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Abstract

We prove that, for any fixed k, one can construct a linear time algorithm
that checks if a graph has branchwidth< k and, if so, outputs a branch

decomposition of minimum width.

1 Introduction

This paper considers the problem of finding branch decompositions of graphs with
small branchwidth. The notion of branchwidth has a close relationship to the more
well-known notion of treewidth, a notion that has come to play a large role in many
recent investigations in algorithmic graph theory. (See Section 2 for definitions of
treewidth and branchwidth.) One reason for the interest in this notion is that
many graph problems can be solved by linear time algorithms, when the inputs
are restricted to graphs with some uniform upper bound on their treewidth. Most
of these algorithms first try to find a tree decomposition of small width, and then
utilize the advantages of the tree structure of the decomposition (see [1], [4]).
The branchwidth of a graph differs from its treewidth by at most a multiplica-
tive constant factor (see [18]). As branchwidth is also reflecting some optimal
tree structure arrangement, it is possible to have algorithmic applications analo-

gous to those of treewidth. Hence, instead of using tree decompositions, one also
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can use branch decompositions as starting point for the linear time algorithms for
problems restricted to graphs with bounded treewidth (and hence also bounded
branchwidth). In fact, in some cases, it appears that branchwidth is more conve-
nient to use, and seems to give better constant factors in the implementation of
the algorithms; for instance, Cook used branch decompositions as an important
ingredient in a practical approximation algorithm for the Traveling Salesman Prob-
lem [10], and remarked that branchwidth was the more natural notion (instead of
treewidth) to use for that problem [9]: where tree decompositions primarily are
concerned with vertices, branch decompositions deal more with edges (in a loose
sense). We also mention that the branchwidth of planar graphs can be computed in
polynomial time (see [20]). As both treewidth and branchwidth are NP-complete
parameters (see [2, 20]), it appears an interesting task to find algorithms solving

the following problems (k is assumed to be a fixed constant).

e [IY(B) (IIYT)): Check if an input graph has branchwidth (treewidth) at

most k.

o II5(B) (IIE(T")): Given a graph with branchwidth (treewidth) at most k,

output a minimum width branch (tree) decomposition.

According to the results of Robertson and Seymour, for any minor closed class
of graphs there exist a finite set of graphs, its obstruction set, such that a graph
G belongs in the class iff no element of the obstruction set is a minor of G (see
e.g. [17]). It is also known that for, any k, the class of graphs where treewidth (or
branchwidth) is bounded by a fixed k is minor closed. An immediate consequence
of this fact (using results from Robertson and Seymour and the algorithm from [5])
is the existence of a linear time algorithm solving I1¢(B) or I1¢(T'). Unfortunately,
in this way, we only get a non-constructive proof (see [11, 12] ) of the existence
of such an algorithm, but in order to construct the algorithm, we must know the
corresponding obstruction set. Additionally, we would like to have an algorithm
that non only decides on branchwidth, but also constructs corresponding branch
decompositions.

Much research has been done towards the construction of linear time algorithms
solving I1¢(T) and TI¢(T'). In [5], a linear (on the size of the input) time algorithm
for treewidth was constructed. For further results concerning on related graph
theoretic parameters see [3, 7, 8, 13, 16, 14, 15, 19, 21, 19, 22, 23, 24].

In this paper, we find analogous results to those of [5] for the parameter of

branchwidth. Namely, we prove that, for any fixed k, one can construct a linear



time algorithm that solves I1¢(B) and II(B). An immediate consequence of this
result is that, for any fixed k, one can construct (i) a sentence in monadic second
order logic expressing whether a graph has branchwidth at most & or not and (ii)

the obstruction set of the class of graphs of branchwidth at most k.

2 Definitions and Preliminary Results

Given a graph G = (V, E) we denote its vertex set V and edge set F with V(G) and
E(G) respectively. Given two graphs G;,i = 1,2 we define Gy UGy = (V(Gy) U
V(Gs), E(G1) U E(Gy)). For any vertex set S € V(G), we define as G[S] the
subgraph of G induced by S. We also denote as Ng(S) the set of vertices in V (G)
adjacent with vertices of S in G. If v € V(G), we set Ng(v) = Ng({v}). The
degree dg(v) (or simply d(v) when there is no doubt about G) of a vertex in V(G)
is the cardinality of Ng(v). We denote as K, the complete graph with r vertices
and as K, the complete bipartite graph with parts consisting of ¢ and r vertices
each. We call a vertex in V(G) pendant (isolated) if dg(v) = 1 (dg(v) = 0). We
call the pendant vertices of a tree leaves. We also call an edge in G pendant if
it contains at least one pendant vertex. We denote as A(G) (I(G)) the set of
all the pendant (isolated) vertices of a graph G. Given a tree T and a vertex t
we define C(T',t) = {T[V(T1) U{t}],..., T[V(T,) U{t}]} where T,..., T, are the
connected components of T[V(T') — {t}]. Given now an edge {t1,t2} € E(T) we
define C(T,t1,t2) = (T[V(T7) U{t2}], T[V(T]) U{t2}]) where for i = 1,2 T is the
graph in C(7,t3_;) that contains ¢; as a vertex. Given two vertices z1, 2o € V(T
then we define T'(z1,22) = T[V(T]) N T(T})] where, for i = 1,2, T!" is the graph
in C(T,x;) that contains x3_; as a vertex then. Finally given a tree 7" and a set of
leaves A C A(T) we define the subtree of T' spanned by A as the subtree of T" that
contains A as leaves and the minimum number of edges. We call a tree caterpilar
if it contains a path whose neighborhood includes its vertex set. We call the edges
of this path ridge edges.

Let T1,T, be trees. We call the set of isomorphisms between 17 and T, as
I(Th, Ty).

Let f : A — B be a function and A" C A. We denote its domain as D(f).
If S € B then we set f —S5 = {(a, f(a) —S) | a € A}. We denote as f|a the
restriction of f to the pairs whose first elements belongs to A’ i.e. f|a = {(a,b) €
flae A} If B C B we define fOB' = {(z,¢(x) N B') | x € A} We also define
max(f) = max{f(z) | v € B}.



If S is a collection of objects for which operation “U” is defined then we define
US = Ugess.

Let f; : A; — B,i = 1,2 be two functions and let o : A; — A, be a bijection
between A; and A,. Let also A be a set and p : A — A; a bijection between
A and A;. Then we define f; U, fo : A — B such that V,ca(fi1 U, fo)(z) =
filp(x))U fa(a(p(x))). We define f; N, fo: A — B by replacing U, with N, in the
aforementioned definition. If “x” is a relation between the elements of B then we

define fix, fo2 iff Viea, f1(z) * fa(o()).
Given two graphs G, H we say that H is a minor of G (denoted by H < G)

if H can be obtained by a series of the following operations: vertex deletions,
edge deletions, and edge contractions (a contraction of an edge {u,v} in G is the
operation that replaces u and v by a new vertex whose neighbors are the vertices
that where adjacent to v and/or v). Let G be a class of graphs. We say that G is
closed under taking of minors when all minors of any graph in G belong also in G.
Robertson and Seymour proved (see e.g. [17]) that any class of graphs G contains

a finite set of minor minimal elements. We call such a set the obstruction set of G.

It follows that if G is closed under taking of minors, then, for any graph H,
G € G iff there is no graph in the obstruction set of G such that H < G.

2.1 Treewidth

We give now the formal definitions of treewidth and branchwidth.

A tree decomposition of a graph G is a pair (X,U) = {X; | i € V(U)},U),
where {X; | ¢ € I} is a collection of subsets of V' and U is a tree, such that
U X =V(G),
lff)i" each edge {v,w} € E(G), there is an i € I such that v,w € X;, and
.for each v € V the set of nodes {i | v € X;} forms a subtree of U.

The width of a tree decomposition ({X; | i € I}, U = (I, F)) equals max;e{| X;|—
1}. The treewidth of a graph G is the minimum width over all tree decompositions
of G.

A rooted tree decomposition is a tree decomposition D = (X, U) in which U is a
rooted tree. Let D = (X, U) be a rooted tree decomposition of a graph G For each
node ¢ of T, let U; be the subtree of U, rooted at node i. We set V; = Uycv (1,) Xy
and let G; = G[V;]. Notice that if r is the root of U, then G, = G. We call G;
the subgraph of G rooted at i. We finally set, for any i € V(U), D; = (X%, U;)
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where X' = {X,, | v € V(U;)}. Observe that for each node i € V(U), D; is a tree
decomposition of Gj.

Let D = (X,U) be a tree decomposition of a graph G where X = {X; | i€
V(U)}. D is called a nice tree decomposition if the following are satisfied:

1. Every node of U has at most two children.

2. If a node ¢ has two children j, h then X; = X; = X}.

3. If a node ¢ has one child, then either |X;| = |X;|+ 1 and X; C X, or
| X = |X;| —1and X; C X;.

Lemma 1 For any constant k > 1, given a tree decomposition of a graph G of
width < k and O(|V(G)| nodes, there ezist an algorithm that, in O(|V(G)|) time,
finds a nice tree decomposition of G of width < k and with at most 4|V (G)| nodes.

We now observe that a nice tree decomposition ({X; | i € V(U)},U) contains
nodes of the following four possible types. A node i € V(U) is called

“start” if i € A(U),

“join” if ¢ has two children,

“forget” if ¢ has one child j and |X;| < | X},

“introduce” if i has one child j and |X;| > |X}],

We may also assume that if 7 is a start node then | X;| = 1: the effect of start
nodes with | X;| > 1 can be obtained by using a start node with an one vertex set,

and then |X;| — 1 introduce nodes, which add all the other vertices.

2.2 branchwidth

A branch decomposition B of a graph G is a pair (T, ), where T is a ternary tree
(a tree with vertices of degree 1 or 3) and € is a bijection from the set of leaves of
T to E(G). We define the description Des(B) = (T, a, 3,7) of B as a quadruple

where

o a: B(T) — 2V(O=-AG)=IG) g 4 function such that a(e) is the set of vertices
v € V(G) for which there are leaves t;,t; in T' in different components of
T(V(T),E(T) — {e}) with 6(t;) and 6(t2) both containing v.

o 3:A(T) — 249 is a function such that V,ear)B(v) = 0(v) N A(G).

e 7 : E(T) — & such that each edge e € E(T) is mapped through v to the

sequence of integers (|a(e)|) (notice that Veepry Y(e) is sequence consisting



of only one number — this somehow overloaded definition will be justified by

considerations to be made later in this paper).

The width of (T,0) is equal to max(«). edges of T. The branchwidth of G
is the minimum width over all the branch decompositions of G (in case where
|E(G)| < 1, then we define the branchwidth to be 0; if |E(G)| = 0, then G
has no branch decomposition; if |E(G)| = 1, then G has a branch decomposition
consisting of a tree with one vertex — the width of this branch decomposition is

considered to be 0).

{a.d} A{e, f}

M = Des(B) = (T, o, p7)

[ao, u} = {e}
(e}, (1) | B(u) = £}
o, u}) = (1)

Figure 1: A branch decomposition B = (T,0) of a graph G and its description
M =Des(B) = (T,a, 3,7).



