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Abstract

In this thesis we give an overview of the antifield formalism and show how it

must be used to quantise arbitrary gauge theories. The formalism is further

developed and illustrated in several examples, including Yang-Mills theory,

chiral W3 and W2,5/2 gravity, strings in curved backgrounds and topological

field theories. All these models are characterised by their gauge algebra,

which can be open, reducible, or even infinitly reducible. We show in detail

how to perform the gauge fixing and how to compute the anomalies using

Pauli-Villars regularisation and the heat kernel method. Finally, we discuss

the geometrical structure of the antifield formalism.
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Chapter 1

Introduction

1.1 The general context

The aim of physics is to understand and predict the phenomena that occur in
nature. Perhaps the most surprising fact is that nature behaves differently at
different scales. For example, when two particles with velocities v1 and v2 (small
compared to the speed of light) pass each other, their relative velocity is simply
the sum of the two : vrel = v1 + v2. At higher velocities, approaching the speed of
light c, this no longer holds and the relative velocity is smaller then the sum, i.e.
vrel = (v1+v2)/(1+v1v2/c

2). In other words, at high velocities, Newton’s theory of
classical mechanics [1] breaks down and one has to replace it by Einstein’s special
relativity [2]. The same thing happens when going to microscopic scales. Take
for example the atom. According to the theory of electromagnetism, the electrons
moving in orbits around the nucleus will lose energy by radiation. The radius of
the orbit will therefore decrease and eventually the atom will collapse. This shows
that we need to look for a new physical principle that explains the phenomena at
microscopic scales. To understand these short distance effects, we have to replace
classical mechanics by quantum mechanics [3].

Scientists believe that nature can be described in terms of physical laws, which
can be translated into mathematical equations. To understand and predict nature
from first principles, we need to know all the different elementary particles and the
forces that act between them. Four forces are known : gravity, electromagnetism,
the weak and the strong (nuclear) force. The classical descriptions of these forces
were developed by Newton, Maxwell, Fermi and Yukawa [1, 4, 5, 6]. However,
as mentioned above, one has to extend these theories to relativistic and quantum

7



8 Chapter 1. Introduction

mechanical scales. E.g. Newton’s theory of gravity becomes Einstein’s general rel-
ativity [7] when going to relativistic scales. Maxwell’s theory of electromagnetism
(coupled to matter) becomes quantum electrodynamics [8] which can be applied
for both relativistic and quantum mechanical systems.

Electromagnetic, weak and strong interactions can be unified in a single theory
called the Standard Model [9]. It is the theory of quarks and leptons and their
interactions. When we talk about ”theories” in this thesis, we always mean field
theories : all particles are represented by fields φi, and the classical dynamics and
interactions are determined by specifying an action functional depending on these
fields :

S(φi) =

∫
d4xL(φi, ∂µφ

i, xµ) , (1.1.1)

where L is called the Lagrangian. To make this theory applicable at relativistic
energies we have to write the action in a Lorentz covariant way, according to the
principles of special relativity. Therefore, the action functional is an integral over
space-time with coordinates xµ. The construction of the action functional for the
Standard Model is based on the principle of local gauge invariance. This means
that the action possesses a number a = 1, ..., n of local symmetries

δǫaφi = Ri
aǫ

a ⇒ δǫaS = 0 . (1.1.2)

Local means that the parameters depend on the chosen point in space-time, i.e.
ǫa = ǫa(x). Ri

a are called the generators of the symmetries. In the case of the
Standard Model, these generators form the Lie algebra based on the Lie group
SU(3) × SU(2) × U(1). The three factors of this Lie group correspond to the
strong, weak and electromagnetic forces. It is surprising that requiring local gauge
invariance generates forces between particles.

The same principle can be used to construct Einstein’s theory of general relativ-
ity. This theory describes the interaction of matter and gravity, using the principle
of general coordinate invariance. By the latter we mean that the action S(φ, gµν)
is invariant under the transformations δǫµgµν = ǫγ∂γgµν + ∂µǫ

γgγν + ∂νǫ
γgµγ for

the metric and δǫµφi = ǫµ∂µφ
i + ... for the matter fields. The ellipsis denote

terms depending on the chosen type of matter fields, e.g. scalar fields, spin 1/2
fermions, tensor fields,... . In this way Einstein’s theory of gravity is a gauge
theory, the generators forming the group of general coordinate transformations.
The difference with the Standard Model is that the transformation rules on the
fields are now induced by a local transformation on the space-time coordinates,
i.e. xµ → xµ + ǫµ(x).

The next step is to make these theories applicable at short distances, i.e. when
quantum effects become important. Therefore, we have to study relativistic quan-
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tum field theory. This can be done using path integral techniques. One can com-
pute transition amplitudes and correlation functions from the generating functional

Z(J) =

∫
Dφ exp

i
h̄

(S(φ)+Jφ) . (1.1.3)

Mathematically speaking, we are now entering the subject of functional integra-
tion. An unsolved problem here is now to define a measure on the configuration
space, i.e. what we have written as Dφ. Surprisingly, physicists are able, to a
certain extent, to circumvent this problem and to make very precise predictions
using path integral techniques, in (almost perfect) agreement with experiments.
The generating functional can be computed by setting up a perturbation theory
(a loop expansion) in terms of Feynman diagrams. Certainly for the Standard
Model, this diagrammatical expansion has been very succesful.

Although gauge invariance plays an important role in describing the inter-
actions between elementary particles, the path integral measure again poses a
problem. It is clear that all field configurations differing by a local gauge trans-
formation, have the same action. Because of this, forgetting for the moment the
source term Jφ, the integration will lead to diverging results. This cannot lead to a
physical theory with sensible predictions. To cure this problem, we have to change
something by hand. Out of each class of gauge equivalent field configurations, we
will pick only one. This procedure is called gauge fixing and is the first step in
the quantisation of a gauge theory. The way to implement the gauge fixing proce-
dure in the path integral was first demonstrated in quantum electrodynamics by
Faddeev and Popov [10]. Later on, this technique was generalised to the Standard
Model and General Relativity, using a method developed by by Becchi, Rouet and
Stora, and also independent of them, by Tyutin, see [12]. We will comment on
these methods in the next section.

Nowadays, we have more complicated gauge theories, which we will discuss
below. The gauge fixing for these models is more involved, and the BRST method
is not applicable anymore. In this thesis, we will present a new formalism, called
antifield formalism and developed by Batalin and Vilkovisky [13, 14], that enables
us to do a proper gauge fixing for all gauge theories. As we will explain in the
next section, it encompasses the different quantisation schemes mentioned above.

The next problem when evaluating the path integral are the ultraviolet diver-
gencies suffered by physical amplitudes and correlation functions. These are due
to the short distance behaviour of the interactions between two particles. For a
theory to make sense at short distances, one has to follow a regularisation and
renormalisation prescription. The Standard Model is an example where this pre-
scription leads to a consistent and well defined theory, where predictions can be
made. Such a theory is called renormalisable.
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Unfortunately, General Relativity is not renormalisable. We seem to have no
good theory for quantum gravity. For some time, people thought that supergrav-
ity [15], a combination of gravity and supersymmetry, could save the day. A lot
of the divergences in correlation functions then disappear because the infinities of
the bosonic sector cancel against the infinities of the fermionic sector. However,
not all divergences can be removed in this way, and supergravity turns out to be
non–renormalisable. But still, theoreticians believe that in search for a renormal-
isable theory including gravity, supersymmetry will be of crucial importance. One
may also look for supersymmetric extensions of the Standard Model, based on
grand unification groups like SU(5) or SO(10). In these models, supersymmetry
is essential because it solves the so called the hierarchy problem. This can be
understood as follows. In grand unified theories there are two scales. First there
is the the grand unification scale (1015 − 1017 GeV) where the SU(5) symmetry
is spontaneously broken, due to the Higgs effect, to SU(3)× SU(2)× U(1). And
then, there is the electroweak scale at energies around 250 GeV. The particles of
the Standard Model have masses of only a few GeV. In grand unified theories,
these masses will receive radiative corrections lifting them to the grand unification
scale. This problem is called the hierarchy problem. When combining grand uni-
fied theories with supersymmetry, these radiative corrections are absent due to a
boson-fermion cancellation.

On the other hand, supersymmetry is not observed in experiments, so it must
be broken at a certain scale, which is believed to be around 1 TeV. The LHC
accelerator at CERN will reach this energy and will hopefully find, besides the
Higgs boson, the first supersymmetric particle in nature. It would be great if we
could start a new millenium with such a discovery.

There is however new hope for a candidate that includes a quantum theory of
gravity, namely superstring theory [16]. It replaces the concept of a particle as a
pointlike object by a new physical principle : that of a particle as an excitation
of a string. Again, we see that nature, if string theory describes it, behaves
differently at different scales. The theory contains only one parameter, the string
tension. The spectrum of the theory contains a massless spin two particle, which
can be interpreted as the graviton. For this interpretation, the string tension must
correspond to energies around the Planck scale, which is 1019 GeV. Superstring
theory is strongly believed to be free from divergences and, as a bonus, unifies the
(supersymmetric) Standard Model with General Relativity.

String theory is another example of a (2 dimensional) gauge theory. The gauge
group is the group of conformal transformations and it is infinite dimensional. As
a consequence of gauge invariance, some degrees of freedom are absent, i.e. they
can be gauged away. This is true for all gauge theories. The simplest example is
the photon : it has only two physical degrees of freedom, but is described by four
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gauge fields Aµ. The fact that we describe the photon by 4 fields instead of two is
dictated by Lorentz covariance. As stated earlier, we want to keep this covariance
manifest in our description, both classically and quantum mechanically.

Using the gauge symmetry, one can count the number of classical physical
degrees of freedom. When going to the quantum theory, i.e the path integral, the
question arises whether these degrees of freedom are still physical. This is only
guaranteed if the gauge symmetry survives the quantum theory. It can indeed
happen that the regularisation procedure does not respect the symmetries of the
classical theory. One says that the theory suffers from anomalies. For example,
superstring theory has an anomaly, except when the theory is formulated in a 10
dimensional space–time. To make contact with the real world, one must compactify
6 dimensions to a scale which cannot be observed. This can be done in various
ways, and research is still going on to find the correct string vacuum that describes
nature as observed at low energies.

The antifield formalism which we will present here can be formulated at the
quantum level. We will show in this thesis, in various examples, how it can be
used in a regularised path integral and how one can compute anomalies within
this framework.

1.2 Unifying different quantisation schemes

As mentioned in the previous section, two things have to be done before one can
evaluate the path integral. The first is to fix the gauge, the second is chosing a
regularisation (and renormalisation) scheme. Let us first concentrate on the gauge
fixing procedure.

Gauge theories describing physics at higher energies turn out to be more com-
plicated. It is then not surprising that the gauge fixing procedure becomes more
involved, as we will now explain. We start with the simplest gauge theory, namely
Maxwell’s theory of electromagnetism, which is based on a U(1) gauge group. A
naive way of gauge fixing is simply adding a term to the action to break the gauge
invariance explicitly. There are of course severe restrictions on the terms that
can be added. In fact, one must require that the physical quantities are indepen-
dent of the chosen terms. It is remarkable that this way of gauge fixing works in
electromagnetism. Examples are the Feynman gauge or the Landau gauge.

Before turning to other theories, let us mention that this naive gauge fixing
procedure was later explained by Faddeev and Popov [10]. They showed how one
can restrict the measure to integrate only over gauge inequivalent field configura-
tions. It is based on inserting extra delta functions in the measure containing an
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appropriate gauge fixing function. To do this properly, they introduced new fields
called ghosts and antighosts. Roughly speaking, these fields eat up the unphysical
degrees of freedom. For example, take again the photon field Aµ, where there are
only 2 physical degrees of freedom. When the ghost and antighost are included,
two components of the gauge field drop out of the physical spectrum of the theory.

We want to stress that the gauge fixing procedure should preserve the rela-
tivistic properties (i.e. Lorentz covariance) of the theory. One could for instance
decide from the beginning to eleminate two of the four components of the photon
field Aµ. Doing this, one has no gauge symmetries anymore but one loses the man-
ifest relativistic covariance. More generally, we want the gauge fixing procedure to
respect all the rigid symmetries of the theory. These rigid symmetries can be very
useful for computations in the quantum theory, e.g. when proving renormalisabil-
ity or unitarity. One of the main advantages of the quantisation method used in
this thesis is that all rigid symmetries, and thus relativistic covariance, are kept
manifest.

For theories like the Standard Model or General Relativity, the naive or Faddeev–
Popov procedure no longer works 1. Instead, one uses the BRST method [12],
which can be applied to theories where the generators of the gauge symmetry form
a Lie algebra. Maxwell theory is a special case in the sense that the Lie algebra
is commutative. Using ghosts and antighosts, BRS and T showed that one can
replace the local gauge symmetry by the so called (rigid) BRST symmetry. This
symmetry looks the same as the gauge symmetry, but the local parameter is re-
placed by a ghost field multiplied with a constant anticommuting parameter. One
then constructs an action, depending on the original fields, ghosts and antighosts,
that is BRST invariant and has no further local gauge symmetries. With these
BRST transformation rules one can construct a nilpotent BRST operator. Physi-
cal states are then defined as the elements of the BRST cohomology.

Certain supergravity theories introduce a new complication in the gauge fixing
procedure. In these theories, the generators of the gauge transformations only
form a Lie algebra when using the field equations of the action. The gauge algebra
is then said to be open. The usual BRST method is no longer applicable. However,
as was shown in [17] for supergravity and later on by de Wit and van Holten [18]
for arbitrary open algebras, one can generalise the BRST formalism to include also
these cases. A disadvantage of their method is that the extended BRST operator
is only nilpotent on–shell, i.e. modulo field equations. So one can only define a
weak (i.e. on–shell) cohomology.

We still have one scale left, that is the Planck scale where superstring theory is
expected to play an important role. There are two formulations of superstring the-

1Although very recently, a formulation for quantising Yang–Mills theories without ghosts was
given in [11].
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ory, namely the RNS (Ramond-Neveu-Schwarz) [19] and the GS (Green-Schwarz)
[20] formulations. The RNS superstring can easily be gauge fixed (using BRST),
but in this formalism space-time supersymmetry is not manifest. On the other
hand, the GS superstring preserves space-time supersymmetry manifestly, but its
covariant quantisation is very difficult. This is because the gauge generators are
not linearly independent. The theory is then said to be reducible. Reducible the-
ories were already known from quantising theories with an antisymmetric tensor
[21]. They have the property that the matrix Ri

a (see (1.1.2)) has null vectors,
called zero modes. To do a proper gauge fixing, one has to introduce for each zero
mode an extra field, called ghost for ghosts. In the case of the GS superstring,
these zero modes themselves have further zero modes, and this repeats itself ad
infinitum, i.e. the theory is infinitly reducible.

The situation presented above is unsatisfactory. Each time the gauge theory
becomes a little bit more complicated, we have to change our methods to do the
gauge fixing. What we want is one formalism to cover all gauge theories. It should
be applicable to ordinary Maxwell theory as well as to the Green–Schwarz super-
string. Such a formalism exists. It was developed in the beginning of the eighties
by Batalin and Vilkovisky and is called field–antifield, BV, or simply antifield for-
malism [13, 14]. It unifies all previous (Lagrangian) quantisation methods into a
single formalism. On top of that, the formalism has an underlying intrinsic and
elegant geometrical structure. In this thesis, we will discuss in detail what the BV
formalism is and how it can be used.

As we have already said, after the gauge fixing, one must choose a regulari-
sation scheme. There are many choices : dimensional regularisation, point split-
ting, lattice regularisation, Pauli-Villars regularisation (in combination with higher
derivative terms), non-local regularisation, the BPHZ method, ... . Each method
has its own advantages and disadvantages. We will choose Pauli-Villars (PV) reg-
ularisation [68], as it allows for a clear interpretation of all manipulations on the
path integral. Maybe more important, this scheme can be implemented in the
BV formalism in a very transparent way [57]. Using the antifield formalism in
combination with PV regularisation, one can compute the anomalies of a theory
very efficiently. Besides that, there exists a nilpotent - without using field equa-
tions - operator which generates the quantum symmetries (in the case there are no
anomalies). Physical states can then be defined as elements in the cohomology of
this operator. All this will be explained in general and applied to several examples.
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1.3 Outline

An essential ingredient of the BV formalism is the doubling of the complete set
of fields. To each field one associates an antifield with opposite statistics. In the
next chapter, we will explain what these antifields can be used for. We give a
short overview of what was known before the formalism was actually developed.
Then, we introduce the basic ingredients of the BV formalism and discuss the
geometrical idea behind it. Basically, this chapter serves as a warm–up and as a
preparation for a systematic treatment of the antifield formalism.

Chapter 3 deals with the general theory. The central objects are the antibrack-
ets and the extended action, a functional of fields and antifields that satisfies the
classical master equation. The solution of this equation is guaranteed by the
acyclicity and nilpotency of the Koszul-Tate operator. We give several examples
to illustrate the general idea behind the construction. Given the extended ac-
tion, one can perform canonical transformations between fields and antifields to
do the gauge fixing. Physical states are defined as the elements of the antibracket
cohomology.

As we have already said in the previous section, gauge theories can be reducible
or even infinitly reducible. In the latter case, the extended action will contain
an infinite number of ghosts and antifields. One has to be very careful when
quantising such systems. We therefore continue in chapter 4 the investigation of
infinitly reducible systems by giving two new examples. We show how to deal with
zero modes that vanish on–shell. The gauge fixing can be done properly within
the BV formalism. Moreover, the second example provides a new type of gauge
theory not yet discussed in the literature.

Then we consider the quantum theory and the path intergal, in chapter 5.
We present the technique of Pauli-Villars regularisation and illustrate it with new
examples. It is shown how anomalies arise as a non–invariance of the PV mass
term. If the classical theory has more than one gauge symmetry, one can choose
which symmetry becomes anomalous and one can move the anomaly from one
symmetry to another. This can be done by adding counterterms, that can be
computed using the interpolating formula. We also show that this interpolation
between anomalies does not work for rigid symmetries.

In chapter 6 we show how to study the path integral in the BV formalism. For
a theory to be free of anomalies, the quantum master equation must be satisfied.
This is an infinite tower of equations which have to be solved at each order in h̄.
For h̄ = 0, this is the above mentioned classical master equation. At one loop, we
solve this equation for the example of Yang-Mills theory, again using Pauli-Villars
regularisation. When no solution can be found, the theory suffers from anomalies.
This is the case for chiral W3 gravity. We compute the one loop anomaly in this
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model and it turns out that it is antifield dependent. A mechanism to cancel the
one loop anomaly is to introduce background charges. We show how to implement
this idea in the language of the antifield formalism and remark about higher loop
anomalies. Finally, we prove that our method always gives consistent anomalies.

Another type of field theories are the topological field theories, which are im-
portant for the study of non–pertubative phenomena, like instantons and solitons.
These theories are characterised by the fact that the path integral is independent
of the chosen background metric. The BV formalism turns out to be a very useful
scheme to describe topological field theories, as we show in chapter 7. All manipu-
lations from the BRST approach are more transparent in the BV approach. As ex-
amples, we treat topological Yang-Mills theory and topological Landau-Ginzburg
models and show that these theories are indeed metric independent at the classical
level. At higher order in h̄, extra conditions have to be satisfied.

In the last chapter we discuss the geometry behind the BV formalism. In the
Hamiltonian formalism, one can define momenta and Poissonbrackets. In a more
geometrical language, Poisson brackets are defined in terms of a symplectic 2 form.
In the Lagrangian framework, the geometry is based on the existence of an odd
symplectic 2 form2. This means that bosons are conjugated to fermions via the
antibracket defined by the odd symplectic structure. Instead of going to Darboux
coordinates, we will build up the formalism in a manifestly covariant way. As an
example we consider the case when the manifold is Kähler and show how to solve
the master equation.

My contribution to the development of the BV method is twofold. Firstly, I
contributed to the further development of the formalism itself. At the classical
level, one can find new results in sections 3.2 and 3.3, and also in chapter 4.
At the quantum level, I showed how anomalies can easiliy be computed in this
framework, see sections 5.1 and 6.1. New results about the geometrical aspects of
the antifield formalism are found in sections 8.5, 8.6 and 8.7. Secondly, I could use
this formalism to investigate several theories. Especially, I want to mention the
computation of the anomalies in chiralW3 gravity, section 6.3. This provided a new
test of the BV formalism in a complicated model. I also showed how topological
field theories can be constructed using BV theory, see chapter 7.

The aim of all this is of course to get a clearer insight in gauge theories and to
understand and predict new phenomena in the physics of elementary particles.

The results I obtained, together with several collaborators, during my PhD can
also be found in [31, 122, 40, 92, 30, 33, 116, 117].

2Let us remark that also in Hamiltonian systems one can define antifields and antibrackets,
see the first reference of [46]. We prefer however the Lagrangian formalism, since it is manifestly
Lorentz covariant.
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2.1 Hamiltonian mechanics

Let us start with the familiar Hamiltonian formalism. We consider a classical
system with a finite number of degrees of freedom, say qi, i = 1, ..., N and a
Lagrangian L(q, q̇). In the Hamiltonian formalism one associates a momenta con-
jugated to each coordinate via the formula

pi =
∂L

∂q̇i
. (2.1.1)

The Hamilatonian H(p, q) is then defined as the Legendre transformation of the
Lagrangian :

H(p, q) = pq̇ − L(q, q̇) . (2.1.2)

The Hamiltonian is the generator of time translations. This is best expressed in
terms of Poisson brackets

{qi, pj} = δi
j . (2.1.3)

Time evolution of an operator (a function on phase space) F (p, q) is determined
via the formula

dF

dt
= {F,H} , (2.1.4)

where we assumed that F contains no explicit time dependence. An operator
is therefore time invariant (or conserved) if it commutes with the Hamiltonian,
i.e. when its Poisson bracket with H vanishes. From the general definition of
Poisson brackets we also have that {F,G} = −{G,F}. In particular this means
that {F, F} = 0, for any function F , e.g. the Hamiltonian itself.

We will now set up an analogous construction in the Lagrangian formalism.
Motivated by the interest in studying gauge theories, we will replace the concept
of time invariance or evolution under time translations in the Hamiltonian formal-
ism by gauge invariance or gauge transformations in the (covariant) Lagrangian
formalism. As the Hamiltonian was generator of time translations, the question
is, what is the generator of gauge transformations in the Lagrangian framework
? What are the analogues of the momenta and the Poisson brackets ? To answer
these questions we consider a field theory with classical fields φi, which we assume
to be bosonic, just like the coordinates qi. The classical action S0(φ) has n gauge
symmetries characterised by the transformation rules

δφi = Ri
aǫ

a , (2.1.5)

where a = 1, ..., n. We will now define an antifield φ∗i conjugated to each field. The
crucial difference with the momenta is that we will choose the statistics (i.e. the
grassmann parity) of the antifield to be opposite to the statistics of its conjugated
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field, i.e. φi∗ is a fermion. The reason of this will become clear later. Remember
that we have already argued in the introduction that after the gauge fixing the
n local gauge symmetries get replaced by one rigid fermionic symmetry. The
parameters ǫa are then replaced by the so called ghosts ca, with statistics opposite
to ǫa. This rigid fermionic (BRST) invariance is sometimes also called gauge
invariance. It will always be clear from the context if we mean the local (bosonic)
or rigid (fermionic) symmetry.

With these antifields, one can define antibrackets, analogous to (2.1.3)

(φi, φ∗j ) = δi
j . (2.1.6)

From this it follows that antibrackets change the statistics too. The phase space
of the Hamiltonian formalism is now replaced by the space of fields and antifields.
Functions on the phase space are now functions of fields and antifields F (Φ,Φ∗),
where Φ stands collectively for the classical fields and the ghosts ca. Also to the
latter we associate a corresponding conjugated antifield c∗a of opposite statistics.
The antibrackets of two functions F and G is then defined analogous to Poisson
brackets, but with the momenta replaced by the antifields. We will explain this
in more detail in section 2.7 . Due to the change in statistics, we will see that
two bosonic functions (i.e. functions with zero grassmann parity) commute in the
antibracket, i.e. (F,G) = (G,F ). In particular this means that (F, F ) will in
general be different from zero.

The analogue of the Hamiltonian will now be an ”extended” action S(Φ,Φ∗),
defined on the space of fields and antifields. Time evolution was defined by taking
the Poisson bracket with the Hamiltonian. Gauge evolution will be defined by
taking the antibracket with the extended action, i.e.

δF = (F, S) . (2.1.7)

We still don’t know how this action S is defined, i.e. what is the analogue of the
Legendre transformation (2.1.2) ? To determine S(Φ,Φ∗), we will require that it
is gauge invariant. This is translated in terms of the antibracket as 1

(S, S) = 2

←
∂S

∂ΦA

→
∂S

∂Φ∗A
= 0 . (2.1.8)

This is indeed a requirement since, in general (F, F ) 6= 0. It is the analogue of
{H,H} = 0, but for the Hamiltonian this is an identity because of the properties

1We are working with the DeWitt convention. Each index represents an internal index as well
as a space time point. When an index is repeated, there is a summation over the internal index
and an integration over space time. For more explanation and an example, see section 6.
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of the Poisson brackets. For the extended action, it is a condition that determines
S(Φ,Φ∗). (2.1.8) is called the classical master equation. Due to the Jacobi identity
for the antibracket, see section 7, the transformation (2.1.7) is nilpotent when the
classical master equation is satisfied. The transformation rules on the classical
fields, i.e. δφi = Ri

ac
a, can be written as δφi = (φi, S). An action that generates

this rule is

S(Φ,Φ∗) = S0(φ) + φ∗iR
i
ac

a .

We see that the antifield φ∗i acts as a source term for the gauge symmetry. Notice
that it satisfies (S, S) = 0 if the gauge generators form an ordinary Lie algebra. If
we have an open gauge algebra, see section 2.5, further terms are needed to make
S gauge invariant. To determine these terms we will use the techniques of chapter
3.

From this section we remember :

• Antifields and antibrackets have some analogy with momenta and Poisson
brackets in the Hamiltonian formalism. The important difference is that
antifields have opposite statistics to their fields.

• The Hamiltonian is replaced by the extended action S(Φ,Φ∗) which is re-
quired to be gauge invariant in the sense of (2.1.8).

• Antifields φ∗i are sources for the gauge transformations of their conjugated
fields φi.

2.2 Maxwell theory

As an illustration, we consider classical electromagnetism. The photon is described
by gauge fields Aµ and the classical action is

S =
1

4
FµνF

µν , (2.2.1)

where Fµν = ∂µAν−∂νAµ and the gauge transformation is δAµ = ∂µǫ. The action
is of course understood to be integrated over space time. The integration symbol
will, as a convention from now on, never be explicitly written. To construct the
extended action we introduce an antifield A∗µ and a ghost c corresponding to the
local gauge symmetry. The solution of the classical master equation (S, S) = 0 is
now

S =
1

4
FµνF

µν +A∗µ∂
µc . (2.2.2)
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The reader might wonder if this solution is unique. It will be proven in the next
chapter that the solution in the set of fields {Aµ, c} (and antifields) is unique up to
canonical transformations. These are transformations that leave the antibracket
invariant, just like in the Hamiltonian formalism, where canonical transformations
leave the Poisson brackets invariant.

Of course one can introduce extra fields and antifields to the minimal set of
{Aµ, c}. For example, one can introduce a non-minimal sector by defining a new
field antifield pair {b, b∗}. Then, we consider the extended action

S =
1

4
FµνF

µν +A∗µ∂
µc+

1

2
b∗2 . (2.2.3)

One can check that this is still a solution of the classical master equation. This
solution is called non-minimal. We will explain now why these non-minimal so-
lutions are useful. Within the total space of fields and antifields, we can do the
following canonical transformation

A′∗µ = A∗µ + ∂µb

b′∗ = b∗ − ∂µA
µ . (2.2.4)

Substituting into (2.2.3) gives (after dropping the primes)

S = −1

2
Aµ2Aµ + b2c+A∗µ∂

µc+ b∗∂µA
µ +

1

2
b∗2 , (2.2.5)

where 2 ≡ ∂µ∂
µ. This action still satisfies (S, S) = 0. The new action without

antifields is the well known gauge fixed action for electromagnetism. The antifield
dependent part determines the rigid, fermionic gauge symmetry, acting from the
right :

δAµ = ∂µc δc = 0 δb = ∂µA
µ . (2.2.6)

It is the symmetry of the gauge fixed action S = − 1
2Aµ2Aµ + b2c. b is called

the antighost of c. One can check that the gauge fixed action has no local gauge
invariances anymore.

To summarise we have that :

• Antifields can be used to gauge fix an action with a local symmetry. This
is done by introducing non-minimal sectors and performing canonical trans-
formations.

• After the gauge fixing, the local symmetry(ies) is (are) replaced by a single
fermionic rigid symmetry, determined by the antifield dependent part of the
extended action.
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2.3 Equations of motion

Given a theory (an action), one of course wants to know what its physical spectrum
is. In order to compute this, we have to give a criteria for what a physical state (or
observable) is. For the classical theory, the field equations determine the evolution
of the system and will therefore play an important role. Given the classical fields
φi (no ghosts, e.g. only the Aµ of the previous section) and the classical action S0

(containing no antifields, e.g. only the term FµνF
µν of the previous section), they

are defined by

yi ≡
←
∂S0

∂φi
= 0 . (2.3.1)

The field configurations which satisfy these field equations form the stationary
surface. A classical observable should then be a gauge invariant function on the
stationary surface. Let us for the moment consider a theory without gauge in-
variance, so there are no ghosts nor antifields of the ghosts . We will discuss the
case of gauge invariance later on. Whenever a function is proportional to the
field equations, it is vanishing on the stationary surface, and thus it can not be
an observable. So, in order to find the physical states, one must find a mecha-
nism to divide out the field equations. This is done by introducing antifields and
considering the operator, called Koszul–Tate (KT) differential [50, 51] defined as

δKTφ
i = 0

δKTφ
∗
i = yi . (2.3.2)

The Koszul-Tate differential is nilpotent and thus it defines a cohomology problem.
It is clear that in this way, the field equations are cohomologically trivial. For a
function f(φ) to be an observable, it must be in the cohomology of this operator
δKT . So, adding to a classical observable a term proportional to field equations

A(φ)→ A(φ) + λi(φ)yi , (2.3.3)

corresponds to adding a δKT exact term, namely δKT (λiφ∗i ), for arbitrary functions
λi(φ). When one deals with gauge theories, the KT differential must be extended
to the ghost (anti)fields. Indeed, when there are gauge generators Ri

a, we have a
KT invariant φ∗iR

i
a. In order to kill this in cohomology, we will introduce ghosts

ca and their antifields c∗a such that

δKT c
a = 0 δKT c

∗
a = φ∗iR

i
a . (2.3.4)

The case of gauge invariance is discussed in more detail in the next chapter.

One can even generalise this to the quantum theory, where the quantum field
equations are the the Schwinger–Dyson equations, i.e. for any function F (φ) we
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have that

< F (φ)yi +
h̄

i

←
∂F

∂φi
>= 0 , (2.3.5)

where the <> symbols mean that it must be evaluated under the path integral.
When studying the quantum observables, one must of course divide out these
Schwinger–Dyson terms. Again, the antifields will be responsible for this [22, 23,
24, 25]. We will see in chapter 6 that one can define a quantum analogue of the
Koszul Tate operator, Sq, which acts on fields and antifields, is nilpotent and has
the property that (again, in a theory without gauge invariance)

Sq(F (φ)φ∗i ) = F (φ)yi +
h̄

i

←
∂F

∂φi
. (2.3.6)

The first term on the right hand side is the classical part and is generated by
the (classical) Koszul–Tate operator. The second term is a quantum correction
proportional to h̄. Again, this equation is understood under the path integral.
Of course, when talking about the path integral, a regularisation prescription is
needed. We will take care of this in chapters 5 and 6. It does not change the
princples explained here.

For a function to be a quantum observable, it must be in the cohomology of
Sq. It is clear now that the antifields and Sq are responsible for dividing out the
Schwinger–Dyson equations.

So, we remember

• Antifields and the Koszul–Tate differential help us to remove equations of
motion from the physical spectrum of a theory. This property holds in the
classical as well as in the quantum theory.

2.4 The work of Zinn-Justin

Historically, antifields as sources for BRST transformations were introduced by
Zinn-Justin in [26]2. He was studying the renormalisation of non-abelian gauge
theories, first in a linear gauge and then generalised to quadratic gauge fixing
functions. After introducing the usual sources J for each field, he also introduced
sources (antifields) for the BRST transformations rules. Although he did not
introduce an antifield for all the fields ΦA, including the ghosts and auxiliary

2At that time, the framework of BRST was not yet well established. Nevertheless, for non
abelian gauge theories, the BRST rules, then called ”super-symmetry” rules or ”supergauge
Slavnov transformations” were already written down.



