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Chapter 1

Introduction

1.1 Nonparametric Bayes

The general statistical problem is, broadly speaking, to make some inference
about the underlying probability measure, using the observed data coming from
that probability measure. We observe a random element X(ε) coming from some
unknown probability distribution P (ε), where P (ε) ∈ P(ε) and the class P(ε) of
possible distributions is known:

X(ε) ∼ P (ε) ∈ P(ε).

The parameter ε > 0 is assumed to be known and reflects in some sense the
“amount of the information” in the model P (ε)

θ . It can be, for instance, the
variance of an additive noise, or ε = n−1/2 with n as the number of observations
in the sample. In an asymptotic setup one usually considers ε→ 0 and tries to
qualify the behavior of the statistical procedure in terms of parameter ε. We
often drop the dependence on ε, for instance X ∼ P ∈ P, unless we want to
emphasize this dependence for some reason.

The assumption that the class P is known results in the statistical model.
If the class of distributions can be parameterized as

P = {Pθ, θ ∈ Θ},

where Θ is a subset of a finite dimensional linear space, then the inference
problem and the model are said to be parametric. The main drawback of a
parametric modeling is the rigid restriction on the shape of the probability
distribution, while the data might be of such a type that there is no suitable
parametric family that gives a good fit.

In this thesis, we are concerned with nonparametric statistical models. Loose-
ly speaking, nonparametric models are those that are characterized only by a
qualitative description of the class of possible underlying probability measures.
A way to describe a nonparametric model is to assume that the class of possible
underlying probability measures P = {Pθ, θ ∈ Θ}, where Θ is a subset of an
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infinite dimensional space. The statistical problem boils thus down to making
an inference on the parameter θ. In the last few decades, the nonparametric
models became the object of intensive investigation.

There are two main paradigms in statistical inference: frequentist and Bayes.
In this thesis, we are not going to discuss their merits and pitfalls, but rather
focus on the interplay between the both approaches. Namely, the basic idea
which runs through this thesis is to apply Bayesian procedures to nonpara-
metric models (in this thesis, the Gaussian white noise model) and study the
performance of these procedures from the frequentist point of view, reconciling
the both paradigms in some sense. First, we pretend that the unknown infinite
dimensional parameter θ is a random element, θ ∼ π, with a prior distribution
π, and the model Pθ is regarded as conditional distribution of the date X given
θ. This leads to the posterior distribution P (θ|X), which depend on the data:

X|θ ∼ Pθ

θ ∼ π
=⇒ P (θ|X).

Next, we look at the posterior quantities (e.g. posterior mean, variance, median;
posterior distribution itself) from the point of view of the measure Pθ0 for
some “true” parameter values θ0 ∈ Θ. This means that we, in fact, have
taken a frequentist approach. The study of the asymptotic behavior of Bayesian
procedures from the Bayes perspective (i.e. from the point of view of marginal
probability measure of dataX) is of interest on its own, especially in an adaptive
context; see Belitser and Levit (2003).

An incomplete list of relevant references on nonparametric Bayesian infer-
ence includes Bayes (1763), Doob (1948), Schwartz (1965), Berger (1985), Di-
aconis and Freedman (1986), Cox (1993), Freedman (1999), Barron, Shervish
and Wasserman (1999), Ghosal, Ghosh and van der Vaart (2000), Shen and
Wasserman (2001), Walker and Hjort (2001), Ghosh and Ramamoorthi (2003),
Hjort (2003), Walker (2004), Ghosal and van der Vaart (2010)

There is a problem here, namely, the choice of priors in nonparametric mod-
els is highly nontrivial; see Chapter 2 in Ghosal and van der Vaart (2010). In
principle, we are not restricted in choice, we can take any prior we want. But, as
it is well illustrated in a series of papers by Diaconis and Freedman, the Bayes
approach may easily fail in infinite dimensional problems because of a wrong
prior. We expect that the Bayesian strategy with the “right” prior should lead to
a good asymptotic (and nonasymptotic, but this is even a harder problem) prop-
erties of resulting adaptation procedure. Generally, in order to be “right”, the
prior π should reflect adequately the requirement θ ∈ Θ. There are no general
methods of choosing right priors. Belitser and Enikeeva (2008) proposed some
heuristic guiding idea how to check whether a certain prior is not unreasonable,
if only to make sure that this prior is potentially right. The underlying inference
problem on θ should also be taken into account. Usually the underlying infer-
ence problems are associated with the appropriate performance criteria, e.g. the
rate of convergence in the estimation problem. A particular prior leads to the
corresponding Bayes procedure. We can look at its performance, according to
the given criteria, from the two different perspectives: frequentist (X ∼ Pθ)
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and Bayesian (X ∼ PX , marginal of X). So, a prior is not unreasonable (and
potentially right) if it provides the same high performance, with respect to the
given criteria, of the resulting Bayes procedure simultaneously under the both
Bayesian and frequentist formulations. In other words, the Bayesian criterion
of the Bayes solution to the specific statistical problem should match the corre-
sponding frequentist criterion of the same Bayes solution to the same statistical
problem. For instance, in the case of an estimation problem with convergence
rate of the risk as performance criterion, if the prior is to be potentially right,
both the (frequentist) risk of the corresponding resulting Bayes estimator and
its Bayesian risk should have the same optimal convergence rate. This idea
is proved to be working in Belitser and Ghosal (2003), Belitser and Enikeeva
(2008), Babenko and Belitser (2009). The above approach is not to be taken as
a precise prescription, but rather as a starting point in search of right priors in
infinite dimensional statistical problems. After all, one will have to investigate
the performance of the resulting Bayesian procedure in each particular statisti-
cal problem in order to claim that a certain prior is right for that problem. The
choice of the prior should in general depend on the underlying inference problem
on θ. For example, the right priors for the problems of signal estimation and
estimation of a functional of the signal are different.

The following example demonstrates the above discussion.

Example 1. Consider a Gaussian sequence model, sometimes called a white
noise model in the sequence form; more discussion about this model is below.

Xi = θi + εξi, i = 1, 2, . . . ,

where θ = (θi)i∈N ∈ Θβ ⊂ `2 is an unknown parameter of interest,

Θβ = Θβ(Q) =
{
θ ∈ `2 :

∞∑
i=1

i2βθ2i ≤ Q
}

is the Sobolev ellipsoid of smoothness β > 0, the noise variables ξi are inde-
pendent, identically distributed N (0, 1) random variables, the parameter ε is a
known noise level.

Consider the problem of estimating θ using the observations X(ε) = X =
(X1, X2, . . .). The quality of an estimator θ̂ = θ̂(X) is measured by the `2-norm
risk

Rε(θ̂, θ) = Eθ‖θ̂ − θ‖2.

Suppose we apply a Bayesian approach to the problem of estimating θ. We take
a prior πβ described as follows:

θi
ind∼ N (0, τ2

i (β)), τ2
i (β) = i−(2β+1), i = 1, 2, . . . .

We now illustrate that this prior a right one in a certain sense for the above
model and inference problem. It is not difficult to derive the Bayes estimator

θ̂ = θ̂(β) = {θ̂i(β), i = 1, 2, . . .}, θ̂i(β) =
i−(2β+1)Xi

ε2 + i−(2β+1)
.
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The performance of this Bayesian procedure from the frequentist point of view
is the maximal risk

sup
θ∈Θβ

Rε(θ̂, θ) = O
(
ε4β/(2β+1)

)
, as ε→ 0,

as is shown by Belitser and Enikeeva (2008) (with ε = n−1/2). It is also well
known (Pinsker (1980), see also Belitser and Levit (1995)), that the minimax
risk (we discuss the notion of minimaxity in the next section) for this estimation
problem is also of order ε4β/(2β+1). The performance from the Bayesian point
of view is the Bayes risk

Rπβ
(θ̂, θ) = Eπβ

Rε(θ̂, θ) = O
(
ε4β/(2β+1)

)
, as ε→ 0.

We see that the both quantities are of the same order, which confirms the
heuristic idea that our prior πβ correctly models the condition θ ∈ Θβ for this
estimation problem.

Suppose we want to estimate a linear functional Φ = Φ(θ) =
∑∞

i=1 biθi for a
θ ∈ Θβ ⊂ `2 with β > 1/2. For an estimator Φ̂ = Φ̂(X), the estimation quality
is measured by the risk function

Rε(Φ̂,Φ(θ)) = Eθ

(
Φ̂− Φ(θ)

)2
.

In this case, a correct prior λβ turns out to be the same as πβ with the difference
that now τ2

i (β) = i−2β , i = 1, 2, . . .. Indeed, as is shown by Babenko and
Belitser (2009),

supθ∈Θβ
Rε(Φ̂,Φ(θ)) = O

(
ε(2β−1)/β

)
,

Rλ(Φ̂,Φ(θ)) = Eλβ
Rε(Φ̂,Φ(θ)) = O

(
ε(2β−1)/β

)
,

as ε → 0. It is also known that, under some assumptions on sequence bi, the
minimax risk in this problem is also of order ε(2β−1)/β as ε→ 0.

1.2 Optimality and adaptivity: minimax and or-
acle approach

Our prior knowledge about the model is formalized as follows: the unknown
parameter (sometimes we call it signal or curve) θ ∈ Θβ , β ∈ B, where Θβ is a
subset of some linear space T equipped with a (semi-) metric d(·, ·). Parameter
β ∈ B typically has a meaning of signal smoothness. If it is known that θ ∈ Θβ

for a certain β ∈ B (single model situation), then apart from the model itself,
the functional dependence Pθ on θ, which we assume to be fixed, only the
complexity of the set Θβ affects the quality of statistical inference on θ. At the
moment we do not specify the statistical problem – it may be the problem of
estimation of the signal or its functional, the problem of the construction of a
confidence set or testing hypothesis problem.
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To compare different statistical procedures, several approaches have been
developed: minimax (Pinsker (1980), Ibragimov and Hasminskii (1981), Stone
(1980), Gill and Levit (1995), Ingster and Suslina (2003)), oracle inequalities
(Donoho and Johnstone (1994), Laurent and Massart (2000), Birge and Massart
(2001), Cavalier and Tsybakov (2001), Cavalier, Golubev, Picard and Tsybakov
(2002)), maxisets (Kerkyacharian and Picard (2002)). Combining these possibil-
ities with different observation models (white noise model, density, regression),
risk types (pointwise, L2, Lp, sup-norm, 0-1 loss function etc.), functional classes
(Sobolev, Hölder, Besov) has led to a variety of results.

From now on we consider the following inference problem: we want to esti-
mate a parameter θ in a minimax setup, measuring the quality of an estimator
θ̂ = θ̂(X) by a risk function

R(θ̂, θ) = Rε(θ̂, θ) = Eθd(θ̂, θ).

Then a benchmark in this statistical problem is the minimax risk

r(Θβ) = rε(Θβ) = infbθ sup
θ∈Θβ

Rε(θ̂, θ),

where the infimum is taken over all possible estimators θ̂ = θ̂(X), measurable
functions of the data X. Recall that the set Θβ is also known. The minimax
risk expresses the least possible mean loss when the worst case happens and, in
a way, reflects the complexity of the estimation problem over the class Θβ . The
goal is typically to find a so called minimax estimator θ̂, i.e. the one attaining
the minimax risk:

sup
θ∈Θβ

Rε(θ̂, θ) ≤ Cεrε(Θβ),

for some bounded Cε ≥ 1 and the above inequality becomes stronger as Cε gets
closer to 1 (asymptotically as ε → 0 or uniformly in ε > 0). For example, in
case of the white noise model, a Sobolev ellipsoid Θβ and the `2-norm risk, this
problem was solved by Pinsker (1980), with Cε → 1 as ε → 0 and the exact
description of the asymptotic behavior of the minimax risk.

Suppose the smoothness parameter β is not known, that is we are given a
family of models {Θβ , β ∈ B} (we call such a family of nonparametric classes
by functional scale) and we only know that θ ∈ Θβ for some β ∈ B. In fact, we
assume θ ∈ ∪β∈BΘβ , then the problem becomes in general more difficult and
now the complexities of all Θβ , β ∈ B, and the complexity (e.g. cardinality)
of set B matter. In this case one speaks of adaptation problem. Depending on
the statistical problem at hand (for instance, signal estimation, functional esti-
mation, testing hypothesis, confidence set), the general problem of adaptation
is, loosely formulated, to design a method for solving this statistical problem
which performs in a multiple model situation as good as in a single model, or,
if this is not possible, with the smallest loss of quality.

For example, in the problem of adaptive estimation, it is assumed that
the unknown parameter θ belongs to a smoothness class Θβ (Sobolev, Hölder,
Besov) where β is unknown and has the meaning of the smoothness of signal
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θ. The goal is to find an estimator θ̂, independent of β, attaining the optimal
behavior over the whole family {Θβ , β ∈ B}.

Thus the problem of adaptation is to construct an adaptive minimax esti-
mator θ̂ = θ̂(X) (i.e. without the knowledge of smoothness parameter β), if it
exists:

sup
θ∈Θβ

Rε(θ̂, θ) ≤ Cεrε(Θβ), (1.1)

for all β ∈ B and for some bounded Cε ≥ 1. Again, the above inequality becomes
stronger as Cε gets closer to 1. The adaptation problem was first studied in
Efromovich and Pinsker (1984) for the white noise model and by many authors
afterwards.

In the last two decades, several adaptive estimation methods (optimal in
one or other sense) have been developed: blockwise method (see e.g. Efro-
movich and Pinsker (1984), Cavalier and Tsybakov (2001), Cavalier, Golubev,
Picard and Tsybakov (2002)), Lepski’s method Lepski (1990), Lepski (1991),
Lepski (1992), Lepski and Spokoiny (1997)), wavelet thresholding (Donoho and
Johnstone (1994), later developed in many other papers), penalized estima-
tors (Barron, Birge and Massart (1999) and further references therein, Laurent
and Massart (2000), Birge and Massart (2001)). Some methods are designed
for rather specific settings: e.g. blockwise method for the white noise sequence
model with the mean squared risk. Some are more general, e.g. Lepski’s method,
which could be extended to different settings (various risk functions, multidi-
mensional case) and even to different statistical problems: estimation of a func-
tional of the signal, adaptive testing hypothesis problem (see Ingster and Suslina
(2003) and further references therein).

There is a way to look at the adaptation problem from another perspective.
Namely, a framework of the so called oracle inequalities has recently been devel-
oped. Suppose we are given a family of estimators Θ̂ = Θ̂(A) = {θ̂(α), α ∈ A}.
Then, for an unknown true value θ, the best performance we can achieve is the
oracle risk

rε(θ) = rε(Θ̂, θ) = infbθ∈bΘRε(θ̂, θ) = inf
α∈A

Rε(θ̂(α), θ) = Rε(θ̂(αo), θ), (1.2)

with possibly a sequence α(k)
o (instead of αo) for which the above infimum is

attained. The optimal index αo (or a sequence α(k)
o ) is called oracle and the

corresponding estimator θ̂(αo) is an oracle estimator, these are unobservable
quantities.

Remark 1.1. Here and later we slightly abuse the notations: we use the same
letter r to denote the minimax risk and the oracle risk. Later we will also use
it for the posterior rate rε(π, θ) with respect to a prior π and the posterior
oracle rate rε(Π, θ) corresponding to a family of priors Π. However it is always
clear which of these is meant by looking at the arguments of the function r, for
example, the minimax risk rε(Θβ) has always a nonparametric set as argument
and the oracle risk rε(Θ̂, θ) is always a function of θ and a family of estimators
Θ̂.
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The oracle risk is our new benchmark in this approach and the goal is to
construct an estimator θ̂ = θ̂(α̂) for some α̂ = α̂(X) such that for some positive
Cε, the following oracle inequality is satisfied:

Rε(θ̂(α̂), θ) ≤ Cεrε(Θ̂, θ) (1.3)

for every θ ∈ Θ0, where the oracle risk rε(Θ̂, θ) is defined by (1.2). Certainly,
Cε ≥ 1 and the above oracle inequality becomes stronger as Cε gets closer to
1 and the set Θ0 gets bigger. Notice that α̂ can be regarded as some kind of
inference on the oracle αo, this issue is discussed below. Actually, if one allows
arbitrary estimators θ̂, then Cε may be smaller than 1. In this case, however,
there is no direct inference on the oracle αo. When properly motivated, one
can study other more complicated forms of oracle inequalities, for example, for
every θ ∈ Θ0,

Rε(θ̂(α̂), θ) ≤ Cε inf
α∈A

{
Rε(θ̂(α), θ) + Pε(α)

}
+ P̄ε

with some positive penalty terms Pε(α) and P̄ε; see for example Cavalier and
Tsybakov (2001), Cavalier, Golubev, Picard, and Tsybakov (2002), Golubev
and Levit (2004).

In this thesis, we however stick to the basic oracle inequality of form (1.3)
with Cε ≤ C, some absolute constant. Sometimes it makes sense to relax the
inequality (1.3) a little by adding a penalty term P̄ε in the right hand side of
the inequality, so that this resulting relaxed oracle inequality holds for some
estimator θ̂(α̂) and for all θ ∈ Θ0 with a much bigger set Θ0. This is especially
advantageous if the set Θ0 becomes the whole underlying space, whereas the
additional penalty term P̄ε is of a smaller (or the same) order, as ε → 0, than
the oracle risk term Cεrε(Θ̂, θ). Commonly (and this is the case in this thesis),
the additional penalty term P̄ε is of the parametric rate order, while the risk
rate in typical nonparametric models is never better than the parametric rate.

Now the question arises how these two adaptation optimality frameworks,
minimax over the scale {Θβ , β ∈ B} and oracle over the estimators family
Θ̂ = Θ̂(A) = {θ̂(α), α ∈ A}, are related to each other. An important particular
case is A = B, but in general the index sets A and B can be completely different.
Suppose the family Θ̂(A) is sufficiently rich to contain the minimax estimators
over all Θβ , β ∈ B, i.e. for any β ∈ B, there exists an α = α(β) ∈ A such that
θ̂(α(β)) is minimax over the class Θβ :

sup
θ∈Θβ

Rε(θ̂(α(β)), θ) ≤ C ′εrε(Θβ),

ideally with C ′ε = 1 + o(1) as ε → 0, otherwise with some uniform constant
1 ≤ C ′n = C ′ <∞. In this situation, we say that the family of estimators Θ̂(A)
covers the functional scale {Θβ , β ∈ B}.

Suppose that the family Θ̂(A) covers the scale {Θβ , β ∈ B} and an estimator
θ̂(α̂) satisfies the oracle inequality (1.3). Then, uniformly in θ ∈ Θ0 ∩Θβ ,

Rε(θ̂(α̂), θ) ≤ Cε inf
α∈A

Rε(θ̂(α), θ) ≤ CεRε(θ̂(α(β)), θ) ≤ CεC
′
εrε(Θβ).
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This means that if the true θ ∈ Θ0 ∩
(
∪β∈B Θβ

)
, the oracle approach for an

appropriately chosen family of estimators Θ̂(A) (that covers the scale {Θβ , β ∈
B}) is stronger than the minimax in the sense that the oracle risk at each point
θ ∈ Θ0 ∩

(
∪β∈B Θβ

)
can only be smaller than a multiple of the minimax risk

rε(Θβ). If the oracle inequality (1.3) holds for a set Θ0 which contains the whole
scale ∪β∈BΘβ , then the estimator θ̂(α̂) is adaptive minimax with respect to the
scale {Θβ , β ∈ B}. Indeed, for all β ∈ B,

sup
θ∈Θβ

Rε(θ̂(α̂), θ) ≤ Cε sup
θ∈Θβ

inf
α∈A

Rε(θ̂(α), θ)

≤ Cε sup
θ∈Θβ

Rε(θ̂(α(β)), θ) ≤ CεC
′
εrε(Θβ).

Clearly, to make the notion of oracle sensible, the family Θ̂(A) should neither
be too poor, nor too rich. This trade-off is also discussed in Golubev (2004).
Indeed, on the one hand, we want this family to contain some good estimators
about which we know that they perform well over nonparametric classes Θβ ,
β ∈ B; for example, minimax estimators over Θβ , β ∈ B. On the other hand, if
the family Θ̂(A) is too rich, then it may not be possible to find an estimator θ̂
satisfying the relation (1.3) for a reasonable Θ0. Instead, the relation (1.3) may
hold only for a “thin” set Θ0, while we would certainly like Θ0 to be as big as
possible, ideally containing all Θβ , β ∈ B.

To summarize, an oracle result of type (1.3) implies adaptive minimaxity
results of type (1.1) over all functional scales which are contained in the set
Θ0 and covered by the family of estimators Θ̂(A). Thus the oracle approach is
stronger than the adaptive minimax if the family of estimators Θ̂(A) is chosen
appropriately. An oracle approach to optimality of estimators was probably first
studied by Kneip (1994), although without referring to it by the term oracle
at the time, within the estimators class of ordered linear smoothers and then
developed in the series of works by Donoho and Johnstone. An oracle approach
to the conditional density estimation is recently proposed by Efromovich (2010).

To illustrate the introduced notions, let us give an example.

Example 2. Consider a Gaussian sequence model as in Example 1: X = X(ε) ∼
P

(ε)
θ , again with θ from the Sobolev ellipsoid Θβ = Θβ(Q) ⊆ `2. We want to

estimate θ using the observations X. The quality of an estimator θ̂ = θ̂(X)
is measured by the `2-norm risk Rε(θ̂, θ) = Eθ‖θ̂ − θ‖2. The exact asymptotic
behavior of the minimax risk is derived by Pinsker (1980) (see also Belitser and
Levit (1995) for the second order asymptotic behavior):

rε(Θβ) = infbθ sup
θ∈Θβ

Rε(θ̂, θ) = ε4β/(2β+1)P (β,Q)(1 + o(1)), as ε→ 0,

where the so called Pinsker constant

P (β,Q) =
(
Q(2β + 1)

)1/(2β+1)(
β/(β + 1)

)2β/(2β+1)
.
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Consider a family of estimators Θ̂1(N ) =
{
θ̂(N), N ∈ N

}
: N = {1, 2, . . . , },

θ̂(N) = (θ̂1(N), θ̂2(N), . . .), θ̂i(N) = XiI{i ≤ N}.

Note that the above family consists of the projection estimators parameterized
by the cut-off parameter N . One more family of estimators Θ̃2(B) =

{
θ̃(β), β ∈

B
}
: B = (0,+∞),

θ̃(β) = (θ̃1(β), θ̃2(β), . . .), θ̃i(β) =
i−(2β+1)Xi

ε2 + i−(2β+1)
.

We note here that this family consists of the Bayes estimators correspond-
ing to the family of priors {πβ , β ∈ B}, with πβ described as follows: θi

ind∼
N (0, τ2

i (β)), i = 1, 2, . . ., with τ2
i (β) = i−(2β+1).

The families of estimators Θ̂ and Θ̃ both cover the scale {Θβ , β ∈ B}.
Indeed, for any β ∈ B take Nβ = bcε−2/(2β+1)c ∈ N , then

sup
θ∈Θβ

Rε(θ̂(Nβ), θ) = sup
θ∈Θβ

(Nβ

n
+

∞∑
i=Nβ+1

θ2i

)
≤ ε2Nβ + sup

θ∈Θβ

( ∞∑
i=Nβ+1

θ2i i
2β

N2β
β

)
≤ ε2Nβ +

Q

N2β
= Cε4β/(2β+1)

and, as is shown in Belitser and Enikeeva (2008) with ε = n−1/2,

sup
θ∈Θβ

Rn(θ̃(β), θ) ≤ Cε4β/(2β+1).

This implies that the oracle risks over the both families is of estimators can only
be better than the minimax risk at each point θ ∈ Θβ :

rε(Θ̂, θ) = inf
N∈N

Rε(θ̂(N), θ) ≤ inf
N∈N

sup
θ∈Θβ

Rε(θ̂(N), θ) ≤ Crε(Θβ),

rε(Θ̃, θ) = inf
β∈B

Rε(θ̃(β), θ) ≤ inf
β∈B

sup
θ∈Θβ

Rε(θ̃(β), θ) ≤ Crε(Θβ).

Thus, an oracle result of type (1.3) for an estimator θ̂ and the family Θ̂ with
a set Θ0 would imply that this estimator can only have a better (oracle risk)
convergence rate of than the minimax risk rate for all θ ∈ Θ0 ∩Θβ . The same
applies to the family Θ̃.

1.3 Bayesian adaptation and model selection

Now consider a Bayesian approach to the adaptation problem. Suppose the
smoothness parameter β is not known, that is we are given a family of models
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{Θβ , β ∈ B} and we only know that θ ∈ Θβ for some β ∈ B. One can apply
two Bayesian adaptation approaches to nonparametric models: pure Bayes and
empirical Bayes approaches. In both cases we start by putting a prior πβ on
θ ∈ Θβ , β ∈ B, where index β labels the model {Pθ, θ ∈ Θβ}.

In the classical empirical Bayes approach (due to Robbins (1955)), the un-
known β in prior πβ is not random. Suppose that in single model situation, i.e.
θ ∈ Θβ0 for some known β0 ∈ B, we would know how to resolve our original sta-
tistical problem. For instance, some standard (optimal in some sense) Bayesian
method is available in this case. Then the idea is make a data-dependent choice
of the model β̂ ∈ B and once this choice is made, we can proceed in making the
statistical inference using the selected model and our standard method as in the
single model case. A common procedure is to estimate β by β̂ = β̂(X) by using
the marginal likelihood Pβ of X, for example, as a value which (nearly) max-
imizes the marginal likelihood of X. Interestingly, in the estimation problem
there is a connection of the empirical Bayes approach with penalized estimators:
the marginal likelihood can be related to the penalized criterion.

According to the (pure, sometimes called full) Bayesian approach, we regard
πβ as the conditional distribution of θ given β, and β itself is distributed on
B according to the prior λ. Thus, we design a two-level hierarchical prior π
on the pair (θ, β): θ|β ∼ πβ , β ∼ λ. Notice that the resulting hierarchical
prior on θ is a mixture of the appropriate priors for different models indexed
by the structural parameter β ∈ B. This construction leads to the posterior
distributions P (θ|X) and P (β|X) and all the inference on θ and β is based
on these two posterior distributions. Notice that the prior π can of course be
designed in a different way without relating to any stochastic element β, but the
above construction of hierarchical prior comes naturally from the Bayesian way
of thinking and it has another appealing feature. Namely, we can make some
statistical inference on β by looking at the resulting posterior P (β|X), which
can be regarded as Bayesian model selection. Of course, one has to be specific
about how to measure the quality of such inference. In case of Sobolev classes in
the white noise model, this problem has been studied in Belitser and Enikeeva
(2008) in the context of testing hypothesis about the smoothness parameter,
where also the uniformity issue has been further elaborated.

As we already mentioned above when describing two Bayesian approaches to
adaptation, besides the original statistical inference problem, we can consider
an attendant problem of a data-based choice β̂ = β̂(X) for structural parameter
β ∈ B which marks the model. One can thus regard this attendant problem as
the model selection problem. Notice that the both pure Bayes and empirical
Bayes described above can be used to provide model selectors β̂. A basic idea to
design an adaptive procedure is then as follows. A good selection model method
combined with corresponding good nonadaptive methods (which are proved to
be good for single model situation) should lead in principle to good adaptation
methods, simply by plugging the selected model in those nonadaptive methods.
Clearly to be able to compare model selection methods and to warrant their
quality, one has to relate the attendant model selection problem to the original
statistical problem.
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Another related aspect is the assessment of the performance of an adaptive
procedure. The adaptive procedures may perform in the best way in some
sense, but what is their actual performance? For example, in the problem of
signal estimation, the optimal convergence rate is usually expressed in terms of
unknown β. So, we know that our estimator attains the optimal rate but we do
not know what it is. Adaptive estimators do not say anything about the actual
accuracy of the estimation. The problem essentially remains even if we knew
that θ ∈ Θβ0 for some known β0 ∈ B. Indeed, in this case we would be able
to specify the optimal (global, typically minimax) rate in terms of the known
parameter β0. However, since the optimal rate is of a global nature, there is
always a room for an improvement for the individual θ’s. Namely, for certain
θ ∈ Θβ0 an adaptive procedure can pick the model with smoothness β1, leading
to a better convergence rate. It is not clear how to characterize the convergence
rate pertinent to the particular signal θ in this case.

The above discussion is closely related to the problem of construction of
adaptive confidence sets. We need to infer on the smoothness of the signal, i.e.
select the best model, to be able to construct a confidence region with smallest
possible size. It is an important problem to elaborate on the optimality issue for
the confidence sets. In fact, it is the combination of two factors, the asymptotic
level and the asymptotic size of the corresponding confidence region, that is
interesting to investigate. References on this topic are few in number: Low
(1997), Picard and Tribouley (2000), Hoffmann and Lepski (2002), Robins and
van der Vaart (2006); there is still a great deal to learn in this area.

When constructing the adaptive procedure for θ, some adaptation methods
(Bayes methods, Lepski’s method, penalized estimators) do provide some kind
of estimator β̂ for the smoothness β in passing as a result of selecting the model.
The question is whether one can use these estimators β̂, possibly modified in
an appropriate way, in constructing adaptive confidence regions. One method-
ological advantage of the Bayes approach in this respect is that, no matter how
complex the setting of the problem is, there is always a reasonable candidate
for adaptive confidence set, namely, the credible set constructed by using the
corresponding posterior distribution of θ. Another possibility is to use a (em-
pirical) Bayes estimator for θ and a (empirical) Bayes estimator for model index
β. The idea is to establish the tightness of the risk function normalized by ran-
dom convergence rate (cf. random normalizing factors in Hoffmann and Lepski
(2002)) where the estimator β̂ is used instead of β.