We modify the definition of § above so that it is a function 6 : A — E(G)U{0},
mapping only some leaves A C A(G) to either an edge or to the empty set and
having the property that for every edge e in G there is a unique leaf t € A(T)
that is mapped to e through 6. Then we call (T, 0) extended branch decomposition.
One can easily observe that for any ternary subtree 7" of T the pair (7”,0’) where
0" = 0| a¢rynar) is an extended branch decomposition of (V(G),{0(t) : t € A(T")N
A(T)}) (clearly, the leaves of 7" that are not leaves of T" are not mapped to any
edge through 6"). Tt is easy to see that any extended branch decomposition (T',0)
of a graph G can be transformed to an branch decomposition in O(|V(T)|) time.
This gives us the right, from now on, whenever we refer to branch decompositions
we will assume that they are extended. Moreover, given any branch decomposition
(T, ) we will denote as A(T) the leaves of T' that are mapped through @ to some
edge of GG or to the empty set. We call the leaves in /Nl(T) external leaves of T and
the leaves in A(T)— A(T) internal leaves of T'. For reasons of consistency with this
modification, we revise the definition of Des(B) above by putting A(G) instead of
A(G) so that (v) is well defined.

2.3 Sequences of integers

We denote as S the set of all the sequences of positive integers. If A = (ay, ..., a4))
€Sand 1 <k <1< |A| we define Ay = (ak, ..., @), max(A) = max <;<ja/{a;}
and for any positive integer ¢t we set A+t = (a1 +1¢,..., a4 +t). The typical
sequence T(A) of a sequence of integers A is the sequence obtained after iterating

the following operations, until none is possible any more.

(i) If for some 7,1 < 7 < |A| =1 a; = a1, then set A = (a,...,q4) —
(ala ey Ay Qg2 s 7a|A|>‘

(ii) If the sequence contains two elements a; and a; such that j —i > 2 and
Vicke; @i < ar < aj or Vicke; a; > ar > aj, then set A = (a1,...,a14)

(al,ai,aj, R ,CL|A‘).

As an example we mention that if A = (5,5,6,7,7,7,4,4,3,5,4,6,8,2,9,3,4,6,
7,2,7,5,4,4,6,4), then 7(A) = (5,7,3,8,2,9,2,7,4). We call a sequence A typical
if 7(A) = A i.e. it is not possible to apply (i) or (ii) on A. We denote the set of
all the typical sequnces as S.

Let A,B € §. We say that A C B when A can be obtained from B after a

series of operations (i) and (ii) above.



Let A, B € S where A = (ay,...,a4)) and B = (by,...,bp)). If |A| = |B| then
we say that A < B if Vi<j<ja) a; < b;. We define the set of extensions of A as

€(A) = {A* = (CL){, cee ,GZ*) | Ell:t1<---<t|A\+1 v1§i§|A| V7fz'§k<75i+1 az = CL,-}.

We say that A < B if there exist extensions A* € e(A), B* € e(B) such that
|A*| = |B*| and A* < B*. For example if A = (5,7,4,8) and B = (1,7,2,6,4)
then B < A because A* = (5,7,7,7,4,8,8,8,8) is an extension of A, B* =
(1,7,2,6,4,4,4,4,4) is an extension of A, and B* < A*. We also say that A = B
when 7(A) = 7(B).

Given A = (ai,...,aa)) and B = (by, ..., b)) weset A® B = (a4, ...,a4,br,
..., bg|). We also say that A <C B if there exist a C' € S such that A < C' and
C C B. The proof of the following Lemma can be found in [6] (Lemma 3.19).

Lemma 2 Let A, A, B,B € S such that A< A’ and B < B'. Then 7(A& B) <
T(A @& B').

We also present, without proof, the two following easy Lemmata.

Lemma 3 Let A, B; € S,i = 1,...,q such that A = By ® ---® B, ( A <C
Bi1®---@®By). ThenYi<m<jaFi<r<q A1m CB1®--- @B, NApjaC B, ®--- @B,
(Vicm<iaPicr<g A T B1@ -+ & B, ANApja) < B, & & By).

Lemma 4 Let A, B,C,C" € S four typical sequences such that C = 7(A ® B)
and C < C'. Then one can construct two sequences A', B € S such that C' =
T(A@®B), A< A and B < B'.

Lemma 5 Let Ay,...,A,,B € S such that A, & --- & A, < B. Then there
erist a sequence By, ..., B, of typical sequences such that B1 ® ---® B, = B and
vlgigr AZ < B;.

Let A = (a1,...,aa) and B = (by,...,bg|) be two sequences in & where
|A| = |B|. We say that A ~ B iff Vi<;<ja) a; # @1 < b = b1 (and, therefore,
bi # b1 € a; = aiyq).

Let now A, B € S. The interleaving A ® B of A and B is a set of sequences in
S defined as follows

A@B={A"+B"| A* € E(A) and B* € E(B) and |A*| ~ |B*|}.
Observe that all the sequences in A ® B have length |A| 4 |B| — 1.
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Let A,B € S where A = (a1,...,a4)), B = (b1,...,bp) and such that |A| =
|B| = r. We define A+ B = (a; + b1,...,a, + b,). We will need the following

lemmata.

Lemma 6 Let A, B,C be sequences such that |B| = |C| and A = B+ C. Then
there exist a sequence A" € T(B) @ 7(C') such that T(A") < 7(A).

Lemma 7 Let A, B be two typical sequence and C a sequence such that C € AR B.
Suppose also that A’, B’ be two typical sequence such that A < A" and B < B'.
Then there exist a sequence C' € A’ ® B" such that C < C".

2.4 Branch representations and branch Models

Let G be a graph and R C V(G). Let also M = (T,«,3,7) be a quadruple
where 7' is a ternary tree, and «, 3,7y be functions where o maps each edge of
T to a subset of R — A(G) — I(G), § maps each vertex of a set A C A(T) to
a subset of RN A(G) and with the property that YV, t,eas 2, B(t1) N B(t2) = 0,
and 7y maps each edge of T' to a sequence in S. We call M = (T, «, 3,7y) branch
representation of G rooted on R and the tree T underlining tree of the branch
representation M. Given a branch representation M, we denote its underlining
tree as T'(M). In accordance to the definition of 3 in subsection 2.2, we denote
the subset A used in the definition of 3 above as A(T) and we call its vertices
external leaves of T (if a leaf of T is not external, we call it internal). We define
V(M) = (Ueerr) a(e)) U(U,c i) B(v)) and we observe that V(M) C R — I(G)
(we call V(M) vertex set of M). Suppose now that 7" is a ternary subtree of
T. We define M| = (T, a|p(r), Blagnnicry: VIe@)). Clearly, M| is a branch
representation of G rooted on R where A(T") = A(T")NA(T). Given aset R C R
we define M ||r = (T, aNR', SAR’,7y). Notice that M|| g is a branch representation
of G rooted on R'. Finally, given a vertex x € R and a ternary subtree 7" of T we
call 7" z-free if x & V(M |r).

For any v € R we set V(M) = VM) U VA(M) where VF(M) = {t €
AT | z€Bt)}and VA(M) =V ({e € E(T) | = € ae)}). We call a branch rep-
resentation M = (T, «, 8,7) branch model of G rooted on R if Vyep_1(cy T[V,(M)]
is a subtree (connected subforest) of T' whose leaves form a subset of A(T). It
is not hard to verify that if Voep_rq) Vo(M) # 0 then V(M) = R — I(G)
and, in such a case, we call the branch representation M complete, otherwise,
we call it incomplete. As we will see in Lemma 14, given a branch decompo-
sition B = (T,0) of G we have that Des(B) is a complete branch model of G
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rooted on V(G). We call a branch representation M = (T, «, 3,7) typical when
Veerm)Y(e) is a typical sequence. Let M = (T, a,(3,7) be a branch represen-

T

Figure 2: Values of V(M) and E,_.(M) for the description M of the branch

decomposition B of Figure 1.

tation rooted on some vertex set R C V(G). A path P = (vy,...,v.),r > 3
in T is a trunk of M if VYa<;<,—1 Nr(v;) contains an external leaf v such that
B(v}) = 0. If additionally Voci<,—1 a({vi—1,v:}) = a({vi,vi41}) then the trunk
P is a spine. A subgraph ({v,y,z,w}, {{v,y}, {v,w},{v,x}}) of T (isomorphic
to Ky3) is called fork if w,z € A(T),B(w) = B(z) = 0, a({v,w}) C a({v,y}),
and a({v,z}) C a({v,y}). Finally, given a vertex x € R — I(G) (and an edge
e € E(T)) we define E, (M) (E,—.(M)) as the minimum size edge set that should
be added in T'[V,(M)] (T[Vo(M) Ue]) in order to make it connected (it is easy to
see that this edge set is uniquely defined). Observe that E,(M) =0 < T(V,(M))
is connected. Notice that if M is a branch model then V,er E.(M) = () and
Veer Ep—e(M) either induces a path where e is the first (or the last) edge or is

empty (in case z € a(e)).



L 14,05 240, ¢t o 16,¢f g 10,¢) g {0c} o 1c,d} o

151,3,4)1 (2,8) I@ §) I;9,6,4)I

0

o ]
0

Figure 3: An example of the operations compress and rake.

Let G be a graph and R C V(G). Let also M = (T,a,3,7) be a branch
representation of G rooted on R. The characteristic C(M) of M is defined to be
the output of the following procedure.
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PROCEDURE Com(T, o, 3,7)
Input: A branch representation M = (T, «, 3,7y) rooted on R
Output: A branch representation M = (T, «, 3,7y) rooted on R.

1: Apply one of the following operations until this is no longer
possible.
e (Compress Operation) If P = (vy,...,v,) is a spine in M then

set a — algm-pr) U ({v1, v}, a({v,v2})),

set § ﬁ|A(T)_NT({U2 ----- vr-1})

set ¥ — Yem-er) U (ool 7(Y{vve}) & -0 @

Y{vr-1,0:}))),

replace path P in T with edge {v1, v, }.
e (Rake operation) If ({v,y,z,w}, {{v,y}, {v,w},{v,z}}) is a fork
in M having w, x as leaves then

set @ < a|pm)- (o), {v.01}

set 8 Bl 1) —fway Y (v, 0),

set Y = VB ffowd foatds
remove vertices x and w and edges {v,w} and {v,x} from T.

2: end.

Let M; = (T;, o, 8i,7;),% = 1,2 be two branch representations. We say that
M, 2 M, if there exist an isomorphism ¢ : Ty — T5 such that Vi, ,yepm)
ar({t1, t2}) = ax({0(t1), o(t2)}), V1 ({t1, t2}) = v, ({8(t1), ¢(t2)}), and Viey(ry) Pi(t)
= [o(p(t)). We say that My = M, when there exist an isomorphism ¢ : T} —
T, such that M; 2 M,. If in the definition of “=" we replace v,({t1,t2}) =

Yo({P(t1), d(t2)}) with v, ({t1,t2}) < Vo ({&(t1), ¢(t2)}) we define relation “<” for

branch representations. We set M; = M, PN C(M;) = C(M;). Suppose now

that M is a branch representation and M’ is the result of the application of a series
of rake or compress operations on M. Then we call M’ (M) descendant (ancestor)
of M (M') and we denote it as M' — M (M' C M).

Finally, we say that M; <— M, when there exist a branch representation M’
such that M; < M’ and M’ T M.

Notice that if My T My or My < M, then V(M) = V(My).

It is easy to see that relations “<”,“=", “=",) “C”, and “<” are transitive.

We call a branch representation M dense if M = C(M), i.e. none of the two
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operations of procedure Com can be applied on M.

It is easy to observe that if a branch representation M is dense and A(T(M)) =
A(T(M)) then T'(M) has at most V(M) leaves.

Given a ternary tree T" we denote as 7 (T') the set of all its ternary subtrees.
Notice that each edge e € E(T) corresponds to a ternary subtree T, = (e, {e}) of
T. We denote as 7.(T') the set of the ternary subtrees of T" that are corresponding
to edges in E(T).

