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Abstract: A multivariate logistic regression model is discussed given that the
dependent variables are subject to randomized response. Randomized response
is an interview technique that can be used when sensitive questions have to be
asked and respondents are reluctant to answer directly. The multivariate model
is an adaption of a model without randomized response variables and a Fisher
scoring algorithm is used to maximize the likelihood. Randomized response data
taken from a study into social benefit fraud are used to illustrate the approach.

Keywords: Multivariate logistic regression; Misclassification; Randomized re-
sponse; Sensitive questions.

1 Introduction

Randomized response (RR) is an interview technique that can be used
when sensitive questions have to be asked and respondents are reluctant to
answer directly (Warner 1965; Chaudhuri and Mukerjee 1988). Examples of
sensitive questions are questions about alcohol consumption, sexual behav-
ior or fraud. RR variables can be seen as misclassified categorical variables
where conditional misclassification probabilities are fixed by design. The
misclassification protects the privacy of the individual respondent.
In recent years, RR techniques have been investigated and applied in the
Netherlands. Van Gils, Van der Heijden, Laudy, and Ross (2003) report
about rule transgression with respect to social benefits and Elffers, Van
der Heijden, and Hezemans (2003) used RR to study rule transgression
regarding two Dutch instrumental laws. RR is also applied outside the
Netherlands, see, e.g., Fisher, Kupferman, and Lesser (1992), and Lara,
Strickler, Olavarrieta, and Ellertson (2004). A meta-analysis by Lensvelt-
Mulder, Hox, Van der Heijden, and Maas (2005) shows that RR yields more
valid prevalence estimates than other methods for sensitive questions.



2 Multivariate RR logistic regression

In the case the sensitive question is a yes/no question, the univariate logis-
tic regression model can be used to investigate how the sensitive behavior
is associated with covariates such as, e.g., gender and age. Given the mis-
classification induced by the RR design, the standard logistic regression
model has to be adapted to take into account the extra perturbation. For
the Warner RR design, the univariate RR logistic regression model was first
described by Maddala (1983). Further research in this area is presented by
Van der Heijden and Van Gils (1996). In case all the covariates are discrete,
loglinear models can be applied, see Chen (1989) and Van den Hout and
Van der Heijden (2004).
Often in RR surveys there are several sensitive questions and we would
like to be able to investigate - within one model - the associations between
a number of RR variables and covariates. The present paper introduces
a multivariate logistic regression model for dependent variables subject to
RR. The model makes it possible to assess several RR variables and a set
of covariates jointly. There are various ways to define a multivariate logistic
regression model, see Fahrmeir and Tutz (2001, Section 3.5). The present
paper extends the multivariate logistic regression model as presented by
Glonek and McCullagh (1995) and shows how the model can be adapted
to take the RR design into account. The estimation of this RR multivari-
ate model is an extension of the Fisher scoring algorithm as presented by
Glonek and McCullagh (1995).
The application at the end of the paper illustrates how the method can be
used by analyzing RR data taken from a study into social benefit fraud.

2 The randomized response design

The forced response design (Boruch 1971) is an illustrative example of an
RR design. Assume that the sensitive question asks for a yes or a no. After
the sensitive question is asked, the respondent throws two dice and keeps
the outcome hidden from the interviewer. If the outcome is 2, 3 or 4, the
respondent answers yes. If the outcome is 5, 6, 7, 8, 9 or 10, the respondent
answers according to the truth. If the outcome is 11 or 12, the respondent
answers no. This design protects the privacy since an observed yes does
not necessarily implies a latent yes.
Let Y be the latent binary variable that models the sensitive item, Y ∗ the
binary variable that models the observed answer, and yes ≡ 1 and no ≡ 0.
The RR design of the forced response design is given by

IP (Y ∗ = 1)= IP (Y ∗ = 1|Y = 0)IP (Y = 0) + IP (Y ∗ = 1|Y = 1)IP (Y = 1)

=2/12IP (Y = 0) + 11/12IP (Y = 1)

Note that probabilities IP (Y ∗ = j|Y = k) are fixed for j, k ∈ {0, 1} by the
known distribution of the sum of the two dice. RR variables can be seen as
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misclassified variables, where conditional misclassification probabilities are
given by IP (Y ∗ = j|Y = k).
The general RR design for variable Y can be described by using a matrix
PY = (pjk), where pjk = IP (Y ∗ = j|Y = k). If the variable has 2 categories,
the misclassification design is given by π∗ = PY π, where π∗ = (π∗

