40), which form one of the main new results
in this paper. Alternatively, in the picture of the compactification on the seven-
dimensional manifold ), the N' = 1 supergravity is described by the Kéahler



potential
K = —log [8R*] — 2log {QV%R_l/ Re(CQ) A *7Re (CQ)} : (1.1)
y
and superpotential

W= i/ (03 + NéRe(CQ)) A d(03 + z\/ERe(CQ)> , (1.2)
y

where R denotes the radius of the circle, V is the volume of the Calabi-Yau
threefold X while Q2 represents its holomorphic three-form, and Cj is the three-
form of eleven-dimensional supergravity. Due to the truncation, €2 loses some
degrees of freedom and the remaining ones are contained in Re(C(?), where the
compensator C' will be defined in (5.18). Interestingly, similar formulas for the
superpotential have also been obtained in the context of (flux) compactifications
of M-theory on Go-manifolds, see e.g. [17, 18, 13], building on earlier work [19, 20].
This suggests a connection between those models and the ones considered here,
which we will discuss in more detail towards the end of this paper.

2 M-theory on Calabi-Yau manifolds

In this section, we review aspects of compactifications of eleven-dimensional su-
pergravity on Calabi-Yau threefolds. Almost all material in this section is known,
and collected from various places in the literature, which we refer to below. We
give this review to recall some of the duality symmetries in five dimensions, and
to set our notation for subsequent sections. The reader who is very familiar with
five-dimensional matter coupled to AN/ = 2 supergravity might skip this section
and go straight to section 3 where we present the Scherk-Schwarz reduction to
four dimensions.

The low-energy limit of M-theory can be described in terms of eleven-dimensional
supergravity. In form-notation, the bosonic part of this action reads [21]

S

1 . 1 - A 1 - A A
5/(R*1—§F4/\*F4—6F4/\F4/\03) . (21)
Here, R denotes the eleven-dimensional Ricci scalar and * stands for the eleven-
dimensional Hodge star operator. Furthermore, C5 is a three-form potential,
Fy = dC5 denotes the corresponding field strength and we have set the eleven-
dimensional Planck constant to one.

In the following, we compactify M-theory on a simply-connected Calabi-Yau
three-fold X', which leads to a supergravity theory in five dimensions with eight
supercharges [22].



2.1 Calabi-Yau manifolds and dimensional reduction

Notation

We begin by establishing some notation for the Calabi-Yau three-fold X'. Let us
denote a basis of harmonic (1, 1)-forms on X by

wa A=1,... AW, (2.2)

where here and in the following h?”¢ denote the Hodge numbers of the Calabi-Yau
threefold. The triple intersection numbers for X are defined by

ICABC = / WA /\wB /\wc . (23)
X

For the third cohomology group H?(X) we denote a real basis by
{ar, 8"}, K,L=0,...h%", (2.4)

which is chosen such that

/OéK/\ﬂL:(SKL, /OéK/\OéL:O, /BK/\ﬁL:O. (25)
X X X

The Calabi-Yau threefold is endowed with a Kéhler form J and a holomorphic
three-form €. In terms of the bases (2.2) and (2.4), these can be decomposed in
the following way

J =vw,, O =78ar — GpE | (2.6)

where the expansion coefficients v are real. The functions (Z%,Gg) are the
holomorphic sections of special geometry and depend on the complex structure
moduli 2" of the Calabi-Yau manifold, where » = 1,...,h*!. The volume of X
can be expressed in terms of the Kahler form J as follows

1
1% TNTNT =5 KapcvioPo® . (2.7)

3 s

Ansatz for the compactification

To perform the dimensional reduction of the action (2.1), we make the following
ansatz for the eleven-dimensional metric

. Gis O i =0,....4,
G = K 2.8
MN ( 0 Gmn) ’ m,nzl,...,6, ( )



where g;5 denotes a five-dimensional metric and G, is the metric of a Calabi-Yau
threefold. For the three-form potential, we chose the expansion

égzég—l—AA/\wA—l—Cg, 03:\/§§K(IK—\/§£K5K, (29)

with ¢3(2#) a three-form in five dimensions which depends solely on the five-
dimensional coordinates ##. Similarly, A“4(##) are five-dimensional one-forms
while £ (&) and £k (Z#) are five-dimensional scalars. Note that since the pure
Calabi-Yau part Cj features in the superpotential (1.2), we have separated these
terms from ¢ and A4,

Five-dimensional supergravity

Performing the dimensional reduction to five dimensions is straight-forward and
is briefly reviewed in appendix A. The resulting five-dimensional low-energy-
effective action has been presented in equation (A.15) which we recall for conve-
nience [23, 24]

1 1 1
8(5) = /R41 [ + 5 R(5) *5 1— Z legV /\*5dlogV + Z]CABCVCdVA /\*5dVB

1 1
-+ 1 (ICABcl/C — EICACDI/CI/DICBEFVEVF> dA4 A *5dAB

- 11—2 ’CABC dAA VAN dAB N AC — Grgdzr N *5d§§ (210)
L (da eRdE, — € d§K> A x (da v eldE, — € d§L>
2 K —SK 5 L—&L
1 “1KL( |z =
+ 555 (ImM) (a8 — Muendg™ ) Aoxs (A — Miarag™) } .

The first term in this expression is the five-dimensional Ricci scalar, V is the
volume of the Calabi-Yau manifold and I 4gc denote the triple intersection num-
bers defined in (2.3). The matrix G,z as well as the period matrix M have been
introduced in appendix A.

The scalars 4 are related to the expansion coefficients v of the Kahler form J

by a rescaling with the volume (see equation (A.14)), such that they satisfy

1
6 KapcrvPrf =1. (2.11)
Thus, there are h'' — 1 scalar degrees of freedom in these fields. Accordingly,
the vector fields A4 comprise the graviphoton and h'! — 1 additional vector
fields to form five-dimensional vector multiplets. The remaining scalar fields
{V,a,2",72", &5 £k} form h*! 41 hypermultiplets that parametrize a quaternion-
Kéhler manifold [22].



2.2 Symmetries of the five-dimensional theory

2.2.1 Symmetries in the vector multiplet sector

We begin our discussion on the symmetries of (2.10) with the vector multiplets.
Besides the usual gauge invariances acting on the vector potentials, there are
additional symmetries in the scalar sector. In particular, the scalars in the vector
multiplets parametrize a so-called real special geometry, whose isometries have
been studied in [23]. As explained in [25], not all isometries extend to symmetries
of the full Lagrangian, but only transformations

vt = MAgUP SAY = MARAP (2.12)
where the constant, real matrix Mg is subject to the constraint
0=KpusMPc)y=KppeM” 4+ KapcMP 5+ KappMPc | (2.13)
lead to symmetries of the full action, including the Chern-Simons terms.

Generically, the real special manifolds parametrized by the scalars in the vector
multiplets need not be homogeneous, and solutions to (2.13) are not known in
general. However, for homogeneous spaces a classification can be found in [26, 27].
A special subclass of the latter is given by the manifolds

SO(n+1,1)

SO > —somaDy

(2.14)
for any integer n, with isometry group SU(1,1) x SO(n + 1,1). This case arises
in compactifications in which the Calabi-Yau manifold is a K 3-fibration over a
base P!. In the present context, this situation has been studied in [15].

2.2.2 Symmetries in the hypermultiplet sector

Notation To study the isometries for the hypermultiplets, we first introduce
some notation. The hypermultiplet scalars were given by {V,a, 2", 7", &5, €k},
which parametrize a particular type of quaternionic manifolds called ‘very special’
in [27].