Lemma 8 Let M = (T,&,B,’?) and M = (T,«,[3,7), be two branch repre-
sentations such that M T M (M < M). Then, there exist two functions
¢ :T(T) — T(T) and w : V(T) — V(T) such that

1 Ve, syepiy e V(O(T0)) O V((T)) = {w(0) | © € éxnéa,

2. U{T° € T(T) : Fpepiyb(T2) =T} =T,

3 Veeniy Mli, © Mlyay (Veenay Mli, <= Mlye,)),

4 Y bevery Tw(h), w(t2)) = Usepig iy ©(T(€)).

Figure 4: A representation of functions w, and v in Lemma 8.

Let M , M be branch representations where M © M. Let also T, T be the un-
derlining trees of M and M respectively. We denote as ¢/, wyy 5, the functions
defined according to Lemma 8. The images of ¢y, 5, define a set of ternary subtrees
of T" without common edges and whose union is 7. We call this set 7 (¢ 5/)-

Let v € V(T) — A(T') and let ey, ey, €3 the three edges of T' that contain v. We

call vertex v z-critical when exactly one or two trees in {7T,,T.,,T.,} are z-free.
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It is easy to verify that if M , M are branch representations where M © M then if
® is z-critical then also wy; 5,(9) is z-critical.

It is easy to verify that M — M’ = C(M) = C(M') and M <— M' = C(M) <
C(M").

The following Lemma follows easily from the definitions and Lemma 2.

We will also need the following three easy lemmata.

Com

2

Figure 5: A scheme for Lemma 9.

Lemma 9 Let My, My be two branch models of a graph G rooted on some set
R C V(G). Then, if My = M,y then there exist a branch model M such that
M, C M,i=1,2 i.e. M is a common predecessor of M;, i =1,2.

M+ ||XRM

Figure 6: A scheme for Lemma 10.

Lemma 10 Let M, M, M** be three branch models of a graph G such that V(M) =
V(Q), VIMT)=V(M™) =R, M™ C M, and M*™ = M| r where R C V(G).
Then there ezist a branch model M* such that M T M* and M = M*||g
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Let M; = (T, o, Bi,7;),© = 1,2,3 be three branch representations of a graph
G all rooted on R C V(G). Let also V(Ty) NV (Ty) N V(T3) = {z} ¢ A(Ty) U
A(Ty) U A(Ts) (we call vertex & common leaf of My, My, Ms and we say that they
are touching). Then we define [M; & My & M3| = (Ty UTo UTs, a1 U Uag, 51 U
Bo U B, 71 UV, UYs)

Lemma 11 Let My,i=1,...,6 be six branch representations of a graph G rooted
on R C V(G). Suppose also thatVj—1 23 M; T Mjis and¥—01 Miysj, Mays;, Msis;
are touching. Then [My & My @ M;) T [My & My & Mg]. Moreover, the lemma
holds if we replace “T7 with “<Z7.

Let M be a complete branch representation that is not a branch model. We
define A so that it contains all the vertices v € V(M) = R — I(G) such that
T[V,(M)] is not connected, i.e. E,(M) # (). We will now give a procedure that
can transform such a branch representation to a branch model if it is applied

successively for each = € A.

PROCEDURE Norm(M, z)

Input: A branch representation M = (T, «, 3,7y) rooted on R, and
a vertex © € V(M).

Output: A branch representation M = (T, «, 3,7y) rooted on R and
such that E,(M) = 0.

1: If E,(M) # () then apply the following steps.

« - {a}.

e For any e € E,(M) set a(e) «— a(e) U {x} and y(e) « y(e) + 1.
2: output M.

3: end.

The following Lemma can be easily proved using Lemma 8 and Lemma 11.

Lemma 12 Let M, M be two branch representations such that M © M (M <
M) and let é = {t1,15} be an edge of T = T(M). Let also Ty, Ty (resp. Ty, Ts) be
the two of the three trees in C(T,11) (resp. C(T',15)) that do not contain t, (resp.
t1) as a vertex. We set Ty = ({{1, 15}, {{l1,12}}) and M; = M|z fori=1,...,5.
Then, there exist 5 subtrees Ty, Ty, T3, Ty, Ts of T = T (M) such that U;—;__5T; =

.....

.....
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Lemma 13 Suppose that M and M are two representation models where M M.

Let also x € V(M) = V(M). Then Norm(M,z) © Norm(M,z). Moreover, the

lemma holds if we replace “T”7 with “<7 or “<Z”.

Proof W.lo.g. we will assume that \A/x(M ) induces only two connected com-
ponents C’l, Cyin T (if they are one, then the proof is trivial and if they are
more is a straightforward generalization of the present one). For simplicity in
the notation we set 1) < ¥y, and w < wy; . Using Lemma 8 (Relation iii.),
one can easily see that V(M) induces in T two connected components, namely
Ci = Useren) P(é),i =1,2. Let P= (01,...,0;7) be the shortest path connecting
V(Ch) with V(Cs) in T'. Clearly, the edges induced by this path are the edges in
E,(M). We set v; = w(y) and v, = w(0;). Notice that T'(dy, 0;) is z-free. From
Lemma 8 (Relation iv.) have that T'(vi, v;) = Usep(z(s,.6,)) ¥(Te) and we conclude
that T'(vy,v,) is a-free as well. Observe now that, as 0; and ?; are x-critical,
then also v; and vy are z critical and now it is now easy to see that the shortest
path connecting V(Cy) with V(Cs) is the subpath P = (vq,...,v,) of T(vy,v,)
connecting vy and v, in T. Suppose that the outputs of Norm(T, &, 3, v, x) and
Norm(T', o, 3,7y, x) are M’ and M’ respectively. We will prove that M’ = M'.

Let & = {01, 7,} be the first edge of P and let U}, U} (vesp. U}, UL) be the two
of the three trees in C(T', %) (resp. C(T', 1)) that do not contain o, (resp. 9;) as
a vertex (we exclude the case where ¢é; is a pendant edge of T as it is similar and
easier). We also set U) = T(0y,7,) = Tp,. Using Lemma 12 we have that there
exist 5 subtrees U}, Uy, Us, U}, Ut of T such that U=y sU} = T,MNi—103U0} =
{w(@)} = {v1}, Nizs a5V} = {w(02)} = {va}, and

Vie1,..5 M|U} C My (1)

Observe that ©; is a vertex of U} or U3. W.l.o.g. we assume that 0; € V(U}) and
as w(tdy) = V(UY) NV (U}) then w(dy) is a vertex of P. Clearly, the vertices that
are between v; = w(?;) and w(0s) in P are the vertices of the path connecting
vy = w(0;) and w(dy) in Us. We denote as E; the edges of this path. Suppose
that M|z = (Us, a3, 83,73) and that ]\7[]031 = (U}, a4, 8, 45). We define MY =
(14, 0k, BY, 1Y) where Vg, al/(e) = ab(e) U{z}, Yaepwp)p ol (¢) = ab(e), A =
33, Veer, V5 (€) = V3(e) + 1, and Veepuny—p, V5 (€) = V3(e). We also define MY =
(Ts,, &, BYA43) where & = {(é,ab(6)U{z})}, BY = G, and 45 = Y5+ 1. Recall
that (al, 31, 43) T (ab, 81, ~v1) and using the definitions of M} and M}’ one can
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Figure 7: A scheme for the proof of Lemma 13.

easily conclude that
My © MY (2)

Notice now that M| = [[M|y, & M|y, & M) & M|y, & M|y,) and M{ = [[M|;, &
M‘Ug o MY & ]\A4|U4 @ M|U5] are well defined and using (1), (2), and Lemma 11
we have that M| T M]. Notice that M, is the result of the insertion of = for the
first edge of P and M, is the result of the insertion of z for the edges in F i.e.
the edges of the subpath of P that connect v; = w(?;) and w(v;) in T

Let now é; = {09, 03} be the second edge of P. Applying the same arguments
for M| M} and &, = {0, 03} as we did before for M, M, and é; = {0y, 05}, we first
define the subtrees UZ, U2, U2, U2 U? of T, then we construct the branch models
M2, M? and we will finally end up with two equivalent branch representations
M}, and M where M} is the result of the insertion of x for the second edge of P
and M) is the result of the insertion of x for the edges in F, i.e. the edges of the
subpath of P that connect w(v2) and w(vs) in 7. Going on in this way we have
that for i = 1,...,|P| —1 M C M/ and, as M’ = M|’15|_1 and M' = M\,p\_p
conclude that M’ = M’ and we are done. The proof of the “<—" version of the

we

lemma is simply obtained if in the above proof we replace “C” with “<Z” and use
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the “<” versions of Lemmata 8, 12 and 11. a

3 The algorithm

3.1 Introducing a new edge in a graph

Lemma 14 Let B = (T,0) be a branch decomposition of a graph G. Then
Des(B) = (T, «, 3,7y) is a complete branch model of G rooted on V(G).

Proof It is trivial to check that (T, «a, 3,7) is a complete branch representation
rooted on V(G). It remains to prove that V,ev(q)-rq) T[Va(M)] is a subtree
(i.e. connected subforest) of T whoose leaves is a subset of A(G). Let E, =
{e1,...,e.},7 = dg(z) be the edges of G containing = and let L, = {t € A | 0(t) €
E,}. Let T' subtree of T' spanned by L,. It is enough to prove that V.cpmryz €
ale) & e € E(T'). Let e be an edge of T". It is easy to see that 7" — e consists of
two connected components and each one of them has a leaf of L, mapped through
0 to an edge of E,. Certainly, this means that z € a(e). Suppose now that e is
an edge where x € a(e). This means that there exist two edges e, es € E, where
t; = 07'(e;),i = 1,2 belong to different connected components of T — e. As e
belongs to the unique path connecting ¢; and t5 in 7" and t; € V(T7),i = 1,2 we
conclude that e € E(T") and this completes the proof of the lemma. O

Suppose that M = (T, «, 3,7y) is a complete branch model of a graph G rooted
on V(G). Suppose also that M is the description of a branch decomposition
B = (T,0) of G. Then, it is easy to observe that the following hold.

\V/eeE(T) ’7(6)| = 17 A(T) = A(T)7 vx,yeA(T)O‘(er> = a(ey) =

ale;) =0, and E(G) = {ale,) UB(x) | z € A(T)}.

Where, if x is a pendant vertex, e, is the unique pendant edge that contains it.
We call a branch model with the above property entire. It is clear that if a branch

model is entire then it is also complete. Actually, one can prove the following.

Lemma 15 Let M be an entire branch model M = (T, o, 3,7Y) of a graph G rooted
on V(G) and such that width(M) < k. Then there exist a branch decomposition
B of G with width < k and such that B = Des(M).