1.4 Oracle posterior convergence rate

In this section we introduce the notions of posterior and posterior oracle rates.
According to the Bayesian approach, the statistical model X ∼ Pθ = P

(ε)
θ

and a prior θ ∼ π lead to the posterior distribution P (θ|X), the main quan-
tity of interest for a Bayesian analysis. A Bayesian procedure is considered to
have good asymptotic frequentist properties if the corresponding posterior dis-
tribution P (θ|X) concentrates around θ0 as ε → 0 under the measure Pθ0 . To
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characterize the quality of Bayesian procedures, we look at the rate at which the
neighborhood of θ0 may decrease, while still capturing the most of the posterior
mass, from the point of view of the measure Pθ0 . To be more precise, a positive
sequence rε is called the posterior rate if for any Mε →∞

P{r−1
ε d(θ, θ0) ≥Mε|X} → 0 as ε→ 0 (1.4)

in Pθ0-probability. We will also use the terms posterior convergence rate or
posterior concentration rate. Note that the posterior convergence rate rε may
be a global or local quantity, the latter in the sense that it may depend on θ0.

Clearly, it is desirable that the relation (1.4) holds for a sequence rε converg-
ing to zero as fast as possible, for all θ0 ∈ Θ0 with set Θ0 as big as possible and
preferably uniformly over θ0 ∈ Θ0. If these requests can not be satisfied simulta-
neously, one should try to find a good balance among them. A non-asymptotic
(and more informative) version of (1.4) is as follows

Eθ0P{r−1
ε d(θ, θ0) ≥M |X} ≤ φ(M), (1.5)

for some monotonically decreasing to zero function φ(M) as M → ∞ and all
θ0 ∈ Θ0.

For example, if we know that θ0 ∈ Θβ for nonparametric class Θβ with
smoothness parameter β ∈ B, then the typical benchmark for the posterior rate
rε in (1.4) is the minimax risk rε(Θβ) = infbθ supθ∈Θβ

R(θ̂, θ). For a prior θ ∼ πβ ,
we want the resulting posterior to satisfy the relation (1.4) with the posterior
rate equal to the minimax rate rε(Θβ), preferably uniformly over θ0 ∈ Θ0 ⊇ Θβ .

Recall the adaptive Bayesian approach which we discussed in the previous
section: we are given a family of models {Θβ , β ∈ B} and we only know that
θ ∈ Θβ for some β ∈ B. We model this uncertainty by putting a prior on β.
Namely, given a family of priors {πβ , β ∈ B} and a prior λ on β ∈ B, we can
design a two-level hierarchical prior π on the pair (θ, β): θ|β ∼ πβ , β ∼ λ. Prior
π leads thus to the posterior P (θ|X) and if the true θ0 ∈ Θβ , then we want the
relation (1.4) to hold for the posterior rate equal to the minimax rate rε(Θβ),
preferably uniformly over θ0 ∈ Θβ . In case of Sobolev classes Θβ , β ∈ B, this
problem has been studied by Belitser and Ghosal (2003), where also the issue
of uniformity was discussed.

The first fundamental result on posterior convergence rates is due to Ghosal,
Ghosh and van der Vaart (2000), since then this has become a rapidly developing
area in contemporary mathematical statistics. Van der Vaart and van Zanten
(2008) studied the posterior convergence rate for density estimation using Gaus-
sian process prior and they derived, with appropriately chosen Gaussian prior
(for example, an appropriately fractionally integrated Brownian motion), the
minimax rate n−α/(2α+1) (up to a log factor) for an α-smooth true density.

Now we are ready to introduce an oracle optimality framework for the Bayes
approach. Suppose we are given the model X ∼ Pθ and a family of priors
Π = Π(Γ) = {πγ , γ ∈ Γ}. This determines the corresponding family of the
posterior concentration rates {rε(πγ , θ), γ ∈ Γ}. For a fixed unknown “true” θ
there is an oracle prior πγo

, pertinent to an oracle γo = γo(θ) (or a corresponding
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oracle sequence γ(k)
o ), corresponding to the oracle posterior rate

rε(Π, θ) = inf
γ∈Γ

rε(πγ , θ) = rε(πγo , θ).

Again, we abuse slightly the notations keeping the same letter r for the posterior
concentration rate and the oracle posterior rate. The goal is now to design an
adaptive prior π (without knowledge of the oracle γo(θ)) to mimic the perfor-
mance of the oracle prior, i.e. the concentration rate of the resulting adaptive
posterior should be within a constant factor of the oracle posterior rate. This
means that the relation (1.4) holds with rε(π, θ) instead of rε and

rε(π, θ) ≤ Cεrε(Π, θ) = Cε inf
γ∈Γ

rε(πγ , θ)

for all θ ∈ Θ0, ideally with a set Θ0 as big as possible and with some positive
bounded Cε ≤ C < ∞. In this case, we say that the adaptive prior π mimics
the oracle πγo over the family of priors Π = Π(Γ) = {πγ , γ ∈ Γ}, for all θ ∈ Θ0.
The bigger the set Θ0, the stronger this property is. A stronger property would
also be to have a sufficiently large constant M > 0 in relation (1.4) instead
of sequence Mε → ∞ as ε → 0. An even more stronger property would be a
non-asymptotic version of the form (1.5) with rε(π, θ) instead of rε. Notice that
oracle approach is intrinsically adaptive and local (the oracle rate depends on
the true parameter value θ). One can use a fully Bayesian approach by putting
a prior on γ to obtain the resulting hierarchical mixture prior, or an empirical
Bayes approach, or a hybrid version of those; see the next chapter of this thesis
and Babenko and Belitser (2010).

However, in general there is an issue of assessment of the quality of the oracle
in this setting. The point is that the family of priors Π under consideration can
be uninteresting in the sense of a poor frequentist behavior of the corresponding
posteriors. Even if we establish that our adaptive posterior attains the oracle
over a given family of priors, i.e. it has the best (oracle) rate rε(Π, θ) among
the family of posterior rates {rε(πγ , θ), γ ∈ Γ}, we would also like to know
how “good” this whole family is. This can be done by relating the resulting
family of posterior rates to the risks of some families of estimators, which cover
some interesting scales of nonparametric classes. In doing so, one solves the
adaptation problem as well.

A way to relate a family of priors to a family of estimators is by comparing
of the posterior rates rε(πγ , θ) with the rates Rε(θ̂(α), θ) of the estimators from
Θ̂(A). We say that the family of the posterior concentration rates {rε(πγ , θ), γ ∈
Γ} (corresponding to the family of priors Π(Γ) = {πγ , γ ∈ Γ}) covers the family
of estimators Θ̂(A) = {θ̂(α), α ∈ A} on a set Θ0 if for any α ∈ A, there exists
an γ = γ(α) ∈ Γ such that

rε(πγ(α), θ) ≤ CεRε(θ̂(α), θ)

for all θ ∈ Θ0, ideally with a set Θ0 as big as possible and with some bounded
Cε ≤ C < ∞. Thus, in this situation an oracle posterior rate result over the
family of the posterior concentration rates {rε(πγ , θ), γ ∈ Γ} can only be better
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than an oracle posterior rate result over any family of estimators Θ̂(A) covered
by the family of the posterior concentration rates {rε(πγ , θ), γ ∈ Γ}.

Remark 1.2. In general, one can start with an arbitrary family of ratesR(Γ) =
{rε(γ, θ), γ ∈ Γ} and try to design an adaptive prior π to mimic the oracle
rε(Γ, θ) = infγ∈Γ rε(γ, θ) over the family R(Γ) in the sense that

rε(π, θ) ≤ Cεrε(Γ, θ) = Cε inf
γ∈Γ

rε(γ, θ)

for all θ ∈ Θ0, ideally with a set Θ0 as big as possible and with some positive
bounded Cε ≤ C < ∞. Of course, the issue of assessing the quality of the
obtained oracle remains. In a similar manner as above, one can introduce the
notion that a family R1(Γ1) covers a family R2(Γ2).

In this thesis (see also Babenko and Belitser (2010)) we deal with the sit-
uation when the family of the risks of estimators from Θ̂ coincides (up to a
constant) with the family of the concentrations rates of the posteriors corre-
sponding to the family of priors {πγ , γ ∈ Γ}. Then the both approaches are in
essence the same and it is just a matter of terminology in defining the oracle
posterior rate, depending on the starting point, either with the family of estima-
tors or the family of priors. Recall that rε(θ) = rε(Θ̂, θ) = infbθ∈bΘRε(θ̂, θ) is the
oracle risk at θ over a family of estimators Θ̂ as defined by (1.2). Then rε(θ0),
θ0 ∈ Θ0, is said to be the posterior oracle rate with respect to the estimators
class Θ̂ if for any Mε →∞

P
{
r−1
ε (θ0)d(θ, θ0) ≥Mε|X

}
→ 0 as ε→ 0 (1.6)

in Pθ0-probability, preferably (if possible) uniformly over θ0 ∈ Θ0. Again, the
bigger the set Θ0, the stronger this property is. A non-asymptotic version of
the form (1.5) with rε(θ0) instead of rε is a stronger claim too. Thus it makes
sense to take a good class of estimators (the one that covers some interesting
scales) as a starting point and then try to design such a prior that the resulting
posterior concentration rate is bounded by a multiple of the oracle risk over
that class of estimators. Of course, if one looks at the problem from the purely
Bayesian point of view (the true θ is intrinsically random), then we deal only
with Bayes risks and the above arguments are not relevant.

Similar to the estimation problem discussed in Section 1.2, it is important
to understand how the posterior oracle rate over a family of posterior rates
{rε(πγ , θ), γ ∈ Γ} (generated by a family of priors Π = {πγ , γ ∈ Γ}) is related
to the posterior minimax rate over a functional scale {Θβ , β ∈ B}. In fact, the
same ideas apply in this situation as for the estimation problem. In principle,
it all depends on the following two ingredients: whether the first family covers
the second and how massive, with respect to the scale {Θβ , β ∈ B}, the set Θ0

is on which an oracle inequality over the family rε(πγ , θ) is established.
However, relating functional scales to families of estimators (instead of fam-

ilies of posterior rates) is more natural. Therefore we look at posterior oracle
rates with respect to families of estimators rather than to families of poste-
rior rates. Suppose that the family Θ̂(B) covers the scale {Θβ , β ∈ B}. Then
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clearly, in the same manner as for the estimation problem, the result on pos-
terior oracle convergence rate over the family Θ̂(B) is stronger than the result
on the adaptive posterior convergence with the minimax rate, at least for all
θ0 ∈ Θ0 ∩

(
∪β∈B Θβ

)
. It would be desirable to obtain an oracle posterior rate

result for a set Θ0 which contains the whole scale ∪β∈BΘβ . In this thesis, our
Θ0 will be the whole space `2 so that our results are always stronger than any
results on adaptive posterior convergence rate with the minimax rate over any
scale {Θβ , β ∈ B} ⊆ `2 covered by the estimators family Θ̂(B). Thus, another
appealing feature of the proposed oracle approach to the posterior convergence
quality is that the family Θ̂(B) can cover many scales at once. Therefore, all
the results on adaptive posterior convergence rate with the minimax rate over
all these scales follow immediately from the results on oracle posterior rate cor-
responding to the estimators family Θ̂(B). Moreover, all these results will also
be uniform over all scales contained in Θ0, provided the oracle result (1.6) is
uniform over Θ0.

A result of the type (1.4) (or a non-asymptotic version (1.5)) claims in
essence that the posterior concentration rate is at most rε, this does not forbid
it to be smaller. A result of the type saying that the posterior concentration
rate is at least rε is called a lower bound result for the posterior rate. Together
with an upper bound result (1.5), such a lower bound result specifies the exact
posterior concentration rate. To be precise, besides (1.4) (or (1.5)), we want to
derive a result of the type

Eθ0P
{
r−1
ε d(θ, θ0) ≤ δ|X

}
≤ ψ(δ), (1.7)

for some function ψ monotonically decreasing to zero as δ → 0 and all θ0 ∈ Θ0.
This means that the oracle rate rε is sharp for the posterior concentration and
can not be improved, at least for the given prior. This also implies that the
posterior mass is mainly concentrated in the annulus {θ : δrε ≤ d(θ, θ0) ≤
Mrε} for a sufficiently small δ > 0 and a sufficiently large M > 0. The most
interesting and the finest results of this type concern the local rates rε = rε(θ0),
i.e. depending on the true θ0, especially when rε(θ0) is of an oracle kind, an
oracle rate with respect to a family of priors, or estimators, or an arbitrary
interesting family of posterior rates.

The first results on lower bounds for the posterior rate are obtained in
Castillo (2008) in case of a Gaussian prior in an asymptotic setting. The method
is essentially based on the so called concentration function of the Gaussian pro-
cess and the small ball probabilities for a Gaussian process; see Lifshits (1995),
van der Vaart and van Zanten (2008) and further references therein.

Let us describe an approach to lower bounds for an oracle posterior rate
based on a family of priors. Suppose we start with a family of priors {πγ , γ ∈ Γ},
then we design an adaptive prior and establish an upper bound result (1.4) or
(1.5) for it, i.e. the corresponding adaptive posterior mimics the oracle over the
family of the posteriors coming from the family of priors we started with. A
good candidate for an adaptive prior is a mixture over the priors from the family
{πγ , γ ∈ Γ}. If the adaptive prior is a mixture, then the resulting adaptive
posterior is a (random) mixture of posteriors. If we want to establish the lower
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bound (1.7) with the oracle rate for this adaptive posterior, we can proceed as
follows. Clearly, the smallest lower bound among the members of the mixture
will certainly be a lower bound for the resulting adaptive posterior. Therefore
for each prior πγ from the family of priors we derive the corresponding family
of posterior rates {rε(πγ , θ), γ ∈ Γ} and then show that all these posterior rates
are sharp in the sense of lower bound (1.7), including the oracle rate rε(πγo

, θ).
Since the oracle rate is the smallest among them, the resulting adaptive posterior
must satisfy the lower bound with the oracle rate. In fact, this is exactly how
the proofs of the results on the lower bounds in this thesis go. It is a challenging
problem to derive this kind of results for a wide class of priors instead of specific
ones.

1.5 Gaussian sequence model

Consider a Gaussian sequence model, as is introduce earlier in Example 1,

Xk = θk + εξk, k ∈ N , (1.8)

where θ ∈ `2 is an unknown parameter of interest, N = {1, 2, . . .} = N, the
random noise variables ξk’s are independent standard Gaussian, the parameter
ε is a known noise level. Recall that this models is sometimes called white noise
model in the sequence form; more discussion about the continuous version of
the white noise model, which is equivalent to the Gaussian sequence model, is
below. If the set N is finite or of a growing cardinality |Nε| = Mε → ∞ as
ε→ 0, this models is also called many normal means model.

Although the model (1.8) seems to be a very specific, unpractical and math-
ematically idealized object, it turned out to play a significant role in nonpara-
metric statistics as much (if not more) as finite dimensional normal models in
parametric statistics. Looking innocently simple (probably one of the simplest
nonparametric models one can think of), this model “captures many of the con-
ceptual issues associated with non-parametric estimation, with a minimum of
technical complication” (Johnstone (2003)). Moreover, this model, besides be-
ing of interest and widely used on its own right, for example, in communication
theory and signal transfer (see Kotelnikov (1959), serves as a purified approx-
imation (principle of equivalence, see Efromovich (1999)) to some other statis-
tical models, such as probability density estimation, regression model, spectral
function estimation. We will not go into more detail on the equivalence princi-
ple, the problem of establishing the equivalence in a precise sense is a delicate
and in general difficult task. Some authors undertook a serious effort to make
the notion of equivalence mathematically precise: see Brown and Low (1996)
for regression model, Nussbaum (1996) and Claeskens and Hjort (2004) for the
density estimation.

To summarize, the Gaussian sequence model captures the statistical essence
of the asymptotically equivalent nonparametric models and preserves its traits
in a pure form. The statistical inference results for the “generic” model (1.8) can
therefore be conveyed, under some appropriate assumptions, to other models
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according to the above mentioned equivalence principle. This is why this model
gave rise to many important, beautiful and surprising results whose influence
extends well beyond the formal mathematical constructions into the practical
world of data analysis. The model (1.8) was studied in different settings by many
authors, for example, Ibragimov and Khasminskii (1981), Belitser and Levit
(1995), Efromovich (1999), Johnstone (2003), and further references therein.

In the rest of this section, we illustrate the equivalence of the Gaussian
sequence model to the white noise model and an approximate equivalence to
the nonparametric regression model.

1.5.1 Gaussian white noise model

Suppose we observe a stochastic process X(ε)(t) = X(t), satisfying the stochas-
tic differential equation, the “signal in Gaussian white noise” model:

dX(t) = f(t)dt+ εdW(t), t ∈ [0, 1], (1.9)

where W (t) is a standard Wiener process and f(t) ∈ L2[0, 1] is an unknown
function of interest called signal from the space of the square integrable functions
on the unit interval, ε > 0 is a known noise level parameter. The model is called
the Gaussian white noise model, probably first introduced by Kotelnikov (1959),
see also Ibragimov and Khasminskii (1981).

Let {ϕk, k ∈ N} be an orthonormal basis for L2[0, 1] and expand signal f
as f(t) =

∑∞
k=1 θkϕk(t) in the L2-sense, with an isomorphic correspondence

between signal f and its Fourier coefficients θ = (θk, k ∈ N). Then the equiv-
alence of models (1.9) and (1.8) is seen by the expansion of (1.9) in the basis
{ϕk, k ∈ N}:

Xk =
∫ 1

0

ϕk(t)dX(t), θk =
∫ 1

0

f(t)ϕk(t)dt, ξk =
∫ 1

0

ϕk(t)dW(t),

so that (1.8) follows
Xk = θk + εξk, k ∈ N.

The last integral is a Wiener-Ito stochastic integral. By the elementary prop-
erties of stochastic integrals, ξk’s are independent standard Gaussian random
variables.

1.5.2 Regression model into Gaussian sequence model

Suppose that we observe Y1, . . . , Yn in the nonparametric regression model

Yi = f(i/n) + Zi, i = 1, 2, . . . n, (1.10)

where the Zi’s are independent N (0, 1) random variables, f is an unknown
function (sometimes called curve) from L2[0, 1]. Let {ϕk, k ∈ N} be an or-
thonormal basis in L2[0, 1]. We can expand the regression function f in a
Fourier series f(x) =

∑∞
k=1 θkϕk(x) in the L2-sense, where the Fourier coeffi-

cients θk =
∫ 1

0
f(x)ϕk(x)dx, k ∈ N. Due to Parseval’s identity, the problem of
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estimating the regression f with the L2-risk can be converted into a problem of
estimating the parameter θ = {θk, k ∈ N} with the `2-risk.

To illustrate the equivalence of the models, for k ∈ N, we define ε = n−1/2,

Xk =
1
n

n∑
i=1

Yiϕk(i/n),

θ̃k =
1
n

n∑
i=1

f(i/n)ϕk(i/n),

ξk =
1√
n

n∑
i=1

Ziϕk(i/n).

Model (1.10) together with the above relations yields

Xk = θ̃k + εξk, k ∈ N. (1.11)

Next, notice that the ξk’s are normal with zero means,

θ̃k =
1
n

n∑
i=1

f(i/n)ϕk(i/n) ≈
∫ 1

0

f(x)ϕk(x)dx = θk, k ∈ N,

Cov(ξk, ξm) =
1
n

n∑
i=1

ϕk(i/n)ϕm(i/n) ≈
∫ 1

0

ϕk(x)ϕm(x)dx = δkm, k,m ∈ N,

where δkm = 1 if k = m and zero otherwise. Thus, the ξk’s are approxi-
mately, as n is sufficiently large, independent standard Gaussian random vari-
ables. We note here that if the basis {ϕk, k ∈ N} is standard trigonometrical,
then Cov(ξk, ξm) = δkm k,m = 1, . . . , n; see Belitser (2000), Tsybakov (2008).
Hence, for sufficiently large n, the model (1.11) approximates the Gaussian se-
quence model (1.8). Note the correct calibration of the information parameter
ε = n−1/2 in the model (1.8) with respect to the sample size n from the model
(1.10). Of course, here we used only heuristic arguments, but with a fair piece
of effort they can be made rigorous.

1.5.3 White noise model into regression model

Consider the process X(t) = X(ε)(t), t ∈ [0, 1], in the Gaussian white noise
model (1.9). Notice, that the model can be rewritten in the equivalent form:

X(t) = X(0) +
∫ t

0

f(s)ds+ εW (t), t ∈ [0, 1],

where X(0) is the initial value of the stochastic differential equation (1.9), as-
sumed to be a random variable, independent of W (t), t ∈ [0, 1]. The increments
of the process X(t) are

X(ti)−X(ti−1) =
∫ ti

ti−1

f(s)ds+ ε
(
W (ti)−W (ti−1)

)
, ti =

i

n
, i = 1, . . . , n.
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The Wiener process has independent increments with distribution W (ti) −
W (ti−1) ∼ N (0, n−1).

Again, take the calibration ε = n−1/2. For large n and a continuous f , the
integral

∫ ti

ti−1
f(s)ds is approximately n−1f(ti). Multiplying both sides of the

last equation by n and defining the random variables Xi = n
(
X(ti)−X(ti−1)

)
and Zi =

√
n
(
W (ti)−W (ti−1)

)
for i = 1, . . . , n, we obtain

Xi ≈ f(i/n) + Zi, i = 1, . . . , n.

Thus, according to our heuristic arguments, the Gaussian white noise model
(1.9) is asymptotically, for sufficiently large n, equivalent to the regression model
(1.10).

1.6 Scope of the thesis

All the results about posterior rates obtained until now are related to the op-
timal (minimax) rates for the estimation problem over the corresponding non-
parametric smoothness classes, i.e. of a global nature; cf. Ghosal, Ghosh and
van der Vaart (2000), Ghosal and van der Vaart (2007), Ghosal, Lember and
van der Vaart (2008), van der Vaart and van Zanten (2007), van der Vaart and
van Zanten (2008). In the meantime, a new local approach to optimality has
been developed within the estimation framework, namely, the oracle approach.

The main goal of this thesis is to develop and study the oracle approach to
the posterior concentration performance in the Gaussian sequence model, which
includes the equivalent models as well (see the previous section), although some
more technical work is needed to make the exact transfer of the results to the
asymptotically equivalent models. Instead of the minimax risk, a new bench-
mark for the posterior concentration rate is proposed, the so called posterior
oracle rate, which is the smallest possible rate over a family of posterior rates
corresponding to an appropriately chosen family of priors.

In this thesis we start with a family of priors modeling the estimation ora-
cle in the sense that the family of resulting posterior rates essentially coincides
with the family of risks of the estimators from some sufficiently “rich” family
of estimators, containing some good estimators, e.g. minimax over some inter-
esting nonparametric classes. The quality of the oracle posterior rate is then
characterized by the best (oracle) risk over that family of estimators. The ora-
cle posterior rate is an intrinsically local quantity since it depends on the true
parameter value and it is supposed to be good for “good” parameter values.
Besides, the results on the oracle (with respect to a certain estimators family)
posterior rate will always be stronger than any result about posterior conver-
gence with the minimax rate over all scales which are covered by that estimators
family.

At this moment we are not aware of any result on oracle posterior rate other
than Babenko and Belitser (2010) which is essentially contained in Chapter 2 of
the present thesis. In Chapter 2, we apply the Bayes approach to the problem
of projection estimation of an unknown parameter observed in the Gaussian
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sequence model and we study the rate at which the posterior distribution con-
centrates about the true parameter from the space `2, as the information in
observations tends to infinity. The projection estimators projects the data on
the infinite family of embedded finite dimensional subsets of the space `2. This
corresponds to the so called ordered variable selection problem as described in
Birge and Massart (2001). Under an appropriate hierarchical prior, we study
the performance of the resulting (appropriately adjusted by the empirical Bayes
approach) posterior distribution and establish that the posterior concentrates
about the true parameter with the oracle projection convergence rate. We also
construct a Bayes estimator based on the posterior and show that it satisfies an
oracle inequality. The results are nonasymptotic and uniform over `2.

Another important feature of our approach is that our results on the oracle
projection posterior rate are always stronger than any result about posterior
convergence with the minimax rate over any nonparametric class if our family
of projection estimators contains a minimax estimator over that class. If this
holds for a functional scale, then our result implies the adaptive minimaxity
over that scale. For example, the results of Chapter 2 (or Babenko and Be-
litser (2010)) are stronger than those in Belitser and Ghosal (2003) where the
Sobolev scale was considered since the Sobolev scale is covered by the family of
the projection estimators we consider. Actually, the Sobolev scale is just one
particular functional scale for which the results on the posterior convergence
with the minimax rate follow. Other scales are exponential ellipsoids, hyper-
rectangles and tail classes. Besides, the uniformity of the result on adaptive
minimax convergence rate of the posterior over all these scales also follows im-
mediately from the uniformity of the results in Babenko and Belitser (2010)
over the whole space `2. We also study implications for the model selection
problem, namely we propose a Bayes model selector and assess its quality in
terms of the so called false selection probability.

In Chapter 3, we complement the upper bound results on the posterior
concentration rate obtained in Chapter 2 by a lower bound result of type (1.7)
for the oracle rate. It turns out that the rates of the upper and lower bounds
coincide with the oracle projection convergence rate. This implies that the
oracle posterior rate is sharp and all of the posterior mass concentrates in some
annulus around the true parameter value. In our case the prior is a mixture (as
it handles the adaptation problem) of normals, thus the resulting posterior is
also a mixture of normals, which enables us in essence, as in Castillo (2008), to
use the small ball probabilities technique for Gaussian distributions. The lower
bound results are non-asymptotic and uniform over `2.

In Chapter 4, we study the posterior distributions in the many normal means
model using numerical simulations and compare the results with those previ-
ously obtained theoretically in the Gaussian sequence model. To illustrate our
findings, we construct credible bands for the signal function in the equivalent
white noise model formulation (or approximate discrete regression model) on the
basis of posterior distribution of the signal given data. Empirical performance
of the methods is illustrated on test examples.

In Chapter 5, we first consider the problem of Bayes estimation of a linear
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functional of the signal in the continuous Gaussian white noise model, under
the assumption that the unknown signal is from a Sobolev smoothness class.
We propose a simple family of conjugate (in fact Gaussian) priors for the signal,
which makes the explicit calculations possible. Next we claim that the proposed
prior models adequately the smoothness requirement on signal in the underlying
estimation problem in that the resulting Bayes estimator of the linear functional
of the signal is proved to be rate minimax over the Sobolev smoothness class
from the both frequentist and Bayesian perspectives. Using this, we establish
the result on the convergence rate of the posterior distribution of the linear
functional of the signal, which turns out to be optimal in the minimax sense
over the Sobolev class.

In the second part of Chapter 5, we consider an adaptive filtering problem.
We assume that the signal is distributed according a prior parameterized by
an unknown “true smoothness” parameter. Then the Bayes estimator of the
functional cannot be used, because this parameter is unknown. This Bayes es-
timator of the functional is regarded as a Bayesian oracle and its risk becomes
our benchmark, which we call the oracle Bayes risk. By applying the empirical
Bayes approach, which is due to Robbins (1956), we construct a marginal like-
lihood (an empirical Bayes) estimator for the smoothness parameter and show
that the resulting plug-in adaptive procedure for the estimator of the functional
mimics the Bayesian oracle. Actually we show that our adaptive estimator of
the functional is asymptotically sharp, i.e. its risk coincides asymptotically with
the oracle Bayes risk. The accompanying problem of estimating the smoothness
parameter by the empirical Bayes procedure can be seen as a Bayesian coun-
terpart of the inference problem on the smoothness parameter. In the minimax
frequentist setting, it is impossible to estimate the smoothness in any meaning-
ful sense, while it is a well defined problem from the Bayesian point of view,
merely as the problem of estimating a parameter of the prior distribution.
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Chapter 2

Oracle convergence rate of
posterior under projection
prior and Bayesian model
selection

We apply the Bayes approach to the problem of projection estimation of an un-
known parameter observed in the Gaussian white noise model and we study the
rate at which the posterior distribution concentrates about the true parameter.

Suppose we observe X = (X1, X2, . . .), where

Xi = θi +
ξi√
n
, i = 1, 2, . . . , (2.1)

θ = (θi)i∈N = (θ1, θ2, . . .) ∈ `2 is an unknown parameter of interest, the noise
variables ξi are independent, identically distributed N (0, 1) random variables,
the parameter n is the noise intensity and reflects the increase of information
in the data X as n→∞. The goal is to make an inference on θ on the basis of
the observed data X = X(n). Many quantities actually depend on parameter
n, but for the sake of notational simplicity we will often skip this dependence.

Model (2.1) is known to be a Gaussian white noise model or many Normal
means model, and it arises in various statistical settings, for example, in non-
parametric regression model or in the continuous white noise model, which is
widely used in communication theory and signal transmission. The equivalence
of the models was already discussed in the general introduction (Chapter 1).