Since we consider M-theory on a Calabi-Yau manifold, the subspace of complex
structure deformations 2" is described by special Kéhler geometry, for which there
exists a prepotential. In the large complex structure limit, it is given by !

1 ANAY A

G(Z) - _5 drstT 5

'We reserve the usual notation F and X for the special geometry in the vector multiplets.

ros,t=1,... K>, (2.15)
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Here, d, is a real symmetric tensor, the ZX appear in the expansion (2.6) of
the holomorphic three-form €2. The connection to the scalars 2" is made by

introducing projective coordinates
Z?“
ZT’:ﬁ’ r=1,...,h*". (2.16)

The corresponding Kahler potential reads

K® =—1In (z/Q/\ﬁ) :—ln(g‘ZOFd) ; (2.17)
X

where here and in the following we employ the notation
d=d.gx"2°z" d, = dygx°z" dps = dpg" (2.18)

with 2" = Im 2". From (2.17), we can then compute the Kahler metric as?

o 3d 9d,d
o e _ 3 Grs | Dlds 2.19
Ci=gar N T2 1B (2.19)
With G™ denoting the inverse of (2.19), the curvature for this metric can be
computed as follows [27]

4 27 1 oo
Ry =800, +6[00 = 5 O™y, where O™ = =0 — GGG .

64 d2
(2.20)

Symmetries for z" Since the scalars 2" appearing in the action (2.10) can
be described by a Kéahler potential, their kinetic term is invariant provided that
(2.17) does not change under the transformations of interest.> We then make the
following ansatz for the transformation of the sections (Z%, G ) appearing in the
holomorphic three-form €2

ZK B QKL RKL ZL
@@ e

where, @, R, S and T are constant, real, square matrices of dimension h*! + 1.
Imposing the invariance of the Kéhler potential (2.17) under this transformation,
ie.

5/QA§:0, (2.22)
X

2The identification of (2.19) with the metric (A.7) can be made by noting that x, = 9.-Q +
(('LTICCS)Q as well as that fX 0,-QNQ =0.

3Strictly speaking, (2.17) should be invariant up to Kihler transformations, but we will
ignore those in the present analysis.



we are lead to the constraints
T:_QT, S:ST’ R:RT’ (223)

which means that these isometries have to be contained in the symplectic group
S p(2(h2’1 +1), ]R). However, because we are considering a Calabi-Yau manifold,
we know that the sections G are related to Z% through a prepotential G(Z) as

G = 0G(Z)/0ZX. Therefore, in the ansatz (2.21) the transformation dG is
not independent of §Z%, but we have to require

0Gk
ozr

Recalling that Gk is a homogeneous function of degree one in the Z¥, that is
(0Gk/0ZF)ZF = G, we infer from (2.24) that [27]

0Gy = §z% . (2.24)

0=GTQZ+G"RG - 2787 - 72T G, (2.25)

where matrix multiplication is understood. Furthermore, to leading order in
the large z"-expansion, for Calabi-Yau threefolds the prepotential G(Z) is given
by (2.15). The solution to (2.25) in this case can be found in [27] which we
briefly recall. In particular, the matrices @, R,S and T appearing in (2.21) can
be parametrized as

=== () e )

(0 0 ke (0 0
SKL - ( 0 drstbt ) ’ R - ( 0 %Crstat ) )

with £, b", a, and B", constant parameters. The matrix B", is subject to the
constraint

(2.26)

B" (sdyyy, =0, (2.27)
where (- - -) denotes symmetrization and the constants a, are constrained by

0=a,E;

tuvw

where E} v = CV% dyudow): — 01 dyow) - (2.28)
With this information, we can compute the transformation of the projective co-
ordinates 2" introduced in (2.16). Employing (2.26) as well as (2.16), we find
[27]

r T 2 r r s 1 r v st
5z:b—§ﬁz +Bsz—§RstzzaU, (2.29)

and we note that the condition (2.28) implies that R"y"a, is constant.
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Symmetries for ¢¥ and éK To promote the symmetry of the complex struc-
ture deformations 2" to a symmetry for the full hypermultiplets, and hence to
isometries of the quaternionic space, we follow again [27]. First we note that the
period matrix M appearing in the action (2.10) (as well as in equations (A.10))
satisfies the relation

Gg = Mg Z" . (2.30)

From the transformation of (Z%, G ) shown in (2.21), we infer that M transforms
as

IM=8+TM—-MQ—- MRM. (2.31)

Requiring the kinetic term of the scalars (€%, k) in (2.10) to be invariant implies
their following transformation

&\ [ oF, RKEL ¢k
5(5K>‘(SKL TKL)(&)’ (2:32)

which also leads to the invariance of the (£K déK — éKdgK ) terms and agrees
with [27]. Hence, just like (Z¥, Gk), the (£, k) form a symplectic pair.

Finally, we should add that the hypermultiplet space in general possesses more
symmetries than the ones described here, for instance the Heisenberg algebra
of isometries (which include the Peccei-Quinn shifts on (%, £x)) that act on the
coordinates (£X, £x) and a only. Furthermore, there are additional isometries that
act non-trivially on the volume ) and the axion a — for a complete classification
see [27]. Including these in a Scherk-Schwarz reduction would be an interesting
extension of our work. We will not consider them in our present discussion.

3 Scherk-Schwarz reduction to four dimensions

In this section, we compactify the five-dimensional theory given by (2.10) on a cir-
cle of radius R. In addition, we impose a non-trivial dependence on the coordinate
of the circle. Such a setup was studied first in [9] and, without hypermultiplets,
further worked out in [15].

3.1 Ansatz for the compactification

To perform the compactification from five to four dimensions, we split the five-
dimensional coordinates as

[#} — {a", 2}, ot (3.1)

0
0,...,3,

i
"
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where z denotes the coordinate of the circle normalized as z ~ z + 1. The
dependence of the five-dimensional scalars v and the five-dimensional vectors
A4 on the coordinate z is chosen in the following way

azl/A = MABI/B s 8ZAA = MABAB, (32)

where M*p satisfies (2.13). These expressions can be integrated to obtain

A A
vA(z) = [exp(Mz)] v2(0) , A(z) = [exp(Mz)} AP(0), (3.3)
B B

where the exponential of the matrix M is understood as a matrix product and
where only the z-dependence of the fields is shown explicitly.

Clearly, the fields are not periodic around the circle, but are related to each other
by the duality transformations (2.12) generated by M. These duality transfor-
mations form a group G, and therefore one should have

exp(M) € G . (3.4)

Classically, the group G is taken over the real numbers, and hence the entries
of M can be taken as arbitrary real constants. They determine the masses of
the fields in four dimensions, and are treated as continuous parameters which we
can take to be arbitrary small — or at least to be smaller than the masses of the
Kaluza-Klein (KK) modes that we neglected. In the quantized theory, however,
we expect the duality group to be defined over the integers, and hence the masses
will be quantized in some units. This no longer guarantees that they are smaller
than the masses of the KK modes. In turn, this could lead to complications
in the truncation of the theory to the lightest modes, which we will ignore in
this paper. For discussions on this issue for toroidal compactifications, see for
instance [7, 12]. Essentially, this problem is similar to what one encounters in
flux compactifications, where one has to make sure that there is a separation of
mass scales, in particular the mass scale induced by the fluxes and the KK mass
scale.

