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A SIMPLE AND EFFICIENT PARALLEL FFT ALGORITHM USING
THE BSP MODEL

MARCIA A. INDA AND ROB H. BISSELING

ABSTRACT. In this paper, we present a new parallel radix-4 FFT algorithm based on
the BSP model. Our parallel algorithm uses the group-cyclic distribution family, which
makes it simple to understand and easy to implement. We show how to reduce the com-
munication cost of the algorithm by a factor of three, in the case that the input/output
vector is in the cyclic distribution. We also show how to reduce computation time on
computers with a cache-based architecture. We present performance results on a Cray
T3E with up to 64 processors, obtaining reasonable efficiency levels for local problem

sizes as small as 256 and very good efficiency levels for sizes larger than 2048.

1. INTRODUCTION

The discrete Fourier transform (DFT) plays an important role in computational science.
DF'T applications ranges from solving numerical differential equations to signal processing.
(For an introduction to DFT applications see e.g. [7].) The widespread use of DFTs in
computational science is mainly due to the existence of fast algorithms, known by the
general name of fast Fourier transform (FFT), which compute the DET of an input vector
of size N in O(Nlog N) operations instead of the O(N?) operations needed by a direct
approach, i.e., by a matrix-vector multiplication.

In 1965, Cooley and Tukey [9] published a paper describing the FFT idea (giving special
attention to the so called radiz-2 FFT). Since then, many variants of the algorithm
have appeared. For an extensive discussion of the family of FFT algorithms, see Van
Loan [27]. In recent years, after the dawn of parallel computing, the originally sequential
FFT algorithms have been modified and adapted to the needs of parallel computation
(see e.g. [1, 2, 3, 8, 11, 12, 14, 15, 21, 22, 25, 27]).

The lack of a unified parallel computing model and the existence of many different
parallel architectures have made it rather difficult to develop efficient and portable parallel
FFTs. Recently, however, as the parallel programming environments have become less
machine dependent, examples of such algorithms have appeared. Typical examples are the
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6-pass (or 6-step) approach and the related transpose approach (see e.g. [2, 3, 14, 15, 12]).
Those algorithms regard the input vector of size N = NyN; as an Ny x N; matrix, and
carry out the computations in a similar way as done for two-dimensional FFTs. Since
those algorithms require the number of processors p to be a divisor of Ny and Ny, they
can only be used if p < V/N.

As the number of available processors grows and the communication speed increases,
it is important to develop parallel algorithms that can handle more than /N proces-
sors. Though generalized algorithms have already been proposed, they only work for very
specific combinations of N and p such as p = N(d_l)/d/k, where d is the dimensionality
and 1 < k < /N [21, Chap. 10.3] or k£ = 1 [22], and both N and p are powers of two.
Furthermore, to our knowledge none of those algorithms were implemented.

Our main aim in this paper is to present a new parallel FFT algorithm and its im-
plementation. Our parallel algorithm works for any p < N as long as both are powers
of two, which is required because of the radix-2 framework. (A mixed-radix framework
will be discussed elsewhere [18].) We dedicate the remainder of this section to giving a
brief introduction to the basic framework of radix-2 and radix-4 FFTs and to the bulk
synchronous parallel (BSP) model. In Section 2, we derive our parallel FFT algorithm
by inserting suitable permutation matrices into the basic radix-2 decomposition of the
Fourier matrix. This approach leads to a simple and easy to implement distributed mem-
ory parallel FFT algorithm. In Section 3, we present a set of templates that are used
in the implementation of the algorithm. In Section 4, we present variants of our FFT
algorithm. We show how to modify the algorithm to accept vectors that are not in the
block distribution. We also show how to obtain a cache-friendly version of our algorithm,
that is, an algorithm that takes advantage of the cache memory of a computer by breaking
up the computations into small sections in such a way that the data stored in the cache is
completely used before new data is brought in. In Section 5, we present results regarding
the performance of our implementation and discuss aspects such as the cache effect. In

Section 6, we draw our conclusions and discuss future work.



1.1. The fast Fourier transform. The DFT of a complex vector z of size N is defined

as the complex vector Z, also of size N, with components
Nolo
Zy=Y zen, 0<k<N, (1.1)
j=0

The inverse DFT, which transforms the complex vector Z back into the vector z, is then

defined by

=

o
5= Zre” N, 0<k<N. (1.2)
k=0

Alternatively, the DFT can be seen as a matrix-vector multiplication:

The complex matrix Fy is known as the N x N Fourier matriz; it has elements (Fiy);; =

ik
wy , where

wy =enN . (1-4)

Though it is possible to develop FFT algorithms that compute the DFT of a vec-
tor of arbitrary size, the radix-2 FFT algorithm only works for N’s that are powers of
two. For simplicity, we will restrict our discussion to such values of N. The sequen-
tial iterative radix-2 FFT algorithm starts with the so-called bit reversal permutation
of the input vector (see Section 3.2), and proceeds in log, N butterfly stages, numbered
K =2,4,8,..., N, which modify the vector. Each butterfly stage consists of N/K times

a butterfly computation:

| i
R I B e TS T O S

Rt+j+K /2 Rt+j — w}'( " Rt+j+K/2
where t = 0, K,..., N — K indicates the beginning of a butterfly block in the vector.
These operations cost one complex multiplication and two additions, or 10 real floating
point operations (flops), per pair. The total flop count of the radix-2 FFT is therefore

K N
CFFT_Q(N) =10- E . E 'IOgQN = 5N10g2N

Algorithm 1.1 is an in-place version of this algorithm.
3



Algorithm 1.1 Sequential radix-2 FFT algorithm.
CALL SeqFFT(N,y).

ARGUMENTS
N: Vector size; N is a power of 2 with N > 2.
y = (y", ..., yN_;): Complex vector of size N.

OUTPUT y « (yg“,...,y%" ), where yo** = Z;-V:_Ol yé-” exp(2mijk/N).

DESCRIPTION

1. Perform a bit reversal on y.
2. Perform logy N butterfly stages Ax n on y.
K 2
while K < N do
for t=0to N — K step K do
for j=0to K/2—1do
a UJJK “Yttj+K/2
Yi+j+K/2 < Ytrj — Q

Yt+j < Y45 T a
K+2-K

Following van Loan’s matrix approach [27], Algorithm 1.1 can be described as a se-
quence of sparse matrix-vector multiplications which correspond to the following decom-

position of the Fourier matrix!
Fy = Ann -+ Ag vAy N As v Py, (1.6)

where Py is the N X N permutation matrix corresponding to the bit reversal permutation
(step 1 of Algorithm 1.1), and the N x N matrices Ak y correspond to the butterfly
stages (step 2 of Algorithm 1.1). The block structure of the butterfly stages leads to

block-diagonal matrices of the form
Ag.n = Inyk ® By, (1.7)

which is shorthand for a block-diagonal matrix diag(By, . .. , Bx) with N/K copies of the
K x K matrix B on the diagonal. The symbol ® represents the direct (or Kronecker)
product of two matrices, which is formally defined at the end of this subsection. The

matrix By is known as the K x K 2-butterfly matriz which corresponds to the butterfly

! Actually, the matrix decomposition corresponding to the algorithm of Cooley and Tukey [9] is Fy =

PNAn - Ag NAy NAs N, where Ag n = Pyl A v Py
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computation (1.5). This matrix can be written as

I Q
By = | K2 K2 | (1.8)
Ik, —Qkjo
Here, the matrix Ik, is the K/2 x K/2 identity matrix and Qg is the K/2 x K/2

diagonal matrix
Qxjo = diag(w, w, ..., w7, (1.9)
Later on we will also need generalized versions of Ag y:
Ak v = Inyk ® B, (1.10)
where B% is the generalized K x K 2-butterfly matriz [3, 5, 10]

Ty Q?{/2

By = (1.11)

Tk 2 _Q(;(/2

which has the same form as the original By, but the weights w’. in (1.9) are replaced by
w?a, where o can be any real number.

In practice, often a radix-4 FFT is used. A radix-4 algorithm can be derived com-
pletely analogously to the radix-2 algorithm, yielding a similar matrix decomposition.
The algorithm starts with a reversal of pairs of bits instead of a reversal of single bits,
and proceeds in log, N j-butterfly stages which involve quadruples of vector components
instead of pairs. Since 34 flops are performed per quadruple, this brings the flop count
down to
K N

CFFT_4(N) =34. 1 . K . 10g4N = 425N10g2 N.

