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Under conditions of low ionic strength and a pH ranging between about 3.7 and 5.0, solutions of purified
coat proteins of cowpea chlorotic mottle virus (CCMV) form spherical multishell structures in the absence of
viral RNA. The outer surfaces of the shells in these structures are negatively charged, whereas the inner
surfaces are positively charged due to a disordered cationic N-terminal domain of the capsid protein, the
arginine-rich RNA-binding motif that protrudes into the interior. We show that the main forces stabilizing
these multishells are counterion release combined with a lower charge density in the RNA-binding motif
region of the outer shells due to their larger radii of curvature, arguing that these compensate for the outer
shells not being able to adopt the smaller, optimal, radius of curvature of the inner shell. This explains why
the structures are only stable at low ionic strengths at pHs for which the outer surface is negatively charged
and why the larger outer shells are not observed separately in solution. We show how to calculate the free
energy of shells of nonoptimal radius of curvature from the elastic properties of the native shell. The spacing
between shells is determined mainly by the entropic elasticity of the RNA-binding motifs. Although we focus
on CCMV multishells, we also predict the solution conditions under which multishells formed by CCMV
coat protein mutants with a lower RNA-binding motif charge are stable, and we examine other viruses as
well. We conclude that at a given surface charge density, the boundaries separating regions of stable multishells
with different numbers of shells shift to lower ionic strengths upon either increasing the length of the RNA-
binding motif, increasing the stiffness of the shells, or decreasing the charge per RNA-binding motif.

1. Introduction

The simplest viruses consist of a single-stranded RNA
genome that is enclosed in a container, the capsid, which consists
of many copies of a single protein. Some, like tobacco mosaic
virus (TMV), are cylindrical, while others, like cowpea chlorotic
mottle virus (CCMV), are icosahedral. In 1955, Fraenkel-Conrat
and Williams1 showed that infectious particles of TMV can
spontaneously self-assemble when the purified RNA and protein
are mixed in a buffer solution at an appropriate pH and ionic
strength. Twelve years later, Bancroft and Hiebert2 demonstrated
that as in TMV, CCMV RNA and protein self-assemble into
infectious viruses, indistinguishable from the wild type. Further,
Bancroft et al.3 demonstrated that in the absence of RNA,
CCMV capsid proteins self-assemble into a variety of structures,
including capsids, tubes, and sheets. They sketched an ionic
strength/pH phase diagram that showed the conditions of
stability of each polymorph; a closely similar diagram for
CCMV capsid protein was later determined by Adolph and
Butler.4

The CCMV protein phase diagram has recently been re-
examined by Lavelle et al.,5 who also showed that the protein
assemblies are equilibrium structures, that is, reversible. As in
the earlier studies, empty capsids are observed at pH < 3.7 and
at high ionic strengths; but when the pH is increased at low
ionic strength, multishell structures assemble. They consist of

an empty capsid equal in size to the native capsid, surrounded
by one or more larger shells that each consist of a single layer
of protein. Multishells are not observed at pH > 5.0; tubular
structures are found instead.

Lavelle et al.5 suggested that the appearance of the multishells
may be understood in terms of a balance between electrostatic
interactions and the curvature energy of the protein shells. The
26 N-terminal amino acids of the CCMV capsid protein are
positively charged because of the presence of basic residues.
This arginine-rich motif (ARM) extends into the interior of the
capsid where it can interact with the negatively charged RNA.
The pKs of the ARM residues are high; therefore, they remain
essentially fully charged until pH > 8. On the other hand, the
charge on the capsid exterior varies with pH. It becomes
negative when the pH exceeds the isoelectric point, 3.7 (a value
that is independent of the charge on any cargo in the capsid,
such as RNA), and then increases in magnitude and levels off
at a pH of about 5.6 Lavelle et al. argued that the formation of
additional shells can be attributed to the electrostatic interaction
between the negative shell exterior and the positive ARM protein
tails on the interior of the shell. CCMV capsids have a radius
of 14 nm associated with the spontaneous curvature of the
protein. Successive shells have smaller curvatures (larger radii)
and a corresponding cost in curvature energy. The number of
shells that form must then be limited by the balance between
these two effects, the stabilizing effect of electrostatic interaction
between successive shells and the energy cost associated with
reduced curvature.

While these arguments seemed plausible, they are purely
qualitative. We have therefore undertaken a more rigorous
theoretical study to investigate their validity. We focus on the
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relative stabilities of single shells and multishells, and we
develop a model to calculate the free energy per protein in each
of those structures. For a given structure, we optimize the
spacing between shells to find the lowest free energy per protein
for that particular structure, which we subsequently use to
determine the most stable one. We assume the shells are
spherical and of constant thickness and made from a material
of low dielectric constant. The charges on the shell exteriors
are taken to be uniformly distributed, and the ARMs are assumed
to form a layer of uniform charge density and to fill the entire
region between shells (see Figure 1). Because this charge density
is high, we solve the Poisson-Boltzmann equation to find the
electrostatic potential from which we can then calculate the
electrostatic free energy. We employ a simple entropic spring
model to describe the stretching or compression of the layer of
ARMs, and we use continuum mechanics to determine the free-
energy penalty associated with the deformations of the shells
away from their favored radius of curvature.

The width of the region between two shells is determined by
minimization of the free energy and is generally close to the
equilibrium width of the entropic spring free energy, typically
a few nm. Increasing the width of this region, by increasing
the radius of the outer shell, decreases the charge density of
the ARM region and thus the electrostatic free energy, whereas
it increases the deformation free energy of the outer shell (since
the radius of curvature of that shell increases). Decreasing the
width has the reverse effect. The electrostatic free energy has
two main components, namely, the entropy of the free ions and
the interaction of the surface charges with the electric field. The
lower the ionic strength, the larger the entropy difference
between ions between two shells and ions in the solution. This
means that at low ionic strength the electrostatic free energy is
the main component of the free energy, and the ARMs are
stretched; at high ionic strength, the width of the ARM region
is close to the equilibrium value. In other words, the deformation
free energy of the shells favors an ARM region as narrow as
possible because it favors a radius of curvature of a shell as
close as possible to that of the native capsid, whereas electro-
statics favor a region as wide as possible. The entropic elasticity
of the ARMs prevents the region from becoming too narrow or
too wide; it essentially determines its width.

Shells with a large radius of curvature have a large deforma-
tion free energy. Stable multishell structures can form because
two effects cause a decrease in the electrostatic free energy.
First, if the width of the ARM region is held constant, the charge
density in that region decreases as the radius of curvature of
the shell increases, leading to a decrease in the electrostatic free
energy. Second, the free energy includes a contribution from
the interaction between the positively charged ARMs and the
charged outside surface of a shell. If the outside surface is
negatively charged, the overlap of its electric double layer with
the positively charged ARM region leads to release of coun-
terions, which decreases the electrostatic free energy. The
decrease in electrostatic free energy turns out to be large enough
to offset the deformation free energy as long as the ionic strength
is sufficiently low.