After this important side comment, we now turn to the hypermultiplets. For the
dependence of the scalars (£5,£x) on the coordinate z of the circle we take

gK QK L RK L gL
o.1 > | = >, 3.5
(gK R A (3:5)
and for the complex structure moduli 2" we choose in a similar fashion

2 1
02" =V =2 B2+ B2’ — S Rylan2" = N7 (3.6)
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The finite version of these transformations can easily be written down for (£% 3 K)-
For 2", one first expresses them as transformations for the sections Z% | after which
one can integrate. For the scalars a and V), we choose

d.a=0, 8,V =0. (3.7)

Note that, since we have chosen the dependence of the fields on the circle co-
ordinate z such that they correspond to Killing vectors of the five-dimensional
theory, the full action does not depend on z and so we can evaluate the terms at
a particular reference point, say zg = 0.

For the five-dimensional metric, we make the following ansatz for the dimensional
reduction

] Rlg,, + RPAYA0 —R2A
G = ( gu_R2Ao : R2 : ) ; (3.8)

where g, is the four-dimensional metric, R is the radius of the circle and where
the four-vector Ag will become the graviphoton. The factor R~! is chosen such
that we end up in Einstein frame. For the five-dimensional gauge fields appearing
in the action (2.10), we choose

Ay = Afy + b4 (dz — A7), (3.9)

where we added subscripts to distinguish between five- and four-dimensional
quantities. Using the above ansétze within the action (2.10), one can perform
the dimensional reduction, which is outlined in appendix B. Below, we present
the results.

3.2 The four-dimensional action

The dimensional reduction from five to four dimensions as well as bringing the
result into the standard form of N' = 2 supergravity can be found in appendix B.
In particular, the four-dimensional action takes the form

1 1 1
Suy = / [ 5 By xl+ Im Ny FA A 5 F2 + 1 ReNyps, FA A FE
R3:1
- 1
95 D N xaDE” — 2 AMMAP N A N AAPK e (3.10)
— hyoDq" Nx,Dqg" —V ,

where A,Y = 0,...,h"" while A,B,... = 1,...,h"!, and where we have omit-
ted labels on the vector fields indicating four-dimensional quantities. We have

12



furthermore defined
¢* = Rv* and Y=e2, (3.11)
as well as the complexified Kahler moduli and their derivatives
th =0t +ig", D¢t = dth — M (AP —tPA%) (3.12)

where b4 appeared in (3.9). The Kihler metric g, is written as

1 KaKp
9AB = s <’CAB A ) ; (3.13)

where we have employed the following notation

ICA = ICABc¢B¢C y ]CAB = ICABC¢C ’ (3'14>

with K4pc the triple intersection numbers defined in (2.3). Using these as well
as (3.11) in the constraint (2.11), we also find

RS = 2 Kanco 6% (3.15)

The metric (3.13) is a special Kahler metric and can be derived from the following
prepotential

1 XAXBXC
F=——Kapc

3 — A B C=1,... At (3.16)

where we employ coordinates {X° X4} with X4 = X°¢4. The corresponding
Kahler potential reads

cvee = —1og[¢YAFA _ iXEFZ] — —log [SR*] (3.17)
where due to the symmetries of the theory we can set X° = 1. The expressions

for the period matrix My are given in (B.12), and the field strengths appearing
in (3.10) are written as

1
FA =dAM + 3 fAsrA® A AV AST=0,... A", (3.18)
The structure constants are [9, 15]

foap =0, fCap=0, fPag=—-MP4, (3.19)

and they define the gauge group which we elaborate on in the next subsection.
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We mention here that gauge invariance of the action (3.10) requires the presence
of Chern-Simons-like terms, which are inherited from the five-dimensional Chern-
Simons term. These arise when the matrix Re My, transforms nontrivially under
the action of the gauge group, in such a way that it needs to be compensated
by an additional term in the action, the last term on the second line in (3.10).
The existence of such terms in gauged supergravity was found in [28], and in the
present context it was discussed in [15]. Some further applications of these terms
in the study of N' = 2 supersymmetric vacua can be found in [29)].

Turning to the hypermultiplet sector, we find that it is described by

hywD,q"D"q" = G5 D 2" DVZ° 4 0,0 0" ¢

4¢

e ~ ~ ~ ~
+ 5 (0u0 + € Dbk — €D (#a+ €D — ED"€Y)  (3.20)
26 _ i .
= (M) (D~ MicrD,EF) (D76 - MugD#e?)
where p =0, ...,3 and G,5 has been introduced in (2.19). The covariant deriva-
tives appearing here are
ro__ r T A0 6 . 5 6 0
D" = 9,2" — NTA Dulg)=aulg)-N(g) A G2

where N had been defined in (3.6), where appropriate indices for (§,&) are
understood and where the matrix N is given by

K RKL
N = (%KLL TKL) : (3.22)

Finally, the scalar potential can be expressed in the following way
LN Gt S
V= =y " rs
I 1

w | (¢) o <—§§> ]

S (G
1

~IRe (M*c9°) (MPpo”) Kag ,

where matrix multiplication with correct contraction of indices is again under-
stood. We will study the properties of this potential in section 6.

14



3.3 Gauged N = 2 supergravity formulation

The ungauged part of the Lagrangian (3.10) is already written in the usual form
of four-dimensional N' = 2 supergravity. The only changes we have to explain
are the modifications due to the gauging, in particular the covariant derivatives
for the scalars, and the scalar potential.

Covariant derivatives, Killing vectors and isometries

The covariant derivatives are given by
D,q" = 8,q" + kX AN | D" = 9.t" + kAL (3.24)

where the quantities &% and k4" are Killing vectors on the quaternionic and special
Kiihler spaces, respectively. For the scalars t* in the vector multiplets, from (3.12)
we read off that

ki = MARt? kp=—-M"p,

which means that on the special Kéhler space defined by (3.16), the isometries
we are gauging are given by

5t = — M ga® + MAptPa° (3.25)

for some arbitrary parameters a® and a®*. That these are indeed isometries follows
from the analysis of the special Kahler subsector of the hypermultiplets given in
(2.29), which is completely analogous. Here, the symmetries (3.25) correspond to
the first and third term in (2.29), namely a shift in * and a linear transformation
with a matrix satisfying (2.13). The gauge group is thus a subgroup of the duality
group of isometries on the special Kahler manifold. This duality group contains
the one from the five-dimensional theory, but in four dimensions it gets extended
to a larger group [27]. The structure constants of the gauge group are given by
(3.19), and define a solvable Lie algebra which is the semi-direct product of two
Abelian subalgebras of dimension one (graviphoton) and A (the other vector
potentials) [9, 15].

The isometry group for the hypermultiplets can easily be read off from (3.21). It
is a U(1) group, realized linearly on the scalars (£%, &) but non-linearly on 2"
(see equation (3.6)). The gauge group acts on it only via the graviphoton.

15



Scalar potential

The explicit form of the scalar potential is given in (3.23). It can be written in
the standard form of ' = 2 supergravity which reads*

V=2 (4 O Y Sy Eg) XAXE (3.26)

where KV and g5 were defined in (3.17) and (3.13), respectively. In the general
expression for the ' = 2 scalar potential, there is an additional term proportional
to the quaternionic moment maps (see e.g. [30, 31])

VP =2 (gAP FArs - SLAZE)PXPg . (3.27)

These moment maps in turn are proportional to a covariant derivative on /%X
However, as can be seen from (3.21), the hypermultiplets are only gauged with
the graviphoton Ag. Therefore l;;}( = 0 for A # 0 and their covariant derivative
also vanishes, so P{ = 0 for A # 0. The only term in (3.27) that can contribute
is the term with A = 0. We then utilize that the vector geometry is specified
by (3.16), from which one calculates g4% fof% = 3L°LY = 0. Combining these
properties, one finds that V¥ = 0. This analogue of the ' = 1 no-scale property
reduces the full scalar potential to (3.26).