In this chapter, we introduce the notion of oracle projection convergence
rate, propose an appropriate hierarchical prior, construct several different es-
timators using the posterior, study their oracle properties, establish the oracle
projection convergence rate for the resulting (appropriately adjusted by the em-
pirical Bayes approach) posterior distribution and finally address the problem
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of Bayesian model selection. The class of projection estimators Θ̂(N ) is pa-
rameterized by the so called cut-off parameter N ∈ N, which can be thought
of as model selector. According to Bayesian paradigm, we designed a two-level
hierarchical prior on (θ,N): conditionally θ|N ∼ πN and N ∼ λ. Conditional
priors πN ’s are all normal, which makes it possible to compute many quantities.
Discrete prior λ on the cut-off parameter N satisfies certain conditions, which
we will indicate later. Despite of its simplicity, this projection estimators family
turns out to be a very good choice. Indeed, we established the oracle relations of
types (1.3) and (1.6) uniformly over Θ0 = `2. This implies that our results are
always stronger than any results on adaptive posterior convergence rate with
the minimax rate over any scale {Θβ , β ∈ B} covered by the estimators family
Θ̂(N ). On the other hand, this estimators family is rich enough to cover some
important scales {Θβ , β ∈ B} such as Sobolev ellipsoids, exponential ellipsoids,
hyperrectangles and tail classes; see Section 2.3 below. This is another appeal-
ing feature of this approach: the family Θ̂(N ) can cover many scales at once.
Besides, all the results are nonasymptotic and uniform over `2.

Recall that our hierarchical prior includes a prior on parameter N , which
enables us to perform the Bayesian model selection to mimic the oracle No

(in our case No is the dimension of the oracle model) by using the posterior
P (N |X); for example, by taking the maximum a posteriori probability selector
N̂MAP or by simply generating from P (N |X) the posterior randomized selector.
To assess the quality of model selectors, we introduce the notion of false selection
probability FSP(N̂ , τ, θ0) = Pθ0{N̂ 6∈ N (τ, θ0)}, where N (τ, θ0) ⊆ N is the index
set of the so called admissible models, τ is a predetermined tolerance parameter
that describes how lenient the definition of admissible model is. We investigate
the performance of the proposed Bayes model selectors with respect to this
criterion and establish that the false selection probability at point θ0 is small
if, roughly speaking, the oracle risk at point θ0 is not “too parametric”, in the
sense that rn(θ0) ≥ Cn−1 for some big constant C.

The proposed methodology can, in principle, be extended to other statis-
tical models. In this chapter, we, however, consider the simplest Gaussian
infinite-dimensional framework, which allows us to illustrate the main ideas of
the proposed approach without too much technicalities and to derive closed ex-
pressions of many quantities and constants involved. As to the results on the
oracle posterior rate, we are not aware of other studies of such kind. To the best
of our knowledge, all the results about posterior rates obtained until now are
actually global, typically such results are related to the minimax rates for the
estimation problem over some nonparametric smoothness classes; cf. Ghosal,
Ghosh and Van der Vaart (2000). The point is that the existing methods for
the derivation of posterior concentration rates are often based on some global
quantities, like entropy characteristics and existence of uniform tests, and lead
therefore to global posterior rates. Oracle rates are on the contrary intrinsically
local: the oracle rate depends on the true value θ0 and it is typically small for
“good” parameter values. The derivation of the results on oracle concentration
rates requires therefore the development of new techniques and the chapter in
this thesis is intended to make a first step in this direction.
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2.1 Preliminaries

Denote the probability measure ofX from the model (2.1) by Pθ = P
(n)
θ . In case

θ is a stochastic element as in the Bayesian analysis, denote by Pθ the conditional
probability measure of X given θ, by P (θ|X) the conditional distribution of θ
given X and by P the joint probability measure of (X, θ). The same notations
apply to the expectation operation. Denote by I{S} the indicator function of
the set S and by |S| the cardinality of the set S, N = {1, 2, . . .}, i.e. zero is not
included in N. For a constant c ∈ R, cθ = (cθi)i∈N.

Introduce the class of projection estimators {θ̂(N), N ∈ N} which is pa-
rameterized by a so called cut-off parameter N . It is the dimension of the
approximating linear subspace SN = {(sk)k∈N : sk = 0, k > N}, on which we
project the data X to obtain the corresponding projection estimator: for an
N ∈ N,

θ̂(N) = ΠSN
X = (θ̂i(N))i∈N, θ̂i(N) = XiI{i ≤ N}, i ∈ N. (2.2)

The estimation quality of the estimator θ̂(N) at point θ is measured by the risk
function

Rn(N) = Rn(N, θ) = R(θ̂(N), θ) = Eθ‖θ̂(N)− θ‖2.

It can easily be checked that

Rn(N, θ) = Eθ

∞∑
i=1

(θ̂i(N)− θi)2 = Eθ

[ N∑
i=1

ξ2i
n

+
∞∑

i=N+1

θ2i

]
=

N

n
+

∞∑
i=N+1

θ2i . (2.3)

For a fixed θ ∈ `2, we define the oracle No = No(θ) ∈ N and the oracle
projection risk (or just the oracle risk) rn = rn(θ) = Rn(No, θ) by the following
relation:

rn = rn(θ) = Rn(No, θ) =
No

n
+

∞∑
i=No+1

θ2i = min
N∈N

Rn(N, θ). (2.4)

As is easy to see, the oracle No(θ) is well defined for any θ ∈ `2 and it is not an
estimator since it depends on the unknown θ. Recall that zero is not included
in N, which ensures that oracle risk is always positive, in fact Rn(No, θ) ≥ n−1

and No ≥ 1. It is not restrictive since n−1 is the best (parametric) rate in case
at least one coordinate θi 6= 0. We want our problem to be at least as difficult
as the parametric one, so we will have to avoid the trivial case θ = (0, 0, . . .)
anyway. For example, if we allow N = 0, then our results will hold only for
θ ∈ Θ0 = {θ ∈ `2 : Rn(No, θ) ≥ n−1}. Alternatively, we can add a penalty term
1/n to the oracle risk and take the resulting sum as our new oracle benchmark.

Now our goal is to propose a two-level hierarchical prior on (θ,N) in the
manner we described in the introduction, so that we can study the resulting
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posterior P (θ|X) and the properties of an estimator θ̂ constructed by using the
posterior distribution P (θ|X) and P (N |X), under the probability measure Pθ0

for some fixed (“true”) θ0 ∈ `2.
First, consider the case of a fixed cut-off parameter N . Let {πN (θ), N ∈ N},

be a family of priors on θ defined as follows:

θi|N
ind∼ N (0, τ2

i (N)), τ2
i (N) = n−1I{i ≤ N}, i ∈ N, (2.5)

with the convention from now on that if Z ∼ N (c, 0) then Z = c with probability
1. πN (θ) is the product measure of normal distributions N (0, τ2

i (N)), i ∈ N.
Recall that Xi|θ

ind∼ N (θi, n
−1), so that the posterior distribution PN (θ|X)

corresponding to the prior πN (θ) defined by (2.5) is readily obtained:

θi|(X,N) ind∼ N
(Xi

2
I{i ≤ N}, n

−1

2
I{i ≤ N}

)
, i ∈ N, (2.6)

Here we used the elementary fact that if Z|Y ∼ N (Y, σ2) and Y ∼ N (µ, τ2),
then

Y |Z ∼ N
(Zτ2 + µσ2

τ2 + σ2
,
τ2σ2

τ2 + σ2

)
.

The Bayes estimator with respect to the prior πN (θ) is θ̃ = EN (θ|X) =

(θ̃i)i∈N. Notice that θ̃ =
bθ(N)

2 , that is θ̃i =
bθi(N)

2 , i ∈ N, where θ̂(N) is the
projection estimator (2.2) with cut-off N . It follows therefore that the Bayes
estimator θ̃ converges to θ0/2 with the rate Rn(N, θ0) (up to a constant). Be-
sides, it is not so difficult to see (for example, by applying the conditional
Chebyshev inequality) that the posterior PN (θ|X) concentrates about θ0/2 as
n → ∞ in Pθ0-probability with the rate Rn(N, θ0). There is nothing special
about factor 1/2, in fact we can get any other factor in (0, 1) by taking the
variances in the product prior πN as τ2

i (N) = Cn−1I{i ≤ N}, i ∈ N, for some
constant C > 0. The reason for this is that our prior πN is normal with zero
mean so that the corresponding Bayes estimator is always a shrinkage estimator
and thus it is always going to be a fraction of the projection estimator θ̂(N).
To fix this problem, instead of (2.5), take the prior πN,µ defined as

θi|N
ind∼ N (µi(N), τ2

i (N)), µi(N) = µiI{i ≤ N}, τ2
i (N) = n−1I{i ≤ N},

with the idea that µ(N) = (µi(N))i∈N would model a possible shift. The
corresponding posterior is easy to derive in the same way as for (2.6):

θi|(X,N) ind∼ N
(Xi + µi

2
I{i ≤ N}, n

−1

2
I{i ≤ N}

)
, i ∈ N. (2.7)

For now µi’s are some parameters. To estimate these, apply the empirical Bayes
approach, i.e. we use the marginal (ofX) maximum likelihood estimates for µi’s.
Marginal distribution of X: Xi|µ(N) ind∼ N

(
µi(N), n−1+τ2

i (N)
)
, i ∈ N, so that

trivially µ̂i = Xi, i ∈ N. Thus, as posterior we take the conditional distribution
P ′N (θ|X) defined as

θi|(X,N) ind∼ N
(
XiI{i ≤ N}, n

−1

2
I{i ≤ N}

)
, i ∈ N. (2.8)
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Now we can make all our inference on the basis of this empirical Bayes posterior
P ′N (θ|X). Clearly, the corresponding (empirical) Bayes estimator coincides with
the projection estimator θ̂(N) and this empirical Bayes posterior distribution
concentrates about θ0 with projection rate Rn(N, θ0) in Pθ0-probability.

The next theorem shows that the posteriors PN (θ|X) and P ′N (θ|X), defined
by (2.6) and (2.8), are concentrated about θ0/2 and θ0 respectively with the
rate Rn(N, θ0).

Theorem 2.1. Let Rn(N, θ0) be defined by (2.3). Then there exist constants
c1, c2 > 0 such that, for any θ0 ∈ `2 and any M > 0,

Eθ0PN

{∥∥θ − θ0/2
∥∥2 ≥MRn(N, θ0)

∣∣X}
≤ c1
M
,

Eθ0P
′
N

{∥∥θ − θ0
∥∥2 ≥MRn(N, θ0)

∣∣X}
≤ c2
M
.

Thus, if N = No then the posteriors PN (θ|X) and P ′N (θ|X) are concentrated
with the oracle rate Rn(No, θ0). Clearly, if we knew the oracle No defined by
(2.4), we would of course use the prior πNo

. Since the oracle is not known
we step to the next level in our Bayesian analysis by putting a prior on N as
well. Formally, we now regard the distribution πN (θ) to be the conditional
distribution on θ given N , and next put a prior λ = λα on N ∈ N, N ∼ λ:

P (N = k) = λk = c(α)e−αk, k ∈ N,

where c(α) = (1 − e−α)eα is the normalizing constant and the constant α > 0
is to be specified later. Note that the prior λ is a geometric distribution λk =
p(1− p)k−1, k ∈ N, with parameter p = 1− e−α. In doing so, we introduced a
two-level hierarchical prior π = πα on (θ,N):

(θ,N) ∼ π ⇐⇒ θ|N ∼ πN , N ∼ λα, (2.9)

with λα given above and πN defined by (2.5). This leads to the posterior
distributions P (θ|X) = Pα(θ|X) and P (N |X) = Pα(N |X). Although many
quantities (like πα, λα and Pα(θ|X)) depend on the parameter α > 0, we typi-
cally skip this subscript to avoid complicated notations, unless we occasionally
want to emphasize this dependence. There is a small notational abuse: πα is
the mixture of πN ’s over N ∼ λα.

The posterior distribution P (θ|X) can be expressed as follows (for a mea-
surable set S ⊂ `2):

P (θ ∈ S|X) =
∑
k∈N

P (θ ∈ S|X,N = k)P (N = k|X) (2.10)

where the conditional distribution P (θ ∈ S|X,N = k) is defined by (2.6) with
N = k.

Recall that the family of priors πN , N ∈ N, makes the resulting posterior
concentrate about θ0/2 in Pθ0-probability. The same phenomenon occurs for the
posterior P (θ|X) corresponding to the prior πα, which is not surprising since πα
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is merely a mixture of πN ’s. We fix this problem by using the empirical Bayes
approach as we did this above for the prior πN . Namely, instead of posterior
(2.10) we base the inference on the empirical Bayes posterior distribution

P ′(θ ∈ S|X) =
∑
k∈N

P ′(θ ∈ S|X,N = k)P (N = k|X), (2.11)

where the conditional distribution P ′(θ|X,N = k) is defined by (2.8) with
N = k.

Using the above posterior distributions, we finally construct some estimators
for the signal θ. From now on denote by θ̂ = (θ̂i)i∈N an estimator of signal θ
which is in general a measurable function of X, α and n: θ̂ = θ̂(X,α, n). First
define a version of empirical Bayes estimator:

θ̂ = E′(θ|X), (2.12)

with the conditional expectation E′ taken with respect to the empirical Bayes
posterior distribution (2.11). The next estimator is in fact a version of the
projection estimator with a posterior-randomized cut-off parameter N̂ :

N̂ ∼ P (N |X), θ̂ = θ̂(N̂) = θ̂(N̂ ,X, α), (2.13)

where the random variable N̂ = N̂(X,α) is drawn from the posterior dis-
tribution P (N |X) = Pα(N |X), θ̂(N) is the projection estimator defined by
(2.2) with cut-off N . Notice that θ̂ defined by (2.13) can be expressed as
θ̂ = 2E(θ|X,N = k)

∣∣
k= bN .

We conclude this section with a couple of remarks.

Remark 2.1. Notice that as θ ∈ `2, then θ̂(N) with N > n are all inadmissible
for sufficiently large n. Indeed, assume that N > n, then Rn(N, θ) > 1 while
Rn

(
b
√
nc, θ

)
→ 0 as n → ∞. Therefore, one could in principle restrict the set

of possible values for the cut-off parameter N to the set Nn = {1, . . . , n} instead
of N. The set Nn of possible values for the cut-off parameter N would arise
by itself in case we had a high-dimensional version the model (2.1) instead of
infinite-dimensional, i.e. i = 1 . . . , n in (2.1), the observation X = (X1, . . . , Xn)
and the unknown parameter θ = (θ1, . . . , θn) ∈ Rn. Typically, there is not
much difference between the above described high-dimensional and our infinite-
dimensional models and actually many papers deal with the high-dimensional
case rather than with the infinite dimensional one. However, there is a sig-
nificant difference between these two situations in case when the intensity of
noise n−1 is unknown. The high-dimensional situation becomes problematic,
while in the infinite dimensional model one can base an estimate of n−1 on
the observations Xl+1, Xl+2, . . . , Xl+p for sufficiently large integers l, p, which
are approximately N (0, n−1)-distributed for large l. In fact, one can achieve
an arbitrary precision in estimating n−1, uniformly over some Sobolev ellipsoid
Θβ(Q) for some fixed β,Q > 0. In this chapter we however assume parameter
n to be known and thus consider the more general infinite dimensional case
N ∈ N.
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Remark 2.2. The above framework can be generalized as follows. Instead of
{θ̂(N), N ∈ N}, we can consider the following more general estimators family
{θ̂(Ik), k ∈ N}:

θ̂(Ik) = ΠSIk
X = (θ̂i(Ik))i∈N with θ̂i(Ik) = XiI{i ∈ Ik}, i ∈ N.

the family of the projectors of the data on the subspaces SIk
= {(si)i∈N :

si ∈ R, i ∈ Ik; si = 0, i 6∈ Ik}. Here {Ik}k∈N is a countable family of embedded
subsets of N: Ik ⊂ N, Ik ⊂ Ik+1, |Ik| = Mk. Finite families can be considered as
well. So the corresponding nested family of finite dimensional linear subspaces
{SIk

}k∈N (i.e. SIk
⊂ SIk+1 , dim(SIk

) = Mk, k ∈ N) can be interpreted as a
collection of finite dimensional models, where model SIk

corresponds to the
choice {θi, i ∈ Ik} as “most significant” variables. We can assume without
loss of generality that Ik = {1, . . . ,Mk}. Indeed, we can always rearrange the
coordinates of signal θ in such a way that this holds. Next, notice that the
particular case Mk = k is exactly the one we study in this chapter. It is related
to the so called ordered variable selection problem, cf. Birge and Massart (2001).
However this case is most important since it corresponds to the most detailed
slicing of the space `2 by a family {SIk

}k∈N of embedded pieces SIk
⊂ SIk+1 ,

k ∈ N, and thus the most difficult one to handle. Results and their proofs for
any less detailed slicing case (Mk+1 > Mk + 1 for some k ∈ N) can be obtained
along similar lines.

Another generalization concerns the high-dimensional case θ ∈ Rn described
in the previous remark. One can apply our approach to the situation correspond-
ing to the complete variable selection, namely the family of linear subspaces
{SI , I ⊆ Nn}, SI = {(si)i∈Nn

∈ Rn : si = 0, i 6∈ I}, Nn = {1, . . . , n}. The
conjecture is that there will be a price for the complete variable selection in the
posterior convergence rate: as compared to the oracle risk, it is expected to be
slower by a log n factor. This problem will be considered elsewhere.

Remark 2.3. As to the estimating the parameter µ in (2.7), instead of the em-
pirical Bayes approach one could also use pure Bayesian approach by putting
some prior on µ. We believe this approach should work as well, but its theoret-
ical treatment seems to be more difficult since it adds one more hierarchy level
to the Bayesian analysis.

Remark 2.4. Apart from the empirical Bayes approach, one can propose two
more ways to fix the posterior: shifting the posterior and rescaling the posterior
by an appropriate factor. By the first approach, construct an estimator θ̂ by
using the posterior P (N |X) which converges to θ0 with oracle rate and then
shift the posterior P (θ|X) by the factor θ̂/2 to make the resulting posterior
distribution concentrate about the true value θ0 with the oracle rate in Pθ0-
probability.

The second approach is based on rescaling the posterior distributions
P (θ|X,N) = PN (θ|X) in (2.10) by factor 2. First consider nonadaptive case
when the parameter N is fixed. Introduce the conditional distribution P ′′N (θ|X):

θi|X
ind∼ N

(
XiI{i ≤ N}, 2n−1I{i ≤ N}

)
, i ∈ N. (2.14)
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Notice that the distribution P ′′N (θ|X) is simply the distribution of 2θ|X with
θ|X ∼ PN (θ|X), i.e. a rescaled version of PN (θ|X) defined by (2.6). Then this
newly defined posterior distribution will move towards θ0 in the sense that its
Bayes estimator will converge to θ0 and this posterior itself will concentrate
about θ0 with the rate Rn(N, θ0), although with somewhat bigger variances in
this resulting product posterior distribution.

Coming back to the adaptive case when we put a prior on N , instead of
posterior P (θ|X) defined by (2.10), we base the inference on the conditional
distribution P ′′(θ|X), the rescaled version of P (θ|X) defined by (2.10) with the
scale parameter 2:

P ′′(θ ∈ S|X) =
∑
k∈N

P ′′(θ ∈ S|X,N = k)P (N = k|X), (2.15)

where the conditional distribution P ′′(θ|X,N) = P ′′N (θ|X) is defined by (2.14).

Remark 2.5. If one wants to avoid the randomization as in (2.13), then one
could use an estimator of the form (2.13) but with a nonrandomized cut-off:
θ̂ = θ̂(N̂MAP), with N̂MAP = N̂MAP(X) being the so called maximum a posteriori
probability (MAP) estimator, defined by

N̂MAP = N̂MAP(X) = arg max{P (N = k|X), k ∈ N}, (2.16)

i.e. N̂MAP is the mode of the posterior distribution P (N = k|X). Since∑
k∈N P (N = k|X) = 1, the selector N̂MAP is well defined almost surely.

Remark 2.6. Another candidate for estimator θ̂ of signal θ is possible: for
example, θ̂ = 2E(θ|X), with the conditional expectation E taken with respect
to the posterior (2.10). Factor 2 is due to the shrinkage phenomenon discussed
above. Notice that θ̂ = 2E(θ|X) = E′′(θ|X), with the conditional expectation
E′′ taken with respect to the posterior (2.15). However, this estimator is very
much alike the estimator (2.12). This stems from the fact that the posteriors
P ′(θ|X) and P ′′(θ|X) are very similar, with the only difference between them
being a constant factor in the conditional variances Var(θi|X,N = k) which is
n−1I{i ≤ k} for the posterior (2.11) and 2n−1I{i ≤ k} for the posterior (2.15).
Therefore we will not study the posterior (2.15) and the estimator θ̂ = E′′(θ|X),
as the derivation of their properties is exactly the same as for the posterior (2.11)
and the estimator (2.12) respectively, with some modified constants in the proof.

2.2 Main results

This section contains the main results of the chapter. The proofs are deferred
to the last section.

2.2.1 Oracle properties of the Bayes estimator and oracle
posterior rate

The first theorem claims that the estimator (2.13) mimics the oracle, i.e. satisfies
an oracle inequality of the form (1.3). This estimator can therefore be used as
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a correcting shifting factor for the posterior distribution P (θ|X) later on.

Theorem 2.2. Let θ0 ∈ `2 and the prior πα be defined by (2.9) with α ∈
[ 16− log

(
2√
3

)
, 1

2 ], and let the estimator θ̂ be defined either by (2.12) or by (2.13).
Then there exist constants K1,K2 > 0 depending only on α such that

Eθ0‖θ̂ − θ0‖2 ≤ K1Rn(No, θ0) +
K2

n
.

Similar oracle inequalities are obtained in Golubev (2004), in Cavalier and
Tsybakov (2001) for blockwise Stein estimators and in Birge and Massart (2001)
for penalized estimators. The results in those papers are in fact stronger in some
respects. The above theorem shows that Bayes estimators with appropriately
chosen prior satisfy some projection oracle inequalities as well, which makes it
possible to use this estimator as a shifting factor for the posterior distribution
P (θ|X) later on. Besides, the theorem says that the posterior-randomized se-
lector N̂ defined by (2.13) mimics the oracle in the sense that θ̂(N̂) satisfies the
oracle inequality of the theorem.

The next result, which is the main result in the chapter, establishes that
the posterior distributions P (θ|X) and P ′(θ|X) concentrate about θ0/2 and θ0
respectively in Pθ0-probability with the posterior oracle projection rate rn(θ0)
defined by (2.4), uniformly over θ0 ∈ `2.

Theorem 2.3. Let the oracle rate rn(θ0) be defined by (2.4), the prior πα be
defined by (2.9) with α ∈ [ 16−log

(
2√
3

)
, 1

2 ]. Then there exist constants C1, C2 > 0
depending only on α such that, for any θ0 ∈ `2 and any M > 0,

Eθ0P
{∥∥θ − θ0/2

∥∥2 ≥Mrn(θ0)
∣∣X}

≤ C1

M
,

Eθ0P
′
{∥∥θ − θ0

∥∥2 ≥Mrn(θ0)
∣∣X}

≤ C2

M
,

where posteriors P (θ|X) and P ′(θ|X) are defined by (2.10) and (2.11) respec-
tively.

Further, the parts of Theorems 2.2 and 2.3 dealing with the estimator (2.13)
and the posterior (2.10) imply that an appropriately shifted posterior distribu-
tion P (θ|X) concentrates about θ0 in Pθ0-probability with the projection oracle
posterior rate rn(θ0) defined by (2.4), uniformly over θ0 ∈ `2.

Corollary 2.1. Let the oracle rate rn(θ0) be defined by (2.4), the prior πα be
defined by (2.9) with α ∈ [ 16 − log

(
2√
3

)
, 1

2 ], and the estimator θ̂ be defined either
by (2.12) or by (2.13). Then there exists a constant C ′ > 0 depending only on
α such that for any θ0 ∈ `2 and any M > 0

Eθ0P
{∥∥θ − θ0 + θ̂/2

∥∥2 ≥Mrn(θ0)
∣∣X}

≤ C ′

M
.

where posteriors P (θ|X) is defined by (2.10).
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Remark 2.7. Note that the results of the both above theorems are uniform in
θ0 ∈ `2 and nonasymptotic, i.e. also uniform in n ∈ N.

Remark 2.8. The results for the estimator θ̂ = E′′(θ|X) and for the rescaled
posterior P ′′(θ|X) defined by (2.15) follow in the same way as for the estimator
θ̂ = E′(θ|X) and for the empirical Bayes posterior P ′(θ|X) defined by (2.11)
with slightly different constants.

Remark 2.9. Take any Mn > 0 such that Mn → ∞ as n → ∞. Then from
Theorem 2.3 and Corollary 2.1 it follows that, under the conditions of Corollary
2.1,

P ′
{∥∥θ − θ0

∥∥2 ≥Mnrn(θ0)
∣∣X}

→ 0

and

P
{∥∥θ − θ0 + θ̂/2

∥∥2 ≥Mnrn(θ0)
∣∣X}

→ 0,

as n→∞ in Pθ0-probability, uniformly over θ0 ∈ `2.

Remark 2.10. As is already discussed, with the prior we use, we need either
to shift or rescale the resulting posterior distribution to make it concentrate
with the oracle rate about θ0 rather than about θ0/2. The shifting factor is
data driven and good enough to ensure that the concentration rate still remains
the same, which is the projection oracle rate. For example, the shifting factor
based on the Bayes estimator θ̂ defined by (2.12) is optimal in the sense of pro-
jection oracle properties. So the results with a data-driven optimal shifting or
rescaling (in our case the scale parameter 2 is fixed) of the posterior are as good
as any other results about the oracle posterior convergence rate when the pos-
terior is not adjusted. Sometimes, adjusting the posterior may be an intrinsic
operation. For example, in the classical parametric statistics, the Bernstein-von
Mises theorem is about an appropriately shifted posterior distribution. How-
ever, manipulating (for example, shifting or rescaling) the posterior distribution
after a Bayesian analysis is not in the core of the traditional Bayesian paradigm.
The empirical Bayes approach for adjusting the posterior is on the contrary well
established and accepted in the Bayesian community. These remarks though
are more of a philosophical, methodological nature rather than mathematical.

Remark 2.11. The obtained results establish in some sense the correct behav-
ior of the posterior distributions of θ and N from the Pθ0-perspective, which
seems to make it possible to use them in solving another interesting challenging
problem – the construction of an adaptive confidence set for θ0 by using these
posteriors. This is a subtle issue to address and will be considered elsewhere.
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2.2.2 Bayesian model selection, assessing the false selec-
tion probability

The next result concerns the model selection problem. For a τ > 0, θ0 ∈ `2 and
the oracle No = No(θ0) defined by (2.4), introduce the sets:

N (τ) = N (τ, θ0) =
{
k ∈ N : Rn(k, θ0) ≤ τRn(No, θ0)

}
, (2.17)

N−(τ) = N−(τ, θ0)
=

{
k ∈ N : k < No, Rn(k, θ0) > τRn(No, θ0)

}
, (2.18)

N+(τ) = N+(τ, θ0)
=

{
k ∈ N : k > No, Rn(k, θ0) > τRn(No, θ0)

}
. (2.19)

For any τ ≥ 1, these sets form a partition of N, i.e. they do not intersect and
N = N−(τ) ∪N (τ) ∪N+(τ). From now on, we deal only with τ ≥ 1.

The interpretation of the set N (τ, θ0) is clear – it specifies the set of accept-
able models in the sense that the risks Rn(k, θ0) for all models k ∈ N (τ, θ0)
are all within the constant factor τ of the oracle risk Rn(No, θ0). We call this
constant τ tolerance parameter. For a model selector Ñ = Ñ(X) ∈ N and a
tolerance τ ≥ 1, we define our quality measure of model selectors - the false
selection probability (FSP):

FSP(Ñ , τ, θ0) = FSP(Ñ , τ, θ0, n) = Pθ0

{
Ñ 6∈ N (τ, θ0)

}
, (2.20)

with N (τ, θ0) defined by (2.17).

Theorem 2.4. Let the model selector N̂(X,α) be defined by (2.13). Then, for
any α ∈ [ 16 − log

(
2√
3

)
, 1

2 ] and τ such that τ > τ−(α) = 6 log
(

2√
3

)
+ 6α and

τ ≥ τ+(α) = 1
2α , there exist constants B1, B2, B3 > 0 depending only on α and

τ such that for all θ0 ∈ `2

FSP(N̂ , τ, θ0) = Pθ0

{
N̂ 6∈ N (τ, θ0)

}
≤ min

{ B1

nRn(No, θ0)
,
B2nRn(No, θ0)
eB3nRn(No,θ0)

}
.

Remark 2.12. In Theorem 2.4, the constants B1 and B2 decrease and B3

increases as tolerance τ becomes bigger. The exact relations are given in the
proof of the theorem.

If the oracle quantity nRn(No, θ0) is large enough, it is easily seen from
the above theorem that the false selection probability for the selector N̂ is
small, i.e. N̂ selects a “good” model (from N (τ, θ0)) with high probability. The
oracle quantity nRn(No, θ0) ≥ K if there are at least K coordinates in vector
θ0 which are not less than n−1. If nRn(No, θ0) is small, θ0 is too close to
the zero signal for the selector N̂ to perform well. However, according to the
above remark, even for such θ0’s, the method does a good job if we lower our
tolerance requirement: making tolerance parameter τ bigger leads to a smaller
false selection probability.
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Another possibility is the so called maximum a posteriori probability (MAP)
model selector N̂MAP(X), the mode of the posterior distribution P (N = k|X),
defined by (2.16). Recall that it also depends also on the parameter α. It is
expected that this selector lives on the set N (τ, θ0), at least for “good” θ0’s.
The following assertion elaborates on this.