The resulting algorithm has the disadvantage that either it must be assumed that N is a
power of four, or special precautions must be taken which complicate the algorithm.
We take a slightly different approach: wherever possible we take pairs of stages Ax v A /o n

together and perform them as one operation. Our K x K j-butterfly matriz has the form

Tk /a A%(/AL Ak A?(/4
1 —A2 iA —iA3
Dk = BK([2 ® BK/Q) = K ;(/4 K ;(/4 ) (1-12)
Tk /s AK/4 _AK/4 _AK/4
| Txjs =My —ibgp iM%,
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where Ak, is the K /4 x K /4 diagonal matrix

Aka = diag(w®, w, ... ,w§/4_1).

(1.13)

This matrix is a symmetrically permuted version of the radix-4 butterfly matrix [27].2 This
approach gives the efficiency of a radix-4 FFT algorithm, and the flexibility of treating a
parallel FFT within the radix-2 framework. For example, if we wish to permute the data
sometime during the computation, for reasons of data locality, this can happen after any
stage, and not only after an even number of stages.

An algorithm for the inverse FFT is obtained using the following property:

1 - 1 - PO
Fﬁl = NFN = NAN,N - Ay NAa NPy (1.14)

The backward algorithm is basically the same as the forward one, the only difference
being that the powers of wg are replaced by their conjugates and that the final result is
rescaled.

Now, we define the direct product of two matrices and give some properties that will

be used in the course of the paper.

Definition 1.1 (Direct product). Let A be a ¢ x r matrix and B be an m x n matrix.
Then the direct product (or Kronecker product) of A and B is the ¢gm x rn matrix defined
by

agoB - ao,r—lB

aq—l,oB aq—l,r—lB

As one would expect, the direct product is associative, but it is not commutative.
Lemma 1.2 summarizes some direct product properties that follow directly from the def-

inition. (See [24, 27| for other useful properties).

Lemma 1.2 (Properties of the direct product). The following holds.

1. (A® B)(C ® D) = (AC) ® (BD), as long as the products are defined.
2 (In @ I)) = Iy

?In verifying this, note that van Loan defines the weights to be wx = exp(—2g).
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3. If A and B are square matrices of order m and n, respectively,
then (A® I,,)(I,,® B)=(A® B) = (I,, ® B)(A® I,,).

4. If A and B are square matrices of order n such that AB = BA,
then (I, ® A)(I, ® B) = (I, ® B)(I,, ® A).

1.2. The bulk synchronous parallel model. The BSP model [26] is a parallel pro-
gramming model which gives a simple and effective way to produce portable parallel
algorithms. It does not depend on a specific computer architecture, and it provides a sim-
ple cost function that enables us to choose between algorithms without actually having to
implement them. In the BSP model, a computer consists of a set of p processors, each with
its own memory, connected by a communication network that allows processors to access
the private memories of other processors. Accessing local memory (the processor’s own
memory) is faster than accessing remote memory (memory owned by other processors),
but access time is considered to be independent from the computer architecture. In this
model, algorithms consist of a sequence of supersteps and synchronization barriers. The
use of supersteps and synchronization barriers imposes a sequential structure on parallel
algorithms, and this greatly simplifies the design process.

The variant of the BSP model that we use is a single program multiple data (SPMD)
model, i.e., each one of the p processors executes a copy of the same program, though each
has its own data. The program distinguishes between the processors through a parameter
s (the processor identification number). Special cases are treated using “if” statements.
In our model, a superstep is either a computation superstep, or a communication super-
step. A computation superstep is a sequence of local computations carried out on data
already available locally before the start of the superstep. A communication superstep
consists of communication of data between processors. To ensure the correct execution
of the algorithm, global synchronization barriers (i.e., places of the algorithm where all
processors must synchronize with each other) precede and/or follow a communication
superstep.

A BSP computer can be characterized by four global parameters:

e p, the number of processors;

e v, the computing velocity in flop/s;



e ¢, the communication time per data element sent or received, measured in flop time
units;

e [, the synchronization time, also measured in flop time units.
Algorithms can be analyzed by using the parameters p, g, and [. The parameter v is
used to estimate the total execution time after the cost function has been computed.
The flop count of a computation superstep is simply the maximum amount of work (in
flops) of any processor. The flop count of a communication superstep is hg + [ or hg + 21
(depending on the number of global synchronizations). Here h is the maximum number
of data elements sent or received by any processor. The cost function of an algorithm
can be obtained by adding the flops of the separate supersteps. This yields an expression
of the form a + bg + ¢l. For further details and some basic techniques, see [4, 16]. The
second reference describes BSPlib, a standard library defined in May 1997 which enables
parallel programming in BSP style. The Paderborn University BSP (PUB) library [6] is
another library that permits programming in BSP style; it provides the extra feature of

subset synchronization.

1.3. Parallel radix-2 FFTs. Since the introduction of parallel computers, and even
before that, methods for parallelizing FFT algorithms have been proposed [23]. The ear-
liest methods produced parallel algorithms that, using p processors, carry out an FFT
of size N in O(logp) computation supersteps, which are interleaved by O(logp) commu-
nication supersteps that need to communicate O(%) data elements per processor (see
e.g. [8, 11, 25]) and hence have cost O(%g+l). Such methods appeared as a direct conse-
quence of the divide-and-conquer structure of the radix-2 FFT algorithm. The paper [§]
by Chu and George discusses several existing parallel algorithms of this type and three
variants of their own. Restricting the discussion to vector sizes that are powers of two,
they present a common framework in which all the algorithms they discuss are reorderings
of one another in the following sense.

Each butterfly stage K of an FF'T of size N, performs pairwise operations that combine
elements j and j + K/2 from the vector being transformed using the weight wl™**¥.
Writing j in its binary representation j = (jmu_1,-- -, jo)2, where m = log, N, we observe

jmodK __ (jlogzK—ly---ajO)Q.

that elements j and j+ K /2 differ only in bit log, K —1 and that w}, = Wy

If the ordering of the vector is changed, so that original element j is stored as element
8



[, the butterfly stages must be modified to carry out the same operations. If we can
represent the new ordering using a permutation of the original bits, it is easy to know
which elements to combine and which weights to use. For example, if N = 16 a possible
reordering of the input vector could be | = (jo, jo, j1,J3)2, Where j = (J3, j2, j1, jo)2- The
butterfly stage corresponding to K = 16 should then combine elements [ = (jo, j2, j1,0)2
with [ + 1 = (jo, j2, j1, 1)2 using weights w%’jl’joh.

In the parallel scenario, any group of log, p bits can be used to represent the processor
number, while the remaining log,(N/p) bits are used to represent the local index. If the
bit corresponding to the next butterfly stage is one of the log,(N/p) bits that represent
the local index, then that stage is local, otherwise communication is needed.

Swarztrauber [25] carries out a similar discussion. He starts with a more general for-
mulation of the problem, where N is not restricted to powers of two, but when discussing
the distributed memory framework, he only considers FFTs on a hypercube, restricting
both p and N to powers of two. The problem of the algorithms discussed in [8, 11, 25] is
that reorderings are carried out by means of exchanging one bit at a time. Since there are
log, p bits in the processor part, log, p communication supersteps of size O(%g +1) are
needed. A less expensive solution to the problem is to exchange all the processor bits with
a group of local bits corresponding to butterfly stages that have already been performed.
Since the communication cost of the permutation that exchanges many bits is of the same
order O(%g + 1) as for exchanging one bit, the reduction in the communication cost is
huge.

The basic idea for such algorithms already appears in the original Cooley and Tukey
paper [9]. In their derivation of the FFT algorithm, they start by considering the case

where N can be decomposed as N = NyNj, and rewrite (1.1) as

Ni1—1 /No—1
Zivo =Y (Z zjo,jlwg{;’“ONl) whFNotho) g <k« NjLO< kg < Ny, (1.15)

J1=0 \jo=0

_ _ _ _ : jokoN1 __ , joko :
where Zj, ko = ZiNo+ko = Ly and 2j, 5, = ZjoN 451 = 2j. Since wy =wy,”, the inner

sum of (1.15) corresponds to a DFT of size Ny, which can be computed by the same
process as before if Ny is not prime. They remark that this process can be applied to
any possible factorization of N, N = Ny... Ny _; and that, if N is composite enough,

real gains (over the O(N?) direct approach) can be achieved. Afterwards they derive the
9



radix-2 algorithm by choosing N to be a power of two. If instead of decomposing N
into its prime factors, we stop at a higher level, we obtain a decomposition of the FFT
into a sequence of shorter FFTs that, in the parallel case, can be spread out over the
processors. This is what happens in our FFT algorithm presented in the next section
and in algorithms based on the 6-pass approach and the related transpose approach (see

e.g. [2,3, 14, 15, 12)).
2. THE PARALLEL ALGORITHM

2.1. Group-cyclic distribution family and the parallel FFT. Since our parallel
FFT algorithm is based on the radix-2 decomposition (1.6) of the Fourier matrix, N must
be a power of two. For practical reasons N/p must be integer and therefore p must also be
a power of two. Our parallel FFT algorithm makes use of the data distributions defined

below.