We find that for a certain range of surface charge densities
under any solution condition (i.e., pH and ionic strength) only
one type of multishell is dominant and that sharp boundaries
exist between regions in which multishells with different
numbers of shells are stable. Increasing the stiffness of the shells
shifts the boundaries between single- and multishell structures
to lower ionic strengths at fixed surface charge density because
it leads to an increase in the elastic deformation energy which
has to be compensated for by a larger difference in electrostatic
free energy between the two types of structures at the boundary.
This can be achieved by lowering the ionic strength. Increasing
the length of an ARM has the same effect because it increases
the equilibrium separation between shells, which effectively
increases their radius of curvature (except for the central capsid),
leading to a larger deformation energy of the shell and also to
a smaller charge density between shells. Increasing the charge
per ARM has the opposite effect. It increases the charge density
between shells and thus the electrostatic free-energy difference
between two structures at a boundary. An increase in ionic
strength compensates for this; therefore, boundaries are shifted
to higher ionic strengths.

In the following sections, we present our theoretical treatment
of the ARMs, of the relevant electrostatic effects, and of shell
elasticity contributions. In section 3, we calculate phase
diagrams, that is, regions of pH and ionic strength where these
competing structures are successively dominant. Our results for
CCMV capsid protein are compared directly with experimental
results, and predictions are made for CCMV mutants and for
other viral coat proteins.

2. Theory

Here, we develop a model to calculate the free energy per
protein in an assembly consisting of an arbitrary number of
shells. This free energy is subsequently used to determine the
most stable assembly, that is, the one with the lowest free energy
per protein, and the spacing between shells in that assembly.
Figure 1 shows a sketch of our model of a multishell, which in
this case consists of two shells. Although CCMV and most other
viruses have icosahedral symmetry, for simplicity, we assume
that each shell is spherical and of constant thickness h. We
assume, as well, that a shell has a uniform dielectric constant
εprotein that is much smaller than that of the surrounding medium
and that no charges are present within the shell itself. The charge
on the capsid exterior is taken to be uniform; that on the interior
surface is small compared to that on the positively charged
ARMs and can be neglected. We assume that the ARMs fill
the entire region between shells and that the charge density due
to them is uniform.

The total free energy Ftot of a multishell consists of three
parts

Figure 1. Model of a multishell structure, in this case consisting of
two shells of thickness h. The outside surfaces of shells are negatively
charged, and the arginine-rich binding motifs (ARMs), of width D1

and D2, are positively charged and protrude on the inside of the shells.
R1i(o) is the inner (outer) radius of shell 1, and similarly, R2i(o) is that of
shell 2; Rc ) R1i - D1.
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Fs is the entropic elastic free energy associated with stretching
or compression of the layer of ARMs. We use a simple ideal
chain elasticity to model this (see section 2.1). Felec is the
electrostatic free energy associated with the charges on the
ARMs, the counterions, and the charges on the outside sur-
face of a shell. Due to the high charge density between shells,
we need to solve the Poisson-Boltzmann equation to determine
the electrostatic potential, from which we subsequently calculate
the free energy (for a similar case, see ref 7). Instead of solving
the Poisson-Boltzmann equation numerically over the whole
region, we calculate a numerical solution inside of the inner
shell and then derive an approximate analytical solution in the
rest of the region (described in section 2.2). The third contribu-
tion is Felas, which is associated with the local elastic deforma-
tions of a shell due to the fact that proteins in the shells
surrounding a capsid in a multishell structure experience a larger
local radius of curvature than those in the capsid. We assume
that the shell can be modeled as a continuous elastic medium,
and we then show how to calculate this elastic free energy from
the Young’s modulus and Poisson ratio of the native shell (see
section 2.3). Finally, we discuss the total free energy (see section
2.4). Because the multishells contain different numbers of
proteins, we must, in principle, use the law of mass action to
calculate the relative abundances of the structures. As shown
in section S1 of the Supporting Information, however, taking
into account the law of mass action changes the results only
slightly.

2.1. Entropic Elasticity of ARMs. We model the ARMs as
freely rotating chains consisting of three segments per amino
acid, each of length a ) 0.144 nm8 and with a bond angle of
116°8 between segments; their typical length is about 10 to a
few tens of nm, and their collective properties are described by
polyelectrolyte brush theory.9 Specifically, we describe the ARM
region as an osmotic brush.10 In other words, the equilibrium
size of the layer is determined by the osmotic pressure of the
counterions and the entropic elasticity of the ARMs. Since the
contribution of the counterion osmotic pressure to the free
energy will be included in the electrostatic free energy, we need
examine only the entropic elasticity of the ARMs. We use the
familiar free energy for an ideal chain11

where R is the end-to-end distance, Re
2 is the average square

end-to-end distance of the isolated chain in equilibrium, that
is, with free ends, and where we have omitted an irrelevant
constant term. For a freely rotating chain consisting of n
segments of length a with a bond angle of 116° between
segments,12 Re

2 ≈ 2.56na2. We set R ) Di and Re ) D0. Then,
the total free energy due to stretching of the ARMs in the ith
shell is

where Ni is the number of coat proteins in the shell and Di is
the width of the ARM region of the ith shell. Di is different, in
principle, for different shells. We come back to this assumption

when we discuss the electrostatic part of the free energy in the
next section.

As we will see in section 3, the amino acid density in the
ARM region in the case of CCMV is about 14% of that in the
protein shell itself, which is close to the maximum (“close-
packed”) value. This means that excluded volume effects might
play a role. It turns out, however, that at high ionic strength,
when the electrostatic free energy is relatively small, the width
of the ARM region is close to the equilibrium width. Changing
the shape of the free energy but keeping the equilibrium width
the same will then have little influence on the results. At low
ionic strength, the ARMs are generally stretched, especially if
they are highly charged. Changing the shape of the free energy
changes the amount of stretching, but it does not change the
results qualitatively; it slightly shifts the boundaries between
regions of stability of different structures. The same is true for
relatively small changes in the equilibrium spacing D0. The
ARMs are relatively short, and the amino acid density is quite
high; therefore, as in the case of concentrated polymer solutions
and melts, the excluded volume interactions are not likely to
be important. Taking into account these considerations, the
simple expression eq 3 is sufficiently accurate for our purposes.

2.2. Electrostatics. In our model, the shells are taken as
spherical, and all charge distributions are assumed to be
spherically symmetric, which implies that the electrostatic
potential Φ is spherically symmetric. In the mean-field
(Poisson-Boltzmann) approximation, in which the ions are
assumed to be point charges, the electrostatic free energy
consists of two contributions. The first is the energy of the
electric field or, equivalently, the energy of the charges in
the electric field,13 and the second contribution comes from the
translational entropy of the free ions. Because the calculation
of the electrostatic free energy is relatively straightforward, we
give only an outline of the calculation in this section, with
emphasis on some important issues, and we refer to section S2
of the Supporting Information for details. The total electrostatic
free energy is given by eq S.6 in the Supporting Information.

