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Introduction

In this thesis we address certain questions in the general theory of operads. In the

first part we study the homotopy theory of cyclic operads: we extend the work

of C. Berger and I. Moerdijk [3–5] to the cyclic case. The central objects of the

second part of the thesis are dendroidal sets, a generalisation of simplicial sets

introduced by I. Moerdijk and I. Weiss [32] in order to study higher categories

as well as weakened notions of operads. We contribute to the theory of dendro-

idal sets by extending the classical Dold-Kan correspondence between simplicial

abelian groups and chain complexes to the dendroidal case, and by comparing the

dendroidal notion of weak n-categories for n = 2, 3 with the respective classical

notions: bicategories and tricategories.

0.1 Background of the thesis
Operads

As of today, operads are best viewed as tools for describing algebraic structures,

usually in categories with a good notion of homotopy. Operads first appeared

in the literature in a topological framework, in the Ph.D. thesis of R. Vogt. A

particular example of an operad was also given implicitly in J. Stasheff’s paper [35]

on the homotopy associativity of H-spaces, and operads were used in the work

of J. M. Boardman and R. Vogt [6] on homotopy invariant algebraic structures.

The terminology “operad” was introduced by J. P. May and made its debut in
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May’s work on the classification of iterated loop spaces [31]. May in his book

uses operads to catalog hierarchies of higher homotopies coming from an iterated

loop space.

An important and influential aspect of topological operads appeared in [6],

where Boardman and Vogt studied homotopy invariant algebraic structures. Intui-

tively, if a topological spaceX has a certain algebraic structure, then the associated

homotopy invariant structure is an algebraic structure that can be naturally given

to any topological space Y that is homotopy equivalent to X , and this structure is

respected by the homotopy equivalence between X and Y . For example, if X is a

topological monoid then any such Y will naturally be anA∞-space. As Boardman

and Vogt showed, operads are the appropriate ingredients to describe such homo-

topy invariant structures: usually X is an algebra over an operad P , and to obtain

the corresponding homotopy invariant algebraic structure one has to replace P by

a cofibrant model WP . The algebras over the operad WP will have the required

homotopy invariance properties.

As a consequence, to describe the relation between Boardman and Vogt’s

cofibrant modelWP and the original operad P rigourously, one has to consider the

homotopy theory of operads themselves. The right context for such a consideration

is abstract homotopy theory: ideally, one would want topological operads to form

a model category in the sense of Quillen [34] and WP to be a cofibrant replace-

ment of P in this model category. Berger and Moerdijk in [3, 4] showed that

under certain circumstances, operads in a symmetric monoidal model category

form themselves a model category, and Boardman and Vogt’s W -construction can

be extended to this general case.

Cyclic operads

In the last two decades, various generalisations of operads came into existence,

one of them being cyclic operads. These structures can be viewed also as operads

with extra structure. They were introduced in the category of chain complexes

by Getzler and Kapranov [14], where the authors gave a unifying view on cyclic

homology for various kinds of algebras. It turns out that all these algebras can

be viewed as algebras over some cyclic operads, and the extra cyclic structure of

the operad contains all the information needed to define cyclic homology for these

algebras and to derive a generalised version of Connes’ SBI-sequence to compute

cyclic homology.

Cyclic operads were anticipated also by a theorem of M. Kontsevich [23]

relating the homology of certain infinite dimensional Lie algebras to graph ho-

mology. The ideas of Kontsevich have been extensively studied in the paper of J.

Conant and K. Vogtmann [10], this time with the explicit use of cyclic operads.

A natural question that arises is whether the model structure on operads, as

well as the general W -construction provided by Berger and Moerdijk’s work can

be extended to cyclic operads.
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Higher categories

The idea of working with weakened notions of categories is central in many bran-

ches of mathematics. One would often like to form certain “categories” where

the composition of arrows is not strictly associative, but only up to some coherent

higher cells that one would like to be part of the structure. Important examples

of such structures in the literature are homotopy n-types. Roughly speaking, a

homotopy n-type in topological spaces is the equivalence class of a space X such

that all the homotopy groups πk(X) are trivial when k > n. These classes are

taken with respect to weak homotopy. Describing algebraic models for homotopy

n-types is a classical problem in algebraic topology. For n = 2, 3 the first such

models were given by Whitehead and Mac Lane [29, 41]. Following the influence

of Grothendieck and R. Brown who emphasized that groupoids should provide

the natural framework for homotopy types, higher categorical algebraic models of

homotopy 3-types were given and studied by Leroy [26], Joyal and Tierney [21],

Berger [2].

If we work out the topological intuitions coming from the interplay between

spaces, maps and homotopies between maps, we arrive to the abstract notion of bi-

categories, first defined by Bénabou in [1]. Bicategories are structures that consist

of 0-cells (objects), 1-cells (arrows) and 2-cells; 1-cells are composable but not

strictly associatively, the failure of this is measured by some natural 2-cells. We

can iterate the process to arrive to a definition of tricategories and so on, the n-th

step of this process would give us a notion of weak n-categories. The problem we

encounter is that each step we take for defining a one-level higher notion increases

radically the complexity of the necessary coherence conditions between the higher

dimensional cells. These steps also diminish the intuition on the nature of the

coherence axioms. As a result, there exist a plethora of different definitions of

weak n-categories in the literature. Comparing the different notions of weak n-

categories is one of the main problems in higher category theory. One of the issues

can be formulated as follows. Roughly speaking, the right place to compare two

notions of weak n-categories would be inside a weak n + 1-category, but how do

we decide which notion of weak n+ 1-categories to use for this comparison?

To deal with these problems, one can consider stricter- or non-iterative app-

roaches to define weak n-categories. The idea is that the resulting stricter notions

should be enough to deal with the applications on the one hand, and the slogan is

that “weak n-categories are strictifiable up to some extent” on the other. Examples

of this approach include Baez and Dolan’s notion of (∞, n)-categories, Tamsamani

categories, etc. We would like to mention explicitly one such example, originating

in the observation that the category of categories embeds to simplicial sets, via the

nerve functor:

N : Cat −→ sSets.
Certain simplicial sets which are not in the image of the nerve functor behave much

like categories, except that “composition” of arrows is well defined only up to some

higher degree terms in that simplicial set. A. Joyal in [20] called these simplicial

sets quasi-categories, although the notion was already introduced by Boardman
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and Vogt under the name of restricted Kan complex in [6]. A quasi-category is an

(∞, 1)-category in Baez and Dolan’s sense, i.e. all the degree 2- or higher cells

are invertible. An important fact about quasi-categories is that they are exactly the

fibrant objects in the Joyal model structure for the category of simplicial sets.

Dendroidal sets

Operads (or rather coloured operads) can be viewed as generalisations of cate-

gories, where we consider arrows that can have multiple inputs as opposed to

one. This approach opens a new way to study operads in the context of homotopy

theory: for example, one can ask if there exists a presheaf category that extends the

category of operads in the same way as simplicial sets extend the category of ca-

tegories via the nerve functor. The question was studied in the papers of Moerdijk

and Weiss [32, 33]: the category of dendroidal sets satisfies the requirements and

fits in a commutative diagram of categories

Cat N
��

��

��

sSets
��

��

Op Nd
�� dSets

Since dendroidal sets are an extension of simplicial sets, suitable for studying

the homotopy theory of operads, the theory of dendroidal sets inherits a lot of

questions from the theory of simplicial sets. For example, this extension allows us

to consider quasi-operads in the category of dendroidal sets, i.e. analogs of Joyal’s

quasi-categories. One can then ask whether the Joyal model structure on the ca-

tegory of simplicial sets extends to that of dendroidal sets in such a way, that the

fibrant objects of this model category are exactly the quasi-operads. Cisinski and

Moerdijk in [9] gave a positive answer to this question. Another important problem

influenced by simplicial sets that is still open is to find a dendroidal analog of the

geometric realization of simplicial sets.

One nice feature of dendroidal sets, observed in [32], is that they contribute to

the theory of higher categories with a new compact definition of weak n-categories.

0.2 Outline of the thesis
The thesis is organised as follows:

Chapter 1 introduces operads and cyclic operads in an unorthodox manner: we

consider a coordinate-free description of these notions. This point of view is not

necessary for the results we later obtain, but often it simplifies notation and gives

a clearer picture of what is going on in the underlying combinatorics. We prove in

Theorem 1.2.7 that our approach is equivalent to the classical one. In the second

part of the chapter we discuss certain free constructions, coloured operads and

their algebras and give those examples of algebras that are going to be used later

in the thesis.
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In Chapter 2 we prove the existence of a model structure on the category of

cyclic operads in a symmetric monoidal model category, under certain assumptions.

A model structure is obtained in two separate cases. Theorem 2.1.6 considers the

case when the cyclic operads in question are reduced, i.e. they contain no nullary

operations:

Theorem 2.1.6. Suppose that E is a symmetric monoidal model category with unit
I and the following assumptions are satisfied:

• E is cofibrantly generated and I is cofibrant;
• E has a symmetric monoidal fibrant replacement functor;
• E admits a commutative Hopf interval.

Then there is a cofibrantly generated model structure on the category CycOp of
reduced cyclic operads in E . This model structure is induced by the free-forgetful
adjunction between the category of reduced cyclic collections in E and the category
CycOp.

Our method follows closely that of Berger and Moerdijk in [3]: we use the

transfer principle to transport the model structure from the category of cyclic

collections. The second case we consider is that of unreduced cyclic operads, the

main theorem is stated in Theorem 2.1.8. In this case we need stronger assumptions

for the transfer to work. An alternative proof can also be given for Theorem 2.1.8,

in view of the constructions of algebras over coloured operads from Chapter 1: we

can use a theorem due to Berger and Moerdijk [5] that establishes model structures

on certain categories of algebras over an operad.

In the second half of the chapter we construct a cofibrant resolution of cyclic

operads that extends the general Boardman-Vogt W -construction of Berger and

Moerdijk to the cyclic case. A particular instance of this construction, when

the underlying category is the category of differential graded vector spaces is

considered as an example. In this case the W -construction can be considered as

an extension of the classical bar-cobar resolution of operads to the cyclic case.

Chapter 3 is a short introduction to dendroidal sets. This chapter also contains

the necessary definitions and terminology that will be used in the next chapters,

when we address some questions about dendroidal sets. In Section 3.2 we analyse

in detail the dendroidal identities, which are analogs of the simplicial identities.

There are two possible approaches to obtain these dendroidal identities: the coordi-

nate-free approach is the one we use frequently later on in the thesis, especially in

Chapter 4. In Subsection 3.2.4 we observe that the planar structure on the objects

of the category Ωπ gives rise to a non-coordinate-free description of the dendroidal

identities. This second approach is more closely related to the classical simplicial

identities, and we compare the resulting dendroidal relations with the simplicial

ones in the end of Subsection 3.2.4.

In Chapter 4 we provide a dendroidal analog of the classical Dold-Kan corres-

pondence. Recall that the classical Dold-Kan correspondence establishes an equi-

valence between the category of simplicial abelian groups and the category of

positively graded chain complexes. We construct a category of “planar dendroidal
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complexes” that is equivalent to the category of planar dendroidal abelian groups

and fits into a commutative diagram

sAb
i!

��

Ns

��

pdAb

N

��

i∗
��

Ch
j!

��

Γs

��

pdComp
j∗

��

Γ

��

where pdAb denotes the category of planar dendroidal abelian groups, pdComp
is the category of planar dendroidal complexes, the functor N is the dendroidal

generalisation of the simplicial normalized chain complex functor Ns and the ho-

rizontal functors are inclusions and restrictions, respectively. The main result of

the chapter is stated in

Theorem 4.2.3. The functorsN : pdAb −→ pdComp and Γ: pdComp −→ pdAb
form an equivalence of categories. Moreover, the following relations hold:

Nsi
∗ = j∗N Ni! = j!Ns

Γsj∗ = i∗Γ Γj! = i!Γs
i∗i! = id j∗j! = id
NΓ = id NsΓs = id
ΓN ∼= id ΓsNs ∼= id .

In Chapter 5 we compare the classical notions of bicategories and tricatego-

ries with dendroidal weak 2- and 3-categories. In the case of dendroidal weak

2-categories and bicategories the comparison is categorical: there is an obvious

notion of the quasi-category of dendroidal weak 2-categories, denoted in the thesis

by i∗(wCat2), which we prove to have equivalent homotopy category to the cate-

gory of bicategories.

Theorem 5.3.9. The category of unbiased bicategories ubiCtg and ho(i∗(wCat2))
are isomorphic. Hence the category of classical bicategories is equivalent to the
category of dendroidal weak 2-categories.

To treat the case in degree 3 the situation is a bit different: on the one hand,

there is again an obvious notion of the quasi-category of dendroidal weak 3-

categories, but the objects of this quasi-category are stricter than general trica-

tegories. By the work of Gordon, Power and Street [16] every tricategory is

triequivalent to a Gray-category, hence for practical reasons it is enough to consider

Gray-categories instead of general tricategories. We introduce another semistrict

notion of tricategories that form a category T ricat1 with strict trihomomorphisms

as maps. We prove that

Theorem 5.4.6. The category ho(i∗(wCat3)) is equivalent to T ricat1.
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Operads and cyclic operads

In the first chapter of the thesis we are going to introduce operads and cyclic ope-

rads. Our approach is somewhat different from the usual one appearing in the

literature, in that we are considering a coordinate-free description. The first four

sections deal with the definitions and also indicate the equivalence of our approach

with the standard ones. In Section 1.5 we describe the various free constructions

for cyclic operads, which generalise the existing ones for operads. These free

constructions provide the backbone when dealing with the model structure and

Boardman-Vogt resolution of cyclic operads in Chapter 2. In Section 1.6 we

introduce coloured operads and their algebras. The key part of this section is the

description of the coloured operad whose algebras are cyclic operads, since this

allows us to give a different proof for the existence of a model structure on the

category of cyclic operads, in view of [5].
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1.1 Preliminaries

1.1.1 An intuitive description of operads and cyclic operads
An operad in the category of vector spaces over a field k consists of a space P (n)
together with a right action of the symmetric group Σn on P (n) for every n ∈ N,

an identity element id ∈ P (1) and linear composition maps

◦i : P (n) ⊗ P (m) −→ P (n+m− 1), i = 1, 2, . . . , n

for all n and m. The nature of the axioms this data has to satisfy comes from the

intuition that the space P (n) is thought of as a space of operations with n inputs

and one output:

1

���
���

���
��� 2

��
��

��
�� ...

n−1

��
��
��
�� n

���
���

���
���

•p∈P (n)

The action of the groups Σn permutes the inputs and the composition p ◦i q of two

operations gives a new operation by using the output of q as the i-th input of p.

This new operation can be visualised as grafting the tree for q on the i-th leaf of

the tree for p:

1

��
��

��
��

��
��

2

��
��
��
��
�

m

��
��
��
��
��
��

...

1

��
��

��
��

��
��

��

2

��
��
��
��
� •

i

q

��
��
��
��
�

n

		
		
		
		
		
		
		

... ...

•
e

p

The unit id ∈ P (1) can be thought of as an operation which takes one input and

gives it back as output.

The axioms that the operad P has to satisfy are the formal consequences of the

above intuition. In fact, the intuition can be made to a rigourous example of an

operad: for any vector space V define

EndV (n) := Vectk(V ⊗ · · · ⊗ V︸ ︷︷ ︸
n times

, V )

and follow the description above to define the rest of the structure. This ope-

rad is called the endomorphism operad on V . It has a prominent role in the

theory of operads not only because it models the abstract definition of operads,

but also because it can “realize” on the space V the algebraic structure encoded
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in an operad P . To be more precise, note that any map of operads α : P −→
EndV takes an “abstract” n-ary operation of P (n) to a “concrete” n-ary operation

V ⊗· · ·⊗V −→ V and the various compatibility conditions for α impose algebraic

relations between these concrete operations on the EndV side. For particular

operads in Vectk one can describe in this way various kinds of k-algebras (e.g.

associative, commutative, Lie, Poisson, Leibnitz, etc). This provides a justification

for the following terminology: in the literature a vector space V together with an

operad map α : P −→ EndV is called a P -algebra.

A rigourous definition, along the lines of the intuition given above, can be

found in [30], although the standard definition (the original one by J.P. May in

[31]) differs from our approach. The usual definition collects the ◦i composition

maps for a given P (n), i = 1, 2, . . . , n under one big composition map

P (n) ⊗
(
P (m1) ⊗ P (m2) ⊗ · · · ⊗ P (mn)

) γ
�� P (m1 +m2 + · · · +mn) .

An n + 1-tuple of operations (p, q1, q2, . . . , qn) is sent by γ to a new operation

which we usually write as p(q1, q2, . . . , qn) and visualise as n trees corresponding

to the operations qi, grafted upon the leaves of the tree corresponding to the

operation p. The equivalence of the two definitions follows from the existence

of the unit-operation id ∈ P (1). For example, the operation

◦i : P (n) ⊗ P (m) −→ P (n+m− 1)

can be obtained from

γ : P (n)⊗
(
P (1)⊗ · · ·P (1)⊗ P (m)

i-th
⊗P (1)⊗ · · · ⊗ P (1)

)
−→ P (m+ n− 1).

Cyclic operads are on the one hand generalisations of operads, on the other

hand they can be viewed as operads with extra structure. If you take the first

viewpoint, a cyclic operad in Vectk consists of spaces P (n), the elements of which

are thought of as operations with n inputs and one output, but the output cannot be

clearly distinguished from the inputs. If one wants to visualise such an operation,

it should be done with trees without a distinguished edge, and the labels can vary

from 0 to n. The composition maps take the form

i◦j : P (n) ⊗ P (m) −→ P (n+m− 1), i = 0, 1, . . . n and j = 0, 1, . . .m

and in the composite pi◦jq the index j indicates that the leaf with label j of the

tree for q is considered as the output:

n

















 1

��
��
��
��
��
�� 0

��
��
��
��
��
�

n−1

p








3









m

q
����

����
���

• i j

2







0 ��
��
��
��
� •

2







1 ��
��
��
��
�
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Each space P (n) is equipped with a right action of the symmetric group of the

set {0, 1, . . . , n} which is isomorphic to Σn+1 and there is a unit id ∈ P (1). This

structure is subject to certain axioms originating again from the intuitive approach.

We can describe cyclic operads also as operads with extra structure. To do so,

first we observe that if P is a cyclic operad in the sense given above, the operations

◦i := i◦0 and the restrictions of the Σn+1 actions to Σn ones make P an operad.

The axioms that the cyclic operad P has to satisfy induce some extra conditions

on P , and a minimal set of conditions which completely describe P as a cyclic

operad can be thought of as an alternative definition of cyclic operads (see [30] for

these conditions).

In the following subsections we are going to introduce the key ingredients to

our approach of studying operads and cyclic operads.

1.1.2 The unordered tensor product
Since we want to define operads and cyclic operads in a coordinate-free manner,

it is useful to have a notion of a coordinate-free or unordered tensor product.

Such a tensor product can be defined in arbitrary symmetric monoidal catego-

ries. To motivate our objective, first consider a (non-symmetric) monoidal cate-

gory (E ,⊗, I, a, l, r). It is immediate that there is no need to bracket multiple

tensor products like A1 ⊗ · · · ⊗ An in E , because the associativity constraint a
provides a unique natural isomorphism between any two possible bracketing. If E
is also symmetric with respect to a natural isomorphism sAB : A⊗B −→ B⊗A,

one can make sense of the unordered tensor product in E :

Suppose that X is a finite set and (Ax)x∈X are objects of E . Intuitively, we can

think of
⊗
x∈X

Ax as an ordered tensor with a chosen ordering of X , i.e. a bijection

f : X −→ {0, 1, 2, . . . , n} = [n]. If g : X −→ [n] is another ordering, then there

is a unique way to go from f to g, with a natural isomorphism expressed with

the various s maps. Driven by this intuition, one can define the unordered tensor

product
⊗
x∈X

Ax rigourously as the coequalizer of all the maps

σ̃ :
⊕

f :X→[n]

⊗
f

Af −→
⊕

f :X→[n]

⊗
f

Af

where
⊗
f

Af := Af−1(0) ⊗ · · · ⊗Af−1(n) and σ ∈ Σ[n] induces by symmetry the

maps σ̃f :
⊗
f

Af −→ ⊗
σf

Aσf . This colimit is in fact any ordered tensor
⊗
f

Af

together with the chosen order f .

1.1.3 The categories Fin∗ and Fin

If one examines the standard definition of operads, one can see that the role of

the natural numbers in the definition is to keep track of the arity of the abstract
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operations as well as to label the inputs of these operations. This approach has

certain disadvantages which becomes apparent when we compose two abstract

operations. For example, to get the labels of the resulting operation right, one has

to adjust the labels of the composed operations accordingly. This adjustment gives

rise to not wanted technicalities when proving that something is an operad: one

will need to use block permutations to prove equivariance and associativity for

example.

A possible remedy to this problem can be given by labeling our operations in

P with finite sets, and when a composition occurs just take the disjoint union of

the reoccurring labels for the new operation. This approach is not new, it has been

used in the past for example by V. Hinich and A. Vaintrob in [18]. They credit P.

Deligne and J. S. Milne for the formalism (see [11]). The coordinate-free approach

to operads was used also by P. van der Laan in his thesis [38].

Denote by Fin∗ the category of finite pointed sets (X,x0) and basepoint-

preserving bijections. To any ordered pair ((X,x0), (Y, y0)) ∈ Fin∗ ×Fin∗ and

x ∈ X , x �= x0 we render (X	xY, x0) ∈ Fin∗, defined as

X	xY = X 	 Y \ {x, y0}.
The following properties of the 	x operations are going to be important for the

definition of operads:

Associativity. If (X,x0), (Y, y0), (Z, z0) ∈ Fin∗ and x, x′ ∈ X , y ∈ Y such

that x0 �= x �= x′ �= x0 and y �= y0 then

(X	xY )	yZ = X	x(Y	yZ),
(X	xY )	x′Z = (X	x′Z)	xY.

Equivariance. If σ : (X,x0) −→ (X ′, x′0) and τ : (Y, y0) −→ (Y ′, y′0) are

maps in Fin∗ and x ∈ X, x �= x0 then σ and τ induce a map

σ ◦x τ : (X	xY, x0) −→ (X ′	σ(x)Y
′, x′0)

in Fin∗, defined as

σ ◦x τ |X\{x} = σ|X\{x},
σ ◦x τ |Y \{y0} = τ |Y \{y0}.

Unit. For any pointed set with two elements (U, u0) = ({u, u0}, u0) and any

other pointed set (X,x0) together with an element x ∈ X \ {x0} there are maps

eux0 : (X,x0) −→ (U	uX,u0) and eux : (X,x0) −→ (X	xU, x0),

where eux0 sends x0 to u0 and is the identity elsewhere, and eux sends x to u and

is the identity elsewhere.

To define cyclic operads we will use the category Fin, which has finite sets as

objects and bijections as arrows. For an ordered pair of sets (X,Y ) ∈ Fin×Fin
and elements x ∈ X, y ∈ Y we define

Xx	yY := X 	 Y \ {x, y}.
The x	y operations have similar properties to the pointed-set versions 	x.



12 CHAPTER 1

1.2 Operads

1.2.1 Definitions and examples
Let (E ,⊗, I, a, l, r, s) be a symmetric monoidal category.

Definition 1.2.1. A contravariant functor P : Finop
∗ −→ E is called a collection

or a Fin∗-module in E .

If P is a collection in E then for any map σ : (X,x0) −→ (X ′, x′0) in Fin∗ the

induced map P (σ) : P (X ′, x′0) −→ P (X,x0) can be considered as acting on the

right on P (X ′, x′0). We will write instead of P (σ) just σ and if there are elements

u ∈ P (X ′, x′0), we will write uσ instead of P (σ)(u) ∈ P (X,x0).

Definition 1.2.2. An operad in E is a collection P : Finop
∗ −→ E with structure

maps

◦x : P (X,x0) ⊗ P (Y, y0) −→ P (X	xY, x0)

for any (X,x0), (Y, y0) ∈ Fin∗ and x ∈ X , x �= x0, which satisfy the following

three conditions:

Associativity. For any (X,x0), (Y, y0) and (Z, z0) ∈ Fin∗, and any x, x′ ∈
X , y ∈ Y such that x0 �= x �= x′ �= x0 and y �= y0 the following diagrams

commute:

P (X,x0) ⊗ P (Y, y0) ⊗ P (Z, z0)
◦x⊗id

��

id⊗◦y

��

P (X	xY, x0) ⊗ P (Z, z0)

◦y

��

P (X,x0) ⊗ P (Y	yZ, y0)
◦x

�� P (X	xY	yZ, x0)

P (X,x0) ⊗ P (Y, y0) ⊗ P (Z, z0)
◦x⊗id

��

id⊗s
��

P (X	xY, x0) ⊗ P (Z, z0)

◦x′

��

P (X,x0) ⊗ P (Z, z0) ⊗ P (Y, y0)

◦x′⊗id

��

P (X	x′Z, x0) ⊗ P (Y, y0)
◦x

�� P (X	xY	x′Z, x0)

where s : P (Y, y0) ⊗ P (Z, z0) −→ P (Z, z0) ⊗ P (Y, y0) is the symmetry of E .

Equivariance. For any σ : (X,x0) −→ (X ′, x′0), τ : (Y, y0) −→ (Y ′, y′0)
maps in Fin∗ and x ∈ X , x �= x0 the following diagram commutes:

P (X ′, x′0) ⊗ P (Y ′, y′0)
◦σ(x)

��

σ⊗τ
��

P (X ′	σ(x)Y
′, x′0)

σ◦xτ

��

P (X,x0) ⊗ P (Y, y0)
◦x

�� P (X	xY, x0)
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If there are elements, this property translates to

uσ ◦x vτ = (u ◦σ(x) v)(σ ◦x τ)

for any u ∈ P (X ′, x′0) and v ∈ P (Y ′, y′0).
Unit. For any set with two elements (U, u0) = ({u, u0}, u0) ∈ Fin∗ there is

a map η(U,u0) : I −→ P (U, u0), for which the compositions

I ⊗ P (X,x0)
ηU⊗id

��P (U, u0) ⊗ P (X,x0)
◦u

��P (U	uX,u0)
eux0

��P (X,x0) ,

P (X,x0) ⊗ I
id⊗ηU

��P (X,x0) ⊗ P (U, u0)
◦x

��P (X	xU, x0)
eux

��P (X,x0)

are the left and right identities in the monoidal category E for any (X,x0) ∈ Fin∗.

The following diagram commutes for any two-point sets (X,x0) and (X ′, x′0):

I
ηX

�� P (X,x0)

α

��

I
ηX′

�� P (X ′, x′0)

where α : (X ′, x′0) −→ (X,x0) is the obvious (unique) map.

A collection P is called a pseudo operad if it satisfies only the associativity

and equivariance conditions.

Definition 1.2.3. Let P and Q be operads in E . A morphism of operads μ : P −→
Q is an equivariant natural transformation from P to Q which is compatible with

all the operations ◦x and unit maps ηU . Explicitly, such a μ is a family of maps

μ(X,x0) : P (X,x0) −→ Q(X,x0), such that the following diagrams commute for

any possible choice of x, σ and η:

P (X ′, x′0)
μX′

��

σ

��

Q(X ′, x′0)

σ

��

P (X,x0) ⊗ P (Y, y0)
◦x

��

μX⊗μY

��

P (X	xY, x0)

μX�xY

��

P (X,x0)
μX

�� Q(X,x0) Q(X,x0) ⊗Q(Y, y0)
◦x

�� Q(X	xY, x0)

I
ηU

�� P (U, u0)

μU

��

I
ηU

�� Q(U, u0)

With these maps, operads in E form the category Op.
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Example 1.2.4. One can define an endomorphism operad in Vectk for any vector

space V : for a pointed set (X,x0) let

EndV (X,x0) := Vectk(V ⊗X\{x0}, V )

where V ⊗X\{x0} denotes the unordered tensor product. The right action of the

pointed bijection σ : (X ′, x′0) −→ (X,x0) permutes the factors of the tensor by

precomposing the orderings f : X \ {x0} −→ {1, 2, . . . , |X \ {x0}|} with σ. For

f ∈ EndV (X,x0), g ∈ EndV (Y, y0) the composition f ◦xg ∈ EndV (X	xY, x0)
is defined by

f ◦x g := f ◦ (id⊗X\{x,x0} ⊗g).
The term in the bracket of the previous formula is an unordered tensor product of

maps, over the set X \ {x0}, where g is the map corresponding to the label x.

One can generalise this construction to define an endomorphism operad asso-

ciated to an object in any closed symmetric monoidal category E .

Example 1.2.5. Let E be the category Sets. The commutative operad Com is

defined by setting Com(X,x0) := ∗ for every pointed set (X,x0) with at least

two elements and Com({x0}, x0) := ∅. Note that here ∗ stands for a fixed set

with one element.

Example 1.2.6. It is shorter to define the associative operad in Sets with the use

of the classical definition of operads. Let As(0) := ∅, As(n) := Σn and define

the right actions of Σn on As(n) by composition. For σ ∈ As(n) and τ ∈ As(m)
let σ ◦i τ ∈ As(m+ n− 1),

σ ◦i τ(k) :=

⎧⎪⎪⎨⎪⎪⎩
σ(k) if σ(k) < σ(i),

τ(k − i+ 1) + σ(i) if i ≤ k < i+m− 1,

σ(k) +m− 1 if σ(k) > σ(i).

The intuition behind this definition is that σ acts on n blocks of length 1, except

of the i-th block which is of length m. This i-th block thus starts at i and ends at

i+m− 1, and before applying σ to it, we act by τ .

1.2.2 Equivalence with the classical definition
In this subsection we are going to prove that the category of operads arising from

our definition is equivalent to the classical one, given in terms of the ◦i operations

(see [30], pp. 46) which in turn is equivalent to the original definition of May [31].

In the following we are going to denote the pointed set ({0, 1, . . . , n}, 0) ∈
Fin∗ by 〈n〉. Instead of P (〈n〉) let us write P (n). If P is an operad in E then any

composition map ◦x : P (X,x0) ⊗ P (Y, y0) −→ P (X 	x Y, x0) gives rise to a

new one ◦i : P (n) ⊗ P (m) −→ P (〈n〉 	i 〈m〉) via the actions of some pointed

bijections σ : 〈n〉 −→ (X,x0) with σ(i) = x and τ : 〈m〉 −→ (Y, y0), because of

the equivariance condition:

◦x = (σ ◦i τ)−1(◦i)(σ ⊗ τ)).
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This property suggests to study more the structures induced by the operad axioms

on the objects P (n). Define the renumbering map ϕi : 〈n+m− 1〉 −→ 〈n〉 	i
〈m〉,

ϕi(k) :=

⎧⎪⎪⎨⎪⎪⎩
k ∈ 〈n〉 if k < i,

(k −m+ 1) ∈ 〈n〉 if k > i+m− 1,

(k − i+ 1) ∈ 〈m〉 if i ≤ k ≤ i+m− 1.

(1.2.1)

We can infer that the composition of ϕi with ◦i defines a new operation, denoted

by •i which is written only in terms of the sets 〈n〉:

•i := ϕi◦i : P (n) ⊗ P (m) −→ P (n+m− 1).

These •i operations satisfy the associativity and equivariance conditions of [30] as

well as the unit conditions of the classical definition. Let us denote temporarily our

category of operads with OpFin∗ and the classical one by OpΣ. In the latter case

Σ denotes the skeleton of Fin∗ formed by the pointed sets ({0, 1, 2, . . . , n}, 0)
and an object of OpΣ is a functor Σop −→ E with extra structure.

Theorem 1.2.7. The categories OpFin∗ and OpΣ are equivalent.

Proof. The restriction functorR : Fin∗ −→ Σ together with the extension functor

E : Σ −→ Fin∗ form an equivalence of categories and RE = id. We denote by

E# : EFin∗ −→ EΣ and R# : EΣ −→ EFin∗ the induced functors.

A collection P : Fin∗ −→ E defines a Fin∗-operad if and only if E#(P ) is a

Σ-operad. Moreover, μ : P −→ Q is a map of Fin∗-operads if and only ifE#(μ)
is a map of Σ-operads.

For any Σ-operad P ′ we have that E#R#(P ′) = P ′, thus R#(P ′) is an ope-

rad and we can conclude that E# induces an essentially surjective functor bet-

ween the operad categories. On the other hand, E# is also fully faithful, hence the

induced functor is also fully faithful.

We infer that OpFin∗ and OpΣ are equivalent. �

As a consequence, we will not distinguish any more between the two catego-

ries of operads, and use the one which is at the moment more convenient for our

purposes.

1.3 Cyclic operads
Let (E ,⊗, I, a, s, l, r) be a symmetric monoidal category. Recall that we denote

by Fin the category of finite sets and isomorphisms.

Definition 1.3.1. A cyclic collection in the category E is a contravariant functor

P : Finop −→ E .
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Definition 1.3.2. A cyclic operad P is a cyclic collection P : Finop −→ E with

structure maps

x◦y : P (X) ⊗ P (Y ) −→ P (Xx	yY )

for any pair (x, y) ∈ X × Y , satisfying the following properties:

Associativity. The following diagrams commute

P (X) ⊗ P (Y ) ⊗ P (Z)
x◦y⊗ id

��

id⊗ y′◦z

��

P (Xx	yY ) ⊗ P (Z)

y′◦z

��

P (X) ⊗ P (Y y′	zZ)
x◦y

�� P (Xx	yY y′	zZ)

P (X) ⊗ P (Y ) ⊗ P (Z)
x◦y⊗ id

��

id⊗s
��

P (Xx	yY ) ⊗ P (Z)

x′◦z

��

P (X) ⊗ P (Z) ⊗ P (Y )

x′◦z⊗ id

��

P (Xx′	zZ) ⊗ P (Y )
x◦y

�� P (Xx	yY x′	zZ)

for any x, x′ ∈ X , y, y′ ∈ Y , z ∈ Z such that x �= x′ and y �= y′.
Equivariance. For any x ∈ X , y ∈ Y , any maps σ : X −→ X ′ and τ : Y −→

Y ′ in Fin such that σ(x) = x′ and τ(y) = y′, the following diagram commutes:

P (X ′) ⊗ P (Y ′)
x′◦y′

��

σ⊗τ
��

P (X ′
x′	y′Y ′)

σx◦yτ

��

P (X) ⊗ P (Y )
x◦y

�� P (Xx	yY )

where σx◦yτ : Xx	yY −→ X ′
x′	y′Y ′ is the map whose restriction to X \ {x} is

σ|X\{x}, and to Y \ {y} is τ |Y \{y}.