Definition 2.1 (Cyclic distribution in r groups, C"(p, N)). Let r, p, and N be integers
with 1 < r < p < N, such that r divides p and N. Let f be a vector of size N to be
distributed over p processors organized in r groups. Define M = N/r to be the size of
the subvector of a group and u = p/r to be the number of processors in a group. We say
that f is cyclically distributed in r groups (or r-cyclically distributed) over p processors if,
for all j, the element f; has local index j' = (j mod M) div u, and is stored in processor
So + s1, where sg = (jdiv M) - u is the number of the first processor in the group (i.e.,

the processor offset) and s; = (j mod M) mod w is the processor identification within the

group.

We use the name group-cyclic distribution family to designate all the r-cyclic distri-
butions generated by the same N and p. This family includes the well-known cyclic
distribution (C'(p, N)) and block distribution (C?(p, N)) as extreme cases.

The parallel FFT algorithm works as follows. A total of H = [log, N/log,(N/p)| =
[log~y N phases is performed. (The number of phases is the largest integer H for which
(N/;)H*1 < N.) In phase 0, the algorithm uses the block distribution to perform the first
log,(N/p) butterfly stages, i.e., those involving butterflies with K < N/p (which we call
short distance butterflies). Afterwards, in each intermediate phase 1 < .J < H — 1 it uses

the r-cyclic distribution, with r = p/(N/p)’, to perform a group of log,(N/p) butterfly
10



[Jproc.0 [Jproc.1 []proc.2 [gproc.3 [gprroc.4 [gproc.5 [gproc.6 [ proc.7

(A)  Phase0: Short distance butterflies
12 16 20 24 28

0 A4 8
(LT T 1 DT i

NSNS NS NS NS NS NS NS

Phase 1: Medium distance butterflies

BN EEN BN EEEY
Phase 2: Long distance butterflies

\/

(B) Phase 0: Short distance butterflies
12 16 20 24 28

0 4 8
NRREABRE G LT 1617 18119 20 21 22 23 24 25 26 27 25 29 30 31
NI NI NI S NS NS NI A NI S NS

Phase 1: Medium distance butterflies
12 16 20 24 28

0 4 8
REPEIEEEP LT84 1 1620 2428 17 21.5 29 18 22 26 3019 23 27 31
NSNS NS

NSNS NS NS NS

Phase 2: Long distance butterflies

0 4 8 12 16 20 24 28
FRIEN N PSP FRENEIFEIFY 411212028 5 132129 6 142230 7 152331
NS N NS NS NS NS NS A

Ficure 1. Butterfly operations using the group-cyclic distribution fam-
ily C"(p, N) = C"(8,32). (A) Logical view, (B) storage view. The short
distance butterflies (As 32 and A, 32) are performed using the C*(8,32) dis-
tribution (block distribution). The medium distance butterflies (Ag 3> and
Aip32) are performed using the C%(8,32) distribution. The long distance
butterflies (Asp32) are performed using the C'(8,32) distribution (cyclic

distribution). For clarity, not all butterfly pairs are shown.

stages with (N/p)?! < K < (N/p)’*! (the medium distance butterflies). Finally, in phase
H —1, it uses the cyclic distribution to perform the remaining butterfly stages, i.e., those
involving butterflies with K > (N/p)#~! (the long distance butterflies).

Figure 1 illustrates the use of the group-cyclic distribution family in our parallel FFT.
The same operations are illustrated in two ways: (A) using the logical view, and (B) using
the storage view. The logical view emphasizes the logical sequence of the elements in the
vector while the storage view emphasizes the way the elements are actually stored. For
the block distribution, both views are the same.

Our algorithm has only O(log N/ log(/N/p)) communication supersteps of size O(%g +1),

which is a significant improvement over the O(logp) communication supersteps also of
11



size O(%g + 1) of the algorithms discussed in the previous section. McColl [22] outlined
a parallel FFT algorithm which is a special case of the FFT algorithm we present here.
His algorithm only works for N = (N/p)". Furthermore, his algorithm sends the indices
corresponding to the weights together with the data vector, increasing the communication
costs unnecessarily. In the original BSP paper [26], Valiant already discussed the FFT

and mentioned the order of the communication cost that can be achieved.

2.2. Permutations and permutation matrices. Let u, v, and N be positive integers
such that u divides v and v divides N. We define the following permutation:
Yuon 1 {0,...,N =1} = {0,...,N — 1}
o . | N (2.1)
]:]0'M+j1'u+]2HZZJO'M+]2';+]1,
where M = Zu, jo = jdivM, j; = (j mod M)divu, and j, = j mod u. Note that
fy;ﬂl)’N =~ ~ y and that 71,y = Yy~ 1S the identity permutation. Permuting a vector
of size N by 7,y can be achieved by dividing the vector into v/u subvectors of size

M = Nu/v and then performing a (perfect) shuffle permutation o,

oun 2 {0,...,M -1} = {0,...,M —1}

M (2.2)
j—= k= (jmodu) - — + jdivu,
u
on each of the subvectors.®> This relation can be expressed by
Yuon(7) = jdivM - M + o, 3 (j mod M), (2.3)

which implies that v, ., v = oy n.

In the case that p divides IV, redistributing a vector of size N from block distribution
to r-cyclic distribution over p processors is equivalent to permuting it by 7, , n, where
u = p/r. Using matrix notation, this permutation can be expressed by the N x N
permutation matrix:

17 ifl:f)/u,, ] )
(Cup )i = () (2.4)

0, otherwise.

3The shuffle permutations o, v (j) and o~ 5(j) can be used to permute a vector of size N distributed
~

over p processors from block to cyclic distribution and vice-versa.
12



Multiplying a vector y by I, , x results in a vector with components (I', , N¥); = Yot (1)
U,P,
for all [; in other words, this multiplication corresponds to redistributing the vector from
block distribution to cyclic distribution in r = p/u groups. Note that ', , v = I, ® S, N
_ 7T
F )p)

cf. (2.3). The matrix corresponding to the inverse permutation ~, v is [y} v =

'~y ~ 5. From now on, we use the abbreviations I',, and v, to denote I', , y and v, , v,
pu’
respectively. We restrict the use of subscripts p and N to cases where they are not obvious

from the context. We also use S,y to denote Iy, , as.

2.3. Decomposition of the Fourier matrix. To obtain the parallel FFT algorithm,
we modify the original radix-2 decomposition of the Fourier matrix (1.6) by inserting
identity permutation matrices Iy = I','T, corresponding to the changes of distribution,
and regrouping the matrices in the resulting decomposition. In the case that p < VN

this is done as follows:

Fy =T,'T, Ay -T,'Ty---T,' Ty Ay - T,'Ty - A v Apw Py

(2.5)
=, (DpAn D) - (PPAZ%,NF;I)FP Ax oo Ao P
By defining
Ak,u,p,N = Fu,p,NAku,NF;;,,NJ (26)
and using the fact that I’y is the identity matrix, we can rewrite (2.5) as
FN o F ' Algﬁp’p’N ' AQP%,p,p,N .Ppl—‘l_l ' A%:LP’N o A2’17p7N 'FIPN (27)
phase 1 ph;sre 0

As we did with the permutation matrices I', from now on we denote Ak,u,p,N by Ak,u,
reserving the indices p and N for when they are not obvious from the context and for
stand-alone definitions. In the general case, not restricted to p < v/ N, we arrive at the

following decomposition of the Fourier matrix:

_ -1 3 A 71 ) A
FN—Fp A%’pA2(N/p;H_1’pr F( ) 14% %) 2142’(%)]{_2/]:‘(%)]{_2
phase‘rfl— 1 phase H-2
-F&l Ag . A2 N FN F Ag . .142’1 I'y - Py. (28)
P p’p p’
%,_/ N————
phase 1 phase 0
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~
FIGURE 2. (A) Structure of the N x N matrix Ay, = I, ®

diag(Ag{:,A,i{;;,...,A,(;fn_l)/u). Example with N = 128, p = 8, r = 2,
k = 8, and hence v = 4 and n = 16. (For clarity, the Ay, are depicted
as A%) (B) Matrix diag(AY", 4,/ A=) (C) Matrices BSY", with

kno‘ kmnr 0 kn
S1 :0,...,11,—1.
The matrices flk,u are block diagonal matrices with block size %:
Appv = I ® diag(A, ALY, AL, (2.9)

where r = p/u, n = N/p, and A}, was defined previously, cf. (1.10). Figure 2 examplifies
the structure of the matrix Ak,u. We shall formally state this as Corollary 2.3 which

follows from Theorem 2.2.