24 Chapter 2. A taste of antifields

fields, we will present his results here in a way that each field has an antifield.
Considering the path integral of the extended action S(Φ,Φ∗), depending on fields
and antifields, he showed that the Ward-Takahashi identities could be rewritten
as an equation for the effective action Γ in a very compact form, now-called the
Zinn-Justin equation :

←
∂Γ

∂ΦA

→
∂Γ

∂Φ∗A
= 0 , (2.4.1)

where a sum over all fields (classical fields, ghosts and antighosts, multipliers),
labelled by A is understood. As the effective action is in general an expansion in
powers of h̄, Γ = S + h̄Γ1 + ..., this equation implies at the classical level

←
∂S

∂ΦA

→
∂S

∂Φ∗A
= 0 . (2.4.2)

This is precisely the classical master equation (2.1.8) and it expresses the gauge
invariance of the action S(Φ,Φ∗).

In his papers, he used the symbol KA for the source of a BRST transformation,
a notation still used nowadays.

He also studied the effect on the path integral measure under a change of
variables of the type ΦA → ΦA + δBRST ΦA. Because the action is invariant under
this transformation, the path integral will be invariant provided the measure is
invariant. He showed that the invariance of the measure requires

∆S ≡ (−)A

→
∂

∂ΦA

→
∂

∂Φ∗A
S = 0 , (2.4.3)

again summed over A, and the statistics of the field is denoted by ǫ(ΦA) = A.
It guarantees the absence of anomalies in a gauge theory. As we will see, this ∆
operator will play a very important role in the quantum theory, even when the
theory is free from anomalies.

• All the fields ΦA = {φi, ca, ...}, including ghosts and auxiliary fields, have
an antifield Φ∗A = {φ∗i , c∗a, ...}.

• With the use of these antifields, the theory is subjected to a set of compact
equations, (2.4.1), (2.4.2) and (2.4.3), that express the Ward–Takahashi iden-
tities and the invariance of the extended action and path integral measure.
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2.5 Open algebras : the de Wit - van Holten pa-

per

As was explained in section (2.2), we showed how antifields can be used to gauge
fix an action with a local gauge symmetry. However, Maxwell’s theory could also
be gauge fixed with the Faddeev–Popov method, so we have not really gained
something new. Even for Yang–Mills or gravity theories one can use the BRST
formalism [12], which is a generalisation of the Faddeev–Popov method. As the ex-
amples become more complicated, like in supergravity theories or W gravities, the
existing quantisation methods are not applicable anymore, and one has to extend,
or even replace them by another method. In contradistinction with Yang–Mills
or ordinary gravity, the gauge algebra (commutator of two local gauge transfor-
mations) for these models is not a Lie algebra anymore, but differs in two ways
from it. Firstly, one has to deal with an algebra with field dependent structure
functions and secondly, the algebra only closes when using the field equations of
the action. Such algebras are called open and are characterised by the equation

←
∂Ri

a

∂φk
Rk

b − (−)ab

←
∂Ri

b

∂φk
Rk

a = Ri
cT

c
ab − ykE

ki
ab , (2.5.1)

where T c
ba are the structure functions and Eik

ba is a matrix graded antisymmetric
in (ik) and in (ba). For the statistics of the fields, we use the notation ǫ(φi) =
i, ǫ(ca) = a+1, ǫ(Ri

a) = i+a. The way to quantise theories with open algebras was
shown in the context of supergravity [15], first in the Hamiltonian formalism [27],
then using Lagrangian methods [17]. It was shown that there appear quartic ghost
terms in the gauge fixed action, determined by the matrix Eik

ba. These extra ghost
dependent terms play an essential role in finding the correct Feynman rules for the
model. Supergravity was the first example of a theory where the usual Faddeev–
Popov determinant is insufficient to construct a consistent quantum theory.

Later on, this method was generalised for an arbitrary gauge theory with an
open algebra [18]. There, it was proven how to construct a gauge fixed action that
is invariant under an appropriate extension of the BRST transformations. Both
the action and transformation rules are constructed by expanding it in the ghost
fields. All the coefficient functions in this expansion are determined by requiring
invariance of the action. Then, an extensive calculation is needed to check that the
BRST transformation rules are indeed nilpotent, upon using the field equations of
ghosts and classical fields.

Although in their paper they did not use the concept of antifields, their method
can be rephrased in a very elegant way using the antifield formalism. This was
shown in the paper of Batalin and Vilkovisky ”Gauge algebra and quantization”
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[13]. They explicitly constructed an invariant action, satisfying (2.1.8), and BRST
transformation based on (2.1.7), namely δΦA = (ΦA, S). This operation is nilpo-
tent because of the Jacobi identity and the classical master equation, without the
use of the field equations. The action starts as

S = S0 + φ∗iR
i
ac

a + (−)b 1

2
c∗aT

a
bcc

ccb + (−)i+a 1

4
φ∗i φ

∗
jE

ji
abc

bca + ... . (2.5.2)

So we see that we need terms quadratic in antifields when the algebra is open. The
dots indicate higher order terms in antifields in the case the gauge algebra is more
complicated. A more systematic treatment of the construction of this extended
action will be given in the next chapter.

• The antifield formalism is very useful for quantising theories with open al-
gebras.

• Using the antifields, one can construct an extension of the BRST operator
which is nilpotent without using the field equations.

2.6 Reducible theories

Apart from the gauge algebra, a gauge theory can also be characterised by its
level of reducibility. By this we mean the following: suppose we have an action
and a set of symmetries δφi = Ri

aǫ
a. A theory is said to be reducible if the gauge

generators Ri
a are not linearly independent. In that case there are relations of the

form
Ri

aZ
a
a1

= 0 , (2.6.1)

for some functions Za
a1
, a1 = 1, ...,m. We are working with the DeWitt convention

where each index also carries a space-time point. When there is a summation over
a certain index, there also is an integration over space-time. To be precise, (2.6.1)
must be read as ∫

dyR
i(x)
a(y)Z

a(y)
a1(z) = 0 . (2.6.2)

Of course, one can always single out a set of linearly independent generators, but
then one will lose either locality or relativistic covariance.

To illustrate this, we give the example of the antisymmetric tensor field. The
classical action is

S0 = BµνρB
µνρ , (2.6.3)

where
Bµνρ = ∂µBνρ + ∂ρBµν + ∂νBρµ . (2.6.4)
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The classical fields are φi = Bµν(x), antisymmetric in (µν), and we have a gauge
symmetry that follows from the transformation rule

δBµν = ∂µǫν − ∂νǫµ . (2.6.5)

The gauge generators can be read off :

Ri
a = (∂x

µδ
ρ
ν − ∂x

ν δ
ρ
µ)δ(x− y) . (2.6.6)

The notation is that i = (µν, x), antisymmetrised in µ and ν, and a = (ρ, y). The
upper index on the derivative indicates in which point the derivative is taken. It
is clear that these generators are linearly dependent with as ”zero mode” function

Za
a1

= ∂y
ρδ(y − z) , (2.6.7)

where the index a1 runs over only one value. Nevertheless it is written because it
carries the space time index z.

Other examples of reducible theories are theories with spin 5/2 gauge fields
[28, 14], or, more recent, some topological field theories [29, 30].

The quantisation of models with antisymmetric tensor fields was first discussed
in [21]. There it was shown that one had to introduce extra ghosts, called ”ghost
for ghosts”, in order to obtain a well defined gauge fixed action, with the correct
number of physical degrees of freedom. Indeed, it is clear that δǫa = Za

a1
ǫa1 , or in

our case δǫµ = ∂µǫ, leaves φi invariant. So, just like we introduced a ghost ca for
the parameter ǫa, we now introduce a ghost for ghost ca1 for the parameter ǫa1 ,
again with opposite statistics.

All this follows nicely from the antifield formalism. When we construct the
extended action, S = S0 + φ∗iR

i
ac

a + ..., we see that we have indeed an extra
symmetry δca = Za

a1
ǫa1 . In the same spirit as for the classical fields, we introduce

an antifield for ca, multiply it with its transformation rule and add it to the
extended action

S = S0 + φ∗iR
i
ac

a + c∗aZ
a
a1
ca1 + ... , (2.6.8)

where the dots indicate terms with the structure and non-closure functions. They
are such that (2.6.8) satisfies the classical master equation (2.1.8).

In their paper, ”Quantization of gauge theories with linearly dependent genera-
tors” [14], Batalin and Vilkovisky showed how to deal with this reducibility using
the antifield formalism. The example presented above is only the first and simplest
of a hierarchy of theories. It is called a first stage theory. Indeed, one can imagine
a theory in which also the functions Za

a1
are linearly dependent, so that there are

zero modes Za1
a2

for which one has to introduce further ghosts for ghosts. Then
the theory is said to be of second stage in reducibility. The procedure can go on
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to any order of reducibility. The gauge theory is then characterised by the level of
reducibility, i.e. for an L-th stage theory one has zero modes Z

ak−1
ak , k = 1, ..., L,

and for k = L, the generators Z
aL−1
aL are linearly independent. So, in [14], a general

prescription was given to quantise L-th stage theories (with an open algebra). The
formalism was even applied for infinite reducible theories. This typically arises in
theories with the so-called κ-symmetry [32] like the superparticle or the super-
string. Recently, we discovered a new example [33] of an infinite reducible theory,
which we will discuss in chapter 4.

• The antifield formalism enables us to gauge fix reducible theories, keeping
locality and relativistic covariance manifest.

2.7 Poisson brackets and antibrackets

In this section we want to clarify some statements made in the first section of
this chapter. It concerns the analogy between momenta and antifields. As was
explained in section 1, an important difference between antifields and momenta
is that the latter have the same statistics as their conjugated fields while the
former have opposite statistics. This has consequences concerning the underlying
geometry of the Hamiltonian and Lagrangian systems, and we will discuss this in
chapter 8. In Hamiltonian theory we can set up Poisson brackets in the phase
space :

{F,G} = (−)A

←
∂F

∂ΦA

→
∂G

∂πA
−
←
∂F

∂πA

→
∂G

∂ΦA
, (2.7.1)

where we have denoted the momenta as πA. There are left and right derivatives,
because the fields ΦA can be bosonic or fermionic, with statistics ǫ(ΦA) = A. This
bracket has the following properties, for any two functions F and G depending on
the fields and their momenta :

ǫ({F,G}) = ǫ(F ) + ǫ(G) (2.7.2)

{F,G} = −(−)FG{G,F}
{FG,H} = F{G,H}+ (−)FGG{F,H}
{F, {G,H}}+ (−)F (G+H){G, {H,F}}+ (−)H(F+G){H, {F,G}} = 0 ,

where the statistics of a function is denoted by ǫ(F ) = F . The last of these
equations is the (graded) Jacobi identity. In particular, we have, for any bosonic
function (ǫ(B) = 0), that {B,B} = 0.
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Analogous to Poisson brackets, one can now define antibrackets, for any two
functions F and G depending on fields and antifields, as [13]

(F,G) =

←
∂F

∂ΦA

→
∂G

∂Φ∗A
−
←
∂F

∂Φ∗A

→
∂G

∂ΦA
. (2.7.3)

This antibracket satisfies

ǫ[(F,G)] = ǫ(F ) + ǫ(G) + 1 (2.7.4)

(F,G) = −(−)(F+1)(G+1)(G,F )

(FG,H) = F (G,H) + (−)FGG(F,H)

(F, (G,H)) + (−)(F+1)(G+H)(G, (H,F )) + (−)(H+1)(F+G)(H, (F,G)) = 0 .

The main difference in these two brackets is in the statistics. For the antibracket
we have, for any fermionic function (F, F ) = 0. Therefore, Poisson brackets are
called even and antibrackets odd.

These properties can be used to check the nilpotency of the BRST transfor-
mations (2.1.7). One finds

δ2F = ((F, S), S) =
1

2
(F, (S, S)) = 0 , (2.7.5)

upon using the classical master equation. Also the Zinn-Justin equation can be
written in terms of the antibracket as

(Γ,Γ) = 0 . (2.7.6)

As in Hamiltonian mechanics, we can also define canonical transformations.
Here they preserve the antibracket rather than Poisson brackets. An example was
given in section 2, see (2.2.4). We will discuss this issue in more detail in the next
chapter.

• Using the antifields, one can define antibrackets, analogously to momenta
and Poisson brackets. The difference lies in the statistics: antibrackets are
odd while Poisson brackets are even.

• Taking the antibracket of a function F with S generates the gauge transfor-
mation of F . This transformation is nilpotent due to the Jacobi identity of
the antibracket and the classical master equation (S, S) = 0.
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2.8 Geometrical interpretation

The geometrical meaning of the antifield formalism was first discussed by Witten
[34]. We will here briefly explain his ideas. Let us repeat that we have introduced
a ∆ operator in (2.4.3). This operator is nilpotent

∆2 = 0 , (2.8.1)

due to the fact that antifields and fields have opposite statistics. Although being a
second order differential operator, it acts as a linear derivation on the antibracket
[35] :

∆(F,G) = (∆F,G) + (−)F+1(F,∆G) . (2.8.2)

On the other hand, we also have that

∆(FG) = (∆F )G+ (−)FF (∆G) + (−)F (F,G) . (2.8.3)

Witten took this last equation as a definition for the antibracket. It measures the
failure of ∆ to be a derivation on the algebra of functions under pointwise multi-
plication. However, looking at (2.8.2), we see that there is another multiplication,
namely the antibracket, for which it is a derivative. The structure of (2.8.1) and
(2.8.2) is similar to the exterior derivative d on the de Rham complex, as was
shown in [34]. Let us sketch the arguments.

Consider a (finite) n-dimensional manifold with coordinates xi. Let TM be the
tangent bundle with basis wi = ∂

∂xi and denote by T ∗M the cotangent bundle with
basis zi = dxi. There is a natural bilinear form by pairing tangent and cotangent
vectors, namely (zi, wj) = δi

j . Associated with this form one can construct a
Clifford algebra by the relations

{zi, wj} = δi
j {zi, zj} = {wi, wj} = 0 . (2.8.4)

Now, we can look for representations of this Clifford algebra, by means of creation
and annihilation operators. We to have two obvious choices :

1) The R-picture. We regard the zi as being creation operators, and the wj as
annihilation operators. To construct a representation, we can choose the vacuum
to be |0 >R= 1, since a constant is annihilated by the wj . The state space has as
a basis the 2n elements 1, zi, zi ∧ zj, ..., working on |0 >R . In this representation
wj acts, using (2.8.4), by differentiation

wi =
∂

∂zi
. (2.8.5)

2) The R′ picture. Now, we regard the wi as creation operators, and the
zj as annihilation operators. As the vacuum, we can take an n-form |0 >R′=
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dx1 ∧ ... ∧ dxn, which is clearly annihilated by the zi. The state space is build
up from the 2n states |0 >R′ , wi|0 >R′ , wiwj |0 >R′ , ..., in which the zi act as
derivatives

zi =
∂

∂wi
. (2.8.6)

Both representations are isomorphic. They have the same dimension and one
can write each state in the R′ picture as a linear combination of the states in the R
picture. For instance, the vacuum |0 >R′= z1∧...∧zn|0 >R, etc. . Since, the zi are
anticommuting, one should think also about wi as being anticommuting. Indeed,
because of the structure of the R′ vacuum, one cannot work with more than n
wi’s on the vacuum. Also one can convince one self that the wi’s anticommute on
|0 >R′ , and that their square is zero. Therefore, it is natural to interpret wi as a
fermionic object, which we call the antifield :

x∗i =
∂

∂xi
. (2.8.7)

From (2.8.6), it then follows that, in the R′ picture

dxi =
∂

∂x∗i
. (2.8.8)

The R picture is of course the standard de Rham complex of our manifold. Its
exterior derivative

d = dxi ∂

∂xi
(2.8.9)

is nilpotent and acts as a linear derivative on a product of two functions in the de
Rham complex . So, when F and G are of the form

F (x, dx) = f(x) + fi(x)dx
i + ...+ fi1...in

dxi1 ∧ ... ∧ dxin , (2.8.10)

we have that
d(F ∧G) = dF ∧G+ (−)FF ∧ dG . (2.8.11)

The operator (−)F changes the odd order components of F .

This can be translated in the R′ picture. Using (2.8.8), we find that

d = dxi ∂

∂xi
=

∂

∂x∗i

∂

∂xi
= ∆ . (2.8.12)

It does not act as a derivative on a product of two functions F (x, x∗)G(x, x∗),
pointwise multiplicated. However it is a derivative when replacing the wedge
product in R with the antibracket in R′, as was shown in (2.8.2).
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There are some more interesting consequences that follow from this interpre-
tation. It concerns the path integral

∫
e

i
h̄

S . For finite dimensional manifolds, one
can integrate top-forms over the manifold. These top-forms are obviously closed.
Applying this for functional integrals 3, the integrandum in the Feynman path
integral should be closed. Writing this in the R′ picture, this becomes

∆(e
i
h̄

S) = 0⇔ −2ih̄∆S + (S, S) = 0 , (2.8.13)

which expresses the gauge invariance of the theory at the quantum level.

• There is a geometrical interpretation of the antifield formalism in terms of
the de Rham complex.

• The master equation and the condition for the absence of anomalies simply
follow from the closure of a top-form.

3It is far from trivial how the above statements can be generalised to the case of infinite
dimensional manifolds.
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In this chapter, we will further develop the ideas presented in the previous
chapter, in a more systematic way. By now there are, besides the original papers
of Batalin and Vilkovisky, many texts and reviews on this subject [22, 36, 37, 38,
39, 25, 40, 41, 42, 43] . Therefore, I will sometimes be rather short on some points,
and refer to the literature. On the issues where I obtained new results [40], I will
be more explicit.

3.1 Recap and examples

We denote by {ΦA} the complete set of fields. It includes the ghosts for all the
gauge symmetries, and possibly auxiliary fields introduced for gauge fixing. Then
one doubles the space of field variables by introducing antifields Φ∗A, which play
the role of canonical conjugate variables with respect to the antibracket, whose
canonical structure is

(ΦA, Φ∗B) = δA
B ; (ΦA,ΦB) = (Φ∗A,Φ

∗
B) = 0 . (3.1.1)

The antifields Φ∗A and fields ΦA have opposite statistics. In general the antibracket
of F (ΦA,Φ∗A) and G(ΦA,Φ∗A) was defined in (2.7.3). We will often use the short-
hand notation

∂A =
∂

∂ΦA
; ∂A =

∂

∂Φ∗A
, (3.1.2)

to write the antibracket as

(F,G) =
←
∂AF ·

→
∂AG−

←
∂AF ·

→
∂AG . (3.1.3)

←
∂ and

→
∂ stand for right and left derivatives The separating symbol · is often useful

to indicate up to where the derivatives act, if they are not enclosed in brackets.
Note that this antibracket is a fermionic operation, in the sense that the statistics
of the antibracket (F,G) is opposite to that of FG.

We assign ghost numbers to fields and antifields. These are integers such
that

gh(Φ∗) + gh(Φ) = −1 , (3.1.4)

and therefore the antibracket (3.1.3) raises the ghost number by 1.

We will often perform canonical transformations in this space of fields and an-
tifields [35]. These are the transformations such that the new basis again satisfies
(3.1.1). We will also always respect the ghost numbers. It is clear that inter-
changing the name field and antifield of a canonical conjugate pair (φ′ = φ∗ and
φ′∗ = −φ) is such a transformation. The new antifield has the ghost number of
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the old field. From (3.1.4) we see then that there is always a basis in which all
fields have positive or zero ghost numbers, and the antifields have negative ghost
numbers. We will often use that basis. It is the natural one from the point of
view of the classical theory, and therefore we will denote it as the ‘classical basis’.
We will see below that it is not the most convenient from the point of view of the
path integral.

One defines an ‘extended action’, S(ΦA,Φ∗A), of ghost number zero, whose
antifield independent part S(ΦA, 0) is at this point the classical action, and which
satisfies the master equation

(S, S) = 0 . (3.1.5)

This equation contains the statements of gauge invariances of the classical action,
their algebra, closure, Jacobi identities, ... .

A simple example is 2–dimensional chiral gravity. The classical action is

S0 =

∫
d2x

[
−1

2
∂Xµ · ∂̄Xµ +

1

2
h ∂Xµ · ∂Xµ

]
. (3.1.6)

In the extended action appears a ghost c related to the conformal symmetry based
on the transformation rules δXµ = ǫ∂Xµ, δh =

(
∂̄ − h∂ + (∂h)

)
ǫ. The fields are

then ΦA = {Xµ, h, c} and the extended action is

S = S0 +

∫
d2x

[
X∗µ c∂X

µ + h∗
(
∂̄ − h∂ + (∂h)

)
c

−c∗ c ∂c] . (3.1.7)

Added to the classical action, one finds here the antifields multiplied with the
transformation rules of the classical fields in their BRST form. One may then check
with the above definitions that the vanishing of (S, S)|Φ∗=0 expresses the gauge
invariance. The second line contains in the same way the BRST transformation
of the ghost. It is determined by the previous line and (3.1.5) (BRST invariance).
Another example is pure Yang-Mills theory, for which the extended action is

S = Tr{−1

4
FµνF

µν +A∗µD
µc+

1

2
c∗[c, c]} , (3.1.8)

with the shorthanded notation Aµ = Aa
µTa, c = caTa, Fµν = ∂µAν − ∂νAµ −

i[Aµ, Aν ] and Dµc = ∂µc + [Aµ, c]. The Ta are the generators of a Lie algebra
satisfying [Ta, Tb] = if c

abTc, T r(TaTb) = δab.

As mentioned, we use the ‘classical basis’ where antifields have negative ghost
numbers, and fields have zero or positive ghost numbers. For further use, we now
give special names to the fields of each ghost number. The fields of ghost number
zero are denoted by φi. Those of ghost number 1 are denoted by ca, and those of
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ghost number k+1 are written as cak (In this way the index i can also be denoted
as a−1 and for ca we can also write ca0) :

{ΦA} ≡ {φi, ca, ca1 , . . .} . (3.1.9)

When one starts from a classical action, one directly obtains the above struc-
ture, where φi are the classical fields, ca are the ghosts, and the others are ‘ghosts
for ghosts’. The antifields thus have negative ghost number and we define the
antifield number (afn) as

afn(Φ∗A) = −gh(Φ∗A) > 0 ; afn(ΦA) = 0 . (3.1.10)

With the above designation of names to the different fields we thus have

afn(φ∗i ) = 1 ; afn(c∗ak
) = k + 2 . (3.1.11)

Then every expression can be expanded in terms with definite antifield number.
E.g. for the extended action, we can define

S =
∑

k=0

Sk ; Sk = Sk
(
c∗ak−2

, c∗ak−3
, . . . , φi, . . . , cak−1

)
, (3.1.12)

where the range of fields and antifields which can occur in each term follows from
the above definitions of antifield and ghost numbers, and the requirement gh(S) =
0.

A number of questions naturally arises: we have to find a solution to the
classical master equation (3.1.5). But how do we find it ? What are the conditions
for a solution to exist ? Is the solution unique ? All this will be answered in the
next section.

3.2 Strategy for solving the classical master equa-

tion

3.2.1 Locality, regularity and evanescent operators

Before looking for a solution, we must specify some conditions our theory has to
fulfil. The starting point is to give a set of fields φi and a classical action S0(φ).
We will require that S0(φ) belongs to the set of local functionals. These are
integrals over local functions. By the latter we mean a function of φi and a finite
number of their derivatives. In general we need more restrictions, which depend
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on the theory. E.g. one should specify whether a square root of a field is in the
set of local functions. This set should contain at least the fields themselves, and
other functions which appear in the action and transformation rules. For some
applications one may also consider non–local functions (see e.g. [44, 45]).

The mathematical framework to study local functions is called jet bundle the-
ory [49]. We define V 0 to be the space with coordinates {x, φi(x)}. In general,
V k is the space with coordinates {x, φi, ∂µφ

i, ..., ∂µ1...µk
φi}, and is called the k-th

jet bundle. These jet bundles are finite dimensional spaces. For any smooth func-
tion f , there exists a k such that f ∈ C∞(V k). An example is the Lagrangian
L(φi, ∂µφ

i, ..., ∂µ1...µk
φi). S0, the integral over the Lagrangian, is then a local

functional. The equations of motions are then defined as

yi =

←
δ S0

δφi
=
∂L
∂φi
− ∂µ

∂L
∂(∂µφi)

+ ...+ (−)s∂µ1...µs

∂L
∂(∂µ1...µs

φi)
= 0 , (3.2.1)

where all derivatives on the Lagrangian are coming from the right. Together with
their derivatives ∂µyi = 0, ..., ∂µ1...µs

yi = 0, ..., these equations determine surfaces
Σk in V k, ∀k, called stationary surfaces.

As an example we take 2-dim gravity. The field equations are

yµ = −∂̄∂Xµ + ∂ (h(∂Xµ))

yh = − 1
2∂X

µ · ∂Xµ . (3.2.2)

Obviously Σ0 = V 0, since there are no relations implied by the field equations
in V 0. The field equation of h, however, is an equation in V 1. For a Euclidean
metric in the space of the Xµ’s, it implies ∂Xµ = 0 which determines Σ1. Σ2

is then determined by the set of equations yh = 0, ∂yh = 0, ∂̄yh = 0 and by
yXµ = 0. Acting several times with the derivatives ∂ and ∂̄ on the field equations,
one determines the surfaces Σk. Suppose the functions yi are elements of V si .
Then, for a function f ∈ C∞(V k), we define the symbol (weakly zero) by

f ≈ 0⇐⇒ f = hiyi + hiµ∂µyi + ...+ hiµ1...µn∂µ1...µn
yi , (3.2.3)

where hi, hiµ, ... are functions on V k−si

, V k−si−1, ....

In jet bundle theory, one is not working with the DeWitt convention. When
an index is written twice, there is no space-time integral but only a sum over the
internal index. It is amusing to translate all expressions to expressions where the
DeWitt convention is used. For instance, the weakly zero symbol can, in DeWitt
language, be defined as

f ≈ 0⇐⇒ f = Hiyi . (3.2.4)
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A space-time integral is now included in the summation over i, i.e. f(x) =∫
dyH i(y)(x)yi(y). The coefficients Hi are in general distributions, like delta func-

tions or derivatives on delta functions, which are not included in the jet bundles.
Therefore, the DeWitt convention is not appropriate for jet bundle theory. The
relation between the two conventions in the above example is

Hi(y)(x) = hi(x)δ(x − y) + hiµ∂x
µδ(x− y) + ... . (3.2.5)

The functions on the stationary surface are denoted by C∞(Σk). It can happen
that all functions that vanish on the stationary surface are weakly zero. Then the
theory is said to be regular. This is however not always the case, like in our example
of 2-dimensional gravity. There we have that (for a Euclidean metric in the space of
the Xµ’s) ∂Xµ is vanishing on the stationary surface Σ1, but nevertheless it is not
(in a local way) proportional to field equations in the sense of (3.2.3). Operators
vanishing on Σk which are not weakly zero will be called evanescent operators
[40]. To construct the extended action, we will not restrict ourselves to the case
of regular theories. This restriction was imposed in [48, 46, 47]. Instead, we will
extend the class of theories to those that also contain evanescent operators, which
will be added to the functions on the stationary surface, see [40].

3.2.2 Completeness and properness

There is another requirement which has to be satisfied, called completeness. It is
needed in order to guarantee a solution to the master equation that can be used
to construct a gauge fixed action. In words, it means that we have to take into
account all gauge symmetries of the classical action S0. Indeed, S0 itself obviously
satisfies the master equation (S0, S0) = 0. But when S0 has gauge symmetries, it
can not be used for the path integral. Therefore, we require completeness.

In jet bundle space, the symmetry transformations of the fields can be written
as

δφi = ri
aǫ

a + riµ
a ∂µǫ

a + ...+ riµ1...µt∂µ1...µt
ǫa , (3.2.6)

for some fixed value of t. The functions ri
a, r

iµ
a , ... depend on the fields and their

derivatives up to some finite order. Using the DeWitt notation, this takes the
more compact form δφi = Ri

aǫ
a. Gauge invariance is expressed by the fact that

the field equations yi are not all independent. In jet bundle space, this means

yir
i
a − ∂µ(yir

iµa ) + ...+ (−)t∂µ1...µt
(yir

iµ1...µt) = 0 , (3.2.7)

or, written in DeWitt notation

yiR
i
a = 0 . (3.2.8)
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The condition of completeness can now be formulated as : if for any set of local
functions T i(x)

yiT
i(x) = 0 =⇒ T i(x) = Ri

aµ
a(x) + yjv

ji(x) , (3.2.9)

where µa(x) and vij(x) are local functions, the latter being graded antisymmetric

vij(x) = (−)ij+1vji(x) . (3.2.10)

To avoid misunderstanding in the notation, I will once more write explicit, e.g.
yiT

i(x) =
∫
dzyi(z)T

i(z)(x), etc. .

Another requirement on the extended action S(Φ,Φ∗) is the properness con-

dition, which we will now explain. The master equation (S, S) = 0 implies re-
lations typical for a general gauge theory. In the collective notation of fields and
antifields, zα = {ΦA,Φ∗A)}, the master equation takes the form

←
∂αS · ωαβ ·

→
∂ βS = 0 with ωαβ = (zα, zβ) . (3.2.11)

We also introduce the Hessian

Zαβ ≡ P
(→
∂α

←
∂ βS

)
, (3.2.12)

where P projects onto the surface {Φ∗A = cak = 0}. Because S has zero ghost
number, Zαβ is only non–zero if gh(zα) + gh(zβ) = 0. This implies that its non–

zero elements are Zij = S0
ij =

→
∂ i

←
∂ jS

0, Zi
a, Za

a1 , ..., Zak
ak+1

. Note that upper
indices of Z appear here because derivatives are taken w.r.t. antifields Φ∗A. Of
course also elements as Zak+1

ak are non–zero, being the supertransposed of the
above expressions.

From the ghost number requirements we can determine that S is of the form

S = S0 + φ∗iZ
i
a(φ)ca +

∑

k=0

c∗ak
Zak

ak+1
cak+1 + . . . , (3.2.13)

where . . . stands for terms cubic or higher order in fields of non–zero ghost number.
Considering the master equation at antifield number zero, we obtain

0 = 1
2 (S, S)|Φ∗=0 =

←
∂ iS

0 ·
→
∂ iS1 = yiZ

i
ac

a , (3.2.14)

from which it follows that Zi
a = Ri

a.

Taking two derivatives of (3.2.11), and applying the projection P , we get

Zαγω
γδZδβ = (−)α+1yi P

(→
∂ i
→
∂α

←
∂ δS

)
. (3.2.15)
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This says that the Hessian Zαβ is weakly nilpotent. Explicitly, we obtain (apart
from the derivative of yiR

i
a = 0)

Ri
aZ

a
a1 = 2yjf

ji
a1 ≈ 0 (3.2.16)

Zak
ak+1

Zak+1
ak+2

≈ 0 , (3.2.17)

where

f ji
a1 = 1

2 (−)i P

(→
∂ j
→
∂ i
←
∂ a1S

)
. (3.2.18)

In the first relation the r.h.s. is written explicitly because it exhibits a graded
antisymmetry in [ij].

As the latter is weakly nilpotent its maximal (weak) rank is half its dimension.
The properness condition is now the requirement that this matrix is of maximal
rank, which means that for any (local) function vα(z)

Zαβv
β ≈ 0 =⇒ vβ ≈ ωβγZγδw

δ , (3.2.19)

for a local function wδ.

The properness conditions (3.2.19) can now be written explicitly as

S0
ijv

j ≈ 0 =⇒ vj ≈ Rj
aw

a

Ri
av

a ≈ 0 =⇒ va ≈ Za
a1w

a1

Zak
ak+1

vak+1 ≈ 0 =⇒ vak+1
≈ Zak+1

ak+2
wak+2

and

viR
i
a ≈ 0 =⇒ vi ≈ wjS0

ji

vaZ
a

a1 ≈ 0 =⇒ va ≈ wiR
i
a

vak
Zak

ak+1
≈ 0 =⇒ vak

≈ wak−1
Zak−1

ak
. (3.2.20)

The second group of equations follows from the first group, using that the right
and left ranks of matrices are equal. The first one implies (3.2.9) if there are no
non–trivial symmetries which vanish at stationary surface. By the latter we mean
that there would be relations

yiyjT
ji = 0 where yjT

ji 6= Ri
aǫ

a (3.2.21)

and T ij is graded symmetric. If such non–trivial symmetries would exist, then
(3.2.9) is an extra requirement with T i replaced by yjT

ji. This subtlety has been
pointed out in [40]. We will come back to this in the following section and in
chapter 4.
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3.2.3 The acyclicity and nilpotency of the Koszul-Tate op-

erator

As mentioned in the previous chapter, the Koszul-Tate (KT) operator was intro-
duced to kill the field equations in cohomology. As a consequence, the KT operator
provides a resolution of the functions on the stationary surfaces C∞(V k), ∀k. In
(2.3.2), the KT operator was only defined on the antifields φ∗i (similar to the con-
struction of Koszul [50]), but not yet on the antifields of the ghosts c∗ak

(in the
same spirit of Tate [51]). The purpose of this section is to define the KT operator
in the full space of antifields such that it is nilpotent

δ2KT = 0 , (3.2.22)

and acyclic on the space of local functions. Acyclicity here is defined as

δKTF (φ,Φ∗) = 0 =⇒ F (φ,Φ∗) = δKTH(φ,Φ∗) + f(φ) , (3.2.23)

for some H and where f is a function on the stationary surface or an evanescent
operator. From now on, when we talk about functions on the stationary surface,
evanescent operators will always be included. These two properties (nilpotency
and acyclicity) will guarantee the existence and uniqueness (modulo canonical
transformations) of the solution of the master equation. The proof was given in
different steps. First, in [48], existence and uniqueness theorems were proven for
irreducible gauge algebras, without using the KT differential. The shortcoming
of these proofs is that they did not prove the locality and Lorentz covariance of
the solution. Second, in [46], the KT operator was first introduced in the antifield
formalism. They proved the existence and uniqueness of the extended action for
reducible theories. Also here, the question of locality and Lorentz covariance of the
solution was not addressed. The problem of locality was solved in [47], using the
KT operator and jet bundle theory. A proof where locality and Lorentz covariance
is manifest was given in [40, 43].