0 , π∗

1)t

is the distribution of the observed variable Y ∗ and π = (π0, π1)
t is the

distribution of the latent variable Y . The advantage of the matrix nota-
tion becomes apparent when we assess the multivariate RR design. As an
example, if the misclassification of Y1 is described by PY1

and the misclas-
sification of Y2 is described by PY2

, the misclassification of the Cartesian
product Y = (Y1, Y2) is described by PY = PY1

⊗ PY2
, where ⊗ denotes

the Kronecker product.
In RR surveys there is always the question whether respondents comply
with the design. An example of non-compliance would be a respondent
that answers no whereas the design forces the answer to be yes. We shall
not address this problem here although its importance is obvious. Instead
we refer to Cruyff, Van den Hout, Van der Heijden, and Böckenholt (2006)
- a paper in these proceedings - for further discussion and references.

3 Multivariate logistic regression

In the multivariate logistic regression model, the link between the linear
predictor η and the expected response vector π is

η = C
t log (Lπ) , (1)

where C is the contrast matrix and L is the marginal indicator (Glonek
and McCullagh 1995) .
We illustrate the model for the bivariate case with the binary responses Y1

and Y2. Let π = (π00, π01, π10, π11)
t, where πkl = IP (Y1 = k, Y2 = l), for

k, l ∈ {0, 1}. Given η = (0, ηY1
, ηY2

, ηY1Y2
)t, the link functions are given by

ηY1
= log

π1+

1 − π1+

, ηY2
= log

π+1

1 − π+1

, ηY1Y2
= log

π00π11

π01π10

, (2)

where the plus subscript denotes summation over the index. The regression
equations are given by

ηY1
= βt

Y1
xY1

, ηY2
= βt

Y2
xY2

, ηY1Y2
= βt

Y1Y2
xY1Y2

. (3)

This model is a marginal model - it implies univariate logistic models for
both Y1 and Y2 marginally. The odds ratio is used to model the dependence
between Y1 and Y2. The contrast matrix and the marginal indicator for this
model are given by

C
t =




1 0 0 0 0 0 0 0 0
0 −1 1 0 0 0 0 0 0
0 0 0 −1 1 0 0 0 0
0 0 0 0 0 1 −1 −1 1
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and

L
t =




1 1 0 1 0 1 0 0 0
1 1 0 0 1 0 1 0 0
1 0 1 1 0 0 0 1 0
1 0 1 0 1 0 0 0 1


 .

The first element of η represents the null contrast log (π++) = 0. For an ob-
servation i, the regression is given by ηi = Xiβ, where β = (βt

Y1
, βt

Y2
, βt

Y1Y2
)t

and

Xi =




0 0 0
xt

Y1,i 0 0
0 xt

Y2,i 0
0 0 xt

Y1Y2,i


 .

To estimate the RR multivariate logistic regression model, assume that
data are given by independent observations (y∗

i ,Xi), i = 1, ..., n, where y∗

i

is a draw from a multinomial distribution with parameter π∗. Let the RR
design be described by P. The kernel of the loglikelihood is

l(β| data,P) =

n∑

i=1

(y∗

i )t log π∗ =

n∑

i=1

(y∗

i )t logPπ.

Note that P will be the Kronecker product of the matrices that describe
the RR design per RR question. For example, if there are two binary RR
questions, P is a 4×4 matrix, and y∗

i ∈ {(1, 0, 0, 0)t, (0, 1, 0, 0)t, (0, 0, 1, 0)t,
(0, 0, 0, 1)t}, for i = 1, ..., n.
The maximization of the loglikelihood consists of two parts that are iter-
ated. Given a starting value of β, the first part uses a Newton-Raphson
iteration to obtain π given η. This part does not need an adaption for the
RR design since the relation between the linear predictor and the latent
distribution does not change. The second part is a Fisher scoring algorithm
that takes the RR into account and updates the estimation of β.
Part one. To invert equation (1), work with v = log(π). The Newton-
Rahpson iterations are described by.
(a) Initial approximation is v0.
(b) Next

vn =vn−1 − {Ct(diag(L exp vn−1))
−1

L}−1{Ct log(L exp vn−1) − η}.
For details see Glonek and McCullagh (1995, Section 3).
Part two. The adaptation of the scoring algorithm is straigthforward given

the above. The derivative ∂π/∂β is given by
(
C

tdiag(Lπ)−1
L

)
−1

X. The
score statistic and the Fisher information matrix can be derived from the
loglikelihood and are given by

s(β|y∗

i ) =

(
P

∂π

∂β

)t

diag(Pπ)−1y∗

i

I(β|y∗

i ) = IEY ∗

i
[s(β; y∗

i )st(β; y∗

i )] =

(
P

∂π

∂β

)t

diag(Pπ)−1

(
P

∂π

∂β

)
.
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The information matrix is derived by using the fact that Y ∗