Theorem 2.2. Let u, M, and k be powers of two such that 2 < k < M/u. Define n =
M/u. Then

St A Sy = diag(AYe, A0 L ARD),

kn>?
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Proof. See Appendix A. O

Corollary 2.3. Let r, p, and N be powers of two with 1 <r < p < N. Define u = p/r
and n = N/p. Let k be a power of two with 2 < k <n. Then

Apupv = I @ diag(A)e, 4,00, AN,

Proof. Define M = N/r. Then

Ak?’u’p;N = Fu,p,NAku,NP;i),N = (IT ® SU,M)(IT‘ ® AkU,M)(IT ® Su_,}\/l)
= I, ® (SunrArnr Sy i) = I © diag(A7, ALY, AT,
U

Starting from the Fourier matrix decomposition (2.8), it is easy to develop a parallel
(BSP) FFT algorithm. Since all the matrices Ay, are block diagonal matrices with
block size equal to N/p, any multiplication flk,u -y can be handled locally, provided
that the vector y is in the block distribution. This property guarantees that matrix
decomposition (2.8) detaches communication and computation completely. On the one
hand, each generalized butterfly phase (/Al%u . AM) -y, is a strict computation superstep.
On the other hand, each permutation I';, is a strict communication superstep. In the next

section we give a complete description of the resulting parallel algorithm.

3. IMPLEMENTATION OF THE PARALLEL ALGORITHM

We present our algorithm in the form of templates, which are high level of detail algo-
rithms, ready to be implemented, though not necessarily completely optimized. In the

list that follows we introduce the terminology used in our parallel algorithms.

e Supersteps. Each superstep is numbered textually and labeled according to its
type: (Comp) computation superstep, (Comm) communication superstep, (CpCm) sub-
routine containing both computation and communication supersteps. Global syn-
chronizations are explicitly indicated by the keyword Synchronize. Supersteps inside
loops are executed repeatedly, though they are numbered only once.

e Indexing. All the indices of vectors or array structures are global. This means that
array elements have a unique index which is independent of the processor that owns
it. This property enables us to describe variables and gain access to arrays in an

unambiguous manner, even though the array is distributed and each processor has
15



only part of it. (In an actual implementation, it is more convenient to convert the
indexing scheme to a local one.)

e Communication. Communication between processors is indicated using
gj < Put(pida n, fl)

This operation puts n elements of array f, starting from element 7, into processor
pid and stores them there in array g starting from element j. Subscripts are not
needed when the first element of the array is 0 or when communicating scalars. When
communicating more than one element, we use boldface to emphasize that we are
dealing with a vector and not a scalar. All puts are assumed to be buffered, so that

they are safely carried out, even if f and g happen to be the same.

Algorithm 3.1 is a direct implementation of the matrix decomposition (2.8). The input
vector y is transformed in place. Superstep 1 permutes the input vector by a bit reversal:
y < Py-y. Superstep 2 carries out the short distance butterflies: y < (A%’N L AN)y.
(Since v, is the identity permutation, flm = Apn, for k. = 2,...,N/p.) Superstep 3
permutes y to the r-cyclic distribution, with » = max(1,p/(N/p)): y < Lpp - y.
Each time superstep 4 is executed, it computes a group of medium distance butter-
flies: y <« (4%7(%)J...AQ7(%)J) -y,1 < J < H — 2. Superstep 5 prepares the vec-
tor for the next butterfly phase by permuting it to the r-cyclic distribution, with r =
max(1,p/(N/p)’™'): y «+ (FgF(’%l)J) -y. Superstep 6 carries out the long distance butter-
flies: y <+ (A%m .. .A2%’p) -y. Finally, superstep 7 permutes the vector back to the
block distribution: y < I'; !.y. Note that, to obtain the normalized inverse transform,

the output vector must be divided by N. The subroutines used in the FFT template are

described in the following subsections.

3.1. Generalized butterflies. The subroutine BTFLY (Algorithm 3.2) is a sequential

subroutine that multiplies the input vector by A7, ... Af Ago/m. Step 1 performs

ko,n
pairs of generalized butterfly operations. The k-th iteration of the outermost while-
loop performs the pair of generalized butterflies stages Ag,nAg/M, the t-th iteration of
the intermediate for-loop corresponds to the ¢-th repetition of the generalized 4-butterfly

Dy = B (I, ® B,‘;‘/2), cf. (1.12), which is computed by the innermost for-loop. Step 2
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Algorithm 3.1 Template for the parallel fast Fourier transform, using the group-cyclic

distribution family.
CALL BSP_FFT(s,p,sign,N,y).

ARGUMENTS
s: Processor identification; 0 < s < p.
p: Number of processors; p is a power of 2 with p < N.
stgn: Transform direction; +1 for forward, —1 for backward.
N: Transform size; N is a power of 2 with N > 2.
y = (4, ...,y%_,): Complex vector of size N (block distributed).

OUTPUT y « (yg“,...,y%" ), where yo** = E;-V:_Ol yé-” exp(sign - 2mijk/N).

DESCRIPTION
1CpCm

Parallel bit reversal permutation.
BSP_BitRev(s,p, N,y)

Comp Short distance butterflies.
BTFLY (0, sign, %, 4,y ~)
P

3¢pln Permutation to C™x(12/(N/P) (5 N) distribution.
BSP _BlockToCyclic(s — s mod %, s mod %, min(p, %), %, y(sfsmod%)%)

H < [logny N|
P
for J=1to H—-2do
4 Comp Medium distance butterflies.

d(N/p)! . N
BTFLY(%, sign, 4, ysg)

5Comn Permutation to Cmax(1L2/(N/p)"*) () N) distribution.
BSP_CyclicToCyclic(s, p, N, (N/p)”, min(p, (N/p)"*1), y)
Comp Long distance butterflies.

BTFLY (2, sign, ¥, 4077 1y )
P

7¢pCn Permutation to block distribution.
BSP_CyclicToBlock(0, s, p, %, y)

is only executed if the number of butterfly stages is odd. It computes the last general-
ized 2-butterfly A% . The FFT algorithm computes the desired (short, medium, or long
distance) butterfly stages corresponding to phase J, 0 < J < H, by defining the input
parameter o = (s mod u)/u, where v = min(p, (N/p)”), and performing the generalized
butterfly stages on the local part of the vector y (i.e., the subvector y ~ of size N/p that
starts at element sN/p). ’

(07

If the needed weights are stored in a lookup table, the cost of an A, Ay, butterfly

operation is 34 - % = %n Summing over all pairs A}, g/?n and adding 5n flops for

17



Algorithm 3.2 Template for the sequential generalized butterfly operations.

CALL BTFLY(«,sign,n,ky,y).