In order to calculate the electrostatic free energy, we need to
know the electrostatic potential in the whole region. Although
the negative surface charge on the outside of a shell is small
(with a typical surface charge density smaller than 0.1 e nm-2),
the electrostatic potential is still large due to the charged ARMs
inside of the native capsid and between the shells (with a typical
volume charge density of about 0.3 e nm-3). A treatment of
the electrostatics at the Debye-Hückel level is therefore not
justified; to find the electrostatic potential, we need to solve
the nonlinear Poisson-Boltzmann equation. We follow ref 14
and assume that the charge density in the ARM region due to
the ARMs is constant, which simplifies the calculations
considerably. We can assume that the ARMs fill the whole
region between shells because for a given width D of the ARM
region of a shell (other than the capsid), the lowest free energy
is obtained when the separation between a shell and the
surrounding ARM region is zero. If this separation were to be
increased, the radius of curvature of the outer shell would have
to increase, increasing the elastic deformation energy of that
shell (see section 2.3). At the same time, the overlap between
the electric double layer of the negative exterior of the inner
surface and the ARM region would decrease, increasing the
electrostatic free energy. Note that an increase in the radius of
curvature causes a slight decrease of the charge density in the
ARM region, leading to a slight decrease in the electrostatic
free-energy density. However, the slight increase in volume of
the ARM region increases the free energy per protein. (We have

Ftot ) Fs + Felec + Felas (1)

f )
3Re

2

2R2
+ 3R2

2Re
2

(2)

Fs,i )
3
2

Ni(D0
2

Di
2
+

Di
2

D0
2) (3)
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checked this numerically.) The net effect would thus be an
increase in free energy, showing that the ARMs indeed fill the
entire region between shells. In general, the ARM region within
the central capsid (the inner shell) will not extend to the center.

We assume that the mobile salt ions do not penetrate the
protein shells themselves and that no charged groups are present
in the protein shell itself. The electrostatic potential in the protein
shell then obeys the Laplace equation. Salt can move freely
from one side of a shell to the other because shells contain pores
that are large enough for the salt ions to diffuse through. We
assume that these pores do not influence the electrostatic energy
of the assembly significantly, and we do not model them
explicitly. At the boundary between a protein shell and the
surrounding liquid, the potential is continuous but generally not
differentiable. This discontinuity in the derivative is determined
by the surface charge density and the dielectric permittivities
of the two materials and can be calculated with Gauss’s law.
For the dielectric permittivity of the protein shells, we use εprotein

) 5. Note that the dielectric permittivity of proteins is a subject
of much discussion.15 In fact, the value of the dielectric constant
depends on the model in which it is used; the more the dielectric
response is modeled explicitly (e.g., conformational changes due
to ionization), the lower the dielectric constant that one
needs.15,16 We find that in our case, the exact value influences
the results very little as long as it is small compared to the
dielectric permittivity of water εwater ) 80.

There is no analytical solution for the electrostatic potential
in our model, but instead of constructing a numerical solution
over the whole region, we construct a numerical solution inside
of the innermost shell, where the potential changes considerably,
and an approximate analytical solution elsewhere. An advantage
of this approach is that it is computationally less expensive.
This is important here since we will minimize the total free
energy numerically with respect to the separations Di between
shells, which means the electrostatic potential has to be
calculated very many times.

Figure 2 shows a typical numerical solution of the dimension-
less potential φ ≡ eΦ/kBT, in this case for a multishell consisting
of two shells. As one can see, the potential between shells is
quite high, but it is more or less constant. In fact, numerical
solution of the problem shows that the dimensionless potential
between shells i - 1 and i is approximately equal to arcsinh(Fi/
2c0), where Fi is the charge density (in units of e) between the
shells and c0 is the salt concentration (see, for example, Figure
2). This result can also be derived by assuming that the total
charge between the shells (including the surface charge) is zero.
Because the surface charge is much smaller than the charge in
the ARM region, we can neglect it and find 2c0 sinh φ ≈ Fi,
where the bar denotes an average over the whole ARM region.
If φ is approximately constant, this leads to φ ≈ arcsinh(Fi/
2c0).

The way that we calculate the approximate analytical solution
is as follows. Outside of the outer surface of the outermost shell
(region VI in Figure 2), the potential is small, and we solve the
Debye-Hückel equation. In the protein shells (regions III1 and
III2), we use the exact solution of the Laplace equation; between
shells (region II2), we set φ ) arcsinh(Fi/2c0) + φ1, where φ1 is
a small correction that obeys the Debye-Hückel equation with
a renormalized Debye length, which we solve. Inside of the
inner surface of the inner shell (regions I and II1), we solve the
Poisson-Boltzmann equation numerically with boundary condi-
tion φ ) arcsinh(F1/2c0) on the inside surface of the inner shell,
where F1 is the charge density in the ARM region inside of the
inner shell. We then calculate the small correction to this

solution analytically in the outer half of the ARM region of the
inner shell (region II1) again by solving the Debye-Hückel
equation with renormalized Debye length. (We assume that the
correction is negligible elsewhere inside the inner surface of
the inner shell.) The appropriate boundary conditions are derived
from the original ones, and the total electrostatic free energy is
calculated partly numerically and partly analytically from the
electrostatic potential (see section S2 of the Supporting Informa-
tion for details).

Generally, increasing the charge per ARM increases the
charge density and thus the free energy per protein. Increasing
the width of the ARM region decreases the charge density, and
even though the volume of the ARM region increases, it still
decreases the free energy per protein in that shell (the
electrostatic free-energy density scales roughly as Fi

2; therefore,
the electrostatic free energy per protein in a shell is roughly
proportional to Fi). Note that this differs from the effect
mentioned in the second paragraph of this section. Even though
the free energy per protein in a shell decreases, it is possible
that the free energy per protein in all of the shells combined
increases, which is the case there. Finally, increasing the absolute
value of the surface charge, assuming that it is opposite in sign
to that of the ARM, decreases the electrostatic free energy.

There are two separate mechanisms that cause additional
shells to have a lower electrostatic free energy per protein than
the central shell, at least when the width of the ARM region is
the same. The first is counterion release. Due to overlap of the
electric double layer of the negatively charged outer surface of
a shell with the oppositely charged ARM region of the
surrounding shell, positive- and negative-charged counterions
can escape to the bulk, increasing their entropy and lowering
the free energy. This can be seen, for example, in Figure 2.
The concentration of positive counterions is c0 exp(-φ), and it
is much higher at the negatively charged outside surface of the
outer shell, where φ is negative, than close to the negatively
charged outside surface of the inner shell, where φ is positive.
The concentration of negative counterions (c0 exp φ) between

Figure 2. Example of the dimensionless electrostatic potential φ as a
function of distance r from the center of the multishell structure for a
structure consisting of two shells. The ionic strength is I ) 0.01 M,
the inner shell consists of N0 ) 180 proteins, each with charge (in
units of e) q0 ) 1, the charge per ARM (in units of e) is Q ) 10, and
the equilibrium thickness of the ARM region is D0 ) 2.0 nm. The
shell thickness is h ) 3 nm, and the thicknesses of the ARM regions
are D1 ) D2 ) 3 nm. The solid line denotes the electrostatic potential,
and the dotted lines denote the approximate solution φ ) arcsinh(Fi/
2c0), where Fi is the charge density in the ARM region due to the ARMs
and c0 is the salt concentration.
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the surfaces is quite large but still smaller than the charge density
due to the positive ARMs (φ is smaller than arcsinh(Fi/2c0)),
especially close to the negatively charged surface. The reason
that the concentration of negatively charged counterions is still
large is that the total fixed positive charge (on the ARMs) is
much larger than the total fixed negative charge (on the surface).
The second reason why additional shells have a lower electro-
static free energy is that additional shells have a larger radius
of curvature than the inner shells, which means that the charge
density due to the ARMs is smaller at the same ARM region
width. As mentioned before, even though the volume is larger,
the net effect is a decrease in electrostatic free energy.