The proof of the nilpotency and acyclicity goes perturbatively in the level of
antifields. We will not give all the proofs here since this is quite tedious. We
refer therefore to the above mentioned papers. Instead, to gain some insight in
the construction, we will give some examples and clarify some points, not well
discussed in the literature so far.

Let us start with functions at antifieldnumber zero, i.e. without antifields. The
KT operator is clearly nilpotent since it does not work on the fields, δKTφ

i = 0.
It is not acyclic however, because the field equations are not δKT -exact. For
acyclicity, see (3.2.23), they should be. Therefore, we introduce the first level of
antifields, φ∗i , and kill the field equations in cohomology by defining

δKTφ
∗
i = yi . (3.2.24)
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Since we have now introduced these antifields, we can study the nilpotency and
acyclicity for functions at antifieldnumber 1, i.e. linear in antifields φ∗i . In general,
such a function takes the form F = φ∗iK

i. δKT is nilpotent on these functions, so
only acyclicity has to be checked. In order that δKTF = 0, one must have that
yiK

i = 0. There are two types of solutions to this equation. The first is that
Ki is proportional to the gauge generators, i.e. Ki = Ri

aǫ
a. The second is that

Ki = yjv
ji, with vji graded antisymmetric. When Ki = yjv

ji, then F is KT
exact, namely φ∗i yjv

ji = 1
2δKT (φ∗i φ

∗
jv

ji), so this solution does not spoil acyclicity.

The term φ∗iR
i
a can however not be written as the KT of something. Therefore,

to restore acyclicity, we have to introduce a new field-antifield pair {ca, c∗a} and
we define

δKT c
∗
a = φ∗iR

i
a . (3.2.25)

The ca are called ghosts, and there are as many ghosts as there are gauge generators
Ri

a. The above analysis also shows that symmetries, graded antisymmetric in the
field equations, do not need a ghost. However, what happens with symmetries
graded symmetric in the field equations ? According to our KT analysis, one
should introduce a ghost for it, since these symmetries should be included in the
set of Ri

a. This result also follows from requiring completeness, i.e. (3.2.9). Notice
that it is NOT implied by requiring only properness. This we mentioned already
at the end of the previous section. Unfortunately, we have not yet found a good
example in which there are symmetries, graded symmetric in the field equation.
We will come back to this point in chapter 4.

Now, we go to functions of antifieldnumber 2. Candidate invariants are of the
form

F = c∗aZ
a + φ∗i φ

∗
jf

ji , (3.2.26)

where f ij is graded antisymmetric in i and j. For simplicity, I will assume all the
classical fields are bosonic and all the ghosts are fermionic. First, the nilpotency
of δKT on F follows from the construction at antifieldnumber 1. Second, for F to
be KT-invariant, we should have that

Ri
aZ

a = 2yjf
ji ≈ 0 . (3.2.27)

We will label the solutions to this equation with the index A1. The space of all
pairs (Za

A1
, f ij

A1
) satisfying (3.2.27) determines the space of all KT invariants at

antifieldnumber two. The question is now : which of these invariants is KT exact
by using only functions of φi, φ∗i , c

a, c∗a ? To answer this, we must solve

F (Za
A1
, f ij

A1
) = δKT [c∗aφ

∗
iK

ia +
1

3
φ∗i φ

∗
jφ
∗
kX

ijk] , (3.2.28)

for some functions Kia, X ijk. The functions X ijk are of course antisymmetric in
the three indices. We will split our KT invariant solution space into two spaces,
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namely the exact ones and the non exact ones. Then our index A1 runs over the
KT exact invariants, which we label by α1, and the non-exact ones, which we label
by a1. The exact pairs are of the form1

Za
α1

= yiK
ia
α1

f ij
α1

= R[j
aK

i]a
α1

+ ykX
kij
a1

. (3.2.29)

For all the invariant pairs that are not in this subspace, we introduce ghosts for
ghosts ca1 and antifields c∗a1

with

δKT c
∗
a1

= c∗aZ
a
a1

+ φ∗i φ
∗
jf

ji
a1
. (3.2.30)

Does all this implies that on shell vanishing zero modes do not need ghosts for
ghosts ? Not in general : (3.2.29) shows that if Za

a1
does not vanish on shell, the

zero mode is necessarily not exact, so it needs a ghost for ghosts. However, it can
happen that we find a KT invariant with a weakly vanishing zero mode matrix
Za

a1
, but the f ij

a1
are not of the form (3.2.29). Again, this property does not follow

from the properness condition. For a weakly vanishing null vector va of Ri
a, the

properness condition is always satisfied. So, va does not need to be proportional
to Za

a1
, see (3.2.20). Examples of this will be given in the next chapter.

Finally, we will discuss functions at antifieldnumber three. They are of the
form

F = c∗a1
Za1 + c∗aφ

∗
i f

ia +
1

3
φ∗i φ

∗
jφ
∗
kX

ijk , (3.2.31)

where X ijk is antisymmetric in its three indices. Requiring that δKTF = 0 leads
to two equations :

Za
a1
Za1 = −yif

ia ≈ 0

f ji
a1
Za1 +R[i

af
j]a = −ykX

ijk ≈ 0 . (3.2.32)

The first one is that we indeed have a zero mode. The second condition is a new
one. It is a condition on the functions f ia and can be compared with the condition
at antifieldnumber two, namely that f ij

a1
is antisymmetric in i and j. If the second

condition is not satisfied, we have no KT invariant and so, we certainly need not to
introduce ghosts for ghosts for ghosts2. Again, we can label the space of solutions
with the index A2 = {a2, α2}. Here a2 runs over the non-KT-exact invariants, and

1Antisymmetrisation is done with weight 1/2, i.e. [ij] = 1
2
(ij − ji).

2It is not clear yet if one can find a basis in which this equation is automatically satisfied.
Also at higher antifieldnumbers, one would find more conditions to make KT invariants. It is not
clear if these are really extra conditions, or if they can automatically be satisfied. This problem
is overlooked in the literature and is currently under study, in collaboration with K. Thielemans.
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α2 runs over the KT exact ones. As an exercise one can find out which of these
invariants are KT exact. This will give further conditions on the Za1 and f ia.

It is clear how this construction can be continued at higher antifieldnumbers.
Each time one encounters a KT invariant which is not exact, one must kill it by
introducing a new field antifield pair. The KT operator then takes the form

δKT c
∗
ak+1

= c∗ak
Zak

ak+1
+Mak+1

(φ, φ∗, c∗a, ..., c
∗
ak−1

) , (3.2.33)

where the function Mak+1
must be such that δKT is nilpotent. Again, it must

be emphasised that the general proofs follow a different strategy than the above
examples. There, the acyclicity is proved for functions of fields and antifields up
to a certain c∗ak

, and they can have arbitrary antifieldnumber.

The acyclicity applies for local (x–dependent) functions. It does not apply in
general for integrals. Indeed, consider the following example

S =

∫
ddx 1

2∂αX
µ · ∂αXµ , with µ = 1, 2 α = 1, ..., d

F =

∫
ddx

(
X∗1X

2 −X∗2X1
)
→ δKTF = 0 . (3.2.34)

Nevertheless, F can not be written as δKTG. The violation of acyclicity for inte-
grals is due to rigid symmetries. However, for F a local integral (integral of a local
function) of antifield number 0 (and thus obviously δKTF = 0), which vanishes on
the stationary surface, we have by definition F =

∫
yiF

i and F = δKT

∫
(φ∗iF

i).

The acyclicity was proven here for functions independent of ghosts. If one
considers local functions F (Φ∗, φ, c) depending on ghosts, then the acyclicity can
be used when we first expand in c. Therefore the modified acyclicity statement is
then

δKTF (Φ∗, φ, c) = 0 ⇒ F = δKTH + f(φ, c)

and if f(φ, c) ≈ 0 ⇒ f = δKTG(Φ∗, φ, c) , (3.2.35)

where, as mentioned before, ≈ stands for using the field equations of S0(φ) for
φ, while the ghosts c remain unchanged. If F is an integral, where the integrand
contains ghosts, then we apply the acyclicity to the coefficient functions of the
ghosts which are local functions. If gh(F ) > 0 (or even if just puregh(F ) > 0),
then each term can be treated in this way and the statement (3.2.35) holds even
when F is a local functional. Also if gh(F ) = 0 then any term has either a ghost,
or it just depends on φi in which case the acyclicity statement also applies for
integrals. So, to conclude, the KT operator is only not acyclic on local functionals
of negative ghostnumbers.
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3.2.4 Construction of the extended action : W3 gravity as

an example

In this section we will summarise the proof of the solution of the master equation
(S, S) = 0, as given in the second paper of [46] and also in [36, 43] . The general
technique will be illustrated in an example, namely that of chiral W3 gravity [52].
Its classical action is 3

S0 = − 1
2 (∂Xµ)(∂̄Xµ) + 1

2h(∂X
µ)(∂Xµ) + 1

3dµνρB(∂Xµ)(∂Xν)(∂Xρ) (3.2.36)

where dµνρ is a symmetric tensor satisfying the nonlinear identity

dµ(νρdσ)τµ = κδ(νσδρ)τ . (3.2.37)

The () indicate symmetrisation, and κ is some arbitrary, but fixed parameter. The
general solution of this equation was found in [100]. We will discuss more about
this in section 6.3.3 . The model contains n scalar fields Xµ, µ = 1, ..., n and two
gauge fields h and B, which imply the existence of two gauge symmetries

δXµ = (∂Xµ)ǫ+ dµνρ(∂Xν)(∂Xρ)λ

δh = (∇−1ǫ) + κ
2 (∂Xµ)(∂Xµ)(D−2λ)

δB = = (D−1ǫ) + (∇−2λ) , (3.2.38)

for local parameters ǫ, λ. We have made the shorthand notation

∇j = ∂̄ − h∂ − j(∂h)
Dj = −2B∂ − j(∂B) . (3.2.39)

The general idea is now to expand the master equation according to its antifield
number :

Bn ≡ (S, S)n = δKTS
n+1 +Dn(S0, ..., Sn) , (3.2.40)

i.e. one can split it into two pieces : one that contains Sn+1 and the other that
contains terms only depending on S0, ..., Sn. One can show that the first term in
this split indeed involves the KT operator, as introduced in the previous subsection.
One can also show that the terms Sk; k ≥ n + 2 do not contribute to the master
equation at antifieldnumber n. E.g.

(S, S)1 = 2(S0, S2) + 2(S1, S2) + (S1, S1) . (3.2.41)

3We will use the notations ∂ = ∂+ and ∂̄ = ∂−, where x± = ρ(x1 ± x0), and we leave the
factor ρ undetermined.
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There is e.g. no term (S0, S3), since one has to take the derivative in S0 w.r.t.
a field φi, so then one must take the derivative in S3 w.r.t φ∗i . The result is of
antifieldnumber two, which does not contribute to B1.

At the lowest level, B0 = 0, we find D0 = 0 and yi

→
∂ iS1 = 0 which gives as a

solution
S1 = φ∗iR

i
ac

a . (3.2.42)

For W3 this gives

S1 = φ∗iR
i
ac

a = X∗µ [(∂Xµ)c+ dµνρ(∂X
ν)(∂Xρ)u]

+h∗
[
(∇−1c) + κ

2 (∂Xµ)(∂Xµ)(D−2u)
]

+B∗
[
(D−1c) + (∇−2u)

]
, (3.2.43)

where c and u are the ghosts for the ǫ and λ symmetries, and are both fermionic.

The rest of the proof goes by induction. We assume that the master equation
is solved up to antifieldnumber n. This has determined the extended action up
to Sn+1. To solve Bn+1 = 0 for Sn+2, one needs to know that δKTD

n+1 = 0.
This can be proven from the Jacobi identity (a, (a, a)) = 0, with a =

∑
Sk, where

k runs from 0 to n + 1. Then one can use the Koszul-Tate acyclicity for local
functionals containing at least one ghost to write

Dn+1 = δKTU
n+2 . (3.2.44)

There can not be a function on the stationary surface, since D has antifieldnumber
greater than zero. Doing so, the master equation reduces to

δKT (Sn+2 + Un+2) = 0 . (3.2.45)

The solution is

Sn+2 = δKT (c∗an+1
can+1)− Un+2 + δKTV

n+3 . (3.2.46)

Adding different trivial terms δKTV
n+3 gives different solutions for the extended

action, which are related by canonical transformations. The first term on the r.h.s.
in (3.2.46) must also be add if further zero modes exist.

In our example, the next step is to solve B1 = 0. This corresponds to the
equation δKTS

2 +D1 = 0. Now, we can compute

D1 = φ∗i
←
∂ jR

i
aR

j
bc

bca(−)a+1

=
1

2
φ∗i [R

i
cT

c
ab − ykE

ki
ab]c

bca(−)a+1

= δKT [
1

2
c∗aT

a
bcc

ccb(−)b+1]− (−)k+a 1

4
δKT [φ∗kφ

∗
iE

ik
abc

bca] , (3.2.47)
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which gives back the form (2.5.2) without the dots. For W3 one can compute the
gauge algebra and finds

S2 = c∗ [(∂c)c+ κ(∂Xµ)(∂Xµ)(∂u)u] + u∗ [2(∂c)u− c(∂u)]
−2κX∗µh

∗(∂u)u(∂Xµ) . (3.2.48)

This form of the extended action was already found in [53, 54]. One can check
that D2 = 0, and so S3 = 0. The total extended action is then

S = S0 + S1 + S2 . (3.2.49)

3.3 Antibracket cohomology

Since we now have that (S, S) = 0, we can define a nilpotent operator on any
function F (Φ,Φ∗) :

SF = (F, S) , (3.3.1)

which raises the ghost number with one. This defines a cohomology problem, called
antibracket cohomology. To compute it, we must find the functions F (Φ,Φ∗) that
satisfy (F, S) = 0, modulo a part F = (G,S).

First we have to consider which functions are invariant under the S operation.
Again, we can make a split analogous to (3.2.40) :

(SF )
n

= (−)F δKTF
n+1 +DnF (S1, . . . Sñ, F 0, . . . , Fn) (3.3.2)

δKTF =
∑

k=0

(Sk, F )k+1 =
∑

k=−1

Sk+1
←
∂ ak
·
→
∂ akF , (3.3.3)

DnF ≡
n∑

k=0

k̃∑

m=1

(F k, Sn−k+m)m , (3.3.4)

where f is the ghost number of F and k̃ = k if f < 0 and k̃ = k + f + 1 for
f ≥ 0. One must distinguish between negative and non-negative ghost numbers.
For negative ghost numbers, it can be proven that there is no cohomology for local
functions, see the references given in previous sections . For non–negative ghost
numbers the situation is more complicated. The equation SF = 0 at zero antifield
number is by (3.3.2)

− (−)F δKTF
1 = D0F 0 =

f+1∑

m=1

(F 0, Sm)m . (3.3.5)
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D0 is a fermionic right derivative operator, which acts on fields only, and is given
by

D0F 0 = (F 0, S)
∣∣
Φ∗=0

. (3.3.6)

For antifield number 0, the KT differential is acyclic on functions which vanish on
the stationary surface. Therefore F 1 exists if D0F 0 ≈ 0, and one can prove that
then also the full F can be constructed perturbatively in antifield number such
that SF=0. Again, for the proofs, we refer to the literature.

The operator D0 raises the pureghost number
(pgh(φi) = 0, pgh(cak) = gh(cak) = k+1, pgh(Φ∗A) = 0) by 1. It is nilpotent on the
classical stationary surface: D0D0F 0 ≈ 0. One can define a (weak) cohomology
of this operator on functions of fields only, and this is graded by the pureghost
number p. The main result is that this weak cohomology is equivalent to the
(strong) cohomology of S for functions of ghost number p 4 :
Theorem : Any local function F of negative ghost number which satisfies SF = 0
can be written as F = SG.
For functions of non–negative ghost number, the following statement holds. For a
local function or a local integral F 0(Φ) (not containing antifields)

D0F 0 ≈ 0 ⇔ ∃F (Φ,Φ∗) : SF = 0 (3.3.7)

where F (Φ, 0) = F 0. Further

F 0 ≈ D0G0 ⇔ ∃G(Φ,Φ∗) : F = SG , (3.3.8)

where again G0 = G(Φ, 0), and F is a function determined by (3.3.7). The ghost
numbers of F and G are equal to the pureghost numbers of F 0 and G0.

The inclusion of local integrals for the second part of the theorem follows from
the fact that for non–negative ghost numbers we could at the end of subsection
3.2.3 include these in the acyclicity statement, and this was the only ingredient of
the proof. There are no general statements for functionals at negative ghost num-
ber. However, for ghost number minus one, it can be proven that the cohomology
is isomorphic to the space of constants of motion [55].

At ghost number zero the antibracket cohomology gives the functions on the
stationary surface, where two such functions which differ by gauge transformations
are identified. These are physically meaningful quantities. Indeed, the KT coho-
mology reduced the functions to those on the stationary surface. D0 acts within
the stationary surface, and its cohomology reduces these functions to the gauge
invariant ones, as for (pure) ghost number 0,

D0F 0 =
←
∂ iF

0 ·Ri
ac

a , (3.3.9)
4Even for closed gauge algebras one has to use the field equations in order to have equivalence

between the two cohomologies.
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gives the gauge transformation of F 0. Here we clearly see how the antibracket and
BRST formalisms are connected.

At ghost number 1, we can apply the theorem for the analysis of anomalies.
We will see in chapter 6 that anomalies A are local integrals of ghost number 1.
They satisfy the Wess–Zumino consistency relations [78] in the form5 SA = 0,
while anomalies can be absorbed in local counterterms if A = SM . The anomalies
are thus in fact elements of the cohomology of S at ghost number 1 in the set of
local integrals. We have found here that in the classical basis, these anomalies
are completely determined by their part A0 which is independent of antifields and
just contains 1 ghost of ghost number 1. On this part there is the consistency
condition D0A0 ≈ 0. If this equality is strong, then A does not need antifield–
dependent terms for its consistency. If it is weak, then these are necessary, but we
know that they exist. If for an anomaly A0 ≈ D0M0, then we know that it can
be cancelled by a local counterterm. Consequently the anomalies (as elements of
the cohomology) are determined by their part without antifields, and with ghost
number one, and can thus be written as

A = Aa(φ)ca + . . . , (3.3.10)

where the written part determines the . . .. Therefore we can thus split the anoma-
lies in parts corresponding to the different symmetries represented by the index a.
Indeed, people usually talk about anomalies in a certain symmetry (although this
can still have different forms according to the particular representant of the coho-
mological element which one considers), and we show here that this terminology
can always be maintained for the general gauge theories which the BV formalism
can describe.

For recent examples of computing antibracket cohomology, at different ghost
numbers, we refer the reader to [56].

3.4 Gauge fixing and canonical transformations

In previous sections, we always have worked in the so called classical basis, where
the fields have non-negative ghost numbers and the antifields have negative ghost
numbers. In this basis we have the classical limit S(Φ,Φ∗ = 0) = S0(φ). This
basis is however not useful when going to the gauge fixed action. In the previous
chapter, section 2.2, we have already seen the example of Maxwell theory. The
classical basis of nonnegative ghost-numbers are the fields ΦA = {Aµ, c, b

∗ = λ},
where we have introduced the field λ, because in the classical basis, fields do not

5We consider here only 1–loop effects.
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carry a star-index. On the other hand, the basis ΦA = {Aµ, c, b} is the one to use
for doing the path integral. Therefore we will call this the gauge fixed basis, since
in this basis, the action without antifields contains no more gauge invariances.
This is the general strategy [58] : starting from the non-minimal solution of the
classical master equation, we perform a canonical transformation that mixes fields
and antifields, such that in the new basis, called the gauge-fixed basis, the extended
action takes the form

S(Φ,Φ∗) = Sgauge−fixed(Φ) + antifield–dependent terms . (3.4.1)

In this new basis some antifields will have positive or zero ghost numbers, so it
is not any more of the type mentioned above. ‘Gauge fixed’ means that in the
new definitions of fields the matrix of second derivatives w.r.t. fields, SAB, is
non–singular when setting the field equations equal to zero. We have seen in the
example of Maxwell theory that one has to introduce extra fields, before doing the
canonical transformation. Indeed, it is not possible, starting from the ”minimal
solution” S = 1

4FµνF
µν + A∗µ∂µc, to perform a canonical transformation with

only these fields such that one obtains a gauge fixed action. So, in general one
needs to add ”non-minimal” sectors (like the 1

2b
∗2 term), that are cohomologically

trivial in the antibracket sense (indeed, Sb = b∗,Sb∗ = 0), to be able to do
the canonical transformation. For more details on this procedure we refer to
[13, 14, 59, 37, 42, 43].

In the example of 2d chiral gravity, gauge fixing is obtained by the canonical
transformation where h and h∗ are replaced by b and b∗:

b = h∗ ; b∗ = −h . (3.4.2)

One checks then that the part of S depending only on the new ‘fields’, i.e. Xµ, b
and c, has no gauge invariances. The gauge fixed action is

Sgf = −1

2
∂Xµ · ∂̄Xµ + b∂̄c , (3.4.3)

and b is called the antighost.

Let us take a closer look at canonical transformations. Just like for Poisson
brackets, they can be obtained from a generating function (in BV theory, this is a
fermion) f(Φ,Φ′∗), for which we have that [35, 57, 43]

Φ′A = ΦA +
∂

∂Φ′∗A
f(Φ,Φ′∗) ; Φ∗A = Φ′∗A +

∂

∂ΦA
f(Φ,Φ′∗) . (3.4.4)

These type of transformations are called ”infinitesimal transformation”. For gener-
ating ”finite canonical transformations”, of which φ = φ′∗, φ∗ = −φ is the simplest
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example, see the appendix of [57]. For Maxwell theory, the corresponding gener-
ating fermion for (2.2.4) is

f = b∂µA
µ , (3.4.5)

where an intergal is understood. This corresponds to the gauge choice ∂µA
µ = 0.

Choosing different generating functions in (3.4.4) corresponds to different gauge
choices. Let us illustrate this in the case of chiral 2-d gravity. Starting from the
minimal solution (3.1.7), we add a non-minimal sector Snm = −b∗πh. Now, we
can perform a canonical transformation generated by

f1 = bh . (3.4.6)

In this case, we are in the ”background gauge”. Indeed, after the canonical trans-
formation, we can intergate out the field πh which gives a delta function that fixes
h to a general background field, played by the antifield b∗, i.e. h = −b∗. This was
the gauge presented above. On the other hand, instead of doing f1, we could also
have done the canonical transformation generated by

f2 = ∂̄bh , (3.4.7)

which gives, after dropping the primes

S = −1

2
∂Xµ∂̄Xµ +

1

2
h∂Xµ∂Xµ

+X∗µ∂X
µc+ h∗∇c+ c∗∂cc

−b∗πh + ∂̄hπh + ∂̄b∇c . (3.4.8)

This brings us to the temporal gauge ∂̄h = b∗. In order to go from this second order
action to a first order action, we introduce another trivial system Senm = −πbπc.
Both fields are fermionic, πb has ghost number one, πc ghost number minus one.
We then do a canonical transformation generated by

f3 = π′
∗
c(h
′∗ + ∂̄b)− π′∗b∇c , (3.4.9)

Then the extended action takes the form

S = −1

2
∂Xµ∂̄Xµ + πh∂̄h+ πb∂̄b+ πc∂̄c− πbπc + h(Tmat + Tgh)

+X∗∂Xc− h∗πb − π∗c [Tmat + Tgh]

+c∗∂cc− b∗πh , (3.4.10)

with

Tmat =
1

2
∂X∂X Tgh = −2πc∂c− ∂πcc . (3.4.11)
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The quantisation of chiral W2 and W3 gravity in these gauges was done in [60].

Another application of canonical transformations is rewriting of the gauge al-
gebra and the extended action before gauge fixing. Consider the example of chiral
W3 gravity, of which we have given S0 and S1 in (3.2.36) and (3.2.43). S2 could
then be determined by computing the gauge algebra, i.e. the structure functions
T a

bc and field equation coefficients Eij
ab. One first needs to compute the left hand

side of (2.5.1). This leads to an expression that has to be split in a part with
the gauge generators Ri

a and a part with the field equation. This split is not
unique when some of the gauge generators are proportional to field equations. In
our example, the transformation of h involves a term proportional to its own field
equation. The arbitrariness of this split reflects itself into different possibilities for
S2, and one finds solutions

S2 = c∗ [(∂c)c+ κ(1− α)(∂Xµ)(∂Xµ)(∂u)u] + u∗ [2(∂c)u− c(∂u)]
−2καh∗(D3B∗ +∇2h∗)(∂u)u− 2κ(α+ 1)X∗µh

∗(∂u)u(∂Xµ) ,(3.4.12)

for arbitrary α. For α = 0, the algebra closes off-shell on B, while for α = −1
the algebra closes off-shell on Xµ. Remark also the choice α = 1, which gives the
simplest structure functions. The relation between these actions is given by the
canonical transformation: starting from the action with α = 0 the transformation
with generating function

f = 2καh′∗(∂u)uc′∗ . (3.4.13)

gives in the primed coordinates the action with this arbitrary parameter α [40].

The non-uniqueness of the extended action has its origin in adding the exact
term δKTV

n+3 in (3.2.46). It can be shown that this corresponds to the canonical
transformation generated by

f = −V n+3(Φ,Φ∗) . (3.4.14)

Let us finally end with an important remark. In the previous section, we
have introduced a BRST operator D0, whose weak cohomology was equivalent
to the strong cohomology of the antibracket. The BRST operator was defined
on functions depending on fields only, and one had to take the bracket with S
and then put all antifields equal to zero. When gauge fixing, however, the role
of fields and antifields can be interchanged, so that, in this basis, one has to put
other fields equal to zero after taking the bracket with S. This leads to a different
operator, which is still called the BRST operator. One can check that this operator
is weakly nilpotent, but now using the field equations of the fields in the gauge
fixed basis. The weak cohomology of this operator is again isomorphic to the
antibracket cohomology, but only for local functions. For local functionals one can
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not make any statements anymore, since the proof of the equivalence heavily relies
on the acyclicity of the Koszul-Tate operator. In the gauge fixed basis, fields can
have negative ghost numbers, and so, acyclicity does not hold on local functionals.
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4.1 Motivation and introduction

In chapter 2, the concept of reducible gauge theories was explained. We gave the
example of the antisymmetric tensor field, which was an example of a first order
reducible theory. We also mentioned theories with the so called κ-symmetry as
examples of infinitly reducible theories.

Here, we will give 2 new examples of infinitly reducible theories and show how
the BV formalism can be applied to such models. These examples can be seen
in the context of first order actions with relations between the generators. They
have actions of the form

S = Ki(φ)∂̄φi + ψaTa(φ) , (4.1.1)

where we call φi the matter fields, ψa are gauge fields and Ta are first class con-
straints in the Hamiltonian language, generating a = 1, ..., n gauge symmetries.
The time derivative ∂̄ is always explicitly written and is not understood in the
DeWitt notation. These theories can be quantised in the Hamiltonian approach
using the Batalin-Fradkin-Vilkovisky (BFV) method (see [62, 63] for reviews), or
in the Lagrangian approach using the BV method, see section 3 of [59], or [43]. Ex-
amples of this are a large class of conformal field theories [61], like ordinary chiral
gravity and W3 gravity, and the bosonic relativistic particle. In the Hamiltonian
language one can define Dirac brackets under which the constraints Ta form the
(current) algebra

[Ta, Tb] = f c
abTc . (4.1.2)

Now, the generators Ta(φ) can be linearly dependent. In that case one has
relations between the generators of the form

Za
a1
Ta = 0 , (4.1.3)

and one calls the constraints (in Hamiltonian language) reducible. These systems
can also be quantised using the BFV or BV approach, and we will use the latter.
It is clear that, in this case, we have extra symmetries of the form

δψa = ǭa1Za
a1
. (4.1.4)

Therefore, one should also introduce, besides the ghosts ca coming from the gauge
symmetries generated by Ta, extra ghosts c̄a1 [64]. On the other hand, (4.1.3)
means that the gauge generators are not linearly independent, and so, we need
ghosts for ghosts ca1 . The quantisation of such systems, under suitable assump-
tions of the gauge algebra, is discussed in [59] (section 3) and in [43], in the context
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of the superparticle and the Green-Schwarz superstring. In these theories, there
are even further zero modes

Za
a1
Za1

a2
= 0 , (4.1.5)

such that one has to introduce further ghosts for ghosts. In fact, these models are
infinitly reducible, such that one has to work with an infinite tower of ghosts for
ghosts.

In this chapter, we will give new examples of these systems, in the context
of conformal field theory. They do not completely follow from the description in
[59] because the assumptions there are not satisfied anymore. As a warm–up, we
discuss a toy model in the next section to show the general idea and the basic
principles. After that, we give the example of the W5/2 algebra, which is a new
type of gauge algebra, not discussed in the literature so far. New in the sense
that there are symmetries which are proportional to symmetric combinations of
the field equations. As explained at the end of section 3.2.2, this makes that the
properness condition is not equivalent to completeness.

The following sections are based on work in collaboration with K. Thielemans
[33].

4.2 Toy model : a fermion in a gravitational field

4.2.1 Some generalities

We have already seen the example of 2d chiral gravity, which is a conformal field
theory with energy momentum tensor T = 1

2∂X
µ∂Xµ. The classical action is of

the form
S0 = S0 + hT , (4.2.1)

where S0 depends only on the matter fields, in this case the Xµ’s. S0 and T
transform under the conformal symmetry as

δS0 = −∂̄ǫT δT = ǫ∂T + 2∂ǫT . (4.2.2)

The derivatives only work on the first object behind the ∂ or ∂̄. The model
can be considered as being a scalar matter field coupled to a chiral gravitational
background field h in 2 dimensions. The construction of the extended action was
straightforward and given in (3.1.7). However, (4.2.2) suggests that one can build
the extended action in terms of the current T and the gauge field h, without
specifying the realisation. In our example, the extended action can be rewritten
as

S = S0 + T ∗[c∂T + 2∂cT ] + h∗[∇(−1)c] + c∗∂cc . (4.2.3)
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This way of writing the extended action is only to show that our results are
realisation independent. One can not simply treat T and T ∗ as elementery fields,
since we can not express e.g. the Xµ in terms of T . However, as a working

definition, one could use the rule ∂S0

∂Xµ
∂S1

∂X∗
µ

= ∂S0

∂T
∂S1

∂T∗ . The advantage of this

approach is that this extended action can be used for any realisation satisfying
(4.2.2).

However, one can also find realisations with fermions as matter fields. For
instance, a two fermion model with anticommuting fields ψ, ψ̄, a classical action
S0 = ψ∂̄ψ̄ and T = 1

2∂ψψ̄ − 1
2ψ∂ψ̄. The conformal symmetry is the invariance

under the transformation δψ = ǫ∂ψ + 1
2∂ǫψ, and analogous for ψ̄. Even more

simple, one can take a model with a single fermion ψ, a classical action S0 = 1
2ψ∂̄ψ

and T = 1
2∂ψψ, with the same transformation rule as above.

It can happen that there appear extra constraints between the generators. E.g.
in our one fermion model, the extra constraint is T 2 = 0. This is due to the fact
that fermions anticommute and square to zero. As mentioned in the previous
section, these constraints generate extra gauge symmetries. In the theory where T
is used to work in a realisation independent way, which we will call the macroscopic
theory from now on, this extra symmetry is δh = T ǫ. In the theory where the
realisation is explicitly specified, which we will call the microscopic theory, we have
two extra gauge symmetries, namely δh = ψǫ1; δh = ∂ψǫ2. So, in the quantisation,
we must distinguish between these two cases. We will first discuss the macroscopic
theory and comment on the microscopic theory later.