ARGUMENTS
«: Butterfly parameter, used to compute the correct weights; 0 < a < 1.
stgn: Transform direction; +1 for forward, —1 for backward.
n: Vector size; n is a power of 2 with n > 2.
ko: Smaller 4-butterfly size; kg is a power of 2 with 4 < ky < 2n.

y = (Yo, --,yn—1): Complex vector of size n.
ouTPUT
y< Ay, AgoynAgo/Q .y for forward, and
y A%, A%O nAgO/Z .y for backward.
DESCRIPTION
1. Perform pairs of butterfly stages Ay Ay o’
k + k()

while £ <n do
for t=0to n—k step k£ do
for j=0to k/4—1do

ywl wlsclgn.(ﬁa) “Yitj+k/2
yw2 w,sclgna(ﬁa) “Yitjtk/a
yw3 wisclgn.g(ﬁa) “Yitj+3k/4
a 4 Yrpj + yw2
b yr+j — yw2
c +— ywl + yw3
d + ywl — yw3
Ytrj < atc
yt+j+k/4 — b+ szgn -id
Yitjrk/2 <~ G —C
Yitjr3k/a < b— sign -id

k<4-k
2. Perform the last butterfly stage A7 .
if £ = 2n then
for j=0ton/2—1do
a +— wfﬂfgn'(ﬁa) “Yjin/2
Yjtn/2 < Yj—a
Yj < y; +a

the last butterfly (if necessary) gives a cost of

CBTFLY(n; ko) =

17
=5n [(logy n — logy ko + 2) div 2] + 5n - [(log, n — log, ko + 2) mod 2]

1
= {n - [logy n — log, ko + 2] + %n - [(logy n — log, ko + 2) mod 2],

for the generalized butterfly algorithm (Algorithm 3.2).
18
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The total computation cost of our parallel FFT (Algorithm 3.1) is obtained by adding
the costs of the butterfly phases:

N 17N N 3N N
C —,4) = ——log, — + ——(log, — mod 2),
BTFLY(p ) 1p &, 4p( 27 )

for phases J = 0 to H — 2, where H = [log~y N, and for the last phase H — 1 if
(N/p)"=' = p, i.e., H =1lognx N. Otherwise, the cost for the last phase is

N (N/p)=t 1TN N
Cprroy(—, 4%) =——(logy N mod log, —)
p p 4 p p

3N N
+ ——|(log, N mod log, —) mod 2|.
1= (o ,—) mod 2
This gives

17N 3N N ) N
C(FFT,par,Comp(]\/va p) = Z? 10g2 N+ Z?[(log2 g mod 2) (lOgQ N div 10g2 _)

N (3.2)
+ (logy, N mod log, —) mod 2],
D

where the second term corresponds to the extra cost we have to pay for performing
2-butterflies. The communication and synchronization costs of our parallel FFT are dis-

cussed in Section 3.5 after we discuss the parallel permutation subroutines.
3.2. Parallel bit reversal. The bit reversal matrix Py is defined by

1, if j =revy(k),
(Pr)jk = (3.3)
0, otherwise.

Here, revy is the bit reversal permutation

revy : {0,...,N—1} - {0,...,N — 1}

m—1 m—1
j=Y b2 k=) b2,
=0 =0

where m = log, N and (b, 1...bg)2 is the binary representation of j. Note that rev]’V1 =

(3.4)

revy, which means that PJQI = Py.

The bit reversal permutation has the following very useful property.

Lemma 3.1. Let u =27, N =2", with ¢ < m. Then

N
revy(j) =revy (jdivu) + — -revy,(j mod u), 0<j < N.
u u
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Proof. Let d = m — q, so that % = 2. If the binary representation of j is (by_1...bp)o,
then

j=jmodu+u-(jdivu) = Zbl2l+2q2bl+q2l

Now,

d—1 q—1
N
reVN Z bm I— 12l me_l_12l + 2d . qu_l_12l =a+ E - b.
=0 =0

If we show that a = revy (jdivu) and b = rev,(j mod u), we are done. In fact,

a= Z bn_i—12! = Z bm_q_l_1+q2l = (substituting ¢; = bj1,)

d—1

d—1 d—1
= Z Co—1—12t = revy <Z cl2l> =revy (Z bl+q2l) =revy (jdivu)
1=0 [=0

=0

and

b—qu 1128 = rev, (Zbl ) = rev,(j mod u).

Corollary 3.2. Let u < N be powers of two. Then

PN = (Iu ®Pﬁ)(Pu®Iﬁ)Su,N

Proof. The matrix ([, ® P%)(Pu ® I%)SU,N corresponds to a sequence of three permuta-
tions:
1. j = l=o0un(j) =jmodu-+jdivu
2. 1l —t=rev,(IdivY) .- X 4+ mod & =rev,(j mod u) - ¥ + jdivu
3.t—k=tdivZI. X +rev%(t mod &) = rev,(j mod u) - & +reV%(j divu) = revy(j)
U

Let y be a vector of size N = 2™ block distributed over p = 27 processors. Suppose that
we want to permute it by a bit reversal permutation, i.e., perform y +— Py -y. Applying
Corollary 3.2 with u = p, it is possible to split the parallel bit reversal permutation in

two parts as follows.
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1.y« (P,®Ix)S, -y, which is a global permutation that sends the elements to the
p

final destination processors, but with local indices still in the original order:

N
Jj — t=rev,(j mod p)-— + jdivp.
N—— D N——
Proc(t) tf
Having as basis the block distribution, from now on, we use Proc(k) = kdiv % to
denote the processor in which element % is stored, and &' = k mod % to denote the
local index of the element.

2.y < (I, ® P~) -y, which is a local bit reversal permutation in the local index ¢
p
t'— K =revy (1)
P

Algorithm 3.3 carries out a parallel bit reversal using this idea. If we combine the local bit
reversal (superstep 2 of Algorithm 3.3) with the short distance butterfly phase (superstep
2 of Algorithm 3.1), we obtain a complete local sequential FF'T. This means that we can
easily replace the two supersteps by any optimized FF'T subroutine we can lay our hands

Oon.

Algorithm 3.3 Template for the parallel bit reversal.
CALL BSP_BitRev(s,p,n,y).
ARGUMENTS

s: Processor identification; 0 < s < p.

p: Number of processors; p is a power of 2 with p < N.

N: Vector size; N is a power of 2 with V > 2.
y = (yo,.-.,y~—1): Complex vector of size N (block distributed).

OUTPUT y « Pyy.

DESCRIPTION
1Conun

Global permutation.
forj:s% to 3%+%—1d0
dest < rev,(j mod p)

xdest-%—l—j divp A PUt(deSta L, yj)

Synchronize
QComp Local bit reversal.
for ¥ =0 to %—1do
— sN oy

ys% -l—rev%(t’) m

If p < N/p, it is possible to optimize communication superstep 1 of Algorithm 3.3 by

sending packets of data. This is done in a similar way as when permuting from block to
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cyclic distribution (see Section 3.4); the only difference is in the destination processor,

which is rev,(j mod p) instead of j mod p.

3.3. Permutations within the group-cyclic distribution family. Permuting a vec-
tor from the C™(p, N) distribution to the C"(p, N) distribution, where r = p/u; and
roy = p/us may be any possible group sizes, not necessarily powers of two, can be done as
follows: first, use 7;11 to permute the vector to the block distribution, and then use 7,
to permute it to the C™(p, N) distribution. This operation is expensive if performed in
parallel, because all the data have to be moved twice around the processors. The best

approach is to combine both permutations into one:

Y2 :{0,...,N =1} = {0,...,N - 1}
(3.5)
g 1= Vs (Y (7))

(Note that (vy2)~" = ~41, and that 72 is an abbreviation for ;2 y.) In the general
case, there is no simple formula for computing the destination index [. Algorithm 3.4 is
a template for this case. Some combinations of the parameters 7, ry, p, and N, however,
lead to simpler expressions for the destination index. The simplest case is when 7 or 75 is
equal to p, i.e., one of the distributions involved is the block distribution. This situation

occurs in supersteps 3 and 7 of the FFT algorithm (Algorithm 3.1) and is discussed in
Section 3.4.

3.4. Permutation from block to cyclic distribution. The permutations o, x and
o, ]lv are the permutations that convert a vector from block to cyclic distribution and vice
versa. In the case that p < b = N/p, both 0, 5 and U;}V can be optimized by sending
packets of size b/p (here we assume that p divides b, but nothing more).

For o, n, this is done as follows. First perform a local permutation o,; on the local

index j',
-/ / ./ b e
j =t =75 modp-—+j divp.
p

Then perform a global cyclic permutation of packets on the global index ¢t = jdivb-b+t' =
to bttt

b
t—k= t; b+ty-—+ty. (3.6)
~ p
Proc(k) ——

k!
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Algorithm 3.4 Template for the parallel permutation from r{-cyclic to ry-cyclic distri-

bution.
CALL BSP_CyclicToCyclic(s, p, N, u1,u2,y).

ARGUMENTS
s: Processor identification; 0 < s < p.
p: Number of processors; p < N.
N: Vector size.
u1: Number of processors in the old group; ui = p/r;.
ug: Number of processors in the new group; us = p/ro.
y = (yo,--.,y~n—1): Complex vector of size N (block distributed).

