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Abstract – High-sensitivity measurements in atomic spectroscopy were recently used by Amelino-
Camelia et al. (Phys. Rev. Lett., 103 (2009) 171302) to constraint the form of possible
modifications of the energy-momentum dispersion relation resulting from Lorentz invariance
violation (LIV). In this letter we show that the same data can be used successfully to
set experimental bounds on deformations of the energy-momentum composition rule. Such
modifications are natural in models of deformed Lorentz symmetry which are relevant in certain
quantum gravity scenarios. We find the bound for the deformation parameter κ to be a few orders
of magnitude below the Planck scale and of the same magnitude as the next-to-leading–order
effect found by Amelino-Camelia et al. in the above-mentioned paper. We briefly discuss how it
would be possible to distinguish between these two scenarios.

open  access Copyright c© EPLA, 2010

The question of the validity of Lorentz invariance (LI)
is one of the major issues in quantum gravity. Indeed
it is generally expected that in regimes where quantum
and gravitational effects play an important role the very
concept of space-time as a manifold should break down.
This situation is expected to occur when probing the
space-time structure with a resolution of the order of
the Planck length Lp = 10−35m. At this scale various
quantum gravity scenarios suggest that space-time should
exhibit some kind of discreteness or “granularity” and
this in turn would affect the fate of Lorentz invariance
(see [1] for an in-depth discussion). In this context the
most studied scenario (for recent reviews see [2,3], and
also [4]) is that of Lorentz invariance violation (LIV). Such
departures from Lorentz invariance would manifest via
modifications of the energy-momentum dispersion relation
for a particle which, to the leading order in Planck mass
MP ∼ 1/LP ∼ 1019GeV, have the form

E =
√
m2+p2+

ζ

MP
p2+O(1/M2P ) , (1)

(a)E-mail: m.arzano@uu.nl

where ζ is a numerical parameter which can be, in princi-
ple, determined from the underlying fundamental theory.
Another type of LIV with the leading-order term of the
form ∼m|p|/MP was considered in [5]. This deviation
from the ordinary dispersion relation is somewhat analo-
gous to what happens in condensed-matter systems where
the dispersion relation of a propagating wave gets modified
when its wavelength becomes of the order of the funda-
mental discreteness scale of the system.

In this note we will focus on another possibility
namely that the concept of Lorentz invariance itself gets
“deformed” as we approach the Planck scale. In this case
the action of Lorentz symmetry generators on states and
operators of the quantum systems under consideration
becomes non-linear and, most importantly, non-additive
on states describing composite systems. These type of
deformations introduce an energy scale, the deformation
parameter, which is invariant under the new symmetry
transformations. The main motivation for studying these
departures from LI is that they arise as symmetries of
the phase space of particles in three-dimensional gravity
whose quantization is rather well understood [6–9]. The
effects one can derive in this case, as we discuss in detail
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below, are again suppressed by ratios of the energies
involved in the processes and the Planck energy.

Given the extremely high energy scale at which quan-
tum gravity effects should become manifest (the Planck
energy 1019GeV) it was commonly believed that we
could not have any hope, in a reasonably near future,
to experimentally observe effects that could lead our
search of a unified theory of quantum and gravitational
phenomena. Therefore it came quite as a surprise when
it was realized that indeed there were some experimental
settings in which one could collect data to constraint
possible deformations of the dispersion relation discussed
above. As a consequence over the last ten years a new
research line in “quantum -gravity phenomenology” has
emerged [4,10,11], and recently the first experimental
data concerning LIV induced by quantum gravity have
been put under scrutiny [12].

In general the experimental search for new physics
proceeds along two different frontiers which are somehow
complementary: the high-energy one and the precision
measurement one. The phenomenological contexts in
which one seeks signatures of LIV encoded in a modified
dispersion relation of the type (1) are usually associated
with high-energy phenomena involving cosmic rays and
gamma rays (see [4] and references therein). In these
cases the leading-order quantum gravity corrections to
the special relativistic dispersion relation reach an order
of magnitude which falls within the present or near future
experimental sensitivity. Recently, however, also precision
measurements in atom interferometry have been used to
put constraints on LIV [13]. The authors of this paper
exploited the exceptional sensitivity of atom-recoil exper-
iments [14–16] combined with the high-precision measure-
ments of the fine structure constant [17] to set constraints
to the parameters of the non-relativistic limit of (1):

E �m+
p2

2m
+

1

2MP

(
ξ1m|p|+ ξ2p2

)
. (2)

We show here that the same high-precision data can
be used to constrain scenarios with deformed Lorentz
invariance. In our case the corrections one should look for
are solely due to the non-trivial way in which momenta
of scattering particles combine in a deformed symmetry
setting. As we will see the deformed momentum compo-
sition rules will lead to corrections which are comparable
in magnitude to the correction obtained from the ξ2 term
in (2) found in [13]. If such an effect would be observed,
comparison with data from high-energy observations
would enable one to discriminate whether it is coming
from one scenario or the other.