Theorem 2.5. Let the model selector N̂MAP(X) be defined by (2.16). Then,
under the conditions of Theorem 2.4 and for all θ0 ∈ `2,

FSP(N̂MAP, τ, θ0) = Pθ0

{
N̂MAP 6∈ N (τ, θ0)

}
≤ (1 + |N (τ, θ0)|1/2)2Pθ0

{
N̂ 6∈ N (τ, θ0)

}
≤

(
1 +

√
τnRn(No, θ0)

)2 min
{ B1

nRn(No, θ0)
,
B2nRn(No, θ0)
eB3nRn(No,θ0)

}
.

Although the above result claims somewhat worse properties for the MAP
selector N̂MAP as compared to the posterior randomized selector N̂ , it seems
actually that the MAP selector should have at least the same quality as N̂ , it
does perform better in simulations. So, it is more the method of the proof of
the properties for the MAP selector, that is not precise enough, rather than the
selector itself.

Remark 2.13. In principle, we are interested in the smallest value from the
set N (τ) in order to select the model with the smallest dimension. So, we can
correct our MAP selector slightly to incorporate this requirement. For some
positive sequence δ = δn, let

N̂δ = min
{
k ∈ N : P (N = k|X) ≥ δn

}
,

with the convention that min{∅} = ∞. Then we can take the selector

Ñ = min{N̂MAP, N̂δ}.

However, it is not clear what would be an appropriate choice for the sequence δn.
From the proof of the above theorem, it seems that the sequence δn should be of
the order (nRn(No, θ0))−1. The oracle risk is however unknown, so in practice
one should take its reasonable data driven empirical analog, say, δ̂n = cN̂−1

MAP.

Remark 2.14. Suppose an estimators family Θ̂(N ) covers some scale {Θβ , β ∈
B} in the sense we discussed in the general introduction, so that the estimator
θ̂(Nβ) is minimax over Θβ . Then we can relate the above model selection
problem to the problem of selecting the smoothness parameter β ∈ B in case
we assume that the signal θ is from the scale {Θβ , β ∈ B}. Suppose the above
correspondence β → Nβ can be inverted: N → βN , N ∈ N . Namely, for a given
scale of models {Θβ , β ∈ B} parameterized by B, we select a model β̂ = β bN , with
N̂ constructed by using P (N |X). If our selector N̂ satisfies (1.3), the model β̂
is then close to the best model in terms of the risk function R(θ̂(Nβ), θ), i.e. the
oracle model βo = βNo

for which

inf
β∈B

R(θ̂(Nβ), θ) = inf
N∈N

R(θ̂(N), θ) = R(θ̂(No), θ).
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For a example, in case of the Sobolev ellipsoids scale described in the next
section Nβ = bcn1/(2β+1)c, so that β̂ = log n

2 log( bN/c)
− 1

2 can be taken to be a
smoothness selector.

2.3 Posterior rate: minimax versus oracle

In this section we discuss the relation between the oracle over the family Θ̂(N )
and minimax over the scale {Θβ , β ∈ B} approaches to the optimality. The two
main factors are the estimators family Θ̂(N ) and the scale {Θβ , β ∈ B}. Other
important factors are whether there exists an estimator θ̂ satisfying the oracle
inequality (1.3) and how big the set Θ0 is for which this oracle inequality holds.

As is already mentioned in the introduction, to make the notion of oracle
estimator sensible, the family Θ̂(N ) should not be too poor.This is also discussed
in Golubev (2004). Indeed, on the one hand, we want this family to contain
some “good” estimators about which we know that they perform well over
nonparametric classes Θβ , β ∈ B. Suppose the family Θ̂(N ) is sufficiently rich
to contain the minimax estimators over all Θβ , β ∈ B, i.e. for any β ∈ B, there
exists an Nβ ∈ N such that θ̂(Nβ) is minimax over the class Θβ (the family
Θ̂(N ) covers the scale {Θβ , β ∈ B}):

sup
θ∈Θβ

Rn(θ̂(Nβ), θ) ≤ C ′nrn(Θβ),

ideally with C ′n = 1 + o(1) as n → ∞, otherwise with some uniform constant
1 ≤ C ′n = C ′ <∞. This implies that

inf
N∈N

sup
θ∈Θβ

R(θ̂(N), θ) ≤ C ′nr(Θβ)

for all β ∈ B. Then certainly the oracle approach is stronger as the oracle risk
at each point θ ∈ Θβ can only be smaller than a multiple of the minimax risk
rn(Θβ).

The same reasoning applies to the results about posterior convergence rate.
If the family Θ̂(N ) covers the scale {Θβ , β ∈ B}, then the results on oracle
posterior convergence rate of the form (1.6) are stronger than the results on
adaptive minimax convergence rate of the posterior simply because the oracle
rate can only be smaller or the same up to a multiple than the corresponding
minimax risk over Θβ , at least for all θ0 ∈ Θ0 ∩

(
∪β∈B Θβ

)
. Recall that (1.6)

holds for θ0 ∈ Θ0, so it is desirable that ∪β∈BΘβ ⊆ Θ0. In our case, Θ̂(N ) is the
class of projection estimators and Θ0 = `2, so that our results on oracle projec-
tion posterior convergence are always stronger than all the adaptation results
about the posterior convergence with the minimax rate, simultaneously over all
the scales where the corresponding minimax rates are attained by projection
estimators. Besides, the uniformity of all the results on adaptive minimax con-
vergence rate of the posterior over all these scales follows immediately from the
uniformity of our results over the whole space `2.
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Summarizing, once we establish that the projection estimators family Θ̂(N )
defined by (2.2) covers the scale {Θβ , β ∈ B}, i.e. the minimax rate over Θβ for
each β ∈ B is attained by a projection estimator from Θ̂(N ), then, by applying
Theorem 2.3, we immediately derive the following result.

Theorem 2.6. Let the projection estimators class Θ̂(N ) defined by (2.2) cover
the scale {Θβ , β ∈ B}, let rn(Θβ) = infbθ supθ∈Θβ

Rn(θ̂, θ) be the minimax risk
over the class Θβ and let the prior πα be defined by (2.9) with α ∈ [ 16 −
log

(
2√
3

)
, 1

2 ]. Then there exist constants C1, C2 > 0 depending only on α and
Θβ such that for any M > 0,

Eθ0P
{∥∥θ − θ0/2

∥∥2 ≥Mrn(Θβ)
∣∣X}

≤ C1

M
,

Eθ0P
′
{∥∥θ − θ0

∥∥2 ≥Mrn(Θβ)
∣∣X}

≤ C2

M
,

uniformly over θ0 ∈ Θβ, where the posteriors P (θ|X) and P ′(θ|X) are defined
by (2.10) and (2.11) respectively.

As a consequence we derive that the posterior P ′(θ|X) and the appropriately
shifted posterior P (θ|X) will concentrate about θ0 uniformly over θ0 ∈ Θβ .

Corollary 2.2. Under the conditions of Corollary 2.1, for any Mn > 0 such
that Mn →∞

P ′
{∥∥θ − θ0

∥∥2 ≥Mnrn(Θβ)
∣∣X}

→ 0

and
P

{∥∥θ − θ0 + θ̂/2
∥∥2 ≥Mnrn(Θβ)

∣∣X}
→ 0,

as n→∞ in Pθ0-probability, uniformly over θ0 ∈ Θβ.

Consider a couple of examples of nonparametric scales {Θβ , β ∈ B} for which
the minimax rate is attained by a projection estimator. Denote bac = max{k ∈
Z, k ≤ a} for a ∈ R.

Sobolev ellipsoids. Consider the Sobolev ellipsoids

Θβ(Q) =
{
θ :

∞∑
i=1

i2βθ2i ≤ Q
}
, β > 0.

In Belitser and Ghosal (2003) a result on the posterior convergence with the
minimax rate for the Sobolev ellipsoid Θβ(Q) is given. It is well known that the
corresponding minimax rate is rn(β) = n−2β/(2β+1); see, for example, Pinsker
(1980) or Belitser and Levit (1995). The uniformity of the main claim in Belitser
and Ghosal (2003) was obtained only for sufficiently “small” ellipsoids, although
it could have been established for the original ellipsoid Θβ(Q) as well with
somewhat more careful analysis. The prior on θ in Belitser and Ghosal (2003)
was different and based on putting a joint prior on the pair (θ, β) rather than
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on (θ,N), to model the unknown smoothness parameter β. However, it is
easy to see that the projection estimator θ̂(Nβ) defined by (2.2), with Nβ =
bcn1/(2β+1)c, is minimax with respect to the convergence rate:

sup
θ∈Θβ(Q)

R(θ̂(Nβ), θ) = sup
θ∈Θβ(Q)

(Nβ

n
+

∞∑
i=Nβ+1

θ2i

)
≤ Nβ

n
+ sup

θ∈Θβ(Q)

( ∞∑
i=Nβ+1

θ2i i
2β

N2β
β

)
≤ Nβ

n
+

Q

N2β
= Cn−2β/(2β+1).

Then Theorem 2.6 implies that the appropriately shifted posterior distribution
P (θ|X) and the posterior P ′(θ|X) both concentrate in Pθ0-probability about
the true signal θ0 with at least the minimax rate rn(Θβ(Q)) = n−2β/(2β+1)

uniformly over θ0 ∈ Θβ(Q). Thus our (oracle posterior convergence rate) re-
sults are stronger than those (adaptive minimax posterior convergence rate) in
Belitser and Ghosal (2003).

Exponential ellipsoids. Suppose our nonparametric class Θβ(Q) is from the
scale of the exponential ellipsoids:

Θβ(Q) =
{
θ :

∞∑
k=1

e2βkθ2k ≤ Q
}
, β > 0.

By the same arguments we derive that the projection estimator θ̂(N) defined
by (2.2), with Nβ = blog n/(2β)c, is minimax with respect to the convergence
rate for the exponential ellipsoid Θβ(Q). Indeed, in this case

sup
θ∈Θβ(Q)

R(θ̂(Nβ), θ) = sup
θ∈Θβ(Q)

(Nβ

n
+

∞∑
i=Nβ+1

θ2i

)
≤ Nβ

n
+ sup

θ∈Θβ(Q)

( ∞∑
k=Nβ+1

θ2ke
2βk

e2βNβ

)
≤ log n

2βn
+
Q

n
≤ C log n

n
,

which is of the same order as the minimax rate rn(Θβ(Q)) = log n/n over the
exponential ellipsoid Θβ(Q), cf. Belitser and Levit (1995). Thus, according to
Theorem 2.6, the appropriately shifted posterior distribution P (θ|X) and the
posterior P ′(θ|X) both concentrate in Pθ0-probability about the true signal θ0
with at least the minimax rate rn(Θβ(Q)) = log n/n uniformly over θ0 ∈ Θβ(Q).

Hyperrectangles. Consider the so called hyperrectangles in `2:

Θβ(Q) =
{
θ : |θk| ≤

√
Qk−β , k ∈ N

}
, β > 1/2.
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It is not difficult to show that the minimax convergence rate over this class is
rn(Θβ(Q)) = n−(2β−1)/(2β). We derive that the projection estimator θ̂(Nβ) de-
fined by (2.2), with Nβ = bcn1/(2β)c, is minimax with respect to the convergence
rate for the hyperrectangle Θβ(Q). Indeed, in this case

sup
θ∈Θβ(Q)

R(θ̂(Nβ), θ) = sup
θ∈Θβ(Q)

(Nβ

n
+

∞∑
i=Nβ+1

θ2i

)
≤ Nβ

n
+

∞∑
k=Nβ+1

Q

k2β

≤ Nβ

n
+

Q

(2β − 1)N2β−1
β

≤ Cn−(2β−1)/(2β),

which is of the same order as the minimax rate over the hyperrectangle Θβ(Q)
rn(β) = n−(2β−1)/(2β). Theorem 2.6 implies that the appropriately shifted pos-
terior distribution P (θ|X) and the posterior P ′(θ|X) both concentrate in Pθ0-
probability about the true signal θ0 with at least the minimax rate rn(Θβ(Q)) =
n−(2β−1)/(2β) uniformly over θ0 ∈ Θβ(Q).

Tail classes. Finally consider the so called tail classes:

Θβ(Q) =
{
θ :

∞∑
k=m

θ2k ≤ Qm−β , m ∈ N
}
, β > 0.

Since hyperrectangle with parameters β′ > 1/2 and Q′ can be embedded into
a tail class with parameters β′ = 2β − 1 and some Q = Q(β,Q′), we obtain
that the minimax risk over the tail class Θβ(Q) is at least rn(β) = n−β/(1+β).
Now we derive that the projection estimator θ̂(N) defined by (2.2), with Nβ =
bcn1/(1+β)c, is minimax with respect to the convergence rate for the tail class
Θβ(Q). Indeed, in this case

sup
θ∈Θβ(Q)

R(θ̂(Nβ), θ) = sup
θ∈Θβ(Q)

(Nβ

n
+

∞∑
i=Nβ+1

θ2i

)
≤ Nβ

n
+

Q

(Nβ + 1)β

≤ Cn−β/(1+β),

which is of the same order as the minimax rate rn(β) = n−β/(1+β) over the tail
class Θβ(Q). Therefore, Theorem 2.6 implies that the appropriately shifted pos-
terior distribution P (θ|X) and the posterior P ′(θ|X) both concentrate in Pθ0-
probability about the true signal θ0 with at least the minimax rate rn(Θβ(Q)) =
n−β/(1+β) uniformly over θ0 ∈ Θβ(Q).

2.4 Technical results

In this section we provide a couple of technical lemmas used in the proofs of
the main results.
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Lemma 2.1. Let θ0 ∈ `2, τ > 0 and let θ̂(k), k ∈ N, be defined by (2.2), N̂ by
(2.13) and the set N (τ) by (2.17). Then

Eθ0

[
‖θ̂(N̂)− θ0‖2I

{
N̂ ∈ N (τ)

}]
≤ 2τRn(No, θ0),

Eθ0

[ ∑
k∈N (τ)

‖θ̂(k)− θ0‖2P (N = k|X)
]
≤ 2τRn(No, θ0).

Proof. Recall that ξi =
√
n(Xi − θ0)

ind∼ N (0, 1), i ∈ N, under X ∼ Pθ0 . Write

Eθ0

[
‖θ̂(N̂)− θ0‖2I

{
N̂ ∈ N (τ)

}]
= Eθ0

[( bN∑
i=1

ξ2i
n

+
∞∑

i= bN+1

θ20i

)
I
{
N̂ ∈ N (τ)

}]

= Eθ0

[( bN∑
i=1

ξ2i
n

)
I
{
N̂ ∈ N (τ)

}]
+Eθ0

[( ∞∑
i= bN+1

θ20i

)
I
{
N̂ ∈ N (τ)

}]
. (2.21)

Now we bound the both terms in the right hand side of (2.21) by τRn(No, θ0).
Since Rn(k, θ0) = k

n +
∑∞

i=k+1 θ
2
0i ≤ τRn(No, θ0) for any k ∈ N (τ), we obtain

Nmax = max{N (τ)} ≤ τnRn(No, θ0).

This implies the bound for the first term in the right hand side of (2.21):

Eθ0

[( bN∑
i=1

ξ2i
n

)
I
{
N̂ ∈ N (τ)

}]
≤ Eθ0

Nmax∑
i=1

ξ2i
n

=
Nmax

n
≤ τRn(No, θ0).

Finally, we evaluate the second term in the right hand side of (2.21) as follows:

Eθ0

[( ∞∑
i= bN+1

θ20i

)
I
{
N̂ ∈ N (τ)

}]
= Eθ0

[ ∑
k∈N (τ)

( ∞∑
i=k+1

θ20i

)
I{N̂ = k}

]

=
∑

k∈N (τ)

( ∞∑
i=k+1

θ20i

)
Eθ0I{N̂ = k}

≤
∑

k∈N (τ)

Rn(k, θ0)Pθ0{N̂ = k}

≤ τRn(No, θ0),

since Rn(k, θ0) ≤ τRn(No, θ0) for all k ∈ N (τ). Combining the last two re-
lations with (2.21) completes the proof of the first inequality. The second in-
equality follows similarly.
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Lemma 2.2. Let θ̂(k), k ∈ N, be defined by (2.2) and N̂ by (2.13). Then for
any θ0 ∈ `2 and any k ∈ N,

Eθ0

[
‖θ̂(N̂)− θ0‖2I

{
N̂ = k

}]
≤

(
Rn(k, θ0) +

1
n

)(
Eθ0P (N = k|X)

)1/2
,

Eθ0

[
‖θ̂(k)− θ0‖2P (N = k|X)

]
≤

(
Rn(k, θ0) +

1
n

)(
Eθ0P (N = k|X)

)1/2
.

Proof. The following fact is well known. Let Z1, . . . , Zk be iid N (0, σ2) random
variables, then[

E
( k∑

i=1

Z2
i

)2] 1
2

=
[
E

( k∑
i=1

Z4
i +

∑
i 6=j

Z2
i Z

2
j

)] 1
2

=
(
3kσ4 + (k2 − k)σ4

)1/2

≤ (k + 1)σ2.

Applying this fact and Cauchy-Schwarz inequality, we evaluate

Eθ0

[
‖θ̂(N̂)− θ0‖2I

{
N̂ = k

}]
= Eθ0

[ ∞∑
i=1

(θ̂i(k)− θ0i)2I
{
N̂ = k

}]
= Eθ0

[( k∑
i=1

ξ2i
n

+
∞∑

i=k+1

θ20i

)
I
{
N̂ = k

}]

≤
[
Eθ0

( k∑
i=1

ξ2i
n

)2]1/2[
Eθ0I

{
N̂ = k

}]1/2

+
[ ∞∑

i=k+1

θ20i

]
Eθ0I

{
N̂ = k

}
≤ k + 1

n

[
Eθ0P (N = k|X)

]1/2

+
[ ∞∑

i=k+1

θ20i

]
Eθ0P (N = k|X) (2.22)

≤
(
Rn(k, θ0) +

1
n

)(
Eθ0P (N = k|X)

)1/2
,

since N̂ is generated from the conditional distribution P (N |X). The second
inequality follows similarly.

Remark 2.15. In fact, we proved a slightly stronger assertion (2.22) as com-
pared to the final statement of the above lemma. Besides, summing up over all
values of N̂ = k, k ∈ N, we derive that, for any θ0 ∈ `2,

Eθ0‖θ̂(N̂)− θ0‖2 ≤
∑
k∈N

(
Rn(k, θ0) +

1
n

)(
Eθ0P (N̂ = k|X)

)1/2
.

Recall our Bayesian scheme:

X|(θ,N) ∼ Pθ, θ|N ∼ πN , N ∼ λ.

Two-level hierarchical prior on (θ,N) leads to a joint distribution on (X, θ,N),
which in turn gives rise to the conditional marginal P (X|N) and the posterior
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distributions P (θ|X) and P (N |X), at which we can look from the perspective of
Pθ0-measure of X. Since P (X|θ,N), P (θ|N) are both the products of normals,
it is easy to derive due to the conjugacy that the conditional marginal P (X|N)
is also the product of normals N (0, τ2

i (N) + n−1).
Define

ai(k) = (τ2
i (k) + n−1)−1, ai(k, k0) = ai(k)− ai(k0), k, k0, i ∈ N, (2.23)

where τ2
i (k) is defined by (2.5). The following Lemma concerns the posterior

distribution P (N |X).

Lemma 2.3. For any k, k0 ∈ N and any θ0 ∈ `2,

Eθ0P (N = k|X)

≤ λk

λk0

∞∏
i=1

[
ai(k)

ai(k0)(1 + n−1ai(k, k0))

]1/2

exp
{
− 1

2

∞∑
i=1

ai(k, k0)θ20i

1 + n−1ai(k, k0)

}
,

where ai(k) and ai(k, k0) are defined by (2.23).

Proof. Applying the martingale convergence theorem and the dominated con-
vergence theorem in the same manner as in the proof of Lemma 2 of [12], we
have that

Eθ0P (N = k|X) = lim
m→∞

Eθ0P (N = k|X1, . . . , Xm). (2.24)

Since the conditional marginal P (X1, . . . , Xm|N = k) is the product of nor-
mal distributions N (0, τ2

i (k) + n−1), i = 1, . . . ,m, with densities fi(xi|N = k)
respectively, it is not difficult to compute the posterior probability

P (N = k|X1, . . . , Xm)

=
∏m

i=1 fi(Xi|N = k)P (N = k)∑
l∈N

∏m
i=1 fi(Xi|N = l)P (N = l)

=
λk

∏m
i=1

1√
(τ2

i (k)+n−1)
exp

{
− X2

i

2(τ2
i (k) + n−1)

}
∑

l∈N λl

∏m
i=1

1√
(τ2

i (l)+n−1)
exp

{
− X2

i

2(τ2
i (l) + n−1)

} .
Obviously

Eθ0P (N = k|X1, X2, . . . , Xm)

≤ λk

λk0

m∏
i=1

√
ai(k)
ai(k0)

Eθ0 exp
{
− 1

2

m∑
i=1

X2
i ai(k, k0)

}
.

Using this and the elementary identity

E
(
exp

[
− b

2
Y 2

])
=

1√
1 + bσ2

exp
[
− µ2b

2(1 + bσ2)
]
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for Y ∼ N (µ, σ2) and b > −σ−2 (under Pθ0 , Xi
ind∼ N (θ0i, n

−1), i ∈ N), we
derive

Eθ0P (N = k|X1, X2, . . . , Xm)

≤ λk

λk0

m∏
i=1

[
ai(k)

ai(k0)(1 + n−1ai(k, k0))

]1/2

exp
{
− 1

2

m∑
i=1

ai(k, k0)θ20i

1 + n−1ai(k, k0)

}
.

Combining the last relation with (2.24) completes the proof of the lemma.

Note that the above lemma holds for any prior variances τ2
i (k)’s and any

k0 ∈ N, including k0 = No, the oracle cut-off defined by (2.4). Taking k0 = No

and τ2
i (k) defined by (2.5), we obtain the following corollary.

Corollary 2.3. Let τ2
i (k), k ∈ N, be defined by (2.5).

• If k < No, then

Eθ0

[
P (N = k|X)

]
≤ λk

λNo

exp
{
− n

6

( No∑
i=k+1

θ20i −
6 log

(
2√
3

)
(No − k)

n

)}
.

• If k > No, then

Eθ0

[
P (N = k|X)

]
≤ λk

λNo

exp
{
n

2

k∑
i=No+1

θ20i

}
.

Proof. Indeed, using relations (2.23) and (2.5), we compute

ai(k) =
n

2
I{i ≤ k}+ nI{i > k},

ai(k, k0) = −n
2
I{k0 < i ≤ k}+

n

2
I{k < i ≤ k0}

and substitute these values in the right hand side of the inequality of Lemma
2.3.

Notice that in case k = No we obtain a trivial useless bound Eθ0

[
P (N =

No|X)
]
≤ 1.

Lemma 2.4. Let the prior πα be defined by (2.9) with α ∈ [ 16− log
(

2√
3

)
, 1

2 ], the
projection risk Rn(k, θ) be defined by (2.3) and the oracle cut-off No be defined
by (2.4).

• For any τ1 ≥ 6 log
(

2√
3

)
+ 6α ≥ 1 and any k < No,

Eθ0

[
P (N = k|X)

]
≤ exp

{
−n

6
(
Rn(k, θ0)− τ1Rn(No, θ0)

)}
.
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• For any τ2 ≥ 1
2α ≥ 1 and any k > No,

Eθ0

[
P (N = k|X)

]
≤ exp

{
−nα

(
Rn(k, θ0)− τ2Rn(No, θ0)

)}
.

Proof. To prove the lemma, we use λk

λNo
= e−α(k−No) and Corollary 2.3. For

k < No,

Eθ0P (N = k|X) ≤ exp
{
− n

6

( No∑
i=k+1

θ20i −
(6 log

(
2√
3

)
+ 6α)(No − k)

n

)}

≤ exp
{
− n

6

( ∞∑
i=k+1

θ20i − τ1

∞∑
i=No+1

θ20i −
τ1No − k

n

)}
= exp

{
− n

6
(
Rn(k, θ0)− τ1Rn(No, θ0)

)}
since τ1 ≥ 6 log

(
2√
3

)
+ 6α ≥ 1. Similarly, for k > No, we have that

Eθ0P (N = k|X) ≤ exp
{
− nα

(
− 1

2α

k∑
i=No+1

θ20i +
(k −No)

n

)}

≤ exp
{
− nα

( ∞∑
i=k+1

θ20i − τ2

∞∑
i=No+1

θ20i +
k − τ2No

n

)}
= exp

{
− nα

(
Rn(k, θ0)− τ2Rn(No, θ0)

)}
because τ2 ≥ 1

2α ≥ 1.

Remark 2.16. The above exponential inequalities describe essentially a “cor-
rect” frequentist behavior of the posterior distribution P (N |X). The bigger the
difference is between the riskRn(k, θ0) at point k and the oracle riskRn(No, θ0),
the smaller the exponential bound for Eθ0P (N = k|X) becomes.

For brevity sake, denote

R−(θ0, β, τ, τ1, n)

=
∑

k∈N−(τ)

nRn(k, θ0) exp
{
−βn

(
Rn(k, θ0)− τ1Rn(No, θ0)

)}
, (2.25)

R+(θ0, β, τ, τ2, n)

=
∑

k∈N+(τ)

nRn(k, θ0) exp
{
−βn

(
Rn(k, θ0)− τ2Rn(No, θ0)

)}
, (2.26)

where the projection risk Rn(k, θ) is defined by (2.3), the oracle cut-off No =
No(θ0) is defined by (2.4), the sets N−(τ) and N+(τ) are defined by (2.18) and
(2.19) respectively.
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Lemma 2.5. Let the quantities R−(θ0, β, τ, τ1, n) and R+(θ0, β, τ, τ2, n) be de-
fined by (2.25) and (2.26) respectively.

(i) For any τ > τ1 > 0, β > 0, the following inequality holds:

R−(θ0, β, τ, τ1, n) ≤ min
{ c1
B2

,

(
nRn(No, θ0)

)2

eBnRn(No,θ0)

}
,

where B = B(τ, τ1, β) = β(τ − τ1)/τ , c1 = 4e−2.

(ii) For any τ > τ2 > 0, β > 0, the following inequality holds:

R+(θ0, β, τ, τ2, n) ≤ min
{
g(D),

c3
(
nRn(No, θ0)

)2

eDnRn(No,θ0)

}
≤ min

{ c2
D2

,
c3

(
nRn(No, θ0)

)2

eDnRn(No,θ0)

}
,

where g(u) = e−1u−2 + e−u(eu − 1)−2, D = D(τ, τ2, β) = β(τ − τ2)/τ ,
c2 = e−1 + 1 and c3 = (e+ e2)/4.