If we let the width of the ARM region go to zero, we can
compare our calculation of the free energy of a single shell with
that of Šiber and Podgornik,17 who calculated the electrostatic
free energy of a shell with surface charge on both the inside
and the outside. Our results agree with theirs.

2.3. Elastostatics. An important experimental observation is
that in the case of CCMV, the only single shells that are stable
in the pH range that we study are native capsids. Large shells
are found around smaller shells under certain solution conditions
but never alone. This indicates that large shells are less stable
(have a higher free energy per protein) than native capsids. We
assume that this is mainly due to an energetic penalty for elastic
deformation of the shells because they have a radius of curvature
that is larger than the preferred radius of curvature, which we
assume is equal to the native capsid radius of curvature. We
also assume that the shell can be viewed as a continuous elastic
medium with Young’s modulus E and Poisson ratio ν. The
material is undeformed in the native capsid, and the deformation
energy for a particular shell can be calculated by comparing
the deformation with respect to the capsid. As explained in the
Appendix, there is no stretching or compression of the elastic
material in the neutral plane of a shell, which is the spherical
surface that divides a shell into two shells of equal thickness,
even if a shell does not have the preferred radius of curvature.
The density of proteins in this neutral plane is assumed to be
independent of the size of the shell. Note that this is an
assumption since shells with larger T numbers would have a
higher ratio of hexamers to pentamers and therefore a different
density of proteins. (The T number refers to the Caspar-Klug18

classification of the ways in which a 2D hexagonal lattice can
close on itself with increasing distances between its 12 icosa-
hedrally distributed five-fold disclinations. The number of
protein subunits in each of the resulting structures is 60T, with
T ) m2 + n2 + mn and m, n ) positive integers.) Furthermore,
even though the outer shells of multishells probably consist of
hexamers and pentamers, we do not know how they are
arranged, and it seems unlikely that the larger shells correspond
to T number structures.5

The number of proteins in shell j is then proportional to the
area of the midplane

where Rji (Rjo) is the inner (outer) radius of the jth shell and the
elastic free energy of the jth shell equals (see eq A.17)

The elastic constant is given by

with h, as before, the shell thickness, presumed constant. Note
that the elastic constant is proportional to (1 - ν)-1 and hence
is different from the flexural rigidity or cylindrical rigidity,19

which is proportional to (1 - ν2)-1. However, we are dealing
with the deformation of a surface where the deformed surface
does not contain the same amount of material as the (smaller)
undeformed surface. See the Appendix for details.

2.4. Total Free Energy. The total free energy per protein
in the single-shell capsid consists of a contribution from the
electrostatics and from the stretching of the ARM region inside
of the capsid. It is calculated using eqs 3, S.11, and S.16
(Supporting Information)

where the thickness of the ARM region of the first shell D1

minimizes this free energy. For a structure consisting of two
shells, there is also a contribution from the elastic deformations
in the outer shell. The free energy per protein is determined
from eqs 3, 5, S.11, and S.24 (Supporting Information)

where, in principle, we should calculate the thickness of the
two ARM regions D1 and D2 by minimizing this free energy.
In practice, we can use the value of D1 that minimizes eq 7 at
the same pH and ionic strength so that we need only minimize
with respect to the single quantity D2. Similar expressions can
be derived straightforwardly for the free energy of multishells
consisting of more than two shells. In the case of M shells, we
have to minimize the total free energy per protein with respect
to Di, i ) 2, ..., M.

There are seven independent quantities in the model, the
preferred size of the capsid R0, the thickness of the capsid h,
the number of proteins in the capsid N1, the elastic constant of
the capsid material kelas, the number of amino acids in an ARM
n (or the equilibrium spacing of the ARM region D0), the total
charge of an ARM Q, and the surface charge per protein q0.
However, because the law of mass action does not influence
the results significantly, as shown in section S1 of the Supporting
Information, we can replace the three quantities N1, Q, and q0

by N1Q, and N1q0.

Nj ) N1( Rji + Rjo

R1i + R1o
)2

(4)

Felas,j )
πEh3

3(1 - ν)kBT( Rji + Rjo

R1i + R1o
- 1)2

) 1
2

kelasNj(1 -
R1i + R1o

Rji + Rjo
)2

(5)

kelas ≡ 2πEh3

3(1 - ν)N1kBT
(6)

Ftot,1 )
Felec + Fs

N1
)

Felec,0 + Felec,1 + Fs,1

N1
(7)

Ftot,2 )
Felec + Fs + Felas

N1 + N2

)
Felec,0 + Felec,2 + Fs,1 + Fs,2 + Felas,2

N1 + N2
(8)
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3. Results and Comparison to Experiments

3.1. CCMV. We first look at multishells consisting of CCMV
coat proteins. A native CCMV capsid consists of 180 identical
proteins and has icosahedral symmetry, which means it is not
exactly spherical. We therefore use average values for its inner
radius, R1i ) 10.4 nm, and outer radius, R1o ) 13.2 nm, as
determined in ref 20. The average width of a shell is then h )
2.8 nm. To model the elastic properties of the shells, we use
the same Poisson ratio ν ) 0.4 as that in ref 20, and we use the
Young’s modulus E ) 280 MPa determined in that paper from
nanoindentation experiments.21 Using these values in eq 6, we
find kelas ) 31. If we use the values E ) 140 MPa and h ) 3.8
nm of ref 21, we find kelas ) 39. The nanoindentation
experiments were performed at room temperature, whereas the
assembly experiments were performed at 4 °C, but we assume
that the Young’s modulus is independent of temperature over
this narrow range.

In principle, we can determine the surface charge of a shell
from the electrophoretic mobility measurements on full and
empty capsids performed by Johnson et al.6 by using, for
example, the first-order equation derived by Henry.22 However,
the measurements were performed at an ionic strength of 0.22
M, and the mobility at lower ionic strength (and the charge)
can be as much as 3-4 times higher (see, e.g., ref 23).

An alternative method for estimating the surface charge is
by using the Henderson-Hasselbalch equation with tabulated
pK values of isolated amino acids to calculate the total charge
of the amino acids at the capsid exterior. In the absence of
electrophoretic mobility measurements made at low ionic
strengths, we will employ this method. There are four amino
acids that are potentially charged and close to the surface, two
glutamic acids (residues 63 and 166, pK ) 4.15), one lysine
(residue 65, pK ) 10.67), and one aspartic acid (residue 168,
pK ) 3.71).24 These residues were identified using the crystal
structure of CCMV (PDB ID: 1CWP25) from the Protein Data
Bank26 (www.pdb.org). Figure 3 shows the calculated surface
charge as a function of pH.

The ARM consists of 26 amino acids,27 corresponding to n
) 78 and D0 ) Re() (2.56na2)1/2) ) 2.0 nm, and the stretched
backbone of an ARM is 9.5 nm long. The only amino acids in
the ARM with charged side groups are six arginines and three
lysines, which are all positively charged in the relevant pH range
(3.0 < pH < 6.0) so that the total charge is +10 e (including the
N-terminus).27 These charges are distributed fairly homoge-

neously along the ARM.27 The shells are about 3 nm thick on
average, which is comparable to the average width of the ARM
region. Because there are 26 amino acid residues in the ARM
and 190 in the whole coat protein, the amino acid density in
the ARM region is about 14% of that in the protein shell itself.