4.2.2 The macroscopic theory

In this theory, we will assume there is some realisation that gives a constraint

T 2 = 0 . (4.2.4)

To quantise this theory, we start with an action S0 and an energy momentum
tensor that satisfy (4.2.2). The gauge symmetries can be written in terms of the
current T , coming from some transformation rules on the (unspecified) matter
fields, i.e. coming from the microscopic theory. Because of the completeness, we
also have to include the extra gauge symmetry on the gauge field h, due to the
constraint (4.2.4). The complete set of symmetries is

δǫ1T = ǫ1∂T + 2∂ǫ1T δǫ2T = 0

δǫ1h = ∇(−1)ǫ1 δǫ2h = T ǫ2 . (4.2.5)

The ǫ1 symmetry is the Virasoro symmetry, for which we introduce a ghost c1.
Remark that the ǫ2 symmetry on the fields is a symmetric combination of the field
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equations, i.e. it is of the form δφi = yjS
ji, where the S matrix is symmetric in i

and j, which label the fields T and h. This implies that properness does not imply
completeness1. As mentioned in the previous chapter, the question arises wether
we should introduce a ghost for this symmetry or not. Equivalently, should we
require properness or completeness ? The answer is given by the requirement of
the acyclicity of the Koszul Tate operator. We have in our case a KT invariant :
δKT [φ∗i yjS

ji] = 0. This invariant is however not exact since it cannot be written
as δKT [φ∗iφ

∗
jE

ji]. Here, the matrix E is always (graded) antisymmetric in i and
j. So, in order to guarantee the acyclicity of the KT operator, we will introduce
a ghost c2 with δKT c

∗
2 = h∗T . This means that, if there is a difference between

properness and completeness, one should require completeness.

The extended action at antifieldnumber one is then

S1 = T ∗[c1∂T + 2∂c1T ]

+h∗[∇(−1)c1 + Tc2] . (4.2.6)

The transformation matrix Ri
a is

Ri
a =

(
∂T + 2T∂ 0
∇(−1) T

)
, (4.2.7)

where this matrix is working on an additional delta function δ(x − y), and the
derivatives in this matrix are w.r.t. x. Remark that the a index is different from
the one in the previous section. Here, a = 1, 2. It includes the ǫa and the ǭa1

symmetries. As can be easily seen, the gauge generators are not all independent,
because of the relation T 2 = 0. For instance, one could take as a zero mode the

column va =

(
0
T

)
which clearly satisfies Ri

av
a = 0. Whether this is a ”good”

zero mode or not will be discussed in the next subsection.

4.2.3 Zero modes dictated by Koszul-Tate

For each zero mode that one finds, one expects to introduce a ghost for ghosts.
This follows in fact from the properness condition (3.2.20). It says that, whenever
there is a zero mode va, it should be weakly proportional to the reducibility matrix
Za

a1
, for which one has to introduce a ghost for ghosts. However, there are some

subtleties when the zero modes are vanishing on shell, because the properness
condition is satisfied for any va ≈ 0. We have discussed this subtlety in section
3.2.3 for arbitrary gauge theories. Let us illustrate this in our example. We have

1However, vice versa, completeness always implies properness.
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the following equations :

δKTh
∗ = T

δKT c
∗
1 = −T ∗∂T − 2∂T ∗T −∇h∗

δKT c
∗
2 = h∗T . (4.2.8)

First of all, let us look at functions at antifieldnumber 1. For instance we have
that δKT (h∗T ) = 0, for which we have introduced {c2, c∗2} that kills this cycle.
Then observe that δKT (∂h∗T ) = 0 and also δKT (h∗∂T ) = 0. But these can be
written as δKT [1/2(∂c∗2±h∗∂h∗)], so that we do not have to include the symmetry
δh = ∂T ǫ. In fact, this symmetry can be written as a combination of our true
gauge symmetry and an antisymmetric combination of the field equation of h. At
antifieldnumber two we have further KT invariants, e.g. δKT (c∗2T ) = 0. This
invariant is vanishing on shell, so it corresponds to a zero mode on shell, namely

va =

(
0
T

)
. However, this cycle is KT exact and we do not need further ghosts.

Indeed, (c∗2T ) = δKT (c∗2h
∗). Looking at the general conditions for KT exactness

(3.2.29), one can check that these equations are satisfied.

On the other hand we also have that δKT (c∗2∂T ) = 0, which is also vanishing
on shell, but it is not NOT KT exact. For this cycle, although also vanishing on
shell, we define a new field-antifield pair c21 (bosonic) and c∗21

(fermionic) such
that

δKT c
∗
21

= c∗2∂T . (4.2.9)

Another non KT exact invariant is −[∇4c∗2 + 2c∗1T + h∗∇2h∗], for which we intro-
duce the pair c11 (bosonic) and c∗11

(fermionic), with

δKT c
∗
11

= −[∇4c∗2 + 2c∗1T + h∗∇2h∗] . (4.2.10)

One can check that these are all the non-trivial zero modes. They form the re-
ducibility matrix

Za
a1

=

(
−2T 0
∇−3 ∂T

)
. (4.2.11)

This determines the extended action up to antifieldnumber 2 :

S2 = −2c∗1Tc
11 − h∗∇h∗c11

+c∗2[∇(−3)c11 + ∂T c21]

+c∗1∂c
1c1 + c∗2[∂c

2c1 − 3c2∂c1] . (4.2.12)
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4.2.4 The infinite tower of zero modes

Having found (4.2.11), one can now look for further zero modes, starting at anti-
fieldnumber 3. After some analysis, one finds again KT non-exact invariants. The
first one contains the ∇ operator (or time derivative) :

δKT c
∗
12

= −∇7c∗21
+ c∗11

∂T + T∂c∗11
− c∗2∇∂h∗

+2∇c∗2∂h∗ +∇(∂c∗2h
∗) + 2c∗2∂∇h∗ + ∂∇c∗2h∗ , (4.2.13)

where {c12 , c∗12
} is the new ghost for ghosts pair to kill this cycle. We also find

two zero modes, corresponding to the constraint T 2 = 0. They are

δKT c
∗
22

= c∗21
T

δKT c
∗
32

= ∂2Tc∗21
+

1

3
Tc∗1∂

3h∗ . (4.2.14)

This leads to the second level reducibility matrix

Za1
a2

=

(
−T∂ 0 0
∇−6 T ∂2T

)
. (4.2.15)

It determines terms in the extended action proportional to antifieldnumber 3 :

S3 = −c∗11
T∂c12 + c∗21

[∇(−6)c12 + Tc22 ] + ... , (4.2.16)

where the dots now indicate terms quadratic or more in antifields.

Intuitively, it is now clear that this procedure repeats itself ad infinitum. We
will always have two kinds of zero modes, which we call dynamical and algebraic
zero modes. The dynamical zero modes contain a time derivative and ensure that
the ghosts for ghosts are propagating after gauge fixing. Indeed, after this pro-
cedure is completed, the gauge fixing is analogous to ordinary 2d gravity, namely
h∗ = b1, c

∗
2 = b11 , c

∗
21

= b12 , ... etc. . The gauge fixed action then takes the form

Sgf =
1

2
ψ∂̄ψ + b1∂̄c

1 + b11 ∂̄c
11 + b12 ∂̄c

12 + ... . (4.2.17)

On the other hand there are the algebraic zero modes. These follow directly
from the constraint T 2 = 0, and from the derivatives on it. One can convince
oneself that the terms in the extended action coming from the algebraic zero
modes disappear after gauge fixing. The general structure is that the algebraic
zero modes at antifield number n determine the dynamical zero modes at antifield
number n+ 1. The antifields of the ghosts for ghosts for the algebraic zero modes
become, after gauge fixing, the antighosts of the ghosts for ghosts, coming from
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the dynamical zero modes. This was, without using the terminology of algebraic
and dynamical zero modes, already pointed out in [59].

Let us finally comment on the extra condition for finding KT invariants, namely
eqn. (3.2.32). We will show here that in the macroscopic theory, this equation is

not automatically satisfied. Consider the zero mode Za1 =

(
0
A

)
, for any function

A. This zero mode clearly satisfies (3.2.32), with

f ia =

(
0 0
0 A∂

)
. (4.2.18)

However, it does not automatically satisfies (3.2.32) for arbitraryA. One can check
that A = T and A = ∂2T satisfy the extra condition. They indeed correspond to
the zero modes in (4.2.15).

4.2.5 The microscopic theory

In this section, we will briefly comment on the difference between the micro- and
macroscopic theories. Let us work with the simple one fermion model for which
the action is

S0 =
1

2
ψ∂̄ψ − 1

2
hψ∂ψ . (4.2.19)

We now have as a complete set of symmetries

δǫ1ψ = ǫ1∂ψ +
1

2
∂ǫ1ψ δǫ2ψ = 0 δǫ3ψ = 0

δǫ1h = ∇(−1)ǫ1 δǫ2h = ψǫ2 δǫ3h = ∂ψǫ3 . (4.2.20)

We have one more gauge symmetry than in the case of previous sections. This
is of course due to the fact that we know the (microscopic) details of the energy
momentum tensor. The transformation matrix is now

Ri
a =

(
∂ψ + 1/2ψ∂ 0 0
∇−1 ψ ∂ψ

)
. (4.2.21)

In the microscopic theory, we got rid of the symmetries, graded symmetric in the
field equations. Indeed, the symmetry δh = T ǫ is in the microscopic theory a
combination of the ǫ2 and ǫ3 symmetries. The latter are however not vanishing on
the stationary surface.

We have to introduce three ghosts : c1, fermionic, c2 and c3, both bosonic.
Using these fields, we can construct the extended action up to antifield number
one : S1 = φ∗iR

i
ac

a. As for the macroscopic theory, the generators Ri
a are not
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linearly independent. It turns out one can find five zero modes, corresponding to
the following invariants : ∇c∗2+c∗1ψ−h∗ψ∗;∇c∗3+c∗1∂ψ− 1

2c
∗
2∂

2h−h∗∂ψ∗; c∗1ψ; c∗2∂ψ
and c∗1∂ψ + c∗2ψ. They form the first level reducibility matrix

Za
a1

=




ψ ∂ψ 0 0 0
∇−3/2 −1/2∂2h ψ 0 ∂ψ

0 ∇(−5/2) 0 ∂ψ ψ


 . (4.2.22)

There are two dynamical and three algebraic zero modes. One can again imagine
that this leads to an infinitly reducible theory. Nevertheless, one can construct
the extended action and gauge fix it. It will again lead to an action analogous to
(4.2.17). But now, there are more ghosts for ghosts per level of reducibility, and
they have different statistics. Also the conformal spins of the ghosts are different.
It is not clear to what extend the micro- and macroscopic theories are equivalent2.
We leave this as an open problem.

4.3 A new type of gauge theory : the W2, 52
algebra

4.3.1 The current algebra

The W2,5/2–algebra was one of the first W–algebras constructed, see [65] where it
is presented in the quantum case with Operator Product Expansions [61]. We need
it here as a classical W–algebra, i.e. using Dirac brackets. The algebra consists of
two currents : T , the Virasoro generator, and a primary dimension 5

2 (fermionic)
current G. They satisfy

[T (z), T (w)] = −2T (w)∂δ(z − w) + ∂T (w)δ(z − w)

[T (z), G(w)] = − 5
2G(w)∂δ(z − w) + ∂G(w)δ(z − w)

[G(z), G(w)] = T 2(w)δ(z − w) . (4.3.1)

Here, these brackets are only defined formally, and one should look for systems with
fields and their momenta that realise this algebra. Taking (4.3.1) as a definition,
the Jacobi identities are only satisfied modulo a “null field”

N1 ≡ 4T ∂G− 5∂T G . (4.3.2)

2It is surprising that, if one forgets about the extra symmetries (both in the micro- and
macroscopic theory), one can still obtain a gauge fixed action S = 1

2
ψ∂̄ψ+b∂̄c with the standard

BRST rules δψ = ∂ψc + 1
2
ψ∂c; δc = ∂cc; δb = −T + 2b∂c + ∂bc. Therefore, it is not excluded

that all the ghosts for ghosts cancel out each other.
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In this context, we call “null fields” all the combinations of T and G which should
be put to zero such that the Jacobi identities are satisfied. We can check by
repeatedly computing Dirac brackets with N1 that the null fields are generated by
N1 and

N2 ≡ 2T 3 − 15∂GG . (4.3.3)

More precisely, all other null fields are of the form :

f1(T,G)∂nN1 + f2(T,G)∂mN2 (4.3.4)

with fi differential polynomials in T and G.

A two fermion realisation, like in section 4.2.1, for this algebra was found in
[66] :

T = − 1
2ψ ∂ψ̄ + 1

2∂ψ ψ̄ ,

G = 1
2

(
ψ + ψ̄

)
T , (4.3.5)

where ψ is a complex fermion satisfying the Dirac bracket [ψ(z), ψ̄(w)] = δ(z−w).
One can easily verify for this realisation that the null fields Ni vanish.

In fact, for any realisation in terms of fields with associated Dirac brackets (e.g.

free fields), the null fields will vanish identically. Indeed, they appear in the rhs

of the Jacobi identities, which are automatically satisfied when Dirac brackets are
used. This means that in any realisation, the generators T,G are not independent.
They satisfy (at least) the relations Ni = 0. In the following section, we will see
that these relations have important consequences for the gauge algebra.

4.3.2 The gauge algebra

In order to construct a gauge theory based on this algebra, one must work in a
certain realisation, i.e. one must specify matter fields φi and an action S0, as in
(4.1.1) . The generators T (φ), G(φ) satisfy the algebra (4.3.1) with N1 = N2 =
0, because we are now using Dirac brackets. They generate, being first class
constraints, the gauge transformations on the fields via

δǫaφ =

∫
ǫa[Ta, φ] (4.3.6)

where the index a runs over the number of generators, and there is no summation in
the rhs. In the same spirit of the previous sections, we will not make a choice for the
realisation and use only the information contained in the algebra of the generators
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to construct a gauge theory. Instead, we will treat T and G as elementary fields.
In that case the transformation rules can be written on the currents, and one finds

δǫT = ǫ∂T + 2∂ǫT δαT =
3

2
α∂G+

5

2
∂αG

δǫG = ǫ∂G+
5

2
∂ǫG δαG = αT 2 (4.3.7)

Hence, we will assume that there is some action S0 that transforms under
conformal resp. supersymmetry with parameters ǫ resp. α as

δǫS0 = −∂̄ǫT δαS0 = −∂̄αG . (4.3.8)

The commutators between two symmetries can be computed using the Jacobi
identities :

[δǫa , δǫb ]φ =

∫
ǫa
∫
ǫb(−)ab ({Ta, {Tb, φ}} − {Tb, {Ta, φ}})

= −
∫
ǫa
∫
ǫb{{Ta, Tb}, φ} .

We find :

[δǫ1 , δǫ2 ] = δǫ̃=ǫ2∂ǫ1−ǫ1∂ǫ2

[δǫ, δα] = δα̃=−ǫ∂α+3/2α∂ǫ

[δα1 , δα2 ] = δǫ̃=2α2α1T . (4.3.9)

Now, we can gauge these symmetries by introducing gauge fields h (bosonic)
and f (fermionic) for the conformal and susy symmetries. The action is then

S0 = S0 + hT + fG . (4.3.10)

The transformation rules that make the action invariant are

δǫh = ∇−1ǫ δαh = αfT

δǫf = ǫ∂f − 3

2
f∂ǫ δαf = ∇−( 3

2 )α , (4.3.11)

These rules enable us to study the gauge algebra. Computing the commutators
of the gauge symmetries on the gauge fields, we see that they close only after
using equations of motion. In the usual case for open algebras [18] one has the
usual structure functions T a

bc and a graded antisymmetric field equation matrix

Eij
ab. In the case of W2,5/2 however, the commutator of two supersymmetries gives
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us something unexpected. Computing the commutator (4.3.9) on the gauge fields,
we find :

(
[δα1 , δα2 ]− δǫ̃=2α2α1T

)
h = −[∇−3(α2α1)T + 2α2α1∇2T ]

−5

2
∂(α2α1)fG− 3α2α1f∂G

(
[δα1 , δα2 ]− δǫ̃=2α2α1T

)
f = −3α2α1∂(Tf)− 1

2
∂(α2α1)fT

+9α2α1f∂T + ∂(α2α1f)T , (4.3.12)

The terms between square brackets on the first line is an antisymmetric combina-
tion of the field equation of h, yh = T . The last two terms of the rhs for h together
with the first and second term of the rhs for f again form trivial field equation
symmetries. However, the two terms on the last line of the rhs for f remain. As
they arise from the commutator of two symmetries, they must leave the action
invariant too. So, they generate a new fermionic symmetry, given by :

δnφ
i = 0

δnh = 0 δnf = 9n∂T + 4∂nT . (4.3.13)

Note that it acts only on the gauge fields, and hence leaves S0 invariant. Remark
that this symmetry is proportional to field equations. However it is not a graded
antisymmetric combination, in which case it could be neglected in the quantisation.
Here, this extra symmetry is essential for constructing the extended and gauge
fixed action.

Of course, in hindsight it is obvious there is a corresponding symmetry associ-
ated with a null field. However, if one tries to quantise the action without knowing
the algebra of the previous section, one is surprised that the gauge transforma-
tions (4.3.11) do not form a closed algebra, even after using trivial (i.e. graded
antisymmetric combinations of the field equations) equation of motion symmetries.

Completely analogous, one can find a second new symmetry. This symmetry
will appear in the commutator [δα, δn], on the gauge fields again. It does not
close using trivial field equation symmetries, but gives rise to terms proportional
to the field equations yh = T and yf = −G. The second symmetry, with bosonic
parameter m can be written as

δmφ
i = 0

δmh = 2mT 2 δmf = −15m∂G , (4.3.14)

which indeed leaves the action (4.3.10) invariant when using N2 = 0, see (4.3.3).

The two new symmetries are proportional to field equations itself. The way
they are written down is not unique. For instance, one could change (4.3.13)
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to δnh = −4n∂G; δnf = 5n∂T . This choice is however equivalent, since it cor-
responds to (4.3.13) by adding graded antisymmetric combinations of the field
equations. This does not change the theory and its quantisation. In any case,
we have here an example of weakly vanishing symmetries which are not antisym-
metric combinations of the field equations, but contain a symmetric part in the
field equations of the gauge fields. For these models the conditions of properness
and completeness are not equivalent, and now the statement of completeness re-
quires to add these field equation symmetries to the other two (the conformal and
supersymmetry). In total we thus have four symmetries. One can then check
that the gauge algebra of these four symmetries are of the form (2.5.1), with Eab

graded-antisymmetric.

4.3.3 Reducibility

Having these null fields, we are in the situation of reducible constraints, and so,
we need to know all the relevant zero modes satisfying

Ri
aZ

a
a1

= 2yjf
ji
a1
, (4.3.15)

where now the index a = 1, ..., 4 and i runs over the matter (or realisation inde-
pendent, T and G) plus gauge fields. By relevant we mean that they correspond to
nontrivial cycles under the Koszul-Tate differential. This point was explained in
section 3.2.3 and illustrated in our toy-model of the previous section. The matrix
of gauge generators is given by

Ri
a =




∂T + 2T∂ −3/2∂G− 5/2G∂ 0 0
∂G+ 5/2G∂ T 2 0 0
∇(−1) −fT 0 2T 2

∂f − 3/2f∂ ∇(−3/2) 9∂T + 4T∂ −15∂G


 , (4.3.16)

so we have four ghosts ca; a = 1, ..., 4. We expect that the zero modes are related
to the relations Ni. Let us first look to the transformations of the matterfields φi.
Consider the transformations generated by taking Poisson brackets with the Ni.
Because the relations contain only the generators T,G, we can use Leibniz rule
and some partial integrations to rewrite the transformation as a combination of
those generated by T,G. For example :

∫
ζ1[N1, φ

i] =
(
δǫ=9ζ1∂G+5∂ζ1G − δα=9∂Tζ1+T∂ζ1

)
φi . (4.3.17)

However, because N1 = 0, the previous equation gives us a relation between the
transformations of the matter fields (valid for every realisation). Similarly, via
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N2 we can find another relation between the gauge transformations acting on the
matterfields.

These two relations satisfy eqn. (4.3.15) off shell, i.e. with vanishing f coeffi-
cients, for the i–index running over the matter fields, . However, a zero mode must
have four entries. The above relations only determine the first two, because the Ri

a

matrix has zeroes in the right upper corner. The two other entries are determined
by requiring that the relation (4.3.15) also holds when the index i runs over the
gaugefields. Then we find

− 9
4∂G− 5

4G∂ 3T 2

− 9
4∂T − T∂ −15∂G− 15

2 G∂

∇− 9
2 − 1

8fT
3
2∂f − 1

2f∂ ∇−5

(4.3.18)

together with some nonvanishing f ij
a1

’s. These zero modes are relevant because, as
one can check, they correspond with non exact KT invariants for which we now
introduce ghost for ghosts :

δKT c
∗
11

= −∇c∗3 − 5c∗2∂T + 4∂c∗2 − 4∇h∗∂f∗ + 5∂∇h∗f∗

+
1

2
∂c∗4f + 2c∗4∂f − 4c∗1∂G+ 5∂c∗1G− 20f∗∂f∗∂f

−25

4
f∗f∗∂2f − 15

2
f∗∂2f∗f − 3

4
∂f∗∂f∗f + 3h∗∂h∗fT

δKT c
∗
21

= −∇c∗4 − 6T 2c∗1 + 15c∗2∂G− 15∂c∗2G−
1

2
c∗3fT

−4h∗∇h∗T + 7h∗∂f∗fT − 25

2
h∗f∗f∂T

+15h∗f∗∂fT + 15∂h∗f∗fT +
15

2
f∗∇∂f∗ +

15

2
∂∇f∗f∗ .(4.3.19)

Using the terminology of previous section, these zero modes are called dynami-
cal. One sees that computations become rather involved, especially when going
to higher antifieldnumber. The calculations can be done using Mathematica [67].
Apart from these dynamical zero modes, we also have algebraic zero modes, cor-
responding to the non-exact KT invariants

δKT c
∗
31

= c∗4∂T + 2T 2h∗∂h∗ − 15f∗∂G∂h∗

δKT c
∗
41

= c∗3T
2 − 15∂f∗∂f∗G+

25

2
f∗∂2f∗G , (4.3.20)

for which we need two further ghost for ghosts c31 and c41 .

With this information we can continue the computation of the extended action
one step further. At the next level, we have to look for zero modes of the Z
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matrix :

Za
a1
Za1

a2
= yif

ia
a2
. (4.3.21)

Again, this is only a necessary condition, and we have to compute the cohomology
of δKT (now at antifield level 3). The results is

Za1
a2

=




0 0 0 0 0 0
0 0 0 0 0 0
∇−8 0 0 T 2 0 0

4∂f − 3
4f∂ ∇(− 17

2 ) ∂T 0 T 2 TG


 (4.3.22)

They again consist of dynamical and algebraic zero modes. In the same way, we
will find zero modes for Za1

a2
and so on. This means a gauged W2,5/2 system is

reducible with an infinite number of stages.

4.3.4 Gauge fixing and BRST operator

In this section, we show briefly how the gauge fixing can be performed and how the
resulting BRST charge will look like. We assume that we have succeeded in finding
all zero modes at all stages. So, we have introduced ghosts ca for every symmetry
Ri

a, ghosts-for-ghosts ca1 for every zero mode Za
a1

and so on. The extended action
takes the form

S = S0 + φ∗iR
i
ac

a + c∗ai
Zai

ai+1
cai+1 + . . . (4.3.23)

where φ∗i = {T ∗, G∗, h∗, f∗} and the ellipsis denotes terms at least quadratic in
antifields or ghosts. They are determined by the master equation (e.g. the field
equation matrices Eij

ab and f ij
a1

appear in the part quadratic in antifields, and the
structure functions T a

bc appear in the part quadratic in the ghosts). It turns out
we can always choose a basis such that there are no terms with T ∗ nor G∗, except
in S1. Therefore, there are no difficulties in taking derivatives w.r.t. T and G and
their antifields.

We will denote cai corresponding to a dynamical zero mode in Z
ai−1
ai collectively

as c{ai}, and those corresponding to algebraic zero modes as c̃{ai}. The gauge
fixing is can easily be done analogous to the toy-model. Again, the algebraic
zero modes at antifield number n determine the dynamical zero modes at antifield
number n + 1. The antifields of the ghosts for ghosts coming from the algebraic
zero modes become, after gauge fixing, the antighosts of the ghosts for ghosts for
the dynamical zero modes [59]. So, we will chose the gauge corresponding to the
canonical transformation

h∗ = b{1} h = −b∗{1}
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f∗ = b{2} f = −b∗{2}
c̃∗{ai} = b{ai+1} c̃{ai} = −b∗{ai+1} . (4.3.24)

It consists of putting the gauge fields h, f and all the ghosts c̃{ai} to zero. The
gauge fixed action can then be brought to the from of a free field theory

Sgf = S0 +
∑

b{ai}∂̄c
{ai} , (4.3.25)

where sum is over all ”dynamical” ghost at each stage and then summed over
all (infinitly many) stages. Moreover, the extended action is linear in the new
antifields. This can be proven using dimensional arguments. We leave this as an
exercise for the reader. This means that the BRST transformations δΦA = (ΦA, S)
in this gauge choice are nilpotent off shell. The BRST operator that generates these
transformations can be derived from

δΦA = [ΦA, Q] . (4.3.26)

Applied to our case this gives a BRST current that starts like :

Q = c{1}T + c{2}G+ (5b{1}∂G− 4∂b{1}G)c{11}

+(15b{1}T
2 − 2b{2}∂G)c{21} + . . . (4.3.27)
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5.1 The basic philosophy

In this section we review the basic philosophy behind the Pauli-Villars (PV) reg-
ularisation procedure [68] that we will use and we point out what the main steps
are in calculating anomalies with this scheme. It was first shown in [69] how this
method can be used to obtain consistent Fujikawa regulators for anomaly calcula-
tions. The advantage of Pauli-Villars regularisation is that it gives a regularised
expression for the complete one-loop path integral and not only for specific dia-
grams. The one-loop regularised path integral provides a regularised expression
for the Jacobian of the measure under transformations of the fields. For a more
detailed description of this set-up, we refer to [69, 70] and to [25, 71, 43] for more
pedagogical expositions and applications. For a review on other regularisation
schemes, see [72].

Suppose that we start from an action S[ΦA] that has some rigid symmetries
given by δǫΦ

A = δαΦAǫα. This can be the gauge fixed action of a certain theory,
or simply an action without local symmetries. One introduces for every field ΦA

a Pauli-Villars partner ΦA
PV of the same Grassmann parity. These PV fields have

the action

SPV =
1

2
ΦA

PV (

→
∂

∂ΦA

←
∂

∂ΦB
S)ΦB

PV

≡ 1

2
ΦA

PV SABΦB
PV . (5.1.1)

From this, it follows that S+SPV is invariant under the following transformation
rules :

δǫΦ
A = [δαΦA +

1

2
ΦB

PV (

→
∂

∂ΦB

←
∂

∂ΦC
δαΦA)ΦC

PV ]ǫα

δǫΦ
A
PV =

←
∂ δαΦA

δΦB
ΦB

PV ǫ
α, (5.1.2)

up to fourth order in PV fields. These terms can be neglected since we only work
at one loop.

We also have to choose a mass-term SM for the PV fields, which generically
takes the form

SM = −1

2
M2ΦA

PV TAB[Φ]ΦB
PV . (5.1.3)

The matrix TAB has to be invertible, such that all PV fields have well defined
propagators. The mass term is in general not invariant under (5.1.2). This depends
on the choice of the T matrix.
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The one-loop regularised path integral is then given by

ZR =

∫
[dΦ][dΦPV ]e

i
h̄

(S+SPV +SM). (5.1.4)

The Gaussian integral over the PV fields is defined in such a way that the PV fields
actually regularise. The PV fields itself generate extra diagrams which have to be
added to the original ones. The sum of the two diagrams can be made finite if
the divergences of the PV diagram cancel the divergences of the original diagram.
This cancellation of divergences can be achieved when the PV loops produce an
extra minus sign w.r.t. the corresponding loops of the original particles.

To do this properly, one should introduce several copies ΦA
i ; i = 1, ..., N of PV

fields, each copy carrying a (different) mass Mi and a number ci. The total PV
action is then (dropping the PV index)

SPV + SM =
1

2

N∑

i=1

ΦA
i [SAB −M2

i TAB(Φ)]ΦB
i . (5.1.5)

The integration over the PV fields is defined by
∫

[dΦi]e
i
h̄

(SP V +SM) = [det(SAB −M2
i TAB)]−

1
2 ci . (5.1.6)

Diagrams can now be regulated if we impose (at least) the conditions

∑

i=0

ci = 0
∑

i=0

ciM
2
i = 0 , (5.1.7)

where c0 ≡ 1. As an example, one could take three PV fields with c1 = c2 =
−1, c3 = 1 and masses M2

3 = 2M2
2 = 2M2

1 . When the PV fields are bosonic, it is
hard to imagine that we can take its c number equal to minus one. To make it
more realistic, one can replace each such boson by two ordinary fermions and an
extra boson, together with the usual integration rules.

The fundamental principle of PV regularisation is that the total measure is in-
variant under BRST transformations or other rigid symmetries, i.e. under (5.1.2).
From the definition of PV integration it follows that the PV measure transforms
with Jacobian

JPV = [det(
∂

∂ΦB
δαΦA)ǫα]

∑
i=1

ci . (5.1.8)

The Jacobian of the PV fields then cancels the Jacobian of the ordinary fields
when imposing the condition

∑
i=0 ci = 0. So at one loop, the total measure is

invariant. The only possible non-invariance in the regularised path integral is the
mass term SM .
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The non-invariance of the mass term could cause anomalies. In this scheme we
then have that possible anomalies1 are given by

Aǫ[Φ] =

∫
[dΦPV ]

i

h̄
δǫSMe

i
h̄

(SP V +SM), (5.1.9)

in the limit M →∞. If we define a matrix ZAB by

δǫSM = −M2ΦA
PV ZAB[Φ, ǫ]ΦB

PV , (5.1.10)

we obtain the expression in matrix notation

Aǫ = −str

[
M2Z

1

S −M2T

]
(5.1.11)

for the anomaly in the ǫ-symmetries in this regularisation scheme2. Using the
cyclicity of the trace, we have

Aǫ = str

[
J

1

1− R
M2

]
, (5.1.12)

with the definition of the jacobian J = T−1Z and with R = T−1S.

It is now easy to make the connection with the approach of Fujikawa [73] for
calculating anomalies. Using

∫ ∞

0

dλ e−λeλX =
1

1−X , (5.1.13)

the expression for the anomaly may be written as

Aǫ = lim
M→∞

∫ ∞

0

dλ e−λstr
[
Je

λ

M2R
]
. (5.1.14)

Notice that we have carelessly interchanged the integral over λ and the str. When
computing only the finite part of the anomaly, this causes no problem. This is
because λ is always appearing in combination with M2. So, the M2 independent
part of the supertrace will also be λ independent, as we will see below. Once we
know this, we can perform the λ integral, which gives one. For the infinite part
of the anomaly, one cannot simply commute the trace and the λ integral. This is

1A small remark about our terminology is needed here. We often speak of ‘anomaly’ when we
really mean the regularised Jacobian of the measure under a specific symmetry transformation.
Sometimes we use the term ‘genuine anomaly’ when an anomaly -a regularised Jacobian- can not
be cancelled by the addition of a local counterterm.

2The supertrace here is that strK = (−)A(K+1)KA
A
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clearly explained in [43]. A careful analysis leads to extra logarithmically diverging
terms, like M2 logM2, which have to be absorbed by the renormalisation before
the limit M2 →∞ is taken.