To see that (3.26) reproduces our scalar potential, we use k{ X* = 2i M4 5 X7,
and as (2.13) implies KM 5¢® = 0, with the help of (3.17) we find

5= 1
2N gap kP EE XA X* = VG KagMAc¢® MB poP . (3.28)
Employing the expressions for the covariant derivatives of the hyperscalars above,
it is then straight-forward to check that (3.26) reproduces (3.23).

4 M-theory on twisted seven-manifolds

The Scherk-Schwarz reduction described above, yielding the gauged supergrav-
ity Lagrangian (3.10), can also be obtained from a compactification of eleven-
dimensional supergravity on a seven-manifold. This point of view had also been
taken in [15] for the vector multiplets. We will briefly review and extend this
procedure in the present section to also include the hypermultiplet sector.

4The overall factor 2 compared to the potential of [30] is due to the different normalization
in (3.10). When rescaling the four-dimensional metric in (3.10) as ¢ — g, one arrives at the
form of [30].
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The seven-dimensional space we are going to compactify on, denoted by ) in the
following, is chosen as a fibration of a Calabi-Yau three-fold X over a circle S*.

X =Yy
1 (4.1)
Sl

The coordinates of X will be denoted by y and the coordinate z of the circle is
again normalized such that z ~ z + 1. At a particular reference point zy = 0, we
choose a basis of harmonic two- and three-forms of the corresponding Calabi-Yau
three-fold as in section 2. We then must indicate how this data changes when
moving around the circle.

In words, the difference to the point of view taken in section 3 can be explained
as follows: instead of specifying the z-dependence in the coefficient functions (i.e.
the five-dimensional fields) as we do in the Scherk-Schwarz reduction, we can shift
the z-dependence from the fields into the basis of two- and three-forms of X'. This
produces a seven-dimensional manifold of the type (4.1), which by construction
is equivalent to the Scherk-Schwarz reduction. We now explain this in some more
detail.

Cohomology

Let us begin our discussion with the cohomology of the compactification space
Y. Analogous to the harmonic (1, 1)-forms on X we introduce

waly,z) , A=1,...,KM(X), (4.2)
with y denoting the coordinates on X and z denoting the coordinate of the circle.
The dependence of w4 on z is taken as

B

Waly, z) = [exp(zMT)L wp , (4.3)

where the exponential of the matrix (M7)4% is understood as a matrix product
and wp is a basis of harmonic (1,1)-forms on the Calabi-Yau three-fold at a
particular reference point zy = 0. The matrix M?, is not arbitrary but, as
explained in [15], has to satisfy the constraint shown in (2.13). Infinitesimally,
the relation (4.3) can be written as

dwy = (M") Paop Adz, wp(y,0) = ws , (4.4)

so we see that in general the forms w4 are not closed. Their non-closure will
be the origin of the gaugings in the resulting four-dimensional action. The triple
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intersection numbers for the Calabi-Yau three-fold in the present context are given
by

/@ABcE/(IJA/\(I)B/\(DC/\dZ:/WA/\WB/\WC:]CABc, (45)
y X

where the second equality follows by using (2.13).

Analogous to the second cohomology, for the third cohomology we introduce

{ak(y, 2), B5(y,2)} K,L=0,...,K%(X). (4.6)

Their dependence on the coordinate z of the circle is chosen as

(Nl (2).

where the matrix N was defined in (3.22) and proper contraction of indices is
understood. Furthermore, {a, 3%} denotes the basis of harmonic three-forms on
the Calabi-Yau manifold at a particular reference point zy = 0, and the minus sign
has been chosen to match the results from the previous section. Infinitesimally,
we can express (4.7) as

(e () o

where proper contraction of indices is again understood. Finally, using (2.5) and
(4.7), one can show that

/aKABLzéKL, /@KAaL:o, /BKABL:(). (4.9)
X X X

Dimensional reduction

For the dimensional reduction of the M-theory action (2.1) on the seven-manifold
Y we make the following ansatz for the space-time metric

ds}; = e%¢R_1gMV datdz” + 3% R? (dz — A0)2 + Grpdy™dy™ (4.10)

where R is the radius of the circle satisfying (3.15), A° denotes the graviphoton
one-form and G,,, is the metric of the Calabi-Yau threefold, whose fluctuations
depend on 6v? and 2". For the three-form potential Cs, we consider an ansatz
similar to [15] but are more specific about the sector corresponding to the hyper-

multiplets. In particular, we consider

Cy=c3+ BA(dz— A% + (A" = b A Adog + bAs Adz + Cy
P : ap (4.11)
Cs = \/55 OéK—\/§§K5 )
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where ¢z is a four-dimensional three-form, B denotes a four-dimensional two-form,
A# are one-forms and b# as well as (K 53 K) are scalars in four dimensions. For
the corresponding field strength Fy = dCj, employing (4.4) as well as (4.8), one
finds

Fy= des+dBA(dz — A%) — BAF® + FO Ay — b FO Niog

o (el (5).

where F? and F4 are defined in (3.18). Using the above ansiitze in the eleven-
dimensional action (2.1), one can perform the dimensional reduction. However, to
make contact with (3.10), we have to dualize B to a scalar a and c3 to a constant
€0, chosen to be zero. A non-zero choice for ey would correspond to a non-trivial
z-dependence for the five-dimensional field a in the Scherk-Schwarz reduction of
section 3, which we did not consider.

+Db A Qan(dz — A°) + V2

Taking into account these points, we then recover the four-dimensional action
(3.10), as we have checked explicitly.

5 Truncation to N =1 supersymmetry

We now perform a truncation of the theory studied in section 3.2 from N =
2 to N = 1 supersymmetry. To motivate this truncation, we note that M-
theory compactifications on seven-manifolds of the form X x S! can be related to
orientifold compactifications of type IIA string theory [32]. In particular, consider
M-theory on

X x St

A (5-1)

where 7 is an anti-holomorphic involution acting on the Calabi-Yau three-fold X
and where (—1) acts on the circle coordinate as z — —z. Upon dimensionally
reducing on S!, the resulting theory is type ITA string theory on

X

Thrag o2

where Fp, is the left-moving space-time fermion number and €2 is the parity op-
erator on the string world-sheet. Motivated by this observation, in the present
work we will impose a truncation similar to (5.1).

For later purpose, we also observe that & being anti-holomorphic means that
7 "2 ~ ), where () is the holomorphic three-form of the Calabi-Yau manifold and
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7 * denotes the action of & induced on the cohomology. Utilizing the relation
ONQ~TNANINT, (5.3)

and applying @* to both sides, we infer that the Kahler form J has to be odd
under the anti-holomorphic involution & *.

5.1 Defining the truncation

Cohomology

To define our truncation, we first consider an involution & acting on a Calabi-Yau
three-fold X'. The action @ * induced on the cohomology groups of X splits them
into even and odd sub-spaces. In particular, the basis of harmonic (1, 1)-forms
introduced in (2.2) can be separated as

E*wa:—i—wa’ 0421,...,}7/+ 5 (54)

*

1,1
Wq = —Wq » a=1,...,h",

Ql

where hy' + k' = hb1. Since the Kéhler form is odd under @*, also the volume
form on X is odd. Thus, some triple intersection numbers have to vanish which
leads to

Kagy = Kape = 0, Kap =0, Ko=0. (5.5)

For the basis of the third cohomology group of X introduced in (2.4), we similarly
observe
Trap = +ay , g pk = —pk |

2.6
Tray = —ay, T =45, >0

where the indices k and \ jointly range from 0 to h%!. For the period matrix M
introduced in equations (A.10), from (5.6) we then infer that

RGMHA:O, RGMMIO, IkaA:ImM)\kIO. (5.7)

Truncation of vector multiplets

Motivated by our discussion at the beginning of this section about ordinary M-
theory compactifications, we will truncate our N' = 2 supersymmetric theory
by

¥ =(7,-1), (5.8)
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where @ is the anti-holomorphic involution considered above and (—1) acts on
the circle coordinate as z — —z. As noted below (5.3), the Kéhler form J is odd
under @ *, which we extend to

= *

ST =—J. (5.9)

In terms of the expansion J = v(2)wa,® we find that equation (5.9), evaluated
at z = 0, yields

(A.14) and (3.11)

v*(0) =0 $*(0)=0. (5.10)
For general values of z, we employ (3.3) and (A.14) to express J as
1 B
J(2) = v*(0) [eZM } W . (5.11)

Inserting this expansion into (5.9) leads to the constraint that M%, = 0.