The concentration of protein used in the experiments is
0.1-0.5 mg/mL.5 Since the molecular weight of the CCMV
capsid protein is 19.8 kDa,25 this corresponds to a concentration
of 0.5-2.5 × 10-5 M. We are interested in several boundaries
in the “phase diagram”. The first is the curve on which the
concentration of double shells equals the concentration of single-
shell capsids. If the spacing between the shells is equal to the
equilibrium spacing D0, the number of proteins in the outer shell
is about 360, assuming that the density of proteins is the same
as that in the capsid.28 The total number of proteins in the double
shell is then about 540. If we assume that a significant fraction
of the proteins is in single or double shells, then a concentration
of capsids and double shells of 10-9-10-8 M seems reasonable
(most of the other proteins are actually present as dimers instead
of monomers4 in the case of CCMV, but this does not change
the results significantly; therefore, for simplicity, we ignore this
fact). Using eq S.3 in the Supporting Information to calculate
the free-energy contribution from mass action, that is, due to
mixing, we then conclude that the free energy per protein in
the double shell is about 0.08-0.10 kBT lower than that in the
single-shell capsid when their concentrations are equal. The third
shell in a triple shell contains about 590 proteins,29 assuming
D2 ) D3 ) D0, and the triple shell contains about 1130 proteins
in total. At the line of equal concentrations of double shells
and triple shells, the free-energy difference per protein in the
two structures is about 0.020-0.023 kBT. These numbers are
indeed small, as remarked earlier, and we can therefore neglect
the effects of mass action.

Figure 4 shows the calculated boundaries together with the
experimental data points. The experiments were performed at
4 °C using several different buffers, and the ionic strength was
adjusted using NaCl (see ref 5 for details). The boundaries
calculated using the charge determined from the pK values agree
reasonably well with the experimental results. The boundary
between the double-shell and triple-shell regions is in agreement

Figure 3. The surface charge per protein q0 (in units of e) as a function
of pH determined by estimating the total charge of the amino acids
close to the outside surface using the Henderson-Hasselbalch equation
with the bare pK values of the amino acids and the sequence from the
protein data bank26 (www.pdb.org).

Figure 4. Diagram showing the majority type of structure formed by
CCMV coat protein as a function of pH and ionic strength I (NaCl).
The symbols denote experimental results from ref 5. Single circles:
wild-type empty capsids (single shells); double circles: double shells;
triple circles: triple shells. The curves are the results of our calculations.
The top curve denotes the boundary at which the concentrations of
single shells and double shells are equal. The lower curve denotes the
boundary at which the concentrations of double shells and triple shells
are equal. In both cases, we used the estimated values kelas ) 31 and
D0 ) 2.0 nm, and the surface charge was calculated from the pK values
of the amino acids close to the surface (see Figure 3).
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with experiment, whereas the boundary between the capsid and
double-shell region seems to lie at slightly too high of an ionic
strength. We stress that there are no adjustable parameters in
our model.

We have also calculated the boundaries at which the ratio
between the two types of shells (capsids and double shells or
double shells and triple shells) is 0.01 and 100. These lie very
close to the boundaries at which the concentrations are equal;
therefore, we do not show them here. This implies that the
transitions between regions are fairly sharp.

At high ionic strengths, the equilibrium spacing between
shells is close to the equilibrium end-to-end distance of the
ARMs of 2.0 nm, while it increases to about 2.5-3 nm at lower
ionic strength (see Figure 5). A value of about 3 nm at low
ionic strengths is in agreement with the experimental observa-
tions.5

There are no multishell structures at pH > 5.0. This is
probably caused by the pentamers being relatively less stable
than hexamers at high pH, leading to structures with a relatively
larger number of hexamers, like tubes.5,25,30

3.2. CCMV Mutants. Mutants of the CCMV capsid protein
have been made in which some of the charged amino acids in
the ARM have been replaced by uncharged amino acids, which
means the ARM still has the same length but a lower charge.31

In this section, we predict what effect this has on the stability
of the multishells.

Besides the substitutions of the amino acids in the ARM,
there is also a single substitution of lysine (residue 42) to
arginine. Coat proteins with this substitution are called salt-
stable mutants because virions formed from this mutant do not
dissociate at pH 7 and high ionic strength (I > 1 M),32 in contrast
to the native virion. Because this substitution is not in the ARM
but in the part of the coat protein that forms the shell, it leads
to a change in the Young’s modulus of the capsid. Unfortu-
nately, nanoindentation experiments have only been performed
on salt-stable mutant capsids containing ssRNA and not on
empty capsids.21 The Young’s modulus of these filled capsids
is indeed larger than that of the full wild-type capsids.21

However, measurements are available for empty capsids of
another mutant, SubE, which has the same substitution as the
salt-stable mutant but whose arginines and lysines in the ARM
are replaced by glutamic acid, which effectively gives the ARMs

a charge of Q ) -8 instead of +10.33 We assume that this
change in the charge of the ARMs has little influence on the
Young’s modulus, and we use the value E ) 360 MPa20 of the
SubE mutant for the salt-stable mutant. Then, the elastic constant
is kelas ) 40 (see eq 6), which is about 30% higher than the
value for native CCMV.

Since the size of the CCMV mutant capsids is equal to the
size of the native capsid, and since the ARMs are equally long,
the other parameters are the same as for native CCMV. We
assume the charge of the outside surface is also the same and
we use the charge calculated using the Henderson-Hasselbalch
equation and the pK values of the amino acids close to the
outside surface (see Figure 3).

Figure 6 shows our predictions of the boundaries between
the different regions for the salt-stable mutant for several values
of the charge Q of the ARM. For comparison, the boundaries
for native CCMV are also shown. If we compare the boundaries
of native CCMV and the CCMV mutant with Q ) 10, we see
that increasing the stiffness of the shells decreases the ionic
strength at which a boundary between two regions is found.
The reason for this is that in the latter case the gain in
electrostatic free energy due to the formation of a shell has to
offset a larger elastic penalty than in the former, which can be
achieved by lowering the salt concentration. Decreasing the total
charge of the ARM has a similar effect. The figure also shows
that one can still expect multishell structures for I > 0.001 M
for most values of Q, but they will show up at lower ionic
strengths than in the case of the native coat protein. For the
larger values of Q, the spacing between shells is somewhat larger
than the equilibrium spacing D0, whereas for smaller values of
Q (Q e 6), it is essentially equal to D0.

3.3. Other Viruses. In this section, we predict where the
boundaries between stability regions of different types of
multishells are for capsids of several sizes and how these
boundaries change when we change the stiffness of the shells
or the size or total charge of the ARMs. We should point out
that with a few notable exceptions, multishells have so far not
been widely observed in viruses other than CCMV. There is
some evidence of double shells for BMV,34 but in these
experiments, trypsin was added to the protein, and this removes
63 amino acid residues at the N-terminus. It implies that after
this treatment, the coat proteins no longer have an ARM and

Figure 5. Shell spacings as a function of ionic strength I for several
values of the pH. Only spacings for the dominant assemblies are
depicted (see Figure 4 for the dominant assemblies). That is why there
are jumps in the lines for D2 at the boundary of the double-shell and
triple-shell regions and why some lines end at a different pH than others.
Since we assume that D1 is not influenced by the charge on the outside
of the shell, it is independent of pH.