Proof Notice that V,ca(r) the set a(e,) U B(x) is either the empty set or an edge
of G. Let 6 : A(T) = A(T) — E(G) be a function mapping each external leave
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of T to the set a(e,) U B(x). It is now easy to verify that B = (7, 0) is a branch
decomposition of G rooted on V(G) and such that Des(B) = M. O

Lemma 16 Let B = (T,0) be a branch decomposition of G and M = Des(B) =
(T, v, 3,7). Let also eney be an edge not in E(G) and ens = {t1,t2} be an edge of
T. Suppose that B' = (T",6") be the branch decomposition of G' = (V(G), E(G) U
{€new}) where T' = (V(T') U {tmid, tieat }» (E(T) — {eins}) U {{t1, tmia}, {tmid, ticat }»
{tmia,t2}}) and 0" = 0 U {(tieat, €new) }- Then if Des(B') = (1", ¢/, 3',7') then

(Z) VGEE(T/)—{{tl7tmid}7{tmid7t1eaf}7{tmid7t2}} O/(e) - a(e) U {U € Cnew | e €
E’Ui’eins (M) } )

Vi1 & ({tmias ti}) = al€ins) U{v € enew | ti € V(Eyoe, (M) — €ins) },
O/(tmida tleaf) = €new — A(G/)

(i1) Ve AT~ {trear} B'(v) = B(v) — enew, where A(T') = A(T) U {t1eat },
ﬂ/(tleaf) = €new N A(G/);

(Z“’) veeE(Tl)_{{tl7tmid}:{tmidatleaf}v{trnidth}} f}//(e) = f}/(e) _I_ |{U e 6IleW | € e
Ev_>eins (M)} | Y

vi:l,Q O/({tmidyti}) = CV<€ins) + ’{U € Cnew | t; € V<Evﬂeins(M) _eins)}|;
r)/<tmida tleaf) = (‘enew - A(G/)D

Proof In order to prove (i), we notice first that Veer_g,..1 a(e) € o'(e) and
Vic12 o ({ti, tmia}) C a(eins). Moreover, as only vertices from e,ey, are introduced,

we have that Veer_fe,.1 @ (e) —a(e) C enew and Vimy 2 &' ({5, tmia}) — (€ins) € Enew-

Let & € eyey. We assume that x is not an isolated vertex in G (if x is an isolated
vertex in G, then V(M) = () and, as no edge in 7" should be mapped through «’
to a set containing z, (i) is directly justified). Clearly, V(M) # 0 and if x & A(G)
then V.* # (), otherwise V° # (). Using the definition of branchwidth one can
observe that, towards constructing o/, x must be introduced to the value of « for
any edge e in a shortest path of T' connecting {¢;,t2} with either the vertices in
Ve (in case v € A(G)) or the unique vertex in V/? (in case x € A(G)). If ey € V&
then this path has no edges and z is not necessary to be introduced, otherwise it
is uniquely defined and contains one of ¢;,¢;. Notice also that if this path contains
ti,i =1 or 2 as an endpoint, then z must be introduced in o ({t;, tmia}) (and not

in o ({t3-;,tmia})). Notice also that z is not a pendant vertex in G’ and therefore
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Figure 8: An example of Lemma 16

x € o/ ({tmid, bieat })- It is now easy to see that the above implications justify (i)
when z is not an isolated vertex in G. This completes the proof of (i). (i) follows
immediately from the definition of functions 5 and 6. Finally, we omit (iii) as it

is almost the same with (i). O

3.2 Characteristic of a branch decomposition

Let B = (T, 0) be an branch decomposition of the graph G rooted on R. Let also
M = Des(B). We define Desg(B) = M||g. Using Lemma 14 we can easily verify
that Desg(B) is a branch model of G rooted on R and we call it description of B
with respect to R. We set Cr(B) = C(Desg(B)) and we call Cr(B) characteristic
of B with respect to R. Clearly, Cr(B) is dense and typical and is an ancestor of
Desg(B).

Very similarly to [6] and [7] one can prove the following useful lemmata.
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Lemma 17 There exists a function §(k) such that for any graph G and any dense
branch model M be of G rooted on some set R C V(G) with |R| < k, we have that
|E(T(M))] < 0(k).

Lemma 18 Let D = (X,U) be a tree decomposition of G with width < | and
i € V(U) be some node of U. The number of different characteristics with respect
to X; of all possible branch decompositions of G; with branchwidth at most k, is

bounded from a function depending only on k andl, i.e. is a constant not depending
on |[V(G)].

A set F'S(i) of characteristics of branch decompositions of a graph G; (i is a
node of tree decomposition) with width at most k is called a full set of characteris-
tics at 1 if for each branch decomposition B of G; with branchwidth at most &, there
is a branch decomposition B’ such that Cx,(B’) < Cx,(B) and Cx,(B’) € FS(i),
i.e. the characteristic of B’ is in F'S(i). The following lemma can be derived

directly from the definitions.

Lemma 19 A full set of characteristics at i is non-empty if and only if the branch-
width of G; is at most k. If some full set of characteristics at i is non-empty, then

every full set of characteristics at this node is non-empty.

An important consequence of Lemma 19 is that the branchwidth of G is at
most k, if and only if any full set of characteristics of G, = G is non-empty (r is
the root node of the tree decomposition). In what follows, we will show how to
compute a full set of characteristics at a node i in O(1) time, when the full sets of

characteristics of the children of 7 in U are given.
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3.3 Introducing a new edge in a branch model

PROCEDURE Int(M, e, m, S, W)

Input: A branch model M = (T,«a,3,7y) rooted on R, an edge
eins = {t1,t2} of T, an integer m,1 < m < |Y(eins)| and two vertex
sets S, W where W C S C R.

Output: A branch model M = (T, «, 3,7y) rooted on R.

1: (Splitting step) Construct the branch model M' = (17", &/, 3',7')
by applying the following four steps.

e Set T" = (V(T) U {tmia, tieat}, (E(T) — {ewms}) U
{H{t1, tmia}s {tmids teat }» {tmids> T2} }),

e Set o/ so that

Ve BT {11 fmia} (o treac b {tmia 121} @ (€) = @(€),

o' ({tmia; t2}) = @' ({tmia, t1}) = a(eins),

o ({tmid, teat }) = S — W.
o Set 3 — BU{(tras), W} (and therefore A(T") = A(T) U {ticas})-
e Set 7Y so that

Vee BT~ {{t1tmia} {tmic treat . {tmia 123} 7Y (€) = Y (€),

Y ({tmia, t2}) = Y(€ins) 1m,

V' ({tmias t1}) = V(€ins)m. Y (eine)»

Y ({tmit tat}) = (15 — W),
2: (Normalizing step) For any © € S — W set M’ < Norm(M', x).
3: output (77, /, 3, 7).
4: end.

The next lemma follows easily from Lemma 16, Procedure Int, and the defini-

tions of «, 3, and 7.

Lemma 20 Let G be a graph rooted on R C V(G) and G’ be the graph obtained by
G after introducing an edge eyey, with both endpoints in R. Suppose that B = (T, 0)
is a branch decomposition of G, ens = {t1,t2} is some edge of T, and B’ =
(T",0") is a branch decomposition of G" where T' = (V(T') U {tmid, tieat }, (E(T) —
{ems HU{{t1, tmia}, {tmid, tieat }» {tmid, t2}}) and 0" = OU{(tieaf, €new) }- Let also M =
Desg(B). Then Desg(B’) = Int(M, eins, 1, €new, W) where W = ey — A(G') =
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enew — 1(G).

Lemma 21 Let M = (T,a,3,7),M = (T,&,3,%) be two branch models of
a graph G rooted on R C V(G) where M © M (M <= M) and such that
T = ({t1, b2}, {{t1,2}}) and A(T) = 0 (i.e. T consists of only one edge whose end-
points are internal leaves). Let also s = |Y({t1,12})|. Then for any m,1 <m < s
there exist an edge {t,,t,;1} € E(T) such that if C(T,t,, t,y1) = (T",T"),
M™ = M|pe, M™ = M|peer, MY = (T, é, 3, {({t1, L2}, Y ({t1, 2})1m)}, and M? =
(T, &, 3, {({t1, 12}, Y({t1, 12} )ms)}, then M' © M? and M & M (M' < M?
and M"™ <— M"™),

proof Let w « wy, ,, and let P = (;,...,t,) be the path connecting w(#,) and
w(ty) in T (we assume that t; = w(t;) and t, = w(ty). Clearly,

Yt t}) © y({tth) & @y ({terty}). (3)

From relation (3) and Lemma 3we have that there exist some r,1 < r < ¢ such
that

Y({t, 6 )1m T Y{tte}) & @ y({tr tra}) and
Y{t o ms T Y{trtra}) & @ Y({tg-1, )

—N
() TN
~—"

For i = 0,1 we define as 7" the tree of C(T,t,,t,,1) that do not contain ¢, ; as
a vertex. We now set M"™* = M|pr+:,4 = 0,1 and, from Relations (4) and (5), we
easily have the required. The proof of the “<” version of the lemma is obtained
by the current one if we replace “C” with “<" in Relations (3),(4), and (5). O

Lemma 22 Let B = (T,0) be a branch decomposition of a graph G rooted on
R C V(G). We assume that M = Desg(B) and M = Cg(B) = C(M) Then for
any vertex sets S C R, and W C S, W C I(G) the following hold.

~

(i) For any és € E(T) and any m,1 < m < |Y(éns)| there exists an edge
eins € T such that Com(Int(M, éins, m, S, W)) = Com(Int(M, eqns, 1,5, W)).

(ii) For any ews € E(T) there exists an edge éys € T and anm,1 < m < |(éms)]
such that Com(Int(M, ey, m, S, w)) < Com(Int(M, eqs, 1,5, W)).

Proof (i) Set M = (T, a, 3,7), M = (T',&,3,7), éms = {f1,f2} and s = |Y(éins)].
Notice that, as M = C (M), M is a dense and typical branch model. We apply
Lemma 12 for edge é;,s and define E,Ti,Mi,Mi, i =1,...,5, accordingly (we
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exclude the case where é;,5 is a pendant edge of T as it is similar and easier). We
have that

Vicics M; = C(M;) (6)

We set C(T3,t1,t2) = (T317T32>7 M?} = M|T317 M32 = M’T:?? Mi?} = (T3>OA‘ {éins}7{}ﬂ
{(Eing, V(Eins)1.m) }); and MZ = (T3, &leys {}s {(Eins, ¥ (Eing)m.s)}). From the fact
that M3 = C'(M3) and Lemma 21 we have that there exist an edge ej,s = {t1,t2} €
E(T3) such that

Mg = C(MJ), and M; = C(M3) (7)

Clearly, in order to prove the required, it is sufficient to prove that Int(M , €ins, M, S,
W) C Int(M,, ens, 1,5, W). In what follows, we will proceed applying in parallel
the two steps of the procedures Int(]\Z7 €ins, M, S, W) and Int(M, e, 1, S, W). We
will show that the corresponding branch models constructed after each step are
relevant. Clearly, before the splitting step, we have that M M.

We will first prove that the same holds after the splitting step. Observe that the
branch models M] = [My & My@ M), M} = [My& Ms@MZ2], M| = [My & M,@ M),
and M} = [M, @ Ms & M2], are well defined and from (6),(7), and Lemma 11 we
have that

M, = M/ and M, M. (8)

Set M5 = ({({tmia, tieat }» S = W)}, {tiear, W {({tmia, treas}, (IS = W1))}) and Mj =
({({fmida tAleaf}a S — W)}, {tleafv W}, {({fmida tAleaf}a <|S - WD}) Clearly,

My © M. (9)
We now replace in M| (M}) vertex ty (t1) with tuq and in M{ (Mj) we re-
place £y (f1) with 4. Notice that M’ = (1", o/, 3',7') = [M! & M} & Mj}] and
M = (T',&, 3,4 = [M| & M} @& M} are well defined and are the two branch
representations constructed after the application in parallel of the splitting step
are M], M}, M} and M/, M}, M} are touching the common vertices are tn;q and

tmia Tespectively. From (8),(9), and Lemma 11 we have that
M = M. (10)

Notice now that M’ and M’ are representation models but not necessarily branch

models. The normalizing step transforms both of them to branch models by intro-

ducing and/or removing vertices of V (M’) (V(M’)) from M’ (M'). The results of
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this step satisfy Relation (10) because of Lemma 13 and this completes the proof
of (i).