Next, concerning the vector fields A4, we require that the M-theory three-form
(2.9) satisfies

TCy = +C; . (5.12)

In particular, the term involving the five-dimensional vector fields Aé) has to be

even under % . Performing a analysis similar as for the Kahler form at z = 0,
and using equation (3.9), we obtain

A)(0) =0, b(0) =0 . (5.13)

Furthermore, requiring Aé) A wa to be even under & for all values of z and
employing (3.2) implies that M3 = 0. We thus arrive at

A4 (0 M
M7 g = (M“g 0 . (5.14)

Finally, recalling the five-dimensional metric (3.8) and requiring it to be invariant
under the action (5.9), we see that the graviphoton A° is projected out, that is

A" =0. (5.15)

5To keep our notation short, we suppress the dependence of the fields on z* but only indicate
the dependence on the circle coordinate z.
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Truncation of hypermultiplets

To define the truncation of the hypermultiplets, let us consider the action of
the anti-holomorphic involution on the holomorphic three-form €2. Similarly as
in [16], we write

70 =e%9Q (5.16)

where © is a constant phase. As for the Kihler form, we extend (5.16) to ¥ in
the following way

TS0 =00, (5.17)

Employing then the expansion of €2 given in (2.6), at z = 0 equation (5.17) implies
that Tm(e=*®Z*(0)) = 0 and similar relations for Z*, Gj and G,. However, for
later purpose, let us introduce the compensator C' defined in terms of the four-
dimensional dilaton ¢ and the Kéhler potential (2.17) for the complex structure
moduli

C = e 9l/2e710 (5.18)

Noting that ¢ as well as K% are invariant under Y, (5.17) can be brought into
the form ¥ (CQ) = CQ, whose implications at z = 0 read

Im(CZ*0)) =0, Re(CG(0)) =0, (5.19)
=0. '

Re(CZ*0)) =0, Im (CG,(0))

As carefully discussed in [16], the equations on the left in (5.19) project out h*!
real scalars, corresponding to half of the complex structure deformations. The
set of equations on the right should not be interpreted as further truncations, but
as constraints on the triple intersection numbers d,.¢ in (2.15).

Next, requiring Cy in the M-theory three-form (2.9) to be invariant under %"
leads to

£0)=0, &(0) = 0. (5.20)
To study the five-dimensional three-form ¢é; in (2.9), we write
63 = Cg + Cg Adz s (521)

where C3 and C, respectively are three- and two-forms in four dimensions. Since
¢3 has to be even under ¥ , we see that C, is projected out. Furthermore, C3 in
four dimensions is dual to a constant ey, which in the analysis of section 3 and
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4 we have chosen to be zero. Therefore, the contribution of ¢ in the truncated
theory vanishes, which translates to

a=0. (5.22)

Combining then all these constraints, we see that 2h*! out of the 4(h*! + 1)
original hypermultiplet scalars survive the truncation. We will later show that
these scalars form chiral multiplets and that their target space is Kahler.

Finally, in the above analysis we studied (5.12) and (5.17) at z = 0. To satisfy
these constraints for all values of z, additional restrictions on the matrices Q, R,
S and T introduced in (2.21) arise. In particular, employing (2.21) as well as
(3.5), in a similar fashion as in (5.11) one obtains

lezo’ Q)\p:O’ Rk)\:R)\kZO,

5.23
77cl:0> 7;\p: ) Sy = S =0. ( )

5.2 Performing the truncation

After having specified the truncation of the fields appearing in the A/ = 2 theory
(at the point 2y = 0), we can now apply these results to (3.10). Recalling that
this action was obtained by evaluating all five-dimensional fields at a particular
reference point zo = 0, and employing the results from section 5.1, we find

1 1 1
Spyme = /R y [ 5 By a1+ 7T NG dA® AsadA” + 2 ReNos dA® A dA”
51
— Gap Dt A x4 DT’ — . ACM A AT A dA® Kyys (5.24)

_ ij dMI A *4dMJ - vtrunc.

Kinetic terms

In the truncated theory, the covariant derivative acting on the complexified Kahler
moduli t* takes the form

Dt" = dt* — M3 A" . (5.25)

The gauge kinetic function f,5 for the vector fields is found using the explicit
formulas for the period matrix N given in (B.12), and (5.5) as

faﬁ = _Z-/T/aﬁ = 7;ICOJBctc s (526)
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which is holomorphic in #%, as required by N' = 1 supersymmetry. Note that
the truncation splits the N' = 2 vector multiplets into A" = 1 vector and chiral
multiplets with bosonic fields A* and t%, respectively.

Turning to the reduction of the hypermultiplets, since the graviphoton A is
projected out, the hyperscalars become uncharged. For the truncation of the
hypermultiplets from A/ = 2 to N/ = 1, we can thus refer to the existing literature.
In particular, employing the results of appendix C in [16], the kinetic terms for
the hypermultiplet scalars are given by

[ Gy dM! AwddT (5.27)

R3,1

where M! = {N* T\} collectively denotes the chiral fields
1 -
N* = §§k +iRe(CZ%) | Ty = i€y — 2Re(CGY) . (5.28)

The metric G 7 = 9, ,,0,/K? in (5.27) is Kihler, and the corresponding Kéhler
potential K® is given by [16]

K = —2log [2/ Re(CQ) A *Re(CQ) | . (5.29)

Potential

Next, we consider the truncation of the scalar potential (3.23) leading to Ve,
For the scalars ¢ we employ (5.10) and (5.14) to find

VO = - (M) (MPa6") K (5.30)

For the truncation of the terms involving & and € we use (5.20), (5.23) and (5.7).
These merely imply that we have to restrict the index ranges of £ and £ in (3.23).

For later convenience, we express this result as
2
2 re\" &Y e &y’ 3
v = = (S) NTON(3)+ = | () NTA (R 5.31
2R3 \& £ + 4R 1S 1S ’ ( )
0 1
5.32
(% 0). e

where we have defined

(e ()
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As mentioned, these formulas are understood with the restrictions (5.20), (5.23)
and (5.7) applied.