Figure 6. Same as Figure 4 but now for salt-stable mutants. For
reference, the two solid lines in Figure 4 are reproduced here as dotted
lines. The solid lines denote the boundary between the region with
capsids and the region with double shells for Q ) 10, 8, 6, 4, 2 (from
top to bottom), and the dashed lines denote the boundary between the
regions of double shells and triple shells, again for Q ) 10, 8, 6, 4, 2
(from top to bottom). We used the values of kelas ) 40 and D0 ) 2.0
nm and the surface charge calculated from the pK values of the amino
acids (see Figure 3).
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that, therefore, the shells must be stabilized through a mechanism
not covered by our theory. Double shells were observed in
alfalfa mosaic virus (AMV),35 except that “empty” capsids and
double shells only assemble in the presence of a small amount
of RNA. As we discuss in the next section, AMV might, despite
the presence of RNA, still be a good candidate to which our
theory applies. Finally, bacteriophage fr, a T ) 3 ssRNA
phage,36 does form multishells, despite it not having an ARM,
albeit only at high concentrations. The same reservation holds
here as that for the quoted experiments on BMV.34 Although
we know of no unambiguous other examples than CCMV, this
does not mean that they do not exist, and we include this section
for completeness and as a guide for possible experiments. We
note that ssRNA viruses almost always have an ARM region
and that, therefore, we expect that our theory must quite gener-
ally be valid.

For simplicity, we assume that the shells have a fixed width
of h ) 3 nm. Then, there are five physical quantities that need
to be specified, the preferred size of the capsid R0, the number
of proteins in a capsid N1, the elastic constant kelas, the number
of amino acids in an ARM n, and the total charge of an ARM
Q (although we could eliminate N1 because mass action is not
very important here; see section 2.4). We will only consider T
) 3 and 4 capsids, and since most T ) 3 capsids have an outer
diameter of about 28 nm and most T ) 4 capsids have an outer
diameter of about 40 nm, we consider two cases, namely, N1 )
180 and R0 ) 12.5 nm and N1 ) 240 and R0 ) 18.5 nm. We
make no assumptions about the surface charge density but plot
the ionic strength at a boundary as a function of the surface
charge per protein q0 instead of pH.

We start with a few qualitative remarks about how boundaries
shift when parameters are changed. Increasing the elastic
constant kelas shifts boundaries to lower ionic strengths at fixed
surface charge density because it leads to an increase in the
elastic deformation energy. This has to be compensated by a
larger difference in electrostatic free energy between the two
types of structures at the boundary, which is achieved by
lowering the ionic strength. Increasing the number of amino
acids in an ARM has the same effect because it increases the
equilibrium extension D0, which effectively increases the radius
of curvature of shells (except the capsid), leading to a larger
deformation energy of the shell and also to a smaller charge
density between shells. Increasing the charge Q per ARM has
the opposite effect. It increases the charge density between shells
and thus the electrostatic free-energy difference between two
structures at a boundary. An increase in ionic strength com-
pensates for this; therefore, boundaries are shifted to higher ionic
strengths.

For the T ) 3 ssRNA viruses listed in Table 1 of ref 37, the
charge Q per ARM is typically between 10 and 20, and the
number of amino acids n in the ARM is between 25 and 75.
(See the Protein Data Bank26 (www.pdb.org) for information
on what part of the protein is disordered in the crystal structure.
We interpret this part as the ARM. Reference 38 also lists values
of Q and n for a number of T ) 3 ssRNA viruses.) We use the
average values Q ) 15 and n ) 50 (D0 ) 2.8 nm), and we
assume that the elastic constant is about equal to the one for
CCMV and set kelas ) 30. In Figure 7, we plot the regions of
stability. From the discussion in the previous paragraph, one
can make a qualitative estimate of what happens to the
boundaries when the values of the physical properties are
changed. Notice that we plot the results only for -q0 g 1
because for -q0 < 1, there is less than one charge per protein.
This means that the outsides of the proteins are uncharged for

part of the time and charge fluctuations might then play a role
and the stretching of the tails might become inhomogeneous.
Because we do not take this into account in our model and are
thus not sure how accurate our predictions are for very low
surface charge densities, we do not consider this specific regime.

Table 1 of ref 37 only lists details of a number of T ) 4
ssRNA viruses. For those viruses, we find average values of
about Q ) 30 and n ) 100 (D0 ) 4.0 nm). We assume that the
Young’s modulus is similar to the one for CCMV. Because N1

) 240 for T ) 4, the elastic constant is about 25% smaller;
therefore, we choose kelas ) 20. (Our particular choice of kelas

makes it proportional to N1
-1; see eqs 5 and 6.) Figure 8 shows

the predictions for these values. Notice the high ionic strength
at the boundary between single and double shells for large values
of |q0|. It is doubtful whether our theory is still valid at these
high ionic strengths because the Debye length then drops below
the size of an ion.

4. Discussion

In this paper, we have shown that multishell structures of
CCMV coat protein are stable at sufficiently high pH, when
the outside surface of a shell has a sufficiently high negative
charge, and also at sufficiently low ionic strength. Competing
contributions stemming from elasto- and electrostatics determine

Figure 7. Prediction of the majority type of structure formed by a
typical T ) 3 capsid protein as a function of surface charge per protein
q0 and ionic strength I. The top line denotes the boundary at which the
concentrations of single shells and double shells are equal. The lower
line denotes the boundary at which the concentrations of double shells
and triple shells are equal. We use the values R0 ) 12.5 nm, N1 ) 180,
kelas ) 30, Q ) 15, and n ) 50 (D0 ) 2.8 nm).

Figure 8. Same as Figure 7 but now for a typical T ) 4 capsid protein.
The solid lines are the boundaries for R0 ) 18.5 nm, N1 ) 240, kelas )
20, Q ) 30, and n ) 100 (D0 ) 4.0 nm). Note the change in range of
the vertical axis compared to the previous plots.
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the stability of these structures. Shells larger than the native
capsid have an elastic free-energy penalty due to a radius of
curvature that is larger than the preferred one. We have related
this elastic free-energy penalty to the elastic properties of the
native capsid. At the same time, there is a decrease in
electrostatic free energy due to two separate effects. The first
is that, due to the larger radius of curvature, every ARM has a
slightly larger volume at its disposal, which decreases the charge
density and thus the electrostatic free energy. The second is
the interaction between the positively charged ARMs and the
negatively charged outside surface of a shell, which leads to
counterion release and a decrease in the electrostatic free energy.

The increase in elastic free energy is independent of the ionic
strength, whereas the decrease in electrostatic free energy
increases in magnitude with decreasing ionic strength, resulting
in multishells becoming stable at sufficiently low ionic strengths.
As the ionic strength decreases, the number of shells in the stable
multishell structure increases. A third contribution to the free
energy, the entropic free energy associated with stretching or
compressing the layer of ARMs, determines the spacing between
shells. Our model predicts what type of multishell structure is
stable as a function of ionic strength and surface charge for a
typical T ) 3 and 4 capsid. These results can be used to
determine the stable structures if one keeps in mind that
increasing the bending stiffness of the shell decreases the ionic
strength at which boundaries between regions of different stable
multishells are found. Increasing the length of the ARMs has
the same effect, whereas increasing the charge per ARM has
the opposite effect.