To evaluate the traces, one can put the operator between a basis of plane waves.
So,

str [J exp tR] =

∫
ddx

∫
ddyδ(x− y)J(x)etRxδ(x− y)

=

∫
ddx

∫
ddk

(2π)d
e−ikxJetRxeikx , (5.1.15)

where t = λ/M2. Then one pulls the eikx to the left, replacing derivatives by
∂+ ikx, and one takes the trace. However, this whole procedure is included in the
results of the heat kernel method [74]. The heat kernel is the expression

etRxδ(x− y) = G(x, y; t; Φ) . (5.1.16)

This has been considered for second order differential operators R of the form

Rx[Φ] =
1√
g

(∂α + Yα)
√
g gαβ (∂β + Yβ) + E , (5.1.17)

where Φ = {gαβ,Yα, E}. The latter two can be matrices in an internal space. The
restriction here is that the part which contains second derivatives is proportional
to the unit matrix in internal space. Further, in principle g should be a positive
definite matrix. For Minkowski space, we have to perform first a Wick rotation,
which introduces a factor −i in the final expression, and thus we have to use

str

[
J exp

λR
M2

]
= −i

∫
ddx

∫
ddyδ(x− y)J(x)G

(
x, y;

λ

M2

)
. (5.1.18)

The ‘early time’ expansion of this heat kernel is as follows

G(x, y; t; Φ) =

√
g(y)∆1/2(x, y)

(4πt)d/2
e−σ(x,y)/2t

∑

n=0

an(x, y,Φ)tn , (5.1.19)

where g = |det gαβ |, and σ(x, y) is the ‘world function’, which is discussed at
length in [75]. It is half the square of the geodesic distance between x and y

σ(x, y) =
1

2
gαβ(y − x)α(y − x)β +O(x− y)3 . (5.1.20)
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Further, ∆(x, y) is defined from the ‘Van Vleck–Morette determinant’ (for more
information on this determinant, see [76])

D(x, y) =

∣∣∣∣det
(
− ∂2σ

∂xα∂yβ

)∣∣∣∣ (5.1.21)

as

D(x, y) =
√
g(x)

√
g(y)∆(x, y) . (5.1.22)

At coincident points it is 1, and its first derivative is zero.

The ‘Seeley–DeWitt’ coefficients an(x, y,Φ) have been obtained using various
methods for the most important cases. In two dimensions the relevant coefficients
are a0 for the infinite part and a1 for the finite part, while in four dimensions
these are a1 and a2. For most applications we only need their value and first
and second derivatives at coincident points. Remark that, when interchanging the
trace and the λ integral, one would never obtain logarithmic terms in M2. Instead,
the diverging terms one now obtains are quadratic, which vanish upon using the
conditions

∑
ciM

2
i = 0. This leads to wrong results.

It is clear that when regularising the theory in this way, one has the freedom
to choose different mass terms, i.e. different choices of the matrix TAB. When
we have a set of rigid symmetries, it is not always possible to choose a T matrix
that preserves all of them. Instead, choosing different T matrices can correspond
to keeping different symmetries manifestly invariant. The question then arises
whether changing T will change the quantum theory. As was conjectured in [57],
and proven in [79] the two theories, determined by taking two different T matrices,
are related by a local counterterm M1. The argument goes as follows. We want
to find the counterterm such that

ZR =

∫
[dΦ][dΦPV ]e

i
h̄

(S+SPV − 1
2M2ΦA

P V TAB(α)ΦB
P V +h̄M1(α)), (5.1.23)

is independent of α, i.e. dZR

dα = 0. This leads to a differential equation for M1(α),
whose solution is

M1(α) =

∫ α

dt str[T−1dT

dt
e

R(t)

M2 ] , (5.1.24)

again, in the limit M2 →∞.

In the next two sections we will illustrate these ideas in two examples. In the
first example, we will compute BRST anomalies and show how to work with a field
dependent T matrix. As a second example, we will compute anomalies in different
rigid symmetries and comment on the interpolation formula (5.1.24).
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5.2 Strings in curved backgrounds

This section is based on [80]. We will investigate the anomaly structure coming
from matter loops of the bosonic string in a nontrivial background. Consider the
classical action

S0 = −1

2

∫
d2x
√
hhαβ∂αX

µ∂βX
νGµν(X) , (5.2.1)

where µ = 1, ..., D and Gµν(X) is a general metric on space time. This action
has both local reparametrisation and Weyl invariance. These symmetries can be
recognised in the extended action at antifieldnumber one :

S1 = X∗µc
α∂αX

µ + h∗αβ [cγ∂γhαβ + (∂αc
γ)hγβ + (∂βc

γ)hαγ + chαβ ] , (5.2.2)

where cα and c are the ghost for reparametrisation resp. Weyl invariance. Using
the techniques of chapter 3, one can find the extended action at antifield number
two :

S2 = −c∗βcα∂αc
β − c∗cα∂αc. (5.2.3)

One can check that there are no further terms at higher antifieldnumbers, i.e.
S = S0 + S1 + S2 satisfies the classical master equation (S, S) = 0. A gauge fixed
action is then obtained by doing the canonical transformation

hαβ = −b∗αβ h∗αβ = bαβ , (5.2.4)

where b∗αβ is now treated as an external source and bαβ as the antighost. The

BRST rules can be computed as δΦA = (ΦA, S)|Φ∗=0 in the gauge fixed basis.

Now we regulate the theory using Pauli-Villars regularisation. Since we will
only deal with the matter loops, we only introduce PV partners for them, say
Xµ

PV . To construct an action for the PV fields, we have to choose a mass term.
Here we will choose a field dependent one

SM = −1

2
M2haXµ

PV Gµν(X)Xν
PV . (5.2.5)

So the mass matrix we have chosen is

Tµν = haGµν(X) . (5.2.6)

The regulator then is
Rµ

ν = (T−1)µρSρν , (5.2.7)

where Sρν is the matrix of second derivatives of the action w.r.t. the fields. Remark
that the regulator is reparametrisation invariant if a = 1/2, resp. Weyl invariant
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if a = 0. So, we will have a Weyl anomaly for a = 1/2, and an Einstein anomaly
for a = 0. To compute the anomaly we have to write the regulator as a second
order differential operator :

Rµ
ν =

1√
g
(∂α + Yα)

√
ggαβ(∂β + Yβ) + E , (5.2.8)

where the derivatives keep on working to the right. The objects Yα and E are
matrices in the internal space with indices µ, ν. Now, we can read off these objects
from our computation :

gαβ = hαβh
(a− 1

2 )

(Yα)µ
ν = ∂αX

σΓµ
σν

Eµ
ν = gαβGµλ∂βX

σ∂αX
ωGσρR

ρ
λων

+Gµλ
2gX

σΓσλν

+gαβGµλ∂βX
σ∂αX

ωΓρσωΓρ
λν , (5.2.9)

where 2g = g−1/2∂αg
1/2gαβ∂β . The expression for E can also be written as

Eµ
ν = gαβ∂βX

σ∂αX
ωRµ

σνω + g−1/2GµλyρΓ
ρ
λν , (5.2.10)

where yρ is the field equation for Xρ. Since terms proportional to field equations
in anomalies can always be cancelled (see at the end of section 3.3) , we will drop
this term.

The jacobian is

Jµ
ν =

1

2
aδµ

ν [hαβcγ∂γhαβ + 2∂αc
α + 2c]

+Γµ
νσc

α∂αX
σ + δµ

ν c
α∂α

=
1

2
aδµ

ν [hαβcγ∂γhαβ + 2∂αc
α + 2c]

+cα(∂α + Yα) . (5.2.11)

To compute the anomalies, we need the following Seeley-De Witt coefficients

a0| = 1 ∇αa0(x, y)| = 0 (5.2.12)

a1| = E − 1

6
R(g) ∇αa1(x, y)| =

1

2
∇α(E − 1

6
R(g)) +

1

6
∇βWαβ

, (5.2.13)

where | stands for the value at coincident points x = y (after taking the deriva-
tives), the covariant derivative is with connection Yα and Wαβ = ∂αYβ − ∂βYα +
[Yα,Yβ ].
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For the divergent part of the anomaly, taking into account the logarithmically
diverging terms we mentioned before, we find

A(a) = M2 logM2 D

4π

∫
ha[(a− 1

2
)∂αc

α + ac] . (5.2.14)

Miraculously, the terms with the connection coefficients have cancelled each other.
This means the renormalisation procedure is the same as in a flat bacground.
Moreover, one sees that for a = 0, that is a Weyl invariant regulator, there is no
divergent part of ∆S (dropping boundary terms), while for a = 1/2, the cα terms
drop out (because the regulator is now reparametrisation invariant) and one gets

Ac(a =
1

2
) = M2 logM2 D

8π

∫ √
hc . (5.2.15)

This term however can be absorbed by adding a counterterm proportional to the
cosmological constant

Ac(a =
1

2
) = (S,M1) M1 =

1

8π
M2 logM2

∫ √
h . (5.2.16)

Remark that for a = 0 the cosmological constant is not renormalised, so we did
not have to introduce it. However, for a = 1/2 it will be renormalised. This is
a clear difference between the two regularisation schemes. Now we will study the
finite part of the anomaly. We find

A(a) = − D

24π

∫
ha[(a− 1

2
)∂αc

α + ac]R(g)

+
1

4π

∫ √
hhβγ∂γX

µ∂βX
νRµν(X)[(a− 1

2
)∂αc

α + ac] , (5.2.17)

where we made use of the identity Γµ
µσ,ρ − Γµ

µρ,σ = 0, which can be proven by
writing the Christoffel symbols in terms of the metric. Let us consider the two
cases a = 0 and a = 1/2. In the first case the anomaly must be proportional to
cα, while in the second case it must be proportional to c. First we have to write
the Ricci scalar, defined by the ”regulator metric” gαβ in terms of the world sheet
metric hαβ . The relation for a = 0 is

R(g) =
√
hR(h)− 1

2

√
h2h log h . (5.2.18)

For a = 1/2, we of course have that R(h) = R(g). The results are :

Ac(a = 1/2) = − D

48π

∫
c
√
hR(h)

+
1

8π

∫
c
√
hhαβ∂αX

µ∂βX
νRµν(X) , (5.2.19)
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and

Acα(a = 0) =
D

48π

∫
∂αc

α[
√
hR(h)− 1

2

√
h2hlnh]

− 1

8π

∫
∂αc

α
√
hhαβ∂αX

µ∂βX
νRµν(X) . (5.2.20)

One can compute the counterterm M1 that is needed to shift the anomaly from
the Weyl sector to the Einstein sector, using (5.1.24). For a flat background, this
was done in [57]. In the case of a curved background, we have an extra term such
that

M1 =
1

8π
[M2 logM2 − 1

12
log h

√
hR(h) +

1

48
log h2h log h

+
1

2
log h

√
hhαβ∂αX

µ∂βX
νRµν(X)] . (5.2.21)

What are the conditions for the absence of anomalies ? The first part, inde-
pendent of the chosen background metric, of both (a = 0 and a = 1/2) anomalies
can be cancelled by the ghost loops (which we have not treated here), provided
one takes the dimension to be D = 26. The part coming from the background
vanishes if the Ricci tensor vanishes :

Rµν(X) = 0 , (5.2.22)

which are precisely Einstein’s field equations in empty space. One can easily gen-
eralise this technique to more complicated backgrounds, e.g. when including an
antisymmetric tensor, dilatons, etc. . The above results, and the extensions to
more general backgrounds, were already found in [81], using dimensional regular-
isation. There (5.2.22) arises as a condition for the vanishing of the β function.

5.3 Fermions and b− c systems

In this section we will investigate anomalies in rigid symmetries. As an example
we take a very simple two fermion model

S = 2iψ̄∂−ψ + 2iξ̄∂+ξ , (5.3.1)

where the ψ̄, ξ̄ is the complex conjugate of ψ, ξ. The factor i makes the action
real. The (Lorentz) spins s of the fields are λ, γ for ψ, ξ and −1−λ, 1− γ for ψ̄, ξ̄.
So, we have a rigid symmetry

δLφ
i = sφi , (5.3.2)
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where φi denotes the collective set of fields. We are especially interested in the
following three cases:

Fermion phase : λ = −1/2 γ = 1/2

A phase : λ = 0 γ = 1

B phase : λ = −1 γ = 1 (5.3.3)

The interest in these special cases comes from topological field theory [82, 83]. It is
known that one can twist [82, 85] an N = 2 supersymmetric field theory, with the
above spin 1/2 fermions, into a so called A or B topological field theory [84, 86].
Here, we consider only the fermionic subsectors of these models. After twisting,
the fermions are declared to be ghosts with ghostnumbers :

Fermion phase : gh(ψ) = 0 gh(ξ) = 0

A phase : gh(ψ) = 1 gh(ξ) = −1

B phase : gh(ψ) = −1 gh(ξ) = −1 (5.3.4)

So, in the A and B phase, the fermions can be interpreted as b − c systems.
These models can have, as we will see, anomalies in ghosts number or Lorentz
symmetry. In fact, the topological twist procedure must be done in a regularised
way. Choosing different mass terms will respect either ghost number or Lorentz
symmetry. The results presented here are based on [87].

To regularise the theory, we have to choose a mass term. There are three
obvious choices

S0
M = 2M [ψψ̄ + ξξ̄]

S1
M = 2M [ψξ̄ + ξψ̄]

S2
M = 2M [ψξ + ξ̄ψ̄] . (5.3.5)

The first one we will never use, since it never preserves Lorentz invariance explicitly.
So we concentrate on S1

M and S2
M . Let us first consider the fermion phase. One

sees that both mass terms respect Lorentz as well as ghost number symmetry. So,
there are no anomalies in the fermion phase. Consider now the A phase. The first
mass term is Lorentz invariant, so there is no Lorentz anomaly. However, the first
term in S1

M has ghost number 2 and the second term has ghost number -2. We
thus expect a possible anomaly in the ghost number current. For the second mass
term, it is vice verca: it has ghost number zero but we expect a Lorentz anomaly.
An analogous reasoning can be made for the B phase. When prefering Lorentz
invariant results, S1

M is useful for the A phase and S2
M can be used for the B phase.

However, in the context of twisting N = 2 theories, only S2
M will preserve
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supersymmetry explicit, both for the A and B phases3. Of course, to understand
this, one must add the bosonic sector to the theory. It is beyond the scope of this
chapter to explain this. For more details, see [87]. So, we imagine this fermion
model to be embedded in a larger theory where we want to regularise in a manifesly
supersymmetric (for the fermion phase) or BRST (in the A and B phases) invariant
way. Therefore, we can only use the mass term S2

M .

So, if we want to regulate the A phase, we will start from the mass term S2
M ,

and produce the Lorentz anomaly. To obtain Lorentz invariant results, we have to
compute the counterterm that moves the anomaly from the Lorentz to the ghost
number current. To do this, we need the interpolation formula (5.1.24). The mass
term that interpolates in a continuous way between Lorentz α = 1 and ghost
number invariant α = 0 mass terms is

SM (α) = αS1
M + (1− α)S2

M . (5.3.6)

Before starting the computation, one must change a little bit the formulas
for computing anomalies, when dealing with fermions. Indeed, one sees that the
regulator one finds is linear in derivatives, for which the heat kernel method is not
applicable. To solve this problem, we do the following trick. First we notice that
the mass term is linear in M , which follows from dimensional arguments. Then
we have that

Aǫ = str

[
J

1

1− RM

]
= str

[
J(1 +

R
M

)
1

(1 + R
M )

1

1− RM

]

= str

[
J(1 +

R
M

)
1

1− R2

M2

]
= str

[
J(1 +

R
M

) exp
R

2

M2

]
. (5.3.7)

Now, we have obtained a regulator quadratic in derivatives and we can use the
heat kernel method. However, there is an extra term in the jacobian proportional
to 1/M . As we expand the regulator, using the Seeley-DeWitt coefficients, in
inverse powers of M2, we will have no contribution of this extra 1/M term to the
finite part of the anomaly, in the limit M2 →∞.

It is now clear that, by taking simply (5.3.1) as an action, one will produce
no anomalies. Indeed, the matrices T and J are field independent (they are just
numbers), and the regulator consists of only derivatives, no fields. Applying the
heat kernel method, there will be no E matrix in the a1 coefficient and the scalar
curvature R is also vanishing. This is not inconsistent, since our path integral is
just a number. We have no external fields (e.g. background fields, antifields, ...)

3After the twist, a certain combination of the supersymmetry charges defines the BRST
charge.
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which we can vary. Therefore, we will change the action (5.3.1), by introducing
background gauge fields :

S = 2iψ̄∇0,1
− ψ + 2iξ̄∇1,−1

+ ξ , (5.3.8)

where the covariant derivatives are defined by

∇s,gh
± = ∂± + sω± + ghA± . (5.3.9)

ω± and A± can be seen as gauge fields for which the symmetries can be made
local. Then, one must transform the gauge fields in the appropriate way, i.e.
δǫsω± = ∂±ǫs for local Lorentz transformations 4, and δǫghA± = ∂±ǫgh, for local
ghost number symmetry. However, we keep them external in the sense that there
is no path integral over the gauge fields and so, they do not appear in loops. Doing
so, we do not need the ghosts and the gauge fixings for these symmetries.

We will now compute the 2 different anomalies in the A phase, with (5.3.6) as
a mass term. For the inverse mass matrix we find

T−1 =
1

2(2α− 1)




0 0 α− 1 α
0 0 −α 1− α

1− α α 0 0
−α α− 1 0 0


 . (5.3.10)

Remark that we go through a singularity when passing α = 1/2. At this point
the T matrix is not invertible and there are no propagators for the PV fields
anymore. This point is of no danger for our computations, because we can solve
this problem by slightly deforming the path we take. For instance, we could go
around the singularity by taking α complex.

The jacobian of the Lorentz symmetry is (we dropped the ǫs parameter for
simplicity)

Js(α) =
α− 1

2(2α− 1)




1− α −α 0 0
α α− 1 0 0
0 0 1− α α
0 0 −α α− 1


 . (5.3.11)

This matrix indeed vanishes for α = 1, since our mass term then is Lorentz invari-
ant. The jacobian for the ghost number symmetry is

Jgh(α) =
α

(2α− 1)




−α 1− α 0 0
α− 1 α 0 0

0 0 α 1− α
0 0 α− 1 −α


 . (5.3.12)

4For local Lorentz transformations, one must of course work in the vielbein formalism. This
is implicit in our notation in the sense that ∂± = eµ

±∂µ and ω± = eµ
±ωµ.
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In this case the jacobian vanishes for α = 0, in agreement with the ghost number
invariance of the mass term at this value of α.

The regulator for arbitrary α takes a complicated form. One can check that
the piece quadratic in derivatives is only diagonal for α = 0 or α = 1. To treat the
general case one has to use an extra trick 5. To keep things technically simple, we
only give the results for α = 0 and α = 1. The regulators are

R2(α = 0) = −




∇0,1
+ ∇−1,−1

− 0 0 0

0 ∇1,−1
+ ∇0,1

− 0 0

0 0 ∇0,1
− ∇1,−1

+ 0

0 0 0 ∇−1,−1
− ∇0,1

+


 ,

(5.3.13)
and

R2(α = 1) = −




∇1,−1
+ ∇−1,−1

− 0 0 0

0 ∇0,1
+ ∇0,1

− 0 0

0 0 ∇−1,−1
− ∇1,−1

+ 0

0 0 0 ∇0,1
− ∇0,1

+


 .

(5.3.14)
So, for α = 0, the Lorentz anomaly is given by

Aǫs(0) = str[ǫsJs(0) exp
R

2(0)

M2 ] , (5.3.15)

where ǫs is the parameter of the Lorentz transformation. One can now compute
the anomaly using the heat kernel method. Using the vielbein formalism, one finds
the following result :

Aǫs(0) =

∫
ǫs∂µ(gµνων + ǫµνAν) , (5.3.16)

where gµν = 1
2 (e+µ e

−
ν + e−µ e

+
ν ) is the metric on the Riemann surface where the

action is integrated over and ǫµν is the permutation symbol. Because we have
regulated our theory in a manifest ghost number invariant way, this expression for
the Lorentz anomaly is ghost number invariant.

It is a subtle point what to do with this expression if ǫ is taken to be constant.
In the computation, we did not need to specify whether ǫ is taken to be local
or constant. This is because the fermions transform without derivatives and the
gauge fields are taken to be external. When ǫ is a constant, the anomaly is the

5One uses the identity str[J exp(R2/M2)] = str[AJA−1 exp(AR2A−1/M2)] for arbitrary ma-
trices A. Then one looks for a matrix A such that the new regulator R′ = AR2A−1 is diagonal
in second derivatives.



5.3. Fermions and b− c systems 85

integration of a total derivative. This gives a boundary term, which one usually
drops. However, as we will see for the ghost number anomaly, boundary terms can
not be neglected. The ghost number anomaly will be proportional to the Euler
characteristic, which is also the integral of a total derivative. But we can not
simply drop it since it is a topological invariant.

So for constant ǫ, the anomaly is still present. It is then very surprising that
for local ǫ the anomaly can be removed by adding a counterterm of the form

M1 =
1

2
ωµωνg

µν + ǫµνωµAν + F (A) . (5.3.17)

This can only be done for a local parameter since for a constant we have that
δǫsω± = ∂±ǫs = 0. The function F (A) can be chosen arbitrary since Aµ does not
transform under local Lorentz transformations. We will fix it later on.

One can now compute the ghost number anomaly by following completely the
same strategy as for the Lorentz anomaly. The expression at α = 1 is given by

Aǫgh(1) = str[ǫghJgh(1) exp
R

2

M2 ] . (5.3.18)

As a result we find :

Aǫgh(1) =

∫
ǫgh∂µ(ǫµνων + gµνAν) . (5.3.19)

The first term of this expression can be rewritten as
√
gR(g). This is because we

can express the spin connection in terms of the metric and the vielbeins. For a
constant parameter this gives the Euler characteristic. This part of the anomaly
was already discovered in [88]. Also here the same remarks about constant or local
parameters can be made. For a local parameter the anomaly can be absorbed by
our counterterm (5.3.17), for a certain choice of the function F (A) . It is easy to
see that

M1 =
1

2
ωµωνg

µν + ǫµνωµAν +
1

2
AµAν , (5.3.20)

gives the correct answer. We now see that this counterterm moves the anomaly
from the Lorentz sector to the ghost number sector, for a local ǫ parameter. For
constant ǫ, one can not interpolate, since the gauge fields do not transform. We
can also obtain this result directly from (5.1.24). One then has to deal with the
extra technical complication as described in the footnote.

To conclude this section and chapter, let us repeat that we can move anomalies
into different sectors. One must however be very careful with rigid symmetries,
where one has to take care of total derivatives and global aspects of the theory.
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6.1 The quantum master equation

In this section we will discuss the BV formalism at the quantum level and show
how the quantum master equation can be derived. From the classical theory we
have learned that there is an extended action S(Φ,Φ∗) satisfying the classical
master equation (S, S) = 0. We will now see that this is only the first of a tower
of equations determined by the quantum theory. From the previous chapter, we
have learned that sometimes one needs counterterms that absorb the anomaly. In
the antifield formalism, such counterterms can be antifield dependent. In fact, the
full quantum (extended) action W (Φ,Φ∗) can be expanded in powers of h̄:

W = S + h̄M1 + h̄2M2 + ... . (6.1.1)

For a local field theory we require the Mi to be local functionals. The antifield
dependence of these counterterms generate quantum corrections to the transfor-
mation laws. An example of this will be given in section 3. The expansion (6.1.1)
is the usual one, but we will see later on that terms of order

√
h̄ also can appear.

This quantum action W appears in the path integral

Z(J,Φ∗) =

∫
DΦ exp

(
i

h̄
W (Φ,Φ∗) + J(Φ)

)
, (6.1.2)

where we have introduced sources J(Φ), and in this subsection we work in the
gauge–fixed basis. The gauge fixing which we discussed, can be seen as the pro-
cedure to select out of the 2N variables, ΦA and Φ∗A, N variables over which one
integrates (i.e. one has to choose a ‘Lagrangian submanifold’). To define the path
integral properly, one has to discuss regularisation, which can be seen as a way
to define the measure. In gauge theories, one can not always find a regularisation
that respects all the gauge symmetries. This means that symmetries of the classi-
cal theory are not preserved in the quantum theory. Anomalies are the expression
of this non–invariance. If there are no anomalies, then the quantum theory does
not depend on the chosen gauge. This property does not hold when there are
anomalies. In that case the quantum theory will have a different content than
the classical theory. One can obtain in this way induced theories, which from our
point of view are theories where antifields become propagating fields (this point is
nicely explained in [39]).

We have seen that gauge fixing can be done by a canonical transformation.
Choosing another gauge amounts to performing another canonical transformation.
The consistency on the path integral is its independence of the chosen gauge.
Stated otherwise, it must be invariant under canonical transformations. More
geometrically , the path integral must be invariant under a continuous deformation
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of the chosen Lagrangian submanifold. This leads to a condition on the quantum
extended action W (Φ,Φ∗), well discussed in the literature, e.g. [13, 14, 43, 25, 89] :

A ≡ ∆exp
i
h̄

W = 0⇔ (W,W ) = 2ih̄∆W , (6.1.3)

where

∆ = (−)A
→
∂A

→
∂A . (6.1.4)

In powers of h̄ the first two equations (zero–loop and one–loop) are

(S, S) = 0

iA1 ≡ i∆S − (M1, S) = 0 . (6.1.5)

The first one is the classical master equation discussed before. The second one is
an equation for M1. In a local field theory we will moreover demand that M1 is a
local functional. If there does not exist such an M1, then A1 is called the anomaly.
It is clearly not uniquely defined, as M1 is arbitrary. The anomaly satisfies

(A1, S) = 0 , (6.1.6)

which is a reformulation of the Wess–Zumino consistency conditions [78]. This
can be proven in a formal way by acting with ∆ on the classical master equation.
But as mentioned, we need a regularisation procedure. In the expressions above,
divergences arise when acting with the ∆ operator on a local functional. In general
this leads to terms proportional to δ(0).

In section 4, we will prove the consistency condition in a regularised way.
Motivated by the previous chapter, we will use Paul-Villars regularisation. Let us
however mention that also dimensional regularisation can be used in the context
of BV quantum theory [90]. The way to implement the Pauli-Villars regularisation
scheme into the BV formalism was shown in [57, 37]. The first step is to construct
the generalised PV action, depending on the fields and antifields. Denoting zα =
{ΦA,Φ∗A} and wα = {ΦA

PV ,Φ
∗
A,PV }, the regularised PV action is

Sreg = S(z) +
1

2
wαSαβw

β − 1

2
M2ΦA

PV T
ABΦB

PV , (6.1.7)

where S(z) satisfies the classical master equation. The first term of the PV action
is a generalisation of (5.1.1). Together with S(z) it satisfies, up to fourth order in
PV fields, the master equation where the antibracket now is in the space of fields
and PV fields, and their antifields.

The Delta operator is modified such that

∆ = (−)A[
→
∂A

→
∂A −

→
∂

∂ΦA
PV

→
∂

∂Φ∗A,PV

] . (6.1.8)
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We then satisfy
∆Sreg = 0 , (6.1.9)

due to a cancellation between fields and PV fields, based on (5.1.7). Of course,
one should first sum over all fields and antifields before one integrates over the
internal momenta.

Anomalies then correspond to a violation of the master equation (Sreg, Sreg) 6=
0, which we identify with ∆S. It can be shown that, after integrating out the PV
fields, analogous to the derivation of section 5.1, one has

∆S = lim
M2→∞

Tr
[
J exp(R/M2)

]
, (6.1.10)

where the jacobian J is given in terms of the transformation matrix K, the deriva-
tive of the extended action w.r.t. an antifield and a field, as

JA
B = KA

B + 1
2 (T−1)AC (TCB, S) (−)B ; KA

B = SA
B . (6.1.11)

Note that in general SAB contains antifields. Also the other matrices may be
antifield dependent, and thus ∆S will in general contain antifields. For open
gauge algebras we will give an explicit example of this antifield dependence. But
also for closed algebras this might happen, as was argued in [91]. It can again be
evaluated using the heat kernel of the previous chapter. In section 4, we explicitly
check that this expression for ∆S satisfies the consistency condition

(S,∆S) = 0 . (6.1.12)

Alternative formulations of the expression for the anomaly are given in [77]. They
show that there is always an M1 such that (6.1.5) is satisfied. However, this
expression is in general non–local. Anomalies appear if no local expression M1

can be found satisfying that equation. This is also reflected in the Zinn-Justin
equation for the effective action, see e.g. [43]

(Γ,Γ) =
2h̄

i
< A > , (6.1.13)

which are nothing but the anomalous Ward identities for gauge theories.

If the calculations are done in a specific gauge, one can not see at the end
whether one has obtained gauge–independent results. Therefore one often in-
cludes parameters in the choice of gauge, or background fields. The question then
remains whether this choice was ‘general enough’ to be able to trigger all possi-
ble anomalies. E.g. for the example of the bosonic string theory (for simplicity
in a flat space time background) the gauge h = 0 would not show the anomaly,
which is of the form

∫
d2x c

√
hR(h). Instead, a gauge choice h = H , where the
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latter is a background field, is sufficient. More general, one cannot gauge fix a
classical symmetry, if this symmetry does not survive the quantum theory. In the
BV formalism, no background fields are necessary, but one keeps the antifield–
dependent terms through all calculations. The anomalies are reflected at the end
by dependence on these antifields. In our example, we would obtain an anomaly∫
d2x c

√
b
∗
R(b∗). In this formalism it is then also clear how anomalies change by

going to other gauges. The relation is given by canonical transformations. It was
shown in the appendix of [57] that under canonical transformations, for any object
X(Φ,Φ∗), one has that

∆X −∆′X =
1

2
(X, log J) , (6.1.14)

where J is the jacobian of the canonical transformation.

Let us finally mention that the statement on choosing different mass terms TAB

still holds in the BV formalism. The counterterm that connects two regularisation
schemes is still given by (5.1.24). The anomalies which arise by choosing different
mass terms are related by the formula

i∆S(1) = i∆S(0) + (S,M1) , (6.1.15)

Because the regulator can be antifield dependent, so canM1 be antifield dependent.
Comparing with (6.1.14), (6.1.15) expresses that choosing a different mass term is
equivalent with doing a canonical transformation.

6.2 The regularised jacobian for pure YM

We will now illustrate the techniques presented above in the example of Yang-Mills
theory. This computation was done in [92], using the background field method, and
in [93] using the BV formalism. We will here closely follow the latter. The extended
action was already given in (3.1.8). Before going to the anomaly computation, we
first have to gauge fix the theory by adding the non-minimal sector Snm = b∗2/2,
and performing a canonical transformation with generating fermion f = Aµ∂µb.
We will work in the matrix notation as explained in section 3.1, so a trace is
understood. This way of gauge fixing is completely analogous to the one we did in
the example of Maxwell’s theory of section 2.2. After the canonical transformation,
the extended action becomes

S = −1

4
FµνF

µν − 1

2
(∂µA

µ)2 + b∂µD
µc

+A∗µD
µc+

1

2
c∗[c, c]− b∗∂µA

µ − 1

2
b∗2 . (6.2.1)
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One can check that, when putting the antifields equal to zero, this indeed leads
to a good gauge fixed action, i.e. the Hessian (the matrix of second derivatives of
the action w.r.t. the fields) is non-singular.

The next step is to choose a mass matrix for the PV action TAB. In the basis
of increasing ghost number {b, Aµ, c} we choose its inverse to be

(T−1)AB =




0 0 −1
0 gµν 0
1 0 0


 . (6.2.2)

Remember that there is still the index of the Lie algebra. So the 1 is in fact the
unit matrix in the internal space of Lie algebra valued objects. The jacobian is
easily seen to be (since the mass matrix is field independent, J = K)

JA
B =




0 −∂ν 0
0 −cδµ

ν Dµ

0 0 c


 . (6.2.3)

Notice that this matrix contains derivatives, which makes things more complicated.
Indeed, this leads to computing the Gilkey (Seeley-DeWitt) coefficients with a
derivative on it. This is possible, but quite tedious in four dimensions. There is
however a way out by using a trick. It is based on the footnote of section 5.3. It
is the identity

str[Je(T
−1S/M2)] = str[Jse

(T−1S/M2)] , (6.2.4)

where the symmetrised jacobian is defined as

Js =
1

2
(J + T−1J tT ) . (6.2.5)

We have used here conventions for transposing supermatrices and used the cyclicity
of the supertrace. These conventions can be found in section 4 of this chapter,
because there they will be used extensively. The symmetrised jacobian turns out
to be free of derivatives :

(Js)
A
B =

1

2



−c Aν 0
0 0 Aµ

0 0 c


 . (6.2.6)

The regulator is found to be

R =



Dρ∂

ρ −(∂νb) +A∗ν c∗

c∂µ Rµ
ν (∂µb)−A∗µ

0 −∂νc ∂ρD
ρ


 , (6.2.7)
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where a derivative keeps on working to the right, unless it is between brackets.
Remember that there is still a delta function on which this matrix works. We
also have abbreviated the matrix Rµ

ν = DρD
ρδµ

ν − DµDν + ∂µ∂ν + 2Fµν . Now
we have to find, according to (5.1.17), the connection Yα and the matrix E in d
dimensions, which can be read off from the regulator :

Yα =
1

2



Aα 0 0
cδµ

α 2Aα −Aµgνα −Aνδ
µ
α 0

0 −cgνα Aα


 , (6.2.8)

and

E =




1
4A

2 − 1
2∂

ρAρ −(∂νb) +A∗ν −c∗
V µ Eµ

ν (∂µb)−A∗µ
d
4c

2 (V t)µ
ν

1
4A

2 + 1
2∂

ρAρ


 , (6.2.9)

with

Eµ
ν = −1

4
A2δµ

ν − 3∂[µAν] + (
3

2
− d

4
)AµAν −AνA

µ

V µ = −1

2
∂µc+

1

4
[(d− 1)Aµc− cAµ]

(V t)µ
ν = −1

2
∂µc+

1

4
[Aµc− (d− 1)cAµ] . (6.2.10)

The antisymmetrisation is [µν] = (1
2µν − νµ). We will now compute ∆S in two

and four dimensions. Let us start in 2 dimensions. Here we need the Seeley-
DeWitt coefficient a1 = E (the curvature term is absent here, since we work in a
flat background). We find

∆S(d = 2) = − 1

4π
tr[AµDµc] , (6.2.11)

which can be absorbed in a variation of a local counterterm

M1(d = 2) = − 1

8π
tr[AµA

µ] . (6.2.12)

In fact, one must add here a coupling constant g2, since the engineering dimensions
are not correct. In two dimensions, the coupling constant has dimension 1, because
we have chosen that Aµ has dimension zero. To derive this properly from the start,
one has to insert the coupling constant into the covariant derivative. Notice that
in four dimensions, the coupling constant is dimensionless and can be put equal
to 1.