(ii) We define M and M as in the proof of (i). Let éy = {f1,%3} be the unique
edge of T such that e, € E(¢M7M(Téins)). We also set e,s = {t1,t2} and s =
|V (éms)|- As we did in the proof of (i), we apply Lemma 12 for edge é;,s and
define E,Ti, M;, Mi, i =1,...,5, accordingly (we exclude the case where é, is
a pendant edge of 7' as it is similar and easier). We observe that (6) holds as
well. Let P = (e, ...,e,) be the path in Ty connecting w(t;) with w(fy) (clearly,
w(ty) € e; and w(fy) € e,). We distinguish two cases.

Case I. ejns is an edge in P. We assume that e, = e;,1 < 7 <r. We observe that

Y(éims) T Y(e1) B --®y(e.). Suppose first that there exist an integer m such that

(€ins)im T Y(er) @ @®7(e;) and (11)
(Eins)m,s T ’V(ej) @D y(er). (12)
Notice that using (11) and (12) we can define M}, M2, M}, M2 as we did in the
proof of (i). Clearly, (7) is satisfied as well and then it is sufficient to follow
the steps of the proof of (i) in order to prove that Com(Int(M, e, 1,5, W)) =

Com(Int(M, éins, m, S, W)) which is a stronger version of the required. We now

D P

examine the case where there exist no m such that (11) and (12) are satisfied.

We observe instead that there exist some m/,2 < m’ < r — 1 and two integers
A, 1 <A< j < p<rsuch that

Y mim T (e @@ Y(er) and (13)

;Y(éiHS)M’—&-l,s L 7(6;1) DD 7(67")' (14)

Clearly y(e)) and y(e,) are sequences consisting of only one integer. We denote
these integers as ¢\ and g, respectively. It is easy to notice that g\ # q,. If g\ < g,
then we set m «— m’, otherwise we set m «— m’ + 1. We will examine the case

where g\ < g, (the other case is similar). We observe that

Vatrh<u1Y (Eins)mm < Y(en) (15)

Combining now (13),(14), and (15) we conclude to the following.
Y(ins)1,m <C Y(e1) ®--- Dy(e;) and (16)
Y(lins)ms =T Y(ej) @B y(er) (17)
Let C(T, t1,t2) = (T4, T3). We define M} = M|py, M3 = M|z, M} = (T3, 6z,
{3 {(Bins, ¥ (Ens)rm)}), and M3 = (T, dl ey {3 {(Cins, ¥(@ins)m.s)})- Using (16)
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and (17) one can verify the following.

M} < M} (18)
M2 < M} (19)

Following now the methodology of the proof of (i), we will proceed applying in
parallel the steps of procedures Int(M, e, 1, S, W) and Int(M, €ins, M, S, W). We
define the branch models M} and Mj} as in the proof of (i). Clearly, the “~<”
version of (9) holds. We now replace in Mj (M3) vertex ty (t;) with ;9 and in
M} (M2) we replace &5 ({1) with fyi. Similarly to the proof of (i) we have that
M' = [[My ® My ® M}] & M} & [M} & My ® Ms)] and M’ = [M, & M, ® M3] &
M} & [ML & My @ Ms)] are the results of the application of the splitting step. Using
now (6),(18),(19),(9), and the “<” version of Lemma 11 we have that

M < M (20)

We need now to prove that (20) holds for the branch models occurring after the nor-
malization step and this follows immediately from the “<Z” version of Lemma 13.
Case 1. eins does not belong to P. Let ej,e;11 be the two neighboring edges of
P that are closer to ej, in 75. We denote the common endpoint of e;,e;ji; as
v. Let also Us be the tree of C(T,v) that contains e, as an edge. Recall that
T(y(er) ® - B y(er)) = Y(éms). Clearly, » > 2. Observe that we can choose
an integer m,1 < m < s such that either relations (11) and (12) hold. or there
exist two integers A, pu,1 < A < j < p < r such that relations (13) and (14)
hold. Each of the above cases is faced by a case analysis very similar to the one
of Case I. The only difference is that now in the definition of M3 we should set
M; = (T°,a°,3°,7°) where

T° = (V(Us) U{tmia, tieat }» E(Us) — {t1, t2} U{{t1, tmia }, {tmia, L2}, {tmid; tieat } }),

a® = alpws)—{{t1.23)Y {({T1, tmia }> @(€ins)), ({Emias t2}, @(€ins))s ({Emid, feat }5 )}

3° = BU{(ticat; )},

V= Ve —n eI ATt tuia}, Y(€ins)), ({tmia, 2}, Y (€ins))s ({tmias trear}, ())3)
and observe that the “<” version of relation 9 holds as well (i.e. M ~<C M3). O

The proof of the following lemma is similar (and easier) to the one of Lemma 22.

Lemma 23 Let M' = (T%, o', ',7"),i = 1,2 be two branch models of G rooted on
R such that M* < M?. Then for any S C R, W C S,W C I(G), e, € E(T"), and

» ~ins

my, 1 <my < |y (ely)| there exist €2, € T? and ma, 1 < mg < |Y2(el,)| such that

ins ins

Com(Int(T", o, 81, 4L, el o, my, S, W) < Com(Int(T?, a2, 52,72, €2 ., ma, S, W)).

26



3.4 A full set for an introduce node

We will now consider the case where ¢ is an introduce node. Let j be the child
of 1.

Clearly V; = V; U {z} where x ¢ V,. Suppose that E, = {e1,...,e,},0 <r <
| X;| < 1is the set of edges containing x in G; (notice that, Ng, () Uecr, € € Xj).
If E, =0, then, we simply set F'S(i) = FS(j). What remains is to examine the
case where |E,| > 1.

We define GY = (V(G,), E(Gj) U{e,...,ey}),0 < p <r. Clearly, FS(j) is a
full set of characteristics for GY = G;. Notice also that G; = GY. Suppose that we
have a full set of characteristics F'S(i, p— 1) for G?', 1 < p < r (which is the case
when p = 1). It is sufficient to give a O(1) time algorithm constructing a full set
of characteristics F'S(i,p) for G%.

ALGORITHM Introduce-edge

Input: A full set of characteristics F.S(i,p — 1) for G7~".
Output: A full set of characteristics F'S(i,p) for G%.

1: Initialize FS(i,p) = 0.

2: For each characteristic M € FS(i,p — 1), each edge es €
E(T), and any integer m,1 < m < |Y(ews)|, set M =
Com(Int(M, eins, m, €y, €, N A(GY))) and if max(y’) < k, then set
FS(i,p) <« FS(i,p) U{M"}.

3: end.

Lemma 24 The set F'S(i,p) constructed by the above algorithm is a full set of

characteristics.

Proof. We will prove first that F'S(i,p) is a set of characteristics. Let M €
FS(i,p). We will show that there exists a branch decomposition of G with M’ as a
characteristic. We set W = e,NA(G?) = e, I(G?™"). Clearly, as M’ is constructed
by the algorithm above, there must be a characteristic M = (T, &, 3, y) € FS(i,p—

~

1), an edge éi,s € E(T), and an integer m, 1 < m < |¥Y(éis)| such that
Com(Int(M, éis, m, €, W)) = M. (21)

As M € FS(i,p — 1) we have that there exist a branch decomposition B = (T, 6)
of G*™! such that M = Cx,(B), i.e B that has M as characteristic with respect
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to X;. Let Desy,(B) = M. Clearly, M = C(M). From Lemma 22.i we have that
there exist an edge e;,s € F(T) such that

Com(Int(M, éins, m, €, W)) = Com(Int(M, eins, 1, €, W)). (22)

Let B = (T",6') be a branch decomposition defined from B as in Lemmata 16
or 20. Clearly, B' = (T",0') is a branch decomposition of GY. We claim that
Cx.(B') = M. Indeed, from Lemma 20, we have that

Cx,(B") = Com(Int(M, eins, 1,e,, W)). (23)

and, now, C,(B') = M’ follows directly from (21), (22) and (23).

It remains now to prove that F'S(i,p) is a full set of characteristics. Let
B’ = (T",6') be a branch decomposition of GY. We will show that there ex-
ists a branch decomposition B = (T",6"%) of G? such that Cx,(B") < Cx,(B’)
and Cy,(B") € FS(i,p). Let eins = {tmid, tieat} € E(T") be the edge of T" such
that tiear € fl(T’) and € (tiear) = e,. Let also t;,i = 1,2 be the vertices of
Ny (tmia) — {tiear}. We set B = (T,0) where T = (V(T') — {tica, tmia}, E(T) —
{H{t1, tmiats {tmia, treat }, {tmia, L2} U{{t1, t2}}) and 0 = 0’| 3y g,y Let Cx,(B) =
M = (T,&,,7) and Desy,(B) = M. From Lemma 20 we have that

Com(Int(M, eins, 1, e, W)) = Cx,(B). (24)

~

From Lemma 22.(ii) we have that there exist and edge é;,s € F(T') and an integer
m,1 < m < |¥(épns)| such that

Com(Int(M, éins, m, €y, W)) < Com(Int(M, eins, 1, €, W)). (25)

As F'S(i,p—1) is a full set of characteristics, we have that there exists a branch

decomposition Bf = (T*,6*) of G*~' such that Cx,(B*) < Cx,(B) and Cy,(B*) €
FS(i,p—1). Let Cx,(B*) = M* = (1%, 4%, 3*,%"). From Lemma 23 we have that

§

there exists an edge ¢, and an integer m*, 1 < m! < (&) such that

~

Com(Int(M?, & ., m? e, W)) < Com(Int(M, éys, m,e,, W)). (26)

» ~ins»

We set B = (1", 0") where T" and 0" are defined as in Lemmata 16 or 20 (notice
that |A(T)| = |A(T*)| = |E(G"")|). Let Desx,(B*) = M*. From Lemma 22.i
there exist an edge €, € F(T(M?)) such that

ms

~

Com(Int(M?* &, m* e,,W)) = Com(Int(M* €, 1, e, W)). (27)

» ~ins» » “insy
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Int(M, €ins; 1, €p, W) Com(lnt(M,éins ,m,ep, W))
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B, M = Desx,(B) =" 41 = ¢y (B) € FS(i,p—1)
FS(i, p)
%) Com(M’)
B', M’ = Desx, (B') "= Ox,(B') = M" = Cx,(B") —— B, M"* = Desx, (B")
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Com(M') .
—— |

Com(M') . ‘A Com(M’)
B,M =Desx,(B) —®» M = Cx,(B) = M' = Cx,(B") — B!, M! = Desy, (B")
m

FS(i,p— 1)

Figure 9: A scheme for the proof of Lemma 24.

Moreover, from Lemma 20 we have that

Cx,(B") = Com(Int(M* €l 1,e, W)). (28)

» “insy

From (28) and algorithm Introduce-edge we have that Cx,(B") € F'S(i,p). Finally,
from (24), (25), (26), (27), and (28), we have that C,(B") < Cx,(B’). O

3.5 A full set for a forget node

We will now consider the case where 7 is a forget node. Let j be the child of 7.
Clearly, G; = G; and there exists a unique vertex v € X; with v € X;. We call
this vertex v forgotten. Given a full set of characteristics F'(j) for j, the following

algorithm computes a full set of characteristics F'(i) at 1.
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ALGORITHM Forget-Vertex

Input: A full set of characteristics F'S(j) for G; and a forgotten
vertex x.
Output: A full set of characteristics F'S(7) for G;.

1: Initialize FS(i) = ().
2: For any (T, «, 8,77) € FS(j) set FS(i) «— FS(i) U{Com(T, v —

{$},ﬁ - {x}vr)/)}
3: end.

Lemma 25 The set F'S(i) constructed by the above algorithm is a full set of char-

acteristics for i.