Unit. For any two-point set U = {u1, u2} there are maps ηU : I −→ P (U)
for which the following compositions are the left and right identities, for any i ∈
{0, 1} and any set X , x ∈ X:

I ⊗ P (X)
ηU⊗id

�� P (U) ⊗ P (X)
ui

◦x
�� P (Uui

	xX)
euix

�� P (X)

P (X) ⊗ I
id⊗ηU

�� P (X) ⊗ P (U)
x◦ui

�� P (Xx	ui
U)

exui
�� P (X)

where exui
= euix : X −→ Uu	xX , exui

(x) = u1−i ∈ U and exui
|X\{x} = id .

Moreover, the following diagrams should commute for any two-point sets U and
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U ′ and any map α : U −→ U ′ in Fin:

I
ηU′

�� P (U ′)

α

��

I
ηU

�� P (U)

One can define morphisms of cyclic operads similarly to morphisms of ope-

rads. We will denote the category of cyclic operads by CycOp.

Remark 1.3.3. Our definition is again equivalent to the different classical ones (see

[14, 30]). The proof of this can be carried out similarly to the one of Subsection

1.2.2.

It is an interesting feature of cyclic operads that the existence of units implies

that the x◦y operations are symmetric:

Proposition 1.3.4. If P is a cyclic operad, then the following diagram commutes:

P (X) ⊗ P (Y )
x◦y

��

s

��

P (Xx	yY )

P (Y ) ⊗ P (X)
y◦x

�� P (Y y	xX)

Proof. Let U = {0, 1}. Beside the axioms of a cyclic operad we will use that

symmetry and left identity in E are canonical.

First we observe that in the diagram

P (U) ⊗ P (X) ⊗ P (Y ) 1◦x⊗ id
��

id⊗s

��

P (U1	xX) ⊗ P (Y )

2◦y

��

e⊗id
�� P (X) ⊗ P (Y )

x◦y

��

P (U) ⊗ P (Y ) ⊗ P (X)

2◦y⊗ id

��

P (U2	yY ) ⊗ P (X) 1◦x
��

e′⊗id

��

P (U1	xX2	yY )
e x◦yid

��

e′y◦x id

��

P (Xx	yY )

P (Y ) ⊗ P (X)
y◦x

�� P (Y y	xX)

all the 3 squares commute and ex◦y id = e′y◦x id = id. If we augment this
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diagram with the commutative square

I ⊗ P (X) ⊗ P (Y )
ηU⊗id

��

id⊗s

��

P (U) ⊗ P (X) ⊗ P (Y )

id⊗s

��

I ⊗ P (Y ) ⊗ P (X)
ηU⊗id

�� P (U) ⊗ P (Y ) ⊗ P (X)

then by the unit axiom we get the following, simpler commutative diagram:

I ⊗ P (X) ⊗ P (Y ) ��

id⊗s
��

P (X) ⊗ P (Y )

◦xy

��

I ⊗ P (Y ) ⊗ P (X)

��

P (Y ) ⊗ P (X)
y◦x

�� P (Y y	xX) P (Xx	yY )

Using that the left identity in E is natural, we obtain the desired diagram. �

1.3.1 Some remarks and examples
There is a forgetful functor u∗ : CycOp −→ Op, induced by the obvious functor

u : Fin∗ −→ Fin. Thus every cyclic operad is an operad. One of the possi-

ble classical definitions of cyclic operads ([30], pp. 247-248 or [14]) views cyclic

operads as operads where the actions of the symmetric groups Σn extend in a

compatible way to Σ+
n := Σn+1 actions. In this sense, somewhat ambiguously,

in the literature an operad P is called cyclic if such an extension for P exists.

Examples include the operads Com and As in dgVect (or in any symmetric mo-

noidal category). The operad governing Leibnitz algebras on the other hand is not

cyclic in this sense. For more details on this matter and a classification of some

special cyclic quadratic operads with one generator we refer to [14].

Another interesting example was given in [8], where the author shows that the

operad of framed discs fD2 is homotopy equivalent to a cyclic operad.

There are two important variations of cyclic operads which will be relevant

later: reduced cyclic operads are cyclic operads with P (O) = I for any one-point-

set O, and pseudo cyclic operads are reduced cyclic operads without unit.

In the preliminaries we mentioned that cyclic operads are operads with extra

structure and we also indicated the definition of cyclic operads following this line

of thought, with the classical approach. If we want to use the finite set version of

(cyclic) operads then the approach above translates as follows:

An operad P is cyclic if the actions of the maps of Fin∗ on P extend to actions

of not necessarily pointed bijections and, if we set

P c(X) := colimτ :(X,x0)−→(X,x′
0)
P, where τ swaps x0 with x′0
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then P c(X) naturally becomes a cyclic operad.

1.4 Cooperads and cyclic cooperads
In Chapter 2 we will need to use cyclic cooperads for some constructions, hence in

this section we briefly introduce them, together with cooperads. Intuitively, these

dual notions arise when one reverses all arrows in the definition of operads and

cyclic operads, respectively.

Definition 1.4.1. A cooperad in a symmetric monoidal category E is a cocollection

D : Fin∗ −→ E (that is, a covariant functor), together with structure maps

◦x : D(Z, z0) −→ D(X,x0) ⊗D(Y, y0)

for any finite pointed set (Z, x0) and any decomposition (Z, z0) = (X	xY, x0)
where x ∈ X , x �= x0. These structure maps satisfy the obvious coassociativity,

coequivariance and counit axioms given by reversing all arrows in the respective

conditions in the definition of an operad.

Similarly,

Definition 1.4.2. A cyclic cooperad in a symmetric monoidal category E is a cyclic

cocollection C : Fin −→ E , together with structure maps

x◦y : C(Z) −→ C(X) ⊗ C(Y )

for any finite set Z and any decomposition Z = (Xx	yY ) where x ∈ X and

y ∈ Y . The structure maps ofC satisfy the obvious coassociativity, coequivariance

and counit conditions.

1.5 Free constructions

1.5.1 The free-forgetful adjunction CycColl −→ CycOp

Similarly to the free operad construction, the free cyclic operad depends on a

suitable groupoid of trees which we describe now. Before starting the description,

we mention that there are more possibilities to start with, all of them giving the

same result in the end, after the suitable choices of identifications: one of them

is considering planar rooted trees and nonplanar, not necessarily root preserving

isomorphisms of them; another possibility is the one we take.

Let us start with some conventions and notations we will use later in the thesis.

A tree T for us is a finite contractible graph with at least one vertex and external

edge. We will denote the set of edges by Edg(T ), the set of vertices by Vert(T ),
the set of external edges or leaves (i.e. edges which have only one adjacent vertex)

by Leaves(T ) and the set of internal edges (those edges which are not external)

by InEdg(T ). For a vertex v ∈ Vert(T ) the set of the edges adjacent to v will be
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denoted by Edg(v). A tree which has only one vertex and at least two leaves will

be called a corolla.

The main ingredient of the free construction is the groupoid T, which has

trees as objects and isomorphisms of graphs as morphisms. The following picture

displays two objects of T: a typical tree and a corolla with n leaves (in the latter

case we took {1, 2, . . . , n} for the set of edges).
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For example, the tree T on the left has

Edg(T ) = {a, b, c, d, e, f, g, h, i, j, k},
Vert(T ) = {u, v, w, z, t},

Leaves(T ) = {a, b, c, h, i, j, k},
InEdg(T ) = {e, f, d, g},

Edg(u) = {a, b, c, d}.

Note that the stump | is not an object of T since it has no vertices. The intuition

behind this choice is that we want to label the vertices of trees with corresponding

elements of a cyclic collection to construct the free operad on that collection.

If T is a tree in T and X is a finite set then denote by λT (X) the set of X-

labelings of T , i.e. the set of bijections X −→ Leaves(T ). The map λT is part of

a functor λ : T −→ SetsFinop

, defined in the obvious way. In fact, this functor

defines the category of labeled trees by taking colimT λ. Note that by composing

with the strong symmetric monoidal functor I[−] : Sets −→ E , λ can be viewed

as a functor T −→ EFinop

.

Now we turn to the description of the free cyclic operad. LetK : Finop −→ E
be a cyclic collection in a symmetric monoidal category E with unit I . K induces

a functor

K : Top −→ E ,

defined by setting

K(T ) =
⊗

v∈Vert(T )

K(Edg(v))

where the tensor product is the unordered one over the set of vertices of a given

tree. Since any map φ : T → T ′ in T is completely determined by its restrictions
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to the sub-corollas of T , the contravariant behavior of K determines K on the

maps of T. We can define the free pseudo cyclic operad generated by K as

F0K = K ⊗T λ.

Explicitly, F0K : Finop −→ E , is the colimit of
∐
T∈T

(
K(T )⊗λT (X)

)
over T,

that is

F0K(X) =
∐

[T ],T∈T

K(T ) ⊗Aut(T ) λT (X),

with the convention that if λT (X) = ∅ then we omit the corresponding component

in the coproduct. Keeping in mind that each λT is a functor λT : Finop −→ E ,

there is an induced action of the maps of Fin on the right of F0K, hence F0K :
Finop −→ E is well defined. The cyclic operad structure without unit on F0K is

induced by the above described actions and the grafting operations of T.

Indeed, an objectK(T )⊗Aut(T )λT (X) is determined by pairs (T, τ ∈ λT (X)).
If T and R are arbitrary objects of T with distinguished external edges t and r, X
and Y are finite sets such that t and r are labeled by x and y respectively, the

isomorphisms

K(T ) ⊗K(R) =

⎛⎝ ⊗
v∈Vert(T )

K(Edg(v))

⎞⎠⊗

⎛⎝ ⊗
w∈Vert(R)

K(Edg(w))

⎞⎠
�
⊗
v,w

K(Edg(v)) ⊗K(Edg(w))

�
⊗

u∈Vert(T t◦rR)

K(Edg(u))

= K(T t◦rR)

induce the structure maps x◦y : F0K(X) ⊗ F0K(Y ) −→ F0K(Xx	yY ).

Proposition 1.5.1. The functor F0 from the category of cyclic collections to the
category of pseudo cyclic operads is left adjoint to the forgetful functor.

Proof. Suppose α : F0K −→ P is a map of cyclic operads without unit. If X
is a finite set, let CorX be a corolla with Edg(CorX) = X . Then F0K(X) has

a summand K(CorX) ⊗Aut(CorX) λCorX
(X) � K(X), thus αX induces a map

Ψ(αX) : K(X) −→ P (X). The resulting Ψ(α) : K −→ P is a map of cyclic

collections.

Suppose that β : K −→ P is a map of cyclic collections. To define the inverse

of Ψ, we have to define it on the components of each FK(X), i.e. the maps

(
Ψ(βX)

)
T

:

⎛⎝ ⊗
v∈Vert(T )

K(Edg(v))

⎞⎠⊗Aut(T ) λT (X) −→ P (X)



22 CHAPTER 1

need to be given. The
(
Ψ(βX)

)
T

above is induced by the map⊗
v∈Vert(T )

β :
⊗

v∈Vert(T )

K(Edg(v)) −→
⊗

v∈Vert(T )

P (Edg(v)) −→ P (Leaves(T ))

where the right-hand side map is the iterated application of the structure maps of

P , indicated by T . �

In view of the above construction, the free cyclic operad functor

F : CycColl −→ CycOp

is obtained from F0 by adding the unit freely:

Define FK(X) := F0K(X) for every set X with the property that |X| �= 2,

and let FK(E) := I ⊕ F0(E) for any set E with two elements. Define the unit

maps I −→ FK(E) to be the inclusions to the first component. The actions of

the bijections σ ∈ Fin between two-point sets are extended from F0K to FK by

idI ⊕σ. The new extra operations are defined in the obvious way: for example, if

E and X are as above and e ∈ E, x ∈ X then the composition map

FK(E) ⊗ FK(X) e◦x
�� FK(Ee	xX)

needs to be defined only on the component I⊗FK(X) of (I⊕F0K(E))⊗FK(X).
There is an obvious choice to define this map, namely I⊗FK(X) � FK(X) −→
FK(Ee	xX) where the last map is the one induced by the identification of the

sets X � Ee	xX .

By construction, FK is indeed a cyclic operad and it is the free one on the

cyclic collection K. The proof of this is similar to that of Proposition 1.5.1, in this

case keeping track of the units too.

Remark 1.5.2. The construction given above generalises the free operad construc-

tion to cyclic operads. An interesting fact about the free operad construction is that

the free operad on a cyclic collection is cyclic in the sense of Subsection 1.3.1.

1.5.2 The free-forgetful adjunction CycColl∗ −→ CycOp

A pointed cyclic collection is a cyclic collection K together with maps ηE : I −→
K(E) for any two-point set U . These maps (also called basepoints) need to satisfy

the usual compatibility conditions, that is if τ : F −→ E is a bijection of sets with

two elements then the following diagram commutes:

I
ηF

��
��

��
��

��
ηE

��		
		
		
		

K(E) τ
�� K(F )

There is a category of pointed cyclic collections which we denote by CycColl∗.

There is an obvious forgetful functor CycOp −→ CycColl∗ which has a left adjoint
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F∗ : CycColl∗ −→ CycOp. We can give a formal definition of F∗, using the

already constructed free cyclic operad functor F of the previous subsection and the

initial object of the category CycOp.

First observe that the initial cyclic operad Θ is given by Θ(X) := I if X is a

set with two elements and Θ(X) := 0 otherwise, where 0 is the initial object of

the category E . Note that it is obvious how to define the equivariant structure and

operations of Θ since the functor A⊗− : E −→ E for any object A ∈ E preserves

colimits, hence also initial objects.

By the above data, one can define the functor F∗ on the pointed cyclic collection

K as the pushout

FΘ ��

��

FK

��

Θ �� F∗K

where the upper horizontal map is induced by the basepoints of K.

Indeed, we can use that the above diagram is a pushout together with the

fact that F is left adjoint to the forgetful functor CycOp −→ CycColl to con-

clude purely formally that F∗ is left adjoint to the forgetful functor CycOp −→
CycColl∗.

Later we will need an explicit construction of F∗, hence we provide one in

this subsection. Assume that K is a pointed collection and T is a tree in T. Let

V be a subset of the unary vertices of T . For an arbitrary vertex v of T define

Kv
V (T ) := I if v ∈ V and Kv

V (T ) := K(Edg(v)) if v �∈ V , and let

KV (T ) :=
⊗

v∈Vert(T )

Kv
V (T ).

There is a category CT whose objects are the nonempty subsets of the unary

vertices of T and arrows are the inclusions of sets. Whenever W ⊆ V is an

arrow in CT , the basepoints ηE : I −→ K(E) induce maps KV (T ) −→ KW (T ),
giving rise to a functor K?(T ) : Cop

T −→ E . Define

K−(T ) := colimV ∈Cop
T
KV (T ).

Intuitively, K−(T ) consists of copies of T , with vertices decorated by “elements”

of the corresponding K(X), such that if there is a unary vertex of T then it is

allowed to leave it undecorated. The trees with undecorated vertices are identified

with those trees where the corresponding vertex is decorated by the basepoint,

keeping in mind that the latter tree still has to contain at least one undecorated

vertex (we excluded ∅ from CT ).

For an object V ∈ CT , denote by T/V the tree resulting from T by removing

the vertices coming from V and gluing the corresponding edges. It follows that

there is an evident isomorphism

KV (T ) 	−→ K(T ), (1.5.1)
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and there is an induced map

K−(T ) −→ K(T ). (1.5.2)

Now we can proceed with the construction of F∗K. For every finite set X , the

object F∗K(X) is constructed as the sequential colimit of Aut(X)-equivariant

maps

F∗K(X)0 −→ F∗K(X)1 −→ F∗K(X)2 −→ · · · ,
where intuitively the index k stands for that part of F∗K(X) which is constructed

only with trees with at most k unary vertices. Let Tk be the subcategory of T

consisting of trees with exactly k unary vertices. Define

F∗K(X)0 :=
∐

[T ],T∈T0

K ⊗Aut(T ) λT (X).

Here again λT is viewed as a functor λT : Finop −→ E and if |X| �= |Leaves(T )|
the corresponding component is omitted from the sum. Suppose that F∗K(X)k−1

was constructed and define F∗K(X)k as the pushout∐
[T ],T∈Tk

K−(T ) ⊗Aut(T ) λT (X) ��

��

F∗K(X)k−1

��∐
[T ],T∈Tk

K(T ) ⊗Aut(T ) λT (X) �� F∗K(X)k

,

where the horizontal map on the top is induced by the isomorphisms (1.5.1) and the

vertical map on the left is induced by the maps (1.5.2). Note that the category Fin
acts on the objects on the left in this pushout diagram and the vertical map on the

left is compatible with this action, thus by induction we can infer that F∗K(−)k :
Finop −→ E is a functor. Intuitively these pushouts make the necessary left

identifications for the basepoints to become the units of the free cyclic operad.

To end the construction, define

F∗K(X) := colimk∈N F∗K(X)k,

and the cyclic operad structure on F∗K is again defined by the grafting operation

of trees. We skip the proof of the following proposition, which can be carried out

in a similar fashion to that of Proposition 1.5.1.

Proposition 1.5.3. The functor F∗ : CycColl∗ −→ CycOp is left adjoint to the
forgetful functor.

1.5.3 The free-forgetful adjunction Op −→ CycOp

Before we construct the free functor from operads to cyclic operads we need to

describe the free functor from collections to cyclic collections. Note that the
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“forgetful functor” u∗ : CycColl −→ Coll is defined as the pullback along the

functor u : Fin∗ −→ Fin, which forgets the basepoint of a pointed set (X,x0).

For a collection K : Finop
∗ −→ E define FK : Finop −→ E by

FK(X) :=
∐
x0∈X

K(X,x0),

FK(σ : X −→ Y ) :=
∐
x0∈X

K
(
σ : (X,x0) −→ (Y, σ(x0))

)
.

We can infer that F : Coll −→ CycColl is indeed a functor, since if α : K −→ L,

α = (α(X,x0)) is a map of collections then Fα = (
∐
x0∈X α(X,x0)) is a map of

cyclic collections. F is left adjoint to the forgetful functor u∗ : CycColl −→ Coll.
Indeed, assume that α : FK −→ L is a map of cyclic collections, so the maps

αX :
∐
x0
K(X,x0) −→ L(X) are given. Since u∗L(X,x0) = L(X) for any

x0 ∈ X , we can define a map of collections α̃ : K −→ u∗L by composing with

the canonical inclusions: indeed, if σ : (X,x0) −→ (Y, y0) is a map in Fin∗ then

commutativity of the diagram

FK(Y )
αY

��

∐
z0∈X

σ

��

L(Y )

σ

��

FK(X)
αX

�� L(X)

implies for z0 = x0 the commutativity of

K(Y, y0)
α(Y,y0)

��

σ

��

u∗L(Y, y0)

σ

��

K(X,x0)
α(X,x0)

�� u∗L(X,x0)

Similarly, if β : K −→ u∗L is a map of collections then by universality of the

coproduct we can define the maps β̂X : FK(X) −→ L(X) for every X ∈ Fin,

and β̂ is a map of cyclic collections – this follows again from the universality of

the coproduct (of maps). The above two correspondences are natural inverses to

each other.

Now we turn to the description of the free functor F+ : Op −→ CycOp in

categories with zero objects. Let P be an operad. The underlying cyclic collection

of the cyclic operad F+P is the free cyclic collection constructed above: F+P =
F(UP ) where U forgets the operad structure. Before defining the composition



26 CHAPTER 1

maps x◦y , decompose

F+P (X) ⊗F+P (Y ) =

⎛⎜⎜⎝ ⊕
x0∈X\{x}
y0=y

P (X,x0) ⊗ P (Y, y0)

⎞⎟⎟⎠

⊕

⎛⎜⎜⎝ ⊕
x0=x

y0∈Y \{y}

P (X,x0) ⊗ P (Y, y0)

⎞⎟⎟⎠⊕ rest,

and also

F+P (Xx	yY ) =

⎛⎝ ⊕
z0∈X\{x}

P (Xx	yY, z0)

⎞⎠⊕

⎛⎝ ⊕
z0∈Y \{y}

P (Xx	yY, z0)

⎞⎠ .

Then define x◦y := α⊕ β ⊕ 0 where

α :
⊕

x0∈X\{x}
y0=y

P (X,x0) ⊗ P (Y, y0) −→
⊕

x0∈X\{x}
P (Xx	yY, x0),

α := ⊕x0◦x
and

β :
⊕
x0=x

y0∈Y \{y}

P (X,x0) ⊗ P (Y, y0) −→
⊕

y0∈Y \{y}
P (Xx	yY, y0),

β := (⊕y0◦y) ◦
(
symmetry

)
.

What we constructed so far is the free functor from pseudo operads to pseudo

cyclic operads, so we still need to take care of the unit. To do so, we modify

the current definition of F+P (E) = P (E, e) ⊕ P (E, f) where E = {e, f} is

any set with two elements: define the new F+P (E) to be the coequalizer of the

two inclusions I −→ P (E, e) −→ P (E, e) ⊕ P (E, f) and I −→ P (E, f) −→
P (E, e) ⊕ P (E, f), corresponding to the two possible unit maps of the operad

P . One can check that the modified F+ functor is indeed left adjoint to the

forgetful functor CycOp −→ Op. Let us state the relations between the different

free constructions in the following

Proposition 1.5.4. There is a commutative diagram of free-forgetful adjunctions

Coll
F̃

��

F
��

Op

F+

��

��

CycColl F
��

��

CycOp��

��
(1.5.3)
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The proof follows from the fact that the diagram with only the forgetful functors

is commutative.

1.6 Coloured operads and their algebras
Coloured operads are generalisations of operads in the sense that the inputs of the

operations can have different “colour”. They can also be viewed as generalisations

of categories. While a coordinate-free definition of coloured operads is also possi-

ble (see [38]), we will work with the usual definition here since we use coloured

operads only in this section.

A coloured operad P in a closed symmetric monoidal category (E ,⊗, I) con-

sists of a set of colours or objects ob(P ) and for each ordered n+1-tuple of colours

(c1, c2, . . . , cn; c) an object of the category E , denoted by P (c1, c2, . . . , cn; c),
which we think of as a space of operations. The operations can be composed

in the way as the ones of classical operads do, and they satisfy the usual axioms of

associativity, equivariance and unit. For example, a typical ◦i operation is a map

in E
P (c1, . . . , ci, . . . , cn; c) ⊗ P (d1, . . . , dm; ci)

◦i

��

P (c1, . . . , ci−1, d1, . . . , dm, ci+1, . . . , cn; c)

One important example is the category E itself, which can be thought of as a

coloured operad with set of colours the objects of the category; the spaces of ope-

rations being defined as

E(A1, A2, . . . , An;A) := E(A1 ⊗A2 ⊗ · · · ⊗An, A).

For clarity, the second E in the line above refers to the internal hom functor of the

category.

One can define maps of coloured operads similarly to the classical case. A

map of coloured operads P −→ E , where E refers to the coloured operad described

above, is called a P -algebra. Note that classical operads are coloured operads with

one colour, and a classical P -algebra has one underlying object (corresponding to

the sole colour of P ) while an algebra of a coloured operad has an underlying

object for each colour. This variety allows us to construct a whole arsenal of

coloured operads which govern different kinds of algebraic structures like ca-

tegories, classical operads, maps of algebras over classical operads, etc. These

constructions were not possible with classical operads.

For more details on coloured operads and their relations with categories the

reader can consult [25]. For a variety of examples of algebraic structures which

can be described as algebras of coloured operads see also [5].

Our goal in this section is to describe in detail coloured operads governing

classical operads (symmetric and nonsymmetric) and cyclic operads (also symmet-

ric and nonsymmetric). The example of a coloured operad P governing symmetric

classical operads was already constructed in [5].
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We will construct these coloured operads only in the category Sets since the

strong symmetric monoidal functor F : Sets −→ E , F (X) =
∐
x∈X I allows us

to transfer the constructions to any closed symmetric monoidal category E . In all

the cases mentioned the set of colours is the set of natural numbers N.

The following subsections make use of the notations and conventions on trees

which we stated in Subsection 1.5.1. We will restrict our attention to planar rooted

trees in all cases. A planar rooted tree T is a tree with a distinguished external

edge called root and an ordering on the set Edg(v) for every vertex v, compatible

with the root. (The root of T induces a direction on the edges of T , hence every

vertex has exactly one “outgoing” edge adjacent to it. We require this edge to be

the last one in the order.) This time we will consider the stump | also as a planar

rooted tree.

1.6.1 A coloured operad governing non-symmetric operads

The first step to define the coloured operad C1 is to give the sets of operations

C1(n1, . . . , nk;n). These sets consist of equivalence classes (T, σ), where T is a

planar rooted tree with k vertices and n leaves, and σ : {1, . . . , k} −→ Vert(T )
is a bijection. Moreover, for all i ∈ {1, . . . , k} the vertex σ(i) has valence ni.

∗

The classes are taken modulo the relations (T, σ) ∼ (T ′, σ′) if there is a planar

isomorphism Φ : T −→ T ′ such that Φσ = σ′.
Let us denote from now on the corolla Cor{0,1,...,n} by Corn and call it the n-

corolla. Note that the definition of the sets of operations implies that C1(n;n) =
{Corn} and C1( ; 1) = {|}. The latter will produce the unit of any algebra of C1.

By the above, C1(n1, . . . , nk;n) is defined only if n1 + · · ·+nk = n− k+ 1.

In all the other cases we set C1(n1, . . . , nk;n) = ∅. Every α ∈ Σk defines a right

action

α∗ : C1(n1, . . . , nk;n) −→ C1(nα(1), nα(2), . . . , nα(k);n)

by (T, σ) �→ (T, σα).
The operad structure on C1 is defined via the maps

C1(n1, . . . , nk;n)×
(

k∏
i=1

C1(n1
i , . . . , n

li
i ;ni)

)
γ

�� C1(n1
1, n

2
1, . . . , n

lk
k ;n) ,

((T, σ), (T1, σ1), . . . , (Tk, σk)) �→ (T ′, σ′)

where T ′ is obtained from T by replacing every vertex σ(i) with the tree Ti,
identifying the output-edge of σ(i) with the root of Ti and identifying the ni input

edges of σ(i) with the ni leaves of Ti, with respect to the planar order (from left to

right). The vertices of T ′ are numbered as follows: first number the vertices of T1

in the order given by σ1, then continue with T2 in the order given by σ2, etc. (So

∗Labeling the vertices in every possible way instead of using only one canonical order on them will

be required to prove associativity of the algebras of C1
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just keep the pairs (Ti, σi) and shift the numberings accordingly whenever you go

from Ti to Ti+1.) For example,

��
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��
��
�

��
��
�

��
��
�

��
��
� •6

��
��
�

��
��
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��
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��
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��
��
��

•2 , •1 , •3 , •2
� �� •5

is obtained by an operation

C1(2, 4, 3; 7)×
(
C1(3, 0; 2)×C1(2, 2, 2; 4)×C1(1, 3; 3)

)
γ
��

C1(3, 0, 2, 2, 2, 1, 3; 7),

((T, σ), (T1, σ1), (T2, σ2), (T3, σ3)) �→ (T ′, σ′)

An extra rule is valid for an operation of the type

γ : C1(n1, . . . , 1, . . . , nk;n) × · · · × C1( ; 1) × · · · −→ C1(. . . ;n).

In this case the univalent vertex is simply removed from the tree T and the ordering

of the vertices continues in the obvious way.

Lemma 1.6.1. C1 is a symmetric coloured operad.

Proof. It is immediate that the unique elements of C1(n;n) are the units of C1.

Next, we observe that if we neglect the vertex-labelings of the resulting tree after

the performed operations, associativity and equivariance hold:

• applying a permutation does not affect the trees at all, so equivariance up to
vertex-labelings holds;

• the order in which the vertex blow-ups are made is irrelevant, thus associa-

tivity up to vertex-labelings holds.

It remains to check that the labelings match in the associativity and equivariance

diagrams. First notice that there is a commutative triangle

C1(n1
1, . . . , n

l1
1 ;n1) × · · · × C1(n1

k, . . . , n
lk
k ;nk)

U

��

V

����
���

���
���

���
���

���
���

Σk × Σl1 × · · · × Σlk
γ′

�� Σl
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Here l = l1 + · · · + lk; U is the product of the maps

can∗ : C1(n1, . . . , nk;n) −→ Σk

where can∗(T, σ) = can−1 ◦σ and can : {1, . . . , k} −→ Vert(T ) is any chosen

canonical labeling of the vertices of T , induced by the planar structure (for exam-

ple, going always to the left); γ′ is the structure map of the associative operad in

Sets. The map V is defined as follows: if γ((T, σ), (T1, σ1), . . . , (Tk, σk)) =
(T ′, σ′) then

V ((T, σ), (T1, σ1), . . . , (Tk, σk)) = v ◦ σ′ ∈ Σl

where v : Vert(T ′) −→ {1, . . . , l}, v labels canonically all the trees Ti in T ′ and

shifts the labels accordingly whenever we pass from Ti to Ti+1. This diagram and

the fact thatAs is an operad in Sets imply that equivariance and associativity hold

for the labels too. �

Proposition 1.6.2. The algebras of C1 are exactly the non-symmetric operads in
Sets.

Proof. A C1-algebra is given by a map of operads Ψ : C1 −→ Sets, that is maps

Ψ : C1(n1, . . . , nk;n) −→ Hom(P (n1) × · · · × P (nk), P (n))

which are compatible with the operadic structures.

We prove that the collection (P (n))n∈N induced by Ψ is a non-symmetric

operad in Sets.
In particular Ψ : C1( ; 1) −→ Hom(∗, P (1)) gives the identity of P , i.e. a

map η : ∗ −→ P (1). Define the ◦i : P (a) × P (b) −→ P (a + b − 1) maps by

setting

◦i := Ψ((Cora 	i Corb, can))

where Cora 	i Corb is the tree with two vertices, obtained by grafting to a corolla

with a leaves a corolla with b leaves, at the i-th leaf in the canonical order. In the

remaining part of the proof we will denote these ◦i operations by f, g, etc. To see

that the two associativity conditions hold for P , we observe that the diagram

C1(a, b+c−1; a+b+c−2) × C1(b, c, ; b+c−1)
γ

��

Ψ×Ψ

��

C1(a, b, c; a+b+c−2)

Ψ

��
[P (a)×P (b+c−1); P (a+b+c−2)]×[P (b)×P (c); P (b+c−1)]

γ
�� [P (a)×P (b)×P (c); P (a+b+c−2)]

commutes. In particular, if (f, g) = (Ψ(T1),Ψ(T2)), we deduce that

γ(f, g) = g ◦ (idP (a) ×f)
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and by the diagram g◦(idP (a) ×f) corresponds to Ψγ(T1, T2). On the other hand,

there is another diagram,

C1(a+b−1, c; a+b+c−2) × C1(a, b, ; a+b−1)
γ

��

Ψ×Ψ

��

C1(a, b, c; a+b+c−2)

Ψ

��
[P (a+b−1)×P (c); P (a+b+c−2)]×[P (a)×P (b); P (a+b−1)]

γ
�� [P (a)×P (b)×P (c); P (a+b+c−2)]

where we can pick another pair T ′
1, T

′
2 such that γ(T1, T2) = γ(T ′

1, T
′
2), and if

(f ′, g′) = (Ψ(T ′
1),Ψ(T ′

2)), we obtain

γ(f ′, g′) = f ′ ◦ (g′ × idP (c))

and f ′ ◦ (g′ × idP (c)) corresponds to Ψγ(T ′
1, T

′
2). After decoding the Ti and T ′

i ,

by the above, the first associativity condition holds for P . To check the second, we

approach it with similar diagrams. In this case we will make use of the labels of

the vertices of the trees.

It remains to check that η : ∗ −→ P (1) defined above is indeed the unit of P .

For example, the diagram

C1(1, n;n) × C1( ; 1)
γ

��

Ψ

��

C1(n;n)

Ψ

��

[P (1) × P (n);P (n)] × [∗;P (1)]
γ

�� [P (n);P (n)]

commutes and tells us that

∗ × P (n)
η×id

�� P (1) × P (n)
f

�� P (n)

is the identity. Similarly, we can check that

P (n) × ∗ id×η
�� P (n) × P (1)

g
�� P (n)

is the identity.

So far we have proved that any C1-algebra is a non-symmetric operad. To

prove the reverse, let C1 be a non-symmetric operad and define

Ψ : C1(n1, . . . , nk;n) −→ Hom(P (n1) × · · · × P (nk), P (n))

in the obvious way. The associativity condition of the operad P implies that Ψ is

well defined and compatible with the actions of the symmetric groups and compo-

sitions of the coloured operads C1 and Sets. �
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1.6.2 A coloured operad governing symmetric operads
This coloured operad was defined in [5]. We only recall the definition here, to

prove that C2 is indeed an operad and C2-algebras are symmetric operads in Sets
one can proceed in a similar way to the case of C1.

The set C2(n1, . . . , nk;n) consists of equivalence classes (T, σ, τ) where T
and σ are the same as in the definition of C1 and τ : {1, . . . , n} −→ In(T ) is a

bijection (an ordering of the set of input edges of T ). The classes are taken modulo

planar isomorphisms of trees which respect both σ and τ . Any α ∈ Σk defines

α∗ : C2(n1, . . . , nk;n) −→ C2(nα(1), . . . , nα(k);n), α∗(T, σ, τ) = (T, σα, τ).
The structure maps of C2 are defined in the same way as for C1, until the point

where we identified the ni input edges of the vertex σ(i) in the tree T with the ni
leaves of Ti, with respect to the planar orders. In this case the identifications are

made with respect to the order given by τi: the l-th input edge of σ(i) in the planar

order is matched with the input edge τi(l) of Ti.

1.6.3 A coloured operad governing non-symmetric
cyclic operads

The set C3(n1, . . . , nk;n) consists of equivalence classes (T, σ, τ) as above with

the difference that in this case τ : {0, 1, . . . , n} −→ Edg(T ) labels clockwise all

the external edges of T (including the root) in a cyclic way, with respect to the

planar structure. In particular, C3(n;n) can be identified with the opposite group

of Zn+1. We define C3( ; 1) := {|}, so we do not distinguish between the two

possible labelings of the stump.