To make the truncation of the potential for the complex structure moduli 2" more
feasible, we first define

(IHIG)LNiN (ImG)KMZM
ZN (ImG)NMZM ’

Gk =2 (ImG) g — 2 (5.33)

with Gpx = 0,:Gk and (Z% Gg) the holomorphic sections introduced in equa-
tion (2.6). Recalling then (3.6) as well as that 2" = Z;, we can write

1 -5
3 T
e’ccs

- FTeT (~CZ5Tict + CGRRAY) G (QYNTZY + RMVTGy ),

(5.34)

where the restrictions (5.19) and (5.23) are understood. Note that to arrive at the
second line in (5.34), we utilized G.xZ = 0. The compensator C' was introduced

in equation (5.18).
5.3 Superpotential and D-terms
We will now bring the potentials (5.30), (5.31) and (5.34) into the standard form
of NV = 1 supergravity given by ¢
V=26~ (GﬁDfWDjW - 3|W|2> + [(Ref) ] DaDy = Vi + Vi . (5.35)

where we use M’ = {N* T}, %} to label all chiral fields in the theory. Here, the
Kéhler covariant derivative reads D;W = 0;W + (0; )W, Re fo3 is the real part
of the gauge kinetic function (5.26) and D, are the moment maps associated with
the gauging of the chiral multiplets. The Ké&hler potential & in (5.35) is the sum
of (3.17) subject to the truncation (5.10), and K% given in (5.29),

K=K+ K9, (5.36)

D-term potential

A non-trivial D-term potential arises as some of the chiral fields are gauged. In
our case, as can be inferred from (5.25), only the chiral fields t* originating from

6 Again, there is an overall factor 2 with respect to the standard literature; see footnote 4.
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the projection of the N' = 2 vector multiplets are gauged. We will therefore show
that their potential term (5.30) is given by the D-term potential.

To find an expression for D,, we can use the truncation of the original moment
maps Pk on the special Kéhler space, given in [9]. We then obtain

1
Yl

Noting that the Killing vectors after the truncation are given by k¢ = M?, as
well as that 0;0, KV = g3, we see that the D,’s obey

Dy = i(MT)," 0 CV = M"Y Ky (5.37)

ke = —ig™ 0, Da | (5.38)

and therefore are moment maps for the Killing vectors k2. Contracting then
equation (2.13) with ¢’¢¢ and restricting the index A to «, we find K,M?, =
—2K s MP .4, which allows us to bring (5.37) into the form

1
_ B ha
D, = Ve KapM?” 0" . (5.39)
Employing finally the expression (5.26) for the real part of the gauge kinetic
function, that is Re f,3 = —Kq3, we arrive at
« 1 a c
Vo = [(Ref)™]*" DaDy = — s (M7 0%) (M%46%) Kap =V . (5.40)

So indeed, in the truncated theory the potential term for the fields ¢ is a D-term
potential and thus fits into the framework of N' = 1 supersymmetry.

Furthermore, notice that the gauge group has become abelian, G = U (1)h1+'1, since
the Killing vectors are constant and hence commute. One can check explicitly
that the action is gauge invariant, and in particular, the D-term in (5.39) is gauge
invariant. Also, as we will analyze in section 6, the gauge group can be broken
further due to a Higgsing of the gauge fields.

F-term potential

We now turn to the F-term potential. As mentioned above (5.27), the chiral
fields (N*,T)) are ungauged. Therefore, in an N' = 1 supersymmetric theory
their contribution to their scalar potential has to originate from a superpotential

W. We will now show that the potential V® + V&) for (N* T)) can indeed be
expressed in terms of

1
wW=3 UTANU , (5.41)
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where A was defined in (5.32), the twisting matrix N had been introduced in
(3.22) and the restrictions (5.23) are to be imposed. Furthermore, we have com-
bined the chiral fields N* and T} into the vector

o (2@N’f) _ (igk — 2Re(CZ")

= .z =1Ur +UR . 5.42
T)\ z@—QRe(CG,\)) b4+ Ur ( )

To show that the superpotential (5.41) reproduces the scalar potential V(2 4V )]
we first note that

W =0, 0, Kg"0,K =3, (5.43)

where the Kéhler potential C is given by (5.36) and g,; denotes the Kéhler metric
for the ¢*. This reduces Vp in (5.35) to

Ve = 26~ ( GﬁDIWD7W> , (5.44)

with I labeling (T, N*). Next, we recall from [16] the expressions for the corre-
sponding inverse Kahler metric G/ which are given by

@ = 9 M+ ReM)(ImM) " (ReM)]|
. _ k i

GTAN —— e_2¢ (Re/\/l)(lm/\/l)_l} \ 5 (545)
- - kl

QNN _ _% 20 (Im./\/l)_l] ,

where in the present case (5.7) implies that some entries of Re M and Im M are
vanishing. From (5.45), we can then compute the contractions

k

szmfaﬁﬁc — —(N* - N, GTWT%TIC =M+ Ty (546)

Employing the above expressions as well as (3.17) and (5.29), one can bring
equation (5.44) into the following form

v _ b1 UENTAT H‘I—M ANU
PR UL LUy R UT Uy f (5,47
UTANU;)? '
UINTATTTT'ANU (I—
T 1+ UL LUy, ’

where Ug and U; had been defined in (5.42) and the matrices IT as well as A had
been introduced in equation (5.32). To proceed, we compute

UETIUR = —4|C|* ZX (ImM) e, ZF = 2672, (5.48)
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and, by carefully taking (5.19) into account, one finds

—T T
L ugUE (1N ( B 77 1
II « T, \M (ImM)™" + « —ZT(ImM)7 il (5.49)

where our case of interest is @« = 0 and o = 1. With these relations, from the
terms involving U; one can now reproduce the potential V2 for the fields ¢ and
€. For the remaining terms, we note that the period matrix M can be expressed
using the matrix Gpx = 0,:G g as follows

(ImG)KMZM ZN(IHIG)NL

MKL:GKL+2'5 ZT(IIIIG)Z

(5.50)

Employing then the relation (2.24), one can bring the terms involving Ug into
the form (5.34).

In conclusion, we have outlined how the superpotential (5.41) indeed reproduces
the scalar potential V® + V) and thus fits into the framework of N' = 1 super-
symmetry.

5.4 Connection to manifolds with G5 structure

In this subsection, we indicate a connection of the truncated theory studied above
to compactifications of M-theory on seven-manifolds with Go structure.

A manifold has G structure if its structure group is contained in Go, and if it
features a globally defined, Ga-invariant, real and nowhere-vanishing three-form
®. Note that if ® is in addition harmonic, the manifold has G5 holonomy. In our
present setting, motivated by [33, 34, 35, 36, 16, 37|, we define ® as

= V2 (RVHJ Adz+VEBRe(CQ)) | (5.51)

where we remind the reader that R denotes the radius of the circle, V is the
volume of the Calabi-Yau three-fold, J denotes its Kéahler form while €2 is the
holomorphic three-form. Following then for instance [37], as dz, J and 2 are
globally defined and nowhere-vanishing, one can show that (5.51) defines a Go
structure on the seven-manifold ).

Using (5.51), one can express the Kéhler potential and the superpotential in the
following way [38, 35, 39, 17, 16]

lCz—Bln(%/y@A*ﬂ)), W:%L(ﬂcg+i¢)Ad7(ﬁcg+¢®).
(5.52)
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To verify that the formulas in (5.52) indeed reproduce the Kéhler potential and
superpotential of our truncated theory, we first note that the sum of (3.17) and
(5.29) can be brought into the form

K = —log [8R*] —2log {zvéR—l / Re(CQ) Ax7Re(CQ)| . (5.53)
y

In the second term the integral is over the seven-manifold ) and its prefactor
arises from the zz-component of the metric (3.8) by taking into account the Weyl
rescaling mentioned above equation (A.13). From (5.18) and (B.15), utilizing
*sRef2 = Im(2, one also finds the relations

2V5R! / Re(CQ) A +7Re(CQ) = 2 / Re(CQ) A%6Re(CQ) = e =V,
y X
(5.54)

which allow one to reproduce (5.53) from the Kéhler potential in (5.52). Concern-
ing the superpotential, employing (2.21) as well as (3.5), we can express (5.41) in
the following way

1
W = 1/ QoA di Q. = C5 +iV3Re(CN) (5.55)
y

where ) is the seven-dimensional space given by (4.1) and Cj, subject to the
truncation (5.20), was defined in (4.11). One then shows that the superpotential
in (5.52) reproduces (5.55).