Proof. Since τ > τ1, we obtain for all k ∈ N−(τ) that

Rn(k, θ0)− τ1Rn(No, θ0)

=
τ1
τ

(Rn(k, θ0)− τRn(No, θ0)) +
(
1− τ1

τ

)
Rn(k, θ0)

≥
(
1− τ1

τ

)
Rn(k, θ0). (2.27)

Recall the notation B = B(τ, τ1, β) = β(τ−τ1)
τ > 0 and let ak = ak(θ0, n) =

nRn(k, θ0). Let b be any constant such that 0 < b ≤ B. Certainly ak ≥ aNo
=

nRn(No, θ0) by the definition of oracle. Then, using (2.27),

R−(θ0, β, τ, τ1, n) ≤
∑

k∈N−(τ)

nRn(k, θ0) exp{−BnRn(k, θ0)}

=
∑

k∈N−(τ)

ak exp{−Bak}

≤ e−(B−b)aNo

∑
k∈N−(τ)

ak exp{−bak}. (2.28)

Consider separately two cases: 1 ≤ No ≤ b−1 and No > b−1. First assume that
1 ≤ No ≤ b−1, then obviously∑

k∈N−(τ)

ak exp{−bak} ≤ |N−(τ)|max
x≥0

{xe−bx}

≤ No(be)−1 = b−2e−1. (2.29)

Now suppose thatNo > b−1. Let us look at the term
∑

k∈N−(τ) ak exp{−bak}.
First note that ak = nRn(k, θ0) ≥ nRn(No, θ0) ≥ No > b−1 for all k ∈ N−(τ).
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The function xe−bx, x ≥ 0, is increasing on the interval [0, b−1] and decreasing
afterwards. This implies that ak exp{−bak} ≤ No exp{−bNo}. Recall also that
|N−(τ)| ≤ No. Using these relations, we derive the following bound:∑

k∈N−(τ)

ak exp{−bak} ≤ |N−(τ)|No exp{−bNo}

≤ N2
o exp{−bNo}

≤ max
x≥0

{x2e−bx} = 4(be)−2. (2.30)

Combining (2.29) and (2.30) leads to∑
k∈N−(τ)

ak exp{−bak} ≤ max
{
b−2e−1, 4(be)−2

}
= 4(be)−2,

which, together with (2.28), implies that for any b ∈ (0, B]

R−(θ0, β, τ, τ1, n) ≤ 4e−2e−(B−b)aNo b−2. (2.31)

We have a family of upper bounds for different values of b ∈ (0, B]. Now we
minimize the upper bound over b ∈ (0, B]. The upper bound in (2.31) is of the
form CeaNo bb−2, with constants C = 4e−2e−BaNo , aNo

= nRn(No, θ0). The
minimum of function CeaNo bb−2 over b ∈ (0, B] is attained in min{B, 2/aNo

}:

min
b∈(0,B]

CeaNo bb−2 = min
{CeaNo B

B2
,
Ce2a2

No

4

}
. (2.32)

Thus the corresponding sharpest upper bound becomes

min
b∈(0,B]

{
4e−2e−(B−b)aNo b−2

}
= min

{
4e−2B−2,

(
nRn(No, θ0)

)2
e−BnRn(No,θ0)

}
,

which, combined with (2.31), establishes part (i) of the lemma.
Let us prove part (ii) of the lemma. We derive in the same manner as in

(2.27) that, for all k ∈ N+(τ),

βn
(
Rn(k, θ0)− τ2Rn(No, θ0)

)
≥ βn

(
1− τ2

τ

)
Rn(k, θ0) = Dak, (2.33)

where D = D(τ, τ2, β) = (τ−τ2)β
τ > 0 and ak = nRn(k, θ0) as before. Using

(2.33), we obtain that for any 0 < d ≤ D

R+(θ0, β, τ, τ2, n) ≤
∑

k∈N+(τ)

ak exp{−Dak}

≤ e−(D−d)aN0

∑
k∈N+(τ)

ak exp{−dak}. (2.34)

Next, introduce the sets

S1(d) = S1(d, τ, θ0) = {k ∈ N+(τ, θ0) : k ≤ d−1},
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S2(d) = S2(d, τ, θ0) = {k ∈ N+(τ, θ0) : k > d−1},

so that N+(τ) = S1(d) ∪ S2(d). Obviously, |S1(d)| ≤ d−1. Besides, recall that
k ≤ ak for all k ∈ N and the function xe−dx, d ≥ 0, is decreasing on [d−1,+∞).
Thus, as ak ≥ k > d−1,

ak exp{−dak} ≤ k exp{−dk}

for all k ∈ S2(d). Using this, we obtain that∑
k∈N+(τ)

ak exp{−dak} ≤
∑

k∈S1(d)

ak exp{−dak}+
∑

k∈S2(d)

ak exp{−dak}

≤ |S1(d)|max
x≥0

{xe−dx}+
∑

k∈S2(d)

k exp{−dk}

≤ d−2e−1 +
∞∑

k=No+1

k exp{−dk}

= d−2e−1 +
e−d(No+1)e−d

(1− e−d)2

≤ d−2e−1 +
e−3d

(1− e−d)2

=
e−1

d2
+

e−d

(ed − 1)2
= g(d)

≤ e−1

d2
+
e−d

d2
≤ e−1 + 1

d2
, (2.35)

which, combined with (2.34), implies that for any 0 < d ≤ D

R+(θ0, β, τ, τ2, n) ≤ (e−1 + 1)e−(D−d)aN0d−2. (2.36)

Again we have a family of upper bounds for different values of d ∈ (0, D]. Using
(2.32) (this time with C = (e−1 + 1)e−DaNo ), we minimize the upper bound
over d ∈ (0, D] in the same way as before:

min
d∈(0,D]

{
(e−1 + 1)e−(D−d)aN0d−2

}
= min

{e−1 + 1
D2

,
e+ e2

4
(
nRn(No, θ0)

)2
e−DnRn(No,θ0)

}
.

Besides, by taking d = D = β(τ−τ2)
τ in (2.34) and (2.35), we also have a bound

R+(θ0, β, τ, τ2, n) ≤ e−1

D2
+

e−D

(eD − 1)2
= g(D) ≤ e−1 + 1

D2
.

Finally combine (2.36) with the last two relations to establishes part (ii) of the
lemma.
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Remark 2.17. The minimum in the right hand sides of the inequalities of
the above lemma is attained by the second term if min{B, 2/aNo

} = 2/aNo

and min{D, 2/aNo} = 2/aNo , i.e. the oracle risk is sufficiently large aNo =
nRn(No, θ0) ≥ max{2/B, 2/D} or Rn(No, θ0) ≥ 2 max{B−1, D−1}n−1. Thus,
the oracle risk should be bigger than the parametric rate with sufficiently large
constant. Clearly, the upper bounds in the right hand sides of the inequalities of
the above lemma will therefore be small if nRn(No, θ0) is large, which typically
the case for the so called “nonparametric” θ0’s: nRn(No, θ0) → ∞ as n → ∞,
i.e. the oracle risk is of a bigger order than the parametric rate n−1 as n→∞.

For brevity sake, denote

P−(θ0, β, τ, τ1, n) =
∑

k∈N−(τ)

exp
{
−βn

(
Rn(k, θ0)− τ1Rn(No, θ0)

)}
, (2.37)

P+(θ0, β, τ, τ2, n) =
∑

k∈N+(τ)

exp
{
−βn

(
Rn(k, θ0)− τ2Rn(No, θ0)

)}
. (2.38)

where the projection risk Rn(k, θ) is defined by (2.3), the oracle cut-off No =
No(θ0) is defined by (2.4), the sets N−(τ) and N+(τ) are defined by (2.18) and
(2.19) respectively.

Corollary 2.4. Under the conditions of Lemma 2.5, the following bounds hold:

P−(θ0, β, τ, τ1, n) ≤ 1
τ

min
{ c1
B2nRn(No, θ0)

,
nRn(No, θ0)
eBnRn(No,θ0)

}
≤

min
{
4(Be)−1, 1

}
τBe

,

P+(θ0, β, τ, τ2, n) ≤ min
{ g(D)
τnRn(No, θ0)

,
c3nRn(No, θ0)
τeDnRn(No,θ0)

,
e−DNo

eD − 1

}
≤ min

{g(D)
τ

,
1 + e

4Dτ
,
e−D

eD − 1

}
.

Proof. Indeed, by using Lemma 2.5 and the facts that nRn(No, θ0) ≥ 1,
maxx≥0{xe−Bx} = (Be)−1 and

1
Rn(k, θ0)

≤ 1
τRn(No, θ0)

for all k 6∈ N (τ, θ0),

we obtain

P−(θ0, β, τ, τ1, n) ≤ R−(θ0, β, τ, τ1, n)
τnRn(No, θ0)

≤ τ−1 min
{ c1
B2nRn(No, θ0)

,
nRn(No, θ0)
eBnRn(No,θ0)

}
≤ τ−1 min

{ 4
(Be)2

,
1
Be

}
= (τBe)−1 min

{
4(Be)−1, 1

}
.
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The inequality

P+(θ0, β, τ, τ2, n) ≤ 1
τ

min
{ g(D)
nRn(No, θ0)

,
c3nRn(No, θ0)
eDnRn(No,θ0)

}
≤ min

{g(D)
τ

,
1 + e

4Dτ

}
.

follows similarly from Lemma 2.5. Besides, due to (2.38) and (2.33) and the
fact that ak ≥ k for all k ∈ N, we derive the bound

P+(θ0, β, τ, τ2, n) ≤
∑

k∈N+(τ)

exp{−Dak}

≤
∞∑

k=No+1

exp{−Dk}

≤ e−D(No+1)

1− e−D
≤ e−DNo

eD − 1
.

Combining the last two relations completes the proof.

2.5 Proofs of the theorems

Proof of Theorem 2.1. Using the conditional Chebyshev’s inequality, we have

PN

{∥∥∥θ − θ0
2

∥∥∥2

≥MRn(N, θ0)
∣∣∣X}

≤
EN

(∥∥θ − θ0
2

∥∥2 ∣∣X)
MRn(N, θ0)

, (2.39)

Analogously, for the posterior P ′N (θ|y)

P ′N
{
‖θ − θ0‖2 ≥MRn(N, θ0) |X

}
≤
E′N

(
‖θ − θ0‖2

∣∣X)
MRn(N, θ0)

, (2.40)

In the next step we compute EN

(∥∥θ − θ0
∥∥2 ∣∣X)

, where the conditional expec-
tation is taken with respect to PN (θ|X),

EN

[∥∥θ − θ0
2

∥∥2 ∣∣X]
=

∞∑
i=1

VarN (θi|X) +
∞∑

i=1

(
EN (θi|X)− θ0

2

)2

=
N

2n
+

1
4n

N∑
i=1

ξ2i +
∞∑

i=N+1

θ20i

4
. (2.41)

The similar formula holds for E′N
(∥∥θ − θ0

∥∥2 ∣∣X)
, regarding the distribution

P ′N (θ|X)

E′N

[∥∥θ − θ0
∥∥2 ∣∣X]

=
N

2n
+

1
n

N∑
i=1

ξ2i +
∞∑

i=N+1

θ20i
. (2.42)
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Combining (2.39), (2.41) and (2.3) we obtain

Eθ0PN

{∥∥∥θ − θ0
2

∥∥∥2

≥MRn(N, θ0)
∣∣∣X}

≤ 1
MRn(N, θ0)

Eθ0

(N
2n

+
1
4

N∑
i=1

ξ2i
n

+
∞∑

i=N+1

θ20i

4

)
≤ (1/2)Rn(N, θ0) + (1/4)Rn(N, θ0)

MRn(N, θ0)
. (2.43)

Substitution of equation (2.42) into (2.40), combined with (2.3), yields

Eθ0P
′
N

{
‖θ − θ0‖2 ≥MRn(N, θ0)

∣∣X}
≤ (1/2)Rn(N, θ0) +Rn(N, θ0)

MRn(N, θ0)
. (2.44)

Thus, it follows from (2.43) and (2.44) that

Eθ0PN

{∥∥∥θ − θ0
2

∥∥∥2

≥MRn(N, θ0)
∣∣∣X}

≤ c1
M

Eθ0P
′
N

{
‖θ − θ0‖2 ≥MRn(N, θ0)

∣∣X}
≤ c2

M
,

with c1 = 3/4 and c2 = 3/2, which proves the theorem.

Proof of Theorem 2.2. First recall that, according to (2.12),

θ̂ = E′(θ|X) =
∑
k∈N

E′(θ|X,N = k)P (N = k|X).

That is

θ̂i = E′(θi|X) =
∑
k∈N

E′(θi|X,N = k)P (N = k|X) =
∑
k∈N

θ̂i(k)P (N = k|X),

with θ̂i(k) = XiI{i ≤ k}. Now, by Fubini’s theorem and Cauchy-Schwarz
inequality,

Eθ0‖θ̂ − θ0‖2 = Eθ0

∑
i∈N

( ∑
k∈N

θ̂i(k)P (N = k|X)− θ0i

)2

≤ Eθ0

∑
i∈N

∑
k∈N

(
θ̂i(k)− θ0i

)2
P (N = k|X)

= Eθ0

∑
k∈N

‖θ̂(k)− θ0‖2P (N = k|X).

Fix a τ ≥ 1 which is to be chosen later and let the sets N (τ), N−(τ) and N+(τ)
be defined by (2.17), (2.18) and (2.19) respectively. Split the last sum in three
sums over the sets N (τ), N−(τ) and N+(τ) and apply Lemmas 2.1 and 2.2 to
derive the bound for the estimator (2.12):

Eθ0‖θ̂ − θ0‖2 ≤ 2τRn(No, θ0) + T1 + T2, (2.45)
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for any θ0 ∈ `2, where

T1 =
∑

k∈N−(τ)

(
Rn(k, θ0) +

1
n

)(
Eθ0P (N = k|X)

)1/2

,

T2 =
∑

k∈N+(τ)

(
Rn(k, θ0) +

1
n

)(
Eθ0P (N = k|X)

)1/2

.

Similarly, applying Lemmas 2.1 and 2.2 for the estimator (2.13), we obtain
the same bound for the estimator (2.13):

Eθ0‖θ̂(N̂)− θ0‖2

= Eθ0

[
‖θ̂(N̂)− θ0‖2

(
I
{
N̂ ∈ N (τ)

}
+ I

{
N̂ ∈ N−(τ)

}
+ I

{
N̂ ∈ N+(τ)

})]
≤ 2τRn(No, θ0) + T1 + T2 (2.46)

for any θ0 ∈ `2, with T1 and T2 defined above.
Now we apply Lemma 2.4 to evaluate both terms T1 and T2. Take some

τ1 ≥ τ−(α) = 6 log
(

2√
3

)
+ 6α ≥ 1 which is to be chosen later. The inequality

τ−(α) ≥ 1 follows from the condition on α. Then, by using Lemma 2.4 and the
definitions (2.25) and (2.37), we obtain

T1 ≤
∑

k∈N−(τ)

(
Rn(k, θ0) +

1
n

)
exp

{
− n

12
(
Rn(k, θ0)− τ1Rn(No, θ0)

)}
≤ n−1

(
R−(θ0, 1/12, τ, τ1, n) + P−(θ0, 1/12, τ, τ1, n)

)
.

Assume now that τ and τ1 are chosen in such a way that τ > τ1 ≥ τ−(α) =
6 log

(
2√
3

)
+ 6α. Then we can apply part (i) of Lemma 2.5 and Corollary 2.4 to

obtain
T1 ≤

C1

n
, C1 = C1(τ, τ1) =

c1
B2

+
1

τBe
, (2.47)

with
c1 = 4e−2 and B = B(τ, τ1) =

τ − τ1
12τ

.

To bound the term T2, we apply Lemmas 2.4 and 2.5 again. Assume that τ
and τ2 are chosen in such a way that τ > τ2 ≥ τ+(α) = 1

2α ≥ 1. The inequality
τ+(α) ≥ 1 follows from the condition on α. By consequent applying first Lemma
2.4 and then Lemma 2.5 with Corollary 2.4, we obtain that

T2 ≤
∑

k∈N+(τ)

(
Rn(k, θ0) +

1
n

)
exp

{
− nα

2
(
Rn(k, θ0)− τ2Rn(No, θ0)

)}
≤ n−1

(
R+(θ0, α/2, τ, τ2, n) + P+(θ0, α/2, τ, τ2, n)

)
≤ C2

n
, (2.48)

C2 = C2(τ, τ2, α) = g(D) + min
{g(D)

τ
,
e−D

eD − 1

}
,
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with

D = D(τ, τ2, α) =
α(τ − τ2)

2τ
and g(u) = e−1u−2 + e−u(eu − 1)−2.

It remains to choose τ, τ1, τ2 so that τ > τ1 ≥ τ−(α) = 6 log
(

2√
3

)
+ 6α

and τ ≥ τ2 ≥ τ+(α) = 1
2α . Take, for example, τ1 = τ−(α), τ2 = τ+(α) and

τ = max{τ1, τ2}+1. Finally, we combine the relations (2.45), (2.46), (2.47) and
(2.48) to establish the statement of the theorem withK1 = 2τ andK2 = C1+C2.
The theorem is proved.

Remark 2.18. For example, we take τ1 = 1
2α , τ2 = (6 log

(
2√
3

)
+ 6α) with

α ∈ [ 16 − log
(

2√
3

)
, 1

2 ] such that τ1 = τ2 which leads to

α =
−6 log

(
2√
3

)
+

√
36 log2

(
2√
3

)
+ 12

12
≈ 0.2255789,

and τ1 = τ2 = 1
2α ≈ 2.21652. Take further τ = τ1 + 7. Then we compute the

constants K1 ≈ 18.433 and K2 ≈ 310.904, or the following (non asymptotic)
inequality holds true for all θ0 ∈ `2:

Eθ0‖θ̂ − θ0‖2 ≤ 19Rn(No, θ0) +
311
n
.

Of course, this is not the optimal choice of the involved parameters α, τ1, τ2, τ .

Remark 2.19. We could also try to improve the constants K1 and K2 by
refining the bounds in the proof. However, if we try to make K1 as small
as possible, the resulting K2 becomes big. On the other hand, we can make
K2 smaller by sacrificing the constant K1. Actually, the constant K2 can be
strongly improved if n is a reasonable number and we assume a nonparametric
behavior of the oracle risk Rn(No, θ0), which means that nRn(No, θ0) is large.
This follows from the proof of the theorem, where we used the following uniform
trivial bounds: nRn(No, θ0) ≥ 1,

nRn(No, θ0) exp{−cnRn(No, θ0)} ≤ max
x≥0

{xe−cx} = (ce)−1,

(
nRn(No, θ0)

)2 exp{−cnRn(No, θ0)} ≤ max
x≥0

{x2e−cx} = 4(ce)−2.

Another possibility to improve the constants is by introducing a factor c in the
expression for the prior variance τ2

i (N) = cn−1I{i ≤ N} in the definition of the
prior (2.5). We also used a somewhat rough estimate P 2(N = k|X) ≤ P (N =
k|X) in some places of the proof.

Proof of Theorem 2.3. First consider the posterior (2.10). By the conditional
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Chebyshev’s inequality,

P
{∥∥∥θ − θ0

2

∥∥∥2

≥Mrn(θ0)
∣∣∣X}

=
∑
k∈N

P
{∥∥∥θ − θ0

2

∥∥∥2

≥Mrn(θ0)
∣∣∣X,N = k

}
P (N = k|X)

≤
∑
k∈N

E
(∥∥θ − θ0

2

∥∥2∣∣X,N = k
)

Mrn(θ0)
P (N = k|X), (2.49)

where the conditional distribution P (θ|X,N = k) is defined by (2.6). Analo-
gously, for the posterior (2.11) we have that

P ′
{
‖θ − θ0‖2 ≥Mrn(θ0) |X

}
≤

∑
k∈N

E′
(
‖θ − θ0‖2|X,N = k

)
Mrn(θ0)

P (N = k|X), (2.50)

where the conditional distribution P ′(θ|X,N = k) is defined by (2.8).
Using these, we compute

E
[∥∥θ − θ0

2

∥∥2∣∣X,N = k
]

=
∞∑

i=1

Var(θi|X,N = k) +
∞∑

i=1

(
E(θi|X,N = k)− θ0

2

)2

=
k

2n
+

1
4n

k∑
i=1

ξ2i +
∞∑

i=k+1

θ20i

4
,

E′
[∥∥θ − θ0

∥∥2∣∣X,N = k
]

=
k

2n
+

1
n

k∑
i=1

ξ2i +
∞∑

i=k+1

θ20i
. (2.51)

The relations (2.49) and (2.51) imply that

Eθ0P
{∥∥∥θ − θ0

2

∥∥∥2

≥Mrn(θ0)
∣∣∣X}

≤ 1
Mrn(θ0)

Eθ0

[ ∑
k∈N

( k

2n
+

1
4

k∑
i=1

ξ2i
n

+
∞∑

i=k+1

θ20i

4

)
P (N = k|X)

]
≤

∑
k∈NRn(k, θ0)Eθ0P (N = k|X)

2Mrn(θ0)

+
Eθ0

[ ∑
k∈N

( ∑k
i=1

ξ2
i

n

)
P (N = k|X)

]
4Mrn(θ0)

. (2.52)
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Similarly, from the relations (2.50) and (2.51) it follows that

Eθ0P
′{‖θ − θ0‖2 ≥Mrn(θ0)

∣∣X}
≤

∑
k∈NRn(k, θ0)Eθ0P (N = k|X)

Mrn(θ0)

+
Eθ0

[ ∑
k∈N

( ∑k
i=1

ξ2
i

n

)
P (N = k|X)

]
Mrn(θ0)

. (2.53)

Fix a τ > 0 which is to be chosen later and let the sets N (τ), N−(τ) and
N+(τ) be defined by (2.17), (2.18) and (2.19) respectively. Suppose τ, τ1, τ2 are
chosen in such a way that τ > τ1 ≥ τ−(α) = 6 log

(
2√
3

)
+ 6α and τ ≥ τ2 ≥

τ+(α) = 1
2α . Clearly, Rn(k, θ0) ≤ τRn(No, θ0) for all k ∈ N (τ), so that

∑
k∈N

Rn(k, θ0)Eθ0P (N = k|X) ≤
∑

k∈N (τ)

Rn(k, θ0)Eθ0P (N = k|X)

+
∑

k∈N−(τ)

Rn(k, θ0)Eθ0P (N = k|X)

+
∑

k∈N+(τ)

Rn(k, θ0)Eθ0P (N = k|X)

≤ τRn(No, θ0)Eθ0P (N ∈ N (τ)|X) + T1 + T2

≤ τRn(No, θ0) +
C1 + C2

n
, (2.54)

where the terms T1 and T2 are defined in the proof of Theorem 2.2, constants
C1 = C1(τ, τ1) and C2 = C2(τ, τ2, α) are defined by (2.47) and (2.48) respec-
tively. The last inequality follows from the bounds T1 ≤ C1/n and T2 ≤ C2/n
established in the proof of Theorem 2.2 (relations (2.47) and (2.48)).

Since

Rn(k, θ0) =
k

n
+

∞∑
i=k+1

θ20i ≤ τRn(No, θ0)

for any k ∈ N (τ), we obtain

Nmax = max{N (τ)} ≤ τnRn(No, θ0).
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This implies that

Eθ0

[ ∑
k∈N

( k∑
i=1

ξ2i
n

)
P (N = k|X)

]

= Eθ0

[ ∑
k∈N (τ)

( k∑
i=1

ξ2i
n

)
P (N = k|X)

]

+Eθ0

[ ∑
k∈N−(τ)∪N+(τ)

( k∑
i=1

ξ2i
n

)
P (N = k|X)

]

≤ Eθ0

Nmax∑
i=1

ξ2i
n

∑
k∈N (τ)

P (N = k|X)

+
∑

k∈N−(τ)∪N+(τ)

k + 1
n

(
Eθ0P

2(N = k|X)
)1/2

≤ Eθ0

Nmax∑
i=1

ξ2i
n

+
∑

k∈N−(τ)∪N+(τ)

(
Rn(k, θ0) +

1
n

)(
Eθ0P (N = k|X)

)1/2

≤ Nmax

n
+ T1 + T2 ≤ τRn(No, θ0) +

C1 + C2

n
, (2.55)

where we again used the relations (2.47) and (2.48) to bound the terms T1 and
T2.

It remains to choose τ, τ1, τ2 so that τ > τ1 ≥ τ−(α) = 6 log
(

2√
3

)
+ 6α

and τ > τ2 ≥ τ+(α) = 1
2α . Take, for example, τ1 = τ−(α), τ2 = τ+(α) and

τ = max{τ1, τ2}+ 1. Thus the constants τ , C1 and C2 depend only on α.
Combining (2.52), (2.54) and (2.55) and taking into account that

rn(θ0) = Rn(No, θ0) ≥ 1
n , we obtain that for any θ0 ∈ `2

Eθ0P
{∥∥∥θ − θ0

2

∥∥∥2

≥Mrn(θ0)
∣∣∣X}

≤ 3τrn(θ0) + 3(C1 + C2)n−1

4Mrn(θ0)

≤ 3(τ + C1 + C2)
4M

.

Finally, combining (2.53), (2.54) and (2.55) in a similar manner, we obtain that
for any θ0 ∈ `2

Eθ0P
′{‖θ − θ0‖2 ≥Mrn(θ0)

∣∣∣X}
≤ 2τrn(θ0) + 2(C1 + C2)n−1

Mrn(θ0)

≤ 2(τ + C1 + C2)
M

.

The theorem follows.
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Proof of Corollary 2.1. Write

P
{∥∥θ − θ0 + θ̂/2

∥∥2 ≥Mrn(θ0)
∣∣X}

= P
{∥∥θ − θ0 + θ̂/2

∥∥ ≥ √
Mrn(θ0)

∣∣X}
≤ P

{∥∥∥θ − θ0
2

∥∥∥ ≥ √
Mrn(θ0)

2

∣∣∣X}
+ P

{∥∥∥ θ̂
2
− θ0

2

∥∥∥ ≥ √
Mrn(θ0)

2

∣∣∣X}
= P

{∥∥∥θ − θ0
2

∥∥∥2

≥ Mrn(θ0)
4

∣∣∣X}
+ P

{∥∥θ̂ − θ0
∥∥2 ≥Mrn(θ0)

∣∣X}
.

Using the conditional Chebyshev inequality, Theorem 2.2 and the fact that
always rn(θ0) = Rn(No, θ0) ≥ 1/n, we bound the expectation of the second
term in the right hand side of the above inequality: for any θ0 ∈ `2,

Eθ0P
{∥∥θ̂ − θ0

∥∥2 ≥Mrn(θ0)
∣∣X}

≤ Eθ0‖θ̂ − θ0‖2

Mrn(θ0)
≤ K1 +K2

M
.

The corollary follows since, by Theorem 2.3, we have that, for any θ0 ∈ `2,

Eθ0P
{∥∥∥θ − θ0

2

∥∥∥2

≥ Mrn(θ0)
4

∣∣∣X}
≤ K3

M
(2.56)

for some constant K3 > 0 depending only on α.

Proof of Theorem 2.4. Recall the definitions (2.18), (2.19) and the fact that the
random variable N̂ is generated according to P (N |X). We apply Lemma 2.4
and Corollary 2.4. For a given α ∈ [ 16 − log

(
2√
3

)
, 1

2 ], take some values τ , τ1 and
τ2 such that τ > τ1 ≥ τ− = τ−(α) = 6 log

(
2√
3

)
+ 6α ≥ 1, τ > τ2 ≥ τ+(α) =

1
2α ≥ 1. Then, according to Lemma 2.4, we obtain

Pθ0

{
N̂ 6∈ N (τ)

}
= Eθ0P

{
N̂ 6∈ N (τ)|X

}
=

∑
k∈N−(τ)∪N+(τ)

Eθ0P
{
N̂ = k|X

}
≤ P−(θ0, 1/6, τ, τ1, n) + P+(θ0, α, τ, τ1, n).

Now fix values τ1 = τ−(α) and τ2 = τ+(α). Finally apply Corollary 2.4 to the
right hand side of the last inequality and use the trivial relation min{a1, b1}+
min{a2, b2} ≤ min{a1 + a2, b1 + b2} to get the statement of the theorem:

Pθ0

{
N̂ 6∈ N (τ)

}
≤ min

{ B1

nRn(No, θ0)
,
B2nRn(No, θ0)
eB3nRn(No,θ0)

}
,

where

B1 = B1(α, τ) =
c1B

−2 + g(D)
τ

,

B2 = B2(α, τ) =
1 + c3
τ

,

B3 = B3(α, τ) = min{B,D},
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c1 = 4e−2, c3 = (e+e2)/4, B = B(τ, τ−(α), 1/6) = τ−τ−(α)
6τ , D = D(τ, τ+(α), α)

= α(τ−τ+(α))
τ and g(D) = e−1D−2 + e−D(eD − 1)−2.

Remark 2.20. To get uniform constants, fix some α ∈ [ 16 − log
(

2√
3

)
, 1

2 ], take
some value τ such that τ > τ−(α) = 6 log

(
2√
3

)
+6α and τ > τ+(α) = 1

2α . There
are many choices possible, for example, take α such that τ−(α) = τ+(α) = 1

2α ,
which is α ≈ 0.226 and τ−(α) = τ+(α) ≈ 2.217. Next, take τ = τ−(α) + 2 ≈
4.217, then B1 ≈ 44.87, B2 ≈ 0.84, B3 ≈ 0.08.

Proof of Theorem 2.5. By the definition of the MAP selector N̂MAP,{
P (N = N̂MAP|X) ≤ δ

}
⊆

{
P (N 6∈ N (τ, θ0)|X) ≥ 1− |N (τ, θ0)|δ

}
,{

N̂MAP 6∈ N (τ, θ0), P (N = N̂MAP|X) > δ
}
⊆

{
P (N 6∈ N (τ, θ0)|X) ≥ δ

}
.

Notice that |N (τ, θ0)| is finite for any θ0 ∈ `2. Next, apply the above relation
and the Markov inequality:

Pθ0

(
N̂MAP 6∈ N (τ, θ0)

)
= Pθ0

(
N̂MAP 6∈ N (τ, θ0), P (N = N̂MAP|X) ≤ δ

)
+Pθ0

(
N̂MAP 6∈ N (τ, θ0), P (N = N̂MAP|X) > δ

)
≤ Eθ0P (N 6∈ N (τ, θ0)|X)

1− |N (τ, θ0)|δ
+
Eθ0P (N 6∈ N (τ, θ0)|X)

δ
.

Take
δ = (|N (τ, θ0)|1/2 + |N (τ, θ0)|)−1,

apply Theorem 2.4 and recall that |N (τ, θ0)| ≤ τnR(No, θ0) to complete the
proof.



Chapter 3

Lower bound for the
posterior convergence rate

In the previous chapter, a new notion for the oracle posterior concentration
rate is proposed. The program of oracle estimation and Bayes oracle posterior
optimality is fully implemented in the above chapter for the Gaussian white
noise model and the projection estimators family.