The operations γ are defined in the same way as for C2, with two conventions:

• when we have to make identifications of input edges of a vertex σ(i) with

external edges of a tree Ti, the outgoing edge of σ(i) is the 0-th in the planar

order;

• when blowing up the root vertex of a tree T , the new root will be the root of

the tree Ti which is replacing the root vertex.

Note that in the case of C1 and C2 in blowing-ups we always identified the root

vertex of T with another root and the outcome was an obvious choice for the new

root. In this case, because the second root does not have to be labeled with 0,

we have to make a choice. The justification of this one is immediate: the unit-

condition for C3 would not hold if we would pick the other possibility for the

root.

Lemma 1.6.3. C3 is a symmetric coloured operad.

Proof. Let us check that (Corn, 1, can) ∈ C3(n;n) are the units, where

can : {0, 1, . . . , n} −→ Edg(Corn)

labels the root of Corn with 0.
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The fact that the composition

C3(n1, . . . , nk;n)×∗ id×η
��C3(n1, . . . , nk;n)×C3(ni;ni)

◦i
��C3(n1, . . . , nk;n)

is the projection onto the first component follows: if i �= 1 then everything is the

same as for the operad C1; if i = 1 then we identify the two roots and nothing

changes. For the composition

∗ ×C3(n1, . . . , nk;n)
η×id

��C3(n, n) × C3(n1, . . . , nk;n)
◦1

��C3(n1, . . . , nk;n)

we observe that the second convention ensures that this arrow is the projection

onto the second component.

Equivariance holds because it holds for C1 and it does not affect the edge-

labelings. To prove the associativity, let us consider the ◦i operations instead of

the γ-s. First note that associativity needs to be checked only for the root-vertex-

operations: if the blowups are made in other vertices, then we can consider the

trees Ti as having the root at the edge labeled with zero. Then any operation is the

same as for C1, with the Ti-s replaced by T ′
i , obtained by rotating each Ti until the

0-labeled external edge arrives to the roots position (and this edge will become the

root of T ′
i ). On the other hand, we can do a similar rotation with the first tree T , if

its root vertex is involved in a ◦i operation: if the label of the root of the blowing-

up tree is l, rotate T until its l-th external edge in the canonical order reaches the

roots position, etc. Combining these rotations with the blowups one can see that

associativity holds in any case. �

Proposition 1.6.4. The algebras of C3 are exactly the non-symmetric cyclic ope-
rads in Sets.

Proof. Suppose P is a C3-algebra, given by the map of operads Ψ : C3 −→
Sets. Since C3(n;n) = Z

op
n+1, the algebra structure determines a right Zn+1

action on every P (n). Define the unit of P in the same way as before, that is

η : ∗ −→ P (1), η = Ψ(|). Since C3( ; 1) has only one element, the unique map

C3(1; 1) × C3( ; 1) −→ C3( ; 1) forces the commutativity of the diagram

∗ η
�� P (1)

t

��

∗ η
�� P (1)

The operations are the same as forC1: explicitly, Cora 	i Corb ∈ C(a, b; a+b−1)
with the canonical labeling corresponds to ◦i : P (a) × P (b) −→ P (a + b − 1).
Thus P is a non-symmetric operad. To check that P is cyclic, we still have to see
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that the following two diagrams commute, according to [30], page 248:

P (a) × P (b)
◦i

��

ta×id

��

P (a+ b− 1)

ta+b−1

��

P (a) × P (b)
◦i−1

�� P (a+ b− 1)

for each 2 ≤ i ≤ a and

P (a) × P (b)
◦1

��

ta×tb
��

P (a+ b− 1)

ta+b−1

��

P (a) × P (b)

sym

��

P (b) × P (a)
◦n

�� P (a+ b− 1)

where ta denotes the cycle (0, 1, . . . , a). The first one follows since the following

two operations give the same output for the elements chosen as below:

C3(a, b; a+ b− 1) × C3(a; a) �� C3(a, b; a+ b− 1)

for (Cora 	i−1 Corb,Cora ·τ), where τ : {0, 1, . . . , a} −→ Cora labels the root

with a and

C3(a+ b− 1; a+ b− 1) × C3(a, b; a+ b− 1) �� C3(a, b; a+ b− 1)

for (Cora+b−1 ·τ,Cora 	i Corb). A similar argument proves that the second diag-

ram commutes too. This time we look at the images of well chosen elements under

the operations

C3(b, a; a+ b− 1) × C3(b; b) × C3(a; a)

σ

��

C3(a, b; a+ b− 1) × C3(a; a) × C3(b; b)

��

C3(a, b, ; a+ b− 1)

and

C3(a+ b− 1; a+ b− 1) × C3(a, b; a+ b− 1) �� C3(a, b; a+ b− 1)

Thus C3-algebras are indeed non-symmetric cyclic operads. �
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1.6.4 A coloured operad governing cyclic operads
It is clear that the only thing we have to change in the construction of C3 is the

range of the τ -s: in this case C4(n1, . . . , nk;n) consists of equivalence classes

(T, σ, τ) where τ : {0, 1, . . . , n} −→ Edg(T ) is any possible ordering of the

external edges of T .





2

Model structure and
Boardman-Vogt resolution for

cyclic operads

The goal of this chapter is to provide sufficient conditions for the existence of a

model structure on cyclic operads and – once this question is solved – to extend the

Boardman-Vogt resolution of operads to the cyclic case, providing thus a concrete

functorial cofibrant resolution for cyclic operads. Our approach to attack these

problems has its origins in [4] and [5] and it works in an arbitrary symmetric

monoidal model category with some mild assumptions.

The first part of the chapter deals with the model structure and it starts with

a discussion about Hopf objects –tools that in turn can be used to define cyclic

cooperads in the underlying monoidal model category. The cyclic cooperads con-

structed in this way are used then to construct the desired model structure on cyclic

operads.

The second part of the chapter covers the Boardman-Vogt resolution of cyclic

operads. After the W-construction is introduced, we prove its cofibrancy and its

functorial properties. The last subsection provides an example in the category of

differential graded vector spaces, which is the extension of the bar-cobar resolution

of [15] to the cyclic case.
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2.1 Model structure on cyclic operads

2.1.1 Hopf objects and a cyclic cooperad structure on them
The key tool to prove the existence of a model structure on cyclic operads is a

cyclic cooperad structure induced by some Hopf objects in the underlying sym-

metric monoidal model category. In this subsection we develop and study these

notions. To fix notation, (E ,⊗, I, a, s, l, r) or briefly E will denote a symmetric

monoidal category.

Hopf objects in E and their higher order properties

A Hopf object (H,μ, η,Δ, ε) in a symmetric monoidal category E is an object

H ∈ E which is both a monoid (H,μ, η) and a comonoid (H,Δ, ε), such that μ
and η are maps of comonoids (or equivalently Δ and ε are maps of monoids [37]).

This definition makes sense because if (H,μ, η) is a monoid, then one can define

a monoid structure (H ⊗H,μ′, η′) by setting μ′ to be the composition

(H ⊗H) ⊗ (H ⊗H)
id⊗s⊗id

�� H ⊗H ⊗H ⊗H
μ⊗μ

�� H ⊗H

and η′ to be the composition

I
	

�� I ⊗ I
η⊗η

�� H ⊗H .

Similarly, there is a comonoid (H ⊗H,Δ′, ε′) provided (H,Δ, ε) is a comonoid,

and even more generally, one can define a comonoid (H⊗n+1,Δn+1, εn+1) for all

n ∈ N by

H⊗n+1 Δ⊗n+1
�� (H ⊗H)⊗n+1

sym.
�� H⊗n+1 ⊗H⊗n+1 .

The Δn+1 above gives rise to maps ΔX : H⊗X −→ H⊗X ⊗H⊗X for any finite

set X , where H⊗X :=
⊗
x∈X

H denotes the unordered tensor product.

Lemma 2.1.1. The ΔX maps are associative – the following diagram commutes
for any finite set X:

H⊗X

ΔX

��

ΔX
�� H⊗X ⊗H⊗X

ΔX⊗id

��

H⊗X ⊗H⊗X id⊗ΔX
�� H⊗X ⊗H⊗X ⊗H⊗X

Proof. The claim is true for Δn+1, i.e. when X = {0, 1, . . . , n} with the obvious

ordering. Then the general case follows because of the naturality of symmetry. �
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The iterated use of the multiplication μ gives rise to maps H⊗n+1 −→ H for

all n ∈ N. If H is a commutative Hopf object (i.e. μ is commutative), for any

finite set X we can define μX : H⊗X −→ H , because the iterated multiplication

does not depend on the chosen ordering f : X −→ [n].
The following maps and their properties below will be relevant in the proof of

coassociativity, when we define the cyclic cooperad structure:

H⊗Xx
yY
sym

��H⊗X−{x} ⊗H⊗Y−{y} id⊗μ
��H⊗X−{x} ⊗H

sym
��H⊗X

which we will call μxY : H⊗Xx
yY −→ H⊗X .

Lemma 2.1.2. The following diagram commutes:

H⊗Xx
yY
μx

Y
��

ΔXx�yY

��

H⊗X

ΔX

��

H⊗Xx
yY ⊗H⊗Xx
yY
μx

Y ⊗μx
Y

�� H⊗X ⊗H⊗X

Proof. Since μ is a map of comonoids,

H ⊗H
μ

��

Δ⊗Δ

��

H

Δ

��

H ⊗H ⊗H ⊗H

id⊗s⊗id

��

H ⊗H ⊗H ⊗H
μ⊗μ

�� H ⊗H

commutes. This implies that the diagram

H⊗X μX
��

ΔX

��

H

Δ

��

H⊗X ⊗H⊗X μX⊗μX
�� H ⊗H

commutes ifX is any two-point-set. Then the last diagram commutes for any finite

set X , which one can prove by induction on the cardinality of X: first tensor the

diagram with the vertical arrow Δ : H −→ H ⊗H to obtain

H⊗X ⊗H
μX⊗id

��

ΔX⊗Δ

��

H

Δ⊗Δ

��

H⊗X ⊗H⊗X ⊗H ⊗H
μX⊗μX⊗id

�� H ⊗H ⊗H ⊗H
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Now glue to the right-hand side of the diagram above the one which says that μ
is a map of comonoids, then use associativity of μ and naturality of s to conclude

that the diagram commutes for the finite set X 	 ∗. To finish the proof, one has

to tensor the resulting commutative diagram for the set Y − {y} with the vertical

arrow ΔX−{x} : H⊗X−{x} −→ H⊗X−{x} ⊗H⊗X−{x} and use again naturality

of s. �

To simplify notation, we introduce XY Z := Xx	yY y′	zZ, XY := Xx	yY
and Y Z := Y y′	zZ.

Corollary 2.1.3. The following diagram commutes:

H⊗XY Z ⊗H⊗XY Z μy′
Z ⊗μz

XY
��

ΔXY Z⊗id

��

H⊗XY ⊗H⊗Z

ΔXY ⊗id

��

H⊗XY Z ⊗H⊗XY Z ⊗H⊗XY Z μy′
Z ⊗μy′

Z ⊗μz
XY

�� H⊗XY Z ⊗H⊗XY Z ⊗H⊗Z

Proof. It follows from Lemma 2.1.2 by tensoring the diagram for the finite set

XY Z with the horizontal arrow μzXY : H⊗XY Z −→ H⊗Z . �

Lemma 2.1.4. The following diagram commutes:

H⊗XY Z ⊗H⊗XY Z ⊗H⊗XY Z μy′
Z ⊗μy′

Z ⊗μz
XY

��

μx
Y Z⊗μy

X⊗μy
X

��

H⊗XY ⊗H⊗XY ⊗H⊗Z

μx
Y ⊗μy

X⊗id

��

H⊗X ⊗H⊗Y Z ⊗H⊗Y Z id⊗μy′
Z ⊗μz

Y
�� H⊗X ⊗H⊗Y ⊗H⊗Z

Proof. The diagram breaks into 3 small ones because of the functoriality of ⊗.

Each of the small diagrams commutes since μ is commutative. �

The cyclic cooperad CH

Suppose H is a commutative Hopf object in E . One can define a cyclic cooperad

induced by H , following [3].

Let CH(X) := H⊗X for any finite set X . The structure maps

CH(Xx	yY )
x◦y

�� CH(X) ⊗ CH(Y )

are defined by

H⊗Xx
yY
ΔXx�yY

�� H⊗Xx
yY ⊗H⊗Xx
yY
μx

Y ⊗μy
X
�� H⊗X ⊗H⊗Y

Theorem 2.1.5. CH with the structure maps above forms a cyclic cooperad.
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Proof. Coassociativity. One of the coassociativity diagrams for CH is

CH(Xx	yY y′	zZ)
y′◦z

��

x◦y

��

CH(Xx	yY ) ⊗ CH(Z)

x◦y⊗id

��

CH(X) ⊗ CH(Y y′	zZ)
id⊗y′◦z

�� CH(X) ⊗ CH(Y ) ⊗ CH(Z)

Following the definition of the x◦y maps and the conventions on the finite sets
stated before Corollary 2.1.3, this diagram is the big square

H⊗XY Z
ΔXY Z

��

ΔXY Z

��

H⊗XY Z ⊗ H⊗XY Z
μ

y′
Z

⊗μz
XY

��

ΔXY Z⊗id

��

H⊗XY ⊗ H⊗Z

ΔXY ⊗id

��

H⊗XY Z⊗H⊗XY Z
id⊗ΔXY Z

��

μx
Y Z⊗μ

y
X

��

(
H⊗XY Z

)⊗3
μ

y′
Z

⊗μ
y′
Z

⊗μz
XY

��

μx
Y Z⊗μ

y
X

⊗μ
y
X

��

H⊗XY ⊗H⊗XY ⊗H⊗Z

μx
Y ⊗μ

y
X

⊗id

��

H⊗X⊗H⊗Y Z
id⊗ΔY Z

�� H⊗X⊗H⊗Y Z⊗H⊗Y Z
id⊗μ

y′
Z

⊗μz
Y
�� H⊗X⊗H⊗Y ⊗H⊗Z

The small squares commute because of Lemma 2.1.1, Corollary 2.1.3 and Lemma

2.1.4, so the big square is commutative. One can similarly check that the other

diagram for coassociativity commutes to:

CH(Xx	yY x′	zZ) x′◦z
��

x◦y

��

CH(Xx	yY ) ⊗ CH(Z)

x◦y⊗id

��

CH(Y ) ⊗ CH(Xx′	zZ)
s◦(id⊗x′◦z)

�� CH(X) ⊗ CH(Y ) ⊗ CH(Z)

Coequivariance. The diagram we are aiming at is

CH(Xx	yY )
x◦y

��

σx◦yτ

��

CH(X) ⊗ CH(Y )

σ⊗τ
��

CH(X ′
x′	y′Y ′)

x′◦y′
�� CH(X ′) ⊗ CH(Y ′)

,

where σ : X −→ X ′ and τ : Y −→ Y ′ are isomorphisms with σ(x) = x′ and

τ(y) = y′. (Recall that the underlying cyclic cocollection of a (cyclic) cooperad

is a covariant functor C : Fin −→ E). The diagram commutes because the
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following diagrams do so:

H⊗Xx
yY
Δ

��

σx◦yτ

��

H⊗Xx
yY ⊗H⊗Xx
yY

σx◦yτ⊗σx◦yτ

��

H⊗X′
x′
y′Y ′ Δ

�� H⊗X′
x′
y′Y ′ ⊗H⊗X′

x′
y′Y ′

and

H⊗Xx
yY
sym

��

σx◦yτ

��

H⊗X−{x} ⊗H⊗Y−{y}

σ⊗τ
��

H⊗X′
x′
y′Y ′ sym

�� H⊗X′−{x′} ⊗H⊗Y ′−{y′}

commute since the symmetry of ⊗ is natural,

H⊗X−{x} ⊗H⊗Y−{y} id⊗μY −{y}
��

σ⊗τ
��

H⊗X−{x} ⊗H

σ⊗id

��

H⊗X′−{x′} ⊗H⊗Y ′−{y′}
id⊗μY ′−{y′}

�� H⊗X′−{x′} ⊗H

and the other, similar diagram commute because μ is commutative. Finally,

H⊗X−{x} ⊗H
sym

��

σ⊗id

��

H⊗X

σ

��

H⊗X′−{x′} ⊗H
sym

�� H⊗X′

and the other, similar diagrams are commutative since ⊗ is natural. Patching

together the above diagrams gives the coequivariance of CH .

Counit. The components of the counit, i.e. the maps εE : CH(E) −→ I for

any two-point-set E, are induced by

H ⊗H
ε⊗ε

�� I ⊗ I
	

�� I . (2.1.1)

Observe that the map defined in (2.1.1) is the same as

H ⊗H
m

�� H
ε

�� I (2.1.2)

since ε is a map of monoids. This fact is needed to conclude that the counit

condition of a cyclic cooperad is satisfied. Namely, (2.1.2) and commutativity
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of H imply that the diagram

CH(E)
εE

��

τ

��

I

CH(E′)
εE′

�� I

commutes for any map τ : E′ −→ E, and (2.1.1) and (2.1.2) together imply the
other two properties. For example, the following map is the identity:

CH(X)
sym

��CH(Xx�eE)
x◦e

��CH(X) ⊗ CH(E)
id⊗ε

��CH(X) ⊗ I
�

��CH(X)
�

Before we turn our attention to the abstract homotopy theory of cyclic operads,

we need to recall the following definition.

Definition 2.1.6. A monoidal model category is a closed monoidal category E
which is also a model category, and the two structures are compatible in the

following sense:

If f : A −→ B and g : X −→ Y are cofibrations in E then the dotted arrow

in the following pushout-diagram is a cofibration, which is trivial if one of f and

g is.

A⊗X
f⊗id

��

id⊗g

��

B ⊗X

��

		

A⊗ Y ��





p.o.

��

B ⊗ Y

This compatibility condition is called the pushout-product axiom.

A monoidal model category is called symmetric whenever the closed monoidal

category E is symmetric.

Since every cyclic operad is in particular an operad, proving the existence of a

model structure for cyclic operads inherit the difficulties existing for operads, One

of the problems is coming from the distinction between the reduced and unreduced

case, as it was made apparent in [3]. We can use the techniques of [3] to remedy

these problems. The first case we are studying is that of the reduced cyclic operads,

i.e. cyclic operads with the property that P (X) = I whenever X is a set with one

element.
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2.1.2 The model structure in the reduced case
In this subsection CycOp will denote the category of reduced cyclic operads (in

a symmetric monoidal model category E). We will consider only objects of this

category and we will not mention the adjective “reduced” any more. The aim is to

prove the following theorem:

Theorem 2.1.7. Suppose that E is a symmetric monoidal model category with unit
I and the following assumptions are satisfied:

• E is cofibrantly generated and I is cofibrant;
• E has a symmetric monoidal fibrant replacement functor;
• E admits a commutative Hopf interval.

Then there is a cofibrantly generated model structure on the category CycOp of
reduced cyclic operads in E . This model structure is induced by the free-forgetful
adjunction between the category CycColl of reduced cyclic collections in E and
the category CycOp.

Proof. (1) CycOp is complete and cocomplete.

Since E is complete and cocomplete, CycColl is also (limits and colimits in

functor-categories are computed pointwise). The functor UF : CycColl −→
CycColl is naturally part of a monad. Moreover, U is monadic, that is the

category of algebras of this monad CycCollUF is isomorphic to CycOp. (See

[14] for a proof.)

We can use Proposition 4.3.6. of [7] to obtain immediately that CycOp is

complete. For cocompleteness we only have to see that U preserves filtered

colimits. But this is the case, since U creates filtered colimits.

(2) The functor F : CycColl −→ CycOp preserves small objects.

(3) CycOp has a fibrant replacement functor.

Since E has a symmetric monoidal fibrant replacement functor (−)̃, if we

define for a P ∈ CycOp the fibrant replacement P̃ pointwise: P̃ (X) :=
(P (X))̃ then it inherits the structure of a cyclic operad from P and (−)̃.

Define the structure maps P̃ (X) ⊗ P̃ (Y )
x◦y

�� P̃ (Xx	yY ) by the compo-

sition of the structure maps of P and that of (−)̃, i.e.

(P (X))̃⊗(P (Y ))̃ m
��(P (X)⊗P (Y ))̃

(x◦y )̃
��(P (Xx	yY ))̃ = P̃ (Xx	yY )

Then the axioms of a cyclic operad are satisfied, because m is associative,

binatural and (−)̃ has a unit. For example equivariance reads as: for all

σ : X ′ −→ X and τ : Y ′ −→ Y such that σ(x′) = x and τ(y′) = y, the

rectangle

P̃ (X) ⊗ P̃ (Y )
x◦y

��

σ̃⊗τ̃
��

(
P (X) ⊗ P (Y )

)̃ (x◦y )̃
��

(σ⊗τ )̃
��

P̃ (Xx	yY )

(σx′◦y′τ )̃

��

P̃ (X ′) ⊗ P̃ (Y ′)
x′◦y′

��
(
P (X ′) ⊗ P (Y ′)

)̃ (x′◦y′ )̃
�� P̃ (X ′

x′	y′Y ′)
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commutes because of binaturality and functoriality of (−)̃. So CycOp has a

fibrant replacement functor.

(4) CycOp has functorial path objects for fibrant objects.

Suppose H is a commutative Hopf object in E . Then CH defined above is

a cyclic cooperad. Next, if C is a cyclic cooperad and P is a cyclic operad

then Hom(C,P ) = PC is a cyclic operad (see [3] and [14]): the action of

a σ : X ′ −→ X is defined by conjugation, giving a map σ : PC(X) −→
PC(X ′) and the structure maps are defined by the compositions

PC(X)⊗PC(Y ) �� (P (X)⊗P (Y ))C(X)⊗C(Y ) �� P (Xx	yY )C(Xx
yY )

(2.1.3)

Note that the bifunctor −− : CycOp× CycCoop −→ CycOp is covariant in

the first variable and contravariant in the second, so we indeed need a cyclic

cooperad to define the right-hand side map in (2.1.3).

For the rest we can copy the proof of Theorem 3.1 in [3]:

Since E admits a commutative Hopf interval, the folding map I ⊕ I −→ I
factors through a commutative Hopf object

I ⊕ I �� �� H
∼

�� I. (2.1.4)

Because I is cofibrant, so is I ⊕ I and H . By the pushout-product axiom

αX : (I⊕I)⊗X −→ H⊗X is a cofibration: one can prove this by induction,

for example in the following diagram

(I ⊕ I) ⊗ (I ⊕ I)
α⊗id

��

id⊗α

��

H ⊗ (I ⊕ I)

�� id⊗α

��

(I ⊕ I) ⊗H ��

α⊗id




p.o.

β



H ⊗H

all the maps in the pushout-square are cofibrations since the functors (I ⊕
I)⊗− and −⊗ (I⊕ I) are left Quillen functors (because I⊕ I is cofibrant,

see [19]) and pushouts preserve cofibrations. Then by the pushout-product

axiom also β is a cofibration. Composing the respective maps we see that

α1 : (I ⊕ I) ⊗ (I ⊕ I) −→ H ⊗H is a cofibration.

Now suppose that P is a fibrant cyclic operad, i.e. it is fibrant as a cyclic

collection. By the above PCH −→ PC(I⊕I) is a fibration (since P− is

a contravariant right Quillen functor). The canonical map PC(I⊕I) −→
P I ×P I induces for each set X with |X| = n the projection to the first and

last factors P (X)2
n+1 −→ P (X) × P (X) and this is a fibration since P is
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fibrant and pullbacks preserve fibrations. (Note that this map is induced by

PC(I⊕I)(X) � P (X)
2n+1∐
i=1

I
�

2n+1∏
i=1

P (X)I � P (X)2
n+1

, where we used

that the contravariant functor P− is a right adjoint hence it preserves limits.)

Thus PCH −→ P × P is a fibration. Finally, H
∼

�� I factors through

a trivial cofibration as section:

I ⊕ I

��

I����

��

∼

�����
���

���
���

�

��
��
��
��
��
��
��
��
�

��
��
��
��
��
��
��
��
�

H

∼
��

I

so H⊗X −→ I⊗X is a weak equivalence between cofibrant objects.

We can conclude – using Theorem 2.3. of [3] – that P −→ PCH is a weak

equivalence, and the proof is complete:

P = PCI
∼

�� PCH �� �� PC(I⊕I) �� �� P I × P I = P × P . �

2.1.3 The unreduced case
Theorem 2.1.8. Suppose that E is a cartesian closed model category, E is cofib-
rantly generated, has cofibrant terminal object and a symmetric monoidal fibrant
replacement functor. Then there is a cofibrantly generated model structure on the
category of cyclic operads, induced by the free-forgetful adjunction.

Proof. The only difference between this and the previous proof is that we can put

P̃ (O) = P̃ (O) for any one-point set O and in the last step we do not need a

cyclic cooperad structure induced by various Hopf objects of E to define the cyclic

operads PC which helped us concluding the proof.

Indeed, exponentiation commutes with the product (since it is a right adjoint)

and hence it is strong symmetric monoidal. This implies that we have a bifunctor

−− : CycOp× Eop −→ CycOp,

so for any interval I ⊕ I �� �� J
∼

�� I and a fibrant operad P we can define

a path object in the category of operads by

P
∼

�� P J �� �� P × P . �

We can adapt this proof to a more general situation:

Theorem 2.1.9. Let E be a symmetric monoidal model category with cofibrant
unit, a symmetric monoidal fibrant replacement functor and an interval with a
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coassociative and cocommutative comultiplication. Then the transfer principle
by the free-forgetful adjunction is applicable and yields a model structure on the
category of cyclic operads.

Proof. If J is a cocommutative comonoid in E and P is a cyclic operad then we

can define a cyclic operad structure on the collection P J(X) = P (X)J , similarly

to the convolution cyclic operad structure given by the bifunctor

−− : CycOp× CycCoopop −→ CycOp. �

Remark 2.1.10. Theorem 2.1.9 also follows from Theorem 2.1 in [5], in view

of the constructions of Section 1.6. Even more, under the circumstances of the

theorem we have a model structure on non-symmetric cyclic operads, and since

there are coloured operads governing reduced- and pseudo cyclic operads, their

category also can be endowed with a model structure.

Corollary 2.1.11. The adjunctions of the commutative square (1.5.3) are Quillen
adjunctions.

2.2 The Boardman-Vogt resolution of cyclic operads
In [4] the authors introduced a general Boardman-Vogt resolution for operads in

arbitrary monoidal model categories, provided the underlying category satisfies

some suitable conditions. In the familiar cases – like those of topological, simpli-

cial, chain operads and many others – these conditions hold and are easy to check.

As a consequence of the construction, a large number of well known resolutions

of operads are special instances of the general Boardman-Vogt resolution: the

topological Boardman-Vogt resolution, the Godement resolution, the cobar-bar re-

solution are examples.

The aim of this section is to provide a Boardman-Vogt resolution in the model

category of cyclic operads. The ideas and proofs appearing in these notes are

the ones from [4]. In fact everything carries through in the fashion of [4], the

differences are only minor ones, caused by the presence of the free cyclic operad

instead of the free operad of [3] and [4].

To fix notation, let E be a cofibrantly generated symmetric monoidal model

category. We assume that the unit I of E is cofibrant and we are going to use the

conventions and notations introduced in Section 1.5.

2.2.1 Equivariance in monoidal model categories
We will make frequent use of the following consequence of the pushout-product

axiom in symmetric monoidal model categories:

Lemma 2.2.1 (Pushout-product lemma). Let {fi : Xi
0 −→ Xi

1}i∈J be a finite
set of cofibrations in a symmetric monoidal model category (E ,⊗, I). Denote
the partial order category of nonempty subsets of J by C and the characteristic
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function of a subset S ⊂ J by χS . Define the functor F : Cop −→ E by setting
for the objects F (S) :=

⊗
i∈J X

i
χS(i) and for the maps the corresponding tensor

product of the fi together with the identities. Then the map

colimS∈C F (S) −→
⊗
i∈J

Xi
1

is a cofibration which is trivial if one of the fi is trivial.

Proof. The colimit in the lemma is built by a finite number of iterated pushouts and

the lemma follows from the iterated application of the pushout-product axiom. �

In the next part of the subsection we describe the used properties of G-objects

in E where G is a discrete group. More concretely, G can be viewed as a ca-

tegory with one object where the arrows are the elements of G with the group-

composition. Then the category of (right) G-objects in E is the functor category

EGop

. In the familiar cases of Sets and T op we get back respectively the usual

notions of G-sets and topological spaces together with an action of G, where the

arrows are those continuous maps which respect the action.

We are interested in the homotopy theory of these objects, in the following

way.

First of all, the closed monoidal structure of E induces a closed monoidal

structure on EGop

: for arbitraryG-objectsA andB the right action ofG onA⊗B is

the diagonal one. One can compute that this natural choice forces an action on the

internal hom BA by conjugation. The unit of this new closed monoidal category

is I with the trivial G-action.

Second, we can also transfer the model structure of E to EGop

since E is cofib-

rantly generated: a map in EGop

is a fibration or weak equivalence if and only if the

underlying map in E is a fibration or weak equivalence respectively. The (trivial)

cofibrations in the model category EGop

are described via the lifting properties. We

will call them (trivial) G-cofibrations.

Note that everyG-cofibration is a cofibration. This is a consequence of Lemma

2.5.1 of [4], where we can take the group homomorphism to be the inclusion of

the trivial group in G:

Lemma 2.2.2. ([4]) If E is a cofibrantly generated model category and f : H −→
G is a group homomorphism then induction and restriction along f form a Quillen

adjunction EH
Ind

��EG
Res

�� . If f is an inclusion then restriction takes G-cofibrations

to H-cofibrations.

On the other hand not every cofibration is a G-cofibration: even if f : A � B
is a G-equivariant cofibration – i.e. a map of G-objects which is a cofibration in E
–, it does not have to be a G-cofibration: the existing lifts in a lifting diagram of

G-objects, viewed in E do not have to respect the G-action!

After introducing the above monoidal- and model structures, the natural ques-

tion is whether EGop

is a monoidal model category. The following lemma implies
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the pushout-product axiom in EGop

and it also gives rise to an equivariant pushout-

product lemma.

Lemma 2.2.3. ([4]) Let A � B and X � Y be G-equivariant cofibrations. If
one of them is a G-cofibration then the pushout-product map (A⊗Y )∪A⊗X (B⊗
X) −→ B ⊗ Y is a G-cofibration. Moreover, the latter is trivial if A � B or
X � Y is.

Proof. Suppose that we have a square in EG

(A⊗ Y ) ∪A⊗X (B ⊗X) ��

��

Z

��

B ⊗ Y �� W

where Z −→ W is a trivial fibration in EG – or equivalently, in E – and A −→ B
is a G-cofibration. To find a diagonal filler for this diagram, first transpose it to

another diagram, using the tensor-exponential Quillen adjunction (in E):

ΦMN
P : E(M ⊗N,P ) 	

�� E(M,PN ) .

Φ is natural in all the three variables, explicitly if α : M −→ M ′, β : N −→ N ′

and γ : P −→ P ′ are maps in E then the following diagrams commute, meaning

that the dotted arrows (compositions) on the right-hand side column of the table

correspond to each other via Φ: We can deduce that the following commutative

E(M ⊗N,P ) Φ
�� E(M,PN )

E(M ′ ⊗N,P ) Φ
��

(α⊗idN )∗

��

E(M ′, PN )

α∗

��
M ⊗N

α⊗idN

�� ��

M ′ ⊗N
f

�� P

��
Φ

��

M

α

�� ��

M ′
Φf

�� PN

E(M ⊗N,P ) Φ
�� E(M,PN )

E(M ⊗N ′, P ) Φ
��

(idM ⊗β)∗

��

E(M,PN
′
)

(Pβ)∗

��
M ⊗N

idM ⊗β
�� ��

M ⊗N ′
g

�� P

��
Φ

��

PN

M
Φg

��

��

PN
′

Pβ

��

E(M ⊗N,P ) Φ
��

γ∗

��

E(M,PN )

(γN )∗

��

E(M ⊗N,P ′) Φ
�� E(M,P ′N )

M ⊗N
h

��

��

P

γ

��

P ′

��
Φ

��

M
Φh

��

��

PN

γN

��

P ′N

diagrams correspond to each other by the above adjointness, where in the left-

hand side diagram the square above is a pushout square and in the right-hand side

diagram the square below is a pullback square.
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A⊗X ��

��

B ⊗X

��

A⊗ Y �� p.o. ��

��

Z

��

B ⊗ Y �� W

��
Φ

��

A ��

��

ZY

��

B �� p.b. ��

��

ZX

��

WY �� WX

For example, to induce the map B −→ p.b. one has to give two maps B −→
ZX andB −→WY such that their compositions with ZX −→WX andWY −→
WX respectively are the same. It is obvious that these maps are the corresponding

ones to B ⊗ X −→ Z and B ⊗ Y −→ W of the left-hand side diagram under

Φ−1, as well as (Z −→ W )X = ZX −→ WX and WX−→Y = WY −→ WX .

The required equality of the compositions follows then from the adjointness and

the commutativity of the diagram on the left.

Looking at these two diagrams we realize that the map p.o. −→ B ⊗ Y (the

pushout-product map) is a G-cofibration if and only if for any trivial fibration

Z −→W in EGop

the square

A ��

��

ZY

��

B �� WY ×WX ZX

admits a diagonal filler. IfA −→ B is aG-cofibration, such a filler exists whenever

ZY −→ WY ×WX ZX is a trivial fibration in EGop

or equivalently in E . On the

other hand the pushout-product axiom has an equivalent “pullback-exponential”

form via the Quillen adjunction between tensor and internal hom. In this case we

can apply it: since X −→ Y is a G-equivariant cofibration, the map ZY −→
WY ×WX ZX is a trivial fibration. A similar argument works for the case when

A −→ B is a G-equivariant cofibration and X −→ Y is a G-cofibration and the

second statement can be proved by following a similar pattern. �

Remark 2.2.4. Note that by the first part of the above proof the correspondence

between the diagrams with the pullback and pushout can be stated as an adjointness

between two endofunctors defined on the category of maps of E . Indeed, let f :
A −→ B, g : X −→ Y and h : Z −→ W be three maps in E . We can define

two new maps by setting f � g : (A ⊗ Y ) 	A⊗X (B ⊗ X) −→ (B ⊗ Y ) and

hg : ZY −→ WY ×WX ZX . If we denote the category of maps by MapsE then

we just have defined two functors − � g, (−)g : MapsE −→ MapsE , and by the

first part of the above proof −� g is left adjoint to (−)g:

MapsE(f � g, h) � MapsE(f, hg).
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An important consequence of the monoidal model structure on EG is that

it gives rise to a (monoidal) model structure on CycColl. We state this in the

following proposition, where ΣX denotes the symmetric group associated to the

finite set X .