OUTPUT y « I',,T7!-y.

U2+ uy

DESCRIPTION
1Conun

Glob.al pe;fmutat%\(f)n fyf]{”’f.
for j = s;uto.s; + 5 - 1 do
L= 7r ()
proc + [ div %
y; < Put(proc, 1,y;)
Synchronize

The resulting global index k is then
b
k=3 modp-b+jdivh-—+ j divp
p
b
=jmodp-b+jdivh- — + (j mod b) divp
p
=jmodp-b+ (jdivb-b+ j mod b) divp
= jmod p-b+ jdivp,

which is indeed o, y(j), see Figure 3.

Subroutine BSP_BlockToCyclic (Algorithm 3.5) with s; = s and so = 0 carries out
the permutation o, 5. The subroutine performs the permutation on a vector y of size
N = pb which is block distributed over p processors. This is done in superstep 3 ot the
FFT algorithm if p < N/p.

Subroutine BSP_BlockToCyclic can also be used to carry out the permutation v, .,
which is needed in superstep 3 of the FFT algorithm if p > N/p. This is possible because
permuting a vector of size rN by 7, ,,,n is the same as dividing it into r subvectors of
size N and then performing a shuffle permutation o, 5 on each of the subvectors, cf. (2.3).
In this case s; = s mod p, sp = s — s1, and y is a subvector starting at element syb of the

original vector.
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FIGURE 3. Schematic representation of a two stage permutation from block

to cyclic distribution (storage view). Example with N = 32 and p = 4. (A)

Local 045 permutation. (B) Global cyclic permutation of packets of size 2.

The template for subroutine BSP_CyclicToBlock, which carries out o, ~ and Yp, :p,r N

is obtained in a similar way as the template for subroutine BSP_BlockToCyclic. The
template starts by performing a global cyclic permutation of packets, and then it carries
out a local permutation U;;. (The template is not presented here; see [17] for more

details.)

3.5. BSP cost. To compute the total cost of our parallel FFT algorithm (Algorithm 3.1)
we need to sum the computation, communication, and synchronization costs. The com-
putation costs were already obtained in Section 3.1. To simplify the final result we only

include the higher order term of the total computation cost (3.2),

17N
C11-7‘1-7‘T,pa‘r,Comp(]\[7 p) = Zg lOgQ Na (37)

which is exact when only 4-butterflies are performed.

The communication and synchronization costs are the costs involved in performing
the bit reversal and the permutations related to the group-cyclic distribution family.
The maximum amount of data sent or received during a permutation involving complex
numbers is equal to N/p complex values (or 2N/p real values). If the permutation is

performed with puts, the number of synchronizations is 1, giving a total cost of

N
Cpermut(Na p) = 2; 9 +1 (38)
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Algorithm 3.5 Template for the parallel permutation from block to cyclic distribution.
CALL BSP_BlockToCyclic(so, $1,p,b,¥).

ARGUMENTS
S0, 81: Processor offset and processor identification within group; 0 < s; < p.
p: Number of processors in group.
b: Block size; p divides b, if p < b.
Y = (%0,---,ypp—1): Complex vector of size pb (block distributed within group).

OUTPUT y < S, py-

DESCRIPTION
if p > b then
1 Comm Global o0y, ,, permutation.

for j=s1-bto (s1+1)-b—1do
dest < 7 mod p
Ydest-b+jdivp < Put(so + dest, 1,y;)
Synchronize
else
2Comp Local 0, permutation.
for /' =0tob—1do
k'« 5 mod p - ;’; + 4'divp
Ts1-b+k" < Ys1-b+5'
JComn Global cyclic permutation of packets.
for proc=0to p—1 do

b
yproc-b«ksl-% «— PUt(SO + proc, P’ x&-b«kprac-%)

Synchronize

for each of the [logy N| + 1 permutations performed in the FFT algorithm. The total
cost of the FFT algorithm is

17N N
Crer, par(N,p) = =5 logy N+ 2= (flogae NT+ 1) - g + ([logx NT+1) -1 (3.9)
In Section 5, we discuss the validity of cost function (3.9) as an accurate estimator of the

true cost of the FFT algorithm.

4. VARIANTS OF THE ALGORITHM

4.1. Parallel FFT using other data distributions. Up to now, we discussed an FFT
algorithm where the input and output (I/O) vector must be block distributed. There exist
applications of the FFT where it would be better if the I/O vector would be distributed
by other distributions or where the distribution can be freely chosen (see e.g. [14, 19, 28])
. Here, we discuss how to modify our parallel FFT algorithm to accept I/O vectors that

are not distributed by the block distribution.
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The first and the last supersteps of Algorithm 3.1 are permutations. Because of this,
the algorithm can be modified to accept any I1/O data distribution without any extra
communication cost, or even at a smaller communication cost depending on the desired
distributions. If the input vector is not in the block distribution, the algorithm is modified
by combining the redistribution to block distribution with the bit reversal permutation. If
the output vector is expected to be in a distribution other than the block distribution, this
is done by replacing the permutation from cyclic to block distribution by a permutation
from the cyclic to the desired distribution.

If the desired distribution for the output vector is the cyclic distribution, the last
communication superstep can be completely skipped. The first permutation can also be
skipped if the input vector is already stored by the distribution associated with the bit
reversal permutation. Applications where the input vector is bit reversed and the output
vector is cyclically distributed are advantageous, because, in such cases, two complete
permutations can be skipped.® This saves two thirds of the total communication cost
in the common case that p < N/p, leaving only one permutation in the middle of the
computation.

While the cyclic distribution is simple and widely used, the distribution associated
with the bit reversal permutation is awkward. Fortunately, it is possible to modify Algo-
rithm 3.1 so that the cyclic distribution is a natural input distribution, i.e., a distribution
that does not involve any communication as the first superstep. This is done as follows.

The first three supersteps of Algorithm 3.1 are described by the matrix decomposition
[y -Ax y... Ay N - Py, (4.1)
p bl

where u = min(p, N/p). Knowing that Ax x = I,® Ay ~, and that the bit reversal matrix
can be decomposed as Py = (I, ® Pn) - (P, ® In) - S, n (cf. Corollary 3.2), we rewrite

4The idea of skipping permutations to save communication time or to reduce the overhead caused by
local permutations is known. Cooley and Tukey [9] already suggested this in order to save local bit rever-
sals. Other authors (e.g., [14, 19, 28]) give examples where skipping permutations saves communication

time.
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matrix (4.1) as

%) o (I ®A27%) (I, ® P%) (Py® I%) - Sp.N

Pu'(Ip®Fﬂ)'(Pp®[ﬂ)'Sp,N:Fu'(Pp®lﬂ)'(lp®Fﬁ)'Sp,N- (4-2)

Here we used Lemma 1.2. The first three supersteps of the parallel FFT algorithm derived
from this new decomposition are: (1°°™) permutation from block to cyclic distribution,
(2°"P) Jocal FFT, (3°™) permutation defined by I'ming, n/p) © (Pp ® I%) In the case that
the input vector is already cyclically distributed, the first superstep can be skipped.

4.2. Generalized butterfly phase with adjustable size. In our original algorithm,
we chose to insert the permutation matrices I', in the leftmost possible position. This
procedure corresponds to factoring N as N = W(N /p)"~1, and gives an algorithm
with a minimum number of permutations. However, if p # (N/p)”~! it is possible to
insert the permutation matrices at an earlier position without increasing the number of
permutations. The resulting algorithm would correspond to a different factorization of
N.

We can use this flexibility to reduce the computation cost of some combinations of p
and N by inserting the permutations so that a maximal number of generalized butterfly
stages are paired off. Another reason to permute the vector at an earlier stage is that
the sizes of the butterfly phases can be better balanced (so that all factors of N have
approximately the same size). This would enhance the performance on a cache-sensitive
computer (see the discussion in Section 5). An even a more effective way of enhancing the
performance on a cache-sensitive computer is to reduce the butterfly sizes so that they

always fit completely into the cache. We suggest a method in the following subsection.