Let us recall the model from Chapter 2. We observe X = (Xi)i∈N:

Xi
ind∼ N(θi, n

−1), i ∈ N,

where N = {1, 2, . . .}, θ = (θi)i∈N is an unknown parameter of interest from the
space `2 with the usual norm ‖·‖, the noise variables ξi are independent, identi-
cally distributed N(0, 1) random variables, parameter n−1 is the noise intensity.
The model is known to be a sequence version of the Gaussian white noise model;
the details can be found in Section 1.5. The goal is to make an inference on
the unknown parameter θ by using a Bayes approach in the asymptotic setup
as n → ∞. In Chapter 2, we put a simple conjugate prior on the signal θ and
investigated the performance of the resulting Bayesian procedure, namely the
convergence rate of the resulting posterior. A new benchmark for the posterior
concentration rate was proposed, the so called oracle (quadratic) risk rate,

rn(θ0) = min
N∈N

Rn(N, θ0) = infbθ∈bΘ(N )
Eθ‖θ̂ − θ0‖2,

the smallest possible risk over the class of projection estimators Θ̂, or equiva-
lently, over the family of the posterior rates corresponding to the family of priors
{πN , N ∈ N}. In Chapter 2, the relation of type (1.5) was derived for the oracle
projection posterior rate rn(θ0) (as compared to (1.5), here we deal with the
squared distance function). It means that the resulting posterior convergence
rate is at least rn(θ0), i.e. we have established an upper bound result.

In this chapter we complement the upper bound results of Chapter 2 on
posterior concentration rate by a lower bound result, namely that the concen-
tration rate of the posterior distribution around the true signal value θ0 can not



60 Chapter 3. Lower bound for the posterior rate

be faster than the oracle projection rate:

Eθ0P
{
r−1
n (θ0)‖θ − θ0‖2 ≤ δ|X

}
≤ ψ(δ),

for some function ψ monotonically decreasing to zero as δ → 0 and all θ0 ∈
`2. This means that the oracle posterior rate rn(θ0) can not be improved,
which together with the upper bound result implies that the posterior mass is
concentrated in the annulus

{θ ∈ `2 : δrn(θ0) ≤ ‖θ − θ0‖2 ≤Mrn(θ0)}

for a sufficiently small δ > 0 and a sufficiently large M > 0.
An asymptotic lower bound result for the posterior rate was first obtained

by Castillo (2008) in case of a Gaussian prior. The method was essentially
based on the so called concentration function of the Gaussian process and the
small ball probabilities for a Gaussian process; see Lifshits (1995), van der Vaart
and van Zanten (2008) and further references therein. As compared to Castillo
(2008), our result is somewhat more specific, as it concerns a particular prior
(a mixture of some normals), but also more refined in that it is nonasymptotic
and uniform over `2. Our result is also local in the sense that it concerns the
oracle projection rate rε(θ0), which is a local quantity, since it depends on the
“true” values θ0.

3.1 Lower bound

Consider first a general situation. We adopt the notations and notions from
the Introduction. Assume we have a model X ∼ P

(ε)
θ and a family of priors

Π = {πγ , γ ∈ Γ} with a countable index set Γ, which leads to the corresponding
family of posteriors {Pγ(θ|X), γ ∈ Γ}. Let {rε(πγ , θ), γ ∈ Γ} be a family of
posterior rates and the oracle posterior rate is then

rε(Π, θ) = inf
γ∈Γ

rε(πγ , θ).

A good candidate for an adaptive prior is a mixture over the priors from the
family Π. If the adaptive prior is a mixture, then the resulting adaptive posterior
is a (random) mixture of posteriors. Let π =

∑
γ∈Γ λγπγ be a mixture prior for

some distribution λ on Γ and let P (θ|X) be the corresponding posterior.
A way to establish a lower bound with the oracle rate for this adaptive

posterior is described by the proposition below. It expresses the following simple
intuitive idea: the smallest lower bound among the members of the mixture will
clearly be a lower bound for the resulting adaptive posterior.

Proposition 3.1. Assume that for a δ > 0, some function ψ and all θ0 ∈ Θ0

the following lower bound relation holds for each γ ∈ Γ:

Pγ{r−1
ε (πγ , θ0) d(θ, θ0) ≤ δ|X} ≤ ψ(δ)
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with Pθ0-probability 1. Then, for all θ0 ∈ Θ0,

P{r−1
ε (Π, θ0) d(θ, θ0) ≤ δ|X} ≤ ψ(δ)

with Pθ0-probability 1.

Proof. The proof is straightforward. Denote by P (G = γ|X), γ ∈ Γ, the poste-
rior distribution of the index parameter γ given X. Then, as P{θ|X,G = γ} =
Pγ{θ|X},

P{r−1
ε (Π, θ0) d(θ, θ0) ≤ δ|X}

=
∑
γ∈Γ

Pγ{d(θ, θ0) ≤ δrε(Π, θ0)|X}P (G = γ|X)

≤
∑
γ∈Γ

Pγ{d(θ, θ0) ≤ δrε(πγ , θ0)|X}P (G = γ|X) ≤ ψ(δ)

with Pθ0-probability 1.

In what follows we employ the notations and notions about the oracle pro-
jection posterior rate developed in Chapter 2. Below is a lower bound result
for the family of posteriors {P ′N (θ|X), N ∈ N} defined by (2.8): the posterior
P ′N (θ|X) concentrates around θ0 with the rate Rn(N, θ0), and not faster.

Theorem 3.1. Let the oracle rate Rn(N, θ0) be defined by (2.3) and P ′N (θ|X)
be defined by (2.8). Then there exists a constant C > 0 such that for any θ0 ∈ `2
and all N ∈ N

P ′N
{
‖θ − θ0‖2 ≤ δRn(N, θ0)

∣∣X}
≤ C

(2eδ)N/2

√
N

for any 0 < δ ≤ 1 with Pθ0-probability 1.

The proof of this theorem is given in the next section. Notice that trivially
for all 0 < δ ≤ e−1/2 and all N ∈ N

(2eδ)N/2

√
N

≤ C ′
√
δ

for some constant C ′. Combining the above theorem and Proposition 3.1, we
derive the following corollary.

Corollary 3.1. Let the oracle rate rn(θ0) be defined by (2.4) and P ′(θ|X) be
defined by (2.11) with any α > 0. Then there exists a constant C > 0 such that
for any θ0 ∈ `2

P ′
{
‖θ − θ0‖2 ≤ δrn(θ0)

∣∣X}
≤ C

√
δ

for any 0 < δ ≤ e−1/2 with Pθ0-probability 1.

Note that the above result is uniform over n (i.e. nonasymptotic) and θ0 ∈ `2.
The following corollary states essentially that the posterior rate rn(θ0) is

sharp.
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Corollary 3.2. Under the conditions of Corollary 3.1 and Theorem 2.3 from
Chapter 2, there exist constants C1, C2 > 0 such that for any θ0 ∈ `2

Eθ0P
′{δrn(θ0) ≤ ‖θ − θ0‖2 ≤Mrn(θ0)

∣∣X}
≥ 1− C1

M
− C2

√
δ.

The above corollary essentially means that almost all of the posterior mass
is concentrated in the annulus {θ ∈ `2 : δrn(θ0) ≤ ‖θ − θ0‖2 ≤ Mrn(θ0)} for
sufficiently small δ and sufficiently large M .

Remark 3.1. It is a challenging problem to derive this kind of results for a
wide class of priors instead of specific ones. It should be a nontrivial class of
priors for which some reasonable upper bound result hold, because lower bound
results are only interesting when related to “good” upper bound results. Indeed,
if one takes some trivial degenerate prior, then the corresponding lower bound
will be “very good”, while the upper bound will certainly be “very poor”. A
lower bound makes sense only together with a reasonable corresponding upper
bound, and only in cases when the posterior rates in these two bounds coincide
(up to a constant factor or maybe some log factor).

3.2 Proof of the theorem

Denote the Euclidean ball of radius r in space Rk by Bk(r) = {x ∈ Rk : ‖x‖2k ≤
r2}, here ‖ · ‖k is the usual Euclidean norm in space Rk. Let Λ(S) be the
Lebesgue measure (or volume) of a set S ⊂ Rk. It is known that the Lebesgue
measure of the ball Bk(r) is

Λ(Bk(r)) = rkΛ(Bk(1)) =
rkπk/2

Γ(k/2 + 1)
,

where Γ(u) is the Gamma function. Using Stirling’s approximation for the
Gamma function

Γ(x) =
√

2π xx−1/2e−x+κ/(12x)

for all x ≥ 1 and 0 ≤ κ ≤ C, we have a bound

Γ(k/2 + 1) =
√

2π
(k

2
+ 1

)(k+1)/2

e−k/2−1+κ/(6k+12)

=
(1 + 2/k)(k+1)/2

√
π

e1−κ/(6k+12)
k(k+1)/2(2e)−k/2

= ckk
(k+1)/2(2e)−k/2 ≥ ck(k+1)/2(2e)−k/2,

with

ck =
(1 + 2/k)(k+1)/2

√
π

e1−κ/(6k+12)
>

√
π

e
= c.

Of course, ck →
√
π as k →∞ and more accurate estimates ck > c are possible.

Therefore

Λ(Bk(r)) ≤ c−1rkπk/2k−(k+1)/2(2e)k/2. (3.1)
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Let Z1, . . . , Zk be independent N(0, 1) random variables and ξ = (ξi)i∈N =
n1/2(Xi−θi0) are iid standard normal random variables underX ∼ Pθ0 . Further
recall the conditional distribution P ′k(θ|X) = P ′(θ|X,N = k) given by (2.8):

θi|(X,N = k) ind∼ N
(
XiI{i ≤ k}, n

−1

2
I{i ≤ k}

)
, i ∈ N.

Using this and Anderson’s inequality, we obtain that for δ ≤ 1, with Pθ0-
probability 1,

P ′k
{
‖θ − θ0‖2 ≤ δRn(k, θ0)

∣∣X}
= P ′k

{ k∑
i=1

(θi − θi0)2 +
∞∑

i=k+1

θ2i0 ≤ δRn(k, θ0)
∣∣X}

= P
{
n−1

k∑
i=1

( Zi√
2

+ ξi

)2

+
∞∑

i=k+1

θ2i0 ≤ δRn(k, θ0)
∣∣ξ}

≤ P
{
n−1

k∑
i=1

Z2
i

2
+

∞∑
i=k+1

θ2i0 ≤ δRn(k, θ0)
}
.

Now, taking into account the trivial inequality

P
{ k∑

i=1

Z2
i ≤ R2

}
≤ (2π)−k/2Λ

(
Bk(R)

)
and (3.1), we proceed

P
{
n−1

k∑
i=1

Z2
i

2
+

∞∑
i=k+1

θ2i0 ≤ δRn(k, θ0) =
δk

n
+ δ

∞∑
i=k+1

θ2i0

}

≤ P
{ k∑

i=1

Z2
i ≤ 2kδ

}
≤ (2π)−k/2Λ

(
Bk(

√
2kδ)

)
≤ (2π)−k/2c−1(2kδ)k/2πk/2k−(k+1)/2(2e)k/2 =

1
c

(2eδ)k/2

√
k

.

Combining the last two inequalities completes the proof of the theorem.
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Chapter 4

Posterior studies by
numerical simulations

In this chapter we apply the Bayesian approach to the problem of recovering a
signal corrupted by a Gaussian noise. Utilizing the Bayesian approach allows
us to study the performance of posterior distributions, which are the main
objects within the Bayesian framework. We put a two level hierarchical prior
on the multidimensional normal mean and on the dimension itself, which leads
to the posterior distribution of the signal and the dimension parameter N , also
called a cut-off parameter. Using the posterior distribution of the cut-off N ,
we construct a Bayesian selection method for the dimension parameter, which
mimics the oracle cut-off.

We measure the performance of our Bayesian procedure by comparing the
risk for the Bayesian cut-off with the oracle risk over projection estimators, i.e.
the risk of the best projection estimator, which is attained by the oracle cut-off.
Our goal is to ”mimic” the oracle cut-off by a Bayesian selector.

In this chapter, we choose the Bayesian cut-off parameter as a median or a
maximum of the posterior probability (MAP), or as the smallest natural number
larger than the half of the MAP. In many cases it turns out that the Bayesian
cut-off parameters do not coincide with the oracle cut-off. However, the ratio of
the risk of the projection estimator, constructed with the Bayesian cut-off, and
the oracle risk is close to one. Firstly, we conduct the simulation studies for each
of the above described Bayesian cut-off parameters on test sequences. Secondly,
we look at the posterior distribution of signal given data. As it has been shown
in Chapter 2, the posterior distribution corresponding to the Gaussian priors
has to be adjusted to achieve good asymptotic properties. One of the methods
to adjust the posterior, proposed in the above chapter, is the empirical Bayesian
approach (other approaches are also considered in Chapter 2). The numerical
studies show that the adjusted priors indeed concentrate in some annulus around
the true value of the signal, while the posterior mass of unadjusted prior does
not. Moreover, the simulations show that the annulus shrinks towards the value
of the true signal as the noise level decreases, which corresponds to an increasing
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sample size in the asymptotically equivalent nonparametric discrete regression
model. In addition, we also study the performance of our Bayesian procedure
for the asymptotically equivalent nonparametric discrete regression model. We
construct an (1− α)-credible band for the true signal f0.

To conduct the numerical studies the test sequences of signal are chosen
in the form of Step, Damped-Sine, Outliers, and as the Fourier coefficients of
Bumps function introduced by Donoho and Johnstone (1995).

4.1 Model and preliminaries

Suppose that we observe the data (Y1, . . . , Yn) such that

Yi = f
( i
n

)
+ Zi, i = 1, 2, . . . , n, (4.1)

where Zi’s are independent N (0, 1) random variables and f is an unknown func-
tion from L2[0, 1] at the equidistant points i/n. Let {ϕj}∞j=1 be an orthonormal

basis in L2[0, 1] then f(t) =
∞∑

j=1

θ̃jϕj(t), where θ̃j =
∫
f(t)ϕj(t)dt. Since the

function f(t) is from L2[0, 1], the series
∞∑

j=1

θ̃2j converges, which implies vanishing

θ̃j as j goes to infinity.
Using the discrete Fourier transformation of equation (4.1) we convert the

problem of estimating the function f( i
n ), i = 1, . . . , n to the problem of estimat-

ing n values of its Fourier coefficients. Indeed, this model can be represented
as the equivalent Gaussian sequence model,

yj = θj + σξj , j = 1, 2, . . . , n, (4.2)

where yj = 1
n

n∑
i=1

Yiϕj

(
i
n

)
, θj = 1

n

n∑
i=1

f
(

i
n

)
ϕj

(
i
n

)
≈ θ̃j , ξj ’s are i.i.d. random

variables distributed according to N (0, 1) and σ = 1/
√
n. In general, for an

arbitrary basis this model is asymptotically, as n goes to infinity, equivalent to
the Gaussian sequence model (4.2) as was shown in Chapter 1. In what follows
we will focus on the equivalent to (4.1) model (4.2) and all the inference on f
can be in principle derived from the inference on θ.

Notice that the approximate relation θj ≈ θ̃j becomes asymptotically exact
as n goes to infinity and thus, θj also vanishes as j goes to infinity. Therefore,
it makes sense to consider the first N most relevant components and neglect
the others with significant noise contribution. This gives rise to projection esti-
mation. Actually, neglecting noisy Fourier coefficients yj with j = N + 1, . . . , n
leads to the same projection estimation of a function as Fourier decomposition
in the truncated basis, ϕj , j = 1, . . . , N . The projection estimator of a func-
tion in the truncated basis has been considered in details by Tsybakov (2008),
Efromovich (1999). The projection estimation in general was studied in differ-
ent scopes by many authors, e.g. Birgé Massart (2001), Cavalier and Tsybakov
(2001), Tsybakov (2008), Efromovich (1999), Kneip (1994), etc.
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Let us recall the setting. The class of projection estimators
{

θ̂(N), N ∈ N
}

is parameterized by the cut-off parameter N , with θ̂(N) defined by the rule

θ̂(N) =
(
θ̂1(N), . . . , θ̂n(N)

)
, θ̂j(N) = yjI{j ≤ N}, j = 1, 2, . . . , n (4.3)

The estimation quality of the estimator θ̂(N) is measured by the risk in `2 norm

R(N,θ) = R(θ̂(N),θ) = Eθ‖θ̂(N)− θ‖22 = Eθ

n∑
j=1

((θ̂(N))j − θj)2, (4.4)

which in the case of fixed (known) parameter N is equal to

R(N,θ) = Eθ

[ N∑
j=1

σ2ξ2j +
n∑

j=N+1

θ2j

]
= Nσ2 +

n∑
j=N+1

θ2j .

For a fixed θ ∈ `2, we define the oracleNo = No(θ) ∈ N and the oracle projection
risk rσ(θ) = R(No,θ) by the following relation:

rσ(θ) = R(No,θ) = Noσ
2 +

n∑
j=No+1

θ2j = min
N∈N

R(N,θ). (4.5)

Further we apply Bayesian approach to construct adaptive projection estimators
(or adaptive cut-offs) and study the performance of the Bayesian procedures by
numerical simulations on the test examples.

4.2 Bayesian analysis

In this section we recall the Bayesian approach to the problem of adaptive
projection estimation.

First we have to design a Bayesian model, which means to impose a prior
distribution on a probability measure on the set of parameters, i.e. devise a
hierarchical prior on (y,θ, N):

yj |θj , N ∼ N [θj , σ
2],

θj |N ∼ N [0, τj(N)], (4.6)
N ∼ λ,

where τj(N) is defined by

τj(N) = σ2I{j ≤ N}, j ∈ {1, . . . , n}. (4.7)

The prior λ is determined as follows:

P (N = k) = λk = c(α)e−αk, k ∈ N,

where c(α) is a normalizing constant and the constant α = 0.226. Other choices
of α are possible, see the discussion on this issue in Chapter 2 or Babenko and
Belitser (2010).



68 Chapter 4. Posterior studies by numerical simulations

By convention we assume that if θj ∼ N (0, 0) then P (θj = 0) = 1. Denote
the probability density function (pdf) of Gaussian distribution N (µ, σ2) by
p(x;µ, σ2). Then the joint posterior probability density function p(y,θ, N),
corresponding to the imposed priors (4.6), is readily obtained as

p(y,θ, N) = λk

n∏
i=1

p
(
yi; θi, σ

2
)
p
(
θi; 0, τi(k)

)
,

the posterior pdf of N given y is

p(N = k|y) =
∏n

i=1 p(yi; 0, σ2 + τi(k))λk∑
s

(
λs

∏n
i=1 p(yi; 0, σ2 + τ2

i (s))
) , (4.8)

and the posterior pdf of θ given y is

p(θ|y) =
∑

k λk

∏n
i=1 p(yi; θi, σ

2)p(θi; 0, τi(k))∑
s

(
λs

∏n
i=1 p(yi; 0, σ2 + τ2

i (s))
) . (4.9)

The product p(yi; θi, σ
2)p(θi; 0, τi(k)) in the right hand side of (4.9) can be

rewritten as

p(yi; 0, σ2 + τi(k))p
(
θi;

τi(k)yi

σ2 + τi(k)
,
σ2τi(k)
σ2 + τi(k)

)
. (4.10)

Thus, from (4.9) using (4.10) we obtain

p(θ|y)

=
1
S

∑
k

λk

n∏
i=1

p(yi; 0, σ2 + τi(k))p
(
θi;

τi(k)yi

σ2 + τi(k)
,
σ2τi(k)
σ2 + τi(k)

)
, (4.11)

with S =
∑

s

(
λs

∏n
i=1 p(yi; 0, σ2 + τ2

i (s))
)
.

The posterior pdf (4.8) and (4.11) represent the resulting posterior densi-
ties of the Bayesian procedure with respect to imposed priors (4.6). Next, we
construct the adaptive projection estimator θ̂(N̂). Define the Bayesian cut-offs
as

NMAP = argmax
{
p
(
N = k|y

)
, k ∈ N

}
,

the point with the maximum posterior pdf,

NMED = median
{
p
(
N = k|y

)
, k ∈ N

}
,

the median of the posterior pdf, and

Ñ(δ) = min
{
k ∈ N : p

(
N = k|y

)
≥ δ

}
,

with δ = 1
2 max

{
p
(
N = k|y

)
, k ∈ N

}
.
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Accomplishing the construction of the adaptive projection estimators θ̂(N̂),
we take N̂ as NMAP , NMED, Ñ(δ) and then set

θ̂(N̂) =
(
θ̂1(N̂), . . . , θ̂n(N̂)

)
, θ̂j(N̂) = yjI{j ≤ N̂}, j = 1, 2, . . . , n. (4.12)

Thus, we get θ̂(NMAP ), θ̂(NMED) and θ̂(Ñ(δ)).

Notice that the Bayes estimator in this case is θ̂
B

= E(θ|y), where the
conditional expectation E(θ|y) is taken with respect to (4.11). However, it
turns out that the Bayes estimator converges to θ/2 instead of θ. To obtain a
consistent estimator, we modify the original priors by introducing new shift pa-
rameters {µj}n

j=1, which leads to an empirical Bayes estimator. As it was shown
in Babenko and Belitser (2010) (see also the previous chapter), by choosing the
shift parameters as maximum likelihood estimates of the marginal distribution
of y, one obtains a consistent empirical Bayes estimator.

Now we adjust the posterior (4.11) and accomplish the construction of the
empirical Bayes estimator. Therefore, instead of the posterior pdf p(θ|y), de-
fined by (4.11), we can use the posterior pdf defined as p′(θ|y):

p′(θ|y)

=
1
S

∑
k

λk

n∏
i=1

p(yi; 0, σ2 + τi(k))p
(
θi;

2τi(k)yi

σ2 + τi(k)
,
σ2τi(k)
σ2 + τi(k)

)
. (4.13)

By using the posterior pdf p′(θ|y) we construct the empirical Bayes estimator

θ̂
EB

= E′(θ|y) =
∫

θp′(θ|y)dθ, i.e.

θ̂
EB

= (θ̂1, . . . θ̂n), θ̂j = E′(θj |y) =
∫
θjp

′(θ|y)
n∏

i=1

dθi, j = 1, . . . , n,

where the conditional expectation E′(θj |y) taken with respect to the posterior
(4.13) is

E′(θj |y) =
∑

k

p(N = k|y)yjI{j ≤ k}.

The exact calculation of the conditional expectation E′(θj |y) is given in ap-
pendix. The estimators and their efficiency is further studied numerically in
the next section of the chapter.

4.3 Numerical simulations

In order to compare the performance of the estimators, we conducted a simula-
tion study on Fourier coefficients {θj}n

j=1 of the following form: Step, Damped-
Sine, and Outliers. In addition, we also considered the Fourier coefficients of
Bumps function introduced by Donoho and Johnstone (1995). The functions
are defined in Table 4.1. The Bumps function is defined explicitly, while the
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Figure 4.1: The plot of Bumps function (on the top right panel) and its Fourier
coefficients (top left). The Step form of the Fourier coefficients (bottom left)
and the reconstructed function (bottom right).

others are defined through their Fourier coefficients. In order to obtain the
Fourier coefficients of Bumps function we use a discrete Fourier transformation
of the function with respect to the orthonormal trigonometric basis defined by

ϕ1(x) ≡ 1

ϕ2k(x) =
√

2 sin(2πkx)

ϕ2k+1(x) =
√

2 cos(2πkx), k = 1, 2, . . .

The plots of the Fourier coefficients and the Bumps function itself are shown on
Figure 4.1 (top left and top right correspondingly). The Step Fourier coefficients
and the corresponding function, reconstructed via the inverse discrete Fourier
transformation, are depicted as well on Figure 4.1 (bottom left and bottom right
correspondingly).

The Fourier coefficients of Damped-Sine and the Outliers are presented on
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Figure 4.2: The test Fourier coefficients: Damped-Sine (on the left) and Out-
liers (on the right).

Table 4.1: Formulas of test sequences
(a) Bumpsfunction
f(t) = 10

∑
hjK((t− tj)/wj) K(t) = (1 + |t|)−4

(tj) = (.1, .13, .15, .23, .25, .40, .44, .65, .76, .78, .81)
(hj) = (4, 5, 3, 4, 5, 4.2, 2.1, 4.3, 3.1, 5.1, 4.2)
(wj) = (.005, .005, .006, .01, .01, .03, .01, .01, .005, .008, .005)

(b) Step
θj = 2.64u(j)− 2.64u(j − 9) u(t) = I{t ≥ 0}

(c) Damped− Sine
θj = (295/(7j + 5)) sin(j/43)

(d) Outliers
θj = (jh− h)u(j − 2)− (2jh− 12h)u(j − 7) + (jh− 11h)u(j − 12)
+1.5u(j − 18)− 1.5u(j − 24) + 0.5u(j − 28) + 1.9u(j − 31)− 2.4u(j − 36)
+2u(j − 81)− 2u(j − 84),
u(t) = I{t ≥ 0} is a unit step function, h = 1/50

Figure 4.2. Notice that the Fourier coefficients in the form of Step and Outliers
are sparse, i.e. the Fourier coefficients with relatively few non zero elements.

As it has been mentioned in Section 4.1, we observe the noisy Fourier coeffi-
cients y, which are displayed in Figure 4.3 and Figure 4.4. After that we apply
the estimators, described in Section 4.2, to the observations. Thus, firstly, we
consider projection estimators to choose the best (on average) Bayesian cut-off
and, secondly, we compare the projection estimators with the empirical Bayes
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Figure 4.3: The noisy version of Bumps Fourier coefficients (top left) and Step
Fourier coefficients (bottom left) within the Gaussian sequence model, signal-
to-noise ratio SD(θ)/σ = 7.4, n = 1000, σ2 = n−1. In the right column the
function recoveries are displayed.

estimator.

4.3.1 Projection estimators

We move on to illustrate the performance of the projection estimators (4.12)
with the Bayesian cut-offs NMAP , NMED and Ñ , for the purpose of which we
use the statistical environment R 2.6.0. The estimators are applied to the above
described test sequences, having 1000 points in the domain, i.e j ranges from 1
to 1000. This means that the vectors y, θ, ξ have dimension 1000.

In our simulations we use 600 realizations of ξ. Each particular realization
of the noise ξ yields a realization of the Fourier coefficients y, which leads to a
posterior pdf p(N |y) defined by (4.8). For each pdf we compute NMAP , NMED,
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Figure 4.4: The noisy Fourier coefficients of Damped-Sine and Outliers within
the Gaussian sequence model. Signal-to-noise ratio SD(θ)/σ = 7.4, n = 1000,
σ2 = n−1.

and Ñ .
The average values of the cut-off NMAP , NMED, Ñ with n equal 1000 and

the ratio of the corresponding risks (4.4) to the oracle risk (4.5) versus the
corresponding Fourier coefficients θbumps, θstep, θd−sine, θoutliers are shown in
Table 4.2. The average is taken over all 600 realizations.

Table 4.2: The average value of the cut-off parameters and the ratio of the risks
to the oracle risk with n = 1000, σ2 = n−1.

θ No Nmap Nmed Ñ
R(Nmap,θ)
R(No,θ)

R(Nmed,θ)
R(No,θ)

R( eN,θ)
R(No,θ)

θbumps 1000 935 926 777 1.034 1.046 1.1
θstep 8 8.48 9.5 8.1 1.2 1.27 1
θd−sine 913 810.46 810.63 761.1 1.035 1.033 1.045
θoutliers 83 83.48 84.54 83.1 1.01 1.02 1

Table 4.2 reveals that for Step and Outliers Fourier coefficients the adaptive
projection estimator with the cut-off parameter Ñ yields the same risk as the
oracle risk. The slightly worse results in those cases are obtained by NMAP and
NMED.

In the Bumps case we obtain the oracle cut-off No equal 1000, which means
that the oracle does not do a good job in this case, it says that we have to keep
all the observations y to get the oracle projection risk. However, the considered
cut-offs NMAP , NMED, and Ñ , whose average values are smaller than 1000,
give the adaptive projection estimators with risks close to the projection oracle
risk, their ratios are around one.

So, as we see from Table 4.2, all the considered cut-offs NMAP , NMED, and
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Ñ illustrate “good” results, in the sense that the ratios of the risks are around
one, while the cut-off parameters NMAP , NMED, and Ñ might be different from
the value of the oracle cut-off No.

We present more information about the whole distributions ofNMAP , NMED,
Ñ in Table 4.4, which contains histograms describing frequency of appearing
of a cut-off with a certain value. In particular, we can observe that there are
certain values of the cut-off parameters, which exactly coincide with the ora-
cle No (the small point on the bottom marks the oracle cut-off parameter No,
indicated in Table 4.2).

Now we see, for example, for Step and Outliers Fourier coefficients, that the
maximum of the frequency of the cut-off parameters NMAP and Ñ concentrates
around the oracleNo. However, the situation is different withNMED parameter,
where even the largest peak does not concentrate around the oracle cutoff. The
cutoff parameters NMAP and NMED for Bumps Fourier coefficients are most
frequently appearing around No, while the most frequently appearing value of
Ñ is not equal to No. The histograms of NMAP and NMED cutoff parameters
for Damped-Sine Fourier coefficients are similar and have values concentrate
around No, while the histogram for Ñ is concentrated rather far from No.

4.3.2 Risk evaluation

At this point we compare the different estimators by measuring their quality by
the risk

R(θ̂,θ) = Eθ‖θ̂ − θ‖22 = Ave
n∑

j=1

(θ̂j − θj)2, (4.14)

where the average is taken over 600 realizations. Thus, we compare efficiency of
the adaptive projection estimators and the empirical Bayes estimator by (4.14),
and summarize the results in Table 4.3.

The realizations of risk (4.14) for projection estimators with the cut-off
NMAP , NMED, and Ñ are placed in the first three columns. In the last column
we put the realizations of risk (4.14) for the empirical Bayes estimator. The
realizations of the estimators showed that the adaptive projection estimators
can have a better risk than the empirical Bayes estimator, typically for small
values of No.