Proposition 2.2.5. There is a symmetric monoidal model structure on the category
CycColl, where

• a map α : K −→ L is a fibration if and only if αX : K(X) −→ L(X) is a
fibration for every X ∈ Fin;

• a map α : K −→ L is a weak equivalence if and only if αX : K(X) −→
L(X) is a weak equivalence for every X ∈ Fin;

• a map α : K −→ L is a cofibration if and only if αX : K(X) −→ L(X) is
a ΣX -cofibration for every X ∈ Fin.

Proof. The model structure follows immediately from the fact that the direct pro-

duct
∏
i≥0 Σi of the permutation groups is a skeleton of the groupoid Fin. It can

be made symmetric monoidal once we define (K ⊗L)(X) := K(X)⊗L(X) for

every X ∈ Fin. �

In view of the above model structure, we will call an operad Fin-cofibrant if

it is cofibrant as a cyclic collection.

2.2.2 Segments and intervals

Definition 2.2.6. A segment in E is a factorization I 	 I
(0,1)

�� H
ε

�� I of

the folding map, together with an associative and commutative operation ∨ :
H ⊗ H −→ H which has 0 as neutral element, 1 as absorbing element and ε
as counit. The axioms satisfied by such a segment can be visualized with the

following commutative diagrams, where all the occurring isomorphisms are the

respective canonical ones of the symmetric monoidal structure of E :

(H⊗H)⊗H 	
��

∨⊗id

��

H⊗(H⊗H)

id⊗∨
��

I ⊗H
0⊗id

��

	
��
��

��
��

��
� H ⊗H

∨
��

H ⊗ I
id⊗0
��

	
��  
  
  
  
 

H ⊗H
∨

�� H H ⊗H
∨

�� H

I ⊗H
1⊗id

��

	
��

id⊗ε

��!!
!!
!!
!!
!

H ⊗H

∨
��

H ⊗ I
id⊗1
��

	
��

ε⊗id

��
""

""
""

""
"

I ⊗ I
	

�� I
1

�� H I
1

�� I ⊗ I
	

��

H ⊗H
	

��

∨
��
��

��
��

��
� H ⊗H

∨
��  
  
  
  
 

H ⊗H
ε⊗ε

��

∨
��

I ⊗ I

	
��

I
0

��

1

��

id
���

�

��
���

�

H

ε

��

H H
ε

�� I H
ε

�� I
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An interval in E is a segment in E such that (0, 1) : I 	 I �� �� H is a cofibra-

tion and ε : H
∼

�� I is a weak equivalence.

Note that if H is an interval in E then the maps 0, 1 : I ��
∼

�� H are trivial

cofibrations and thus H is cofibrant since I is.

In the following by a tree we mean a non-planar non-rooted tree. Suppose that

H is an interval in E and T is a tree. Denote the set of internal edges of T with

InEdg(T ). Define

H(T ) :=
⊗

e∈InEdg(T )

H,

where ⊗ refers to the unordered tensor product. Aut(T ) – the automorphism

group of T – acts on H(T ) on the right by the canonical symmetries of E . For any

subset D ⊆ InEdg(T ) define

HD(T ) :=
⊗

e∈InEdg(T )

He, where He :=

{
I if e ∈ D,

H if e �∈ D.

In particular, H∅(T ) = H(T ) and HInEdg(T )(T ) � I .

The trivial cofibration 0 : I −→ H and idH induce an obvious canonical trivial

cofibration for every D ⊆ InEdg(T ):

HD(T ) ��
∼

�� H(T ) . (2.2.1)

Here we used a consequence of the pushout-product axiom: − ⊗ H and − ⊗ I
are left-Quillen functors since H and I are cofibrant. Even more, let C denote

the partial-order-category on the non-empty subsets of InEdg(T ). It follows that

H?(T ) : Cop −→ E is a functor which sends the inclusion C ⊆ D to the trivial

cofibration HD(T ) ��
∼

�� HC(T ) . To simplify notation, we introduce

H−(T ) := colimD∈C HD(T ).

Because the maps in the diagram H?(T ) are trivial cofibrations (they are iterated

tensors of idH and 0 : I ��
∼

�� H ), the iterated use of the pushout-product

axiom yields a trivial cofibration

H−(T ) ��
∼

�� H(T ) . (2.2.2)

Another map we are going to use in the W-construction is

H(T ) �� H(T/V ) (2.2.3)

for any non-empty set V of unary vertices in T and is defined as follows. Let us

distinguish between two types of unary vertices of T and associate maps to each

type:
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– in the case of a vertex u connecting an internal edge with an external one

render to u the counit ε : H −→ I;

– in the case of a vertex u connecting two internal edges render to u the

operation ∨ : H ⊗H −→ H .

These two types of maps, together with idH induce (2.2.3) which is well defined

since ∨ is associative, commutative and ε is a counit for ∨.

Observe also that there is a natural isomorphism

HD(T ) 	
�� H(T/D) , (2.2.4)

where for any set of internal edges D of T , T/D denotes the tree resulting by

contracting the edges in D.

2.2.3 The W-construction

Suppose that H is an interval in E and P is a well-pointed Fin-cofibrant cyclic
operad. (Recall that – by definition – P is well-pointed if the unit of P is a co-

fibration.) We will construct a cyclic operad W (H,P ) as a sequential colimit of

trivial cofibrations of cyclic collections:

W0(H,P ) ��
∼

�� W1(H,P ) ��
∼

�� W2(H,P ) ��
∼

�� · · ·

where Wk(H,P ) stands for the part of W (H,P ) which can be constructed with

trees with at most k internal edges. For the sake of the construction only a segment

and a cyclic operad would suffice, but to prove that W (H,P ) is indeed a cofibrant

resolution we need the assumed extra structure.

The construction is carried out inductively: out of Wk−1(H,P ) and natural

maps

αT : (H(T ) ⊗ P (T )) ⊗Aut(T ) λT (X) −→Wk−1(H,P )(X) (2.2.5)

defined for every tree T with at most k−1 internal edges and external edges labeled

by the finite set X we construct Wk(H,P ) and the canonical maps αT of the next

level.

For k = 0 let W0(H,P )(X) := P (X) and define α| to be the unit I −→
P (X) – note that in this case X necessarily has two elements so α| is well defined

– and αCor(X) to be idP (X) for every X . (Here Cor(X) denotes the corolla with

external edges labeled by X .)

For the next step consider for any X-labeled tree T with k internal edges the

maps of Aut(T )-objects H−(T ) −→ H(T ) and P−(T ) −→ P (T ). The first

map is a trivial cofibration in E as stated in equation (2.2.2), the second one is an

Aut(T )-cofibration (this follows from the construction of the map (1.5.2) and the

equivariant pushout-product lemma). It follows by Lemma 2.2.3 that the dotted
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arrow in

H−(T ) ⊗ P−(T ) ��

��

H−(T ) ⊗ P (T )

��

��

H(T ) ⊗ P−(T ) ��

��

p.o.

��

H(T ) ⊗ P (T )

is a trivial Aut(T )-cofibration. For simplicity denote the pushout in the above

diagram by (H ⊗ P )−(T ) and the dotted map by

(H ⊗ P )−(T ) ��
∼

�� H(T ) ⊗ P (T ) . (2.2.6)

The maps αT in (2.2.5) induce a ΣX -equivariant map for every finite set X

α−
T : (H ⊗ P )−(T ) ⊗Aut(T ) λT (X) −→Wk−1(H,P )(X). (2.2.7)

Indeed, if ∅ �= D ⊆ InEdg(T ) then the map in (2.2.4), the cyclic-operad compo-

sition P (T ) −→ P (T/D) and αT/D define a ΣX -equivariant map

(HD(T ) ⊗ P (T )) ⊗Aut(T ) λT (X) −→Wk−1(H,P )(X). (2.2.8)

In more detail, the map HD(T ) ⊗ P (T ) ⊗ λT (X) −→ H(T/D) ⊗ P (T/D) ⊗
λT (X) induced by the ones mentioned above and idλT (X) is natural in the finite

set X . These objects are Aut(T )- and Aut(T/D)-objects, respectively. There is

a group map Aut(T ) −→ Aut(T/D), defined by “jumping over” the edges in D
and the components of T affected by them. It follows that the induced map

(HD(T )⊗P (T ))⊗Aut(T )λT (X) −→ (H(T/D)⊗P (T/D))⊗Aut(T/D)λT/D(X)

is natural in X and in turn gives the map in (2.2.8) by composition with αT/D.

Taking the colimit induces a well-defined map(
H−(T ) ⊗ P (T )

)
⊗Aut(T ) λT (X) −→Wk−1(H,P )(X), (2.2.9)

which is again natural in X . Similarly, if ∅ �= c ⊆ Vert(T ) is a subset of unary

vertices in T , the maps P c(T ) −→ P (T/c) and (2.2.3) define

(H(T ) ⊗ P−) ⊗Aut(T ) λT (X) −→Wk−1(H,P )(X), (2.2.10)

and finally (2.2.9) and (2.2.10) together give the α−
T maps of (2.2.7). Now take

the coproduct of the maps in (2.2.7) over isomorphism classes of trees T (with

external edges labeled by X and k internal edges) and also the coproduct of the
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trivial Aut(T ) cofibrations in (2.2.6). The resulting maps fit in a pushout-diagram

which defines Wk(H,P )(X) and also the new maps αT :

∐
[T ],T∈T(X,k)

(H ⊗ P )−(T ) ⊗Aut(T ) λT (X)
∐
α−

T
��

��

Wk−1(H,P )(X)

��∐
[T ],T∈T(X,k)

(H(T ) ⊗ P (T )) ⊗Aut(T ) λT (X)
∐
αT

�� Wk(H,T )(X)

Note that the left-hand side vertical arrow in the above pushout diagram is a trivial

ΣX -cofibration (coproducts preserve trivial cofibrations) which implies that the

map

Wk−1(H,P )(X) ��
∼

�� Wk(H,P )(X)

is again a trivial ΣX -cofibration and it is natural in X . Moreover, it also follows

from the construction that if we define

W (H,P )(X) = colimk∈N Wk(H,P )(X)

then the inclusions Wk(H,P )(X) −→ W (H,P )(X) are trivial ΣX -cofibrations.

In particular, for k = 0 we get a trivial ΣX -cofibration

P (X) −→W (H,P )(X).

By the above, WP (H,P ) : Finop −→ E is a cyclic collection. We can give

a cyclic operad structure to W (H,P ). Intuitively this structure comes from the

grafting operations of trees with lengths on the internal edges, with the convention

that after each grafting the resulting new internal edge gets length 1. The rigorous

definition is given in terms of the αT maps of (2.2.5), as follows below.

If the leaves of the trees T and R are labeled by X and Y respectively, and

x ∈ X , y ∈ Y then T x◦yR is the Xx	yY -labeled tree resulting from grafting T
and R along the edges indicated by x and y. There is a map

H(T ) ⊗H(R) −→ H(T x◦yR)

which gives length 1 to the new internal edge in T x◦yR and there is another map

P (T ) ⊗ P (R) −→ P (T x◦yR)

coming from the free operad structure on P . These two maps induce

x◦y :
(
(H(T )⊗P (T )

)
λ
⊗
(
(H(R)⊗P (R))

)
λ
−→

(
(H(T x◦yR)⊗P (T x◦yR))

)
λ
,
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where the index λ stands for ⊗Aut(T )λT (X), etc. These x◦y maps induce the

cyclic operad structure on W (H,P ) by requiring that the following diagram com-

mutes:(
(H(T ) ⊗ P (T )

)
λ
⊗
(
(H(R) ⊗ P (R))

)
λ

α⊗α
��

x◦y

��

W (H,P )(X) ⊗W (H,P )(Y )

��(
(H(T x◦yR) ⊗ P (T x◦yR))

)
λ

α
�� W (H,P )(Xx	yY )

Remark 2.2.7. There is a W -construction for reduced cyclic operads, which is

defined in the same way as in Subsection 2.2.3, but dropping all the trees with

vertices of valence 0 from the groupoid T. If one is interested in pseudo cyclic

operads, then the W -construction is even easier since there is no need for the unit

identifications in the construction, thus we can omit the binary operation on H
from the construction of the previous section. We will denote the W -constructions

corresponding to these cases by W red and W ps respectively.

Remark 2.2.8. Since the free operad on a cyclic collection is cyclic, we can con-

clude that the operadic Boardman-Vogt resolution of a cyclic operad is also a cyclic

operad.

2.2.4 Cofibrancy and functoriality of the W -construction

The W -construction we gave in the previous subsection provides a cofibrant reso-

lution of the cyclic operad P . In details,

Theorem 2.2.9. If E is a cofibrantly generated symmetric monoidal model ca-
tegory with cofibrant unit I and an interval H then for any well pointed Fin-
cofibrant cyclic operad, the counit F∗(P ) −→ P of the adjunction of Subsection
1.5.2 factors as

F∗(P ) δ
�� W (H,P )

γ
�� P

where δ is a cofibration and γ is a weak equivalence. Moreover, F∗(P ) is a
cofibrant cyclic operad, hence W (H,P ) is a cofibrant resolution of P .

Proof. The proof is carried out similarly to that of Theorem 5.1. in [4]. First of

all, F∗(P ) is a cofibrant cyclic operad. Indeed, in the pushout diagram

FΘ ��

��

FP

��

Θ �� F∗P

of Subsection 1.5.2 the upper horizontal arrow is a cofibration since P is cofibrant

as a collection and F : CycColl −→ CycOp preserves cofibrations.
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The map γ intuitively makes all the compositions indicated by an X-labeled

tree T with lengths on the internal edges until it gives an element of P (X). Rigou-

rously, this is obtained by the mapH(T )⊗P (T ) −→ P (X), induced by the counit

of H and the operad-structure of P . One can see that this gives rise to a map γ :
W (H,P )(X) −→ P (X), and in particularW0(H,P )(X) ∼−→W (H,P )(X)

γ−→
P (X) is the identity, hence we can conclude that γ is a weak equivalence.

The map δ : F∗(P ) −→ W (H,P ) intuitively includes the “elements“ of

F∗(P ) in W (H,P ) by colouring the internal edges of a P -decorated tree P (T )
all with length 1. The rigorous definition can be given by the map P (T ) −→
H(T ) ⊗ P (T ), induced by the absorbing element 1 : I −→ H .

We can infer that γδ is the counit of the pointed-free adjunction and the only

thing left to prove is that δ is a cofibration. The diagram of cyclic operads

F∗(P ) ��

��

Y

��

W (H,P ) �� X

transfers by adjunction to the diagram of cyclic collections

P = W0(H,P ) ��

��

Y

��

W (H,P ) �� X

and a filler for the latter can be constructed by induction on the degree of filtration

W0(H,P ) −→W1(H,P ) −→W2(H,P ) −→ · · · −→W (H,P )

This induction uses the notion of cyclic k-homomorphisms and is essentially the

same as in Lemma 5.4 of [4]. �

The functorial properties of the W -construction can be carried out in the same

way as in [4] and we are only going to list them here. Note that W is a functor in

two variables, and we are interested in the homotopical behavior of this functor.

Using the terminology of [4], we call a segmentH cofibrant if the map I	I −→ H
is a cofibration.

Proposition 2.2.10. For any (trivial) cofibration of cofibrant segments H −→ K
ad any well pointed Fin-cofibrant cyclic operadP the induced mapW (H,P ) −→
W (K,P ) is a (trivial) cofibration of cyclic operads.

Proposition 2.2.11. For any cofibrant segment H and any (trivial) Fin-
cofibration of well pointed Fin-cofibrant cyclic operads P −→ Q, the induced
map W (H,P ) −→W (H,Q) is a (trivial) cofibration of cyclic operads.
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2.2.5 The bar-cobar resolution of a cyclic operad
In this subsection we are going to extend the bar- and cobar constructions of

operads and cooperads in differential graded vector spaces ([13, 15]) to cyclic

(co)operads and prove that in the case of reduced cyclic operads the resulting

cobar-bar functor ΩB : CycOp −→ CycOp is a special case of theW -construction

of cyclic operads, thus it provides a cofibrant resolution for a cyclic operad in

dgVect.
To fix the terminology, let dgVect denote the symmetric monoidal model ca-

tegory of chain complexes of positively graded chain complexes over a field k of

characteristic 0. Usually we will consider the ground field k as a chain complex

concentrated in degree 0: this complex is the unit of the monoidal category.

In dgVect the initial cyclic operad and terminal cyclic cooperad both consist

of one copy of k in finite sets with two elements and they are 0 elsewhere. We will

denote both of them by k.

An augmented cyclic operad P is a cyclic operad together with a map of

operads ε : P −→ k. The category of augmented cyclic operads is denoted by

CycOpa. There is a free-forgetful adjunction

CycColl F
��CycOpa

I
�� ,

where F is the same free functor as in Section 1.5 since every free cyclic ope-

rad has a trivial augmentation. On the other hand, any augmented cyclic ope-

rad P splits as P = k ⊕ ker(ε) and ker(ε) is the underlying pseudo cyclic ope-

rad. We can conclude that the right adjoint I can be defined as IP = ker(ε).
The cyclic collection IP is called the augmentation ideal of P . The unit of the

adjunction is the inclusion uK : K −→ IFK for any cyclic collection K, via

identifying a finite set X with the isomorphism class of a corolla labeled by X . If

we denote the natural isomorphism of the adjunction by ϕ : CycOpa(FK,P ) −→
CycColl(K, IP ), it follows that any map of cyclic collections g : K −→ IFK
extends uniquely to a map of augmented cyclic operads ϕ−1(g) : FK −→ FK
such that I(ϕ−1(g))uK = g.

Later on we will need a similar property of degree −1 maps of cyclic collec-

tions. First recall that for any m ∈ Z the m-fold suspension (X[m], d[m]) of

a chain complex (X, d) is defined by X[m]k := Xk−m, d[m] := (−1)md; a

degree −m chain map X −→ Y is a map of complexes X −→ Y [m]. With this

terminology, a degree −1 map of cyclic collections K −→ L is simply a map

K −→ L[1] in the category CycColl. By following the free construction, one can

see that the adjunction between the functors I and F provides an extension for

these maps too:

Lemma 2.2.12. Suppose that g : K −→ IFK is a degree −1 map of cyclic
collections. Then there is a unique extension of g to a degree −1 map of augmented
cyclic operads dg : FK −→ FK such that I(dg)uK = g.

A coaugmented cyclic cooperad is a cyclic cooperad C together with a map of

cyclic cooperads η : k −→ C. Such a cyclic cooperad splits as C = k ⊕ coker(η)
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and there is an adjunction between cyclic cocollections and coaugmented cyclic

cooperads

CycCoopc
J

�� CycCollop

F
c

��

where Fc is the right adjoint. Note that for any K ∈ CycCollop the underlying

cyclic (co)collection of the cofree functor is the same as for the free cyclic ope-

rad functor, the difference comes from the operations: in this case, instead of

grafting labeled trees, the operations are induced by decomposing labeled trees

into graftable components. The functor J is defined by JC := coker(η). The

counit of this adjunction is the canonical projection vK : JFcK −→ K and the

following lemma is dual to Lemma 2.2.12:

Lemma 2.2.13. Suppose that f : JFcK −→ K is a degree −1 map of cyclic
cocollections. Then there is a unique extension of f to a degree −1 map of
coaugmented cyclic cooperads df : FcK −→ FcK such that vKJ(df ) = f .

The bar construction on an augmented cyclic operad

Suppose that (P, ε) is an augmented cyclic operad and Z is a finite set. For any

decomposition Z = Xx	yY , the operation x◦y of P induces a degree −1 map of

chain complexes IP (X)[1] ⊗ IP (Y )[1] −→ IP (Z)[1]. If we compose this map

with the natural projection JFc(IP [1])(Z) −→ IP (X)[1] ⊗ IP (Y )[1], and sum

over all the possible decompositions of Z into Xx	yY , we obtain a degree −1
map JFc(IP [1])(Z) −→ IP (Z)[1] for every Z, which fits into a degree −1 map

of cyclic cocollections. We can apply then Lemma 2.2.13 to obtain a degree −1
map of coaugmented cyclic cooperads

dμ : Fc(IP [1]) −→ Fc(IP [1]).

One can give this map explicitly as follows:

The homogeneous elements of Fc(IP [1]) are described by trees whose vertices

are labeled by corresponding elements of the operad P . If T is such a tree, write

pv ∈ P (Edg(v)) for the label of vertex v. Then

dμ

⎛⎝ ⊗
v∈Vert(T )

pv

⎞⎠=
∑

e∈InEdg(T )

sgn(pv1 , pv2)(pv1◦pv2)⊗

⎛⎝ ⊗
v∈Vert(T/e)\v1◦v2

pv

⎞⎠
where v1 and v2 are the vertices adjacent to the inner edge e, pv1 ◦ pv2 is the com-

position in P indicated by e, and T/e denotes the tree resulting by contracting e in

T . The sign factor comes from the degree of pv1 and pv2 . Since the composition

maps of the cyclic operad P satisfy associativity, dμdμ = 0. In view of Lemma

2.2.13, dμ is the unique differential on Fc(IP [1]) which reflects the cyclic operad

structure on P . We will call dμ the bar differential. Since dμ is also a chain map

of degree −1, it follows that it anticommutes with the internal differential d, hence

δ := d + dμ is a differential on Fc(IP [1]). The coaugmented cyclic cooperad

(Fc(IP [1]), δ) together with this differential is called the bar construction on P
and it is denoted by B(P ).



60 CHAPTER 2

The cobar construction on a coaugmented cyclic cooperad

Suppose that (C, η) is a coaugmented cyclic cooperad where all the chain comple-

xes C(X) have no degree 0 components. Suppose also that Z is a finite set and

Z = Xx	yY a decomposition of it. The structure map x◦y of C induces a degree

−1 map of chain complexes JC(Z)[−1] −→ JC(X)[−1] ⊗ JC(Y )[−1]. We

can compose this map with the natural inclusion JC(X)[−1] ⊗ JC(Y )[−1] −→
IF(JC[−1])(Z) and sum over all the decompositions of Z to obtain a degree −1
map of cyclic collections JC[−1] −→ IF(JC[−1]). By Lemma 2.2.12 we get a

unique degree −1 map of augmented cyclic operads

dΔ : F(JC[−1]) −→ F(JC[−1]).

Similarly to the bar construction, we can define a new differential δ := d+ dΔ on

F(JC[−1]). This construction yields a new augmented cyclic operad – the cobar
construction on C – which we denote by Ω(C).

The cobar-bar adjunction

The functor Ω is left adjoint to B when we restrict ourselves to the category of

connected coaugmented cyclic cooperads (those ones which have no degree 0
terms). To prove this, one needs to introduce twisting cochains. To have the right

intuition, first observe that we need to find a natural isomorphism

Φ : CycOpa(Ω(C), P ) −→ CycCoopc(C,B(P )).

To construct such a map, one needs to examine for a connected coaugmented

cyclic cooperad (C, η) and an augmented cyclic operad (P, ε) those maps of cyclic

collections f : C −→ P which induce maps Ω(C) −→ P and C −→ B(P ) in

the respective categories. These maps will be called twisting cochains.

The first thing to observe is that we need to start with maps JC[−1] −→ P
and C −→ IP [−1], thus f has to be a degree −1 map such that fη = εf = 0.

Now let us focus on Ω(C) −→ P . We have already seen that we can view f as

f : (JC)[−1] −→ IP , hence the adjunction ϕ between F and I induces a map

of augmented cyclic operads ϕ−1(f) : Ω̄(C) −→ P where Ω̄ indicates that the

differential is the one without dΔ. It follows that the only thing to check is that

ϕ−1(f) commutes with dC +dΔ. This descends to checking the commutativity of

the diagram

JC(Z)[−1]
fZ

��

dC+Δ

��

P (Z)

dP

��

JC(Z)[−1] ⊕M
fZ+f̃

�� P (Z) ⊕N
id +μ

�� P (Z)

where M =
⊕

(JC(X)[−1] ⊗ JC(Y )[−1]), N =
⊕

(P (X) ⊗ P (Y )) and the

sums are taken over all possible decompositions Z = Xx	yY ; Δ, f̃ and μ are the
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obvious maps. This diagram gives the following condition:

dP f + fdC = f ∪ f,

where f ∪ f is the composition

C
Δ

�� M
f̃

�� N
μ

�� P .

One can check that if f induces a map of coaugmented cyclic cooperads f : C −→
B(P ) then it has to satisfy the same condition and vice versa. We can conclude

that the following definition is plausible:

A twisting cochain from a connected coaugmented cyclic cooperad (C, η) to

an augmented cyclic operad (P, ε) is a degree −1 map of cyclic collections f :
C −→ P satisfying the properties fη = 0 = εf and dP f + fdC = f ∪ f . We

denote the set of all twisting cochains from C to P by T (C,P ).

Proposition 2.2.14. There exist natural bijections

CycOpa(Ω(C), P ) −→ T (C,P ) −→ CycCoopc(C,B(P )),

hence Ω is left adjoint to B.

Proof. The following two maps are twisting cochains:

τP : B(P ) = Fc(IP [1]) −→ IP [1] −→ IP −→ P,

τC : C −→ JC −→ JC[−1] −→ F(JC[−1]) = Ω(C).

They are natural in P and C respectively, and the maps involved in the statement

of the proposition are

CycOpa(Ω(C), P )
τ∗

C
�� T (C,P )

(τP
∗ )−1

�� CycCoopc(C,B(P )) . �

Moreover, the counit ΩB(P ) −→ P and unitC −→ BΩ(C) of this adjunction

are weak equivalences (they induce isomorphism on homology), see the proof of

Theorem 3.2.16 of [15].

In the case of reduced cyclic operads ΩB(P ) is isomorphic to the reduced W -

construction W red(H,P ) where H is the interval induced by the representable

simplicial set Δ1 via the normalized chain complex functor. Indeed, in this case

the reduced W -construction splits as W red(H,P ) = k ⊕W ps(H,P ), where P
is the pseudo cyclic operad part of P and k is the unit part. (P (O) = 0 for any

one-point-set O, P (U) = k ⊕ P (U) for any two-point-set U and P (X) = P (X)
otherwise on the one hand, k(X) = k for sets X with one or two elements and

k(X) = 0 otherwise on the other.)

Since W ps is defined in the same way as W , but with dropping the vertices

with valence 0 and the binary operation on H which was needed only for the unit-

identifications, we can conclude that

W ps(H,P ) = F0(F(P [1])[−1]).
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An analysis of the differential of W red(H,P ) shows that it has two parts ∂ =
∂P + ∂H and W red(H,P ) � ΩB(P ) , where ∂P corresponds to the part of the

differential on ΩB(P ) coming from the free and cofree constructions, while ∂H
corresponds to the cobar-bar part of the differential.



3

Dendroidal sets

In the second part of the thesis we are interested in some questions related to den-

droidal sets. This chapter is dedicated to fix in short the definitions, notations and

conventions we are going to use further on, when we discuss the Dold-Kan corres-

pondence for planar dendroidal abelian groups and the dendroidal definition of

weak n-categories. The interested reader may find more details about the concepts

appearing here in [32, 33, 40].
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3.1 Terminology and basic facts about dendroidal
sets

Dendroidal sets generalise simplicial sets in a suitable way for studying the ho-

motopy theory of (coloured) operads and their algebras. They were introduced in

the papers of I. Moerdijk and I. Weiss [32, 33]. The idea behind the notion of

dendroidal sets is that in the same way as simplicial sets help us understanding

categories via the nerve functor, there should be an analogous notion for studying

coloured operads as a generalisation of categories. Our goal here is to write a self-

contained introduction to dendroidal sets, including all the terminology necessary

for the next chapters.

Let us start with the notion of trees. A tree is a finite non-planar contractible

graph with a distinguished leaf called root. A tree thus has many planar represen-

tatives, when we draw a picture of it we actually pick one. We will use some of the

terminology on trees already introduced in Chapter 1, like Corn,Vert(T ),Edg(T ).
We will say that a vertex v ∈ Vert(T ) of a tree is an outer vertex if v is adjacent

to at most one inner edge of T .

We will make frequent use of symmetric coloured operads (both in Sets and

enriched in a monoidal category E) and we will refer to them as operads from

now on. Our point of view differs from that of Section 1.6: here we think of

operads as generalisations of categories, in the sense of [25]. Recall that if P is

an operad in Sets, then it comes equipped with a set of objects or colours ob(P )
and for each ordered sequence of objects σ = (e1, . . . , en; e), a set of operations

P (e1, . . . , en; e) = P (σ). We will use the ◦i-definition for the composition of

operations, i.e. if σ is as before and ρ = (f1, . . . , fm, ei) for a fixed 1 ≤ i ≤ n
then

σ ◦i ρ = (e1, . . . , ei−1, f1, . . . , fm, ei+1, . . . , en; e)

and there is a given composition map

◦i : P (σ) × P (ρ) −→ P (σ ◦i ρ).

The category of operads in Setswill be denoted by Op, and the category of planar-

or non symmetric operads in Sets by Opπ . Sometimes it will be useful to construct

operads from planar ones, via the free symmetrization functor Symm: Opπ −→
Op, the left adjoint to the forgetful functor U : Op −→ Opπ . This feature already

appears in the definition of dendroidal sets.

The category Ωπ consists of planar trees as objects and planar operad maps

as arrows. To be more precise, any planar tree T gives rise to a planar operad

Ωπ(T ). The objects of this non symmetric operad are the edges of T , and the

operations are freely generated by the vertices of T , i.e. if σ = (e1, e2, . . . , en; e)
is an ordered sequence of edges of T and there is a vertex v with incoming edges

e1, . . . , en in this order and outgoing edge e, then Ωπ(T )(σ) = {v}. One can

then “compose” vertices, indicated by the tree T . Hence a map R −→ T in Ωπ is

simply a planar operad map Ωπ(R) −→ Ωπ(T ). We observe that if f : R −→ T
is an isomorphism, then the planar operad structures imply that R and T have the
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same planar shape and they differ only on the names of their edges and vertices.

To avoid dealing with these irrelevant isomorphisms, further on we will replace

Ωπ by a skeleton of it, and call this new category Ωπ as well. With this new

convention, we observe that all the maps of Ωπ are generated by two types, faces
and degeneracies. These types of maps generalise the corresponding notions in

the category Δ defining simplicial sets, in the following way. Let Ln denote the

linear tree with n vertices, n ≥ 0:

•
•
...

•

If we consider the categorical definition of Δ, we observe that the category

[n] = 0 1�� 2�� · · ·�� n��

is in fact [n] = Ω(Ln), hence Δ is fully faithfully embedded into Ωπ by [n] �→ Ln.

The face maps in Ωπ are all those monic operad maps ∂ : Ωπ(R) −→ Ωπ(T )
which increase the number of vertices by one (i.e. |Vert(T )| = |Vert(R)| + 1)

and the degeneracies are all those epic operad maps σ : Ωπ(T ) −→ Ωπ(R) which

decrease the number of vertices by one.

It follows that face maps can be of the following types (see Proposition 3.2.4):

(a) the following picture is an example of an outer face

•

•

• •

•
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which is just an inclusion of operads;

(b) the following picture is an example of an inner face

•
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where ∂b : Ωπ(R) −→ Ωπ(T ) is the identity on the objects (edges), and

sends the operation u ∈ Ωπ(R)(d, e, f, c; a) to the composite operation v ◦1

w ∈ Ωπ(T )(d, e, f, c; a), which we can denote without ambiguity by v ◦bw.
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Note that the seemingly special cases of face maps into the corolla Corn, n ≥ 2
fall under case (a): these face maps are all the n + 1 possible edge inclusions of

the trivial tree | to Corn.

On the other hand, a degeneracy always looks like

•
•

•
• •

•
•e

f

v

eσv
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###

# $$$$$$$
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��

where both of the objects e, f are sent to e, the operation v to the identity operation

ide and σv is the identity elsewhere.

We will use the following terminology with respect to faces and degeneracies:

• If e is an inner edge of a tree T , then T/e denotes the tree resulting from T
by contracting e. The inner face corresponding to this contraction is usually

denoted by ∂e : T/e −→ T .

• If v is an outer vertex of a tree T (that is, it has exactly one inner edge

adjacent to it), then T/v denotes the tree resulting from T by removing v
and all the external edges adjacent to it (with the obvious choice for the root

of T/v when one of these external edges happens to be the root of T ). We

call this procedure “cutting vertex v”. The outer face correspondig to cutting

v is usually denoted by ∂v : T/v −→ T .

• If v is a vertex of valence one of a tree T then T\v denotes the tree resulting

from T by removing v. The degeneracy corresponding to this removal is

usually denoted by σv : T −→ T\v.

The category Ω is obtained from Ωπ via the functor Symm. The objects of Ω
are (non planar) trees and the arrowsR −→ T are operad maps Symm(Ω(R̄)) −→
Symm(Ω(T̄ )), where T̄ denotes a planar representative of T . One can check

that the resulting operad does not depend on the chosen representatives, hence

the definition makes sense. Later on we will use this independence from chosen

representatives: we often describe the operad Ω(T ) by picking a representative T̄
and giving only the description of the planar operad Ωπ(T̄ ).

The definition given above implies that there is an extra type of generator for

the maps in Ω, namely the isomorphisms.

The category of dendroidal sets is the presheaf category on Ω:

dSets := SetsΩop

= Funct(Ωop,Sets).

If X is a dendroidal set, the elements of XT are called dendrices of shape T . The

representable dendroidal set associated to a tree T is the functor

Ω[T ] := Ω(−, T ) : Ωop −→ Sets.
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By the Yoneda lemma, a dendrex t ∈ XT is the same thing as a map of dendro-

idal sets Ω[T ] −→ X . The Yoneda lemma in general is a very useful tool in the

theory of simplicial- and dendroidal sets, allowing us to swap between maps and

dendrices whenever needed. We are going to exploit this property in the following

without mentioning it. A first application of the Yoneda lemma in the dendroi-

dal setting proves that every dendroidal set is a colimit of representable ones, a

property generalising the well known fact for simplicial sets.