4.3. Cache-friendly parallel FFT. Each computation superstep of our parallel FFT
algorithm performs a butterfly phase which consists of a sequence of generalized butterfly
stages represented by the operation y < R}y, where [ and n are powers of two with

2<[<n,and

lojn = Ag,n T Agl,nAa (43)

I,n

is an n X n matrix. Suppose that the cache memory of a computer is such that the data

needed by a butterfly phase of size n/v, where v < n is a power of two, fits totally in
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the computer cache. We can view v as the number of virtual processors available in each
processor. If we decompose (4.3) into a sequence of smaller butterfly phases of size less
than or equal to n/v which can be carried out independently from each other, we can get
the most out of the cache of the computer.

Define i = [logx n] and j = [logs I] — 1, so that (£)7 <1 < (%)’*'. Similarly to (2.8),

if we denote I, , by I',, we can write

R 1 A r,-0oL, A2 Ao Tinyno -
B =T Ak Ao To - Timpnos A oz - Ay e Ty
~ " .
phase h—j—1 phase h—j—2

. F(%l)j+1 Aa%’(%)j+1 . Ag’(%)j-}-l P(%)j+1 . P(%I)J Aa%’(%)j e Aa L2y F(%)J, (44)

[\ J/
N N

phase 1

where the n x n matrix A{, is an abbreviation for A%, =Ty, ,A% T.! . Generalized

[N

versions of Theorem 2.2 and Corollary 2.3 can be used to prove that

AR yon =T @ diag(Ayle, ATV AT D, (4.5)

. n
k!“”uﬁn Y ) k’?

The matrix decomposition (4.4) can be used to construct an alternative (cache-friendly)
algorithm for the computation of the generalized butterfly phases. Note that if « = 0
then the resulting algorithm can be used to construct a cache-friendly sequential FFT

algorithm.

5. EXPERIMENTAL RESULTS AND DISCUSSION

In this section, we present results on the performance of our implementation of the
FFT. We implemented the FFT algorithm for the block distribution in ANSI C using the
BSPlib communications library [16]. Our programs are completely self-contained, and we
did not rely on any system-provided numerical software such as BLAS, FFTs, etc.

We tested our implementation on a Cray T3E with up to 64 processors, each hav-
ing a theoretical peak speed of 600 Mflop/s. The accuracy of double precision (64-bit)
arithmetic is 1.0 x 10~'*. We also give accuracy results from calculations on a Sun Work-
station using IEEE 754 floating point arithmetic, which has a double precision accuracy
of 2.2 x 10, and which is the standard used in many computers such as workstations.
To make a consistent comparison of the results, we compiled all test programs using the

bspfront driver with options -03 -flibrary-level 2 -fcombine-puts and measured
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the elapsed execution times on exclusively dedicated CPUs using the system clock. The
times given correspond to an average of the execution times of a forward FFT and a

normalized backward FFT.

5.1. Accuracy. We tested the overall accuracy of our implementation by measuring the
error obtained when transforming a random complex vector f with values Re(f;) and
Im(f;) uniformly distributed between 0 and 1. The relative error is defined as ||F* —
F||2/||F||2, where F* is the vector obtained by transforming the original vector f by a
forward (or backward) FFT, and F is the exact transform, which we computed using the
same algorithm but using quadruple precision. Here, || - ||, indicates the L?-norm.

Table 1 shows the relative errors of the sequential algorithm for various problem sizes.
Since the error for the forward and backward FFT are approximately the same, we present
only the results for the forward transform. The errors of the parallel implementation are of
the same order as in the sequential case. In fact, the error of the parallel implementation
only differs from the error of the sequential one if the butterfly stages are not paired in
the same way. This validates the parallel algorithm. The results also indicate that IEEE
arithmetic is superior to the CRAY-specific arithmetic.

TABLE 1. Relative errors for the sequential FF'T algorithm.

N | CRAY T3E | IEEE 754
512 24 x 107 | 1.9x 10716
1024 | 5.2 x 10716 | 1.6 x 10716
2048 | 8.4 x 10716 | 1.8 x 10716
4096 | 2.1 x 1071 | 1.9 x 10~16
8192 | 3.2 x 1071 | 2.0 x 10716
16384 | 6.5 x 1071° | 2.2 x 10716
32768 | 2.3 x 107 | 2.3 x 10716
65536 | 3.4 x 107'* | 2.3 x 10~16

5.2. Performance of the sequential implementation. Our sequential FFT algorithm
was implemented using Algorithm 3.2 with o = 0. Its efficiency can be analyzed by looking
at its execution times or its FFT flop rates:

_ 5Nlogy N
~ Time(seq, N)’
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where Time(seq, N) is the execution time of the sequential implementation. Analyzing
the performance of an FFT algorithm by using the number of flops of the radix-2 FFT as
basis is a standard and useful procedure. By doing so, it is possible to compare different
algorithms with different cost functions and also evaluate the overall performance of the

algorithm as a function of N.

TABLE 2. Timing results (in ms) and FFT flop rates (in Mflop/s) of the
sequential FF'T on the Cray T3E.

N | Time FFTrate

32 0.02 33.4

64 0.03 56.9
128 0.10 47.3
256 0.15 69.6
512 0.41 56.5
1024 0.66 77.5
2048 1.82 62.1
4096 2.94 83.5
8192 | 19.95 26.7
16384 | 58.91 19.5
32768 | 149.79 16.4
65536 | 318.28 16.5

Table 2 gives timing results and FF'T flop rates for various problem sizes. The flop rates
show that the performance of the algorithm increases until N = 4096, when it suddenly
drops. This sudden decrease in performance happens because the data space allocated by
the program becomes too large to fit completely in the cache memory of the CRAY T3E,®
which means that the computation becomes more expensive, because more accesses to

the main memory are needed.

5.3. Scalability of the parallel implementation. The timing results obtained by our
parallel algorithm are summarized in Table 3. We also present the theoretical predictions

using the cost function (3.9) and the values of the BSP parameters v, g, and [ listed in

5The cache size of the CRAY T3E is 96 Kbytes, which means that a sequential FFT of size up to

N = 4096 fits completely in the cache (64 Kbytes for the data vector + 8 Kbytes for the weights table).
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TABLE 3. Predicted and measured execution times (in ms) for the FFT on
a Cray T3E. Boldface entries indicate out-of-cache computations

P 512 1024 2048 4096
pred exp | pred exp | pred exp | pred exp
seq | 0.56 0.41] 1.25 0.66| 2.74 1.82| 599 294
11 058 040] 1.28 0.66] 2.81 1.81| 6.12 2.95
20 037 042 077 090|161 1.66| 3.44  3.90
41 025 0.28] 045 047|089 099| 1.83 1.81
8 0.21 0.21| 032 033|056 0.69| 1.06 1.22
16| 020 0.22] 025 0.26] 037 0.39| 0.63 0.56
321 026 0.29| 0.23 0.33]|0.29 0.37] 042 0.53
64| 046 0.31| 048 0.38]|0.51 0.55| 046 0.63

P 8192 16384 32768 65536
pred exp | pred exp | pred exp | pred exp
seq | 12.97 19.95|27.93 58.91| 59.9 149.8 | 127.7 318.3
13.23 19.95 | 28.46 58.98 | 60.9 149.8 |129.8 315.8
21 733 893|15.61 33.65| 33.2 87.1| 70.3 207.3
41 3.83 440 809 9.72]17.1 39.7| 36.1 101.1
8| 2.12 233| 436 528| 9.1 125 19.1 46.7
16| 1.16 1.20| 2.30 2.26| 4.7 5.4 9.8 12.7
321 070 0.75| 1.29 1.43| 2.5 2.9 5.1 7.1
64| 061 0.76| 091 098| 1.5 1.7 2.9 3.2

Table 4 which were obtained using a modified version of the benchmark program from
BSPpack® [17].

Except for the out-of-cache computations (boldface entries in the table), the timings
show that the BSP cost function predicts the behavior of the parallel implementation well.
The discrepancy between predicted and measured results for out-of-cache computations is
to be expected, since the computation speed, which we assumed to be constant, suddenly
drops when the computations cannot be done completely in cache. These results show

that the BSP model is a valid tool for analyzing and predicting parallel performance.