Table 4.3: An average operator of norm loss for different estimators

θ Projec.(Nmap) Projec.(Nmed) Projec.(Ñ) Emp. Bayes

θbumps 1.034 1.046 1.1 1.013
θstep 0.009 0.010 0.008 0.010
θd−sine 0.998 0.995 1.006 0.969
θoutliers 0.084 0.0845 0.083 0.084
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Table 4.4: Histograms of frequency of appearing of the cut-off parameters. The
small point on the bottom marks the oracle cut-off parameter No, indicated in
Table 4.2.

θ0 NMAP NMED Ñ
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4.4 Posterior studies

The study of posterior distribution provides an insight into the validity of the
imposed priors. In this section we illustrate the appropriate adjustment of the
posterior pdf p(θ|y), which was performed in the process of construction of the
empirical Bayes estimator. Notice that the empirical Bayes estimator is based
on posterior distribution P ′(θ|y) defined by pdf (4.13), while for the adaptive
projection estimation (4.12) the posterior distribution P (θ|y) is defined by pdf
(4.11).

From now on we denote by θ0 the vector of Fourier coefficients of some
function in L2[0, 1]. Recall, that within the model (4.2), we assume that
y ∼ Pθ0 = P

(σ)
θ0

for some ’true’ θ0 = (θ0j)n
j=1 and (at least for a good Bayesian

procedure) we want the corresponding posterior distribution P (θ|y) to con-
centrate around θ0 as n → ∞. To characterize the quality of the Bayesian
procedure, we look at the rate at which P (θ|y) concentrates around θ0. Recall
that a positive sequence rn is called the posterior rate if for any Mn →∞,

P
{
‖θ − θ0‖2 ≥Mnrσ|y

}
→ 0 as n→∞ (4.15)

in Pθ0-probability. See Ghosal, Ghosh and Van der Vaart (2000), Shen and
Wasserman (2001) for details. The idea of the posterior rate was extended
later on in Babenko and Belitser (2010) to cover the posterior oracle rate. It
was shown that for rσ being the sequence of the oracle risks rσ(θ0) the equa-
tion (4.15) is also satisfied. The relation between the posterior oracle rate and
posterior minimax rate is discussed in more details in Chapter 2.

Below we remind the reader the theoretical result from Chapter 2, which
characterizes the quality of the imposed priors (4.6) and justifies the changes of
the posterior pdf (4.11).

• In case the oracle rσ(θ0) is defined by (4.5) and the prior on (y,θ, N) is
defined by (4.6) with σ2 = n−1, then there exists constant C1 > 0 such
that for any θ0 ∈ `2 and any M > 0

Eθ0P
′
{
‖θ − θ0‖2 ≥Mrσ(θ0) |y

}
≤ C1

M
, (4.16)

where the posterior P ′(θ|y) is defined by (4.13).

It immediately follows from the above that the right hand side of inequality
(4.16) converges to zero asM →∞, providing the posterior oracle rate. In other
words, it says that the posterior distributions P ′(θ|y) concentrates around θ0 in
Pθ0-probability with the posterior projection oracle rate rσ(θ0), which implies
the validity of Bayesian procedure.

Our numerical studies, represented by Figure 4.5, indeed show that
Eθ0P

′
{
‖θ − θ0‖2 ≥ Mrσ(θ0)|y

}
goes to zero, as required by (4.16), while

Eθ0P
{
‖θ − θ0‖2 ≥ Mrσ(θ0)|y

}
stays close to one for the whole range of con-

sidered M . Thus, the posterior P (θ|y) has been adjusted by the empirical
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Figure 4.5: The plot of Eθ0P
′
{
‖θ−θ0‖2 ≥Mrσ(θ0) |y

}
and Eθ0P

{
‖θ−θ0‖2 ≥

Mrσ(θ0) |y
}

with θ0 as a vector of Fourier coefficients of Bumps function,
n ∈ [1000, 1800].

Bayes approach in a way described in Section 4.2, so that the resulting poste-
rior P ′(θ|y) concentrates around θ0.

To demonstrate the rate of posterior concentration for different θ0, we per-
form the simulations of (4.16) for two types of θ0. In Figure 4.6 we plot the
expectation of the conditional probability with σ2 = (1500)−1 for Bumps Fourier
coefficients, whose oracle risk is 0.8269, and for Step Fourier coefficients with the
value of the oracle risk 0.005. Indeed, for Step Fourier coefficients the posterior
contracts much faster than for Bumps Fourier coefficients.

Recall a more refined theoretical result about the posterior P ′(θ|y):

• If the oracle rσ(θ0) is defined by (4.5) and the prior on (y,θ, N) is defined
by (4.6) with σ2 = n−1, then there exist constants C1, C2 > 0 and 0 <
δ < e−1/2 such that for any θ0 ∈ `2 and any M > 0

Eθ0P
′
{
δrσ(θ0) ≤ ‖θ − θ0‖2 ≤Mrσ(θ0) |y

}
≥ 1− C1

M
− C2

√
δ,

where the posterior P ′(θ|y) is defined by (4.13).

This essentially says that almost all of the posterior mass is concentrated in
the annulus {θ : δrσ(θ0) ≤ ‖θ − θ0‖2 ≤ Mrσ(θ0) |y}, which we are going to
study numerically in the next part of the section. Let us comment on Figure
4.6(a). The upper bound of expectation of conditional probability (4.16) tells
that the probability for a point θ to be outside the n-dimensional sphere centered
at θ0 with radius

√
Mrσ(θ0) is not larger than some constant divided by M .

As it can be clearly seen from Figure 4.6(a), if Mrσ(θ0) is smaller than 0.75



78 Chapter 4. Posterior studies by numerical simulations

0.75 0.80 0.85 0.90 0.95 1.00

0.
0

0.
5

1.
0

1.
5

2.
0

(a)

   Mrn ((θθ0))  

   
E

θθ 0
P

'{ 
. |

 y
 }

  

● ● ● ● ● ● ● ●

●

●

●

●

●

●

●
●

●

●

●
● ● ● ● ● ● ● ● ● ● ● ● ●

0.00 0.01 0.02 0.03 0.04 0.05 0.06

0.
0

0.
5

1.
0

1.
5

2.
0

(b)

   Mrn ((θθ0))  

   
E

θθ 0
P

' {
 . 

| y
 }

  

●●
●

●

●

●

●

●
●

●

●

●
● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●

Figure 4.6: The plot of Eθ0P
′
{
‖θ− θ0‖2 ≥Mrσ(θ0)|y

}
, σ2 = (1500)−1, with

θ0 being a vector of: a) Fourier coefficients of Bumps function, b) Step Fourier
coefficients.

the expectation of conditional probability is very close to 1 within 10−15, which
tells that the points are inside the sphere with probability less than 10−15. On
the other hand, for Mrσ(θ0) larger than 0.96 the expectation of the conditional
probability is smaller than 10−15, which means that the points are outside the
sphere with radius Mrσ(θ0) =

√
0.96 with probability less than 10−15. Thus,

the random draws from the posterior pdf p′(θ|y), in average, for a fixed n
concentrates around θ0 in some annulus. We place the values of Mrσ(θ0),
characterizing the size of the annulus for the other Fourier coefficients, in Table
4.5 for σ2 = (1500)−1, in Table 4.6 for σ2 = (1000)−1, and in Table 4.7 for
σ2 = (500)−1. The three dimensional plot of the annulus is presented in Figure
4.7(a). For the purpose of illustration, the density plot is also added in Figure
4.7(b).

Table 4.5: The values of Mrσ(θ0) and δrσ(θ0) characterizing the size of the
annulus for σ2 = (1500)−1, ρ = 1− 10−15.

θ0 rσ(θ0) δ M The size of the annulus

θb 0.8269 0.907 1.161 Eθ0P
′
{

0.75 < ‖θ − θ0‖2 < 0.96 |y
}
≥ ρ

θst 0.0053 0.183 10 Eθ0P
′
{

0.00097 < ‖θ − θ0‖2 < 0.053 |y
}
≥ ρ

θd−s 0.9282 0.927 1.153 Eθ0P
′
{

0.86 < ‖θ − θ0‖2 < 1.07 |y
}
≥ ρ

θout 0.0553 0.542 1.989 Eθ0P
′
{

0.03 < ‖θ − θ0‖2 < 0.11 |y
}
≥ ρ

The Tables 4.5-4.7 show that the size of each annulus is shrinking as σ
decreasing. Such a behavior is expected, since the oracle risk rσ(θ0) tends to
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Table 4.6: The values of Mrσ(θ0) and δrσ(θ0) characterizing the size of the
annulus for σ2 = (1000)−1, ρ = 1− 10−15.

θ0 rσ(θ0) δ M The size of the annulus

θb 1 0.89 1.25 Eθ0P
′
{

0.89 < ‖θ − θ0‖2 < 1.25 |y
}
≥ ρ

θst 0.008 0.125 10.625 Eθ0P
′
{

0.001 < ‖θ − θ0‖2 < 0.085 |y
}
≥ ρ

θd−s 0.963 0.872 1.215 Eθ0P
′
{

0.84 < ‖θ − θ0‖2 < 1.17 |y
}
≥ ρ

θout 0.083 0.602 1.807 Eθ0P
′
{

0.05 < ‖θ − θ0‖2 < 0.15 |y
}
≥ ρ

Table 4.7: The values of Mrσ(θ0) and δrσ(θ0) characterizing the size of the
annulus for σ2 = (500)−1, ρ = 1− 10−15.

θ0 rσ(θ0) δ M The size of the annulus

θb 1 0.83 1.24 Eθ0P
′
{

0.83 < ‖θ − θ0‖2 < 1.24 |y
}
≥ ρ

θst 0.016 0.19 9.38 Eθ0P
′
{

0.003 < ‖θ − θ0‖2 < 0.15 |y
}
≥ ρ

θd−s 1 0.84 1.31 Eθ0P
′
{

0.84 < ‖θ − θ0‖2 < 1.31 |y
}
≥ ρ

θout 0.166 0.66 1.87 Eθ0P
′
{

0.11 < ‖θ − θ0‖2 < 0.31 |y
}
≥ ρ
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Figure 4.7: (a) The plot of Eθ0P
′
{
δrn(θ0) ≤ ‖θ − θ0‖2 ≤ Mrn(θ0)|y

}
, n =

1000. The vector θ0 is a vector of Fourier coefficients of Bumps function. (b)
The density plot of the same quantity.

zero in this case. The dependence of the size of the annuluses on the oracle risk
can also be observed in Tables 4.5-4.7 and Figure 4.6.

Next we consider the posterior distributions p(N = NMAP |y), p(N =
NMED|y), and p(N = Ñ |y). Since the analytical formulas for the posteriors are
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difficult to derive, we restrict ourselves to numerical simulations. Notice that
the histograms in Table 4.4, which we already discussed in Section 4.3, approach
the posterior distributions p(N = NMAP |y), p(N = NMED|y), p(N = Ñ |y) as
the number of realizations goes to infinity.

4.5 Approximate credible band

Let us now return to the equivalent discrete regression model (4.1), where the
function can be approximated by f(t) ≈

∑n
j=1 θjϕj(t). According to the dis-

crete Fourier transformation the above correspondence is exact at the points
ti = i

n , i = 1, . . . , n. Using this correspondence, we construct credible bands
for the regression function f on the basis of the posterior distribution P ′(θ|y).
It is convenient to denote by f0(ti) =

∑n
j=1 θ0jϕj(ti) the function with fixed

Fourier coefficients θ0.
In this chapter we use Θ =

{
Θj

}n

j=1
to denote random draws from the

posterior distribution P ′(θ|y). Let us define

F (t) = Fy(t) =
n∑

j=1

Θjϕj(t), t ∈ [0, 1], (4.17)

with Θj = Θj(y), j = 1, . . . , n, independent random variables from posterior
P ′(θ|y). Define Pf0(t) = P

(n)
f0(t)

, t ∈ [0, 1], with f0(t) =
∑n

j=1 θ0jϕj(t), the

probability measure of F (t) =
n∑

j=1

Θjϕj(t), where Θ = (Θ1, . . . ,Θn) ∼ P ′(θ|y)

with y ∼ Pθ0 .
From the equation (4.17) it follows that the family

{
F (t), t ∈ [0, 1]

}
is a

Gaussian random process such that for each fixed t, F (t) is a random vari-
able with distribution N (µ̃n(t), σ̃2

n(t)) for some µ̃n(t) = µ̃n(t,y) and σ̃2
n(t) =

σ̃2
n(t,y), since the posterior distribution (generating mechanism) depends on

the observation y. According the theoretical results from Chapter 3 as n = σ−2

(σ → 0) goes to infinity, the sample Θ from the posterior distribution P ′(θ|y)
concentrates around θ0 in some annulus. This should lead to the concentration
of the posterior distribution of F (t) around f0(t). In particular µ̃n(t) → f0(t)
and σ̃2

n(t) → 0 in Pf0(t)-probability.
In principle one can try to calculate the quantities µ̃n(t) and σ̃2

n(t). Instead,
for each t ∈ [0, 1] we can generate a sample X1, . . . , XM from the Gaussian
distribution N (µ̃n(t), σ̃2

n(t)) and then approximate µ̃n(t) and σ̃2
n(t) by using the

empirical counterparts XM = 1
M

∑M
i=1Xi for µ̃n(t) and S2

X = 1
M−1

∑M
i=1(Xi−

XM )2 for σ̃2
n(t). We do it for a sufficiently fine grid t1, . . . , tL and sufficiently

large M , which is limited only by computer power. In the simulations, we
always take L = n, ti = i

n , i = 1, . . . , n. It is well known that the (1 − α)-
highest posterior density (HPD) region for a Gaussian distribution N (ω, ν2) is[
ω− ξ̃1−α/2ν, ω+ ξ̃1−α/2ν

]
, where ξ̃1−α/2 is the quantile of normal distribution

of level 1−α/2. Thus, for sufficiently large M we take the following approximate
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(1− α)-credible interval:[
XM − ξ̃1−α/2SX , XM + ξ̃1−α/2SX

]
. (4.18)

We simulate the values of F (t) defined by (4.17), M = 400 times and then
apply formula (4.18) to calculate 95% credible intervals for each F (ti), i =
1, . . . , n. The credible intervals at points ti, i = 1, . . . , n form together a 95%
pointwise credible band.

On Figure 4.8 we present the simulation results. We consider the test ex-
ample f0(t) corresponding to θstep and θbumps. As we see from the plots, the
credible band contracts towards the function f0 (solid line) as σ decreases.
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Figure 4.8: The plots of the credible bands for F with Θj ’s from posterior
distributions P ′(θ|y) with the observation y obtained on the basis of Fourier
coefficients θ0 = θstep and θ0 = θbumps. Left column: σ2 = (100)−1, right
column: σ2 = (1000)−1. The solid lines are the corresponding functions f0.

As we already saw in the previous section, the behavior of the posterior
is better for Step signal than for Bumps signal, see Figure 4.6. The same
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phenomenon occurs for the behavior of the posterior distributions of the corre-
sponding Step and Bumps functions.

4.6 Conclusions

In our numerical simulations, performed for the four types of Fourier coefficients
(Step, Damped-Sine, Outliers, and for Fourier coefficients of Bumps function)
the empirical Bayes estimator shows the best performance in the case of large
oracle cut-off No (Bumps and Damped-Sine), while the adaptive projection es-
timators are more efficient in the case of small values No (Step and Outliers).
Moreover, the adaptive projection estimation and the empirical Bayes estimator
allow to study their corresponding posterior distributions. Our theoretical stud-
ies formulated in Chapter 2 show that the empirical Bayesian approach, used for
adjusting the posterior, implies the posterior distribution, which concentrates
around the “true” θ0 as M →∞ and n→∞.

The numerical studies of Eθ0P
′
{
‖θ−θ0‖2 ≥Mnrσ(θ0)|y

}
and Eθ0P

{
‖θ−

θ0‖2 ≥Mnrσ(θ0)|y
}

indeed confirm the theoretical result. Moreover, we stud-
ied the dependance of annulus size on σ. Our simulations show that the size of
each annulus is shrinking to the “true” value of θ0 as σ goes to zero. In addition
we also illustrate the construction of an (1 − α)-credible band on the basis of
the adjusted posterior P ′(θ|y), which width tends to zero as σ → 0.

4.7 Appendix

Now we describe the exact calculation of the conditional expectation E′(θj |y).
The expectation E′(θj |y) taken with respect to the posterior (4.13) can be
written as

E′(θj |y) =
1
S

∑
k

λk

n∏
i=1

p(yi; 0, σ2 + τi(k))

×
∫
θj

n∏
i=1

p
(
θi;

2τi(k)yi

σ2 + τi(k)
,
σ2τi(k)
σ2 + τi(k)

) n∏
i=1

dθi. (4.19)

Using the elementary identity∫
θj

n∏
i=1

p(θi;µi, σ
2
i )

n∏
i=1

dθi = µj

from (4.19) we obtain

E′(θj |y) =
1
S

∑
k

λk

n∏
i=1

p(yi; 0, σ2 + τi(k))
2τj(k)yj

σ2 + τj(k)
,
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which is in view of (4.8) equivalent to

E′(θj |y) =
∑

k

2τj(k)yj

σ2 + τj(k)
p(N = k|y).

The following substitution of τj(k) by (4.7) leads to

E′(θj |y) =
∑

k

p(N = k|y)yjI{j ≤ k},

which completes the calculations.
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Chapter 5

Posterior convergence rate
and adaptive filtration of a
linear functional

Suppose we observe X = X(n) = (X1, X2, . . .):

Xi = θi + n−1/2ξi, i = 1, 2, . . . , (5.1)

where ξi are independent N (0, 1) noises, θ = (θ1, θ2 . . .) is an unknown infinite
dimensional parameter, which we will call the signal, parameter n→∞ reflects
the increase of information. The goal is to make an inference on the linear
functional of the signal θ in the asymptotic setup as n→∞. For a given fixed
θ ∈ `2, denote the corresponding probability measure of X by Pθ = P

(n)
θ . If θ is

a stochastic element, Pθ denotes a conditional probability measure of X given
θ. Many quantities will depend on the information parameter n, but for the
sake of notational simplicity we will often skip this dependence.

The interest in model (5.1) is mostly motivated by its well known equivalence
to the white noise model (see the relevant section in the Introduction of this
thesis) :

dXε(t) = f(t)dt+ ε dW (t), 0 ≤ t ≤ 1, (5.2)

where Xε(·) is an observation process, f(·) ∈ L2[0, 1] is an unknown signal, W (t)
is a standard Wiener process, ε is the noise intensity. The problem is studied
in the asymptotic setup as ε→ 0.

Recall that, given an orthonormal basis {φi, i ∈ N} in L2[0, 1], the model
(5.2) can be translated into an equivalent sequence model (5.1) with observa-
tions Xi =

∫ 1

0
φi(t)dXε(t), the unknown Fourier coefficients θi =

∫ 1

0
φi(t)f(t)dt,

independent Gaussian noises ξi =
∫ 1

0
φi(t)dW (t) and n = ε−2. Since there is

an isometric (with respect to the scalar products in `2 and L2) correspondence
between θ and f(·), we call both θ and f(·) signals. As is already discussed in
the Introduction, while interesting in communication theory in its own right,
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model (5.2) also provides a good approximation to a variety of curve estimation
problems.

Suppose we are interested in estimating the signal f(t) from the model (5.2)
at a fixed point t ∈ [0, 1], the so called pointwise estimation problem. Then, in
terms of parameter θ, this problem corresponds to the estimation of the linear
functional Φ = Φ(θ) =

∑∞
i=1 biθi in the model (5.1), where bi = φi(t). Assume

throughout without loss of generality that |bi| ≤ 1 for all i ∈ N. The above two
problems are equivalent if the pointwise convergence f(t) =

∑∞
i=1 θiφi(t) = Φ(θ)

holds, which can be provided by some conditions on f(·). For example, for the
standard trigonometrical basis, continuity and the Dini condition at point t
would do.

In the first part of this chapter, we continue the line of investigation started
by Li and Zhao (2002). We assume that θ ∈ Θβ , a Sobolev ellipsoid of a
smoothness β > 1/2. Li and Zhao (2002) studied this problem and showed that
a certain choice of normal prior leads to the Bayes estimator which attains the
minimax rate over the Sobolev ball. However, as Li and Zhao (2002) demon-
strate, this prior (and posterior) assigns zero mass to the underlying Sobolev
space. In fact, they show that there does not exist a Gaussian prior on Sobolev
space such that the corresponding Bayes estimator attains the optimal mini-
max rate. Related results about the Bayesian estimation of the entire signal θ
in `2-norm can be found in Zhao (2000) and in Belitser and Ghosal (2003).

We propose a family of conjugate priors {πβ,δ, δ < 2β−1} and establish that
any prior from this family leads to the minimax (over Θβ) rate Bayes estimator
Φ̃ = Φ̃β = Φ̃β,δ of the functional Φ(θ). The prior from Li and Zhao (2002) is the
only member from this family (corresponding to the choice δ = 0) which does
not depend on the information parameter n. Next we show that the Bayes risk is
of the same order as the minimax risk. In a way, this means that any prior from
the above family adequately models the deterministic condition θ ∈ Θβ . How-
ever, as in Li and Zhao (2002), the prior and the corresponding posterior mass
“escape” the parameter space of interest. Despite this undesirable property,
the posterior still does the “right thing” as regards the estimation of the linear
functional Φ(θ): using the results on the frequentist and Bayesian performance
of our Bayes estimator, we finally establish that the posterior distribution of
the functional Φ(θ) concentrates around the true value of the functional with
the minimax rate, uniformly over the Sobolev class.

Our constructions in the first part of this chapter are based on the knowl-
edge of the smoothness parameter β. If the parameter β in unknown, then the
problem of adaptive estimation of the functional Φ(θ) arises. In the minimax
setup, Lepski (1990, 1991, 1992) showed that a penalty log factor in the mini-
max risk is unavoidable for the problem of adaptive pointwise estimation and
proposed an adaptive estimator attaining this adaptive (i.e. degraded by the
log factor) minimax rate. As to the Bayesian approach, a natural candidate
for an adaptive prior π would be a mixture of πβ over some distribution λ for
the parameter β, cf. with Belitser and Ghosal (2003) for estimation of the sig-
nal θ itself. However, it turned out to be a very difficult problem to establish
the adaptive minimax rate for the resulting posterior convergence and for the
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corresponding Bayes estimator.
Instead, in the second part of this chapter, Sections 5.4 and 5.5, we consider

a Bayesian version of the adaptive estimation of the functional Φ(θ), which is in
fact an adaptive filtering problem. We assume that the signal θ is distributed
according a prior πβ with unknown “true smoothness” β. Clearly, the Bayes es-
timator Φ̃β can not be used, because β is unknown. We regard Φ̃β as a Bayesian
oracle and its risk becomes our benchmark, which we call the oracle Bayes risk.
The main goal is then to mimic the Bayesian oracle, that is to find such a pro-
cedure Φ̂ whose Bayes risk with respect to the prior πβ is within the constant
factor of the oracle Bayes risk. We apply the empirical Bayes approach, which
is due to Robbins (1956). We construct a marginal likelihood (an empirical
Bayes) estimator β̂ for the smoothness parameter β which leads to the plug-in
procedure Φ̃β̂ for the functional Φ and show that it mimics the Bayesian oracle.
Actually we show that our adaptive estimator Φ̃β̂ is asymptotically sharp, i.e.
its risk coincides asymptotically with the oracle Bayes risk. The accompany-
ing problem of estimating the smoothness parameter β by the empirical Bayes
procedure β̂ can be seen as a Bayesian counterpart of the inference problem
on the smoothness parameter β. In the minimax frequentist setting, it is im-
possible to estimate the smoothness in any meaningful sense, while it is a well
defined problem from the Bayesian point of view as the problem of estimating
a parameter β of the prior distribution πβ .

5.1 Preliminaries

In this chapter, we study the problem of estimation of the linear functional
Φ(θ) in the model (5.1) by using a Bayesian approach. The prior knowledge
about the signal θ can basically be modelled in two ways: either the signal θ
is assumed to be deterministic and to belong to a given subset Θ of `2; or the
signal θ is assumed to be random according to a certain prior distribution π.
In this chapter we combine these two approaches to the problem of estimating
the linear functional Φ(θ) and study their interplay.

In the first approach, we assume that the signal θ belongs to a Sobolev class
Θβ of smoothness β (to be defined later). We put a simple conjugate prior
πβ on the signal θ and investigate the performance of the resulting Bayesian
procedure.

In the second approach, when the signal is intrinsically random (θ ∼ πβ),
the estimation problem becomes a filtering problem, often studied within the
framework of stationary random processes. The quality of estimation is typ-
ically measured by the Bayesian risk and the optimal estimator with respect
to the mean square error risk is the posterior mean Φ̂ = E(Φ(θ)|X). The two
approaches are actually closely related. Indeed, the minimax estimator over Θβ

is Bayesian with respect to the so called less informative prior πβ . On the other
hand, a Bayesian estimator Φ̂ for nonrandom Φ(θ) is optimal if the quality of
estimation is measured by the Bayesian risk.

For a smoothness parameter β > 0, introduce a Sobolev space Θβ =
{
θ :
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∑∞
i=1 i

2βθ2i < ∞
}

and an `2-ellipsoid which we call the Sobolev ellipsoid (or
class) of smoothness β and size Q:

Θβ(Q) =
{
θ :

∞∑
i=1

i2βθ2i ≤ Q
}
.

Denote by Φ̂ = Φ̂(X) an estimator of linear functional Φ = Φ(θ) =
∑∞

i=1 biθi,
a measurable function of observation X from model (5.1).

Suppose that θ ∈ Θβ(Q), β > 1/2 and recall that |bi| ≤ 1, i ∈ N. The
functional Φ(θ) is then well defined. Indeed, by the Cauchy-Schwartz inequality

(
Φ(θ)

)2 ≤
( ∞∑

i=1

|biθi|
)2

≤
∞∑

i=1

b2i i
−2β

∞∑
i=1

θ2i i
2β <∞.

For an estimator Φ̂, the estimation quality is measured by the risk function

R(Φ̂) = R(Φ̂,Φ(θ)) = Eθ

(
Φ̂− Φ(θ)

)2
.

It is known that, under appropriate assumptions on b = (b1, b2, . . .), the minimax
risk

rn(Θβ(Q)) = inf
Φ̂

sup
θ∈Θβ(Q)

R(Φ̂,Φ(θ))

is of order n−(2β−1)/2β and it is sharp (see Donoho and Low (1992)), i.e. there
exist 0 < C1 ≤ C2 <∞, such that

C1 ≤ lim inf
n→∞

n(2β−1)/2βrn(Θβ(Q)) ≤ lim sup
n→∞

n(2β−1)/2βrn(Θβ(Q)) ≤ C2.

The lower bound in the above relations holds only for the so called “nonpara-
metric” b = (b1, b2, . . .); a simple example is |bi| ≥ κ > 0, i ∈ N.

Remark 5.1. This lower bound holds also for the minimax risk over the ellip-
soid Θ̃β(Q) =

{
θ :

∑∞
k=1 k

2β(θ22k + θ22k+1) ≤ Q
}

and sequence b = (b1, b2, . . .)
such that b22k + b22k+1 = 2, k ∈ N. The reason for looking at this case is that
the estimation of functional Φ(θ) over class Θ̃β(Q) for β ∈ N corresponds to the
pointwise estimation of signal f(t) in the model (5.2), where signal f belongs to a
periodic Sobolev functional class of smoothness β (which is a subset of the usual
Sobolev functional class, so the same lower bound holds for the Sobolev class);
see Efromovich (1999) and Tsybakov (2004). In this case one takes the basis
{φk, k ∈ N} to be standard trigonometric: φ1(t) = 1, φ2k(t) =

√
2 cos(2πkt),

φ2k+1(t) =
√

2 sin(2πkt), k ∈ N, so that the above relations on bk = φk(t),
k ∈ N, are indeed fulfilled.

Here we use a Bayesian approach. Namely, we put a prior π on signal θ
and study the performance of the resulting Bayes procedure. The prior should
be chosen in such a way that it adequately models the deterministic condition
θ ∈ Θβ(Q). We have however to specify exactly what we mean by “adequately
models”. Our prime statistical inference problem under study is the estimation
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of a linear functional Φ of signal θ and our main performance criterion is the
convergence rate of the risk for this estimation problem. We propose a family of
priors and look at the performance of the resulting Bayes procedures from the
two different perspectives: frequentist (maximal risk) and Bayesian (Bayes risk).
The priors from this family are shown to be adequate in the sense that for each
prior from this family the corresponding Bayes estimator Φ̂ of the functional
Φ(θ) turns out to have the minimax convergence rate, simultaneously under
both Bayesian and frequentist formulations. Finally, we show that these results
lead to adequate behavior of the posterior: the posterior distribution of the
functional Φ(θ) concentrates around the true value of the functional with the
minimax rate, uniformly over the Sobolev class.