For any given tree T one can define some dendroidal subsets of the represen-

table Ω[T ], like the boundary ∂Ω[T ] or the inner horn Λe[T ] with respect to the

inner edge e. Dendroidal sets are analogous to simplicial sets in many ways. For

example, inner horns can be used to define inner Kan complexes in the category of

dendroidal sets: we say that a dendroidal set X satisfies the inner Kan condition
if for any inner horn h : Λe[T ] −→ X there exists a dendrex t : Ω[T ] −→ X such

that the following diagram commutes:

Λe[T ] h
��

��

��

X

Ω[T ]

t

��%%%%%%%%

In this case X is called an inner Kan complex or a quasi-operad, analogously to

the simplicial case where an inner Kan complex was called by A. Joyal a quasi-
category.

Another notion that generalises from simplicial sets and categories to dendro-

idal sets and operads is the nerve functor. The dendroidal nerve Nd : Op −→
dSets can be defined by setting for any operad P(

Nd(P )
)
T

:= Op(Ω(T ), P ).

In the next few lines we introduce the notions of k-skeleton and k-coskeleton of a

dendroidal set. For every k ∈ N let Ωk denote the full subcategory of Ω consisting

of trees with at most k vertices. The presheaf category on Ωk is called the ca-

tegory of k-truncated dendroidal sets and is denoted by dSetsk. The inclusion

ik : Ωk −→ Ω induces the truncation functor i∗k : dSets −→ dSetsk which has a

left adjoint (ik)! and a right adjoint (ik)∗. It follows that the composites

(ik)!i∗k, (ik)∗i
∗
k : dSets −→ dSets

form an adjoint pair of endofunctors. The left adjoint (ik)!i∗k is usually denoted

by Skk and is called the k-skeleton functor. The right adjoint is denoted by coSkk
and is called the k-coskeleton functor.

A dendroidal set X is said to be k-coskeletal if the canonical map X −→
coSkk(X) is an isomorphism. Another way to state this is that for every dendroidal

set Y and every map of dendroidal sets φ : Skk(Y ) −→ X there exists a unique
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extension

Skk(Y )
φ

��

��

��

X

Y

∃!

��

Since any Y ∈ dSets is a colimit of representables, we can infer that if the

previous statement holds for all Y = Ω[T ] where T is any tree with k+1 vertices,

then it holds in general. In this case Skk(Y ) = Skk(Ω[T ]) = ∂Ω[T ]. Note that in

view of the Yoneda lemma we can think of the composite

Skk(Ω[T ]) �� �� Ω[T ] t
�� X

as the boundary- or k-skeleton of the dendrex t. To emphasize this point of view,

sometimes we will denote this composite by Skk(t).
One can define the dual notion of k-skeletal dendroidal sets similarly.

Remark 3.1.1. Note that the dendroidal definition of the functors Skk and coSkk
uses a filtration of the objects of Ω by the number of the vertices of trees. Later on,

we will use the term degree to refer to this natural number.

3.2 Dendroidal identities

One can describe the maps in the category Ωπ in terms of generators (faces and

degeneracies) and relations. We present the relations in two different ways in

this section, since both of these descriptions can be useful when reasoning with

generators, as we will see later.

The first description uses the already familiar notation for faces and degenera-

cies: the maps are indexed by edges and vertices of trees. The second way is based

on natural linear orders defined on the set of faces, and the set of degeneracies of

a given tree. This description is presented in Subsection 3.2.4.

The relations generalise the simplicial identities in the category Δ, henceforth

we will call them dendroidal identities. The unique epi-mono factorization theorem

for maps in the category Δ extends to the category Ωπ , thus the relations we

consider below cover indeed all the cases: one only has to look at all possible

compositions f = g1 ◦ g2 of two generators of Ωπ and see what are the other ways

to decompose f into two generators. The result is summarized in Lemma 3.2.1.

We do not include in our first description the special case involving faces of

the n-corolla, n ≥ 2, although a statement similar to Lemma 3.2.1 can be given.

There is a little ambiguity in the language that follows, for example ∂e can

refer to two different face maps, but it is always clear from the context which one

we are talking about.
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3.2.1 Elementary face relations
Let ∂a : T/a −→ T and ∂b : T/b −→ T be two inner faces of T . It follows that the

inner faces ∂a : (T/b)/a −→ T/b and ∂b : (T/a)/b −→ T/a exist, (T/a)/b =
(T/b)/a and the following diagram commutes:

(T/a)/b
∂b

��

∂a

��

T/a

∂a

��

T/b
∂b

�� T

Let ∂v : T/v −→ T and ∂w : T/w −→ T be two outer faces of T . Then

the outer faces ∂w : (T/v)/w −→ T (v) and ∂v : (T/w)/v −→ T/w also exist,

(T/v)/w = (T/w)/v and the following diagram commutes:

(T/v)/w
∂w

��

∂v

��

T/v

∂v

��

T/w
∂w

�� T

The last remaining case is when we compose an inner face with an outer one in

any order. There are several possibilities, in all of them suppose that ∂v : T/v −→
T is an outer face and ∂e : T/e −→ T is an inner face.

• If in the tree T the edge e is not adjacent to the vertex v then the outer

face ∂v : (T/e)/v −→ T/e and inner face ∂e : (T/v)/e −→ T/v exist,

(T/e)/v = (T/v)/e and the following diagram commutes:

(T/v)/e
∂e

��

∂v

��

T/v

∂v

��

T/e
∂e

�� T

• Suppose that in T the inner edge e is adjacent to the vertex v and denote

the other adjacent vertex to e by w. Following the terminology introduced

in Section 3.1, v and w contribute to T/e a vertex v ◦e w or w ◦e v. Let us

denote this vertex by z. Notice that the outer face ∂z : (T/e)/z −→ T/e
exists if and only if the outer face ∂w : (T/v)/w −→ T/v exists and in this

case (T/e)/z = (T/v)/w. Moreover, the following diagram commutes:

(T/v)/w

∂w

��

(T/e)/z
∂z

�� T/e

∂e

��

T/v
∂v

�� T

It follows that we can write ∂v∂w = ∂e∂z where z = v ◦e w if v is “closer”

to the root of T or z = w ◦e v if w is “closer” to the root of T .
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3.2.2 Elementary degeneracy relations
Let σv : T −→ T\v and σw : T −→ T\w be two degeneracies of T . Then

the degeneracies σv : T\w −→ (T\w)\v and σw : T\v −→ (T\v)\w exist,

(T\v)\w = (T\w)\v and the following diagram commutes:

T
σv

��

σw

��

T\v
σw

��

T\w σv
�� (T\v)\w

3.2.3 Elementary combined relations
Let σv : T −→ T\v be a degeneracy and ∂ : T ′ −→ T a face map such that

σv : T ′ −→ T ′\v makes sense (i.e. T ′ still contains v and its two adjacent edges as

a subtree). Then, there exists an induced face map ∂ : T ′\v −→ T\v, determined

by the same vertex or edge as ∂ : T ′ −→ T . Moreover, the following diagram

commutes:

T
σv

�� T\v

T ′

∂

��

σv
�� T ′\v

∂

��

Let σv : T −→ T\v be a degeneracy and ∂ : T ′ −→ T be any of the two face

maps induced by the adjacent edges to v or the removal of v, if that is possible. It

follows that T ′ = T\v and the composition

T\v ∂
�� T

σv
�� T\v

is the identity map idT\v .

All these relations between the generators of the maps in Ωπ are summarized

in the following lemma.

Lemma 3.2.1. Let f : R −→ T be the composite of two generators, f = g1 ◦ g2
where both R and T have at least one vertex.

(1) If f �= id then there is exactly one more way to decompose f into two
generators f = g′1 ◦ g′2, where {g1, g2} �= {g′1, g′2} as sets. It follows that
we obtain a commutative diagram

R
g2

��

g′2
��

S

g1

��

S′ g′1
�� T

which is a special case of one of the diagrams with the dendroidal identities
listed above.
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(2) If f = id then g1 = σv for some vertex v and g2 = ∂ is one of the two
possible face maps, induced by an edge adjacent to v (or v itself in some
cases). �

We close this subsection by proving the following decomposition result, which

is also a consequence of Theorem 2.3.27 of [40].

Lemma 3.2.2. Every map f : R −→ T in Ωπ is either the identity or it decomposes
uniquely as f = d ◦ s, where d is a composite of face maps and s is a composite
of degeneracies.

Proof. To prove the existence of the decomposition, we proceed by induction on

n = |Vert(R)| + |Vert(T )|, the total number of vertices of R and T . If n = 0
then f : | −→ | is the identity map and the statement is obvious. In general, f is a

map of coloured operads and a part of it consists of a set-map between the colours,

i.e., a map E(f) : Edg(R) −→ Edg(T ) between the edges. This map between

the sets of colours has a unique epi-mono factorization

Edg(R)
s0

�� ��X ��
d0

�� Edg(T ) .

First suppose that there exist r1 �= r2 ∈ Edg(R) such that s0(r1) = s0(r2). Since

f is a map of operads, r1 and r2 must be situated one above the other in a linear

branch of R: · · ·

· · ·

r1

r2

•
•

...

•

such that any edge r between them satisfies s0(r) = s0(r1) = s0(r2). Hence we

can suppose that r1 and r2 are adjacent, joined by the vertex v:

· · ·

· · ·

r1

r2

v•

It follows that f decomposes as R
σv

�� ��R\v f ′
��T and by the inductive hypo-

thesis we already have a decomposition R\v �� ��S �� ��T of f ′.
Second, suppose that s0 is bijective, hence we can assume that s0 is the identity

map. If d0 is also the identity, it follows that f has to be the identity. Indeed, since

we are working with non-symmetric operads, f preserves the order of the incoming
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edges at every vertex, and if v ∈ Ω(R) is a generator (a vertex of R) and f(v) is

not a generator of Ω(T ) then there would be edges of T without preimage in R.

If d0 is not the identity then let e ∈ Edg(T ) be an edge skipped by d0. We can

distinguish two cases:

Suppose that e is an inner edge of T . It follows that f decomposes as

R
f ′

��T/e ��
∂e

��T .

By the inductive hypothesis we obtain a decomposition of f ′.
Now suppose that e is an outer edge of T , skipped by d0. Since f is a map of

operads, again any other outer edge, adjacent to e, has to be skipped by d0. Denote

the vertex adjacent to e by v. It follows that we can again decompose f as

R
f ′

��T/v ��
∂v

��T

and obtain the desired factorization of f by induction.

To prove the uniqueness of the decomposition we proceed as follows. Suppose

that there are two factorizations of f :

R
s

�� ��S ��
d

��T and R
s′

�� ��S′ �� d′ ��T .

Looking at the decompositions only on the level of the edges, it follows that

Edg(S) = Edg(S′), ob(s) = ob(s′) and ob(d) = ob(d′). Moreover, since s is a

composite of degeneracies, it follows that if v is a generator of Ω(R) then s(v) = v
or s(v) is the identity on some edge, in which case it is completely determined by

ob(s). Hence s = s′ and also S = S′. Similarly, d is also completely determined

by what it does on the colours, thus d = d′. �

Remark 3.2.3. The lemma above does not imply that there are no other relations

between the generators (faces and degeneracies) of Ωπ . For this result one needs

an extension of the decomposition theorem, which in turn states that also the d
and s maps decompose uniquely into some naturally ordered sequences of faces

and degeneracies, respectively. Section 3.2.4 indicates such an order for faces and

degeneracies, hence also the required extension of Lemma 3.2.2.

Proposition 3.2.4. Let T be a tree in Ωπ . Then the faces of T are exactly those
monic operad maps Ωπ(R) −→ Ωπ(T ) for which |Vert(T )| = |Vert(R)| + 1
and the degeneracies of T are exactly those epic operad maps Ωπ(T ) −→ Ωπ(S)
for which |Vert(T )| = |Vert(S)| + 1.

Proof. We prove only the assertion for the faces, the other statement can be proven

similarly. Every face map is obviously a monic operad map with the required

property, so we need to prove the converse only.

Suppose that f : R −→ T is monic with the required property, but not a face.

Lemma 3.2.2 implies that f can be decomposed as

R
s

��R′ d
��T
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where s is a composite of degeneracies and d is a composite of faces. We infer

that s cannot be the identity, since counting the vertices would imply that f = d
is a face in that case. It follows that s – and hence f as well – is not monic on the

edges. This is a contradiction, since a monic operad map has to be monic on the

colours. �

3.2.4 Linear orders on the faces and degeneracies of a tree
Since the trees we consider are planar, we can define canonically a linear order on

the set of all the faces of any chosen tree. Similarly, a canonical linear order can

be defined on the set of all degeneracies of a tree as well. We treat the case of the

corollas separately. There are a number of different possibilities to start with if one

wants to obtain such orders, we choose the following.

Let T be a tree in Ωπ such that |Vert(T )| ≥ 2. Assign to each face of T a

natural number, respecting the following rules:

• If the root vertex r ∈ Vert(T ) is outer then assign the number 0 to ∂r.
• Starting from the root vertex, walk through all the edges and vertices of T

by going always first to the left and upwards. When this is not possible any

more, turn back to the closest, already visited vertex and choose the next,

not yet covered edge left and upwards.

• Whenever an inner edge or an outer vertex is visited, assign the smallest, not

yet used natural number to the corresponding face of T .

Suppose that T has n face maps. The process described above defines a bijection

φ : {∂ | ∂ is a face of T} −→ {0, 1, . . . , n− 1},

hence also an order on the set of face maps of T . We define the i-th face of T by

∂i := φ−1(i). For example, if T is the tree

•

• • •

• •u

v

w

d

e

f g

h
########

$$$$$$$$


������


������


������

(3.2.1)

then T has 8 faces and ∂0 = ∂d, ∂1 = ∂e, ∂2 = ∂u, ∂3 = ∂f , ∂4 = ∂v , ∂5 = ∂g ,

∂6 = ∂h and ∂7 = ∂w.

We can use this convention on traversing the tree T to obtain another bijection

ρ : {σ | σ is a degeneracy of T} −→ {0, 1, . . . ,m− 1},

provided T has m ≥ 1 degeneracies. For example, in the case of the tree drawn

above m = 1 and σ0 = σv . In case T is the n-corolla, the process of traversing T



74 CHAPTER 3

“from left to right” induces a linear order on the set of faces of T , as well. After

renaming these faces accordingly, we observe that ∂0 is the inclusion of the trivial

tree | to the root of T , ∂1 is the inclusion of | to the leftmost leaf of T , etc.

Remark 3.2.5. The linear orders defined above extend the linear orders resulting

from the usual numbering of faces and degeneracies of [n] ∈ Δ. Indeed, if T =
Ln is the linear tree with n vertices, ∂i and σi defined above correspond to the

simplicial ones with the same index.

One can ask whether the dendroidal identities “remain the same” as the simpli-

cial ones with respect to the linear orders. This is certainly true for the elementary

degeneracy relations. Indeed, after renaming the maps of any commutative diag-

ram with degeneracies as in Subsection 3.2.2, the relation becomes σjσi = σiσj+1

for some i ≤ j.
On the other hand, the other types of elementary relations do not remain valid:

(a) In case of the elementary combined relations this fails because there can be

fewer degeneracies of a tree than faces.

(b) In case of the elementary face relations, relations with the faces of the n-

corolla give counterexamples on the one hand, but also the tree T drawn in

(3.2.1) provides a counterexample since the relation ∂f∂g = ∂g∂f translates

as ∂3∂3 = ∂5∂3. We observe that such a situation can occur since some

trees T have the property that the domain R of a face ∂ : R −→ T has two

less faces than T .

In general, there are two possibilities for the elementary face relations:

∂i∂j−1 = ∂j∂i or ∂i∂j−2 = ∂j∂i when i < j.

3.3 A closed symmetric monoidal category structure
on dendroidal sets

Since dSets is a presheaf category, it can be endowed with the usual cartesian

closed category structure present in any presheaf category. There is another in-

teresting symmetric monoidal structure on dSets that will prove to be useful in

the definition of dendroidal weak n-categories of Chapter 5. Our goal is to recall

this monoidal structure in the current section, together with those properties that

will be used. For more details on this subject one can consult [32, 33, 40].

One way to define the mentioned monoidal structure on dSets is by transfer-

ring the Boardman-Vogt monoidal structure on Op, via the dendroidal nerve func-

tor. We adopt this road, and we start by recalling the Boardman-Vogt tensor pro-

duct for symmetric operads (a generalisation of the B-V tensor product for classical

operads in [6]).

Let P,Q ∈ Op. We define a new operad, P ⊗ Q, as follows. The set of

objects is ob(P ⊗Q) := ob(P ) × ob(Q) and we denote the elements of this set as

a ⊗ x := (a, x). We describe the operations of P ⊗Q in terms of generators and

relations. There are two types of generators,
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(a) For any p ∈ P (a1, . . . , an; a) and any x ∈ ob(Q),

p⊗ x ∈ P ⊗Q(a1 ⊗ x, . . . , an ⊗ x; a⊗ x).

(b) For any a ∈ ob(P ) and any q ∈ Q(x1, . . . , xm;x),

a⊗ q ∈ P ⊗Q(a⊗ x1, . . . , a⊗ xm; a⊗ x).

The relations also are of two types:

(a) Relations that imply precisely that the obvious maps

P
id⊗x

��P ⊗Q and Q
a⊗id

��P ⊗Q

are maps of operads for any fixed x ∈ ob(P ), a ∈ ob(Q).
(b) For any p ∈ P (a1, . . . , an; a) and q ∈ Q(x1, . . . , xm;x) the following two

operations are the same in P ⊗Q

◦

• •########

$$$$$$$$



�������



�������

a⊗x
p⊗x

a1⊗x . . . an⊗x
a1⊗q an⊗q

a1⊗x1 . . . a1⊗xm . . . an⊗xm

•

◦ ◦########

$$$$$$$$



������



������

a⊗x
a⊗q

a⊗x1 . . . a⊗xm

p⊗x1 p⊗xm

a1⊗x1 . . . an⊗x1 . . . an⊗xm

= σn,m

where σn,m ∈ Σn·m denotes the permutation that makes the order of the

inputs on the right-hand side of the equation the same as the order of the

inputs on the left-hand side.

The tensor product we defined is a bifunctor − ⊗ − : Op × Op −→ Op and it

induces a symmetric closed monoidal category structure on Op. The right adjoint

of any functor − ⊗ Q is denoted by Op(Q,−) : Op −→ Op. In particular,

Op(Q,Sets) is the operad of Q-algebras. (For the definition of Op(Q,−) see

[40].)

We can now make use of the functor Nd : Op −→ dSets to transfer the

Boardman-Vogt tensor product to dendroidal sets:

– For any two representable dendroidal sets Ω[T ] and Ω[R], define

Ω[T ] ⊗ Ω[R] := Nd(Ω(T ) ⊗ Ω(R)).

– Extend the definition cocontinuously, i.e. for any X,Y ∈ dSets write X =
colimT Ω[T ], Y = colimR Ω[R] as colimits of representables and define

X ⊗ Y := colimT,R Ω[T ] ⊗ Ω[R].

The bifunctor − ⊗ − : dSets × dSets −→ dSets induces a symmetric closed

monoidal structure on dSets, the right adjoint of −⊗ Y is the functor

dSets(Y,−) : dSets −→ dSets,
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given on objects (by Yoneda lemma) by

dSets(Y,Z)T = dSets(Y ⊗ Ω[T ], Z).

The following properties will prove to be useful in Chapter 5:

Proposition 3.3.1. (Lemma 4.3.3 in [40]) For any operad P ∈ Op and for any
tree T ∈ Ω

Nd(P ) ⊗ Ω[T ] � Nd(P ⊗ Ω(T )).

Proposition 3.3.2. (Corollary 9.3 in [33]) For all operads P,Q ∈ Op

dSets(Nd(P ), Nd(Q)) � Nd(Op(P,Q)).

3.4 The dendroidal Grothendieck construction
The aim of this section is to provide an ingredient we are going to use in the

description of dendroidal weak higher categories. The data we start with is a func-

tor X : Sop −→ dSets where S is a cartesian category, and we are going to assign

to X a new dendroidal set
∫

S
X , called the Grothendieck construction of X .

To achieve this goal, we need some preliminary definitions. Since S is cartesian

it is an operad, hence it makes sense to talk about the dendroidal set Nd(S).
Suppose that for a fixed tree T , t ∈ Nd(S) is a dendrex of shape T . That is, t
intuitively looks like the tree T decorated with objects and operations of the ope-

rad S:

• • •

•

s4 s5 s6 s7 s8

u2 u3 u4

s1 s2 s3

u1

s0







��
��
��
�







��
��
��
�

###
###

###

$$$
$$$

$$$

where the si are objects of S, and – for example – u1 : s1×s2×s3 −→ s0 is a map

in S. To such a t we can assign an object of S, called in(t), which is the cartesian

product of the objects labeling the leaves of T : since t ∈ Op(Ω(T ),S),

in(t) :=
∏

l∈Leaves(T )

t(l).

Furthermore, we can assign to a t ∈ Nd(S)T and a map α : R −→ T of Ω a map

in S

in(α) : in(t) −→ in(α∗t)

by first composing the maps of S, indicated by t and α, and then taking the product.

For example, if α : R −→ T is the inclusion to the root vertex (in this case a
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composite of three outer faces)

•##
###

##

$$$
$$$

$ • • •
•






��
��
�






��
��
�

###
###

#

$$$
$$$

$

��
α

and t is as above, then α∗t is

•
s1 s2 s3

u1

s0

###
###

###

$$$
$$$

$$$

and in(α) = u2 × u3 × u4. In particular, if α is an inner face or a degeneracy then

in(α) is the identity map of in(t) = in(α∗t), and if R′ β
��R

α
��T are maps

of Ω then in(αβ) = in(β) in(α).
In view of the definitions above we can define

∫
S
X as follows. The set(∫

S
X
)
T

consists of pairs (t, x) where t ∈ Nd(S)T and

x : Ω[T ] −→
∐
s∈S

X(s)

is a degree preserving map such that x(r) ∈ X(in(r∗t)) for any r ∈ Ω[T ]R.

There is one more condition on x: it has to be compatible with the dendroidal

structure of the various dendroidal sets involved. Explicitly, for a chain of arrows

R′ α
��R

r
��T in Ω we have r ∈ Ω[T ]R and α∗r = rα ∈ Ω[T ]R′ , hence

x(r) ∈ X
(
in(r∗t)

)
R

and x(α∗r) ∈ X
(
in((rα)∗t)

)
R′ .

The data above also induces two maps

X
(
in(r∗t)

)
R

α∗
����

���
���

���
X
(
in((rα)∗t)

)
R′

X(inα)
��&&&

&&&
&&&

&&&

X
(
in(r∗t)

)
R′

We require

α∗(x(r)) = X(inα)
(
x(α∗r)

)
. (3.4.1)

The dendroidal structure on
∫

S
X is defined as follows. Suppose that δ : R −→ T

is a map in Ω and (t, x) ∈
( ∫

S
X
)
T

a dendrex of shape T . The map δ induces the

map of dendroidal sets Ω[δ] : Ω[R] −→ Ω[T ]. We define

δ∗(t, x) :=
(
δ∗t, x ◦ Ω[δ]

)
. (3.4.2)

One can check that with this structure
∫

S
X is indeed a dendroidal set. The

following theorem and proposition collect two important properties of the dendro-

idal Grothendieck construction.
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Theorem 3.4.1. ( [32, 40]) Let X : Sop −→ dSets be a diagram of dendroidal
sets. If for all s ∈ S every X(s) is an inner Kan complex then so is

∫
S
X .

Proposition 3.4.2. Let X : Sop −→ dSets be a diagram of dendroidal sets and
k ≥ 2 a natural number. If X(s) is k-coskeletal for every s ∈ S then so is

∫
S
X .

Proof. Let us start with the remark that k ≥ 2 is needed because dendroidal nerves

of operads are 2-coskeletal (a generalisation of the well known fact for nerves of

categories, proven in [32, 40]).

Our task is to prove that, for any tree T with k + 1 vertices, every map of

dendroidal sets φ : ∂Ω[T ] −→
∫

S
X extends uniquely as

∂Ω[T ]
��

��

φ
��
∫

S
X

Ω[T ]
∃!

��

We suppose existence and prove uniqueness first. Let (t1, x1), (t2, x2) ∈( ∫
S
X
)
T

be two dendrices filling the boundary φ. The dendroidal set Nd(S) is

k-coskeletal since k ≥ 2. Hence by equation (3.4.2) we can infer that t1 = t2 = t.
Let u : R −→ T be a face. Since u∗(t, x1) = u∗(t, x2), we obtain x1 ◦ Ω[u] =
x2 ◦ Ω[u]. On the other hand,

xi(u) =
(
xi ◦ Ω[u]

)
(idR)

for i = 1, 2, implying x1(u) = x2(u). We can use now equation (3.4.1) for

r = idT and α = u to conclude that u∗(x1(idT )) = u∗(x2(idT )) as dendrices of

shape R in X(in(t)). Since this is true for any face u : R −→ T and X(in(t)) is

k-coskeletal, it follows that also x1(idT ) = x2(idT ). We can infer that x1 = x2,

thus the filler is unique.

The argument above also contains the information how to construct a filler

(t, x) of φ, giving a proof of the existence of such an extension. �

Remark 3.4.3. If we restrict our attention to dendroidal sets where the only nontri-

vial dendrices are of linear shapes, Proposition 3.4.2 implies that the same property

is true for simplicial sets and the simplicial Grothendieck construction.

3.5 The homotopy coherent dendroidal nerve of an
operad

When E is a symmetric monoidal model category with an interval H (see Subsec-

tion 2.2.2 for the definition), one can modify the nerve construction for operads

enriched in E in such a way that the resulting dendroidal set encodes also the ho-

motopies in the operad.
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An interesting example of such a situation is when E is the category of catego-

ries with the usual cartesian product, the folk model structure and the interval H
is the category

0
	

�� 1

with two objects and one isomorphism between them. The required structure on

H is the obvious one: 0 is the neutral element, 1 is the absorbing one, and the rest

of the interval structure on H is completely determined by the previous choices.

Indeed, since the unit of the monoidal structure is the terminal object in E (the ca-

tegory ∗ with one object and no other morphisms than the identity), the counit

ε : H −→ ∗ is obvious. The various compatibility conditions imply that the

monoid structure ∨ : H × H −→ H is given by “the maximum operation”: on

the objects, i ∨ j = max{i, j}.

Since we are interested only in this example, from now on E denotes the cate-

gory of categories with the structure mentioned above, although everything can be

carried out similarly in the general case.

Let us denote the category of operads enriched in E by OpE . The functor

hcNd : OpE −→ dSets

is defined by

hcNd(P )T := OpE(W (Ω(T )), P )

where W is the W -construction for coloured operads and Ω(T ) is the discrete

version in E of the operad induced by the tree T . We will need later an explicit

description of W (Ω(T )), hence we give it here.

Recall that for a tree T

Ω(T ) = Symm(Ωπ(T̄ ))

where Symm: OpπE −→ OpE is the E-enriched version of the symmetrization

functor from non symmetric operads to operads, and T̄ is any planar representative

of T . Moreover, the W -construction commutes with Symm, thus

WΩ(T ) = Symm
(
WΩπ(T̄ )

)
.

This property allows us to describe WΩ(T ) by using an arbitrary planar repre-

sentative of T . The objects of WΩπ(T̄ ) are the edges of T . Suppose that σ =
(e1, e2, . . . , en; e) is an ordered sequence of objects. We can distinguish two cases

for the category of operations corresponding to σ:

(1) If Ωπ(T̄ )(σ) = ∅ – the empty category – then also WΩπ(T̄ )(σ) = ∅.
(2) If Ωπ(T̄ )(σ) �= ∅, it follows that T̄ has a subtree T̄σ with leaves e1, . . . , en

and root e. The set of internal edges of T̄σ is denoted by InEdg(T̄σ). From

the W -construction it follows then that

WΩπ(T̄ )(σ) =
∏

f∈InEdg(T̄σ)

H,



80 CHAPTER 3

where in case the product is empty the result is the unit object of the monoi-

dal structure, which is the category ∗ with one object and no other morphism

than the identity.

We still need to define the composition maps in the operad WΩπ(T̄ ). Suppose

that σ = (e1, . . . , en; e) and ρ = (f1, . . . , fm; ei) are ordered sequences of edges

of T , such that neither Ωπ(T̄ )(σ), nor Ωπ(T̄ )(ρ) is the empty category. It follows

that T̄ has subtrees T̄σ and T̄ρ, the sets of internal edges of these trees are disjoint

and the tree T̄σ◦iρ obtained by grafting along the edge ei has one more internal

edge than the previous two together. Let us denote these sets of internal edges by

int(σ), int(ρ) and int(σ ◦i ρ) respectively. The composition map

◦i : WΩπ(T̄ )(σ) ×WΩπ(T̄ )(ρ) −→WΩπ(T̄ )(σ ◦i ρ)

is given by( ∏
int(σ)

H

)
×
( ∏

int(ρ)

H

)
�
( ∏

int(σ)∪int(ρ)

H

)
× ∗ id×1

��

∏
int(σ◦iρ)

H ,

where the functor 1: ∗ −→ H is the absorbing element of H .

This concludes the description of the operad WΩ(T ). Note that we still need

to mention how the dendroidal structure on hcNd(P ) is defined. If δ : R −→ T
is a face map in Ω then it induces a map of operads δ : WΩ(R) −→ WΩ(T ) via

the neutral element functor 0: ∗ −→ H . In case δ is a degeneracy, the induced

functor is obtained by the monoid structure ∨ : H ×H −→ H . These definitions

are functorial, hence they induce a dendroidal structure on hcNd(P ).



4

Dold-Kan correspondence for
dendroidal abelian groups

The classical Dold-Kan correspondence [12, 22] establishes an equivalence bet-

ween the category of simplicial abelian groups and the category of (N-graded)

chain complexes of abelian groups. In this chapter we generalise the correspon-

dence to planar dendroidal abelian groups and a suitably constructed category of

planar dendroidal complexes.
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4.1 Planar dendroidal complexes

Our goal in this section is to introduce a category that – as we prove later – is

equivalent to the category of planar dendroidal abelian groups. Let us start with

some notation. We denote by sAb the category of simplicial abelian groups, by Ch
the category of chain complexes and by pdAb the category of planar dendroidal

abelian groups (that is, functorsA : (Ωπ)op −→ Ab). Recall that ifA ∈ pdAb then

for any map f : R −→ T of Ωπ the associated group homomorphism AT −→ AR
is denoted by f∗.

4.1.1 Normal faces

For any tree T a maximal linear part of T is an embedding Ln �� ��T in Ωπ for

some n ≥ 1, such that whenever there is another such embedding that fits into a

commutative diagram of inclusions

Ln �� ��

��

��

T

Lm
��

����������

thenm = n. We say that a face map ∂ : R −→ T lives- or sits on a maximal linear

part Ln �� ��T when there exists a commutative diagram

Ln−1
�� ��

∂i

��

R

∂

��

Ln �� �� T

(4.1.1)

for some face ∂i : Ln−1 −→ Ln where the index i is with respect to the linear

order of Subsection 3.2.4. One can prove that if such a ∂i exists, then it is unique.

Moreover, if ∂, ∂′ : R −→ T sit on the same maximal linear part and ∂i fills

diagram (4.1.1) for both ∂ and ∂′, then ∂ = ∂′.
We infer that there are exactly n + 1 faces sitting on a maximal linear part

ι : Ln −→ T , and with respect to the linear order defined in Subsection 3.2.4, they

are the faces ∂k, ∂k+1, . . . , ∂k+n for some k. To underline the similarity between

the faces of [n] in the category Δ, and the face maps sitting on a maximal linear

part ι : Ln −→ T , it proves to be convenient to shift their indices so they become

∂
(ι)
0 , . . . , ∂

(ι)
n .

We will say that the faces living on the same maximal linear part are connected.

Definition 4.1.1. A face map ∂ : R −→ T in Ωπ is normal whenever ∂ lives on a

maximal linear part ι : Ln −→ T for some n ≥ 1 and ∂ = ∂
(ι)
i for some 0 ≤ i < n

in the associated order.
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Remark 4.1.2. On the picture below T has one maximal linear part L2 −→ T and

R has one maximal linear part L3 −→ R.

T

•
•
•
•v

u

g

f

e


������


������

R

•
•
•
•q

p

c

b

a


������

The faces of T have the following properties: ∂e and ∂f are normal; ∂g , ∂u and ∂v
are not normal; ∂e, ∂f and ∂g are connected to each other. The faces of R have the

following properties: ∂a, ∂b and ∂c are normal; ∂p and ∂q are not normal; ∂a, ∂b,
∂c and ∂q are connected to each other.

In general, if ∂ : R −→ T is a face that lives on a maximal linear part Ln −→
T then ∂ is connected to precisely n other faces. Of these n + 1 faces altogether,

n are normal and one is not normal (the last one in the induced order). A special

case of such is that the face ∂
(ι)
0 : L0 −→ L1 is normal, while ∂

(ι)
1 : L0 −→ L1 is

not.

Remark 4.1.3. We made a choice in the definition of normal faces, since by our

convention the last face on a maximal linear part is not normal, while all the other

ones are. For our purposes with normal faces, the other possible choice (when the

first face is not normal and the last one is, by definition) would be equally good.

The reason for this is that the involution of categories −◦ : Δ −→ Δ

[n]◦ := [n], and for any f : [n] −→ [m], f◦(i) := m− f(n− i)

extends naturally to an involution −◦ : Ωπ −→ Ωπ .

4.1.2 Planar dendroidal complexes
We say that an abelian group A is Ωπ-graded if there is a given direct sum decom-

position A =
⊕

T∈Ωπ AT .

Definition 4.1.4. A planar dendroidal complex (A,D) is an Ωπ-graded abelian

group, together with given group homomorphisms δ� : AT −→ AR for every face

map δ : R −→ T . The data has to satisfy the following two conditions:

(1) δ� = 0 if δ is a normal face;

(2) for any commutative diagram of elementary face relations

S
∂

��

δ

��

R

∂1

��

R′ δ1
�� T
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the associated diagram

AS AR
∂�

��

AR′

δ�

��

AT
δ�
1

��

∂�
1

��

anticommutes.

Planar dendroidal complexes form a category with the obvious definition of

maps. We denote this category by pdComp. Note that if in the definition of a

planar dendroidal complex we replace the category Ωπ by its full subcategory Δ
then we recover the notion of a chain complex.

4.1.3 A sign convention on faces of a tree
Our next goal is to extend the definition of the classical Moore complex functor to

a functor pdAb −→ pdComp. This extension relies on a suitable sign convention

on the faces of any fixed tree T . Note that the linear order defined in Subsection

3.2.4 induces a sign convention in the obvious way. Unfortunately this will not be

good for our purposes: we will need to modify it in such a way that Lemma 4.1.5

becomes true.