6 Available at http://www.math.uu.nl/people/bisseling/software.html
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TABLE 4. BSP parameters for the CRAY T3E, with v = 34.9 Mflop/s. The
value of v is based on in-cache dot product computations.

p g [
(lops) (ps) | (flops)  (us)
1] 0.28 0.00804 3 0.09
2| 1.14 0.03279| 479 13.72
4| 146 0.04175| 858 24.57
8| 2.14 0.06133| 1377 39.48
16| 2.30 0.06600| 1754 50.26
32| 277 0.07940| 2024 58.00
64| 3.05 0.08758| 3861 110.88

A way of analyzing the scalability of a parallel implementation is to look at its absolute
efficiency

_ Time(seq, N)

Eabs N) =
(p, N) pTime(p, N)’

(5.2)

as done in Figure 4. In theory, E%(p, N) < 1, and our goal is to achieve efficiencies
as close to 1 as possible. The figure shows moderate efficiencies for small problem sizes
(N <4096). For N > 8192, efficiencies of up to 1.7 are achieved. Such amazing efficiencies
are possible because of the so called cache effect: when N > 8192 the total amount of
memory needed by the FFT is too large to fit in the cache memory of one processor, but,
if the problem is executed using a sufficiently large number of processors, the memory
required by each processor becomes small enough to fit in the cache. This effect is welcome,
but it masks the real scalability of the algorithm.

Note that there is a sudden rise in the flop rate when the local problem size becomes
small enough to fit in the cache. In this way the cache effect can be easily spotted and
the scalability of the algorithm better judged. FF'T sizes that fit completely in the cache
(N < 4096) have a completely different behavior than larger problems. For small sizes
(N < 4096) the efficiency decreases notably in going from one to two processors, then it is
more or less constant up to 816 processors and after that it decreases steadily. For large
sizes (N > 16384) the flop rate is nearly constant, both before and after the transition
out-of-cache/in-cache, indicating a good scalability. The cases 8192 < N < 16384 are

intermediate cases where there is an increase in the efficiency in going from one to two
32



— ideal
20 e —e65536

&6 32768
0O -1016384

~ | |54 8192

2,5 |0—0409 |

5 1.

c O—<C 2048

=

=

=

w L

2

2 1.0

E i

'_

1

>

[&]

c L

()

o 05 r i

= I

L

0.0

1 2 4 8 16 32 64
Number of processors p

FIGURE 4. Absolute efficiencies of the FFT on a Cray T3E.

processors, but a deterioration of performance when the number of processors becomes
too large.

We can also examine the scalability of our parallel algorithm by increasing the problem
size together with the number of processors [13, 21], for instance by maintaining the local
problem size N/p constant and increasing p. In doing so, we can learn about the asymp-
totic behavior of our algorithm. Figure 5 shows the predicted and measured efficiencies
as a function of p for various values of N/p. The predicted values converge to a horizontal
line as N/p increases which means that asymptotically the efficiency can be maintained at
a constant level if N/p is maintained constant. The experimental results must be analyzed
keeping in mind the cache effect, which causes the sudden increase in the efficiency. It is
clear that efficiency can be maintained at reasonable levels for N/p as small as 256, and

at very good levels for N/p = 4096.
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a Cray T3E. Dashed lines: predicted values. Solid lines: measured values.

6. CONCLUSIONS AND FUTURE WORK

In Section 2, we presented a new parallel FFT algorithm, Algorithm 3.1. This algo-
rithm is a mixed radix-2 and radix-4 FFT. It was derived from the matrix decomposition
corresponding to the radix-2 algorithm by inserting suitable permutation matrices corre-
sponding to the group-cyclic distribution family. The use of the group-cyclic distribution
family gives a parallel algorithm which is simple to understand and easy to implement.

The use of matrix notation proved to be a powerful tool for deriving and adapting the
parallel FFT algorithms to our needs. With the help of matrix notation, we showed how
to modify our original algorithm to accept I/O vectors that are not in block distribution,
without incurring extra communication cost. Indeed, if the vector is cyclically distributed,
we showed how to eliminate the first and the last permutation altogether, reducing the
communication to one third of the original cost. Since the cyclic distribution is simple
and widely used, this property can be exploited to obtain faster applications. A prime
application of the cyclic distribution would be in the field of quantum molecular dynamics
where a potential energy operator is applied to the input vector representing a wave packet

and a kinetic energy operator is applied to the output vector [20]. Since both operations
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are componentwise, any distribution can be chosen and hence the cyclic distribution is
preferred.

We presented results concerning the performance of our implementation of Algorithm 3.1.
The tests were carried out on a Cray T3E with up to 64 processors. Our implementation
proved to scale reasonably well for small problem sizes (N < 4096) with up to 8 pro-
cessors, and to scale very well for larger problem sizes (N > 16384). In part, the very
favorable results obtained for larger NV are due to the cache effect. Because of this effect,
we analyzed our results in terms of FFT flop rate per processor, and also by using the
theoretical cost function. Both analyses confirmed the previous results.

We also analyzed the asymptotic behavior of our algorithm by maintaining the local
problem size N/p constant and increasing p. We concluded that the efficiency level is
maintained as long as N/p is large enough. A study of the experimental data obtained
on the Cray T3E indicates that reasonable efficiency levels (E(p, N) ~ 0.5) are already
maintained for N/p as small as 256, and good efficiency levels are maintained for N/p >
4096.

Because the cache-based architecture of the Cray T3E influences our results so much,
and there are many other computers with a similar architecture, we proposed the use
of cache-friendly FFT algorithms. A cache-friendly sequential algorithm can be derived
from our parallel algorithm by substituting the processors by virtual processors. It is also
possible to derive a cache-friendly parallel algorithm by writing each generalized butterfly
phase as a sequence of smaller generalized butterfly phases. We expect the scalability of

such an algorithm to be similar to the theoretical scalability of our algorithm.

APPENDIX A. PROOF OF THEOREM 2.2

The proof of Theorem 2.2 uses the following lemma.

Lemma A.1. Let u, M, and k be powers of two such that u < M and 2 <k < M/u.
Define K = ku. Let j be an index, 0 < j < M. Then

1. If jmod K < K/2, then o, (j) mod k < k/2.

2. If j+ K/2 < M, then oy (7 + K/2) = oy (j) + k/2.
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3. If j1 = j mod %, and jo = j div %, then

0, 0(7) mod K j mod k + jo/u

K k

Proof. Part 1: 0, /(j) mod k = (j mod u - 22 + jdivu) mod k = (j divu) mod k. Now,
jdive = (jdivK - K+ jmod K)divu = jdiv K - k4 (j mod K) div u. As a consequence
ounm(j) mod k = (j mod K)divu < (K/2)divu = k/2.

Part 2: o, 0 (j+K/2) = (j+K/2) mod u- 2+ (j+ K/2) dive = j mod u- 2 +jdivu+
k)2 = ourij) + k/2.

Part 3: 0, ,(j) mod K = (j mod & - u + jdiv ) mod K = (ji - u+ jo) mod K =
(j1div k- K+j; mod k-u+jp) mod K = j; mod k-u+ jp, which gives (a;}w(]’) mod K)/K
= (jimod k- u+jo)/K = (j1 mod k + jo/u)/k.

O
Proof of Theorem 2.2.
Proof. Define K = ku. To prove the theorem, it is sufficient to prove that
SU,MAK,MS;}V[y = diag(AZ{;L, cee A,(;fgl)/u)y, for all y.
First note that the vector Ax yx can be described by
(Arax); = @+ w2 1,
- (A1)
(AK’MX)]'+K/2 = — w}(mo Tj+K/2, 0<y mod K < K/2
Let x = S,y and Syu(Axmx) = z, and substitute z; = y,, ;) and 2o, ;) =
(Ag,mx); in (A.1). This gives
jmod K
Zouni(i) = Youn @) T WK Yourr(+K/2);
(A.2)

imod -
Zoant (G+K/2) = Youns() — W Yo i G+x/2), 0 < jmod K < K/2.

Defining | = o0, (j) and applying Lemma A.1 to j gives the following. Part 1 of
Lemma A.1 says that, if j mod K < K/2 then [ mod k < k/2. Furthermore, by Part 2,

; o L (Dmod K
oun(j + K/2) = [ + k/2. Finally, applying Part 3 to [ gives wi"*** = wK“’M() T =
il medk)Fer _  modktsi/u e I = 1 mod M and s = 1 div 2.
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Substituting the above results in (A.2) gives the following description of vector z =
Su,MAK,MS;}My:
21 =Y+ wszstl/uka/m
Zl+k/2 =Y — w;cmOdk-l_SI/uyl_'_k/Q, 0 S [mod k < k/2
Writing the index | = sy -n + (I'divk) - £ + I'mod k, it is easy to see that z; =

(diag(Ai{::, A,IC{;L, e A,(;fgl)/u) - ¥)1, proving the theorem. (See Figure 2B.) O
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