Proof. We will prove first that F/S(7) is a set of characteristics. Let (1”&, 3,4') €
FS(i). We will prove that there is a branch decomposition of G; with this charac-
teristic. From algorithm Forget-Vertex, there exist some (T &, B, ) € FS(j) such
that

Com(T,a — {z},3 —{z},y) = (T,&,3,4"). (29)
As (T, &, 3,%) € FS(j) there will exist a branch decomposition B = (T, 6) of G,
where Cx,(B) = (T,d,@,”y). Let Desx,(B) = (T, , 3,7). Clearly, (T,&,3,9) C
(T, , 3,77) and it is easy to see that

)

(A7d_{x}vﬁ_{x}7fy) L (T,a—{x},ﬁ—{x},’y). (30)

Notice that B’ = B is a branch decomposition of G; as well. We claim that
Cx,(B") = (T’,&’,B’,’ﬂ/). Let Desy,(B') = (T",«/, 3',7'). From the definition of
Desy,(B’) we have that 7" =T, o/ = a—{z}, 5 = #'—{z}, and 7' = 7y. Therefore,

we have that

Com(T", &/, 3',7v) = Com(T,a—{x},B—{z},7). (31)

Using now (29), (30), and (31) we conclude that Cx,(B’) = Com(T, o/, 5',7').
Next we prove that F'S(i) is a full set of characteristics. Let B’ = (T7",0’) be a

branch decomposition of G;. We will show that there exists a branch decomposition
B’ of G; such that Cx,(B"*) < Cx,(B’) and Cx,(B") € FS(i). We set B =
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(T,8) «— B’ and observe that B is also a branch decomposition of G;. We set
Desx,(B) = (T",, 5',7), Desz(B) = (T, o, 3,7), and CXj(B) = (T,@,B,’Ay).
Notice that relations (30) and (31) hold as well and finally we obtain

A

Cx,(B') = Com(T.a—{«},0 — {z},9). (32)

As FS(j) is a full set of characteristics, there exist a branch decomposition B* =
(T%,0%) of G; such that if C'x, (I*) = (T%, &, 3, 4%) then (1%, &, 3,9") < (T, &, 3,79).

It is now easy to verify that

(Tﬁ’&ﬁ - {x}7éﬁ - {x}vﬁ/u) = (Ta& - {x}aé - {37}77) (33>

We now set B"* = (T",6"*) « B* and notice that B" is a branch decomposition of
G; as well. We set Desy, (B") = (1%, a*, 3"%,7") and Desx, (B*) = (1%, of, 3*,7*).
Notice also that relations (30) and (31) hold also for the case of B, (1", o, 5, 7"*),
(T, o, B¢, 7v%), (T, &, 3%,4") and therefore we obtain the following.

Cx,(B*) = Com(T*,& —{a}, 0 — {a}. ) (34)

i

From Algorithm Forget-Vertex and (34) we have that Cx,(B") € FS(i). Finally,
from relations (32), (33), and (34) we can easily conclude that Cx, (B"*) < Cx,(B’).

3.6 Joining branch models

Let M; = (T3, i, Bi,7Y,), @ = 1,2 be two branch models of a graph G rooted on some
set R C V(G). Assume also that o € Z(T'(M;),T(Ms)). Let T be a tree isomorphic
to T(M;) through a function p. We define function both,, : E(T) — 28-A(G)~1(¢)
such that Veeg(r) botha(e) = a(p(e)) Na(o(p(e))). We also define the function
Yy @op Yy : E(T) — S such that

V1 ©op Y2 =V | Veen) V(e) + [botha(e)] € 7, (p(e)) @ ¥5(a(p(e)))}
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PROCEDURE Join(M;, Ms, o)

Input Two dense and typical branch models M; = (T, o, 8;,7,), % =
1,2 of G rooted on R and an isomorphism o € Z(T'(M,), M.
Output A collection M of dense and typical branch models of G

rooted on R.

1: (Interleaving step)

o Set I'={7 € (7, ®0,p V2)}-

o Set M ={(T,(a1Us2) 0p, (B1Us B2) o p,7(7))op | 7 €T}
2: (Normalizing step) For any M = (T,«,[3,77) € M and any
x €V (M), set M «— Norm(M, x).
3: Output M.
4: end.

3.7 A full set for a join node

Let M be a dense and typical branch model of a graph G rooted on some set
R CV(G).

Given an integer d, we call Dy(M) the set of all the dense branch models
that are predecessors of M and have underlying trees with at most d edges. Let

M;,i = 1,2 be two branch models. We call an isomorphism o € Z(T(M;),T(M,))
reqular i ¥, 3y Bir(t) N Ba(o(t)) = 0.
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ALGORITHM Join-characteristics

Input: A full set of characteristics F'S(¢) for G,, and a full set of
characteristics F'S(gz) for G, .
Output: A full set of characteristics F'S(p) for G).

1: Initialize F'S(p) = 0.

2: For any pair of characteristics M; € F.S(q), My € FS(g2) apply
step (3).

3: For any pair Mz* € ngg(k)(Mi)7i = 1,2 apply step (4).

4: For any regular isomorphism o € Z(T(M;), T(M;)) apply step
(5). ) o

5:  For any branch model M* € Join(M],M;, o) where
width(M*) < k set FS(p) — FS(p) U {Com(M*)}.

6: end.

In what follows, we will prove that the set F'S(p) constructed by the above

algorithm is a set of characteristics.

Join(M1, M3, 0) ®-construction
» O + ||XR
M2 fll2 HMZ
M O oM ey,

Figure 10: An illustration of Lemma 26

Lemma 26 Let G be a graph and let Gy, Gs be graphs such that V(G1) NV (Gy) =
R and E(Gy) N E(Gs) = 0. Suppose that for i = 1,2, M;, M; are branch models
of Gy, rooted on V(G) and R respectively. Then if M;,i = 1,2 are entire, M;
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M;||r,i = 1,2, and M € Join(Ml,MQ,a), where o is a regqular isomorphism in
I(T(My), T(My), there exist an entire branch model M of G rooted on V(G) such

that M © M||s.

Proof We set M;" = M;|p.i = 1,2. As M; © M;",i = 1,2, we can apply

lemma 8 and define functions thMj, Wit M+ and we set 1; «— wMi,Mjﬂ =1,2

and w; < wy; y+,0 = 1,2. Notice that

the underlining tree of M; is the same

with the underlining tree of M;",i = 1,2 and, in this way, v¢; and w;,i = 1,2

can also be viewed as an one to one mapping between the same subtree families

7 (¢1) and 7 (1) of the underlining trees

of My and M, respectively. We denote

M, = (T;, i, Bi,7,),% = 1,2 and M; = (Ti,&i,@,%),i = 1,2. Finally, we define

T p(e Tao(piey Ten T2
$1(p(€)) P2(o(p(€)) A B
\ @ \ ®—€(Quction
Y(€) My, ..., Mz, 1,5,
My = MlTe

| interleaving step |

M = M

i normalising step i

M = M

Figure 11: An illustration of the proof of Lemma 26

the function 6 : 7 (¢1) — 7T (1)2) so that 6

to one function mapping each tree of 7 (¢
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Let M = (T,&,B, %) be the the branch representation that occurred after
the application of the interleaving step on M;,i=1,2 (notice that this branch
representation is not necessarily a branch model).

Let é be an edge of 7. We observe that the values of 4 are formulated by
applying 7 on some choice of a function 7y in I' and therefore a function 7y €

Y1 Rop Yy (Le. ¥ =7(7)). Clearly, the sequence y(é) + |boths(é)] is a member of

~

(0(8) @ V(o (o)) (recall that [y(&)] = 17,(6)| + Fy(0)] — 1)

We set Ts; = i(Tie),i = 1,2, and if é = {0,u} then for i = 1,2 we set
v; = ¥;(v) and u; = v¥;(4). Notice that, the numbers of the (single number)
sequences of the values of 7y, (7,) along the edges of the path P} (P?) connecting
uy and vy (ug and vg) in Tpq (T2) define a sequence A (B) where 7(A) = 7,(é)
(1(B) = ¥4(é)). Let A = (ai,...,a,,) and B = (by,...,b,,). Using now the
sequences A and B and the way (é) occurs from 7, (¢) and 7,(é), we will construct

Té,l) U V(M2|Té,2) and

a complete branch representation M; of G rooted on V (M,
such that Cx(M:) = M|T

Let 4,(&) = (d1,...,az), Yo(&) = (by,. .. ,67:2),Aand V(&) = (21, 02) (75 =
71+ 7 — 1). W.lLo.g. we assume that ¢; = a; + by and ¢ = a; + by (otherwise,
¢, = a1 + 131 and ¢, = ay + l;l, which can be faced in the same way). We set
iaq = iy = 1. Notice that there exist a subsequence Biy = (biy,, ..., biy,)
of B such that 7(Bys) = (b1, by) and T(biggt1s- -5 0p,) = (by, ..., bs,). Suppose
that (T, ¢, 5,7) = M, Tea(uig iy pen) WhETE U1 = iy, and {u, 5wy, + 1} ds
ipaoth edge of P2, We set M1y, = (T,a U ai(ey), 3,75 + |ai(er)| — |botha(é)])

where e; = u;,, , is the first edge of P!. In the underlining tree of M, we call edge

{Wig1, Vig 41} first and edge {vi, ,_1, Vi, , } last. We also denote them as first(M; 2)
and last(M;2). We now observe that either ¢; = as + by or C3 = a1 + 133 (in the
example of Figure 3.7 we have the first case). In any case, we work as in the case
of M, 2 and we now construct the branch representation M, 3. Moreover we notice

that, in both cases, M 3|7(az, ) = MLQIT(MLQ)IM(MI - Going on that way, we

first (Mo 3)
construct My, ..., M;,_1 4, and observe that Voci<i, 1 Mi,iﬂ\T(Mi,ﬂrl)ﬁrst(MLM) =
Mi_lvi|T(Mi71,i)last(1\/1i717i)' Therefore, for ¢ = 2,...,7 — 1, we can consider edge
first(M;;+1) and edge last(M;_1;) as the same edge and subsequently we can set
Mg = M 5U- - -UM;, 1 4, (given two branch representations M; = (T, oy, 5i,7,), 0 =
1,2 where T7,T, have a common pendant edge e containing an internal leaf and

such that a;(e) = as(e) and y,(e) = Y,(e), we define My U My = (o U g, 81 U
Ba,7Y1U7Y,)). Suppose that M = (1%, o, Be,7Y,). Let also Ay, ..., Az, (Ch, ..., Chy)
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.A—.A ’3/1(p(é)): (61762,63’(/1\;’1:4)
p(0)  p()
Tlp(é) R ) )
o (p(é)) M2|To(p(é)) = (1,642, B2,42)
Um(a)) 42(e(p(€))) = (br,ba,bsy=s3)
Lao(p(2)
é M'T@ :(T,&,B”?)

p(3)  p(a)  AE) = (é1,62,68,Ch, 0y Eryme) =

= (41 4 b1, 1 + b2, a2 + b2, ds + bo,da + 527?17”«1:4 + i’f'2=3) € Y1 (p(€)) ® A2(a(p(€)))

Te,
a; il a; a; i, a=r;
v) @Al A2 A3 Aa.u
1
M23 M45

- > -
< M2 o <M374> Ms e

-

aiA,1+blB,1 a':A,1+b"B,2 a':A,2+b"B,2 a':A,a+b"B,2 a':A,a+b"B,2 a':A,4+b"B,2

Figure 12: An example of the “@-construction” in the proof of Lemma 26

be the values of ag, (77,) along the path of T connecting first(M; ) and last(Mz, 1 7).
We notice that Vi<;<z, A; N X = &(é) and, by the way the sequence Cy, ..., Cy,
has been constructed, one can easily verify that y(é) C C; & --- & Cy,. Using
these two facts, it is not hard to see that M |T C M;. If we now apply the above
construction (we call it “®-construction” — see Figure 3.7 for an example) for all
the edges of T we will construct a collection of branch models that, when merged
using Lemma 11, result to a complete branch representation M where M M.
Using Lemma 13 one can prove that M T M holds also after the application
of the normalizing step to M and M respectively. Moreover, using the facts that
o is regular, G, G5 have not edges in common, and that M;, i = 1,2 are entire

branch models, it can be easily proved that M is also an entire branch model of
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G, rooted on V(G,).(we omit the details as they are tedious and easy). O

Lemma 27 Let G be a graph and M, M, M* three branch models where V(M) =
V(G) and V(M) = V(M*) = R for some R C V(G). Suppose also that M =
Cr(M) and M T M*. Then, there exist a branch model M* rooted on V(G) such
that M — M* and M* C M*||g.

i Com o ||XRM

Figure 13: A scheme for Lemma 27

Proof Let M* = M| z. Clearly, M*, M* are both predecessors of M. Using
Lemma 9 we construct a common predecessor M™* of them. As M*T C M™ we
use Lemma 10 in order to construct a branch model M* such that M** = M*||
and M C M* and the lemma is proved. O

Lemma 28 The set F'S(p) constructed by the algorithm Join-characteristics is a

set of characteristics.