Let us begin by numbering the vertices of R from 0 to n, starting with the

root-vertex and going always first to the left (see the next picture for an example).

In this way we obtain a bijection � : Vert(R) −→ {0, . . . , n}.

•

• • •

• •

0

1

2

3 4

5
v

e

########

$$$$$$$$


������


������


������

The sign of a face map ∂ is computed by the following rules:

(i) If ∂ is an inner face map induced by the edge e and v is the upper vertex

adjacent to e then sgn(∂) = (−1)�v .

(ii) If ∂ is an outer face map induced by the root-vertex r then sgn(∂) =
(−1)�r = 1.

(iii) If ∂ is any other outer face map induced by the vertex v then sgn(∂) =
(−1)�v+1.

For example, if ∂e denotes the inner face associated to e on the tree above then

sgn(∂e) = (−1)1. If on the same picture ∂v denotes the outer face induced by v,

then sgn(∂v) = (−1)6.
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There is one exception to these rules, in the case of the inclusion of the tree

with no vertices into a corolla:

•
∂

0

1 1

1 1''''''''

((((((

))))))
��������

��

In this case, if ∂ takes the sole edge of the stump to the root of the corolla then

sgn(∂) = 1, otherwise sgn(∂) = −1.

The following result is an immediate consequence of the elementary face rela-

tions and our way of numbering the vertices.

Lemma 4.1.5. Let f be a map in Ωπ such that it is a composition of two face maps
f = ∂1 ◦ ∂2. If f = ∂′1 ◦ ∂′2 is the other way to decompose f as a composition of
two faces then sgn(∂1) sgn(∂2) = − sgn(∂′1) sgn(∂′2). �

4.1.4 The Moore complex associated to a planar
dendroidal abelian group

Let A be a planar dendroidal abelian group. One can define a planar dendroidal

complex (MA,D) associated to A by setting (MA)T := AT for every T ∈ Ωπ ,

and for any face δ : R −→ T the map δ� is defined as follows.

(1) Let δ� := 0 if δ is normal.

(2) Let δ� := sgn (δ) · δ∗ if δ is not normal and not connected to any normal

face.

(3) In the remaining case δ = ∂
(ι)
n for a maximal linear part Ln ��

ι
��T and the

induced order. Define in this case

δ� :=
n∑
i=0

sgn(∂i) · ∂∗i .

Lemma 4.1.6. The data (MA,D) defines a planar dendroidal complex.

Proof. Suppose that

S
δ′

��

δ

��

R

δ′1
��

R′ δ1
�� T

is a commutative diagram of elementary face relations. There are a couple of cases

to distinguish.

If none of the four faces is normal or connected to a normal face then Lemma

4.1.5 ensures that the induced square anticommutes.

If each of the sets {δ, δ1}, {δ′, δ′1} contains at least a normal face then the

induced square anticommutes trivially.
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In case the set {δ′, δ′1} contains a normal face while {δ, δ1} does not contain

any, one has to prove that δ�δ�1 = 0. This can be done analogously to the simplicial

case. First we observe that if δ′ is normal, then δ1 is always normal, hence we can

suppose that δ′1 is the sole normal face in the diagram. Moreover, it also follows

that δ′1 = ∂n−1 in the order induced by a maximal linear part ι : Ln −→ T and –

since none of the elements of {δ, δ1} can be normal faces – δ′ is connected to δ′1,

and both δ and δ1 are connected to normal faces:

δ� =
n∑
i=0

sgn(∂i) · ∂∗i , δ�1 =
n+1∑
i=0

sgn((∂1)i) · (∂1)∗i ,

We conclude that δ�δ�1 = 0 now following the steps of the simplicial case, where

one proves the differential property d2 = 0 for the Moore chain complex associa-

ted to a simplicial abelian group.

The remaining case, when none of the four faces are normal but some of them

are connected to normal ones, breaks down into the following three cases.

(a) When both of δ′ and δ′1 are not normal, but connected to normal faces, they

have to be induced on different maximal linear parts of the tree T . Hence

δ and δ1 are not normal, but connected to normal faces as well. Moreover,

each summand in the definition of δ� and δ′� fits into a commutative diagram

AS AR
(∂′)∗j
��

AR′

∂∗
i

��

AT
(∂1)

∗
j

��

(∂′
1)

∗
i

��

hence Lemma 4.1.5 ensures that the required square anticommutes.

(b) Suppose that δ′1 is connected to normal faces, while δ′ is not. We analyse

the case when δ′ is “adjacent” to δ′1 (the other cases are easier and left to the

reader). This situation can be typically illustrated when T is the tree

•
•
•
•v
e


������


������

and δ′1 = ∂e, δ1 = ∂v . Then it is clear what the other trees and face maps

are in the diagram, and we see that δ : S −→ R′ is connected to normal

faces, but not normal. Again, a summand (∂′1)
∗
i of (δ′1)

� will correspond to
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the summand ∂∗i of δ� such that the associated diagram

AS AR
(δ′)∗
��

AR′

∂∗
i

��

AT
(δ1)

∗
��

(∂′
1)

∗
i

��

commutes for every i. We conclude that the required diagram is anticom-

mutative.

(c) The remaining case, when δ′ is connected to normal faces and δ′1 is not, is

symmetric to case (b).

�

The complex (MA,D), or in short MA is called the Moore complex associated to

A.

4.1.5 The normalized and degenerate subcomplexes

Let A be a planar dendroidal abelian group. We can construct a subcomplex NA
of the Moore complex MA if we set

(NA)T := ∩∂̃ ker(∂̃∗) ≤ AT ,

where ∂̃ runs through all normal faces with codomain T . Note that if T has no

normal faces then we have an empty intersection and in that case we set (NA)T :=
AT . We can restrict the structure maps of (MA,D) to get a planar dendroidal

complex structure on NA. This is proven in the following proposition.

Another subcomplex DA of MA is defined by

(DA)T :=
∑

σ : T−→S

σ∗(AS) ≤ AT ,

where σ runs through all degeneracies with domain T . Again, the structure maps

of (MA,D) restrict toDA, thus we obtain a dendroidal subcomplex ofMAwhich

is called the degenerate complex associated to A.

Proposition 4.1.7. The Ωπ-graded abelian groups NA and DA are dendroidal
subcomplexes of MA.

Proof. We deal first with the case of NA. Let δ : R −→ T be a face map in Ωπ .

We need to prove that every x ∈ (NA)T satisfies δ�(x) ∈ (NA)R. There are three

cases to distinguish.

(1) If δ is a normal face then δ�(x) = 0 ∈ (NA)R.
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(2) If δ is neither normal nor connected to a normal face then δ� = sgn(δ) · δ∗.

Suppose that ∂ : S −→ R is a normal face. There is a commutative diagram

of face-face dendroidal identities

S
∂

��

γ̃

��

R

δ

��

R′ γ
�� T

by Lemma 3.2.1. It is easy to check that in such a case whenever ∂ is normal,

γ is normal as well. We conclude that

∂∗δ∗(x) = γ̃∗γ∗(x) = 0

and thus ∂∗δ�(x) = 0.

(3) In the remaining case δ = ∂n for some maximal linear part ι : Ln −→ T . In

this case

δ� =
n∑
i=0

sgn(∂i) · ∂∗i .

Again let ∂ : S −→ R be a normal face. In the same way as in case (2), for

every i we have ∂i∂ = γiγ̃i for some normal face γi. Hence every summand

of ∂∗δ� vanishes on x.

Next, we prove that DA is a subcomplex. Suppose that δ : R −→ T is a face

map and x ∈ (DA)T , so x = σ∗
1(x1) + · · · + σ∗

k(xk) for some degeneracies

σj : T −→ Sj and xj ∈ ASj
. There are again three cases to distinguish.

(1) If δ is a normal face then again δ�(x) = 0 ∈ (DA)R.

(2) If δ is neither normal nor connected to a normal face then there exists a

commutative diagram of combined dendroidal identities

T
σj

�� Sj

R
σ′

j
��

δ

��

Tj ,

δj

��

for every j (otherwise δ would be a section of a degeneracy, hence normal

or connected to a normal face). In this case

δ∗σ∗
j (xi) = σ′∗

j δ
∗
j (xj) ∈ (DA)R

for every j, thus δ�(x) ∈ (DA)R.

(3) In the remaining case δ� =
∑n
i=0 sgn(∂i) · ∂∗i where ∂0, . . . , ∂n−1 are

normal faces sitting on the same maximal linear part ι : Ln −→ T where the
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indices come from the induced order, and δ = ∂n in this order. It follows

that

δ�(x) =
∑
i,j

sgn(∂i)∂∗i σ
∗
j (xj).

This sum can be divided into two parts.

The first part, Σ1, consists of those components for which σj∂i satisfy the

combined dendroidal identities of the first type, that is σj∂i = ∂′iσ
′
j for some

face ∂′i and degeneracy σ′
j . This part of the sum is clearly in (DA)R.

The second part, Σ2, consists of those summands for which σj∂i satisfy the

combined dendroidal identities of the second type, that is σj∂i = σj∂
′
i =

idR for some face ∂′i. But in such a case sgn(∂′i) = − sgn(∂i) and one

can form such pairs of the components of Σ2 that cancel each other. Hence

Σ2 = 0.

�

Proposition 4.1.8. For any planar dendroidal abelian group A the associated
Moore complex decomposes as MA = NA⊕DA.

Proof. The approach is similar to the one appearing in [17, 27, 28, 39], which

establishes the same property for the classical Moore complex of a simplicial abe-

lian group. We need to prove that AT = (NA)T ⊕ (DA)T for every tree T ∈ Ωπ .

This follows from Lemma 4.1.9 and Lemma 4.1.10, below. �

Lemma 4.1.9. The planar dendroidal complexes NA and DA satisfy

(NA)T ∩ (DA)T = 0

for every tree T ∈ Ωπ .

Proof. Suppose that 0 �= x ∈ (NA)T ∩ (DA)T and write x as a finite sum of

degeneracies

x = σ∗
1(x1) + · · · + σ∗

k(xk),

such that the number of the summands is minimal. If k = 1 then σ1 : T −→ S
has two right inverses in Ωπ and at least one of them, say ∂ : S −→ T , is a normal

face. It follows that 0 = ∂∗(x) = (σ1∂)∗(x1) = x1 which contradicts x �= 0.

If k > 1, we can use a similar pattern. Since k is minimal, σi �= σj for every i �= j,
hence σi and σj are induced by univalent vertices vi �= vj . We can suppose that σ1

sits on a linear part Ln −→ T and satisfies that all the other σi are on a different

linear part, or, if on the same one, that they come after σ1 in the induced order.

In other words, none of those vertices from v2, . . . , vk which are on the linear

component of v1 sit below v1. Let ∂ be the normal right inverse to σk induced by

the edge below v1 or by cutting v1. Then

∂∗(x) −
(
σ2∂)∗(x2) + · · · + (σk∂)∗(xk)

)
= x1,

x = σ∗
2(x2) + · · · + σ∗

k(xk) −
(
(σ2∂σ1)∗(x2) + · · · + (σk∂σ1)∗(xk)

)
.
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Let us look at the composite σi∂σ1 for all i > 1 and write it in another form

with the help of the dendroidal identities. We observe that σi ◦ ∂ �= idT since we

chose ∂ in a way that avoids this situation. It follows that we obtain commutative

diagrams for all 1 < i ≤ k

T
σ1

��

σi

��

T\v1 ∂
��

σ′

��

T

σi

��

T\vi σ′′
�� (T\v1)\vi ∂′

�� T\vi

where by the dendroidal identities the dotted vertical arrow can only be σi. We

conclude that (σi∂σ1)∗(u) = σ∗
i (u

′) for all 1 < i ≤ k and

x = σ∗
2(y2) + · · · + σ∗

k(yk).

This is a contradiction since k was chosen to be minimal. �

Lemma 4.1.10. The planar dendroidal complexes NA and DA satisfy

(NA)T + (DA)T = AT

for every tree T ∈ Ωπ .

Proof. Fix an x ∈ AT and define

Nx =
{
∂ : S −→ T

∣∣ ∂ is a normal face such that ∂∗(x) �= 0
}
.

We can suppose that Nx is not empty, otherwise x ∈ (NA)T . Let k ∈ N be

the number of the maximal linear parts of T . Partition Nx into subsets Nx =
N

(ι1)
x ∪ · · · ∪ N

(ιk)
x for every maximal linear part ιj : Lnj −→ T , where N

(ι)
x

contains those elements of Nx which sit on ι.
The goal is to write x as x = x1 + y1, where y1 ∈ (DA)T and N

(ι1)
x1 = ∅,

while |N ι
x1
| ≤ |N ι

x| for the other linear parts ι �= ι1. If we succeed, we can iterate

the process by finding a decomposition x1 = x2 + y2 such that x2 kills the set

N
(ι2)
x1 while does not increase the size of the other sets N

(ι)
x1 . After k steps we

would arrive at a decomposition

x = xk + y1 + y2 + · · · + yk

where Nxk
= ∅ thus xk ∈ (NA)T , and y1 + · · · + yk ∈ (DA)T . Hence we could

conclude that x ∈ (NA)T + (DA)T .

To obtain such a decomposition of x, we proceed as follows. Let ∂ ∈ N
(ι1)
x

be the smallest element in the order induced by ι1 : Ln1 −→ T . Let ∂∗(x) = y
and define x′ = x− σ∗(y) where σ : T → S is the biggest such degeneracy in the

order induced by ι1 for which σ∂ = idS . It follows that

∂∗(x′) = ∂∗(x) − (σ∂)∗(y) = 0.
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Now suppose that ∂̃ is any normal face such that ∂̃∗(x) = 0. We are going to

prove that ∂̃∗(x′) �= 0 can happen only if ∂̃ is connected to ∂ and ∂̃ > ∂ in the

order induced by ι1. Indeed, on the one hand if ∂̃ is not connected to ∂ then it is

obvious that σ∂̃ �= id. On the other hand, the reason we chose ∂ to be minimal

and σ maximal was that now σδ̃ �= id holds also whenever ∂̃ < ∂ on the linear

part ι1. Hence if ∂̃ obeys one of these cases, we can fill the following diagram of

dendroidal identities

T
σ

�� T\v ∂
�� T

T ′

∂̃

��

σ′
�� T ′\v

∂′

��

∂′′
�� T ′

∂̃

��

It is immediate that in this diagram the dotted vertical arrow is ∂̃. Therefore

∂̃∗(x′) = −∂̃∗σ∗(y) = −∂̃∗σ∗∂∗(x) = −σ′∗∂′′∗∂̃∗(x) = 0.

Let us summarize what we managed to achieve with the x = x′ + σ(y) decompo-

sition:

• The normal face ∂ satisfies ∂(x) �= 0 and ∂(x′) = 0.

• For any normal face ∂̃ such that ∂̃∗(x) = 0, we can have ∂̃∗(x′) �= 0 only if

∂̃ > ∂ on the same linear part ι1.

Now we can apply the same process for x′ and the new smallest element in N
(ι1)
x′ ,

etc. In a finite number of steps we arrive to the desired decomposition x = x1 +
y1. �

4.2 The Dold-Kan correspondence
In this section we construct a right adjoint Γ to the normalized complex functor

N and we prove that the pair (N,Γ) forms an equivalence of categories. This

equivalence extends the classical Dold-Kan correspondence for simplicial abelian

groups and chain complexes, in the sense that we can build a diagram

sAb
i!

��

Ns

��

pdAb

N

��

i∗
��

Ch
j!

��

Γs

��

pdComp
j∗

��

Γ

��

in which all the adjacent functors form adjunctions, and the desired relations bet-

ween these functors hold.

Denote by Ωmono the subcategory of Ωπ , consisting of all the trees as objects

and only monomorphisms as maps. For every planar dendroidal complex C there
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is a functor FC : Ωop
mono −→ Ab defined on objects by FC(T ) := CT and on face

maps by

FC(∂) :=

⎧⎨⎩0 if ∂ is normal,

sgn(∂)∂� oherwise.

Note that FC is indeed a functor since the sign convention on faces implies that

commutative diagrams of dendroidal identities involving faces are taken via FC
to commutative diagrams of abelian groups. This functor will play a role in the

construction of a right adjoint Γ: pdComp −→ pdAb to the normalized complex

functor N .

The functor Γ is constructed similarly to the classical case. First suppose that

such a right adjoint exists, thus there should be a one-to-one correspondence bet-

ween hom sets

pdComp(NA,C) � pdAb(A,ΓC)

for any planar dendroidal complex C and planar dendroidal abelian group A. If

one takes A to be the representable ZΩπ[T ], one can conclude that

pdComp(NZΩπ[T ], C) � pdAb(ZΩ[T ],ΓC) � (ΓC)T (4.2.1)

by the Yoneda lemma. Moreover, this correspondence has to be an isomorphism

of groups, showing us a way to define (ΓC)T for every tree T . One can unpack

the left-hand side of equation (4.2.1) to arrive at the definition

(ΓC)T :=
⊕

r : T�R

CR,

where r runs through all epimorphisms in Ωπ with domain T . In the direct sum

above we will denote by CrR the component CR corresponding to an epimorphism

r.

We still have to define ΓC on the maps of Ωπ . Suppose that f : S −→ T is such

a map and define f∗ : (ΓC)T −→ (ΓC)S in the following way. Let r : T � R be

an epimorphism in Ωπ . The map r ◦ f : S −→ R has a unique factorization d ◦ s
by Lemma 3.2.2:

S
s

�� ��

f

��

S′
��

d

��

T
r

�� �� R

We define f∗ on the component CrR as the composite

(f∗)r : CrR
FC(d)

�� CsS′ �� �� (ΓC)S .

We have finished the definition of Γ on objects. Let us check that ΓC is indeed

a planar dendroidal abelian group for every C ∈ pdComp. It is easy to see that

ΓC(idT ) = id: ΓCT −→ ΓCT . Suppose that f : S −→ T and g : U −→ S are
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two maps in Ωπ . It needs to be proven that for any epi r : T � R the components

(fg)∗r and (g∗f∗)r are the same. Indeed, since the epi-mono factorizations of

rfg, and of rf followed by sg are unique, we can infer that d = dfdg on the

following diagram.

U

g

��

u
�� �� U ′

d

��

��

dg

��

S

f

��

s
�� �� S′
��

df

��

T
r

�� �� R

Since FC is a functor, this implies the required equality.

It is easy to check that the obvious definition of Γ on maps of planar dendroidal

complexes is functorial. Now we can prove the following propositions.

Proposition 4.2.1. For every tree T ∈ Ωπ the abelian groups (NΓC)T and CT
are equal.

Proof. We have two decompositions of the abelian group (ΓC)T into a direct sum

of subgroups. First, by definition

(ΓC)T = C idT

T ⊕

⎛⎜⎜⎜⎝ ⊕
T

r�R
r �=idT

CrR

⎞⎟⎟⎟⎠
and second, by Proposition 4.1.8

(ΓC)T = (NΓC)T ⊕ (DΓC)T .

Hence it is enough to prove that
(⊕

r �=idT
CrR

)
≤ (DΓC)T andC idT

T ≤ (NΓC)T .

To see the first assertion we pick an epimorphism r : T � R, r �= idT
and prove that the corresponding component CrR ≤ (ΓC)T is in the image of a

degeneracy. From our choice it follows that r decomposes as r = σ ◦ r′ where

σ : T −→ S is a degeneracy and r′ : S � R is another epimorphism (possibly the

identity). Let us look at the image of σ∗ : (ΓC)S −→ (ΓC)T on the component

Cr
′
R . Since the unique epi-mono factorization of r′σ is

T
r

�� ��

σ

��

R

S
r′

�� �� R

we can conclude that σ∗ sends the component Cr
′
R to the component CrR.

The second assertion follows as well. Indeed, for an arbitrary normal face

∂ : S −→ T the induced map of abelian groups ∂∗ : (ΓC)T −→ (ΓC)S vanishes

on C idT

T since FC(∂) = 0 by definition. �
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Proposition 4.2.2. Let A be a planar dendroidal abelian group and r : T � R an
epimorphism in Ωπ . Define (ΨA)rT to be the composite

(NA)rR �� �� AR
r∗

�� AT .

The induced map (ΨA)T : (ΓNA)T −→ AT is an isomorphism which is natural
in both A and T .

Proof. We leave the check of naturality to the reader. In what follows we will

write ΨT instead of (ΨA)T to simplify the notation. The first observation is that

ΨT decomposes as a direct sum

NΨT ⊕DΨT : (NΓ(NA))T ⊕ (DΓ(NA))T −→ (NA)T ⊕ (DA)T ,

and by Proposition 4.2.1 the NΨT component is id : (NA)T −→ (NA)T . Hence

in order to conclude that ΨT is an isomorphism, it is enough to prove that DΨT is

surjective and injective.

We proceed by induction on the number of vertices of T . If n = 0 then T = |
and (DΓNA)T = 0 = (DA)T . Suppose that DΨS is surjective and injective for

every tree S with less than n vertices and let T be a tree with n vertices.

Let x be in the image of σ∗ : AS −→ AT for some degeneracy σ : T −→ S
and look at the commutative diagram

(ΓNA)S
ΨS

��

σ∗

��

AS

σ∗

��

(ΓNA)T
ΨT

�� AT

Since S has less vertices than T ,DΨS is surjective and x = DΨT (y) for some

y ∈ (DΓNA)T . Hence DΨT is surjective.

Let us prove that DΨT is injective. Suppose that x ∈ kerDΨT and write

x =
∑

r
T�R

xr.

For any tree R let XT,R := {r : T � R | xr �= 0}. We are going to prove that

XT,R = ∅ for every R, by contradiction. First we deal with the special case when

XT,R consists only of epimorphisms occurring in the same maximal linear part of

T .

For each r : T � R we choose a specific section dr, as follows. If σ : T →
T\v is a degeneracy and the vertex v has adjacent edges e, f with f situated above

e in the gravitational order · · ·

· · ·
•vf

e
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then there is a unique face map ∂ : T\v −→ T which omits the edge e. This

face map satisfies σ∂ = idT\v . If r decomposes as r = σ1 ◦ σ2 ◦ · · · ◦ σk into

degeneracies then define the section dr := ∂k ◦ · · · ◦∂2 ◦∂1 of r where ∂i is picked

for σi in the way described above. Note that the dendroidal identities ensure that

any other decomposition of r yields the same section.

Next we define a partial order on XT,R, as follows. If r, s ∈ XT,R and for

every edge e sitting on the relevant linear part of R the edge dr(e) is equal to- or

below ds(e) in the gravitational order, then we say that r ≤ s. We observe that

sdr = idR for some r, s ∈ XT,R implies r ≤ s. (4.2.2)

Pick a maximal r ∈ XT,R with respect to the order defined above. By equation

(4.2.2), dr satisfies

sdr = id implies s = r,

hence we can conclude that in the commutative diagram

(ΓNA)T
ΨT

��

d∗r
��

AT

d∗r
��

(ΓNA)R
ΨR

�� AR

on the left-hand side N(d∗r(x)) = xr. Since d∗rΨT = id and NΨR = id, we infer

that xr = 0.

We still need to deal with the general case, when XT,R contains epimorphisms

which are not necessarily situated on a fixed maximal linear part of T . To do so,

suppose that T has k different maximal linear parts Lni � T , i ∈ {1, . . . , k}.

Decompose each r ∈ XT,R to r = r1 ◦ · · · ◦ rk where rk : T � Rk−1 is situated

on the maximal linear part Lnk
� T , rk−1 : Rk−1 � Rk−2 sits on the obvious

maximal linear part Lnk−1 � Rk−1 of the intermediate tree Rk−1, etc. (Note that

an epimorphism ri that appears in such a decomposition can be the identity.) We

can define a section dr of r in the same way as in the special case above, moreover

dr decomposes as

dr = dr1 ◦ · · · ◦ drk

where dri
is a section of ri. We can define a partial order on XT,R as follows. Let

r, s ∈ XT,R have the associated decompositions

r = r1 ◦ · · · ◦ rk and s = s1 ◦ · · · ◦ sk.

We say that r ≤ s if for every i there exist intermediate trees Ri, Ri−1 such that

si, ri ∈ XRi,Ri−1 and ri ≤ si in the partial order defined in the special case above.

Again, if sdr = idR then r ≤ s and we can mimic the rest of the proof for the

special case to conclude that xr = 0 for a maximal r ∈ XT,R. �

Now we can prove the correspondence theorem.
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Theorem 4.2.3. The functorsN : pdAb −→ pdComp and Γ: pdComp −→ pdAb
form an equivalence of categories.

Proof. Propositions 4.2.1 and 4.2.2 imply that N and Γ together form an adjoint

equivalence where the unit of the adjunction is the natural isomorphism Ψ−1 of

Proposition 4.2.2 and the counit is the identity. �

We finally summarize the relations between simplicial abelian groups, chain

complexes, planar dendroidal abelian groups and planar dendroidal complexes.

The inclusion i : Δ ↪→ Ωπ induces an adjunction

sAb
i!

��pdAb
i∗

�� ,

where the left adjoint i! is given by

(i!A)T =

{
An if T = Ln

0 otherwise,

and the right adjoint i∗ is precomposition with i.
Similarly, there is a functor j! : Ch −→ pdComp which has a right adjoint

j∗, that assigns to each planar dendroidal complex its linear part which is a chain

complex. Let Ns : sAb −→ Ch and Γs : Ch −→ sAb denote the functors in the

classical Dold-Kan correspondence. We can build the following diagram

sAb
i!

��

Ns

��

pdAb

N

��

i∗
��

Ch
j!

��

Γs

��

pdComp
j∗

��

Γ

��

where all the adjacent functors form adjunctions with the left adjoints on the top

or to the left. Moreover, the following relations hold:

Nsi
∗ = j∗N Ni! = j!Ns

Γsj∗ = i∗Γ Γj! = i!Γs
i∗i! = id j∗j! = id
NΓ = id NsΓs = id
ΓN ∼= id ΓsNs ∼= id .



5

Dendroidal weak 2- and
3-categories

In this chapter we study the dendroidal definition of weak n-categories introduced

in [32]. We are particularly interested in the n = 2 and n = 3 cases. In these

cases the classical notions of weak n-categories are bicategories and tricategories,

respectively. Our goal is to compare these classical notions with the corresponding

dendroidal notions, in some suitable sense. Sections 5.1 and 5.2 deal with the

preliminaries on dendroidal sets and the definition of weak n-categories via den-

droidal sets. One important result in these sections is that weak n-categories are

3-coskeletal dendroidal sets, a result that allows us to restrict ourselves to studying

only low degree dendrices when dealing with dendroidal weak 2- and 3-categories

in Sections 5.3 and 5.4.
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5.1 Categories enriched in dendroidal sets.
Weak n-categories

For any setA there exists a planar operadAsπA whose algebras are small categories

with set of objects A. The objects of AsπA are ordered pairs (a1, a2) ∈ A×A, and

the sets of operations are defined by

AsπA
(

; (a, a)
)

= ∗,
AsπA

(
(a1, a2), (a2, a3), . . . , (an−1, an); (a1, an)

)
= ∗

and in all the other cases the set of operations is empty (those ordered sequences

σ = (c1, c2, . . . , cn; c) of objects of A×A for which AsπA(σ) is not empty will be

called admissible).

Let α : AsπA −→ Sets be a map of operads. The data-part of such an α
determines for any (a1, a2) ∈ A × A a set A(a1, a2) and for any admissible

signature σ =
(
(a1, a2), (a2, a3), . . . , (an−1, an); (a1, an)

)
a function

compσ : A(a1, a2) ×A(a2, a3) × · · · × A(an−1, an) −→ A(a1, an)

which in the particular case of σ =
(

; (a, a)
)

is a function ∗ −→ A(a, a).
The compatibility-part of such an α ensures that the various functions compσ fit

nicely to define units and compositions of arrows in a category A with object set

A. Indeed, we arrive to the conclusion that the relevant signatures are of the type(
(a1, a2), (a2, a3); (a1, a3)

)
and

(
; (a, a)

)
, etc.

Since the forgetful functor U : Op −→ Opπ is right adjoint to the symmetri-

zation functor, we infer that the algebras of the operad AsA := Symm(AsπA) are

categories with set of objects A as well.

Remark 5.1.1. Note that in the description of AsπA-algebras given above we used

the unconventional “left-to-right” composition order for arrows, i.e.

A(a1, a2) ×A(a2, a3) ��A(a1, a3)

instead of the conventional

A(a2, a3) ×A(a1, a2) ��A(a1, a3)

To avoid unnecessary complications in the future, arising only from notation,

whenever we need to give such a composition map associated to some signature σ,

we will always stick to the order determined by σ, thus the unconventional order.

However, when it is required to give extra details with explicit composites of maps,

we will use the conventional “right-to-left” order.

Let X be a dendroidal set and define the functor

Cat(X)− : Setsop −→ dSets, Cat(X)A := dSets(Nd(AsA), X).
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The dendroidal set of categories enriched in X is by definition the Grothendieck

construction of Cat(X)−. We denote it by

Cat(X) :=
∫
Sets

Cat(X)−.

One can iterate the process above to obtain a definition of the dendroidal set of

n-categories enriched in X:

Cat0(X) := X,

Catn(X) := Cat(Catn−1)(X).

To see why this definition is plausible, one can try particular choices of X . For

example if X = Nd(Sets), we can prove inductively that Catn(X) is the den-

droidal nerve of strict n-categories with the classical definition (see also Example

4.5.5 in [40]). Indeed, for n = 1

Cat(Nd(Sets)) =
∫

A∈Sets
dSets(Nd(AsA), Nd(Sets))

�
∫

A∈Sets
Nd(Op(AsA,Sets))

�
∫

A∈Sets
Nd(CategA)

� Nd(Categ),

where Categ denotes the usual monoidal category of small categories, viewed as

an operad. The second part of the inductive proof is similar (one uses that for any

monoidal category M, Op(AsA,M) � CategA(M), where the right-hand side

denotes the monoidal category of categories enriched in M, with set of object A).

We are interested here in another choice for X , which yields the dendroidal

definition of weak n-categories: it is plausible to define X := hcNd(Ctg) where

Ctg is the category of small categories enriched in E . (Recall from Section 3.5

that for the rest of this thesis E denotes the symmetric monoidal model category

of categories, together with the interval H . Hence the set of functors between two

fixed categories is a category with natural transformations as maps.)

Definition 5.1.2. The dendroidal set of weak n-categories is defined as follows:

wCat0 := Nd(Sets),
wCatn := Catn−1(hcNd(Ctg)) for n > 0.

The rest of this section is dedicated to the study of coskeletality of weak n-

categories. The first result is

Lemma 5.1.3. If T ∈ Ω is a tree with 3 vertices and t, s ∈ wCat1T satisfy
Sk2(t) = Sk2(s) then t = s.
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Proof. To illustrate our argument better, we will work with a chosen tree, the

general case can be carried out in the same way. So let T ∈ Ω be the tree with a

planar representative as below.

• •

•

d e

b c

a

u

v w







��
��
��
�







��
��
��
�

Let x ∈ wCat1T be a dendrex of shape T , that is a map of operads enriched in E ,

x : WΩ(T ) −→ Ctg. Let us adopt the notations of Section 3.5. It follows that

x consists of compatible functors xσ : H int(σ) −→ Ctg(σ) and the only functor

we have to describe in terms of the 2-skeleton of x is the one corresponding to

σ = (d, e; a) (the other functors lie in the image of Sk2(x)). In this case the

domain of xσ is the groupoid H2 = Hc ×Hb, represented as the square

(0, 0)
(id0,b)

��

(c,id0)

��

(0, 1)

(c,id1)

��

(1, 0)
(id1,b)

�� (1, 1)

where we think of the copy of H corresponding to an internal edge f as the

groupoid Hf = 0
f−→ 1. Since the domain is a groupoid, we observe that if

xσ is already defined on a “connected part” of the “square” Hc × Hb, then it is

defined on the “convex hull” of that component. We conclude that in order to know

xσ , it is enough to know its image on the sets of arrows Opd = {(c, id1), (id1, b)}
and Face = {(c, id0), (id0, b)}.

To conclude the proof, first we show that since x is a map of operads, xσ(Opd)
is determined by Sk2(x). Indeed, the commutative square

Hc × {v} x×x
��

◦b

��

Ctg(b; a) × Ctg(d, e; b)
◦b

��

Hc ×Hb
xσ

�� Ctg(d, e; a)

implies that we know xσ on the arrow (c, id1), and a similar square gives the image

of (id1, b).
Second, we show that xσ(Face) is in the image of Sk2(x). We observe that

the inner faces ∂b : R −→ T and ∂c : R′ −→ T , according to the definition

of the dendroidal structure on wCat1, induce enriched operad maps WΩ(R) −→
WΩ(T ) and WΩ(R′) −→ WΩ(T ) respectively. Each of these maps has in its

image the corresponding element of Dend, hence x(Face) is in the image of

Sk2(x). �
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Proposition 5.1.4. Let T ∈ Ω be a tree such that |Vert(T )| ≥ 3. If t, s ∈ wCat1T
satisfy Sk2(t) = Sk2(s) then t = s.

Proof. We proceed by induction on n = |Vert(T )|, the case n = 3 is covered in

Lemma 5.1.3. Suppose that x : WΩ(T ) −→ Ctg is a dendrex of shape T . First we

notice that we only need to describe the functor xσ : H int(σ) −→ Ctg(σ) in terms

of the Skn−1(x) where σ is the ordered sequence of colours (Leaves(T̄ ); root(T̄ ))
for a chosen planar representative T̄ . (The other components of x are already

contained in the image of Skn−1(x).)
The domain of xσ is a groupoid with the shape of an n-cube, having in its

vertices the trivial categories (ε1, . . . , εn), εi ∈ {0, 1}. Denote by H̄k the full

subcategory of H int(σ) spanned by the categories (ε1, . . . , εk−1, 1, εk+1, . . . , εn),
εi ∈ {0, 1} (one of the hyperfaces of the n-cube, containing the vertex (1,1,. . . ,1)).

Denote by φk the arrow (0, 0, . . . , 0) −→ (0, . . . , 0, 1, 0, . . . , 0) of H int(σ) (one of

the edges of the n-cube, starting in (0, 0, . . . , 0)). Define the sets

Opd := {H̄k|k = 1, 2, . . . n} and Face := {φk|k = 1, 2, . . . n}.