Now we repeat the calculation in four dimensions. For this, we need the Gilkey
coefficient

a2 =

(
1

12
WαβW

αβ +
1

2
E2 +

1

6
2E

)
, (6.2.13)
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where

Wαβ = ∂αYβ − ∂βYα + [Yα,Yβ ]

2E = ∇α∇αE

∇αX = ∂αX + [Yα, X ] . (6.2.14)

The computation is quite tedious, and we will only give the results. As a first
step one can check that the antifield dependent part is zero. The part without
antifields is given by

∆S(d = 4) =
1

(4π)2
1

12
tr{(∂νc)

[
4AµAνA

µ − 8Aµ∂[µAν]

−4Aν∂µA
µ + ∂µ∂

µAν − 3∂ν∂µA
µ]} . (6.2.15)

Again, there exists a counterterm that absorbs the anomaly. In four dimensions
it is

M1(d = 4) =
1

(4π)2
1

12
tr[

3

2
(∂µA

µ)2 − 1

2
(∂µAν)(∂νAµ)

−2Aµ(∂µAν)Aν +
3

2
AµAνA

µAν − 1

2
A2A2] . (6.2.16)

This shows, as was of course already known long ago [94] , that Yang-Mills theory
is free from anomalies.

6.3 Anomalies in chiral W3 gravity

As we have seen in the classical analysis in chapter 3, section 3.2.4, chiral W3

gravity is an example of an open algebra. In the previous section, we have seen
an example of an anomaly computation for closed algebras. We will now compute
in detail the anomalies for an open gauge algebra of symmetries. Partial results
were already obtained in [95]. A complete (one loop) treatment, which we will
present below, in the context of the BV formalism was first given in [40], using
PV regularisation. Later, the calculation was extended to higher loops [98, 105],
by using nonlocal regularisation in the BV formalism. Very recent, the anomaly
structure was analysed using BPHZ regularisation [99]. We will comment on this
later on.

Before going to the quantum theory, let us first give the extended action in
the gauge fixed basis. The gauge fixing is done by performing the canonical trans-
formation from {h, h∗, B,B∗} (fields and antifields of the classical basis) to new
fields and antifields {b, b∗, v, v∗} (the gauge–fixed basis):

h = −b∗; h∗ = b and B = −v∗; B∗ = v . (6.3.1)
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The extended action in the gauge fixed basis is

S = − 1
2 (∂Xµ)(∂̄Xµ) + b∂̄c+ v∂̄u− 2καb∂̄b(∂u)u

+X∗µ[(∂Xµ)c+ dµνρ(∂X
ν)(∂Xρ)u− 2κ(α+ 1)b(∂u)u(∂Xµ)]

+b∗[−T + 2b∂c+ (∂b)c+ 3v(∂u) + 2(∂v)u− 2καb(∂b)(∂u)u

+v∗[−W + 4κTb∂u+ 2κ∂(bT )u+ 3v∂c+ (∂v)c− 4καb∂v + 6κα∂(bv∂uu)]

+c∗ [(∂c)c+ κ(∂Xµ)(∂Xµ)(∂u)u]

+u∗ [2(∂c)u− c(∂u)] , (6.3.2)

where the spin 2 and 3 currents are given by

T =
1

2
(∂Xµ)(∂Xµ) W =

1

3
dµνρ(∂X

µ)(∂Xν)(∂Xρ) . (6.3.3)

One may check now that the new antifield independent action, which depends thus
on {Xµ, b, c, v, u}, has no gauge invariances. These are thus the fields that appear
in loops.

It will be useful to summarise some properties of the fields in the following
table :

gh j dim− j gh j dim− j
X 0 0 0 X∗ −1 0 2
B 0 −3 2 B∗ = v −1 3 0
h 0 −2 2 h∗ = b −1 2 0
c 1 −1 0 c∗ −2 1 2
u 1 −2 0 u∗ −2 2 2
∂ 0 1 0
∂̄, ∇ 0 −1 2
D 0 −2 2

Table 6.1: We give here the properties of fields and derivative operators. gh
is the ghost number and j is the spin. Further one can assign an ‘engineering’
dimension to the fields and derivatives, such that the Lagrangian has dimension
2. We defined dim(Φ∗) = 2 − dim(Φ) (the number 2 is arbitrary, this freedom is
related to redefinitions proportional to the ghost number). When we subtract the
spin from this dimension, we find that only a few fields have non zero dimension.
.
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6.3.1 Calculation of the one–loop anomaly without anti-

fields

We first need the (invertible) matrix of second derivatives w.r.t. the fields of the
gauge–fixed basis. Using the theorem of section 3.3, we will only need in these
second derivatives the terms without fields of negative ghost numbers and at most
linear in c and u, the fields of ghost number 1. We will therefore in the entries
still use the names of fields and antifields as in the classical basis. In the following
matrices we first write the entries corresponding to the bosons Xµ, and then order
the fermions according to ghost number and spin: Φ′A = {Xµ, v = B∗, b = h∗, c, u}
we have S′AB = S̃′AB+ terms of antifield number non–zero + terms of pureghost
number > 1.

S̃′AB =

(
Sµν qµ
−qT

ν ∇̃

)

Sµν = δµν∇1∂ + dµνρD
2(∂Xρ)∂

qµ = ( 0 κ∂(D−2u)(∂Xµ) 0 0 )

∇̃ =




0 0 D−1 ∇−2

0 0 ∇−1 κyhD
−2

D3 ∇2 0 0
∇3 κD4yh 0 0


 , (6.3.4)

where yh = T is the field equation of the gauge field h. A lot of zeros follow already
from the ghost number requirements.

To obtain the regulator we have to choose a mass matrix T and multiply its
inverse with S̃′. Looking at the table 6.3 for the spins of the fields, we notice
that some fermionic fields (e.g. c) do not have a partner of opposite spin. This
we need to make a mass term that preserves these rigid symmetries (the PV
partners of fields have the same properties as the corresponding fields). Further,
the regulator will not regularise because the fermion sector of (6.3.4) is only linear
in the derivatives. This problem we also met in the previous chapter. These two
problems can be solved by first introducing extra PV fields (this procedure was
already used in [57]). They have no interaction in the massless sector and do not
transform under any gauge transformation. Inspecting the ghost numbers and
spins of the fermions in {Φ′A}, we find that we need extra PV fields with ghost
numbers and spin as in table 6.3.1. Then we can choose the mass matrix T to be
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gh j dim− j
ū 1 −3 1
c̄ 1 −2 1
b̄ −1 1 1
v̄ −1 2 1

Table 6.2: The extra non–interacting and gauge invariant PV fields. The ghost
numbers and spins are chosen in order to be able to construct mass terms for
c, u, b and v. The names are chosen such that gh(x̄) = gh(x) and j(x̄) = j(x)− 1.
The dimensions follow from the kinetic terms, although this would still allow less
symmetric choices.

T =



δµν 0 0
0 0 1

M
0 − 1

M 0


 , (6.3.5)

where the second entry refers to the fermions from above, and the third line to the
four new fermions. The latter are thus ordered as in the table. The kinetic part
of their action can be chosen such that the enlarged matrix S′AB is

S′AB =



Sµν qµ 0

−qT
ν ∇̃ 0

0 0 −∂̃


 ; ∂̃ ≡




0 0 0 ∂
0 0 ∂ 0
0 ∂ 0 0
∂ 0 0 0


 . (6.3.6)

To put everything together, we find as regulator

R = R0 +MR1

R0 =



Sµν qµ 0
0 0 0
0 0 0


 ; R1 =




0 0 0
0 0 ∂̃
−qT

ν ∇̃ 0


 . (6.3.7)

The jacobian J is again equal to the transformation matrix K defined in (6.1.11).
Dropping again terms of pureghost number 2 or antifield number 1, we find

K =



Kµ

ν Kµ
F 0

KF
ν KF

F 0
0 0 0




Kµ
ν = δµ

ν c∂ + 2udµνρ(∂X
ρ)∂



98 Chapter 6. Quantum BV theory

Kµ
F = ( 0 0 (∂Xµ) dµρσ(∂Xρ)(∂Xσ) )

KF
ν =




−dνρσ(∂Xρ)(∂Xσ)∂
−(∂Xν)∂

0
0


 (6.3.8)

KF
F =




−(c∂)3 −2κ[yh(u∂)2 + u(∂yh)] 0 0
−2(u∂) 3

2
−(c∂)2 0 0

0 0 −(c∂)−1 −2κ(1− α)yh(u∂)−1

0 0 −2(u∂)−1
2

−(c∂)−2


 ,

(6.3.9)
where we used the shorthand

(c∂)x = c∂ + x(∂c) . (6.3.10)

The expression ofR is so far still linear in derivatives for the fermionic sector. This
we solve as in [69] by multiplying in (5.1.12) the numerator and the denominator
by (1 +R1/M). We obtain

(∆S)0 = Tr

[
K(1 +

1

M
R1)

1(
1− 1

M2R0 − 1
MR1

) (
1 + 1

MR1

)
]
, (6.3.11)

which leads to the regulator

R0 +R2
1 +

1

M
R0R1 =




Sµν qµ
1
M qµ∂̃

−∂̃qT
ν ∂̃∇̃ 0

0 0 ∇̃∂̃


 . (6.3.12)

On the other hand

KR1 =




0 0 Kµ
F ∂̃

0 0 KF
F ∂̃

0 0 0


 . (6.3.13)

This can not contribute to the trace because grouping the first two entries together,
this regulator is also upper triangular. Therefore we can omit the term KR1, and
then only the first two rows and columns of the regulator can play a role. This
eliminates also the (1/M) terms in the regulator. So we effectively have to calculate

(∆S)0 = Tr

[(
Kµ

ν Kµ
F

KF
ν KF

F

)
exp

1

M2
R̃
]

; R̃ =

(
Sµν qµ
−∂̃qT

ν ∂̃∇̃

)
. (6.3.14)

The evaluation of this supertrace will be done using the heat kernel method, was
it not that our regulator contains terms with second derivatives which are not
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proportional to the unit matrix in internal space. We can anticipate on the form
of the anomaly which we have to obtain. The anomaly ∆S should be an integral of
a local quantity of spin 0 and dimension 2. From the dim− j column of table 6.3,
we then see that the anomaly can be split in a part without B, and a linear part
in B, which can not contain h:

(∆S)0 = ∆hS + ∆BS . (6.3.15)

So we split R̃ = Rh +R1

Rh = diag
(
δµν∂∇0, ∂∇3, ∂∇2, ∂∇−1, ∂∇−2

)

RB = 2 +R1 (6.3.16)

R1 =




dµνρD
2(∂Xρ)∂ 0 κ∂(D−2u)(∂Xµ) 0 0
0 0 κ∂D4yh 0 0

κ∂(∂Xµ)(D−2u)∂ 0 0 0 κ∂yhD
−2

0 0 0 ∂D−1 0


 .

In the last expression 2 is a flat ∂∂̄.

First for the calculation at B = 0 we need for each entry the expression of

Aj = −i
∫
dx dy δ(x− y)(c∂)jG(x, y; 1

M2 ,Φ
(j)) , (6.3.17)

with

Φ(j) =

{
gαβ =

(
−h 1

2
1
2 0

)
,Y+ = 0,Y− = −j(∂h), E = − 1

2j(∂
2h)

}
. (6.3.18)

Using the Seeley–DeWitt coefficients1

a0| = 1 ; ∇αa0(x, y)| = 0 (6.3.19)

a1| = E − 1
6R =

1− 3j

6
(∂2h) ; ∇αa1(x, y)| = 1

2∇α(E − 1
6R) + 1

6∇
βWαβ ,

where | stands for the value at coincident points x = y (after taking the deriva-
tives). We will need only ∇+ for which the connection is zero:

∂a1(x, y)| =
1− 3j

12
(∂3h)− j

12
(∂3h) . (6.3.20)

This leads to

Aj =
−i
24π

∫
dx (6j2 − 6j + 1)c ∂3h . (6.3.21)

1The conventions are Rα
βγδ = ∂γΓα

βδ − ... and R = Rγ
αβγg

αβ . Further Wαβ = ∂αYβ −
∂βYα + [Yα,Yβ ].
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For the overall normalisation of this anomaly, we used
√
g = 2, in accordance with

the form of gαβ which follows from (6.3.18). In this way, we thus use the coordi-
nates xα = {x+, x−}, and the integration measure dx in the above integral is then
dx+ dx−. If one uses dx = dx0 dx1 then the scalars as R and E do not change, but√
g = ρ−2, where ρ is the parameter in the definitions in footnote 3. Therefore

the overall factor 1/(24π) in the above formula, gets replaced by 1/(48πρ2). One
can either interpret dx as dx+ dx− or as dx0 dx1 with ρ = 1/

√
2. The overall nor-

malisation in fact depends just on the transformation law: if S1 contains X∗c∂X
then the anomaly for one scalar is

A0 =
−i
48π

∫
dx0 dx1 c ∂(∂0 + ∂1)

2h , (6.3.22)

independent of the definition of ∂. In all further expressions for anomalies we
again omit

∫
dx with the normalisation as explained above.

Denoting the ghost combination in the transformation of the bosons as

c̃µν = cδµ
ν + 2udµνρ(∂X

ρ) , (6.3.23)

we obtain

∆hS = ∆h
XXS + ∆h

FFS = 1
24π (c̃µµ − 100 c)∂3h , (6.3.24)

where ∆XX is the contribution from the matter entries in the matrices, and ∆FF

comes from the fermions and gives the factor −100.

For ∆BS we have to evaluate expressions as

AB = tr
[
Ket(2+R1)

]
=

1

t

d

dλ
tr
[
et(2+R1+λK)

]∣∣∣
λ=0

=
d

dλ
tr
[
R1e

t(2+λK)
]∣∣∣

λ=0
, (6.3.25)

where the last step could be done because R1 is linear in B, and we know that
the result should be linear in B. We have for K and R1 the general forms

K = k0 + k1∂ ; R1 = r0 + r1∂ + r2∂
2 . (6.3.26)

Then we have to evaluate the heat kernel with

Φ =

{
gαβ =

(
0 1

2
1
2 0

)
,Y+ = 0,Y− = λk1, E = λ(k0 − 1

2∂k1)

}
. (6.3.27)

As the metric is flat, there is no non–trivial contribution from ∆1/2 and σ(x, y)
in (5.1.19). The only new coefficient which we need are the second derivatives at
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coincident points. For a flat metric, and being interested only in linear terms in
E and Y, the coefficients are

∇α∇βa0| = 1
2Wαβ ; ∇α∇βa1| = 1

3∂α∂βE + 1
6∂

γ∂(αWβ)γ +O(λ2) , (6.3.28)

where the symmetrisation (α, β) = 1
2 (αβ + βα). This gives

2πiAB = k0

(
r0 − 1

2∂r1 + 1
3∂

2r2
)

+ (∂k1)
(
− 1

2r0 + 1
6∂r1 − 1

12∂
2r2
)
, (6.3.29)

which can be used to obtain

∆BS = ∆B
XXS + ∆B

XFS + ∆B
FFS

i∆B
XXS =

1

12π
c̃µν∂

3dµνρB(∂Xρ)

i∆B
XFS = − κ

2π
(u∂B −B∂u)(∂3Xµ)(∂Xµ)

i∆B
FFS =

κ

6π
yh

{
(−5 + 3α)u(∂3B) + 5(∂3u)B

+(12− 5α)(∂u)(∂2B)− 12(∂2u)(∂B)
}
. (6.3.30)

We have thus obtained the anomaly at antifield number 0. It consists of three
parts. The first can be written in the form

i(∆S)0X = i∆h
XXS + i∆B

XXS = 1
24π c̃µν∂

3h̃µν , (6.3.31)

where c̃µν was given in (6.3.23), and

h̃µν = hδµν + 2dµνρB∂X
ρ . (6.3.32)

It is the total contribution from the matter loops. The other two parts originate
in loops with fermions. They are

i(∆S)0F = i∆XFS + i∆h
FFS = − 100

24π
c ∂3h− κ

2π
(u∂B −B∂u)(∂3Xµ)(∂Xµ)

(∆S)0W = ∆B
FFS ≈ 0 . (6.3.33)

The upper index 0 indicates that we have so far only the terms of antifield number
0.

6.3.2 Consistency and antifield terms

From the formal argument in (6.1.6) and as we will prove later on, we know that the
anomaly is consistent. At antifield number zero this implies that D0(∆S)0 ≈ 0.
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We may check this now, and at the same time obtain the anomaly at antifield
number 1. This will e.g. include the contributions of h∗, which according to
(6.3.1) is the antighost.

It will turn out that the three parts mentioned above, (∆S)0X , (∆S)0F and
(∆S)0W , are separately invariant under D0

D0(∆S)0X ≈ 0 D0(∆S)0F ≈ 0 , (6.3.34)

while this is obvious for (∆S)0W ≈ 0. To check this, one first obtains that

D0c̃µν = −c̃ρ(µ∂c̃ν)ρ + 2κu(∂u) [2(∂Xµ)(∂Xν) + (α+ 1)yhδµν ]

D0h̃µν =
(
δρ(µ∂̄ − h̃ρ(µ∂ + (∂h̃ρ(µ)

)
c̃ν)ρ

+2κ [2(∂Xµ)(∂Xν) + δµνyh] (B∂u− u∂B)− 2dµνρyρu .(6.3.35)

According to our theorem in section 3.3, this implies that the consistent anomaly
can be split in

∆S = (∆S)X + (∆S)F + (∆S)W , (6.3.36)

where each term separately is invariant under S, and starts with the expressions in
(6.3.31) and (6.3.33). The theorem implies that the full expressions are obtainable
from the consistency requirement.

Indeed, from (6.3.34) one can use (3.3.5) to determine (∆S)1X , (∆S)1F and
(∆S)1W : they are obtained by replacing the field equations yh, yB and yX in the
variation under D0 by h∗, B∗ and X∗. For the first one we obtain:

i(∆S)1X =
1

24π
c̃µν∂

3[−2κδµνh
∗(B∂u − u∂B) + 2X∗ρdµνρu]

+
1

24π
2κu(∂u)(1 + α)h∗δµν(∂3h̃µν)

+
1

24π
h∗[−8κ(∂3c)(B∂u− u∂B) + 8κu(∂u)(∂3h)] (6.3.37)

The first two terms can be absorbed in (∆S)0X ((6.3.31)) by adding to c̃µν and

h̃µν :

c̃(1)µν = 2κ(1 + α)h∗u(∂u)δµν

h̃(1)
µν = −2κδµνh

∗(B∂u− u∂B) + 2dµνρX
∗
ρu , (6.3.38)

This part originated in the matter–matter entries of the transformation matrix
K and the regulator Sµν including all antifields. If we consider these entries
completely, we get as anomaly

i(∆S)m = 1
24π cµν∂

3hµν (6.3.39)
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where

cµν = c̃µν + c̃(1)µν

hµν = h̃µν + h̃(1)
µν + 2κ(1− α)c∗(∂u)uδµν . (6.3.40)

Note therefore that computing the matter anomaly by using just these entries
would not give rise to the last term of (6.3.37):

i(∆S)X−i(∆S)m =
κ

3π
h∗[−(∂3c)(B∂u−u∂B)+u(∂u)(∂3h)]+ terms of afn ≥ 2 .

(6.3.41)
As (S, (∆S)X) = 0, it follows that (∆S)m is not a consistent anomaly ! Indeed,
the proof of consistency given in section 6.4 requires that we trace over all the
fields in the theory. One may check that the violation of the consistency condition
for (∆S)m agrees with (6.4.19). We will see that for α = 0 this extra term will be
cancelled when adding the fermion contributions.

For the other parts of the anomaly we obtain at antifield number 1:

6πi

κ
(∆S)1W = h∗

{(
−49(∂3c) + 9(∂2c)∂

)
(u∂B −B∂u)

+α
[
u(∂2c)∂2B + 10(∂u)B(∂3c) + 15(∂u)(∂B)(∂2c)

−15u(∂3c)∂B − 6u(∂4c)B
]

+49(∂3h)(∂u)u− 9(∂2h)(∂2u)u+ 3αu(∂3∇u)− 5α(∂u)(∂2∇u)
}

+B∗
{
9(∂3u)(u∂B −B∂u) + (−9 + α)(∂u)u∂3B + 10α(∂2u)u∂2B

}

+X∗µ(∂Xµ)
{
5u∂3u+ 12(∂2u)∂u

}

6πi

κ
(∆S)1F = −50h∗

{
(1− α)(∂u)u∂3h+ (∂3c)(B∂u − u∂B)

}

−3h∗
{(

(∂3c) + 3(∂2c)∂
)
(u∂B −B∂u) + u(∂u)∂3h+ 3u(∂2u)∂2h

}

−3B∗
{
−3(u∂B −B∂u)∂3u+ 3u(∂u)∂3B

}

−3X∗µ
{
−2u(∂u)∂3Xµ − (∂Xµ)(∂(u∂2u))− 2u(∂2u)∂2Xµ

}
(6.3.42)

Remarkable simplifications occur for the full anomaly:

i(∆S)0 + i(∆S)1 = i(∆S)0m + i(∆S)1m + i(∆S)0F + i(∆S)0W

+
κ

6π
X∗µ
{
6∂(u(∂u)∂2Xµ) + 9(∂2u)(∂u)∂Xµ + 8u(∂3u)∂Xµ

}

+
ακ

6π
h∗
{
u(∂2c)∂2B + 10(∂u)B(∂3c) + 15(∂u)(∂B)(∂2c)

−15u(∂3c)∂B − 6u(∂4c)B
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+50(∂u)u∂3h+ 3u∂3∇u + 5(∂2∇u)∂u
}

+
ακ

6π
B∗
{
(∂u)u∂3B + 10(∂2u)u∂2B

}
, (6.3.43)

where (∆S)0m and (∆S)1m are the terms of antifield number 0 and 1 in (6.3.39).
Note especially the simplification when using the parametrisation with α = 0.
The terms with the ‘antighost’ h∗ are included in the ‘matter anomaly’ (∆S)m,
(6.3.39), and B∗ disappears completely.

Let us recapitulate what we have determined. First remark that the regulari-
sation depends on an arbitrary matrix T , and this implies that, not specifying T ,
∆S is only determined up to (G,S), where G is a local integral. We have chosen
a regularisation (a specific matrix T ). This determines the value of ∆S. However,
we have calculated only the part of ∆S at antifield number 0 (including the weakly
vanishing terms). If we would have calculated up to field equations (which would
in principle be sufficient to establish whether the theory has anomalies), then we
would have determined ∆S up to (G,S), where G has only terms with antifield
number 1 or higher. In our calculation of section 6.3.1, we determined also the
weakly vanishing terms. Therefore the value of ∆S has been fixed up to the above
arbitrariness with terms G of antifield number 2 or higher. Indeed, looking at
(3.3.5) one can always shift (∆S)1 → (∆S)1 + δKTG

2, for some arbitrary function
G2 of antifield number two.

To obtain the complete form of ∆S up to (S,G) one can continue the calcula-
tions of this subsection to determine the terms of antifield number 2.

6.3.3 Background charges in W3 gravity

It is well known that the anomalies can be cancelled in chiral W3 gravity by
including background charges [102]. We will see in this section how this can be
implemented in the BV language.

To cancel the anomalies by local counterterms, we first note that (∆S)0W ≈ 0.
Our theorem of section 3 then implies that there is a local counterterm, which
starts with (we take in this section α = 0, but of course these steps can also be done
in parametrisations with α 6= 0, as this involves only a canonical transformation)

MW1
1 = −κ

π
B

[
5

6
u(∂3h∗) +

9

2
(∂u)(∂2h∗) +

17

2
(∂2u)(∂h∗) +

17

3
(∂3u)h∗

]
,

(6.3.44)
which is the right hand side of the last expression in (6.3.30), with yh replaced by
h∗, and where we added a total derivative for later convenience. The other terms
in (6.3.36) can not be countered by a local integral.
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Background charges are terms with
√
h̄ in the (extended) action. We can make

an expansion [40, 79]

W = S +
√
h̄M1/2 + h̄M1 + . . . . (6.3.45)

Therefore the expansion (6.1.5) of the master equation (6.1.3) is now changed to

(S,M1/2) = 0 (6.3.46)

(S,M1) = i∆S − 1

2
(M1/2,M1/2) . (6.3.47)

Relevant terms M1/2 are those which are in the antibracket cohomology. Indeed,
if M1/2 which solves (6.3.47) has a part (S,G), then we find also a solution by

omitting that part of M1/2, and adding to M1 a term 1
2

(
M1/2, G

)
. These terms

M1/2 are thus again determined by their part at antifield number zero. In chiral
W3 gravity one considers

M1/2
0 = (2π)−1/2

[
aµh(∂

2Xµ) + eµνB(∂Xµ)(∂2Xν)
]
, (6.3.48)

where the numbers aµ and eµν are the background charges, and the numerical
factor is for normalisation in accordance with previous literature. We first consider
(6.3.46). Using our theorem, D0M1/2

0 should be weakly zero in order to find a
solution. This gives the following conditions on the background charges:

e(µν) − dµνρaρ = 0

dµνρ(eρσ − eσρ) + 2e(µ
ρdν)σρ = bσδµν , (6.3.49)

where bσ is determined to be 2κaσ by the consistency of the symmetric part
(µνσ) of the last equation with the first one and (3.2.37). If these conditions
are satisfied, we know that we can construct the complete M1/2 perturbatively in
antifield number. The solution is

M1/2 = M1/2
0 +M1/2

1 +M1/2
2

M1/2
1 = (2π)−1/2

[
−aµX

∗
µ(∂c) + eµνX

∗
µu(∂

2Xν) + eνµ(∂X∗µ)u(∂Xν)

+κaµh
∗(D−2u)(∂2Xµ)

]

M1/2
2 = (2π)−1/22κaµ

[
(∂X∗µ)h∗ − c∗(∂2Xµ)

]
u(∂u) . (6.3.50)

We calculated here the terms of antifield number 2 (and checked that there are no
higher ones), but note that these are not necessary for the analysis below.

Let us discuss the solutions of (6.3.49), together with the solutions of (3.2.37).
The general solutions of (3.2.37) are related to specific realisations of real Clifford
algebras C(D, 0) of positive signature. We have then n = 1 + D + r, where r is
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the dimension of the Clifford algebra realisation. We obtain solutions of (3.2.37)
for the following values : (D = 0, r = 0), (D = 1, r arbitrary), (D = 2, r = 2),
(D = 3, r = 4) (these are the SU(3) d–symbols), (D = 5, r = 8), (D = 9, r =
16). The latter four are the so–called ‘magical cases’. Then the Clifford algebra
representation is irreducible, and the d–symbols are traceless as it is the case for
(D = 1, r = 0). All the solutions can be given in the following way. µ takes the
values 1, a or i, where a runs over D values and i over r values. The non–zero

coefficients are (for κ = 1) d111 = 1, d1ab = −δab, d1ij = 1
2δij , and daij =

√
3

2 (γa)ij .
For D = 1 the gamma matrix is (γa)ij = δij (reducible). In that case the form
of the solution can be simplified by a rotation between the index 1, and a, which
takes only one value, see below: (6.3.51). All representations of all real Clifford
algebras C(D, 0) appear as solutions of a generalisation of (3.2.37) and classify the
homogeneous special Kähler and quaternionic spaces [101].

In this set of solutions we can shown that there is only a solution for (6.3.49)
in the case D = 1 and r arbitary. In [102] the generic (i.e. D = 1, r arbitrary)
solution was already found, and no solution was found for the magical cases,
but this was also not excluded. In [96], it was shown that the first twomagical
realisations did not survive quantisation. Later, it was shown that also the other
two cases lead to anomalous theories [40, 97]. Indeed, in all the other cases (i.e.
the four magical and the D = r = 0) we have that the d–symbols are traceless. By
taking traces of the equations in (6.3.49), we find that the only (trivial) solutions
are aµ = eµν = 0, i.e. no background charges. This means that the four magical
cases lead to anomalous theories.

There is thus exactly one solution for each value of n, the range of the index
µ. For these models, the solution of (3.2.37) can be simply written as

d111 = −
√
κ ; d1ij =

√
κ δij , (6.3.51)

where i = 2, . . . , n. The solution to (6.3.49) is

e00 = −
√
κ a0 ; eij =

√
κa0δij

e0i = 2
√
κai ; ei0 = 0 , (6.3.52)

where aµ is arbitrary.

The final relation for absence of anomalies up to one loop is that we have to
find an M1 such that the last equation of (6.3.47) is satisfied. Again we only
have to verify this at zero antifield number, and up to field equations of S0, due
to our theorem. We calculate Q ≡ i∆S − 1

2 (M1/2,M1/2) at antifield number
zero. It contains terms proportional to c∂3h, which can not be removed by a local
counterterm. So in order to have no anomaly, the multiplicative factor of this term
has to vanish. This implies the relation

cmat ≡ n− 12aµaµ = 100 (6.3.53)
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For the other terms in Q, one needs a counterterm

MB1
0 =

1

6π
eµνaµB∂

3X , (6.3.54)

and one imposes the relations

2eµνaµ − 6aµeνµ + dνµµ = 0

eµρeρν = κY δµν

−eµρeνρ + 1
3dµρσdνρσ + 2

3dµνρeσρaσ = κδµνZ

−4κaµaν + eρµeρν + 2aρeρσdσµν = (3Z + 4Y − 2)κδµν , (6.3.55)

where Y and Z are arbitrary numbers, to be determined by consistency require-
ments. This set of equations on the background charges are exactly the same as
in [102]. The solutions (6.3.51) and (6.3.52) give now

a0
2 = −49

8
; ai

2 =
−53 + 2n

24

Y = a0
2 ; Z =

1

3

(
2− a0

2
)

=
87

8
. (6.3.56)

Then we obtain that

2π
(
(M0

1/2,M
1
1/2)− i∆S + (M0

B1, S
1)
)

= − 1
3eνµaν(∂2u)yµ (6.3.57)

+κB
(
2Z(∂3u)yh + 3Z(∂2u)∂yh + (3Z − 2 + 2Y )(∂u)∂2yh + (Z + Y − 1)u∂3yh

)
.

This determines then the counterterm MB1 at antifield number 1. Inserting the
values for Y and Z gives

MB1
1 =

κ

16π
B
[
30u(∂3h∗) + 147(∂u)(∂2h∗) + 261(∂2u)(∂h∗) + 174(∂3u)h∗

]

+
1

6π
X∗µeνµaν∂

2u . (6.3.58)

Combining this term with (6.3.44), we get for the total counterterm at antifield
number one

M1
1 =

25κ

48π
B
[
2u(∂3h∗) + 9(∂u)(∂2h∗) + 15(∂2u)(∂h∗) + 10(∂3u)h∗

]

+
1

6π
X∗µeνµaν∂

2u . (6.3.59)

The form of this counterterm is also obtained in the last reference of [95] and
also in [54, 103]. As mentioned before, this does not only determine the quantum
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corrections to the action, but also the corrections to the BRST transformations,
by looking to the linear terms in antifields in the gauge–fixed basis.

The value of κ has been irrelevant here. In fact, one can remove κ rescaling
dµνρ, eµν , B∗ and u∗ with

√
κ and B and u by (1/

√
κ). For the usual normalisa-

tions in operator product expansions of the W–algebra one takes

κ =
1

6Z
=

8

22 + 5cmat
=

4

261
. (6.3.60)

6.3.4 Higher loop anomalies in the BV formalism

The discussion so far concerned the one loop theory. We have seen that, in order
to cancel the anomaly, one needs to add a counterterm to the classical action, and
this counterterm was antifield dependent. The next step is of course to go to the
anomaly computation at two loops. At order h̄2, the master equation reads :

A2 = ∆M1 +
i

2
(M1,M1) + i(M2, S) . (6.3.61)

To make computations at order h̄2 and to investigate the anomaly equation, one
must regularise at two loop. Pauli-Villars is then not sufficient anymore and one
must use another regularisation scheme.