Proof. Let M € FS (p). We will show that there exists a branch decomposition
B of G, with width < k& where Cx, (B) = M. Clearly, as M was constructed
by the algorithm Join-characteristics, for i = 1,2 there is a pair of characteristics
M; € FS(q;) of Gy, rooted on X,, = X,, = X,,, that where chosen during step
(1) in order to construct M. As M, € FS(g;),1 = 1,2, there will exist two
branch decompositions B;,i = 1,2 of G,,,i = 1,2 (both of width< k) such that
Cx(B;) = M;,i = 1,2. Let Mi*,z' = 1,2 be the pair chosen in step (3). Using
now Lemma 27 we construct two branch models M,7 = 1,2 that have width
< k and such that M; © M7 and M* = M?||x,,i = 1,2. Let also o be the
regular isomorphism of Z(T(M}), T(Mj)) chosen in step (4). Applying Lemma 26
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Figure 14: A scheme for Lemma 28

we have that there exist an entire branch model M* of G rooted on V(G) such
that width(M*) < k and M* C M]||x,. Clearly, this means that Com(M*) =
Com(M*||x,). Moreover, Using Lemma 15 we construct a branch decomposition
B of width < k and such that Des(B) = M* . It is now easy to conclude that
M = Com(M*) = Com(M*||x,) = Cx,(B) and this completes the proof of the
lemma. O

What now remains is to prove that F'S(p) is a full set of characteristics. We
need first some definitions.

Let B = (T,0) be a branch decomposition of a graph G and let G;,i = 1,2 be
two graphs where E(G;) U E(G2) = 0 and V(G1) NV(G3) = R. For i = 1,2, we
define the natural restriction Big,) of B on G; as the branch decomposition (7', 6;)
such that

Vieicr 0(1) € E(Gy) = 6i(t) = 0(t) A6(t) & E(Gi) = 0,(t) = 0. (35)

We observe that T, T, are nothing more that isomorphic copies of T'. In this way,
each subtree U; of T; corresponds to a subtree U in T'. We call U;, i-clone of U
and we call U dote of U;. In the natural way, we define the notion of i-clone for
any object referring to T; such as vertices, edges, etc.

Notice that the isomorphism between 77 and 75 is regular as any vertex that is

38



pendant in both M, My must be a vertex of X that belongs to exactly two edges

of G which in turn are mapped to two different leaves of T in B.

v

{d, e}
a({va u}) = {a,d,e}

Va(M) _ _ /i
Va(M).... {aid} {e. f}
TAHT 5T B= (00, M=(Th7)
ﬁ—g Gy . . G
- f N . f
g g PY FY [ J [ J

{arc)

{b.d) fd,e) |
oa({v, u)) = fdc) y \ as({v, ) = {d)
{e, 1} {a,;}} 0
Big,1 = (T1,61), M1 = (T1, a1, B1,m) Big,) = (13,02), M2 = (12, a2, B2,72)

Lostar—s ar, a0, ({0, u}) = a({v, u}) — (@1(p({v, u})) U az(o(p({v, u})))) = {a}
both, ({v, u}) = a1(p({v,u})) Naz(c(p({v,u}))) = {d}

Figure 15: An example of functions Losty;— s s, (€) and both,(e).

Let M = Des(B) = (T, «, 3,7), and M; = Des(Bg,) = (T}, s, Bi, i), 1 = 1, 2.
Let e be an edge of T' and e; the i-clone of e in T;,i = 1,2. Notice that a(e) C
ai(e) Uas(e) (see figure 15). We define Losty;— s, a5, (€) = ae) — (a1(e) U as(e)).
Notice that Lost(e) C X. We will need the following lemma.

Lemma 29 Let B = (T,0) be a branch decomposition of a graph G and let G;,i =
1,2 be two graphs where E(G;) U E(G3) = 0 and V(G1) NV (Gs) = R. Let also
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M = Des(B) and M; = Des(Bg,),i = 1,2. Ife € E(T),x € R such that
x € Losty_ry v, (€) then the dote of V,(My) and the dote of V,(Ms) are vertex

sets each one belonging in different connected components of T — e.

ProofLet L, (L!,i = 1,2) be the leaves of T (T}, i = 1, 2) that are mapped through
0 (0;,i = 1,2) to edges containing to z in G (G;,i = 1,2). Using Lemma 14 it is
easy to see that for any V,(M) (V,(M;)) induces the subtree U (U;,i = 1,2) of
T (T;,i = 1,2) spanned by L, (L.,i = 1,2). From Relation 35 and the fact that
E(G;) U E(G3) = 0, we have that L, = LL U L2 and L} U L2 = (). The fact that
x € Losty—ar a1, (€) means that e is not an edge of Uy or Us. As U;,i = 1,2 are
connected, we have that their dotes belong in different connected components of
T —e. O

|

B[G1 B[G2 Join(M;, M3, 0)

\

DesXR (Bra,)) M2 Ol M2

Desxy(Bia,1) =M} O M;
Com

Com

‘ M,

M
Figure 16: An illustration of Lemma 30

Lemma 30 Let G;,i = 1,2 be two graphs where E(G1)UE(Gs) =0 and V(G1) N
V(Gy) = R. Let B = (T,0) be a branch decomposition of a graph G rooted on
a set R C V(G). Finally, let M; = Cr(Big,),% = 1,2. Then there exist two
branch models Mi*,z' = 1,2 of G;,i = 1,2 respectively, both rooted on R and such
that Z(T(M;), T(M3)) # 0, a reqular isomorphism o € Z(T(M;), T(M3)), and a
branch model M* of G rooted on R where
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1. M7 € Dasy(M;),i = 1,2
2. M* € Join(M;, M;,0).
9. M* < Desg(B).

Proof We set Desg(B) = M+ = (T, o™, 8%, 7"), Desg(Big,)) = M;" = (T;, o5, 5,
vH),i = 1,2, M = Cgr(B) = (T,&,[,7). Notice that T is isomorphic to Tfr
through an isomorphism p. Moreover there exist a regular isomorphism ¢ from
Ty to Ty .

As M © M* we can apply Lemma 8 and define functions v, w such that
Y =Yy e+ and w = wyy . As we in the proof of Lemma 26 we observe that M
and M™* have the same underlying tree T', and therefore, the functions ¢ and w
can be viewed as mappings of edges/vertices of T to trees /vertices of M as well.

We consider an edge é = (0,1) € E(T). We set Ty = (%) and v = w(d), u =
w(u). Let P; = (e, ..., e,,) the path in T; connecting v and u (we set 7 = | P;| and
we assume that v € ey, u € e,.). We denote as R; all the edges of T that have not
common vertices with edges in P; and we call them é-raked edges. Notice that these
edges are some — but not all — of the edges that should be eliminated by the Com
procedure towards constructing 7' from T and, in particular, constructing M [
from MT||7.). Taking in mind the definition of M, M, My, and Lemma 29 it
easy to verify that V.,cp, the following holds.

Yer) = Y (plen) + 75 (o(p(e:))) —
ol (p(e:) Mg (o (ple)))] + |Losta—an ar(e:) N R (36)
a’(e) = o (ples)) U (o(pler))) U (Losta—nr, ar, (€:) N 1), (37)

Moreover, as Com(M™*||z,) = T%, we have the following
Veep. at(e;) = a(é). (38)

For any x € G4(é), we denote as I’ the subinterval [t} 5] of [1,7¢] such that z €
af (ple)) & t1 < j < thand z € af (c(ple;))) & ¢4 < j < th. We now set
It = {i | x € Lost(e;)} and we finally observe that V,cr I} UT2UTLS = [1,... 7]
From Relations (37) and (38) we have that if Il N I? # () then IL°* = (), otherwise
I1 12 1ot form a partition of [1,...,7¢]. It is now easy to see that we can partition

P; = (e1,...,e,,) into a collection & = {E,..., Eig,} of at most 3|a(é)| < 3|R|
subpaths such that

Vicm<igVeeer,of (p(e)) = of (p(e')) (39)
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Vicm<leo\Veerer, s (0(p(e))) = a3 (o(p(e'))) and (40)
Vicm<ies VeereBm (LOSty—ar a(€) NR) = (Losty—an (€)M R)  (41)

i.e. along these subpaths the values of aj,i = 1,2 and Losty;_as s, are the
same for ¢ = 1,2. For the case of the values of Losty/—ap 1, We set L(é,m) =
(Lostar—an as,(€) N R) where e is an arbitrary edge of P, € & i.e. of the mth
subpath of &;.

Given an edge é € E(T(M)) we define as E,; the ith subpath of &,.

We now construct an ancestor M* of M+ by applying rake and compress oper-
ations in two steps. The first allows only rake and compress operations for forks or
spines containing only non-central edges. The second step involves only compress
operations for spines where all of their edges belong to some set E;. for some
é € E(T(M)) and some i,1 < i < |&|. Notice that the above rake and compress
steps will reduce each subtree Tz € 7 (¢ 5/), € € E(T(M)) to a ternary caterpillar
containing |&;| edges. We set M* = (T*, &%, 5*,4*).

We further construct for ¢ = 1,2 and ancestor Ml* of M;" by applying exactly
the same order of rake and compress operations that we described before in order
to construct M* from M*t. It is easy to see that this construction is doable, as
M;,i = 1,2 are the descriptions of the natural restriction of B to G;,i = 1,2
respectively. Moreover, the underlining trees Ti*,i = 1,2 of Mi*,z' = 1,2 remain
isomorphic under a regular isomorphism ¢ (we omit the details as they are easy
and straightforward). Finally it is clear that there exist a isomorphism p from T+
to Tl*

Notice that M = M* © M* and M; = M = M, i = 1,2. We set
My = (TF,ér,35,47),i = 1,2. According to the construction, each edge é of
T corresponds to a subtree of Ti*,i = 1,2 that is a ternary caterpillar. Let
Py = (é},..., €, ) be the path formed by the ridge edges of this caterpillar (we
assume that the arrangement of the edges in P “follows” the ordering of the
arrangement of the edges in P;). Using (39) and (40) we have that each edge
ér € P 1 < i < |&] of such a ternary caterpillar corresponds to some subpath

E;¢in &. In particular, if E;; = (e, .. ., €ip, | ), then the following relations hold.