Since the “convex hull” of Opd ∪ Face is the whole domain of xσ , it is enough

to prove that xσ(Opd) is completely determined by Skn−1(x) and xσ(Face) is in

the image of Skk(x). Both of these assertions are true, by similar arguments to the

ones in the proof of Lemma 5.1.3. �

The following proposition and theorem of [40] helps us in proving that wCat1
is 3-coskeletal.

Proposition 5.1.5. (Proposition 3.2.5 in [40]) Let X be a dendroidal set and k ≥
2 an integer. If X satisfies the strict inner Kan condition for all trees T of degree
at least k, then X is k-coskeletal.

Theorem 5.1.6. (Theorem 4.3.8 in [40]) Let P be a locally fibrant operad in E
(that is, for any ordered sequence of objects σ = (c1, . . . , cn; c) the category P (σ)
is fibrant with respect to the folk model structure). Then hcNd(P ) is an inner Kan
complex.

Corollary 5.1.7. ([40]) The dendroidal set wCat1 is 3-coskeletal.

Proof. In view of Proposition 5.1.5 it is enough to prove that wCat1 satisfies the

strict inner Kan condition for all trees with |Vert(T )| ≥ 3. Let T be such a tree.

Theorem 5.1.6 implies that wCat1 is an inner Kan complex, hence every inner

horn Λe[T ] −→ wCat1 has at least one filler t. Suppose that s is an other filler

of the same horn. Since |Vert(T )| ≥ 3, it follows that Sk2(t) = Sk2(s). We

conclude thus by Proposition 5.1.4 that t = s. �

Corollary 5.1.7 implies that wCatn is 3-coskeletal for every n ≥ 1. (Note that

wCat0 is already 2-coskeletal.) To prove this, the following lemma is needed.

Lemma 5.1.8. If X is a k-coskeletal dendroidal set and Z is an arbitrary dendro-
idal set then dSets(Z,X) is k-coskeletal.
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Proof. The goal is to see that for any dendroidal set Y there exists a natural

bijection

dSets(Y, dSets(Z,X)) � dSets(Skk Y, dSets(Z,X)).

Indeed, once one observes that Skk(Y ⊗Z) ⊆ (Skk Y )⊗Z, one can conclude that

there are natural one-to-one correspondences between the following Hom sets:

dSets(Y, dSets(Z,X)) � dSets(Y ⊗ Z,X)
� dSets(Y ⊗ Z, coSkkX)
� dSets(Skk(Y ⊗ Z), X)
� dSets((Skk Y ) ⊗ Z,X)
� dSets(Skk Y, dSets(Z,X)).

�

Theorem 5.1.9. For every n ≥ 1 the dendroidal set wCatn is 3-coskeletal.

Proof. We proceed by induction on n. It was proven in Corollary 5.1.7 that wCat1
is 3-coskeletal. Suppose that wCatn is 3-coskeletal. It follows from Lemma 5.1.8

that for any set A, the dendroidal set Cat(wCatn)A = dSets(Nd(AsA), wCatn)
is 3-coskeletal. Hence Proposition 3.4.2 implies that

wCatn+1 =
∫
Sets

Cat(wCatn)−

is 3-coskeletal. �

5.2 Weak 1-categories
In this section we are going to describe the dendroidal set wCat1 = hcNd(Ctg).
We can use Corollary 5.1.7 to come to the conclusion that it is enough to describe

the sets (wCat1)T = OpE(WΩ(T ), Ctg) for trees T with at most 3 vertices.

Before we start with the description, let us make a useful notational convention:

from now on, given n categories X1, . . . , Xn and integers 1 ≤ i ≤ j ≤ n, (X)ji
will denote the category Xi × · · · ×Xj .

(1) The first choice of T is the tree |. In this case WΩ(T ) = Ω(|) is the operad

on one object and only the identity operation, hence an element of (wCat1)|
is the same as the choice of a category.

(2) Let T = Corn, the n-corolla. In this case still WΩ(Corn) = Ω(Corn),
hence an element of (wCat1)Corn is the same as the choice of n+ 1 catego-

riesX1, . . . , Xn andX , together with a functor F : (X)n1 −→ X . Note that

in case n = 0, the E-enriched operad structure on Ctg implies that (X)n1 has

to be considered the unit of the E-enriched monoidal category Ctg. This unit

is the category ∗ on one object and no other arrows than the identity. Hence

we infer that a dendrex of shape Cor0 amounts to the choice of a category

X , together with an object of it.
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(3) Let T = Corn ◦i Corm. Let us give a detailed description of maps of ope-

rads α : WΩ(T ) −→ Ctg since this is the first time when the interval H
plays a role in the definition of the operad WΩ(T ). So far it is clear that, as

in cases (1) and (2), such an α determines

(3a) a choice of n + 1 categories X1, . . . , Xn, X together with a functor

F1 : (X)n1 −→ X;

(3b) a choice ofm categories Y1, . . . , Ym and a functor F2 : (Y )m1 −→ Xi.

There is one more building part of such an α, which is a functor

H −→ Ctg
(
(X)i−1

1 × (Y )m1 × (X)ni+1, X
)
.

But such a functor contains exactly the same data as the choice of two

functorsG,G′ : (X)i−1
1 ×(Y )m1 ×(X)ni+1 −→ X and a natural isomorphism

φ : G −→ G′.
The only thing we have not covered yet with the investigation of such a

dendrex is that α is a map of operads, which means that the diagram of

categories

∗ × ∗ α×α
��

◦i

��

Ctg
(
(X)n1 , X

)
× Ctg

(
(Y )m1 , Xi

)
◦i

��

H
α

�� Ctg
(
(X)i−1

1 × (Y )m1 × (X)ni+1, X
)

is commutative. One can spell out that this yields to G′ = F1 ◦i F2. We can

conclude thus that the last bit of information α provides is

(3c) a choice of a functor G : (X)i−1
1 × (Y )m1 × (X)ni+1 −→ X and a

natural isomorphism φ : G −→ F1 ◦i F2.

For the remaining choices of the tree T we give only the result.

(4) Let T = Corn ◦i(Corm ◦j Cork). A map of operads WΩ(T ) −→ Ctg is

the same as

(4a) a choice of n + 1 categories X1, . . . , Xn, X together with a functor

F1 : (X)n1 −→ X;

(4b) a choice ofm categories Y1, . . . , Ym and a functor F2 : (Y )m1 −→ Xi;

(4c) a choice of k categories Z1, . . . , Zk and a functor F3 : (Z)k1 −→ Yj ;
(4d) a choice of a functor G1 : (X)i−1

1 × (Y )m1 × (X)ni+1 −→ X and a

natural isomorphism φ1 : G1 −→ F1 ◦i F2;

(4e) a choice of a functor G2 : (Y )j−1
1 × (Z)k1 × (Y )mj+1 −→ Xi and a

natural isomorphism φ2 : G2 −→ F2 ◦j F3;

(4f) a choice of a functor K : (X)i−1
1 × (Y )j−1

1 × (Z)k1 × (Y )mj+1 ×
(X)ni+1 −→ X and two natural isomorphisms

ψ1 : K −→ F1 ◦i G2, ψ2 : K −→ G1 ◦j̃ F3
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where j̃ = i + j − 1, such that the following diagram of natural

isomorphisms is commutative:

K
ψ1

��

ψ2

��

F1 ◦i G2

F1◦iφ2

��

G1 ◦ĩ F3

φ1◦j̃F3
�� F1 ◦i F2 ◦j F3

(5) Let T = Corn ◦i,j(Corm,Cork) for some 1 ≤ i < j ≤ n. A map of

operads WΩ(T ) −→ Ctg is the same as

(5a) a choice of n + 1 categories X1, . . . , Xn, X together with a functor

F1 : (X)n1 −→ X;

(5b) a choice ofm categories Y1, . . . , Ym and a functor F2 : (Y )m1 −→ Xi;

(5c) a choice of k categories Z1, . . . , Zk and a functor F3 : (Z)k1 −→ Xj ;

(5d) a choice of a functor G1 : (X)i−1
1 × (Y )m1 × (X)ni+1 −→ X and a

natural isomorphism φ1 : G1 −→ F1 ◦i F2;

(5e) a choice of a functor G2 : (X)j−1
1 × (Z)k1 × (X)nj+1 −→ X and a

natural isomorphism φ2 : G2 −→ F2 ◦j F3;

(5f) a choice of a functor K : (X)i−1
1 × (Y )m1 × (X)j−1

i+1 × (Z)k1 ×
(X)nj+1 −→ X and two natural isomorphisms

ψ1 : K −→ F1 ◦i G2, ψ2 : K −→ G1 ◦j̃ F3

where j̃ = i + j − 1 (we suppose j > i), such that the following

diagram of natural isomorphisms is commutative:

K
ψ1

��

ψ2

��

F1 ◦i G2

F1◦iφ2

��

G1 ◦ĩ F3

φ1◦j̃F3
�� F1 ◦i,j (F2, F3)

We are going to illustrate with some examples the dendroidal structure of wCat1
in the context described above. Let T = Corn ◦i Corm, hence a dendrex α of

shape T is the same thing as the data described in (3) above. If ∂ : Corn −→ T
is the obvious outer face of T then ∂∗(α) corresponds to the choice of the catego-

ries X1, . . . , Xn, X and the functor F1 : (X)n1 −→ X. If ∂ : Corn+m−1 −→
T is the inner face of T then ∂∗(α) corresponds to the choice of the catego-

ries X1, . . . , Xi−1, Y1, . . . , Ym, Xi+1, . . . , Xn, X and the functor G : (X)i−1
1 ×

(Y )m1 × (X)ni+1 −→ X . (The choice of G instead of F1 ◦i F2 follows from the

definition of the map of operads ∂ : WΩ(Corn+m−1) −→WΩ(T ).)
One can similarly decipher what a degeneracy looks like. A simple case of such

occurs when R = Corn ◦i Cor1, T = Corn and σ : R −→ T is the degeneracy in

question. If β is a dendrex of shape T , that is a choice of categoriesX1, . . . , Xn, X
and a functor F1 : (X)n1 −→ X , then σ∗(β) adds to the information contained in

β the identity functor id : Xi −→ Xi, and the identity natural transformation

F1 −→ F1 ◦i id.
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5.3 Weak 2-categories
We turn our attention now to the dendroidal set wCat2. Our goal is to unpack the

definition and compare the result with bicategories. It will become apparent later

that the right notion to compare the data of wCat2 contained in lower degrees is

unbiased bicategories and their homomorphisms. These notions were defined by

Tom Leinster in [25].

The section is organized as follows: First we recall classical bicategories and

their homomorphisms. Then we briefly discuss Leinster’s unbiased bicategories

and unbiased homomorphisms between them. After this we analyse the setswCat2| ,

wCat2Cor1
and their relations to unbiased bicategories, and we prove that the cate-

gory of unbiased bicategories is isomorphic to the homotopy category of dendro-

idal weak 2-categories. We conclude the section by a conjecture that predicts a

stronger relation between bicategories and dendroidal weak 2-categories.

5.3.1 Notions of bicategories
The notion of bicategory first appeared explicitly in the paper of Bénabou [1]. In-

tuitively, bicategories are generalised categories where the composition of arrows

is not strictly associative, only up to some coherent 2-cells which are part of

the structure. The theory of bicategories had a quick development, due to the

usefulness of the notion in different fashionable areas of mathematics. Amongst

these areas we can find ordinary category theory: as Ross Street states in [36],

many fundamental constructions of categories are bicategorical in nature. Bicate-

gories can be considered as generalisations of monoidal categories as well, giving

new insight to the theory of monoidal categories. Another area where bicategories

were influential is algebraic topology, especially higher homotopy theory: bicate-

gories are the first step in the build-up of higher categories and groupoids, which

should provide algebraic models of homotopy n-types.

Classical bicategories

A bicategory A consists of the following data and axioms:

(D1) a set A, called the set of objects or 0-cells;

(D2) for every ordered pair of objects (a1, a2) ∈ A × A a category A(a1, a2).
The objects of such a category are called arrows or 1-cells of A, the maps are

called 2-cells of A. If f, g ∈ A(a1, a2) are 1-cells and φ ∈ A(a1, a2)(f, g)

is a 2-cell between them, we usually depict this situation as f
φ

=⇒ g or as

a1 a2

f

��

g

��
φ��
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The composition of 2-cells in a category A(a1, a2) is called vertical com-

position and for two composable 2-cells φ, φ′ the composite is denoted by

juxtaposition: φφ′.
(D3) functors which define horizontal composition and units in A:

(D3a) for all (a1, a2, a3) ∈ A3, ψ : A(a1, a2) × A(a2, a3) −→ A(a1, a3).
We denote by “·” the horizontal composite of two 1-cells (and two

2-cells), thus g · f := Ψ(f, g) etc.

(D3b) for all a ∈ A, ψ0 : ∗ −→ A(a, a), that is a 1-cell Ida ∈ A(a, a).

(D4a) natural isomorphisms, relating the two different ways of horizontal compo-

sitions of three 1-cells in A: for all a1, a2, a3, a4 ∈ A

A(a1, a2) ×A(a2, a3) ×A(a3, a4)
id×ψ

��

ψ×id

��

A(a1, a2) ×A(a2, a4)

ψ

��

A(a1, a3) ×A(a3, a4)

⇑α
ψ

�� A(a1, a4)

that is, invertible 2-cells (h·g)·f α=⇒ h·(g·f) in A for any three composable

1-cells f, g, h.

(D4b) natural isomorphisms, relating composition with units to the identity: for all

a1, a2 ∈ A,

A(a1, a2) × ∗ id×ψ0
��

���
���

���
���

���
��

���
���

���
���

���
��

A(a1, a2) ×A(a2, a2)

ψ

��

λ⇐

A(a1, a2)

∗ × A(a1, a2)
ψ0×id

��

���
���

���
���

���
��

���
���

���
���

���
��

A(a1, a1) ×A(a1, a2)

ψ

��

ρ⇐

A(a1, a2)

that is, for any 1-cell f ∈ A(a1, a2) invertible 2-cells

Ida2 ·f
λ=⇒ f and f · Ida1

ρ
=⇒ f.

The data given above is subject to two axioms that ensure that the various associa-

tivity and unit constraints α, ρ, λ compose coherently:
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(A1) The following pentagon commutes for any involved composable 1-cells

((k · h) · g) · f α·idf ��

α

�� **
**
**
**
*

**
**
**
**
*

(k · (h · g)) · f
α

��+
++

++
++

++

++
++

++
++

+

(k · h) · (g · f)

α

��,
,,,

,,,
,,,

,,,
,

,,,
,,,

,,,
,,,

,,
k · ((h · g) · f)

idk ·α
�� ���

���
���

���
��

���
���

���
���

��

k · (h · (g · f))

(A2) The following triangle commutes for any involved composable 1-cells

(g · Id) · f α ��

ρ·idf ��#
###

###
##

###
###

###
g · (Id ·f)

idg ·λ		 $$$
$$$

$$$

$$$
$$$

$$$

g · f

Example 5.3.1. Any (strict) 2-category is a bicategory where the associativity and

unit 2-cells α, ρ, λ are all identities.

Example 5.3.2. Any monoidal category C is a bicategory with one 0-cell. The

1-cells of this bicategory are the objects of C and the 2-cells are the arrows of C.

The other data and axioms of the bicategory are induced by the monoidal structure

on C, in the obvious way.

Example 5.3.3. There exists a bicategory BiMod, defined as follows:

– The 0-cells of BiMod are rings with unit A,B, . . .
– The category of (A,B)-bimodules defines the 1- and 2-cells of BiMod.

– Horizontal composition, units, etc. are given by tensor product of bimodules.

Homomorphisms of classical bicategories

There exist a number of notions of homomorphisms of bicategories, the one we

define here is that of weak homomorphisms in the literature. Thus, for us a

homomorphism of bicategories (F, f) : A −→ B consists of the following data

and axioms:

(D1) A function f : A −→ B from the set of 0-cells of A to the set of 0-cells of

B.

(D2) For every ordered pair of 0-cells (a1, a2) ∈ A2 a functor

Fa1a2 : A(a1, a2) −→ B(f(a1), f(a2)).
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(D3a) For every (a1, a2, a3) ∈ A3 natural isomorphisms relating horizontal com-

positions and F :

A(a1, a2) ×A(a2, a3)
ψA

��

F×F
��

A(a1, a3)

F

��

B(f(a1), f(a2)) × B(f(a2), f(a3))

⇑θ

ψB

�� B(f(a1), f(a3))

that is, invertible 2-cells F (h)·F (g) θ=⇒ F (h·g) for any composable 1-cells

h, g ∈ A.

(D3b) For every a ∈ A natural isomorphisms relating units and F :

∗ ψA

0
�� A(a, a)

F

��

∗

⇑θ0

ψB

0

�� B(f(a), f(a))

that is, invertible 2-cells IdB

f(a)
θ0=⇒ F (IdA

a ) for any a ∈ A.

The data described above is subject to axioms that ensure that F is coherent with

the various associativity- and unit-constraints:

(A1) For every composable 1-cells k, h, g ∈ A, the following hexagon of inverti-

ble 2-cells commutes

F (k · h) · Fg
θ

��-
---

---
---

-

---
---

---
--

(Fk · Fh) · Fg

αB

��

θ·id


............

............
F ((k · h) · g)

FαA

��
Fk · (Fh · Fg)

id ·θ ���
���

���
���

��

���
���

���
���

F (k · (h · g))

Fk · F (h · g)
θ

��...........

...........

(A2) For any 1-cell g ∈ A(a, a′) the following diagrams of invertible 2-cells

commute:

Fg · IdB

fa

id ·θ0 ��

ρB

��

Fg · F (IdA

a )

θ

��

IdB

fa′ ·Fg
θ0·id ��

λB

��

F (IdA

a′) · Fg

θ

��
Fg F (g · IdA

a )
F (ρA)

 Fg F (IdA

a′ ·g)
F (λA)
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Classical bicategories and their homomorphisms form a category that we denote

by biCtg.

Unbiased bicategories

As we mentioned in the introductory part of Subsection 5.3.1, it is more natural

to compare dendroidal bicategories (the lower degree terms of the dendroidal set

wCat2) with the category of unbiased bicategories and their homomorphisms,

notions that were defined by Tom Leinster in [25]. We will briefly discuss them

here, the resulting category of unbiased bicategories will be denoted by ubiCtg.

Since the categories ubiCtg and biCtg are equivalent, it is justified to compare

unbiased bicategories instead of the classical ones with dendroidal bicategories.

The idea of unbiased bicategories comes from the observation that the defini-

tion of bicategories is “biased” towards a binary horizontal composition of 1-cells

and a chosen associator between the two different ways to compose horizontally

three 1-cells. One can eliminate this bias by considering a definition which resem-

bles operads, as follows:

(a) for every n ∈ N give a horizontal composition of (composable) n-tuples of

1-cells;

(b) relate the n-ary compositions for various n-s by some given 2-cells (the

associators);

(c) the associators should be coherent, thus they have to satisfy some obvious

relations;

(d) take care of the unit 1-cells.

When one tries to work out the details of the points given above, one notices

that step (b) can be fulfilled in two ways, depending on the preferred “operadic”

approach one takes: the ◦i-approach or the general γ-approach. These definitions

are equivalent (the two resulting categories of unbiased bicategories are isomor-

phic). Leinster in his definition takes the second approach, we will take here the

first one:

An unbiased bicategory A consists of the following data:

(D1) a set A;

(D2) for every (a1, a2) ∈ A2 a category A(a1, a2);
(D3) for every integer n ≥ 0 and every sequence of objects (a1, a2, . . . , an+1) ∈

An+1 an associated functor of n-ary composition

A(a1, a2) ×A(a2, a3) × · · · × A(an, an+1)
Ψ

��A(a1, an+1) ,

we usually denote the n-fold horizontal composition of 1-cells by

(g1 · g2 · . . . · gn) := Ψ(g1, . . . , gn);

(D4) for all n,m, i ∈ N such that 1 ≤ i ≤ n, n �= 0 and composable sequences

of 1-cells

(h1, h2, . . . , hn) and (g1, g2, . . . , gm)
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such that (g1 · g2 · . . . · gm) = hi, natural invertible 2-cells

(h1 · h2 · . . . · hn)
φ ��(h1 · . . . · hi−1 · g1 · g2 · . . . · gm · hi+1 · . . . · hn);

(D5) for every 1-cell g an invertible 2-cell g
ι ��(g) .

This data has to satisfy some obvious axioms, ensuring coherence of compositions

and units.

Homomorphisms of unbiased bicategories

Suppose that A and B are unbiased bicategories. A homomorphism A
(F,f)

��B of

unbiased bicategories consists of the following data and axioms:

(D1) a function f : A −→ B between the 0-cells of A and B;

(D2) for every ordered pair of 0-cells (a1, a2) ∈ A2 a functor

Fa1a2 : A(a1, a2) −→ B(f(a1), f(a2));

(D3) for every n ∈ N and every ordered sequence of 0-cells of A, (a1, . . . , an) ∈
An natural isomorphisms

A(a1, a2) × · · · × A(an−1, an)
ψA

��

Fn

��

A(a1, an)

F

��

B(f(a1), f(a2)) × · · · × B(f(an−1), f(an))

⇑θ

ψB

�� B(f(a1), f(an))

(5.3.1)

This data again is subject to some coherence axioms, ensuring the compatibility of

F with the various associativity- and unit constraints of the involved bicategories.

Remark 5.3.4. The category of unbiased bicategories defined above is denoted

by ubiCtg. It has a full subcategory ubiCtg, whose objects are those unbiased

bicategories for which the unit 2-cells of (D5) are all identities. We call them

unbiased bicategories with strict unit, but note that this terminology is misleading

since there is a chain of fully faithful embeddings of equivalent categories

biCtg ⊆ ubiCtg ⊆ ubiCtg.

5.3.2 Dendroidal weak 2-categories

In this subsection we analyse those components of the dendroidal setwCat2 which

will correspond to bicategories and homomorphisms of bicategories.
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Dendrices of shape |
Since

(wCat2)| =
(∫

Sets
Cat(hcNd(Ctg))−

)
|
,

the definition of the Grothendieck construction implies that an element of (wCat2)|
is a pair (A, x), where A is a set and x is a dendrex of shape | in the dendroidal set

Cat(hcNd(Ctg))A. Hence

x ∈ dSets(Nd(AsA) ⊗ Ω[|],hcNd(Ctg)) = dSets(Nd(AsA),hcNd(Ctg)).

Since hcNd(Ctg) is 3-coskeletal, it is enough to look at the degree 0, 1, 2 and 3

components of x.

(0) The degree 0 component of x is the map of sets

x| : Nd(AsA)| −→ hcNd(Ctg)|.

Since Nd(AsA)| consists of the objects of the operad AsA and hcNd(Ctg)|
consists of categories, it follows that x| is the same thing as the choice of a

category A(a1, a2) for each ordered pair (a1, a2) ∈ A×A.

(1) Let us look at the xCorn component, n ∈ N. There are three cases to

distinguish.

First, an element in Nd(AsA)Cor0 consists of a pair (a, a) where a ∈ A,

and the operation ∗ ∈ AsA
(

; (a, a)
)
. We have seen in Section 5.2 that an

element of hcNd(Ctg)Cor0 is a category together with an object of it. Since

x has to be compatible with the face map | −→ Cor0, it follows that xCor0

picks for each a ∈ A a functor Ψa : ∗ −→ A(a, a).
Second, an element in Nd(AsA)Cor1 consists of a pair (a1, a2) ∈ A2 and

the operation ∗ ∈ AsA
(
(a1, a2); (a1, a2)

)
, which is also the corresponding

unit operation in the operadAsA. An element of hcNd(Ctg)Cor1 is a functor

between two chosen categories. Again, since x has to be compatible with the

various face and degeneracy maps, it follows that xCor1 amounts to choosing

the identity functor on every already chosen category A(a1, a2). Hence

xCor1 does not contribute with any new information.

Third, for n ≥ 2 xCorn
picks for each admissible ordered sequence

σ =
(
(a1, a2), (a2, a3), . . . , (an−1, an); (a1, an)

)
of n+ 1 objects of AsA a functor

Ψσ : A(a1, a2) × · · · × A(an−1, an) −→ A(a1, an).

We can include the cases n = 0, 1 in the third one in the obvious way.

(2) The degree 2 component of x consists of xT where T = Corn ◦i Corm for

the various n,m, i ∈ N, n �= 0. There are face maps into the tree T from

the m,n and m + n − 1 corollas, and in case n = 1 or m = 1 there are
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also degeneracy maps with T as the domain. Since x has to be compatible

with these faces and degeneracies, we can conclude that xT provides the

following bit of extra data:

For any pair of admissible ordered sequences

σ =
(
(a1, a2), . . . , (an−1, an); (a1, an)

)
,

ρ =
(
(ai, b2), (b2, b3), . . . , (bm−1, ai+1); (ai, ai+1)

)
and any 1 ≤ i ≤ n a natural isomorphism

φσ,ρ,i : Ψσ◦iρ −→ Ψσ ◦i Ψρ,

There is one condition on these natural isomorphisms: in case n = 1 or

m = 1, the corresponding natural isomorphism has to be the identity (it

follows from the compatibility with degeneracies again).

(3) The degree 3 components of x do not give rise to any extra data, but the

dendroidal identities with face maps induce relations on the already existing

one, corresponding to cases (4f) and (5f) of Section 5.2. Explicitly, the

diagrams of functors

Ψσ◦iρ◦jτ

φ

��

φ
�� Ψσ◦iρ ◦j Ψτ

φ◦jΨ

��

Ψσ ◦i Ψρ◦jτ
Ψ◦iφ

�� Ψσ ◦i Ψρ ◦j Ψτ

Ψσ◦i,j(ρ,τ)

φ

��

φ
�� Ψσ◦iρ ◦j Ψτ

φ◦jΨ

��

Ψσ◦jτ ◦i Ψρ
φ◦iΨ

�� Ψσ ◦i,j (Ψρ,Ψτ )

are commutative.

Dendrices of shape Cor1

An element of (wCat2)Cor1 consists of pairs (f, y) where f : A −→ B is a map

of sets and

y : Ω[Cor1] −→
∐

S∈Sets
dSets(Nd(AsS), wCat1)

has three relevant components:

yA ∈ dSets(Nd(AsA), wCat1),
yB ∈ dSets(Nd(AsB), wCat1),
yf ∈ dSets(Nd(AsA ⊗ Ω(Cor1)), wCat1).
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These three components are related by the compatibility condition of the Grothen-

dieck construction in the following way. Let Cor1 be represented by the tree

•
0

1

v

thus the set of colours of the operad Ω(Cor1) is {0, 1} and the only non-trivial

operation is v ∈ Ω(Cor1)(1; 0). If ∂1, ∂0 : | −→ Cor1 denote the face maps

sending | to the leaf and root of Cor1 respectively then ∂∗1 (yf ) = yA and ∂∗0 (yf ) =
f∗(yB). The components yA and yB were described in the first part of Subsection

5.3.2, hence we need to describe yf only.

Let us recall first the operad AsA⊗Ω(Cor1) in more detail. The set of colours

of this operad contains all pairs (a, l) where a = (a1, a2) ∈ A2 is a colour of

AsA and l ∈ {0, 1} is a colour of Ω(Cor1). The operations are generated by the

following three types of basic ones:

◦
(a,0)

(a,1)

(a,v)

is a picture of the basic operation (a, v) ∈ Ω(Cor1)((a, 1); (a, 0)) induced by

v ∈ Ω(Cor1)(1; 0) for any a = (a1, a2) ∈ A2, and

•
(a,0)

(a1,0) (a2,0) (an,0)

(∗,0)
· · ·

�����������



�����������

(5.3.2)

•
(a,1)

(a1,1) (a2,1) (an,1)

(∗,1)
· · ·

�����������



�����������

(5.3.3)

are pictures of the basic operations in AsA⊗Ω(Cor1)((a1, 0), . . . , (an, 0); (a, 0))
andAsA⊗Ω(Cor1)((a1, 1), . . . , (an, 1); (a, 1)) respectively, induced by the unique

operation

∗ ∈ AsA((a1, a2), (a2, a3), . . . , (an, an+1); (a1, an+1))

where ai = (ai, ai+1) ∈ A2 and a = (a1, an+1) ∈ A2. The operations generated

this way are subject to the relations which imply that the obvious projections

AsA ⊗ Ω(Cor1) −→ AsA, AsA ⊗ Ω(Cor1) −→ Ω(Cor1) are maps of ope-

rads, and to the following relation (interchange law in the Boardman-Vogt tensor
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product for operads):

•

◦ ◦ ◦

(a,0)

(a1,0)

(a2,0)

(an,0)

(a1,1)

(a1,v)

(a2,1)

(a2,v)

(an,1)

(an,v)

(∗,0)
· · ·

����������



����������
=

◦

•

(a,0)

(a,1)

(a1,1) (a2,1) (an,1)

(∗,1)

(a,v)

· · ·
�����������



�����������

The properties of the operad AsA ⊗ Ω(Cor1) imply

Lemma 5.3.5. For any ordered sequence σ =
(
(a1, l1), . . . , (an, ln); (a, l)

)
, the

corresponding set of operations AsA⊗Ω(Cor1)(σ) contains at most one element.
Moreover, in case AsA ⊗ Ω(Cor1)(σ) is not empty, ai = (ai, ai+1) and a =
(a1, an+1) for some a1, . . . , an+1 ∈ A.

Proof. When l = 1, the only possibilities for the sequence σ that give nonempty

AsA ⊗ Ω(Cor1)(σ) are the ones corresponding to (5.3.3). Each such set of ope-

rations contains exactly one element: (∗, 1). If l = 0 and all li = 0, then again

the only nonempty sets of operations are the ones corresponding to (5.3.2), with a

unique operation (∗, 0) in each.

The remaining cases to study are the ones when σ is such that l = 0 and there

exists i with li = 1. Suppose that in such a case AsA ⊗ Ω(Cor1)(σ) is not empty.

The interchange law implies then that these operations can always be reduced to

a form, which can be visualized by a tree resulting from iterated gluing of the

following two types of operations:

•
(a,0)

(a′
1,0) (a′

2,0) (a′
n,0)

(∗,0)
· · ·

�����������



�����������

•

◦ ◦ ◦

(a,0)

(a1,0)

(a2,0)

(an,0)

(a1,1)

(a1,v)

(a2,1)

(a2,v)

(an,1)

(an,v)

(∗,0)
· · ·

����������



����������

where “gluing” means identifying the two roots indexed by (a, 0). We can con-

clude that ai = (ai, ai+1), a = (a1, an+1) for some a1, . . . , an+1 ∈ A and

AsA ⊗ Ω(Cor1)(σ) contains again exactly one element.

Let us illustrate the latter situation in a particular example, for instance when

σ =
(
(a1, 1), (a2, 0), (a3, 0), (a4, 1), (a5, 1); (a, 0)

)
.
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Any operation in AsA ⊗ Ω(Cor1)(σ) can be reduced to the form

•

◦ ◦ ◦

(a,0)

(a1,1)

(a1,0)

(a2,0) (a3,0)

(a4,1) (a5,1)

(a4,0)

(a5,0)

(a1,v) (a4,v) (a5,v)

(∗,0)

///////////////////

������������

           

0000000000000000000

Since the set of operations is assumed to be nonempty, ai = (ai, ai+1) for all

1 ≤ i ≤ 6 and a = (a1, a6), and there is exactly one element in the set AsA ⊗
Ω(Cor1)(σ) (that is the composite illustrated by the tree above). �

We can use this discussion about the operad AsA ⊗ Ω(Cor1) to understand

the yf component of an element y ∈ wCat2Cor1
. The degree 0 component of yf

consists of the map of sets

(yf )| : Nd(AsA ⊗ Ω(Cor1))| −→ (wCat1)|,

thus (yf )| amounts to choosing categories C1(a1, a2) and C0(a1, a2) for every

pair (a1, a2) ∈ A2. The compatibility condition in the Grothendieck construc-

tion implies that these categories are the corresponding ones appearing in the

definitions of yA and yB . Explicitly,

C1(a1, a2) = A(a1, a2) of (yA)|,
C0(a1, a2) = B(f(a1), f(a2)) of (yB)|.

Lemma 5.3.5 implies that yf in degree 1 amounts to the choice of a functor

Ψσ : Cl1(a1, a2) × · · · × Cln−1(an−1, an) −→ Cl(a1, an)

for every ordered sequence

σ =
(
((a1, a2), l1), ((a2, a3), l2), . . . , ((an−1, an), ln−1); ((a1, an), l)

)
of objects of AsA ⊗ Ω(Cor1). A particular case of such a functor is

Ψσ : A(a1, a2) −→ B(f(a1), f(a2)).

As a consequence of the compatibility conditions of the Grothendieck construc-

tion, in case l = li = 1 or l = li = 0 for all i, one gets back the corresponding

functors ΨA or ΨB respectively, resulting from yA or yB (we described them in

Subsection 5.3.2).

The data contained in degree 2 of yf amounts to choices of natural transforma-

tions φ : Ψσ ◦ Ψρ −→ Ψσ◦ρ, and similarly, the information contained in degree 3

can be described with the same semantics as in the description of wCat2| .
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5.3.3 The relation between bicategories and dendroidal
weak 2-categories

In this subsection we aim to establish a relation between dendroidal weak 2-

categories and (unbiased) bicategories. Let us recall first that the homotopy cate-

gory of an inner Kan complexX in simplicial sets is the category ho(X) := τ(X),
where τ is the left adjoint of the nerve functor N : Cat −→ sSets. The category

ho(X) is defined as follows:

– the objects of ho(X) are the elements of X0;

– the arrows of ho(X) are equivalence classes of elements of X1, where the

equivalence relation is left homotopy: if a, b ∈ X0 and f, g : a −→ b are

elements of X(a, b) ⊆ X1, we say that f is left homotopic to g if there

exists an element of X2 that fills the triangle

a b

a

g

f1a

��
��
��
�

��
��
��
�

��
��
��

��
��

��
�

Remark 5.3.6. We could have chosen to define the equivalence relation above with

the dual notion of right homotopy, since X being an inner Kan complex implies

that these two notions are the same. In fact, this is the only reason we renamed the

category τ(X): the description of this category is much easier when X is an inner

Kan complex.

The restriction functor i∗ : dSets −→ sSets preserves inner Kan complexes,

hence it makes sense to talk about the category ho(i∗(wCat2)) (we will call it the
category of dendroidal weak 2-categories). Our goal is to compare this category

with ubiCtg.