We start by briefly recalling how the Raman effect
is used in atomic interferometry to determine the fine-
structure constant. The process we are interested in is
as follows. A non-relativistic (cold) atom of rest mass
m (c= 1 in our convention) and momentum p (p�m)
absorbs a photon of energy hν and then undergoes a
stimulated emission, in the opposite direction, of a photon

of energy hν′ with the final atom momentum equal to pf .
From the conservation of energy one finds

h∆ν =
p2f − p2

2m
, (3)

where ∆ν = ν− ν′. The final momentum pf can be
expressed in terms of the photon frequencies and initial
momentum p using momentum conservation:

pf = p+h(ν+ ν′) , (4)

which can be rewritten in terms of a resonant frequency
of the atom ν∗ as

pf = p+ 2hν∗ . (5)

Substituting (5) in (3) one finds

∆ν

2ν∗(ν∗+ p/h)
=
h

m
. (6)

Measurements of ∆ν/2ν∗(ν∗+ p/h) allow to determine
with extreme precision the ratio h

m
for the atom under

consideration and such value can be used to determine
the square of the fine-structure constant α2 = 2R∞mme

h
m

,
where me is the electron mass and R∞ is the Rydberg
constant [14–17].

Note that in the process we have a hierarchy of energy
scales, with the rest mass of the atom m∼ 102GeV
being much larger than p, pf (the atom is moving
non-relativistically with the velocity of few cm/s [14])
and hν, hν′ which are of order of few eV. We consider
quantum gravity corrections to the process which will
be characterized by the deformation scale κ which is
expected to be of order of the Planck mass, κ= ηMP ,
with η being the parameter, whose exact value can be, in
principle read off from a fundamental theory.

Motivations to study deformations of Lorentz symme-
try come from various quantum gravity contexts. The
clearest link between relativistic symmetry deformation
and quantum gravity emerges in the context of three-
dimensional quantum gravity. In this case several works
have shown that particles coupled to (quantum) gravity
are described by (representations of) a deformation of
the three-dimensional Poincaré algebra [6–9]. Translation
generators belonging to such algebra act on multi-particle
states via a modification of Leibniz rule governed by a
deformation parameter given by the Planck mass. In the
four-dimensional context our understanding of quantum
gravity is much poorer but various arguments [18–20]
suggest that a similar deformation of the Poincaré
algebra, known as the κ-Poincaré algebra [21–23] might
emerge in the no-gravity limit of a yet-to-be discovered
quantum gravity theory. The mathematical scheme
of κ-Poincaré algebra has been one of the inspira-
tions of the model of relativistic kinematics with two
observer-independent scales put forward in the seminal
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papers [24,25]. For a detailed account of the κ-Poincaré
algebra and applications we refer the reader to [26].

This is the model we will consider to study possible
quantum gravity corrections to the process described
above. Here it suffices to discuss how the deformation
affects the kinematics of the atom-recoil process. In
contrast to the LIV framework in our case we have
a deformation of the energy-momentum conservation
condition while the energy-momentum dispersion relation
remains unaltered (see [27,28]), i.e., for all constituents
of the process the relativistic mass shell condition of the
standard form E2 = p2+m2 holds. As for the deformed
energy-momentum conservation rule we use the results
of [29], where these rules were derived from the expression
for the φ4 interaction term, calculated in the star product
formalism developed in [27,28]. In the case of the process
A+hν→Af +hν′, where A,Af denotes the state of the
atom before and after the process, in the leading order in
inverse κ the energy conservation has the form

EA+hν+
EA hν

κ
=EAf +hν′+

EAf hν
′

κ
. (7)

Note that this expression is symmetric in the pairs
of incoming and outgoing constituents of the process,
EA, hν and EAf , hν