We finally remark that in the literature on M-theory compactifications on man-
ifolds with G5 structure, one usually does not obtain D-terms. Studying this
question in more detail would be an interesting extension of our work.

6 Vacuum structure

The N = 2 theory

Let us now briefly analyze the vacuum structure of the N = 2 theory derived
in section 3.2. In particular, to determine the minima of the potential (3.23) we
first compute

a0

¢ oA = -3V, (6.1)

which means that the potential is a homogeneous function of degree three in the
fields ¢4. Thus, a necessary condition for a minimum is that the potential V'
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vanishes. Since V' shown in (3.23) is a sum of semi-positive terms, each of those
has to vanish independently. The non-degenerate solutions therefore are

0 iNT = — gﬁzr _I_BT’SZS _ %Rrstvavzszt ,

(6.2)
oéNG), 0= M55 .

3

Notice that, from the last two equations, the flat directions of the potential (3.23)
for (¢5, £k ) and ¢4 are counted by the number of zero eigenvalues of the twisting
matrices N and M. The eigenvectors of these matrices define a finite dimensional
subspace, characterizing the directions where moduli are stabilized. In turn,
the directions orthogonal to this subspace correspond to the flat directions. We
remark that the analysis for the complex structure moduli 2" is slightly more
involved.

Of course, there are also degenerate solutions which can lead to a vanishing po-
tential. Recalling (3.23), these include configurations such as (¢¥,&,) = 0, ¢ = 0,
¢ — —00, R — 00, or where the matrices G,5, M and K 45 have zero eigenvalues.

Furthermore, since some of the scalar fields of the theory are gauged, a mass
term for the gauge fields A* can be generated. More concretely, the Lagrangian
contains terms of the form
/ [MAEAA/\*4AE], ALY =0,...,h"", (6.3)
R3.1

with the mass matrix My, given by

Muap = —(M"g M)

AB min. ’
Moa =+(0"M"gM),| | (6.4)
M()O = — bTMTgMb } )

Here g = gap denotes the Kihler metric (3.13), b4 = Re (t4) and matrix products
are understood. Note that My, contains an additional term proportional to the
scalar potential, which however vanishes in the minimum.

The N =1 theory

To study the vacua of the truncated theory, we first recall the D- and F-term
potential given in (5.40) and (5.44)

V=Vp+Vp= M?6°) (MP46%) Kas + 25 ( GTD,WD,W ) . (6.5)

~ 15 (
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Similarly as for the N' = 2 case, a necessary condition for minima in the fields ¢*
reads

Lo, O
0= 0" 5

V=-3V, (6.6)

which, since (6.5) is a sum of semi-positive definite terms, implies that Vp = Vg =
0. The non-degenerate solution to Vp = 0 is given by D, = 0 which means

MP.p¢ =0, (6.7)

whereas the non-degenerate solution to Vy = 0 leads to F; = 0. One configuration
satisfying this constraint reads

NU=0, (6.8)

where the vector U was defined in (5.42). However, other solutions involving for
instance (&*,€,) = 0 are also possible.

For the mass terms of the vector fields we recall that the graviphoton A° as well
as the fields A® are projected out. We are thus left with

/ {Maﬁ A A*4AB] : (6.9)
R3:1
where with the help of (5.14) the mass matrix M,z is found to be

My =—(M"g M) , (6.10)

min.

af

and the metric g, takes indices a,b=1,..., htt.

7 Conclusions and outlook

In this paper, we have performed a detailed analysis of Scherk-Schwarz reduc-
tions of M-theory down to four spacetime dimensions, including both the vector
multiplet and hypermultiplet sectors. These reductions yield gauged N/ = 2 su-
pergravities, with a potential for the scalar fields that we explicitly computed.
We have focussed on the bosonic sector of the theory, though the fermions can
be treated in a similar way, such as to preserve supersymmetry of the full La-
grangian. Our analysis here is an extension of previous results in the literature
9, 15].
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Furthermore, we have defined a truncation from ANV = 2 to N' = 1, inspired
by the rules of orientifold projections in type ITA string theory. These models
are determined by the Kéahler potential for the chiral N' = 1 multiplets, the
superpotential, the gauge kinetic functions, and the D-terms, all of which we have
explicitly computed. Our results show a close relation to compactifications of M-
theory on manifolds with G structure, which would be interesting to understand
in further detail.

The models we obtained are not of immediate phenomenological relevance. This is
because not all moduli are stabilized, and we have not identified which of the vacua
lead to supersymmetry breaking. However, the inclusion of quantum corrections,
both perturbative and nonperturbative, could provide additional mechanisms to
stabilize the yet unfixed moduli. Due to the presence of D-terms in our models,
this might lead to metastable vacua with a positive cosmological constant that
could be relevant e.g. for inflationary models. We leave this interesting possibility
for future research.
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A Some details on the dimensional reduction to
D=5

Let us begin with the dimensional reduction of the eleven-dimensional Ricci scalar
appearing in the action (2.1). We first decompose (up to total derivatives)

5 [Re= [eava [R@ R - S (079,6,) (679G
(A1)

+ % (G*0:G o) (GO"Gra) |,

where R denotes the Ricci scalar computed from the five-dimensional metric
Guir, Ry = 0 s the Ricci scalar of the Calabi-Yau manifold X and 0; are derivatives
with respect to the five-dimensional coordinates ##. We then split the Calabi-Yau
metric G,,, into a constant background part Gmn and fluctuations around this
background

o

Grn = G + 6Gon - (A.2)

Following [40, 41, 42, 43], the fluctuations (in a complex basis with holomorphic
indices a, b and anti-holomorphic indices @, b) can be expressed as

5Gal_): —'i(;UA(wA)ag, A= 1,...,h1’1,

(A.3)

5Gp = 2 (%) ump 1 ro=1,... k%,

vV
[ A
where dv4 are fluctuations around the background value 94 of the expansion
parameters of the Ké&hler form given in (2.6). In the following, these will be
combined into

v = ot + vt (A.4)
Furthermore, y, denotes a basis of harmonic (2,1)-forms on X', and the holo-
morphic three-form Q was introduced in (2.6). The volume V of the Calabi-Yau
threefold was defined in equation (2.7). At lowest order in the fluctuations, y, in
0G4 does not depend on the five-dimensional coordinates whereas 2" (as well as

Svtin §G 3) are functions of 7. We also note the relation
o T 1 /CABc’UBUC

G(wa) 5 = 5T v (A.5)

and we define and compute

/CACDUCUDICBEFUEUF) (A6)

1 1
= — A ——— (K ¢ _
9(5)AB 4y /X wa N\ *wWp ( ABCU 1y

4y
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as well as

e xe AXG

GTEE -
[ QAQ

rs=1,...,h%". (A7)

Up to second order in the fluctuations 6G, we then find

1

. Y, _
= / Rx1= / - R(5) *5 1-— Vg(g,)ABdUA VAN *5dUB 4 GngZT AN *5d§s
2 R41Ix X R4,1 2

+;dlogv NAxsdlogV | . (A.8)

Let us next turn to the kinetic term for the three-form potential Ci. Using the
ansatz (2.9), we compute

1 ~ - 1
——/ F4/\*F4 = ——/ Vdég/\*5d53+4vg(5)AB dAA/\*g)dAB
4 RAlx X 4 R4.1

—2 (Tm M)~ F (déK - MKngN> A x5 (déL - MLMdgM) ] .