It is very important to realise that the master equation must be understood in-
side the path integral. This can be seen from the anomalous Zinn–Justin equation
(6.1.13). In fact, the right hand side of this equation must be written as

< A >= lim
Λ→∞

< AL >Λ= lim
Λ→∞

< h̄AΛ
1 + h̄2AΛ

2 + ... >Λ . (6.3.62)

By this we mean the following. When one regularises the theory, one introduces
a cutoff Λ, e.g. for (one loop) PV regularisation, this is simply the mass M . This
cutoff appears in the regularised action. The Λ after the brackets in this expression
means that one considers the expectation value with this cutoff dependent action.
On the other hand, the anomaly one computes is also dependent on the cutoff, as
we have seen before in explicit examples.

For the two loop anomaly, this means that there can be two contributions.
The first is coming from computing the first two terms in the r.h.s of (6.3.61). Of
course, if no counterterm M1 was needed to cancel the one loop anomaly, these
do not contribute. The second contribution is coming from inserting the one loop
anomaly AΛ

1 in the path integral. In order to have an anomaly free theory, the
sum of these two contributions should be absorbed in a local counterterm M2.
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The two loop anomalies in chiral W3 gravity were first computed in [95], di-
rectly from the effective action. In the context of the antifield formalism, the two
loop master equation was recently studied, first in [98] and later in [105], using
non–local regularisation. In the latter, it was shown that the well known 2–loop
anomaly follows, with the correct coefficient, directly from inserting the one loop
anomaly AΛ

1 in the path integral. However, one must pay special attention to the
regularisation procedure. As we already said, the one loop anomaly depends on
the cutoff. One can then isolate the finite part of the one–loop anomaly by send-
ing the cutoff to infinity. To compute the finite part of the two loop anomaly, one
would expect to insert only the finite part of the one–loop anomaly. However, as
was shown in [105], this is not true. One has to insert the complete (including the
terms that explicitly depend on the cutoff) expression for the one–loop anomaly,
i.e. AΛ

1 in the path integral, before sending the cutoff to infinity. A careful anal-
ysis shows that also these terms can contribute to the finite part of the two loop
anomaly, and, moreover, it leads to the correct result. It is therefore important
not to bring in the limit into the path integral.

An analogous procedure was also applied to quantum mechanical systems, see
[106].

6.4 Consistency of the regulated anomaly

The PV regularisation should give a consistent anomaly, as all manipulations can
be done at the level of the path integral. Here we want to check this explicitly
from the final expression for the anomaly after integrating out the PV fields. Then
we will consider the expression which is obtained after integrating out only parts
of the fields. We will see that in that case the resulting expression does not satisfy
this consistency equation.

The expression for the anomaly depends on an invertible matrix TAB:

∆S = str

[
J

1

−R/M2

]
, (6.4.1)

where

KA
B =

→
∂AS

←
∂B ; SAB =

→
∂AS

←
∂B

J = K + 1
2T
−1(ST ) ; R = T−1S , (6.4.2)

and for matrices MA
B or MAB we define the nilpotent operation

(SM)AB = (MAB, S) (−)B . (6.4.3)
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Matrices can be of bosonic or fermionic type. The Grassmann parity (−)M of a
matrix is the statistic of MA

B(−)A+B. So of the above matrices, J , K and (ST )
are fermionic, the other are bosonic. The definition of supertraces and supertrans-
poses depend on the position of the indices.

(
RT
)
BA

= (−)A+B+AB+R(A+B)RAB ;
(
T T
)BA

= (−)AB+T (A+B)TAB

(
KT
)
B

A = (−)B(A+1)+K(A+B)KA
B ;

(
LT
)A

B = (−)B(A+1)+L(A+B)LB
A

str K = (−)A(K+1)KA
A ; str L = (−)A(L+1)LA

A . (6.4.4)

This leads to the rules

(
MT

)T
= M ; (MN)T = (−)MNNTMT ;

(
MT

)−1
= (−)M

(
M−1

)T

str (MN) = (−)MNstr (NM) ; str (MT ) = str (M)

S(M N) = M(SN) + (−)N (SM)N ; S (strM) = str (SM) . (6.4.5)

The second derivatives of the master equation lead to

SS = −KTS − S K
SK = S S −KK , (6.4.6)

where,

S =
→
∂AS

←
∂B ; (KT )A

B = −
→
∂AS

←
∂B , (6.4.7)

the first being a graded antisymmetric matrix, and the second is in accordence
with (6.4.2) and the previous rules of supertransposes. We rewrite the expression
of the anomaly as

∆S = M2 str
[
T J P−1

]
, (6.4.8)

where
P = M2 T − S . (6.4.9)

We also easily derive the following properties

S(T J) = S(T K) = TSS − TKK − (ST )K

SP = M2(TJ + JTT )− (PK +KTP ) . (6.4.10)

This leads to

S∆S = M2 str
[(
TSS − TKK − (ST )K

)
P−1

−TJP−1
(
M2(TJ + JTT )− (PK +KTP )

)
P−1

]
(6.4.11)

In the first term of the first line we write S = M2T − P . The trace of both
these terms is zero due to (6.4.5) and the (a)-symmetry properties of the matrices
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given above. For the same reason the second term of the second line vanishes.
The first term of the second line is a square of a fermionic matrix which vanishes
under the trace. The remaining terms again combine into matrices which are
traceless by using their symmetry and by (6.4.5). This means we have proven that
PV-regularisation guarantees consistent one–loop anomalies,

S∆S = 0 . (6.4.12)

In [77] a formula has been given for the non–local counterterm for any ∆S defined
by (6.4.1):

∆S = −1

2
S
(
str ln

R
M2 −R

)
. (6.4.13)

This can be proven also from the above formulas.

Consider the part of the anomaly originating from the path integral over some
subset of fields, e.g. the matter fields in W3. The question arises whether this gives
already a consistent anomaly. To regulate this anomaly we only have to introduce
PV–partners for this subset of fields. In the space of all fields, and taking the basis
with first the fields which are integrated, we write the T –matrix as

T =

(
T̃ 0
0 0

)
. (6.4.14)

Because only this subsector is integrated, we have to project out the other sectors
(mixed and external) in the full matrix of second derivatives S before inverting it
to define a propagator. This can be done by defining the projection operator Π as

Π =

(
0

0 0

)
. (6.4.15)

The inverse propagator is then Z = (ΠPΠ). Further we understand by inverses,
as e.g. T−1, the inverse in the subspace. So we have

TT−1 = T−1T = Π . (6.4.16)

The matter anomaly takes the form

(∆S)m = M2 str[TJZ−1] , (6.4.17)

and (6.4.10) remains valid. In the variation of this anomaly, we now often en-
counter

P Z−1 = Π + Y where Y = −(1−Π)SZ−1 . (6.4.18)
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Using again the properties of supertraces and transposes, we obtain

S(∆S)m = M2 str
[
−TSY − TK( −Π)KZ−1 − Y TKZ−1(TJ + JTT )

]
.

(6.4.19)
This thus shows that one does in general not obtain a consistent anomaly when
integrating in the path integral only over part of the fields. One can see that for
ordinary chiral gravity the structure of the extended action implies that each term
of (6.4.19) vanishes. For chiral W3 gravity however, some terms remain. A similar
result for Ward identities was obtained in [107].

6.5 Remarks on the classical and quantum coho-

mology

Let us first repeat again how one defines the physical states of the classical theory.
One has a nilpotent operator S = (·, S), such that the spectrum is defined as
the elements of the antibracket cohomology of S. Suppose now that we have two
elements of the cohomology F and G, satisfying

SF = 0 SG = 0 , (6.5.1)

and they are not S exact. Then, we can find two new invariants namely the
product and the antibracket of F and G :

S[FG] = 0 S(F,G) = 0 . (6.5.2)

This is because the operator S works as a derivation on the product as well as on
the antibracket. It could however be that the product or the antibracket are S
exact, so that they drop out of the cohomology. If not, one generates new elements
in the cohomology. Let us still mention that, if F or G is S exact then also the
product and the antibracket is S exact, as one can easisly check.

This procedure defines a ring structure of observables, R. For local functions
there is no antibracket cohomology at negative ghost number. So the lowest ghosts
number of an element in the cohomology is zero. By taking the product of two
elements one stays at ghost number zero. Then the product defines a ring at ghost
number zero, R0. By taking the antibracket of two elements of zero ghost number
one obtains a (possible) observable at ghost number one. If one consider also local
functionals, there can also be cohomology at negative ghost number. The lowest
are the functionals at ghost number minus one. By taking the antibracket between
two such local functionals, one again obtains a local functional at ghost number
minus one, because the antibracket increases the ghost number with one. So this
procedure defines yet another ring, which we can call R−1.
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In the quantum theory, we also have a nilpotent operator, which involves the
∆ operator. It is

Sq = (W, ·) +
h̄

i
∆ , (6.5.3)

and satisfies S2
q = 0 if the quantum master equation is satisfied. This operator

enables us to define physical states at the quantum level, namely elements of the
quantum cohomology. If F = F0 + h̄F1 + h̄2F2 + ... is an invariant under Sq, it
must satisfy

(F0, S) = 0

i∆F0 − (F0,M1) = (F1, S) , (6.5.4)

and further conditions at higher order in h̄. The above equation already tells us
that a classical observable, satisfying (F0, S) = 0, can not necessarily be extended
to a quantum observable, since there is an extra condition on F0 coming from the
quantum theory. It says that the left hand side of the second equation of (6.5.4)
must be S exact.

Suppose now we have found two elements F and G in the quantum cohomology.
Analogous to the classical theory, we can try to construct new observables, but
now they must be invariant under Sq. Since the ∆ does not act as a derivative on
the product, this product will in general not be invariant. This can be seen from
the formulas

Sq[FG] = Sq[F ]G+ (−)FFSqG− (−)F ih̄(F,G)

Sq[(F,G)] = (SqF,G) + (−)F+1(F,SqG) . (6.5.5)

That means that, in general, the product is not invariant, but is proportional to
the antibracket of F with G. The latter means that also the bracket can not be
an element from the quantum cohomology since it is Sq exact. The construction
of making new observables out of F and G can only work when (F,G) = 0. If
this condition is satified, the product FG is quantum invariant (of course it can
still be exact). This can occur when F and G have no antifield dependence. So
the ring structures discussed in the classical case can not be maintained in the
quantum theory. Only when (F,G) = 0 we can build up a ring under ordinary
multiplication.

All this is rather formal. It would be very interesting to investigate these
structures in explicit examples. At the classical level, a starting point was give
in the second paper of [56] for the bosonic string. For the quantum cohomology
in the BV framework, almost nothing is known. However, a connection with the
ground ring structure given in [108] in the BRST framework certainly must exist.
We leave this for future research.
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7.1 Introduction

Topological field theories (TFT) [82, 83] have attracted a lot of attention recently.
They are interesting both from a physical and mathematical point of view. For
physics, the interest is twofold. On the one hand, they form ”subtheories” of
the general class of N = 2 (or also N = 4) supersymmetric invariant theories.
By this we mean that any N = 2 1 theory contains a topological subsector in
which correlation functions can be computed exactly. This is because in TFT
the semiclassical limit is exact, so the only contribution to correlation functions
comes from the classical regime and from instanton corrections. So these models
can give new information about non–perturbative effects (instantons) of N = 2
theories. For recent applications in non–perturbative gauge theories, see [110].
The procedure to go from the N = 2 theory to the TFT and backwards is called
twisting, as was explained in [82, 85]. On the other hand, as we will see, TFT
have a very large gauge symmetry group. It is possible that gauge theories, like
e.g. string theory, are in a broken phase of TFT. One could then study which
properties of the string are still described by the TFT, after the symmetry is
broken. As an example, one can think about the discrete states in the spectrum
of the non-critical c = 1 string [111]. Unfortunately, we do not yet have a good
mechanism to describe this symmetry breaking.

From the mathematical point of view, TFT provide a framework to compute
topological invariants of certain spaces. For four manifolds, these are the Donald-
son invariants, which can be obtained by computing the spectrum of topological
Yang-Mills theory on a general four manifold, see the first reference in [82]. In
fact, this method has led to spectacular new results in mathematics. E.g., the long
standing open problem of computing how many rational curves there are on the
quintic three-fold was solved in [112] using techniques from TFT.

A general definition is that a TFT is characterised by the fact that its partition
function is independent of the metric, which is considered to be external and thus
not included in the set of dynamical fields of the theory :

δZ

δgαβ
=

δ

δgαβ

∫
Dφe i

h̄
S(φ,gαβ) = 0 . (7.1.1)

As mentioned above, TFT have local gauge symmetries. In order to define a path
integral, one first must gauge fix. The resulting gauge fixed theory then possesses
a BRST operator, under which the action is invariant. The condition of metric
independence is then satisfied owing to the Ward identities, provided the energy
momentum tensor

Tαβ =
2√
|g|

δS

δgαβ
(7.1.2)

1For local N = 2 in four dimensions, one also needs the existence of R symmetries, see [109]
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is BRST exact. Soon after their discovery by Witten, topological field theories
were shown [29] to be generally of the form

S = S0 + δQV , (7.1.3)

where S0 is either zero or a topological invariant (i.e. independent of the metric)
and BRST invariant. δQV is then the gauge fixing term that corresponds to the
gauge symmetry of S0. Using the formal arguments of [113] based on Fujikawa
variables to prove the metric independence of the measure, one then has that

δZ

δgαβ
=
i

h̄

∫
Dφ δ

δgαβ
[δQV ]e

i
h̄

S(φ,gαβ) . (7.1.4)

Usually, differentiating with respect to the metric and taking the BRST variation
are freely commuted, which then leads to the desired result. We will show in the
next section, that the assumed commutation is not allowed in general.

In order to investigate several steps of this process in more detail, we will use
the BV formalism. Although the BV scheme was used in [29] to treat specific
examples, the full power of this scheme was not exploited. This was done in [30],
and we will discuss it also here. Below we will define an energy momentum tensor
with the property SqT

q
αβ = 0, by carefully specifying the metric dependence of the

antibracket and the ∆-operator. Hence, this T q
αβ is quantum BRST invariant. For

the theory to be topological, its energy momentum tensor has to satisfy

T q
αβ = SqXαβ , (7.1.5)

which makes T q
αβ cohomologically equivalent to zero. As both tensors appearing

in this equation can have an expansion in h̄, this is a tower of equations, one
for every order in h̄. At the classical level, we are looking for an X0

αβ such that

Tαβ = (X0
αβ , S), where S is the classical extended action. We will show that

non trivial conditions appear for higher orders in h̄. Even when no quantum
counterterms are needed to maintain the Ward identity, the order h̄ equation is
non trivial.

7.2 The energy-momentum tensor in BV

As explained in the introduction, the metric plays an important role in TFT.
Therefore, we have to be precise on its occurences in all our expressions. This
will depend on the chosen convention. The two obvious possibilities for a set of
conventions are the following :
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1. All integrations are with the volume element dx
√
|g|. The functional derivative

is then defined as
δφA

δφB
=

1√
|g|B

δAB , (7.2.1)

and the same for the antifields. δAB contains both space-time δ-functions (without√
|g|) and Kronecker deltas (1 or zero) for the discrete indices . g is det gαβ, and

its subscript B denotes that we evaluate it in the space-time index contained in
B. Using this, the antibracket and box operator are defined by

(A,B) =
∑

i

∫
dx
√
|g|X



←
δ A

δφX

→
δ B

δφ∗X
−
←
δ A

δφ∗X

→
δ B

δφX




∆A =
∑

i

∫
dx
√
|g|X(−1)X

→
δ

δφX

→
δ

δφ∗X
A , (7.2.2)

For once, we made the summation that is hidden in the De Witt summation more
explicit. X contains the discrete indices i and the space-time index x. We then
have that (φ, φ∗) = 1√

|g|
. In this convention the extended action takes the form

S =

∫
dx
√
|g|[L0 + φ∗iR

i
a(φ)ca + φ∗i φ

∗
j ...] . (7.2.3)

Demanding that the total lagrangian is a scalar amounts to taking the antifield
of a scalar to be a scalar, the antifield of a covariant vector to be a contravariant
vector, etc. . For differentiating with respect to the metric, we use the following
rule :

δgαβ(x)

δgργ(y)
=

1

2
(δα

ρ δ
β
γ + δα

γ δ
β
ρ )δ(x − y) , (7.2.4)

where the δ–function does not contain any metric, i.e.
∫
dxδ(x − y)f(x) = f(y).

This we do in order to agree with the familiar recipe to calculate the energy-
momentum tensor. Let us now define the differential operator

Dαβ =
2√
|g|

δ

δgαβ
+ gαβ

∑

i

φ∗X

→
δ

δφ∗X
. (7.2.5)

Then it follows that

Dαβ(A,B) = (DαβA,B) + (A,DαβB)

Dαβ∆A = ∆DαβA . (7.2.6)
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The antifield dependent terms in the second term of the right hand side are really
necessary for these properties, due to the chosen notation. If we now define the
energy momentum tensor as

Tαβ = DαβS, (7.2.7)

then it follows immediately that

Dαβ(S, S) = 0⇔ (Tαβ , S) = 0. (7.2.8)

Again, we remark that the second term in Dαβ is necessary to make the energy mo-
mentum tensor BRST invariant, as a consequence of our conventions. By adding to
this expression for Tαβ terms of the form (Xαβ , S), one can obtain cohomologically
equivalent expressions. For example, by subtracting the term (1

2gαβ

∑
i φ
∗
Xφ

X , S),
Tαβ takes a form that is more symmetric in the fields and antifields. Analogously,
for the quantum theory, if we define

T q
αβ = DαβW, (7.2.9)

then it follows by letting Dαβ act on the quantum master equation that

SqT
q
αβ = (T q

αβ ,W )− ih̄∆T q
αβ = 0 . (7.2.10)

Now we turn to a second set of conventions.
2. We integrate with the volume element dx without metric, and define the func-
tional derivative (7.2.1) without

√
|g|. Also the antibracket is defined without

explicit metric dependence, and so we have that (φ, φ∗)′ = 1. With this bracket
the extended action takes the form

S′ =

∫
dx[
√
|g|L0 + φ∗iR

i
a(φ)ca +

1√
|g|
φ∗φ∗...] . (7.2.11)

The energy momentum tensor is then defined as

Tαβ =
2√
|g|

δS′

δgαβ
, (7.2.12)

and is gauge invariant because, in this convention, the derivative w.r.t. the metric
acts like an ordinary derivative on the antibracket, i.e.

δ

δgαβ
(A,B) = (

δ

δgαβ
A,B) + (A,

δ

δgαβ
B)

δ

δgαβ
∆A = ∆

δ

δgαβ
A . (7.2.13)

These variables have the advantage not to work with the operator Dαβ . However

general covariance is not explicit and requires a good book–keeping of the
√
|g|
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’s in the extended action and in other computations. Therefore, we will not use
this convention. Let us finally mention that the relation between the two sets
of conventions is a transformation that scales the antifields with the metric, i.e.
φ∗ →

√
|g|φ∗. Both conventions show however, that one cannot simply commute

the derivative w.r.t. the metric (or Dαβ) with the BRST charge, as the BRST
operator is simply the antibracket, i.e. δQ A(φ) = (A,S).

From now on, we will work in the first convention. All our arguments can be re-
peated in the second convention. In the remaining part of this section we will show
that our definition of the energy momentum tensor is invariant under (infinites-
imal) canonical transformations with generating fermion f(φ, φ

′∗), up to a term
that is BRST exact. The expression in the primed coordinates for any function(al)
given in the unprimed coordinates can be obtained by direct substitution of the
transformation rules. Owing to the infinitesimal nature of the transformation, we
can expand in a Taylor series to linear order and we find

X ′(φ′, φ∗
′

) = X(φA′

, φ∗
′

A )− (X, f) . (7.2.14)

Especially, the classical action and the energy-momentum tensor transform as
follows:

S
′

= S − (S, f)

T
′

αβ = Tαβ − (Tαβ , f) . (7.2.15)

Here, Tαβ is the energy-momentum tensor that is obtained following the recipe
given above starting from the extended action S. Analogously, we can apply the
recipe to the transformed action S

′

, which leads to an energy-momentum tensor
T̃αβ. Using (7.2.15) and (7.2.6), it is easy to show that

T̃αβ = DαβS
′

= T
′

αβ + (Dαβf, S
′), (7.2.16)

as for infinitesimal transformations terms of order f2 can be neglected. We will use
below that if Tαβ = (Xαβ , S), then T̃αβ = (X̃αβ , S

′) as canonical transformations
do not change the antibracket cohomology. For infinitesimal transformations we
have that

X̃αβ = Xαβ − (Xαβ , f) +Dαβf . (7.2.17)

This argument can easily be repeated for the quantum theory. This last formula
will be used in section (4).
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7.3 Topological field theories in BV

After carefully introducing the energy momentum tensor, we define a topological
field theory by the condition

T q
αβ = σXαβ . (7.3.1)

First we remark that this condition is gauge independent (canonical invariant),
due to the presence of the antifields, as was explained in the previous section. If
the energy momentum satisfies the above equation, we have

DαβZ = 0 or
δ

δgαβ
Z = 0 , (7.3.2)

depending on which set of conventions one chooses. If one fixes the gauge by drop-
ping the antifields after a suitable canonical transformation, one recovers (7.1.1).
We also assumed that one can construct a metric independent measure.

In general, both W and Xαβ have an expansion in terms of h̄ :

W = S + h̄M1 + h̄2M2 + . . . .

Xαβ = X0
αβ + h̄X1

αβ + . . . . (7.3.3)

Thus we see that (7.3.1) leads to a tower of equations, one for each order in h̄.
The first two orders are

Tαβ = (X0
αβ , S) , (7.3.4)

at the h̄0 level and

2√
|g|

δM1

δgαβ
+ gαβ

∑

i

φ∗X

→
∂M1

δφ∗X
= (X0

αβ ,M1) + (X1
αβ , S)− i∆X0

αβ , (7.3.5)

at the one loop level. Once M1 is known from the one loop master equation, one
has to solve (7.3.5) for X1. This is an important equation that must be satisfied
at the one loop level. To solve these equations one needs a regularisation scheme,
such that one can calculate (divergent) expressions like ∆S and ∆X0

αβ. If no
(local) solution can be found for Xαβ then the proof of the topological nature of
the theory, based on the Ward identity, breaks down2. Notice that even when no
countertermM1 is needed, one still has to solve the one loop equation if ∆X0

αβ 6= 0.

Let us come back to the classical part of the discussion. As is mentioned in the
introduction, and as we will see in our example, the gauge–fixed action turns out
to be BRST exact in the antibracket sense (up to a metric independent term):

S = S0 + (X,S), (7.3.6)
2In [83], and references therein, it was shown that the one loop renormalisation procedure

does not break the topological nature of the theory. However, the finite counterterm M1, to
cancel possible anomalies, and the X1 term have not been discussed.
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where S0 is a topological invariant. However, we want to stress that this is not
the fundamental equation to characterise TFT. From this, it does not follow that
(7.3.4) is satisfied. Rather,

Tαβ = (
2√
|g|

δX

δgαβ
+ gαβ

∑

i

φ∗X

→
∂X

δφ∗X
, S) + (X,Tαβ) . (7.3.7)

In order for the theory to be topological, the second term should be BRST exact.

7.4 Example 1 : Topological Yang–Mills theory

Topological Yang-Mills theory was first constructed by Witten in [82]. Although
he obtained the model via twisting, it can also be obtained via gauge fixing a
topological invariant [29, 30], as we will show below.

We start from a four manifoldM endowed with a metric gαβ. On this manifold
we define the Yang–Mills connection Aµ = Aa

µTa, where Ta are the generators of a
Lie group G. We use the same conventions as for ordinary Yang Mills theory (see
chapter 3 and 6). The first step is to choose a classical action. We can take it to
be the integral over the 4 dimensional manifoldM of the second Chern class of a
principle G–bundle P →M :

S0 =

∫

M
d4x
√
|g|trFµν F̃

µν . (7.4.1)

It is known from topology that this action is a integer number, also called winding
number.

The dual of an antisymmetric tensor Gµν is defined by

G̃µν =
1

2
[ǫ]µνστGαβg

ασgβτ . (7.4.2)

The Levi-Civita tensor is defined by [ǫ]µνστ =
√
|g|ǫµνστ , where ǫµνστ is the

permutation symbol and g = det gαβ . By raising the indices, we also have that

[ǫ]µνστ = ±
√
|g|
g ǫµνστ . It is then clear that the classical is a topological invariant

in the sense that it is independent of the metric.

The classical action is invariant under continous deformations of the gauge
fields that do not change the winding number :

δAµ = ǫµ . (7.4.3)
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Following the approach of e.g. [29] we will now gauge fix this shift symmetry by
introducing ghosts ψµ. Then we immediately obtain the BV extended action

S = S0 +A∗µψµ . (7.4.4)

Remember that an overall
√
|g| is always understood in the volume element of the

space-time integration. The usual approach is to include the Yang–Mills gauge
symmetry δAµ = Dµǫ as an extra symmetry, which then leads to a reducible set
of gauge transformation as Dµǫ is clearly a specific choice for ǫµ. The description
with a reducible set of gauge transformations can be obtained from the description
using only the shift gauge symmetry, by adding a trivial system (c, φ) (ghost c and
ghost for ghost φ) to the action

S = S0 +A∗µψµ + c∗φ , (7.4.5)

and performing a canonical transformation, generated by the fermion

f = −ψ′∗µDµc− φ
′∗cc . (7.4.6)

We then obtain that (after dropping the primes)

S = S0 +A∗µ(ψµ +Dµc) + ψ∗µ(ψµc+ cψµ −Dµφ)

+c∗(φ+ cc)− φ∗[c, φ] . (7.4.7)

Notice that the correct reducibility transformations have appeared in the action,
i.e. Aµ transforms under the shifts as well under Yang–Mills. Of course, this
extra symmetry with ghost φ, has to be gauge fixed too. This is done in the
literature by introducing a Lagrange multiplier and antighost (sometimes called
η and φ̄). As the BV scheme allows us to enlarge the field content with trivial
systems and perform canonical transformations at any moment, we are free to
choose to include them or not. However, as was explained in [114], including
the Yang-Mills symmetry enables one to define the equivariant cohomology. This
is an important concept, since the antibracket cohomology in the space of all
fields and their derivatives is empty, and so, there are no physical states. The
equivariant cohomology is defined as the antibracket cohomology computed in
the space of gauge (Yang-Mills) invariant functions. This precisely leads to the
correct spectrum, i.e. the Donaldson invariants. However, in this chapter we will
not compute the cohomology and therefore, we choose the description with only
the shift symmetry.

Let us now gauge–fix the shift symmetry (7.4.3) in order to obtain the topo-
logical field theory that is related to the moduli space of self dual YM instantons
[82]. We take the usual gauge fixing conditions

F+
µν = 0

∂µA
µ = 0 , (7.4.8)
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where G±µν = 1
2 (Gµν ± G̃µν). These projectors are orthogonal to each other, so

that we have for general X and Y that X+
µνY

−µν = 0. The above gauge choice
does not fix all the gauge freedom. The dimension of the space solutions of (7.4.8)
depends on the winding number in (7.4.1). This space is called the moduli space
of instantons. However, this gauge choice is admissible in the sense that the
gauge fixed action will have well defined propagators. As in the usual BRST
quantisation procedure, one has to introduce auxiliary fields in order to construct
a gauge fermion. To fix the gauge, we start from the non–minimal action

S1
nm = S +

1

2
χ∗20 +

1

2
b∗2 , (7.4.9)

where χ∗20 ≡ χ∗0,µνχ
∗
0,ρσg

µρgνσ. The first step in the gauge fixing procedure is to
perform the canonical transformation generated by the gauge fermion

Ψ1 = χµν
0 F+

µν + b∂µA
µ . (7.4.10)

We introduced here an antisymmetric field χµν
0 and its antifield. This field has six

components, which we use to impose three gauge conditions. This means that three
components of χ0 are not part of the gauge fixing procedure and are free. Indeed,
our action after the canonical transformation (7.4.10) has the gauge symmetry
χµν

0 → χµν
0 + ǫ−µν

0 . So, we have to constrain this field, e.g. by considering only
self dual fields χµν

0 = χ+µν
0 . We can do this by gauge fixing this symmetry with

the condition χ−µν
0 = 0. This can be done by adding an extra non–minimal

sector to the action, i.e. S2
nm = χ∗µν

1 λ1,µν . After that, we perform the canonical
transformation with gauge fermion Ψ2 = χ1µνχ

−µν
0 . But then we have again

introduced too many fields, and this leads to a new symmetry χ1µν → χ1µν + ǫ+1µν

which we have to gauge fix. One easily sees that this procedure repeats itself ad
infinitum. We could, in principle, also solve this problem by only introducing χ+µν

0

as a field. Then we have to integrate over the space of self dual fields. To construct
the measure on this space, we have to solve the constraint χ = χ+. Since this in
general can be complicated (as e.g. in the topological σ–model) we will keep the
χµν as the fundamental fields. The path integral is with the measure Dχµν

0 and
we do not split this into the measures in the spaces of self and anti–self dual fields.
The price we have to pay is an infinite tower of auxiliary fields. These we denote by
(χµν

n , λµν
n )3 with statistics ǫ(λn) = n, ǫ(χn) = n+1 (modulo 2) and ghost numbers

gh(λn) equal to zero for n even and one for n odd. Similarly, gh(χn) equals −1
for n even and zero for n odd.

3One remark has to be made here concerning the place of the indices. We choose the indices
of χn and λn to be upper resp. lower indices when n is even resp. odd. Their antifields have the
opposite property, as usual.
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To obtain the gauge fixed action, we start from the total non–minimal action

Snm = S1
nm +

∞∑

n=1

χ∗n,µνλ
µν
n , (7.4.11)

and take as gauge fixing fermion

Ψ = Ψ1 +

∞∑

n=1

χαβ
n χ

(−)n

n−1,αβ, (7.4.12)

where χ(−)n

denotes the self dual part of χ if n is even and the anti self dual part if
n is odd. After doing the gauge fixing we end up with the following non–minimal
solution of the classical master equation 4 :

S = S0 +
1

2
(∂µA

µ + b∗)2 +
1

2
(F+ + χ−1 + χ∗0)

2

+b∂µψ
µ + χ+αβ

0 D[αψβ] +A∗µψ
µ

+
∞∑

n=1

(χ∗nαβ + χ
(−)(n+1)

n+1,αβ + χ
(−)n

n−1,αβ)λαβ
n . (7.4.13)

Notice that we now have terms quadratic in the antifields. This means that the
BRST operator defined by QφA = (φA, S)|φ∗=0 is only nilpotent using field equa-
tions. Indeed, Q2b = 1

2x∂µψ
µ ≈ 0, using the field equation of the field b.

We can write this extended action as S = S0 + (X,S), with X given by

X =
1

2
b(∂µA

µ + b∗)− ψ∗µψµ +
1

2
χµν

0 (F+
µν + χ−1µν + χ∗0µν)−

∞∑

n=1

λnλ
∗
n . (7.4.14)

We will now calculate the energy-momentum tensor, as defined in section 2. As
for notation, when a term is followed by (α↔ β), this means that this term, and
only this one, has to be copied but with the indices α and β interchanged. We
find :

Tαβ = (∂µA
µ + b∗)(∂αAβ + ∂βAα)

−1

2
(∂µA

µ)2gαβ +
1

2
(b∗)2gαβ −

1

4
gαβF

2 +
1

2
gαβF̃µνχ

∗µν
0 +

1

2
gαβ(χ∗0)

2

+
1

2
(Fαν + χ∗0αν)(Fβ

ν + χ∗0β
ν) + (α↔ β)

4Note that from (χ, χ∗) = 1√
|g|

, it follows that (χ±, χ∗±) = 1√
|g|
P± and (χ+, χ∗−) = 0,

where P± are the projectors onto the (anti)-self dual sectors.
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+b(∂αψβ + ∂βψα)− gαβb∂µψ
µ

−1

2
gαβχ

µν
0 D[µψν] − χ0

ρ
α
˜D[ρψβ] − χ0

ρ
β
˜D[ρψα]

−1

2
gαβχ

∗µν
0 χ̃1µν +

1

2
(χ1α

µ + χ∗0α
µ)(χ1βµ + χ∗0βµ) + (α↔ β)− 1

4
χ2

1

−gαβ

∞∑

n=1

[(χ
(−)(n+1)

n+1,µν + χ
(−)n

n−1,µν)λµν
n +

1

2
(χ̃n+1,µν − χ̃n−1,µν)λµν

n ]

+

∞∑

n=1

(χ̃n+1,µα − χ̃n−1,µα)λn
µ

β + (α↔ β) . (7.4.15)

We now determine X0
αβ such that

Tαβ = (X0
αβ , S) , (7.4.16)

which is the classical part of (7.3.1). Finding a solution of this equation is a
problem of antibracket cohomology. We could try to construct the solution by an
expansion in antifieldnumber, but this still turns out to be quite tedious. Instead,
we will take a different strategy, using canonical transformations. We know already
that (7.4.13) is canonically equivalent, with generating fermion Ψ, to (7.4.11).
Therefore, we can calculate the energy-momentum tensor in this set (before Ψ
was done) of coordinates, verify that it is cohomologically trivial and transform
the result using (7.2.17). For (7.4.11), we find

X0
αβ =

1

2
gαβb

∗b+
1

2
gαβχ

∗
0µνχ

µν
0 + χ∗0µαχ0

µ
β . (7.4.17)

Then it follows that in the new variables the solution is given by

X0
αβ = b(∂αAβ + ∂βAα)− 1

2
gαβb∂µA

µ +
1

2
gαβb

∗b

+χ0µαF
−µ

β + (α↔ β)− 1

2
gαβχ

µν
0 F−µν

+
1

2
gαβχ

∗
0µνχ

µν
0 + χ∗0µαχ0

µ
β + (α↔ β)

+
1

2
gαβχ

−
1µνχ

µν
0 + χ−1µαχ

µ
0 β + (α↔ β) (7.4.18)

−gαβ

∑

n=1

χn(χ
(−)n

n−1 +
1

2
χ̃n−1) +

∑

n=1

χ̃nαµχn−1β
µ + (α↔ β) .