′ on the left and the right hand
side, respectively. Since EA =m+ p2/2m, p�m, with
a similar expression holding for EAf , in the deformation
terms one can replace EA and EAf with m. Notice that
although m is present in the expressions for EA and EAf
in the first terms of the left- and the right-hand sides it
cancels out. Thus, neglecting sub-leading terms, we find
the final expression for energy conservation to be

h∆ν
(

1 +
m

κ

)
=
p2f − p2

2m
(8)

with ∆ν = ν− ν′.
In the case of momentum conservation the deformed

expression is not symmetric and therefore we deal not with
one but with four independent conservation rules. These
represent different “channels” for our process which are
equally probable [29,30]. Let us pause here for a moment to
comment on this important property of the theories with
κ-Poincaré algebra. The deformed structure of this algebra
exhibits itself in (among others) the so-called non-trivial
co-product of momenta which renders the momentum
composition rule not symmetric. It follows [30] that the
standard momentum conservation rule at the interaction
vertex is replaced with a number of independent conser-
vation rules, which depend on the ordering of incoming
and outgoing particles. (If some of the particles are
indistinguishable some of the rules become identical.) In
quantum theory these different interaction channels enter
the description of the scattering process with equal weight.

Since the leading-order correction in (8) is of order m/κ
in the momentum conservation rules we can safely neglect
the terms of the form p2/2mκ or h∆ν/κ which are much

smaller. As a result, in the leading order we find only three
channels, to wit

p+hν =−hν′+ pf , (9)

hν+ p
(

1− m
κ

)
=−hν′+ pf

(
1− m
κ

)
, (10)

p+hν
(

1 +
m

κ

)
= pf −hν′

(
1 +
m

κ

)
. (11)

Note that (9) is just the undeformed momentum conserva-
tion, while (10) and (11) are identical to the leading order.
Thus we have to do with only two distinct channels.

To find our final expression we have to find pf for both
cases and substitute it to (8). The final result for (9) is

∆ν

2ν∗(ν∗+ p/h)

[
1 +
m

κ

]
=
h

m
, (12)

while for (10) and (11) one has

∆ν

2ν∗(ν∗+ p/h)

[
1 +
m

κ

(
1− hν∗
hν∗+ p

)]
=
h

m
. (13)

We see that in both cases the correction is of the order
of m/κ (note that hν∗/(hν∗+ p)∼ 10−2 for the typical
experiment [14–16].) On the other hand, since the accu-
racy of the classical formula (with no κ correction) has
been measured to the order of one part in 109 we can
conclude that κ> 1011GeV. This bound is still eight
orders of magnitude below the Planck scale but given the
great progress of cold-atom experimental techniques in the
last years [31] we can look optimistically towards tighter
constraints on the value of κ in the near future.

The results (12) and (13) are of the same order of magni-
tude as in the case of quadratically deformed dispersion
relation in the Lorentz breaking scheme reported in [13],
and thus if the effect is observed these two schemes seem at
first sight hardly distinguishable. However, combining this
possible observations with the outcomes of other experi-
ments will make it possible to easily distinguish them. It
is crucial to recall at this point that, contrary to what
happens in our scenario with deformed Lorentz invari-
ance, LIV schemes lead to a general prediction of energy
dependence of the speed of light or in vacuo dispersion.
This effect, although disfavored by the FERMI satellite
measurements [32], is still not ruled out [12]. If the energy
dependence of the speed of light is indeed observed our
model of deformed Lorentz symmetry is presumably ruled
out, the same holding for LIV models if the effect is shown
to be not present.

Apart from these considerations there is one more
important distinction between LIV and deformed Lorentz
symmetry models based on deformation of the energy-
momentum composition rule. As we saw above the latter
predicts that instead of the usual single energy-momentum
conservation there are many conservation channels, each
occurring with equal probability [30]. This is the major
novel feature of the deformed composition rule, which,
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if present, should be seen in sufficiently high-precision
measurement. However in the present context this would
require to raise the sensitivity of the class of experiments
we considered by ten orders of magnitude to be able to
distinguish between (12) and (13). Nevertheless, the fact
that it is possible to establish a bound on the symmetry
deformation parameter κ using precision measurements in
low-energy processes raises hopes that the characteristic
features of deformed Lorentz invariance might lead to
observable effects in future experiments.
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