We remark that our predictions are consistent with results
for brome mosaic virus (BMV), a virus from the same family
as CCMV. The BMV coat protein has only 70% homology with
that of CCMV, but the ARM is very similar39 and has about
the same charge. No multishells are observed in a pH range of
about 1-8,40 which is what we would expect because in that
range, the charge of the outside surface of a capsid has the same
sign as the charge on the ARMs.41 There are a few other cases
of double-shell formation in viral protein self-assembly. Leb-
eurier et al.35 studied the self-assembly of the capsid protein
from alfalfa mosaic virus (AMV) and observed double-shelled
structures in a buffer at pH 7.4 and 8.0 containing 0.1 M NaCl.
The presence of a small amount of RNA seems necessary;
attempts to form capsids using protein alone were unsuccessful.42

The AMV capsid protein can assemble both into (T ) 1)
icosahedra and bacilliform particles, and double shells were
observed for both polymorphs.

AMV is insoluble below pH 6; therefore, it is not possible
to determine its isoelectric point directly, but extrapolation from
measurements at several pH’s suggests that it is around 4.6.43

Thus, it is negatively charged under all conditions where it is
water-soluble. The virus protein has a basic N-terminus consist-
ing of 26 amino acids, of which 6 are lysines and 2 are
arginines;44 therefore, Q ) 9 (including the N-terminus). Nothing
is known about the Young’s modulus of the AMV capsid, but
if we assume that it is the same as that for CCMV, then our
model predicts that double shells of which the inner shell is the
T ) 1 icosahedron are stable for I j 0.01 M if the outer capsid
surface has a net charge of a few negative charges per protein.
If the Young’s modulus is half of that of CCMV, this is the
case for I j 0.1 M, in agreement with observations.

If we consider all of the charged amino acids close to the
surface, then AMV should be almost neutral at a pH between
7.4 and 8.0, in contradiction to electrophoretic mobility mea-
surements. However, AMV is one of the few plant viruses that

is sensitive to pancreatic RNase,45 indicating that the surface
contains relatively large holes. This is confirmed by the crystal
structure,46 which shows holes of radius larger than 1.7 nm in
the pentamers. It is likely that some of the RNA, which is needed
for the assembly, sticks out through these holes, giving the
capsid a negative charge and allowing the formation of double
shells.

As we have noted, bacteriophage fr forms multishells. They
are not very stable, however, appearing only at high protein
concentrations >0.5 mg/mL, and there is no long, highly
charged, ARM region sticking out into the interior of the shell.47

This implies that our theory does not apply to this case and
that the multishells might be stabilized by some other mechanism.

We end this discussion with a simple calculation that shows
the effect of counterion release and that explains the quali-
tative features of the phase diagram. We assume that the
entropy of the ARMs determines to first order the width of
the ARM region and that the balance between free-energy
gain due to counterion release and the free-energy penalty
of a larger radius of curvature determines the position of the
boundaries in the phase diagram.

If we assume that each released ion gains about 1 kBT in free
energy, then the free energy associated with the counterion
release is Felec ≈ -2N1|qeff| (in units of kBT), where N1 is the
number of proteins in the inner shell. The factor 2 comes from
the fact that counterions are released in pairs, one positive
counterion from the negatively charged outer surface of the shell
and one negatively charged counterion from the positively
charged ARMs. Finally, |qeff| is the number of counterions that
is released per protein, which depends on the overlap of the
Debye layer of the outside surface of the shell with the ARM
layer. Provided the excess number of counterions in the Debye
layer N1|q0| is lower than the number of counterions of the ARMs
in the overlapping region, N2Qκ-1/D2, then all of the excess
counterions can be released, and qeff ) q0. Here, N2 is the
number of proteins in the outer shell. If the excess number of
counterions is larger than the number of counterions of the
ARMs in the overlapping region, then the number of released
counterions is equal to the latter number, N1|qeff| ≈ N2Qκ-1/D2.
For simplicity, we use the interpolation qeff/q0 ≈ (1 + κD2N1|q0|/
N2Q)-1.

The elastic penalty associated with the deformation of the
shell is Felas ≈ (1/2)kelasN2[1 - (N1/N2)1/2]2 (see eq 5). At the
boundary between the single-shell region and the double-shell
region, Felec and Felas balance each other. In other words |qeff| ≈
(1/4)kelasN2/N1[1 - (N1/N2)1/2]2 ≡ γ. We now insert the expres-
sion for qeff and for the inverse Debye length κ ≈ 3.3I1/2 (with
I in M and κ in nm-1; see also section S2 of the Supporting
Information), and we find that at the boundary between the
regions of single and double shells

From this we conclude that I V 0 and d log I/d|q0| f ∞ as |q0| V
γ, which is what we see in our phase diagrams; see, for example,
Figure 4. This happens upon approach of the isoelectric point
of the outer surface of the shell. We also see that I is a
monotonically increasing function of |q0| (and thus of pH in
our case since |q0| increases with pH beyond the isoelectric point)
and that d log I/d|q0| is a monotonically decreasing function of
|q0| (and pH) for |q0| g γ. For |q0| . γ, at high pH, I levels off,
also in agreement with our phase diagram.

I ≈ 0.09[(1
γ
- 1

|q0|)N2

N1

Q
D2

]2

(9)
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In the case of native CCMV capsid proteins, we have N2/N1

≈ 2.0 and kelas ) 30; therefore, γ ≈ 1.3. This overestimates the
value of |q0| at the pH at which I V 0 by about a factor of 2 (see
Figures 3 and 4), which is not surprising considering the
simplicity of our scaling estimate. The value of I at the boundary
at higher pH is overestimated by a little less than an order of
magnitude by eq 9. The equation also shows that decreasing Q
does not really influence the phase diagram close to |q0| ) γ, at
least not if we use a logarithmic scale for the ionic strength
axis, whereas it shifts down the boundaries at higher values of
|q0|. This is exactly what we see in Figure 6. Hence, we conclude
that our interpretation of counterion release as the stabilizing
force for multishell formation is correct.

The existence of multishell structures and of other empty
capsid polymorphs in several viruses makes evident that the
concept of spontaneous curvature and the balance between it
and electrostatic interactions has a biological relevance in that
they must play a role in the selection of viral capsid size.
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Appendix

Elastostatic Free Energies. We assume that we can model
the protein shell as an elastic shell of thickness h, Young’s
modulus E, and Poisson ratio ν. We define the radius of
curvature of a shell as the radius of curvature of the neutral
surface of the shell, which is the spherical surface that dissects
the shell into two shells of equal thickness. We also assume
that the capsid radius R0 is the preferred radius of curvature. In
other words, we assume that in a native capsid, there is no
stretching or compression anywhere in the shell.