One can indeed check that this expression satisfies (7.4.16). Notice that it contains
b∗b and χ∗0χ0 terms. Therefore, it is expected that the one loop equation (7.3.5)
becomes non-trivial.
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7.5 Example 2 : Topological Landau–Ginzburg

models

Analogous to topological Yang–Mills (YM) theory, one can obtain topological Lan-
dau Ginzburg (LG) models via twistingN = 2 LG theories. This was done in [115].
Since topological YM can also be obtained from gauge fixing a topological invari-
ant, we expect the same for the LG models. Indeed, it was shown in [116] how
to obtain topological LG models by gauge fixing zero action using the BRST for-
malism. We will present a part of that construction here in the context of BV
theory.

We start by defining the classical fields in the theory. These are scalar fields
which we denote by X̄ i and Hi. They are defined on a Riemann surface of genus
g. The classical action, which is the integral of the Lagrangian over the Riemann
surface, is taken to be zero :

S0(X̄,H) = 0 . (7.5.1)

This action has of course two gauge symmetries, namely arbitrary shift symmetries
on both fields. For these symmetries, we introduce ghosts ξ̄i and χi. The extended
action then is

S = X̄ i∗ξ̄i − iHi∗χi , (7.5.2)

where the factor −i is for convention, as we will see later. To do the gauge fixing
we first have to add non-minimal sectors to the extended action

Snm = X̄ i∗ξ̄i − iHi∗χi +
1

2
ψ̄i∗F̄ i +

i

2
ρi∗X i . (7.5.3)

ψ̄i and ρi play the role of antighosts with ghost number minus one, while F̄ i and
X i are Lagrange multipliers with ghost number zero. Again we have put some
numerical factors for convenience. We now perform the canonical transformation
with generating fermion

f = −∂−ρi[−2i∂+X̄
i +4κi∂+H

j∂i∂jW (X)]− ψ̄i[2∂−∂+H
i +4κ∂īW̄ (X̄) . (7.5.4)

It is the gauge fixing that defines the content of the theory. The gauge fixing
conditions in topological YM theory led to the study of the moduli space of self
dual instantons. Here we have two differential equations

∂−∂+H
i = −2κ∂īW̄

∂+X̄
i = 2κ∂+H

j∂i∂jW , (7.5.5)

where x± are the coordinates on the Riemann surface and κ is a coupling constant.
We also introduced here a potential W (X), which is polynomial in the X i. The
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derivatives w.r.t. X i are denoted by ∂iW . Its conjugated W̄ (X̄) is the same as W ,
but with X and X̄ interchanged. The choice of the potential defines the model.
Indeed, by choosing a different potential one obtaines different solutions of the
above differential equations, and so, one studies a different moduli space. It is
however less clear what the geometrical interpretation is of these equations.

After the canonical transformation, the action is (dropping the primes) :

S = −∂+X̄
i∂+X

i + ∂+H
i∂−H̄

i − 2κF̄ i∂īW̄ + 2κ∂+H
i∂−X

j∂i∂jW

−2i∂+ξ̄
i∂−ρ

i − 2i∂−ψ̄
i∂+χ

i + 4κ∂+χ
i∂−ρ

j∂i∂jW − 4κψ̄iξ̄j∂ī∂j̄W̄

+X̄ i∗ξ̄i − iHi∗χi +
1

2
ψ̄i∗F̄ i +

i

2
ρi∗X i . (7.5.6)

As an intermediate step and as a check, one can compute the energy momentum
tensor using (7.2.7), and see if it is antibracket exact. One finds

T±± = −∂±X̄ i∂±X
i + ∂±H

i∂±F̄
i + 2κ∂±H

i∂±X
j∂i∂jW

−2i∂±ξ̄
i∂±ρ

i − 2i∂±ψ̄
i∂±χ

i + 4κ∂±χ
i∂±ρ

j∂i∂jW

= (2i∂±X̄
i∂±ρ

i − 4κi∂±H
i∂±ρ

j∂i∂jW + 2∂±H
i∂±ψ̄

i, S)

T+− = 2κF̄ i∂īW̄ + 4κψ̄iξ̄j∂ī∂j̄W̄

= (4κψ̄i∂īW̄ , S) , (7.5.7)

so the metric independence is proven at the classical level.

This theory is not yet LG theory. To make the connection with [115, 116] we
make the non-local change of variables :

ψi = ∂+χ
i χi∗ = −∂+ψ

i∗

ξi = ∂−ρ
i ρi∗ = −∂−ξi∗

F i = ∂−∂+H
i Hi∗ = ∂−∂+F

i∗ . (7.5.8)

All the fields in the old basis were scalar fields. Doing this field redefinition one
defines the forms ψidx+ and ξidx− of degree (1,0) and (0,1) (under holomorphic
coordinate transformations) and a (1,1) form Fi = F idx+∧dx−. Remark that the
Jacobian of this transformation is one, at least formally, since the contributions
from the fermions cancel against the bosons.

After this field redefinition, the extended action is

S = −∂+X̄
i∂−X

i − F iF̄ i − 2κF̄ i∂īW̄ − 2κF i∂iW

+2iξ̄i∂+ξ
i + 2iψ̄i∂−ψ

i + 4κψiξj∂i∂jW − 4κψ̄iξ̄j∂ī∂j̄W̄

+X̄ i∗ξ̄i − iF i∗∂−ψ
i +

1

2
ψ̄i∗F̄ i +

i

2
ξi∗∂−X

i . (7.5.9)
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One can indeed check that this satisfies the master equation (S, S) = 0 in the new
basis of fields and antifields.

This is the familiar action of topological Landau–Ginzburg theory. The fields
F i and F̄ i are auxiliary fields. They are needed to make the BRST rules nilpotent
off shell. If one integrates them out, one obtains the condition F i = −2κ∂īW̄ . This
equation is precisely the first of our gauge conditions, written in the new basis.
Eliminating the auxiliary fields gives the action of [115]. However, the BRST rules
of the fields obtained here are not the same as in [115] ! This crucial difference is
explained in [116], which we will summarise now.

First notice that the energy momentum tensor changes after the field redefini-
tion. The expression for Tµν in the new basis is not obtained by taking (7.5.7) and
substituting the fields in the old basis by the fields in the new basis. This leads to
a non-local expression for the energy momentum tensor. This can not be correct
since the action in the new variables is still local, so its derivative w.r.t. the metric
is also local. The reason is that the field redefinitions (7.5.8) change the form
degree and this changes the coupling to the metric. Take for instance the term in
the (old) action ∂+H

i∂−F̄ i. When covariantising and writing the metric explicit
this becomes

√
ggµν∂µH

i∂νF̄
i. It is clear that this gives a contribution to the

energy momentum tensor as given in (7.5.7). However, in the new basis, we write
this part of the action as an integral of the two form F̄ iFi, which has no metric
dependence and so, there is no contribution to Tµν . Following this procedure, one
finds for the energy momentum tensor

T++ = −∂+X̄
i∂+X

i + 2iψi∂+ψ̄
i

T−− = −∂−X̄ i∂−X i + 2iξi∂−ξ̄i = (2iξi∂−X̄
i, S)

T+− = 4κψ̄iξ̄j∂ī∂j̄W̄ + 2κF̄ i∂īW̄ = (4κψ̄i∂īW̄ , S) . (7.5.10)

It is striking that in the new basis the (++) component is not BRST exact ! After
the change of variables we seem to have lost the metric independence of the theory.
There is however a way out, as was shown in [116]. One can introduce an anti-
BRST operator such that the (++) component becomes anti-BRST exact. Then
the topological nature of the theory is proven using the Ward identities for the
anti-BRST operator. Moreover the BRST operator constructed in [115] is nothing
but the sum of the anti-BRST and BRST operators of our formalism. It would
be a good exercise to translate the construction with the anti-BRST operator of
[116] into the BV language. This can be done using the tools of [118, 25].
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8.1 Motivation

As we have explained in chapter 2, there is some analogy between the Hamil-
tonian and Lagrangian formalism. The conjugated momenta in the Hamiltonian
formalism are replaced by the antifields (with opposite statistics) in the Lagrangian
formalism. Also the Poisson brackets, which we will call ”even” get replaced by
antibrackets, which are ”odd” due to the change of statistics. One can do canoni-
cal transformations that preserve Poisson brackets or antibrackets. The advantage
of the Lagrangian method is however that it is a covariant formalism while the
Hamiltonian method is not covariant.

In the Hamiltonian language, there is an underlying geometrical structure that
determines the dynamics. Time evolution is generated by taking the Poisson
bracket with the Hamiltonian. Poisson brackets are defined by introducing a sym-
plectic two form. Locally one can always take Darboux coordinates such that the
Poisson brackets take the usual form. The underlying geometry is that of (”even”)
symplectic geometry.

The aim of this last chapter is to discuss the geometrical structure behind the
Lagrangian method, in the context of the BV formalism. Here, gauge transforma-
tions are generated by taking the antibracket with the extended action. We want
to know the analogue of the symplectic two form of the Hamiltonian formalism.
The geometry is then that of ”odd” symplectic geometry.

The geometrical meaning of the BV formalism was first discussed by Witten,
as we mentioned at the end of chapter 2. More recently the BV formalism has been
set up on a curved supermanifold of fields and anti-fields with an odd symplectic
structure [89]. It has been applied to study quantisation of string field theory
[119, 120]. The application went far beyond the original motivation of the BRST
quantisation. As such an example we would also like to mention the work by
Verlinde [121]. In whatever circumstance it is used, the ultimate goal of the BV
formalism is to determine the odd symplectic structure of the supermanifold and
solve the master equation. Therefore it is important to understand the geometry
of the fermionic symplectic structure.

We will start by recalling some basic facts about even symplectic geometry.
Then we will show how this geometry induces an odd symplectic structure. The
BV formalism will then be written down in a covariant way, not using Darboux
coordinates. Finally, we will discuss some applications, mainly based on [122].
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8.2 The ”even” geometry

Let us here very briefly repeat the basic ingredients of symplectic geometry. For
a reference, see for instance chapter one in [123]. Let us start with a (bosonic) D-
dimensional symplectic manifold M with coordinates xi, i = 1, ..., D. This means
there exists a symplectic 2-form onM :

ω = ωijdx
i ∧ dxj , (8.2.1)

which is nondegenerate and closed :

dω = 0 , (8.2.2)

where d is the exterior derivative on M. In components this equation reads

∂iωjk + ∂jωki + ∂kωij = 0 . (8.2.3)

The nondegeneracy (det(ωij) 6= 0) implies that M is even dimensional, since an
odd dimensional antisymmetric matrix has zero determinant. Therefore we write
D = 2d. It also implies the existence of an inverse

ωikωkj = δi
j , (8.2.4)

whith ωij = −ωji and ωij = −ωji.

Now consider the space of functions on M, which we denote by F(M). On
this space we can define a Poisson bracket

{f(x), g(x)} =
←
∂ ifω

ij
→
∂ jg , (8.2.5)

for all f, g ∈ F(M). This Poisson bracket satisfies the Jacobi identy due to the
closure of ω.

Canonical transformations are a special kind of general coordinate transfor-
mations. They are defined as those transformations that leave the symplectic
structure invariant. Under general coordinate transformations

xi → x̃i(x) = xi + ǫi(x) , (8.2.6)

the symplectic structure changes according to

ω̃ij(x̃(x)) = {x̃i(x), x̃j(x)} = x̃i(x)
←
∂ kω

kl(x)
→
∂ lx̃

j(x) . (8.2.7)

For a canonical transformation one must have

ω̃ij(x̃(x)) = ωij(x) . (8.2.8)
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As a consequence, canonical transformation leave the Poisson brackets invariant.

To define integration onM, we have to define a measure. This can be done by
using the symplectic 2 form :

ωd ≡ ω ∧ ... ∧ ω =
√
ωdDx , (8.2.9)

where the product has d factors and the ω under the square root is the determinant
of ωij . It is clear that this measure is invariant under canonical transformations.

One can repeat this construction for a supermanifold with M bosonic and
N fermionic coordinates. The non-degeneracy of the symplectic two form then
requires that M is even and N is arbitrary. The Darboux theorem then states
that, locally, there are coordinates such that half of the bosonic coordinates are
conjugated (the momenta) to the other half, and the fermions are conjugated
to itself. This is the main difference with odd symplectic structures, as we will
see. In the latter case, the bosonic coordinates are conjugated to the fermionic
coordinates, and one must have that M = N , with M odd or even.

8.3 The ”odd” geometry

As argued at the end of the previous section, we start with a 2Dmanifold parametrised
by real coordinates yi = (x1, x2, · · · , xD, ξ1, ξ2, · · · , ξD) with x’s and ξ’s bosonic and
fermionic respectively. An odd symplectic structure is given by a non-degenerate
2-form

ω = dyj ∧ dyiωij , (8.3.1)

which is closed
dω = 0 . (8.3.2)

These equations read in components (a derivative without arrow will always be a
left derivative)

(−)ik∂iωjk + (−)ji∂jωki + (−)kj∂kωij = 0 (8.3.3)

ωij = −(−)ijωji . (8.3.4)

The statistics of the coefficients of the symplectic form is ε(ωij) = i + j + 1. We
define the anti-bracket by

(A,B) = A
←−
∂ iω

ij∂jB , (8.3.5)

in which ωij is the inverse matrix of ωij such that

ωijω
jk = ωkjωji = δk

i . (8.3.6)
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Note that the right-derivative
←−
∂ i is related with the left-one by

A
←−
∂ i = (−)i(ε(A)+1)∂iA . (8.3.7)

In terms of ωij , (8.3.3) and (8.3.4) become respectively

(−)(i+1)(k+1)ωil∂lω
jk +(−)(j+1)(i+1)ωjl∂lω

ki + (−)(k+1)(j+1)ωkl∂lω
ij = 0 (8.3.8)

ωij = −(−)(i+1)(j+1)ωji . (8.3.9)

Because of this, the anti-bracket (8.3.5) satisfies the Jacobi identity. Also canonical
transformations can be done. They preserve the odd symplectic structure and so,
the antibrackets. We have discussed this in previous chapters.

Remarkably, with every even symplectic form ωe on a manifold with coordi-
nates xi, one can associate an odd symplectic form ωo [125]. One first introduces
fermionic coordinates ξi and defines

ωo = ωe
ijdx

i ∧ dξj + ωe
ij,kξ

kdxi ∧ dxj , (8.3.10)

where ωe
ij,k is the derivative of ωe

ij w.r.t. xk. We will use this formula in the next
sections.

Now we have to define integration on our supermanifold. Let us first mention
that integration on superspace with an even symplectic structure can still be de-
fined as in (8.2.9) with the determinant replaced by the berezinian. In the case of
odd symplectic structures, (8.2.9) does not make sense anymore, since ω ∧ ω = 0.
This is one of the essential differences between the even and odd geometry. To
define integration theory on an odd symplectic manifold, we have to provide our
space with an additional structure, namely the volume form.

Following [89], we introduce a volume element by

dµ(y) = ρ(y)Π2D
i=1dy

i , (8.3.11)

where ρ(y) is a density. The delta operator on a function A is then defined as the
divergence of the (Hamiltonian) vector field VA associated with A :

VA = V i
A∂i = ωij(∂jA)∂i

∆ρA ≡ divρVA =
1

ρ
(−)i∂i(ρω

ij∂jA) . (8.3.12)

Locally, one can go to coordinates such that ω = dxa ∧ dξa. These coordinates
are called Darboux coordinates. In these coordinates, one can choose the density
function to be one, i.e. ρ = 1. Then one recovers the standard ∆ operator used in
previous chapters. It is then also clear that there is no analogue of this operator
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in the Hamiltonian formalism, since Hamiltonian vector fields are divergenceless.
One could however interpret it as some odd Laplacian.

The ∆ρ operator satisfies the properties :

∆ρ(A,B) = (∆ρA,B) + (−)A+1(A,∆ρB)

∆ρ[AB] = [∆ρA]B + (−)AA∆ρB + (−)A(A,B) . (8.3.13)

However, the nilpotency condition ∆2
ρ = 0 is only satisfied if ρ obeys the equation

∆ρ[
1

ρ
(−)i∂i(ρω

ij)] = 0 . (8.3.14)

Finally the master equation in the covariant BV formalism is given by [89]

∆ρe
S = 0⇔ ∆ρ +

1

2
(S, S) = 0 . (8.3.15)

8.4 Even and odd Kähler structures

In this section we will require that our manifold is Kähler. Again we start with a
bosonic manifoldM and then generalise to supermanifolds. This section is based
on [125, 122].

So, we assume there exist an almost complex structure J i
j(x) on M with

bosonic coordinates xi, i = 1, ..., D = 2d satisfying

J i
kJ

k
j = −δi

j . (8.4.1)

The complex structure J is said to be compatible with the symplectic structure ω
if

Jk
iωklJ

l
j = ωij . (8.4.2)

Using these two objects we can define a metric

gij = ωikJ
k

j . (8.4.3)

This is a symmetric nondegenerate tensor because of (8.4.2). One also has that

Jk
igklJ

l
j = gij gij = ωikJj

k . (8.4.4)

The triple (M, g, J) is said to be an almost Kähler manifold. When the almost
complex structure is integrable (i.e. the Nijenhuis tensor vanishes), the manifold
is said to be Kähler. The integration measure (8.2.9) then also reduces to the
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standard volume element
√
gdDx. For a Kähler manifold one can find holomor-

phic coordinates {za, z̄a} such that the complex structure, the metric and the
symplectic form are canonical, i.e.

Ja
b = iδa

b Ja
b = −iδa

b , (8.4.5)

and

ωab = ωab = 0, gab = gab = 0,

ωab = igab, ωab = −igab, (8.4.6)

together with

ωab = −ωba, ω∗ab = ωab,

gab = gba, g∗ab = gab , (8.4.7)

where the ∗ means complex conjugation. By means of these equations, the sym-
plectic form (8.2.1) takes the form

ω = 2idzb ∧ dza gab, (8.4.8)

and is called the Kähler 2-form. Then (8.2.2), or equivalently (8.2.3), is solved by

γab = ∂a∂bK, (8.4.9)

in which K is called the Kähler potential.

Now we will repeat this for the odd symplectic structure. The coordinates
on our supermanifold are again denoted by yi as in the previous section. Now
i = 1, ..., 2D = 4d, because there are as many bosons as fermions. On this super-
manifold we can define a complex structure

Jk
j =




0 0 0
− 0 0 0
0 0 0
0 0 − 0


 , (8.4.10)

with the d× d unit matrix . The matrix γij may be defined by

γij = ωikJ
k
j . (8.4.11)

We shall now impose the Kähler condition on ωij

ωklJ
k
iJ

l
j = ωij , (8.4.12)
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or equivalently
γklJ

k
iJ

l
j = γij . (8.4.13)

Since Jk
j is a bosonic matrix, the metric γij is fermionic, ε(γij) = i+ j + 1. From

the symmetry properties of the odd symplectic structure in its two indices, we
have

γij = (−)ijγji

γijγ
jk = γkjγji = δk

i

γij = (−)(i+1)(j+1)γji . (8.4.14)

We also find the relation
γijω

jkγkl = −ωil . (8.4.15)

The affine connection may be defined by postulating

Dkγij ≡ ∂kγij − Γl
kiγlj − (−)ijΓl

kjγli = 0 . (8.4.16)

By solving this we obtain

Γk
ij =

1

2
[∂iγjl + (−)ij∂jγil − γij

←−
∂ l]γ

lk , (8.4.17)

which is bosonic, ε(Γk
ij) = i+ j + k.

We shall go to the complex coordinate basis yi → (za, za) with

za = (zα, ζα) za = (zα, ζ
α
) α = 1, 2, · · · , d , (8.4.18)

defined by
zα = xα + ixd+α ζα = ξα + iξd+α , (8.4.19)

and complex conjugation. Then the Kähler condition (8.4.12) reduces to

ωab = ωab = 0 γab = γab = 0

ωab = iγab ωab = −iγab , (8.4.20)

together with 1

ωab = −(−)abωba ω∗ab = ωab

γab = (−)abγba γ∗ab = γab . (8.4.21)

By means of these equations the odd symplectic form takes the Kähler 2- form

ω = 2idzb ∧ dza γab . (8.4.22)

1Complex conjugation of fermion products is chosen as (ζη)∗ = ζη.
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Then the closureness condition dω = 0 is solved by

γab = ∂a∂bK , (8.4.23)

in which K is a fermionic Kähler potential. Thus the supermanifold acquires a
fermionic Kähler geometry as the consequence of (8.3.3) and (8.4.12). The affine
connection is simplified as

Γc
ab = ∂aγbdγ

dc Γ
c
ab = ∂aγbdγ

dc , (8.4.24)

and all the other components are vanishing. The covariant derivative of a holo-
morphic vector is defined by

DaAb ≡ ∂aAb − Γc
abAc DaA

b ≡ ∂aA
b + (−)aAAcΓb

ca . (8.4.25)

8.5 The isometry

The fermionic Kähler manifold admits an isometry. It is realised by a set of Killing
vectors V Ai(y), A = 1, 2, · · · , N , with ε(V Ai) = i in the real coordinates. They
satisfy the Lie algebra of a group G

V Ai∂iV
Bj − V Bi∂iV

Aj = fABCV Cj , (8.5.1)

with (real) structure constants fABC . The metric γij and the odd symplectic
2-form obey the Killing conditions

LV Aγij ≡ V Ak∂kγij + ∂iV
Akγkj + (−)ij∂jV

Akγki = 0

LV Aωij ≡ V Ak∂kωij + ∂iV
Akωkj − (−)ij∂jV

Akωki = 0 , (8.5.2)

or equivalently

LV Aγij ≡ V Ak∂kγ
ij − γik∂kV

Aj − (−)(i+1)(j+1)γjk∂kV
Ai = 0 ,

LV Aωij ≡ V Ak∂kω
ij − ωik∂kV

Aj + (−)(i+1)(j+1)ωjk∂kV
Ai = 0 . (8.5.3)

From consistency of these Killing conditions and the definition of the metric
(8.4.11) we find the constraints on V Ai

∂kV
AlJk

iJ
j
l = −∂iV

Aj . (8.5.4)

In the complex coordinates this equation implies that the Killing vectors V Ai are
holomorphic:

V Ai = (RAa(z),R
Aa

(z)) . (8.5.5)
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Due to this property the Killing condition reduces to the form

∂c(R
Aaγab) + (−)cb∂b(R

Aa
γac) = 0 (Killing equation) . (8.5.6)

It then follows that the Killing vectors RAa and R
Aa

are given by a set of real
potentials ΣA such that

RAaγab = i∂bΣ
A R

Aa
γab = −i∂bΣ

A . (8.5.7)

ΣA are fermionic and are called the Killing potentials. It is worth noting that
the isometry transformations given by the Killing vectors (8.5.5) can be nicely
rewritten in terms of the antibracket

δza ≡ ǫARAa = {za, ǫAΣA}
δza ≡ ǫAR

Aa
= {za, ǫAΣA} . (8.5.8)

Here ǫA, A = 1, 2, · · · , N are constant (real) parameters of the transformations.
One can show that by these transformations the Killing and Kähler potentials
respectively transform as

δΣB = ǫAfABCΣC , (8.5.9)

and
δK = ǫAFA(z) + ǫAF

A
(z) , (8.5.10)

with some holomorphic functions FA(z) and their complex conjugates. Equation
(8.5.9) is equivalent to the anti-bracket relation

{ΣA,ΣB} = fABCΣC . (8.5.11)

The solution of (8.5.9) can also be put in the form

ΣA = ifABCRBbγbcR
Cc

, (8.5.12)

by multiplying (8.5.7) by fABC and using fABCfABD = 2δCD. This way of
calculating the Killing potentials ΣA is more practical than using (8.5.9), if the
metric γab is given. It was already known for the bosonic case [126, 127].

8.6 The metric of the fermionic irreducible her-

mitian symmetric space

The holomorphic Killing vectors RAa and R
Aa

in (8.5.5) independently satisfy the
Lie-algebra (8.5.1), i.e.

RAi∂iR
Bj −RBi∂iR

Aj = fABCRCj, (8.6.1)
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and the complex conjugate. These equations can be solved by

RAa = (RAα(z), SAα(z, ζ)), α = 1, 2, · · · , d , (8.6.2)

with

SAα = ζβ ∂

∂zβ
RAα , (8.6.3)

and ε(RAα) = 0 = ε(SAα)− 1, in which RAα satisfy the Lie-algebra

RAα ∂

∂zα
RBβ −RBα ∂

∂zα
RAβ = fABCRCβ . (8.6.4)

The Killing vectors RAα define a bosonic Kähler manifold. For a class of bosonic
Kähler manifolds, called the irreducible hermitian symmetric spaces, they can be
explicitly constructed by extending the strategy developed in [128]. They are
related to the metric of these manifolds by

RAαR
Aβ

= gαβ , (8.6.5)

with
RAαRAβ = 0 , (8.6.6)

and complex conjugation. The fermionic metric γij can be given in terms of these
bosonic Killing vectors :

γab =

(
γzz γzζ

γζz γζζ

)
=

(
0 RAαR

Aβ

RAαR
Aβ

RAαS
Aβ

+ SAαR
Aβ

)
(8.6.7)

and
γab = γab = 0 , (8.6.8)

in which γzz, γzζ , γζz and γζζ are d×d matrices. The symplectic form that follows
from this metric indeed satisfies the closure property and the Killing condition.
To prove it one uses the the Lie-algebra (8.5.1) and the formulae

fABCRBβRCγ = 0, c.c. . (8.6.9)

The last formulae are consequences of the condition (8.6.6). For the proof, see

[127]. The metric (8.6.7) can be inverted merely by knowing the inverse ofRAαR
Aβ

,
denoted by gαβ :

γba =

(
γzz γzζ

γζz γζζ

)
=

(
−gβγgαδ[R

AγS
Aδ

+ SAγR
Aδ

] gβα

gβα 0

)

γba = γba = 0 . (8.6.10)



142 Chapter 8. The geometry of the antifield formalism

Thus we have explicitly constructed the odd symplectic structure (8.3.1). It is
precicely the one one would obtain by using (8.3.10). We call the manifold with a
symplectic structure given by this 2-form a fermionic irreducible hermitian sym-
metric space. For this class of Kähler manifolds the Killing potentials can be
explicitly calculated by (8.5.12).

As an example we show the fermionic CP1 space. It is parametrised by the
supercoordinates (z, ζ) and their complex conjugates. The SU(2) transformations
of the coordinates are given by the Killing vectors:

δz = ǫARAz = i[ǫ− + ǫ0z − 1

2
ǫ+z2]

δζ = ǫAζ
∂

∂zα
RAz = i[ǫ0ζ − ǫ+zζ] , (8.6.11)

and the complex conjugates 2. We calculate the metric of the fermionic CP1 space
from (8.6.7)

γab =

(
γzz γzζ

γζz γζζ

)
=

(
0 (1 + 1

2zz)
2

(1 + 1
2zz)

2 (1 + 1
2zz)(zζ + zζ)

)
. (8.6.12)

Its inverse metric is given by

γba =

(
γzz γzζ

γζz γζζ

)
=

(
− zζ+zζ

(1+ 1
2 zz)3

1
(1+ 1

2 zz)2

1
(1+ 1

2 zz)2
0

)
. (8.6.13)

Plugging this metric together with the Killing vectors (8.6.11) in (8.5.12), we
obtain the Killing potentials

Σ+ =
ζ

1 + 1
2zz
− z(zζ + zζ)

2(1 + 1
2zz)

2

Σ− =
ζ

1 + 1
2zz
− z(zζ + zζ)

2(1 + 1
2zz)

2

Σ0 =
zζ + zζ

(1 + 1
2zz)

2
. (8.6.14)

It is worth checking that (8.5.7) is indeed satisfied by these quantities. The
fermionic Kähler potential follows simply by integrating (8.4.9) :

K =
zζ + zζ

1 + 1
2zz

. (8.6.15)

It is a consistency check of our calculations to see that both potentials given by
(8.6.14) and (8.6.15) satisfy the properties (8.5.9) and (8.5.10) respectively.

2We have chosen the structure constants to be f+−0 = −i. Then the scalar product of the
adjoint vectors is given by aAbA = a0b0 + a+b− + a−b+.
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8.7 The master equation

Now we discuss the BV formalism on the fermionic CP1 space. The closed symplec-
tic form ω is known explicitly from the metric (8.6.13) by (8.4.7) With this sym-
plectic form we define the second order differential operator according to (8.3.12).
Then the function ρ is fixed by the nilpotency condition (8.3.14). We find the
unique U(1)-invariant solution

ρ = p+ q
iζζ

(1 + 1
2zz)

2
, (8.7.1)

with arbitrary constants p(6= 0) and q. To check this it is useful to note that the
metric (8.6.7) in general satisfies

(−)a∂aγ
ab = 0, c.c.. (8.7.2)

We may be interested in solving the master equation (8.3.15) with these ωij and
ρ. The solution is given by

S = S0 − (
q

2p
+ re−S0)

iζζ

(1 + 1
2zz)

2
, (8.7.3)

in which S0 is an arbitrary function of z and z, and r is an integration constant.
We have assumed that z and ζ have no space-time dependence. They can be
interpreted as coupling parameters for physical variables. Then Z(= eS) looks
like the partition function of matrix models or 2-dim. topological conformal field
theories, being a function of the coupling space. The BV formalism in the coupling
space has been discussed by Verlinde [121].

One can search for the solutions (8.7.3) satisfying the classical equation (S, S) =
0, which implies that S is BRST invariant. Assuming reality of S we find that

S = S0 , (8.7.4)

or

S = a+ b
iζζ

(1 + 1
2zz)

2
, (8.7.5)

with some arbitrary constants a and b. In the language of the BRST quantisation,
the first solution can be taken as a classical limit of the full solution (8.7.3). Namely
its BRST transformation is trivial. The second solution is invariant by the SU(2)
transformations.

The master equation (8.3.15) may be solved also by allowing z and ζ to be
space-time dependent. We will here only study the classical master equation
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(S, S) = 0, which is still of great interest. Remarkably there is a solution for
the general Kähler group manifold discussed above, although it would not be the
unique one. It is given by the action of a 2-dim. field theory

S =

∫
d2xG∂−Σ0. (8.7.6)

Here G is an arbitrary U(1)-invariant function of bosons zα(x+, x−) , chiral
fermions ζα(x+, x−) and their complex coordinates. Σ0 is the U(1)-component
of the Killing potentials given by (8.5.12). We can verify that this action satisfies
the classical mater equation by calculating

(S, S) = i(−)a∂aSγ
ab∂bS − i(−)a∂aSγ

ab∂bS

= 2

∫
d2x[−i∂aGγ

ab∂bΣ
0 + i∂aGγ

ab∂bΣ
0]∂−G∂−Σ0

= −2

∫
d2x[R0a∂aG+ R

0a
∂aG]∂−G∂−Σ0 = 0 , (8.7.7)

using (8.5.7) and U(1)-invariance of G. In the CP1 case the solution (8.7.6) can
be written in the general form

S =

∫
d2x[(zζ + zζ)f + i(zζ − zζ)g]∂−[

zζ + zζ

(1 + 1
2zz)

2
] , (8.7.8)

in which f and g are arbitrary real functions of zz. Finally, the BRST transfor-
mations of the fields are given by {z, S} and {ζ, S}. One can check explicitly that
the action (8.7.8) is invariant under these BRST transformations.
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