+
Vi<j<ie,| Veer, ;&

Vi<j<ies Y

(&5
V1§j§|gé| veeEé’j O‘Ir (/O<€)
&)
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Vicj<ie:| Veer., a3 (0(p(e)) = a5(6(p(¢5))) and (46)
Vigj<ie V2(0(0(65)) = (73 (o(p(e) & - @73 (o (pleiy, ,)))- (47)

From Lemma 17 we have that as M is dense then T has at most §(|R|) edges.
In the construction above, each edge of T correspond to at most 3k edges of
T*,i = 1,2. Therefore, |E(T7)| < 3kd(k) and M} € ngg(k)(Mi),i =1,2. In
what follows we will construct a branch model M* = (T*,d*, B*,ﬁ/*) such that
M* e Join(Mf,M;,&). and we will prove that M* < M*.

We set M* = (T*, o}*,B*,&*). As M* and M* have the same underlying tree
we can consider p as an isomorphism from the underlining tree of M* to the one
of M; as required in order to apply Join(M;, M, ).

Clearly, &* = (67 Uy &) 0 p and §* = (37 Us 33) 0 p. It remains now to describe,
for any edge €} of T* that belongs to a set P? for some ¢ € E (T), how sequences
Y1(p(€;)) and Y5(5(p(€5))) should be interleaved during the interleaving step of
Join(M;, Mg, 5).

We now apply Lemma 6 for the sequences (V" (e1),..., 77 (e:)) (77 (pler)), .-,
Y (p(er))), and (Y3 (0(p(es)))s - -, 7§ (o(plec)))), and from Relations (36), (43),
(42), (45), (44),(47), (46), (39) and (40) we easily have that there exist a sequence

C € 31(5(&)) ® 43(6(5(;))) such that
7(C) + ]both&*(é;f)| < &*(éj) +|L(é, 7). (48)

We set 4"(&5) « 7(7y) and going on that way we define all the values of 4. It is
easy to verify that 3* = 3*. Moreover, using Relations (36), (37), (41), and (48)
we have that for any ¢ and any €} € P; the following hold.

a*(€) = &) UL, ) (49)
(€)= A(€)) + L))l (50)
(51)

Clearly, M* is not necessarily a branch model. Let €} be an edge of T" where
¢; € P;. We will prove that during the normalization step the vertices (numbers)
that will be added to the values of a@* 4* will be exactly those that are required in
order relation M* < M* to hold.

Suppose also that Norm(M * x) adds some vertex z in &* and increases by
one all the numbers in 4*. Clearly, &} € E,(M*) and thus z ¢ a*(e3). From
Relation (42) we have that Veep, v & a¥(e). As x € V(M™), we have that
x € L(é,j).
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Suppose now that a vertex z belongs in some set L(é,7). This means that
p Y (Vo(T7h)) and (po o)~ (V,(Ty)) induce two connected trees in T that lay into
different connected components of T'— e where e is any edge in £ ;. It is not hard
to see that this property holds for the ancestors of M, 7 = 1,2 in the following way:
o (Vo(Tr)) and (pod) = (V,(T%)) induce two connected trees in T+ = T* that lay
into different connected components of 7* — é;. This means that €} € E,(M*) and
therefore Norm(M*, ) will add x in &* and will increase by one all the numbers
in A*.

From the above we have that, after the normalization step, M* is modified in
a way that M* < M*. We omit the proof of the correctness of b* as it is easy

and do not give any further insight. The lemma now follows from the fact that

M* & M* = Desg(B). O
O
sz Com
Y } Com ||XR
M —>—— M! <=— Mt <2t

Figure 17: An illustration of Lemma 31

Lemma 31 Let M, M* be two branch models of a graph G rooted on R C V(G)
and such that M © M*. We also assume that there exist an entire branch model
M* such that if M* = Cr(M?) then M* < M. Then, there exist two entire branch
models M** and M** rooted on V(G) and R respectively such that

1. M: T M*,
2. Mt C M*,
3. M* C M*||g,

4. M* < M*.
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Proof Clearly there is a sequence of rake and compress steps that reduce M*
to M. If we now follow these steps in the inverse order and apply Lemma 4 for
the cases of compression we can easily construct a branch model M* such that
M* < M* and M* C M*. We now observe that M* and Mt = M:|| are
common predecessors of M. Using now Lemma 27 we can construct a branch
model M* that is a predecessor of M* and such that M* = M*||z. O

Join( Ml,[llg, Join M'I,MZ,O'ﬁ

Jawa

, ——>—— !

Figure 18: An illustration of Lemma 32

Lemma 32 Let G be a graph and let G;,i = 1,2 be graphs such that V(Gp) N
V(Ge) = R and E(Gy) N E(Gs) = 0. Let, M;, Mf,i = 1,2 be branch models of
G rooted on R such that M} < M;,i =1,2. Let o be a reqular isomorphism in €
Z(T (M), T(My)) and o* € Z(T(M7), T(M5)). Then, for any M € Join(My, My, o)
there exist a regqular isomorphism o* € Z(T(Mj}), T(M5)) # 0 and a branch model
M* € Join(M{, M}, %, c*) such that M* < M.

Proof We set M; = (T;, i, 3i,7,),t = 1,2 and M} = (T}, o, 55,7%),1 = 1,2.
As M; < M} we can assume that for i = 1,2 there exist a isomorphism 7; €
I(T;, Tf). Suppose that M and M* be the sets created after the interleaving steps
of Join(My, My, o) and Join(Mjf, M5, %) respectively. We also assume that each
branch model in M (M?*) has as underlining tree a tree 7" (7*%) isomorphic to T}
(Tt) through a function p (p*). Clearly, M occurs after the normalization step is
applied to some member M’ = (T, (oy Uy a2) © p, (81 Uy B2) © p,7(7)) o p of M
where v € 71 ®q,p V2.
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Let M¥ = (T%, (o Uy o) o p*, (35 Uye 35) 0%, 7(7#)) be the member of M* where
for any edge e € E(T*) ~*(e) is defined if we apply Lemma 7 for the sequences
Y1(€)s Tale), V(e), Yi(e), and Yi(e) (clearly, 4¢ €~ @s,2 73). Notice that 7 =
promio(p*)~tis an isomorphism in Z(T', 7%) and Veepiry v(€) < ¥ (m(e)) = v <z 7.
Moreover it is clear that (a3 Uy a) o p =5 (ay U, an) o p(ad Uy o) o p* and
(81 Uy B2) 0 p =4 (B Uye 35) o p* and therefore M’ < M?¥. Let M* be the branch
model occuring after we apply the normalization step on M¥. Appplying now the
“<” version of Lemma 13 on M’ and M* we have that M < M?* and this completes

the proof of the lemma. O
Ullu P17 [ AT . AT s 2 4 : - IVIT' = L}CS\D"}
Big, ],B[Gz] Join( Ml,MQ, Join( M1 ,M ) ®-construction

Desxq (Big,)) # My O M2 =Myt O M7 Mﬁw

DeSqu (*B[Gl M | ][/[1 [‘/[i“u (| Ml-l-*n ||Xq1M;‘n 0
Com Com ‘
' .

Com Com

‘ M, -— M} Lo gt ey
n Com +n ||Xq u
My ———— Vi M <)

Figure 19: The structure of the proof of Lemma 28

Lemma 33 The set F'S(p) constructed by the above algorithm is a full set of

characteristics.

Proof From 28 we have that F'S(p) is a set of characteristics. Ir remains to
prove that it is a full set of characteristics. Let B be a branch decomposition
of G, We will prove that there exist a branch decomposition B* of G, such that
Cx,(B*) € FS(h) and Cx, (B*) < Cx,(B). Let M; = Cx, (Big,),i = 1,2. We

apply Lemma 30 and we have that, for ¢ = 1,2, there exists a branch model
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M; of G, rooted on X, (notice that X, = X,, = X,)), a regular isomorphism

(2

o € I(T(M;), T(M;3)) # 0, and a branch model M* rooted on X, where

~ ~

M* € Join(M;, M, o) (53)
M* < Desg(B). (54)

For i = 1,2 we observe that, as F'S(g;) is a full set of characteristics and M; is a
characteristic of Bg, | there will exist a branch decomposition B! of G, such that
if M} = Cx,(B?) we will have the following.

M} € FS(g). (55)

For i = 1,2, we set M} = Des(B}) and notice that M} is entire. Observe that the
following hold for i = 1, 2.

M = Cx, (M;). (57)
Moreover, from Relation (58) we have that
M, © M;. (58)

If now, for ¢ = 1,2 we use Relations (56),(57),(58) and Lemma 31 we have that
there exist two branch models M;* and M;* rooted on V(G) and X,, respectively
such that

M T M (59)
M! = M, (60)
M C Ml x,, (61)
M < M. (62)

Using now relations (62) and (63) for ¢ = 1,2 and Lemma 32 we have that there
exist a regular isomorphism o* € Z(T(M}), T(MZ%)) # 0 and a branch model M**
rooted on X, that satisfies the following relations.
M* e Join(M;* M, o) (63)
M* < M*. (64)
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As M} i = 1,2 are entire, Relation (60) gives that M;* i = 1,2 are entire as well.
From Relations (61),(63) and Lemma 26 we have that there exist an entire branch

model M* of G rooted on V' (G) such that
M* MY, (65)

From Lemma 15 we construct a branch decomposition B* of G, rooted on V(G,)
such that Des(B*) = M*. Clearly, Relation (65) gives that M* C Desx, (B*) and
therefore Cx, (B*) = Com(M*#). From Relation (64) we have that Com(M*) <
Com(M*) and from Relation (54) we have that Com(M*) < Com(Desx,(B)) =
Cx,(B) and therefore Cx, (B*) < Cx,)(B) as required. It remains to prove
that Cx,(B*) € FS(p). Notice that because of Relation (55), algorithm Join-
characteristics can choose M*, i = 1,2 in step (2). Moreover, from Relation (62)
we have that Mi*",i = 1,2 have underlining trees of the same size of those of the
underlining trees of M, i = 1,2. Using Relations (52) and (59) we easily have
that M;* e ng(g(k)(]\@),z’ — 1,2 and therefore M;* i = 1,2 can be chosen in step
(3) of algorithm Join-characteristics. Recall that o € Z(T(M7), T(M})) is regular
and therefore can be chosen in step (4) of algorithm Join-characteristics. Finally,
from Relation (63) we have that M** can be chosen during step (5) of algorithm
Join-characteristics and therefore Com(M*) € FS(p). As Cx,(B*) = Com(M**) we
have that Cx,(B*) € F'S(p) and this completes the proof of the lemma. A diagram
for the proof is depicted in Figure 19. O

4 Conclusions

Notice that, because of Lemma 17, the algorithms Introduce-edge, Forget-vertex,
and Join-characteristics run in O(1) time when & and [ are fixed. We resume the
results of the previous subsections in the following (we omit the details of how
to transform the decision algorithm to a constructive one as they are an direct

consequences of the machinery in the proofs of Lemmata 22,24,25,26,28 and 30).

Theorem 1 For all k,l > 1 there exists an algorithm that, given a graph G and a
tree decomposition of G with width at most [, computes whether the branchwidth of
G is at most k and, if so, constructs a branch decomposition of G with branchwidth
at most k and that uses O(V(G) + | X|) time.

In [18] it is proved that treewidth(G) + 1 < |3branchwidth(G)] . Combining

this fact with Theorem 1 and the result in [5] we have the following:
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Theorem 2 For all k, there exists an algorithm, that given a graph G, computes

whether the branchwidth of G is at most k, and if so, constructs a branch decom-
position of G with minimum branchwidth in O(|V (G)|) time.
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