Shells are only one protein layer thick; therefore, even though
larger shells contain more elastic material (proteins) than smaller
ones, there will be some stretching and compression because
the ratio between the outer radius and the inner radius decreases
as the radius of curvature of the shell increases, whereas the
ratio of material at the outer surface to material at the inner
surface is constant (the thickness of the shell stays more or less
constant, as we shall see further on). Since the shells are
spherically symmetric, the amount of stretching or compression
will depend only on the radial coordinate; therefore, we only
need to study an infinitesimal section of the shell to calculate
the deformations and the corresponding elastic free energy. If
we increase the radius of curvature of an infinitesimal section,
we expect compression parallel to the surface on the outside,
stretching parallel to the surface on the inside, and no stretching
or compression in the neutral surface; this is the reason why it
has this name. (In fact, due to the asymmetry between the
outside of a shell and the inside, we do not expect the neutral
surface to be exactly in the middle, but corrections to its position
will be small, on the order of h2/R0.) This may be counterin-
tuitive because one might expect that there is always stretching
or compression if one changes the radius of curvature of a piece
of an infinitely thin shell (i.e., the neutral surface). However,
as we will show soon, this is not the case if the piece is
infinitesimally small. This leads to the important conclusion that
even though we have to add material to a small shell to make
a bigger one, we do not have to add material when we deform

an infinitesimally small section of a shell to make a correspond-
ing infinitesimally small section of a bigger shell.

In order to calculate the free energy, we need to calculate
the strains and stresses accompanying the deformation.19 We
start with a Cartesian coordinate system with its origin coincid-
ing with the center of the capsid. A point r inside, the capsid
shell is given by

where R0 - h/2 e r e R0 + h/2, 0 e φ < 2π, and where we are
only interested in a small section 0 e θ , 1.

It will be insightful to study first the more general case where
the two principal radii of curvature R1 and R2 of the deformed
neutral surface are not necessarily equal. We assume that the
points on a normal to the neutral surface of the undeformed
section are all on the same normal after deformation. It is clear
that this has to be the case for R1 ) R2 because of the spherical
symmetry of the shell of which the small section is a part. We
expect some stretching in the radial direction, which is accounted
for by a factor of (1 + ε), where ε ) O(h/R0) and where ε
could, in principle, depend on r, θ, and φ. We will determine ε
later by demanding that the stresses in the radial direction be
small compared to the other stresses in the shell (consistent with
the thinness of the shell, i.e., h/R0 , 1). If we demand that the
point (r, θ) ) (R0, 0) be in the same place after the deformation,
that the normal to the neutral surface at this point still point in
the same direction, and that the principal direction of R1 be along
the x-axis, then the new position R of point r after deformation
is (see also Figure 9)

Figure 9. Cross section (at φ ) 0) of a small part (in principle,
infinitesimally small but exaggerated here for clarity) of a capsid before
(black lines) and after (gray lines) deformation. The dotted lines denote
the neutral surfaces, and the two parts are positioned such that their
neutral surfaces coincide at θ ) 0. The radius of curvature of the neutral
surface of the undeformed section is R0, while the radius of curvature
of the neutral surface of the deformed one close to θ ) 0 is R1 in this
cross section and R2 in a perpendicular cross section through the z axis;
r is a point before deformation, and R is the same point after
deformation.

r ) r(sin θ cos φ

sin θ sin φ

cos θ ) ) r(θ cos φ

θ sin φ

1
) + O(θ2) (A.1)
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Note that even though the neutral surface of the deformed
section has different principle radii of curvature from the
undeformed section, it is undeformed to first order in θ. The
direction of the surface normal does change slightly however.

The displacement vector is defined as

and its components in a spherical coordinate system are

and

where the Cartesian components of the unit vectors are given
by

The surface of the deformed shell must be stress-free. In other
words, we should have σiknk ) 0 at the surface, where σik is the
stress tensor and n ) er(1 + O(θ)) is the surface normal. This
implies that to leading order in θ, the stresses σrr, σθr, and σφr

vanish at the surface. Since the shell is thin (h , R0) we expect
these stresses to be small compared to the other stresses
throughout the shell. Equating σrr to zero leads to the following
equation

ε can be determined from this equation by demanding that it is
satisfied to leading order in θ. We first compute the relevant
components of the strain tensor19

and we then find

and

The remaining components of the strain tensor are

urθ ) uθr ) O(θ) and urφ ) uφr ) O(θ). These last two equations
are consistent with the fact that σθr ≈ uθr and σφr ≈ uφr should
be small.

The free-energy density in the small section is equal to19

from which the free energy per unit area of neutral surface can
be calculated by integration

R ) R0(θ cos φ

θ sin φ

1
) + (r - R0)(1 + ε)(R0

R1
θ cos φ

R0

R2
θ sin φ

1
) + O(θ2)

(A.2)

u ≡ R - r ) -(r - R0)((1 -
R0

R1
)θ cos φ

(1 -
R0

R2
)θ sin φ

-ε
) ×

(1 + O( h
R0

)) + O(θ2) (A.3)

ur ≡ u · er ) (r - R0)ε + O(θ2) (A.4)

uθ ≡ u · eθ ) -(r - R0)θ(1 -
R0

R1
cos2

φ -
R0

R2
sin2

φ) ×

(1 + O( h
R0

)) + O(θ3) (A.5)

uφ ≡ u · eφ ) -(r - R0)θ(R0

R1
-

R0

R2
) ×

sin φ cos φ(1 + O( h
R0

)) + O(θ3) (A.6)

er ) (θ cos φ

θ sin φ

1
)(1 + O(θ2)) eθ ) (cos φ

sin φ

-θ )(1 + O(θ2))

eφ ) (-sin φ

cos φ

0
) (A.7)

(1 - ν)urr ) -ν(uθθ + uφφ) (A.8)

urr ) ε + (r - R0)ε′ + O(θ2) (A.9)

uθθ ) -
r - R0

R0
(1 -

R0

R1
cos2

φ -
R0

R2
sin2

φ) ×

(1 + O( h
R0

)) + O(θ2) (A.10)

uφφ ) -
r - R0

R0
(1 -

R0

R1
sin2

φ -
R0

R2
cos2

φ) ×

(1 + O( h
R0

)) + O(θ2) (A.11)

ε ) ν
2(1 - ν)

r - R0

R0
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R0

R1
-

R0

R2
) ×

(1 + O( h
R0

)) + O(θ2) (A.12)

urr )
ν

(1 - ν)

r - R0

R0
(2 -

R0

R1
-

R0

R2
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(1 + O( h
R0

)) + O(θ2) (A.13)

uθφ ) uφθ ) -
r - R0

R0
(R0

R1
-

R0

R2
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sin φ cos φ(1 + O( h
R0

)) + O(θ2) (A.14)

f ) E
2(1 + ν)(r - R0

R0
)2

[urr
2 + uθθ

2 + uφφ
2 + 2uθφ

2 +

ν
1 - 2ν
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The elastic constant in the first term, Eh3/12(1 - ν2), is called
the flexural rigidity or cylindrical rigidity;19 if one of the radii
of curvature of the neutral plane of the deformed section is equal
to the radius of curvature in the undeformed section, the second
term in the free energy vanishes. If R1 ) R2 ) R, we find

Note that even though we integrated over a circular section of
the neutral surface in eq A.16, the result is valid for a section
of any shape as long as it is small.

Supporting Information Available: Section S1 discusses
the influence of the law of mass action on the relative
abundances of the different multishells. Section S2 describes
the calculation of the electrostatic free energies of multishells
in detail. This material is available free of charge via the Internet
at http://pubs.acs.org.
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