The description of the elements of wCat2| in Subsection 5.3.2 can be summa-

rized in

Proposition 5.3.7. The objects of the category ho(i∗(wCat2)) are in one-to-one
correspondence with the objects of ubiCtg.

Let us turn to the comparison of morphisms of the categories in question. By

Proposition 5.3.7 we have defined a functor Φ: ubiCtg −→ ho(i∗(wCat2)) on the

objects. We complete the definition of Φ by

Proposition 5.3.8. For any A,B ∈ ubiCtg there is a one-to-one correspondence
between the hom-sets ubiCtg(A,B) and ho(i∗(wCat2))(Φ(A),Φ(B)). This corres-
pondence is functorial.

Proof. Suppose that (F, f) : A −→ B is a map of unbiased bicategories (with

strict unit). With the use of the description of wCat2Cor1
we gave in Subsection

5.3.2 first we define an yF ∈ wCat2Cor1
, induced by (F, f). Recall, that such an

yF is determined by three components, and the components yFA , y
F
B are obvious.
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Let us define the component yFf : Nd(AsA)⊗Ω[Cor1] −→ wCat1. In degree 0
again the definition of yFf is obvious, the first non-trivial choices we have to make

arise in degree 1. We need to give the components (yFf )Corn
for every n ≥ 1, i.e.

a functor

Ψσ : Cl1(a1, a2) × Cl2(a2, a3) × · · · × Cln−1(an−1, an) −→ B(f(a1), f(an))

for every ordered sequence σ with ai ∈ A, li ∈ {0, 1}, where

Cli(ai, ai+1) =

⎧⎨⎩A(ai, ai+1) if li = 1,

B(f(ai), f(ai+1)) if li = 0.

Define this functor to be the composite

Cl1(a1, a2) × · · · × Cln−1(an−1, an)

G

�� ��

B(f(a1), f(a2)) × · · · × B(f(an−1), f(an))
ΨB

σ

�� B(f(a1), f(an))

where G is the product of the functors Cli(ai, ai+1) ��B(f(ai), f(ai+1)) that

are either F(ai,ai+1) or identity, depending on li. These choices define yFf in degree

1.

The next step is to give the components of yFf in degree 2, that is we have to

give natural isomorphisms Ψσ ◦Ψρ −→ Ψσ◦ρ. It is a straightforward computation

to see that for any such natural isomorphism we have exactly one choice: some

pasting of the invertible 2-cells in the data defining the map of bicategories (F, f),
and any such pasting is unique due to the coherence conditions on (F, f). As a

consequence, the relations imposed in degree 3 for yFf are also satisfied, hence yF

is indeed an element of wCat2(Φ(A),Φ(B)) ⊆ wCat2Cor1
.

This far we have constructed a map of sets Φ:

ubiCtg(A,B) �� wCat2(Φ(A),Φ(B)) �� ho(i∗(wCat2))(Φ(A),Φ(B))

that is clearly functorial. We still need to show that Φ is surjective and injective.

To treat surjectivity, for any y ∈ wCat2(Ψ(A),Ψ(B)) ⊆ wCat2Cor1
we con-

struct a homomorphism of unbiased bicategories (F, f) : A −→ B such that the

associated yF described above will be in the class of y in the homotopy category.

For any such y it is straightforward how to get the map of sets f : A −→ B and

the functors F(a1,a2) : A(a1, a2) −→ B(f(a1), f(a2)), hence we only need to

construct the natural isomorphisms for the data defining (F, f), displayed in diag-

ram (5.3.1). We will discuss only the case n = 2, the general case can be treated

analogously. These natural isomorphisms are obtained as the composite of two

natural isomorphisms given by the degree 2- and 3 data in yf :
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(a) The first natural isomorphism is the one in in (yf )Cor1 ◦Cor2 :

A(a1, a2) ×A(a2, a3)
ΨA

��

K
��///

////
////

///
A(a1, a3)

F13

��

⇑α

B(f(a1), f(a2))

(b) The second natural isomorphism comes from a pasting diagram, induced by

the data in (yf )Cor2 ◦(Cor1,Cor1):

B × B

ΨB

��

B(f(a1), f(a2)) ×A(a2, a3)

id×F23

��.................

H

��

⇑α2

A(a1, a2) ×A(a2, a3)

F12×id

  &&&&&&&&&&&&&&&&&&
K

��

id×F23

����
���

���
���

���
���

�

⇑β1

⇓β2

B(f(a1), f(a3))

A(a1, a2) × B(f(a2), f(a3))

G

��

F12×id

��--
---

---
---

---
---

⇓α1

B × B

ΨB

��

Note that the coherence conditions in (yf )Cor2 ◦(Cor1,Cor1) imply α2 · β1 =
α1 · β2 as natural isomorphisms K ⇒ ΨB ◦ (F12 × F23).

We can set the required natural isomorphism for the data in the homomorphism

(F, f) to be α ◦ (α2 · β1). The coherence conditions in the degree 3 components

of yf imply that (F, f) : A −→ B is indeed a homomorphism of unbiased bicate-

gories (with strict unit). The associated yF ∈ wCat2(Φ(A),Φ(B)) is homotopic

to y since we can construct an element in wCat2Cor1 ◦Cor1
with faces idΦ(A), y and

yF . Hence the function Φ: ubiCtg(A,B) −→ ho(i∗wCat2)(Φ(A,B) is surjective

as well. This construction shows that Φ is injective as well and the proof is

finished. �

Propositions 5.3.7 and 5.3.8 imply immediately

Theorem 5.3.9. The categories ubiCtg and ho(i∗(wCat2)) are isomorphic. Hence
the category of classical bicategories is equivalent to the category of dendroidal
weak 2-categories.
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To conclude this section, we conjecture that the following, stronger statement

is true:

Conjecture 5.3.10. The inclusion of simplicial sets N(ubiCtg) −→ i∗(wCat2) is
a weak equivalence in the Joyal model structure on sSets.

5.4 Weak 3-categories
In this last section our aim is to compare dendroidal weak 3-categories with the

classical notion of tricategories. To simplify our notation, we restrict ourselves

only to one-object versions of these notions, the multi-object case can be treated

similarly. Our aim is to compare classical tricategories with dendroidal ones in

a similar way we did for bicategories: we would like to say that the category of

tricategories is equivalent to the homotopy category of the quasi-category of den-

droidal weak 3-categories. Unfortunately such a statement cannot be correct: on

the one hand tricategories and their weak homomorphisms do not form a category

(they are building parts of the weak 4-category of tricategories); on the other hand

dendroidal weak tricategories will correspond only to some semistrict notion of

tricategories. These obstacles can be remedied with Gordon, Power and Street’s

result on the strictification of tricategories ([16]): every tricategory is triequivalent

to a Gray-category. We are going to use the following hierarchy of semistrict tri-

categories:

Gray-categories ⊆ 1-strict tricategories ⊆ Tricategories

where 1-strict tricategories form a category that we prove to be equivalent to the

homotopy category of dendroidal tricategories.

Let us begin with a brief review of tricategories.

5.4.1 One-object tricategories
Our references for this subsection are [16, 24]. A one-object tricategory T consists

of the following 7 data and 3 axioms:

(D1) A bicategory B. The objects or 0-cells of B are called the arrows or 1-cells

of T. The arrows or 1-cells of B are called the 2-cells of T, (horizontal)

composition of these is denoted by “·”. The 2-cells of B are called the 3-

cells of T, vertical composition of these is denoted by juxtaposition. For a

pair (a, b) of objects of B we will denote the associated category of 1-cells

and 2-cells of B by A(a, b).
(D2) A homomorphism of bicategories � : B × B −→ B, that is

- A function between the sets of objects of the involved bicategories

B × B and B. The image of (a, b) ∈ B × B will be denoted by a � b.
- For any pair of objects

(
(a1, a2), (b1, b2)

)
∈ B × B, a functor

A(a1, a2) ×A(b1, b2)
�

�� A(a1 � b1, a2 � b2)
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- For every object (a, b) of B × B, an invertible 2-cell of B:

Ida�b
φab �� Ida � Idb

which is natural. Here Ida ∈ A(a, a) denotes the unit 1-cell of B, etc.

- Natural isomorphisms, relating the horizontal compositions in B:

A(a1, a2)×A(b1, b2)×A(a2, a3)×A(b2, b3)

��

�
��

⇑φ

A(a1�b1, a2�b2)×A(a2�b2, a3�b3)

��

A(a1, a3) ×A(b1, b3)
�

�� A(a1 � b1, a3 � b3)

that is, for any 4 arrows in B: a1
f1

��a2
f2

��a3 , b1
g1

��b2
g2

��b3
invertible 2-cells in B

a1 � b1 a3 � b3

(f2�g2)·(f1�g1)

��

(f2·f1)�(g2·g1)

!!

��
φ

- Compatibility conditions, expressing the relations between the natural

isomorphisms φ and the associativity- and unit constraints of B.

(D3) A homomorphism of bicategories ∗ I
��B . Explicitly, the relevant part of

I breaks down to

- an object of B: I(∗) = u ∈ B;

- an arrow of B: Iu ∈ A(u, u);
- an invertible 2-cell of B:

u u

Iu

""

Idu

##

��
η

(D4) A pseudo natural equivalence

B × B × B

⇓α

�×id
��

id×�
��

B × B

�

��

B × B
�

�� B

that is
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- For every object (a, b, c) ∈ B × B × B, an invertible 1-cell in B:

(a � b) � c α
��a � (b � c)

- For every 1-cell

(
a

f
��a1 , b

g
��b1 , c

h
��c1

)
in B × B × B,

an invertible 2-cell in B:

(a � b) � c α
��

(f�g)�h

��

⇑α

a � (b � c)

f�(g�h)

��

(a1 � b1) � c1
α

�� a1 � (b1 � c1)

that is natural. This natural 2-cell can be written also as a natural

isomorphism, as follows:

A×A×A
(
(a, b, c), (a1, b1, c1)

) �(�×id)
��

�(�×id)

��

⇑α

A
(
(a�b)�c, (a1�b1)�c1)

)
α∗
��

A
(
a�(b�c), a1�(b1�c1)

)
α∗

�� A
(
(a�b)�c), a1�(b1�c1)

)
- Compatibility conditions for α, with respect to the associativity and

unit constraints of B.

(D5) Pseudo natural equivalences

B × B

�
""
11

11
11

11
1 B

λ⇐ ρ⇒

I×id
��

id×I
�� B × B

�
$$22
22
22
22
2

B

that is,

- for every object a ∈ B invertible 1-cells in B

u � a a
λ

��
ρ

��a � u

- for every 1-cell f ∈ A(a, a1) invertible 2-cells in B

u � a

Iu�f

��

a
λ

��

f

��

ρ
�� a � u

f�Iu

��

u � a1 a1

⇑λ ⇑ρ

λ
��

ρ
�� a � u1

- The cells mentioned above are natural and they obey some more com-

patibility conditions with the structure constraints of B. Again, the

2-cells can be described as natural isomorphisms as well.
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(D6) An invertible modification

B4
	×id × id

��

id × id ×	
��

%%��
id ×	× id


&&


B3

⇓α×id 	×id


&&


B4

=

	×id × id
��

id × id ×	
��

%%��

B3

id ×	
��

%%��
	×id


&&


B3 id ×α⇐
id ×	



&&


B3

⇓α

	×id
��

id ×	
��

%%��

B2

	
%%��
��
�

π
� B3

	×id
��

id ×	



&&


B2

⇓α

α⇐

	
&&



 B2

	
%%��
��
�

B2
	

�� B B2
	

�� B

(D7) Three more invertible modifications

B2

id ×I×id
33

33
33

3

""
33

44
44

44
44

44
44

44
44

44

44
44

44
44

44
44

44
44

44

555
555

555
555

555
555

555

555
555

555
555

555
555

555

⇑ρ×id

B2

44
44

44
44

44
44

44
44

44

44
44

44
44

44
44

44
44

44

	

""
33

33
33

33
33

33
33

33
33

33
33

33
3

555
555

555
555

555
555

555

555
555

555
555

555
555

555

B3id ×λ⇐

⇓α

	×id
��

id ×	

��

B2

	

��

μ

� B2=

	

��

B2
	

�� B B2

=

	
�� B

B3

⇓λ×id 	×id
333

33

""
333

33

B3

id ×	

��

	×id
333

33

""
333

33

B2

I×id × id66666

##66666

	

��

=

B2

	

��

l
� B2 =

	

��

I×id × id

##6666666666
B2

⇓λ

⇓α

	

��
33

33
33

33
33

3 B2

	

��

B B B

I×id66666

��66666

B

B

=

B B

id ×I

33
33

3

��
333

33 ⇑ρ

B

B2

	

��

id × id ×I

333
33

""
333

33 ⇑id ×ρ

B2

	

��

r
� B2 =

	

��

id × id ×I

333
33

""
333

33

B2 α⇒

	

��66666666666
B2

	

��

B3

id ×	66666

##66666

B3

	×id

��

id ×	66666

##66666

So far we have enlisted all the data of the definition of one-object tricategories.

There are still 3 more coherence conditions (axioms) that this data has to obey.

For the sake of compactness, we are not going to enlist the rigourous diagrams

here (they can be found in [16]), we only indicate the nature of these conditions

below.

(A1) The nonabelian 4-cocycle condition is a coherence condition for associati-

vity, involving π.
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(A2) The left normalization condition is a coherence condition for the left unit,

involving l and μ.

(A3) The right normalization condition is a coherence condition for the right unit,

involving r and μ.

This concludes the definition of tricategories. The complicated data and axioms

make tricategories a rather difficult notion to work with, but fortunately we can

simplify our task by means of the coherence theorem for tricategories, deduced in

[16]. Let us recall this theorem here.

Definition 5.4.1. (1) Let B1,B2, . . . ,Bn,B be 2-categories. A homomorphism

of bicategories B1 × B2 × · · · × Bn
F

��B is called a cubical functor
if for all pairs of 1-cells in B1 × · · · × Bn

(a1, . . . , an)
(f1,...,fn)

��(a′1, . . . , a
′
n)

(f ′
1,...,f

′
n)

��(a′′1 , . . . , a
′′
n)

satisfying

(i > j) implies (fi = id or f ′j = id),

the comparison 2-cell of F

F (a′1, . . . , a
′
n)

F (f′
1,...,f′

n)

����
���

���
���

�

⇓

F (a1, . . . , an)

F (f1,...,fn)
  ............

F (f′
1·f1,...,f′

n·fn)
�� F (a′′1 , . . . , a

′′
n)

is an identity.

(2) A one-object tricategory is called cubical if B is a 2-category and the functor

� : B × B −→ B is a cubical functor, and it is called strict cubical if in

addition the pseudo natural equivalences in (D4) and (D5) are identities.

Note that in the latter case the invertible modifications of (D6) and (D7) are

trivial as well and the axioms (A1)-(A3) hold automatically.

The relevance of cubical functors lies in

Theorem 5.4.2. ([16]) Every tricategory is triequivalent to a strict cubical trica-
tegory.

The next step in Gordon, Power and Street’s work on the coherence of tri-

categories is to identify strict cubical tricategories with Gray-categories, that are

defined as follows. If A and B are 2-categories, we can define their Gray tensor

product A ⊗ B to be the following 2-category:

(D1) The 0-cells of A ⊗ B are pairs of 0-cells (a, b) ∈ A × B. We will formally

denote these pairs by a⊗ b.
(D2) The 1-cells are given by formal products a⊗ g, f ⊗ b where a ∈ A, b ∈ B,

f is a 1-cell in A and g is a 1-cell in A.
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(D3) The 2-cells are generated by formal products a⊗ ψ, f ⊗ g and φ⊗ b where

a ∈ A, b ∈ B, f is a 1-cell of A, g is a 1-cell of B, φ is a 2-cell in A, ψ is a

2-cell in B and f ⊗ g denotes the following 2-cell

a⊗ b

⇓f⊗g

f⊗b
��

a⊗g
��

a1 ⊗ b

a1⊗g
��

a⊗ b1
f⊗b1

�� a1 ⊗ b1

The generating 2-cells of A ⊗ B are subject to the following relations:

(A1) a⊗− : B −→ A ⊗ B and −⊗ b : A −→ A ⊗ B are 2-functors.

(A2)

f1f ⊗ g = (f1 ⊗ g) ◦ (f ⊗ g);

f ⊗ g1g = (f ⊗ g1) ◦ (f ⊗ g);

f ⊗ Ib = idf ⊗b = idf⊗b;

Ia ⊗ g = a⊗ idg = ida⊗g .

(A3) For any 2-cells φ : f ⇒ f1 in A and ψ : g → g1 in B

(f1 ⊗ g) ◦ (φ⊗ b) = (φ⊗ b1) ◦ (f ⊗ g)

(f ⊗ g1) ◦ (a⊗ ψ) = (a1 ⊗ ψ) ◦ (f ⊗ g)

The category of 2-categories is closed symmetric monoidal under the Gray tensor

product. A Gray-category by definition is a category enriched in this symmetric

monoidal category of 2-categories. There is a natural 1-1 correspondence between

Gray-categories and strict cubical tricategories, hence

Theorem 5.4.3. ([16]) Every tricategory is triequivalent to a Gray-category.

5.4.2 Trihomomorphisms
In this subsection we are going to describe (weak) homomorphisms between one-

object tricategories. In the literature these notions are called trihomomorphisms.

We adopt the notation of Subsection 5.4.1. Let T and T′ be 1-object tricategories.

A trihomomorphism T −→ T′ consists of the following data and axioms:

(D1) A homomorphism of bicategories H : B −→ B′;
(D2) A pseudo natural equivalence, relating H with the horizontal compositions

B × B
H×H

��

�

��

B′ × B′

�′

��

B

⇓χ

H
�� B
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(D3) A pseudo natural equivalence, relating H with the units

∗
I

%%��
��
��
�

I′

��
77

77
77

7
ι⇐

B
H

�� B′

(D4) Invertible modifications, analogous to (D6) in the definition of tricategories:

B3 H3
��

id ×	
��

%%��
	×id


&&


B′3

⇓χ×id 	′×id

��

��
��

B3

id×χ

H3
��

id ×	
��

%%��

B′3

id ×	′��
''��

	′×id

��

��
��

B2 α⇐
	
77

&&
777

B2

⇓χ

H2
��

	�
�

%%���

B′2

	′''88
88
8

π
� B2 H2

��

	
77

&&
777

B′2

⇓χ

α′
⇐

	′ ��
99

99
9 B′2

	′''88
88
8

B
H

�� B′ B
H

�� B′

(D5) Two more invertible modifications, analogous to (D7) in the definition of

tricategories.

The data is subject to some natural axioms, derived from axioms (A1-3) for trica-

tegories. We will be interested in the following semistrict notion of tricategories:

Definition 5.4.4. A one-object tricategory T is called 1-strict if composition of

1-cells in T is strict in the following sense: the invertible pseudo natural transfor-

mations α, λ, ρ are identities and the invertible modifications π, μ, l, r have unique

coherence isomorphisms as their components (we will call these modifications

trivial). A trihomomorphism H : T −→ T′ is called strict, if H is locally strict,

the pseudo-natural transformations χ and ι are identities and the invertible modi-

fications of (D4) and (D5) are trivial. 1-strict one-object tricategories and strict

trihomomorphisms form a category that we denote by T ricat1 .

Let us conclude our brief introduction to tricategories with an important exam-

ple from algebraic topology.

Example 5.4.5. Homotopy 3-types (or equivalently, simplicial 3-types) can be

considered as examples of tricategories, in the following sense. Leroy in [26]

constructed a 3-nerve functor from the category of Gray-categories to simplicial

sets

N3 : GrCat −→ sSets.
Berger proved in [2] that the functor N3 has a left adjoint t3. Recall that a simpli-
cial 3-type is (the homotopy class of) a simplicial set X such that πk(|X|) = 0
for every k > 3. Let GrGpd denote the full subcategory of GrCat, consisting

of Gray-groupoids (i.e. Gray-categories with strictly invertible 1-, 2- and 3-cells).

The adjunction mentioned above can be extended to an adjunction

GrGpd
t̂3

��sSets
N3

��
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via the free-forgetful adjunction GrCat ��GrGpd�� . This adjunction can be

used to transfer the classical model structure on simplicial sets to the category of

Gray-groupoids (see [2] for details), moreover

Theorem 5.4.6. [2, 21, 26] The adjunction (t̂3, N3) induces an equivalence bet-
ween the homotopy category ho(GrGpd) of Gray-groupoids and the homotopy
category ho(sSets[3]) of simplicial 3-types.

5.4.3 Tricategories are dendroidal weak 3-categories
In conjunction with Definition 5.1.2 and Subsection 5.3.2, we can define a dendroi-

dal weak 3-category as an element of the setwCat3| . In particular, a one-object den-

droidal weak 3-category is a map of dendroidal sets Nd(As)
y

��wCat2, where

As := As∗ is the associative operad on one colour. Note that for any diagram of

dendroidal sets X : Sop −→ dSets there is an obvious projection∫
S

X
π

��Nd(S),

hence any one-object dendroidal weak 3-category determines a monoidM : indeed,

the composite map of dendroidal sets

Nd(As)

��

y
��

∫
Sets

dSets
(
Nd(As−),hcNd(Ctg)

)
π

��

Nd(Sets)

is the same thing as a set M , together with a monoid structure on it. Let us denote

the multiplication of this monoid by � : M ×M −→ M . As we will see later,

this monoid structure will be the composition of 1-cells in a one-object dendroidal

weak 3-category, and this fact will also show that general one-object tricatego-

ries cannot be described by elements of wCat3| (since composition of 1-cells in a

tricategory is not necessarily strict). On the other hand,

Proposition 5.4.7. There is an inclusion of sets

ι : {1-strict tricategories} ↪→ wCat3|
Proof. We are going to prove this for the one-object case, the general case is

entirely similar. The proof is basically an analysis of a map of dendroidal sets

Nd(As)
y

��wCat2 ,

where we will also make some particular choices for the building parts of y, and

show that these choices are allowed. Again, by Theorem 5.1.9 it is enough to

analyse the degree 0, 1, 2 and 3 terms of such a map.
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In degree 0 we have

y| : ∗ −→
(∫

Sets
dSets

(
Nd(As−),hcNd(Ctg)

))
|
,

i.e. a map of dendroidal sets y| : Nd(AsM ) −→ hcNd(Ctg), where M is the

underlying set of the monoid mentioned above. In view of Subsection 5.3.2, such

a map is a generalised (unbiased) bicategory, and in particular we can pick it in

such a way that it represents a bicategory B. Obviously the set of objects of B

has to be M . We will denote the categories of 1- and 2-cells in B as before, by

A(a1, a2), etc.

In degree 1 we have the corollas as indices of y. Out of these possibilities,

yCor1 does not contribute any new data. Indeed, the dendroidal identities force the

commutativity of the diagram

∗ yCor 1
��

∫
Sets

dSets
(
Nd(As−),hcNd(Ctg)

)
Cor1

�� ��

π
�� Nd(Sets)Cor1

�� ��

∗
y|

��

∫
Sets

dSets
(
Nd(As−),hcNd(Ctg)

)
|

��

π
�� Nd(Sets)|

��

hence yCor1 is the following data:

- a map of sets A1
f

��A2 which has to be M
id

��M by the dendroidal

identities (with degeneracies);

- a map of dendroidal sets Nd(AsM ) ⊗ Ω[Cor1] −→ hcNd(Ctg), i.e. an

unbiased homomorphism of unbiased bicategories B0
F

��B1 that has to

be idB, again by the dendroidal identities.

In degree 1, yCor2 contributes with the following data:

- the structure map of the monoid, M ×M
�

��M ;

- a map of dendroidal sets Nd(AsM ) ⊗ Ω[Cor2]
x

�� hcNd(Ctg) .

Such a map x can be thought of as an unbiased homomorphism B0×B1 −→ B2 for

some unbiased bicategories, and as before, we observe that dendroidal identities

force Bi = B. In particular, we can pick x in such a way that it contains the

same information that a homomorphism of bicategories � : B × B −→ B does

(that restricts to � on the objects of B): indeed, as one can check, such a choice for

x would obey all the requirements. For example, a relevant component of x is in

degree Cor2, which in the general case amounts to functors

A(a1, a2) ×A(b1, b2)
F

��A(a1 � b1, a2 � b2)
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for every pairs of objects (a1, a2), (b1, b2) ∈M2, etc.

Analizing yCorn when n > 2, we observe that it amounts to the choice of

the iterated structure map of the monoid, Mn �(n)
��M (which is unambiguous by

strictness of �), and a map of dendroidal sets

Nd(AsM ) ⊗ Ω[Corn] �� hcNd(Ctg) .

Once again, we can pick this map in such a way that it contains the same infor-

mation that a homomorphism of bicategories Bn −→ B does, and more, we can

choose it to be an iteration of � : B × B −→ B, denoted by �(n). (Here we have to

make choices for bracketing!)

In degree 1 there is only yCor0 left to analyse. Again, one can see that this

component of y can be chosen in such a way that it contains the same data as a

homomorphism of bicategories ∗ I
��B .

Let us turn our attention to the degree 2 parts of y. In indices Cor1 ◦i Corn
and Corn ◦i Cor1 we will not get any new data again, due to the relations dictated

by degeneracies. Generally, for all n,m ≥ 2 in indices Corn ◦i Corm we observe

a behavior similar to the cases Cor2 ◦1 Cor2 and Cor2 ◦2 Cor2. Hence, we only

study these two cases.

If T = Cor2 ◦1 Cor2, yT gives us the following data:

- the structure map of the monoid M ×M
�

��M twice, and also the com-

posite M ×M ×M
�◦1�

��M ;

- a map of dendroidal sets Nd(AsM ) ⊗ Ω[T ] z
�� hcNd(Ctg) .

An important component of z is in degree T , which contains the following data:

- the already chosen homomorphism of bicategories B × B
�

��B twice;

- the composite � ◦1 �;

- a third homomorphism of bicategories F : B × B × B −→ B which has to

be the homomorphism �(3) chosen in degree 1 since Cor3 has a face map to

T ;

- natural transformations

A(a, a1) ×A(b, b1) ×A(c, c1)
�◦1�

��

�(3) ��::::
:::::

:::::
:::::

A((a � b) � c, (a1 � b1) � c1)
⇒

A(a � b � c, a1 � b1 � c1)

for every a, b, c, a1, b1, c1 ∈M .

If T = Cor2 ◦2 Cor2, we get similar data, where the natural transformations of the
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last step are

A(a, a1) ×A(b, b1) ×A(c, c1)

�◦2�

��

�(3)

��;;;
;;;;

;;;;
;;;;

;;;

⇐

A(a � (b � c), a1 � (b1 � c1)) A(a � b � c, a1 � b1 � c1)

The last two diagrams fit into a square as in (D4), Subsection 5.4.1 and we see that

we can choose y in indices Cor2 ◦1 Cor2 and Cor2 ◦2 Cor2 in such a way that it

contains the same data as a pseudo natural equivalence given in (D4) does, with

the restriction that it has to be the identity on objects.

We can see also that y can be chosen in indices Cor2 ◦1 Cor0 and Cor2 ◦2 Cor0
in a way that it contains the same data as a pseudo natural equivalence in (D5) does.

Since (D6) and (D7) are trivial for 1-strict tricategories, it is a tedious, but

straightforward check that the degree 3 components of y obey these axioms. (A1)-

(A3) are satisfied as well by any y in degree 4. �

Theorem 5.4.8. The category ho(i∗(wCat3)) is equivalent to T ricat1.

Proof. The proof follows the same steps as the proof of Theorem 5.3.9. Suppose

that y ∈ wCat3 is an arbitrary object. One needs to analyse first the elements of

wCat3Cor1
.

In general, the elements of wCat3Cor1
again look like (f : A −→ B, x) where

f is a map in Sets and x has 3 components.

xA ∈ dSets(Nd(AsA), wCat2),
xB ∈ dSets(Nd(AsB), wCat2),
xf ∈ dSets(Nd(AsA ⊗ Ω(Cor1)), wCat2).

The components of x are related by the compatibility condition of the Grothen-

dieck construction: if ∂in, ∂out : | −→ Cor1 denote the face maps sending | to the

leaf and root of Cor1 respectively then ∂∗in(xf ) = xA and ∂∗out(xf ) = f∗(xB).
The only relevant component of x is thus xf . One can follow the description we

gave in Subsection 5.3.2 to describe this xf , and then see that strict trihomomor-

phisms embed as ι : T ricat(T,T′) −→ wCat3(ι(T), ι(T′)). Then the arguments

in the proof of Proposition 5.3.8 can be carried out in the same way to see that ι
induces a fully faithful and essentially surjective functor

ι̃ : T ricat1 −→ ho(i∗wCat3).

�

We have identified dendroidal weak 3-categories with 1-strict tricategories,

hence by Gordon, Power and Street’s strictification theorem

Corollary 5.4.9. Every dendroidal weak 3-category is triequivalent to a Gray-
category.
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We believe that a stronger version of Theorem 5.4.8 holds:

Conjecture 5.4.10. The inclusion of simplicial sets N(T ricat1) −→ i∗(wCat3)
is a weak equivalence in the Joyal model structure on sSets.
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[27] A. Lukács. Dendroidal weak 2- and 3-categories. In preparation.
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Samenvatting

Dit proefschrift voegt enkele nieuwe resultaten toe aan de theorie van operaden.

Operaden worden al bijna een halve eeuw gebruikt en bestudeerd door wiskundi-

gen. Ze blijken bijzonder geschikt te zijn voor het bestuderen van de homo-

topietheorie van bepaalde algebraı̈sche structuren in de topologie, waar ze op

een systematische en volledige wijze de homotopie-informatie inherent aan deze

structuren catalogiseren. Teneinde de homotopietheorie van de door operaden

beschreven algebraı̈sche structuren te doorgronden, zal men eerst de homotopie-

theorie van operaden zelf moeten begrijpen. Het is bijvoorbeeld al lange tijd onder

algebraı̈sch topologen bekend dat een algebra “op homotopie na” over een ope-

rade P hetzelfde is als een algebra over een “cofibrant replacement” van P . Deze

bewering wordt pas precies als we de abstracte homotopietheorie van operaden

begrijpen of, in andere woorden, als we een modelstructuur hebben op de categorie

van operaden. Het bestaan van een dergelijke modelstructuur (voor een algemene

klasse van categorieën van operaden) is aangetoond door I. Moerdijk en C. Berger.

In de laatste twee decennia hebben verschillende generalisaties van opera-

den het licht gezien. Een van deze nieuwe concepten, dat van cyclische ope-

rade, is door E. Getzler en M. Kapranov geı̈ntroduceerd met het doel de cyclische

cohomologie van verscheidene algebraı̈sche structuren eenduidig te beschrijven.

Later leverden deze cyclische operaden nieuwe inzichten op voor de ontwikkeling

van Kontsevich’ theorie van formele symplectische meetkunde. Een natuurlijke

vraag over cyclische operaden is of ze onder dezelfde voorwaarden als operaden

een fatsoenlijke homotopietheorie toestaan. In de eerste twee hoofdstukken van

dit proefschrift bestuderen we deze vraag, en geven we een bevestigend antwoord.

Onder enkele milde aannamen bewijzen we dat cyclische operaden een model-

structuur toestaan als de onderliggende categorie een modelstructuur toestaat. On-

der deze omstandigheden construeren we ook een Boardman-Vogt-resolutie voor

cyclische operaden. We bewijzen tevens dat deze resolutie samenvalt met de

klassieke “bar-cobar” resolutie in het geval van ketencomplexen van vectorruimten.

Een andere bekende eigenschap van (gekleurde) operaden is dat ze categorieën

generaliseren. Ruwweg bestaat een categorie uit een verzameling objecten, en

voor ieder geordend paar objecten een verzameling pijlen van het eerste object

(de input) naar het tweede (de output). Evenzo bestaat een gekleurde operade

uit een verzameling objecten en pijlen van een bepaalde input naar een output;

het verschil met categorieën zit hem erin dat de input een eindige rij objecten
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mag zijn in plaats van een enkel object. Deze manier om tegen gekleurde ope-

raden aan te kijken, geeft aanleiding tot enkele interessante vragen. Men kan

zich bijvoorbeeld afvragen of er in de context van operaden een analogon is van

simpliciale verzamelingen. Om precies te zijn: we weten dat simpliciale verza-

melingen categorieën generaliseren door middel van de adjunctie tussen de “nerve

functor” en de fundamentaalcategorie-functor. De vraag is dan of er een prescho-

vencategorie bestaat die operaden generaliseert op dezelfde manier als simpliciale

verzamelingen categorieën generaliseren. Het bevestigende antwoord op deze

vraag is gegeven door I. Moerdijk en I. Weiss. Zij noemden de resulterende

preschovencategorie “dendroı̈dale verzamelingen”. Naar aanleiding van de ana-

logie met simpliciale verzamelingen kan men een aantal vragen stellen over den-

droı̈dale verzamelingen. In hoofdstuk vier geven we het bevestigend antwoord

op één van die vragen: we bewijzen dat de klassieke Dold-Kan-correspondentie

tussen simpliciale abelse groepen en ketencomplexen een dendroı̈daal analogon

bezit.

In hoofdstuk vijf bestuderen we een andere eigenschap van dendroı̈dale verza-

melingen, namelijk het feit dat ze gebruikt kunnen worden om een nieuwe definitie

van zwakke hogere categorieën te geven. Sinds het werk van o. a. J. M. Boardman,

R. Vogt en A. Joyal is het bekend dat bepaalde simpliciale verzamelingen (door

Boardman en Vogt “beperkte Kan-complexen” en door Joyal “quasicategorieën”

genoemd) kunnen worden gezien als zwakke ω-categorieën. De dendroı̈dale ana-

loga van quasicategorieën zijn quasioperaden. Men kan voor ieder natuurlijk getal

n stapsgewijs een quasioperade construeren die zwakke n-categorieën beschrijft,

zoals ontdekt door Moerdijk en Weiss. In het laatste hoofdstuk van het proefschrift

bestuderen we twee zulke quasioperaden, corresponderend met klassieke bi- en

tricategorieën. We bewijzen dat deze “dendroı̈dale zwakke 2- en 3-categorieën”

op een bepaalde precies gedefinieerde wijze equivalent zijn aan hun klassieke

analoga.
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Anand, Arnaud, Arne, Asya, Cătă, Chase, Dan, Dirk, Dimos, Dominic, Elspeth,

Emanuele, Emi, Emma, Erta, Gabi, Genti, Gigo, Ianina, Jan-Bas, Jana, Katya,
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Curriculum Vitae
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