(A.9)
Here, we have employed the period matrix My which satisfies [44, 45]
/ o N\ *goy = _—(ImM) — (Re./\/l) (ImM)_l(ReM)} ,
X - KL
- L
/ ag AxB" = |—(Re M) (Im./\/l)_l} : (A.10)
X L K
- KL
B At = [—(mm) 7]

X

with matrix products understood and {ay, 3%} denoting the basis introduced
in (2.4). For the topological term in the action (2.1) we compute (up to total
derivatives)

1
12 R41xx
1

- = [ 6des A (ngéK - éKdgK) 4 KCapo dAA A dAB A A | .
R41

EyANFyACy
(A.11)

To dualize ¢3 to a scalar field, we introduce a Lagrange multiplier a for dész and add
this term to the combined action (A.9) and (A.11). After solving the equations
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of motion for ¢3 and substituting them back into the action, the terms involving
¢3 become

— % / V dés A H5dés + 2dés A (Edel — €5dég) + 2dé; A da
) R‘“l (A.12)
_ = = Kays ¢ K Lys ¢ L
— =1 [ 5 (d0 €0 = Eiae) s (da+ €y - Grae”)

Finally, we combine the above expressions and perform a Weyl rescaling g5 —
Vi G of the five-dimensional metric to arrive at

2
— Grsdz” A xsdZ® — V3 gsyap dA? A xsd AP

— 4%}2 (da +efdg, — éKd§K> A %5 (da +&hdE, - éLd§L>

+ %(Im M)_IKL (déK - MKngN) N x5 (déL - MLMdgM)

1
— 75 Kasc dA* A dAB A AC ] : (A.13)

1 1
8(5) = / |: + — R(5) *5 1 — 6 legV AN *5dlogV - 9(5)ABd'UA A *SdUB
R41

As it turns out, the field V belongs to a hypermultiplet and so (A.13) contains
terms mixing hyper- and vector multiplets. To make contact with the standard
formulation of N' = 2 supergravity in five dimensions, we introduce new fields

wl—

VA = V_ ,UA . (A14)
By definition, due to (2.7), these satisfy %’CAB(jl/Al/BI/C =1 and so there are h'!
scalar fields v subject to one constraint, as well as the independent field V. We
then arrive at the following form of the five-dimensional action

1 1 1
3(5) = /R41 { + 5 R(5) *5 1-— Z dlogV /\*5d10gv + Z’CAgcl/Cdl/A /\*5dl/B

+ E(KABCVC - iICACDVCVDICBEFVEVF> dA% A x5dA”

— 11—2 Kape dA* ANdAP A AY — Ggd2” A wsdZ® (A.15)
~ 1 (do + €%aGk — Eedg) A (da+ €4, — Erag?)

+ % (Im M)_IKL (dgK - MKNd§N> N *5 (dgL - MLMd€M> } .
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B Some details on the dimensional reduction to
D=4

Computations

To perform the dimensional reduction of the five-dimensional action (2.10) (which
is the same as (A.15)), we note that the inverse of the metric (3.8) reads

i R g" R A%+
i _
g = ( RAY R—2 _'_RASAOp ) ) (B'l)

where A°# is the graviphoton with indices raised by the inverse of the four-
dimensional metric g,,. The determinant of gz; is given by

det gzz = R™*det g, . (B.2)
For the five-dimensional Ricci scalar, we then find
1 1 3 R3
/ Ry x5 1= / = Ryyxy 1 — —dlog R A xydlog R — — dA° A x,dA°] .
in 2 o | 2 4 4
(B.3)
Under the symmetries (2.12) discussed in section 2.2, due to equation (2.13), the

volume V is independent of z and so we have chosen 9,V = 0. Upon dimensional
reduction, the corresponding term in the action keeps the same form, i.e.

1 1
/ ——dlogV A xsdlogV :/ ——dlogV AxqdlogV | . (B.4)
R41 4 R3:1 4

However, for the scalars v there is a non-trivial dependence on the coordinate z
of the circle, which we have specified in equation (3.2). This leads to

1
/ |: —Kagsc VCdvt A *5dI/B }
ra1 | 4

1 1
= / = Kapcv® DA Ax,DvP + — /CABCI/C(MADVD) (MBEI/E) *g 1],
R3,1 4 4R3
(B.5)
where we have defined

D = dv* + A°MA 0P (B.6)
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The computation for the remaining five-dimensional scalar fields in the action
(2.10) is completely analogous. On the other hand, the reduction of the five-
dimensional vector fields is non-trivial. In particular, using (3.2) and (3.9), for
the kinetic term one finds

1 1
/ {‘(ICABCVC_EICACDV v ICBEFV v )dA /\*5dA(B;—))
R4,1

4
1 c 1 C D E F B
= —(ICABcI/ - — ]CACDI/ v ICBEFV v )X ( '7)
R3.1 4 4
x (RF AxaFf) + ﬁDb A*iDbF)
with the definitions
Fiy = dA() — MAAG N A, Db* = db* — M*(Af) — b A%) . (B.8)

For the Chern-Simons term in the five-dimensional action (2.10), employing the
constraint (2.13), we find in agreement with [15]

1 A B C
/Rél’l [ - E ]CABC dA(5) /\ dA(5) /\ A(5)

1 1
= /Rgl [ — 6 Kapc F(Z‘) A MBD A(Z) A Aa) _ = ICABchF(‘;‘) A F(% (BQ)
1
T3 Kapcbb dA® A gy — ’CABCbAbBdeAO A dA°

Standard form of N = 2 gauged supergravity

Let us now bring the above results into the standard form of N' = 2 gauged
supergravity in four dimensions. However, for ease of notation we will drop all
subscripts indicating four-dimensional quantities since this will be clear from the
context.

e The Einstein-Hilbert term shown in equation (B.3) is already in the stan-
dard form.

e Concerning the scalars v and b4, we first define fields ¢4 in the following
way

1
0" =Rv", R = = Kapco” 676 . (B.10)
where we have included the constraint (2.11) in terms of the ¢#. Collecting
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then all kinetic terms involving ¢ and b* from above, we can express them
as

/Rgl {—gAB Dt* A%y DT | | (B.11)

where we employed the definitions (3.12) as well as (3.13).

For the four-dimensional vector fields A4 and A°, we first recall the def-
initions (3.18) and (3.19) for the combined field strengths and structure
constants, respectively. Next, we note that the period matrix derived
from (3.16) reads

ImNAB = —4R3 JAB , ReNAB = _ICABCbC )
ImNyy = +4 R3gapb® , ReNy = +% K apcbPbe
ImNy — —R3 (1 +4gABbAbB) . ReNo = —LKapcbibPoC .

(B.12)

With A,¥ = 0,..., k%!, the kinetic and topological terms for the vector
fields are then expressed as

1 1
/ [+ZImNAZ FAN o FF + ZRe/\/AZ FAAFE] : (B.13)
R3.1

In equation (B.9), there is one term not contained in (B.13) which can be
brought into the following form

/ {—é AAMAB A AC A dADICBCD} : (B.14)
R3.1

For the hypermultiplets, we first note that the reduction from five to four
dimensions is very similar to the one presented in (B.5). Defining then

V=e2 (B.15)

one arrives at the kinetic terms given in (3.20).

Let us finally comment on the scalar potential. As one can see for instance
from (B.5), the non-trivial dependence of the scalar fields on the circle
coordinate z will lead to a scalar potential in four dimensions. Collecting
these terms also for the remaining scalar fields, one arrives at the potential
given in (3.23).
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