i is multinomi-
ally distributed with parameter vector π∗ = Pπ. That is, IEY ∗

i
[Y ∗

ij ] = π∗

j =

IEY ∗

i
[(Y ∗

ij)
2] and IEY ∗

i
[Y ∗

ijY
∗

ik ] = 0 for j 6= k, see, e.g., Agresti (2002, Section
14.1).
Note that the above model does not make sense if the cross classification of
the latent dependent variables contains one or more structural zeroes. For
instance, in a 2×2 table with one structural zero, the estimated odds ratio
is infinity. In the case of sample zeroes, we propose to smooth the data in
the maximization procedure. That is, after part one add small probability
mass to each entry of π̂, normalize π̂ such that the entries sum up to one,
and next go to part two.

4 Application

We illustrate the above method by analyzing data taken from an RR sur-
vey concerning unemployment benefit in the Netherlands in 2004. Let y∗

1

denote the observed answer to the question whether the respondent applied
frequently enough for new jobs (yes = 1, no = 0). Likewise let y∗

2 denote the
observed answer to the question whether the respondent did any voluntary
work without reporting this. In addition, x1 is sex (male = 1, female = 0),
x2 is age in years, and x3 denotes whether the income of the respondent
constitutes the larger part of the income of the household (yes = 1, no =
0). The sample size is n = 753.
The RR design is given by p00 = 0.813 and p11 = 0.933 and it is a slightly
adapted form of the forced response design.
Table 1 presents the results of the analysis. Model 6 is defined by (1) and (2)
and the regression equations ηi = Xiβ are given by β = (βY10, βY11, βY12,
βY13, βY20, βY21, βY22, βY23, βY1Y20)

t and

Xi =




0 0 0 0 0 0 0 0 0
1 xY11,i xY12,i xY13,i 0 0 0 0 0
0 0 0 0 1 xY21,i xY22,i xY23,i 0
0 0 0 0 0 0 0 0 1


 .

So the odd ratio is estimated by using one parameter, i.e., an intercept.
Models 1 up to 5 are defined by restrictions on the parameters, see Table 1.
Both the analysis of deviance and the Akaike Information Criterion (AIC)
favor model 4 in which the regression coefficient of x3 is restricted to be
the same in the marginal models for Y1 and Y2, and βY11 = βY21 = 0.
Coefficient estimates for this model are given by

β̂Y10 = −0.028 (0.544) β̂Y20 = −3.309 (0.683)

β̂Y12 = −0.037 (0.014) β̂Y22 = 0.039 (0.013)

β̂Y13 = β̂Y23 = 0.444 (0.333) β̂Y1Y20 = 1.300 (0.536),

where the estimated standard errors are within the brackets. The standard
errors are estimated by evaluating the information matrix in the optimum.
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TABLE 1. Deviances of bivariate logistic regression models taken the RR design
into account. Sample size is 753. Notation: xj(k, ..) means the covariate xj is
included in the kth regression equation, where the order of the equations is given
by (3).

Model # parameters Deviance AIC

1 Intercept(1,2,3) 3 1928.033 1934.033

2 Intercept(1,2,3)
x2(1, 2) 5 1905.071 1915.071

3 Intercept(1,2,3)
x2(1, 2), x3(1) 6 1903.799 1915.799

4 Intercept(1,2,3)
x2(1, 2), x3(1, 2) and βY13 = βY23 6 1901.638 1913.638

5 Intercept(1,2,3)
x2(1, 2), x3(1, 2) 7 1901.611 1915.611

6 Intercept(1,2,3)
x1(1, 2), x2(1, 2), x3(1, 2) 9 1900.889 1918.889

The interpretation of the parameters of the marginal models for Y1 and Y2

is the same as in the univariate logistic regression model. One of the advan-
tages of the multivariate model, however, is that we can easily investigate
whether an effect of a covariate is the same in the marginal models. For the
data at hand, this is illustrated by the chosen model 4 which states that the
effect of whether or not the income of the respondent constitutes the larger
part of the income of the household is the same for the prevalence of fraud
regarding applying for jobs and the prevalence of fraud regarding voluntary
work. More specific, model 4 states that a change from x3 = 0 to x3 = 1,
means that the odds on fraud both on Y1 and Y2 changes multiplicatively
by exp(β̂Y13) = exp(β̂Y23) = exp(0.444) = 1.559. So the odds on fraud is
higher when a person’s income constitutes the larger part of the income of
the household.
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