To be precise, let θ0 ∈ Θβ(Q) be the true value of unknown deterministic
parameter θ. Now we look at the posterior distribution of r−1/2

n |Φ(θ)−Φ(θ0)|,
given X, for some appropriate positive normalizing sequence rn → 0 as n→∞,
from the point of view of the “true” distribution X ∼ Pθ0 . We say that the
posterior of the functional Φ converges with rate rn if for any Mn → ∞ as
n→∞,

π(r−1/2
n |Φ(θ)− Φ(θ0)| ≥Mn|X) → 0

in Pθ0-probability as n→∞.
If we put a prior π on signal θ, we can then regard the measure Pθ as the

conditional distribution of X given θ, so that we get a joint distribution on
(X, θ). Denote by Eθ the expectation with respect to the conditional distribu-
tion of X given θ, by Eπ the expectation with respect to the prior distribution
of θ and by E the expectation with respect to the joint distribution of (X, θ).
Introduce the Bayesian mean square risk of an estimator Φ̂

Rπ(Φ̂) = EπEθ|Φ̂− Φ(θ)|2 = E
(
Φ̂− Φ(θ)

)2
.

5.2 Frequentist and Bayesian risks

For a given fixed smoothness parameter β > 1/2, introduce the family of priors
{πβ,δ, δ < 2β − 1}, with πβ,δ = πβ,δ,n such that if θ ∼ πβ,δ, then

θi
ind∼ N (0, τ2

i (β, δ)), (5.3)

where
τ2
i (β, δ) = τ2

i (β, δ, n) = i−2β+δn−δ/(2β), i ∈ N.

Remark 5.2. In terms of the continuous white noise model (5.2), the prior on
signal f(·) represents a Gaussian random process η(t) =

∑∞
i=1 θiφi(t), t ∈ [0, 1],

with zero mean and covariance Cov(η(t), η(s)) =
∑∞

i=1 τ
2
i (β, δ)φi(t)φi(s). If

{φk, k ∈ Z} is the standard Fourier basis, i.e. φk(t) = e2πkti, this random
process is stationary.

Remark 5.3. Notice that there is only one prior from the family which does
not depend on the information parameter n: πβ,0 (i.e. when δ = 0), the one
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considered in Li and Zhao (2002). According to the (pure) Bayesian tradition,
one should use a prior which does not depend on n. In order to allow more
modelling flexibility, we, however, do not impose this requirement. After all,
using such priors does not affect formal constructions.

Remark 5.4. As discussed by Li and Zhao (2002), the prior πβ,0 assigns
zero mass to the Sobolev space Θβ since the series

∑∞
i=1 i

2βτ2
i (β, 0) diverges.

Of course, we can take prior πβ,δ with δ < −1 to get a convergent series∑∞
i=1 i

2βτ2
i (β, δ) = n−δ/(2β)

∑∞
i=1 i

δ = C(δ)n−δ/(2β). The above undesirable
property of the prior essentially remains though: the prior mass ‘escapes’ Θβ

as n→∞.

Recall the following simple fact: if Z|Y ∼ N (Y, σ2) and Y ∼ N (µ, τ2), then

Y |Z ∼ N
(Zτ2 + µσ2

τ2 + σ2
,
τ2σ2

τ2 + σ2

)
.

Thus, the prior (5.3) leads to the following posterior distribution πβ,δ(θ|X):

θi|X
ind∼ N

( τ2
i (β, δ)Xi

τ2
i (β, δ) + n−1

,
τ2
i (β, δ)n−1

τ2
i (β, δ) + n−1

)
(5.4)

Therefore the classical Bayes estimator of the functional Φ(θ) is

Φ̃ = Φ̃β = Φ̃β(δ,X) = E(Φ|X) =
∞∑

i=1

biE(θi|X) =
∞∑

i=1

biθ̃i, (5.5)

where

θ̃i = θ̃i(β, δ,X) = E(θi|X) = E(θi|Xi) =
τ2
i (β, δ)Xi

τ2
i (β, δ) + n−1

, i ∈ N.

For p, q > 0, r > −1, pq > r + 1, introduce the function

B(p, q, r) =

∞∫
0

ur

(1 + up)q
du = p−1Beta

(
q − r + 1

p
,
r + 1
p

)
, (5.6)

where Beta(α, β) =
∫ 1

0
uα−1(1− u)β−1du is the beta function. From the prop-

erties of the beta function it is known that

B(p, 1, r) = p−1Beta
(
1− r + 1

p
,
r + 1
p

)
=

π

p2 sin(π(r + 1)/p)
. (5.7)

We will need the following technical lemma which is a slightly more general
version of the corresponding result from Belitser and Enikeeva (2008).

Lemma 5.1. Suppose 0 < p <∞, 0 < q <∞, −1 < r < pq − 1. Let B(p, q, r)
be defined by (5.6). For r ≥ 0 define D(p, q, r) = rr/p(pq − r)q−(r/p)(pq)−q =
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(
1− r

pq

)q(pq
r −1

)−r/p, with the convention 00 = 1. Let us have positive γn →∞
as n→∞. Then

∞∑
i=1

ir

(γn + ip)q
= B(p, q, r)γ

r+1
p −q

n + φn,

where φn = φn(p, q, r) such that |φn| ≤ D(p, q, r)γ−q+r/p
n if r ≥ 0 and |φn| ≤

γ−q
n if r < 0.

Proof. Define g(u) = ur

(γn+up)q , u ∈ R+ = {u : u > 0}. If r ≥ 0, the function
g(u) is increasing on u ∈ [0, umax] and decreasing on [umax,∞) with umax =(
rγn/(pq − r)

)1/p. If −1 < r < 0, the function g(u) is decreasing on R+ and in
this case we let umax = 1. Now we have that∫ ∞

0

urdu

(γn + up)q
− g(umax) ≤

∞∑
i=1

ir

(γn + ip)q
≤

∫ ∞

0

urdu

(γn + up)q
+ g(umax),

with g(umax) = D(p, q, r)γ(r/p)−q
n if r ≥ 0 and |g(umax)| ≤ γ−q

n if r < 0, which
establishes the lemma.

Remark 5.5. If r ≤ −1, then for some C1 = C1(p, q, r) and C2 = C2(p, q, r)
we can get a trivial asymptotic relation

C1γ
−q
n ≤

∞∑
i=1

ir

(γn + ip)q
≤ C2γ

−q
n ,

which is not really informative.

The following theorem illustrates that the chosen prior adequately reflects
the requirement θ ∈ Θβ(Q): both frequentist and Bayes risks of the Bayes
estimator Φ̃ have minimax convergence rate uniformly over Sobolev ellipsoid
Θβ(Q).

Theorem 5.1. Let π = πβ,δ be a prior from the family (5.3) with δ < min{2β−
1, β + 1/2}, let Φ̃ = Φ̃β(δ,X) be the corresponding Bayes estimator (of the
functional Φ) defined by (5.5), function B(p, q, r) be defined by (5.6) and |bi| ≤
1, i ∈ N. Then

lim sup
n→∞

n
2β−1
2β sup

θ∈Θβ(Q)

R(Φ̃,Φ(θ)) ≤ B(2β − δ, 2, 0) +QB(2β − δ, 2, 2β − 2δ)

and
lim sup

n→∞
n

2β−1
2β Rπ(Φ̃) ≤ π

(2β − δ)2 sin(π/(2β − δ))
.

Proof. Split the risk R(Φ̃,Φ(θ)) into the sum of the bias and variance terms:

R(Φ̃,Φ(θ)) = Eθ

(
Φ̃− Φ(θ)

)2 = Eθ

( ∞∑
i=1

biτ
2
i (β, δ)Xi

τ2
i (β, δ) + n−1

− biθi

)2

=
( ∞∑

i=1

n−1biθi

τ2
i (β, δ) + n−1

)2

+
∞∑

i=1

n−1b2i τ
4
i (β, δ)

(τ2
i (β, δ) + n−1)2

.
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First evaluate the variance term. Since δ < 2β − 1, by Lemma 5.1 we have

∞∑
i=1

n−1b2i τ
4
i (β, δ)

(τ2
i (β, δ) + n−1)2

≤
∞∑

i=1

n1−δ/β(
n1−δ/(2β) + i2β−δ

)2

= n−
2β−1
2β B(2β − δ, 2, 0)(1 + o(1)).

By the Cauchy-Schwartz inequality and Lemma 5.1, we obtain the following
upper bound for the bias term: uniformly over θ ∈ Θβ(Q),

( ∞∑
i=1

n−1biθi

τ2
i (β, δ) + n−1

)2

≤
∞∑

i=1

θ2i i
2β

∞∑
i=1

n−2b2i
i2β(τ2

i (β, δ) + n−1)2

≤
∞∑

i=1

Qi2β−2δ

(n1−δ/(2β) + i2β−δ)2
(5.8)

= n−
2β−1
2β QB(2β − δ, 2, 2β − 2δ)(1 + o(1)),

since we assumed also δ < β+1/2; see the remark on this condition below. The
first relation is proved.

Using (5.7), Lemma 5.1 and the fact that δ < 2β − 1, we derive the asymp-
totic expression for the Bayes risk

Rπ(Φ̃) =
∞∑

i=1

b2i τ
2
i (β, δ)n−1

τ2
i (β, δ) + n−1

≤
∞∑

i=1

n−δ/(2β)

n1−δ/(2β) + i2β−δ

= n−
2β−1
2β B(2β − δ, 1, 0)(1 + o(1))

=
n−

2β−1
2β π

(2β − δ)2 sin(π/(2β − δ))
(1 + o(1)),

as n→∞.

Remark 5.6. Clearly the condition δ < 2β − 1 is needed to ensure the con-
vergence of the variance term of the frequentist risk and the Bayes risk. Let us
explain why we need the condition δ < β+1/2. If we had δ > β+1/2, then the
upper bound for the bias term (see (5.8) and Remark 5.5) would be as follows:

C2n
−2+δ/β ≥

∞∑
i=1

Qi2β−2δ

(n1−δ/(2β) + i2β−δ)2
≥ C1n

−2+δ/β � n−
2β−1
2β

as n→∞, i.e. of a worse order as compared to the optimal rate n−
2β−1
2β .

Notice that if δ = β + 1/2, the bias term is of the correct order n−
2β−1
2β , but

with some other constant. So, the theorem holds also under milder condition
δ ≤ β + 1/2 with an adjusted constant for the case δ = β + 1/2.
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5.3 Posterior rate

Using the results from the previous section, it is not difficult to derive the result
on the posterior convergence rate of the linear functional of the signal. The
theorem below says essentially that the posterior distribution of Φ(θ) behaves
correctly in the sense that it concentrates around the true value Φ(θ0) with the
correct rate rn = rn(β) = n−(2β−1)/(2β) from the perspective of Pθ0-measure.

Theorem 5.2. Let β > 1/2, δ < min{2β − 1, β + 1/2} and rn = rn(β) =
n−

2β−1
2β . Then for any Mn →∞,

π(r−1/2
n |Φ(θ)− Φ(θ0)| ≥Mn|X) → 0

in Pθ0-probability as n→∞, uniformly over θ0 ∈ Θβ(Q).

Proof. Using (5.4), it is not difficult to derive the posterior distribution of Φ(θ)
given X:

Φ(θ)|X ∼ N
(
Φ̃,Var(Φ(θ)|X)

)
, Var(Φ(θ)|X) =

∞∑
i=1

b2i τ
2
i (β, δ)n−1

τ2
i (β, δ) + n−1

,

where Φ̃ is the Bayes estimator of Φ, defined by (5.5). By the conditional
Chebyshev inequality, we have

π(r−1/2
n |Φ(θ)− Φ(θ0)| ≥Mn|X) ≤

r−1
n E

(
(Φ(θ)− Φ(θ0))2|X

)
M2

n

≤ r−1
n Var(Φ(θ)|X)

M2
n

+
r−1
n (Φ̃− Φ(θ0))2

M2
n

.

It is enough to show that the expectation of the right hand side of the last
relation with respect to distribution Pθ0 tends to zero as n →∞. Since r−1

n =
n

2β−1
2β and

Eθ0

[
Var(Φ(θ)|X) + (Φ̃− Φ(θ0))2

]
= Rπ(Φ̃) +R(Φ̃,Φ(θ)),

the result follows from Theorem 5.1.

Remark 5.7. The above theorem guarantees good frequentist properties of
credible intervals for the functional Φ(θ), constructed on the basis of posterior
distribution.

5.4 Adaptive filtering by empirical Bayes

In what follows, we consider a Bayesian version of the adaptive estimation of
the functional Φ(θ), which is in fact an adaptive filtering problem. Namely, we
assume that θ ∼ πβ , i.e. θ is a random element distributed according a prior πβ

with unknown “true smoothness” β.
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We restrict ourselves to the simplest (and the most natural from the Bayesian
point of view) prior πβ = πβ,0 from the family of priors {πβ,δ, δ < 2β − 1}, i.e.
we take δ = 0 in the expression of the variances τ2

i (β, δ). Slightly abusing the
notations, we denote

τ2
i (β) = τ2

i (β, 0) = i−2β , i ∈ N,

in what follows. It is possible in principle to consider a general case of δ < 2β−1
as well, but the mathematical treatment becomes more involved.

From now on we denote by β0 > 1/2 the true value of the unknown parame-
ter β. Thus, the Bayes estimator Φ̃β0 given by (5.5) cannot be used, because β0

is unknown. The Bayes estimator Φ̃β0 plays now a role of the Bayesian oracle
and we call its risk Rπ(Φ̃β0) the oracle Bayes risk.

Recall that now we have the following marginal distribution of X: the Xi’s
are independent and Xi ∼ N

(
0, τ2

i (β0) + n−1
)
, i ∈ N. Let Ln(β) = Ln(β,X)

be the marginal likelihood of the data X = (Xi)i∈N:

Ln(β) =
∞∏

i=1

1√
2π

(
τ2
i (β) + n−1

) exp
{
− X2

i

2
(
τ2
i (β) + n−1

)}
.

Maximizing the function Ln(β) is equivalent to minimizing

Zn(β) = −2 logLn(β).

To avoid complications in defining the minimum of Zn(β) under the events
{Zn(β) = ±∞}, for some fixed reference value β̄ > 0 it is convenient to intro-
duce Z̄n(β) = Zn(β, β̄) = −2 log Ln(β)

Ln(β̄)
, which is finite almost surely. For any

set Sn ⊆ (0,+∞), define the marginal likelihood estimator of β restricted to
the set Sn:

β̂ = β̂(Sn) = β̂(Sn, X, n) = arg min
β∈Sn

Z̄n(β). (5.9)

This means that Zn(β̂(Sn)) ≤ Zn(β′) for all β′ ∈ Sn, or equivalently
Zn(β̂(Sn), β′) ≤ 0 for all β′ ∈ Sn.

Remark 5.8. Certainly, this is not the only possible way to estimate the
smoothness parameter. The estimator is easy to implement in practice and
it has an appealing feature that it is based on the fundamental principle in
statistics: maximization of the likelihood. However, the analytic treatment of
this approach is somewhat involved, even in our case for conjugate pair of nor-
mal model and normal prior. One can in principle try to find another estimator
for β (for example, by using the method of moments), which should be good
enough to plug in Φ̂β and is easier to treat.

Denote for brevity

ai = ai(β, β′) =
1

τ2
i (β) + n−1

− 1
τ2
i (β′) + n−1

=
τ2
i (β′)− τ2

i (β)
(τ2

i (β′) + n−1)(τ2
i (β) + n−1)

, (5.10)
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bi = bi(β, β′) =
τ2
i (β) + n−1

τ2
i (β′) + n−1

. (5.11)

Then

Zn(β, β′) =
∞∑

i=1

ai(β, β′)X2
i +

∞∑
i=1

log bi(β, β′),

and for all β′ ∈ Sn, according to (5.9), we have

∞∑
i=1

ai(β̂(S), β′)X2
i ≤

∞∑
i=1

log
[
bi(β̂(S), β′)

]−1
. (5.12)

From now on we define the set Sn to be as follows:

Sn = {1/2 + κn + kεn, k = 0, 1, . . . ,Mn − 1}, (5.13)

where the positive sequences κn → 0, εn → 0 and Mn ∈ N, Mn → ∞ so that
Mnεn →∞, as n→∞.

Next, denote Φ̂(β) = Φ̃β and introduce the empirical Bayesian plug-in esti-
mator for the functional Φ:

Φ̂ = Φ̂(β̂) = Φ̃β̂ =
∞∑

i=1

biτ
2
i (β̂)Xi

τ2
i (β̂) + n−1

, (5.14)

with Φ̃β defined by (5.5), β̂ = β̂(Sn) defined by (5.9) and Sn defined by (5.13).
To avoid uninteresting cases (when the value of the functional Φ is close to

zero), we assume that Rπ(Φ̃β0) ≥ cn−α for some c, α > 0. This requirement is
not restrictive since it will be fulfilled if there exists an i ∈ {1, 2, . . . , n} such
that b2i ≥ 2c > 0. Indeed, then

Rπ(Φ̃β0) =
∞∑

i=1

b2i
i2β0 + n

≥ cn−2β0 .

The next theorem claims that, under the above condition and very mild
conditions on the choice of the set Sn, the adaptive empirical Bayes estimator
Φ̂ mimics the Bayesian oracle, i.e. its Bayes risk is asymptotically not worse
than the Bayesian oracle risk.

Theorem 5.3. Suppose Rπ(Φ̃β0) ≥ cn−α for some c, α > 0. Let Φ̂(β̂) be
defined by (5.14) and the sequences κn, εn and Mn from the definition (5.13)
of the set Sn be such that εn = o(1/ log n) and for some C < (4β0)−2/2

κ−1
n Mn exp

{
− Cε2n(log n)2n1/(2β0)

}
= o(n−α)

as n→∞. Then

Rπ(Φ̂(β̂)) ≤ Rπ(Φ̃β0)(1 + o(1)) ≤ πn−(2β0−1)/(2β0)

(2β0)2 sin(π/(2β0))
(1 + o(1)) as n→∞.
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Remark 5.9. Many choices of sequences εn, κn and Mn satisfying the condi-
tions of the theorem are possible. For example, εn = 1/(log n)2, κn = 1/ log n
and Mn = (log n)3 will do. In fact, there is no need to take a sequence κn con-
verging to zero faster than 1/ log n since already for β0 = κn = 1/ log n the risk
will not converge to zero. Neither does it make sense to take the sequence Mn

converging to infinity faster than a sequence for which log n = o(Mnεn), since
already for β0 = log n we will get the unimprovable parametric convergence rate
n−1.

Proof. Write

Rπ(Φ̂(β̂)) = E(Φ̂(β̂)− Φ)2 = E
[
(Φ̂(β̂)− Φ)2I{|β̂ − β0| ≥ 2εn}

]
+E

[
(Φ̂(β̂)− Φ)2I{|β̂ − β0| < 2εn})

]
= T1 + T2.

First notice that

T2 = E
[
(Φ̂(β̂)− Φ)2I{|β̂ − β0| < 2εn}

]
≤ max

β: |β−β0|<2εn

E(Φ̂(β)− Φ)2. (5.15)

Now, recall that E(Xi − θi)2 = n−1 and Eθ2i = i−2β0 . Therefore,

E(Φ̂(β)− Φ)2 = EπEθ(Φ̂(β)− Φ)2

=
∞∑

i=1

n−1b2i τ
4
i (β)

(τ2
i (β) + n−1)2

+ Eπ

( ∞∑
i=1

n−1biθi

τ2
i (β) + n−1

)2

=
∞∑

i=1

b2in

(i2β + n)2
+

∞∑
i=1

b2i i
4β−2β0

(i2β + n)2

=
∞∑

i=1

b2i
i2β + n

+
∞∑

i=1

b2i (i
4β−2β0 − i2β)
(i2β + n)2

. (5.16)

Next, let Kn = bnα/(2β0−1)+δc for some fixed δ > 0. Then, as n→∞,

∞∑
i=Kn+1

i−2β0 = o(n−α) = o
(
Rπ(Φ̃β0)

)

due to the condition Rπ(Φ̃β0) ≥ cn−α. Using this relation and the elementary
inequality a − 1 ≥ 1 − a−1 for any a > 0, we obtain that, uniformly over
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|β − β0| < 2εn with εn = o(1/ log n),
∞∑

i=1

b2i |i4β−2β0 − i2β |
(i2β + n)2

=
∞∑

i=1

b2i i
4β |i−2β0 − i−2β |
(i2β + n)2

≤
∞∑

i=1

b2i i
4β0+8εn |i−2β0 − i−2β |
(i2β0+4εn + n)2

=
∞∑

i=1

b2i i
2β0+8εn |1− i−2(β−β0)|

(i2β0+4εn + n)2

≤
Kn∑
i=1

b2i (i
4εn − 1)

i2β0 + n
+

∞∑
i=Kn+1

1
i2β0

= o(1)
Kn∑
i=1

b2i
i2β0 + n

+
∞∑

i=Kn+1

1
i2β0

= o
(
Rπ(Φ̃β0)

)
(5.17)

as n→∞.
Since Rπ(Φ̃β0) ≥ cn−α and εn = o(1/ log n) as n → ∞, it is not difficult to

establish, similarly to (5.17), that
∞∑

i=1

b2i
i2β + n

−Rπ(Φ̃β0) =
∞∑

i=1

b2i
i2β + n

−
∞∑

i=1

b2i
i2β0 + n

= o
(
Rπ(Φ̃β0)

)
,

uniformly over |β − β0| < 2εn. By combining (5.15), (5.16), (5.17) and the last
relation, we derive that, as n→∞,

T2 ≤ max
β: |β−β0|<2εn

E
(
Φ̂(β)− Φ(θ)

)2 = Rπ(Φ̃β0)(1 + o(1)).

To finish the proof of the theorem, it remains to show that, as n→∞,

T1 = o(n−α) = o
(
Rπ(Φ̃β0)

)
.

Recall the elementary cr-inequality |a+b|r ≤ cr(|a|r + |b|r) for r > 0 and cr = 1
if r ≤ 1 and cr = 2r−1 if cr > 1. Using this and the Cauchy-Schwartz inequality,
we obtain that(

Φ̂(β̂)− Φ
)4

=
[ ∞∑

i=1

bi

(τ2
i (β̂)(Xi − θi)

τ2
i (β̂) + n−1

− n−1θi

τ2
i (β̂) + n−1

)]4

≤ 8
[ ∞∑

i=1

biτ
2
i (β̂)ξin−1/2

τ2
i (β̂) + n−1

]4

+ 8
[ ∞∑

i=1

bin
−1θi

τ2
i (β̂) + n−1

]4

≤ 8
∑

βk∈Sn

[ ∞∑
i=1

biτ
2
i (βk)ξin−1/2

τ2
i (βk) + n−1

]4

+ 8
∑

βk∈Sn

[ ∞∑
i=1

bin
−1θi

τ2
i (βk) + n−1

]4

.
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Recall the following fact. Let Z1, Z2, . . . be independent, Zi ∼ N (0, σ2
i ), with∑∞

i=1 σ
2
i <∞, then

E
( ∞∑

i=1

Zi

)4

≤ 3
( ∞∑

i=1

σ2
i

)2

.

Apply this relation and again the cr-inequality (for r = 1/2) to get that[
E

(
Φ̂(β̂)− Φ

)4
]1/2

≤ 2
√

6Mn

∞∑
i=1

b2in

(i1+2κn + n)2
+ 2

√
6Mn

∞∑
i=1

b2in
−2i−2β0

(τ2
i (βMn

) + n−1)2

≤ 2
√

6Mn

(
1 + (2κn)−1 + 1 + (2β0 − 1)−1

)
≤ c1κ

−1
n

√
Mn

for sufficiently large n. Using the above estimate and the Cauchy-Schwartz
inequality,

T1 = E
[(

Φ̂(β̂)− Φ
)2
I{|β̂ − β0| ≥ 2εn}

]
≤

[
E

(
Φ̂(β̂)− Φ

)4
]1/2[

P{|β̂ − β0| ≥ 2εn}
]1/2

≤ c1κ
−1
n

√
Mn

[
P{|β̂ − β0| ≥ 2εn}

]1/2

.

Since εn = o(1/ log n), by Lemma 5.3 (see also Remark 5.12 after this lemma)
we have that for any c < (4β0)−2 and all n ≥ N(c, β0)

P{β̂ = β} ≤ exp
{
− cε2n(log n)2n1/(2β0)

}
uniformly over all β such that |β − β0| ≥ 2εn. Therefore,

P
{
|β̂ − β0| ≥ 2εn

}
=

∑
β: |β−β0|≥2εn

P
{
β̂ = β

}
≤ Mn exp

{
− cε2n(log n)2n1/(2β0)

}
for all n ≥ N(c, β0). Combining the last relations with the condition of the
theorem, we obtain that

T1 ≤ c1κ
−1
n Mn exp

{
− cε2n(log n)2n1/(2β0)/2

}
= o(n−α) = o

(
Rπ(Φ̃β0)

)
as n→∞, which completes the proof.

Remark 5.10. In case the basis {φi, i ∈ N} is trigonometric, the signal f
in the equivalent Gaussian white noise model (5.2) is a stationary Gaussian
process and its Bayesian estimator is the Wiener filter in the classical problem
of filtering of a stationary Gaussian process with Gaussian white noise. In this
light, the problem we consider can be interpreted as adaptive pointwise filtration
problem of a Gaussian process of an unknown smoothness β.
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Remark 5.11. Note that the obtained Bayesian results can also be looked at
from the frequentist point of view in the sense that we estimated the deter-
ministic functional Φ(θ) in the best way if we measure the performance of our
estimator by the Bayesian risk with the prior πβ where β in unknown.

5.5 Estimating the smoothness parameter

In our plug-in estimator Φ̂β̂ for the functional Φ(θ), we use a smoothness esti-
mator β̂. Recall that from the Bayesian perspective,

Xi
ind∼ N (0, n−1 + τ2

i (β0)), i ∈ N, (5.18)

where β0 denotes the true value of the unknown smoothness parameter. The
problem of estimating the smoothness parameter β0 is an auxiliary problem,
but it is of interest on its own right. This a peculiar problem of parametric
estimation with infinitely many non-identically distributed normal observations
and a peculiar asymptotics: in our case n → ∞ some information parameter
involved in the variances of the observations, and not the traditional size of
the observation sample. In fact, we use a version of the maximum likelihood
method. Similar approach was previously considered by Belitser and Enikeeva
(2008) for another estimation problem, the signal estimation in the `2-norm.

The next lemma is essentially from Belitser and Enikeeva (2008), we repro-
duce it here for the completeness sake.

Lemma 5.2. For any β, β′ ∈ Sn and 0 < λ ≤ 1/2, where either β′ < β or
β < β′ < β0,

P{β̂ = β} ≤
∞∏

i=1

(τ2
i (β′) + n−1

τ2
i (β) + n−1

)λ

×
(
1 + 2λ

(τ2
i (β′)− τ2

i (β))(τi(β0) + n−1)
(τ2

i (β′) + n−1)(τ2
i (β) + n−1)

)−1/2

. (5.19)

Proof. In this proof we denote ai = ai(β, β′), bi = bi(β, β′). The proof follows
from the Markov inequality. Indeed, since β′ ∈ Sn, from the definition of β̂ we
have

P{β̂ = β} = P
{
Zn(β, β′′) ≤ 0 ∀β′′ ∈ Sn

}
≤ P

{
Zn(β, β′) ≤ 0

}
= P

{
−

∞∑
i=1

aiX
2
i ≥

∞∑
i=1

log bi
}

≤ E exp
{
− λ

∞∑
i=1

aiX
2
i

}
exp

{ ∞∑
i=1

log(b−λ
i )

}
.

Using the simple formula for a Gaussian random variable η ∼ N (µ, σ2),

E exp{κη2} = (1− 2κσ2)−1/2 exp
{ κµ2

1− 2κσ2

}
for κ <

1
2σ2
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and the fact that Xi ∼ N (0, n−1 + τ2
i (β0)), we obtain that

E exp
{
− λ

∞∑
i=1

aiX
2
i

}
=

∞∏
i=1

(
1 + 2λai(β, β′)(τ2

i (β0) + n−1)
)−1/2

=
∞∏

i=1

(
1 + 2λ

(τ2
i (β′)− τ2

i (β))(τi(β0) + n−1)
(τ2

i (β′) + n−1)(τ2
i (β) + n−1)

)−1/2

as −λai < 1/(2(n−1 + τi(β0))).

Lemma 5.3. Let β ∈ Sn, |β − β0| ≥ 2εn and for any C < 1/β0

γn = min
{
Cmax{εn, |β−β0|−2εn} log n, 0.77

}
, γ′n = min

{
Cεn log n, 0.77

}
.

Then there exists N = N(C, β0) such that for all n ≥ N the following inequality
holds:

P{β̂ = β} ≤ exp
{
− γnγ

′
nn

1/(2β0+2εn)

16

}
.

Remark 5.12. Note that if εn = o(1/ log n) as n → ∞, then for any β ∈ Sn

such that |β − β0| ≥ 2εn and any c < (4β0)−2 there exists N = N(c, β0) such
that for all n ≥ N

P{β̂ = β} ≤ exp
{
− cε2n(log n)2n1/(2β0)

}
.

Proof. For λ = 1/2 the relation (5.19) becomes: P{β̂ = β} ≤
∏∞

i=1

(
1 + bi

)1/2

with

bi = bi,n(β, β0, β
′)

=
(τ2

i (β0)− τ2
i (β′))(τ2

i (β)− τ2
i (β′))

τ2
i (β)τ2

i (β′) + τ2
i (β′)τ2

i (β0)− τ2
i (β)τ2

i (β0) + 2n−1τ2
i (β′) + n−2

= −1 +
2n−1τ2

i (β′) + n−2 + τ4
i (β′)

τ2
i (β)τ2

i (β′) + τ2
i (β′)τ2

i (β0)− τ2
i (β)τ2

i (β0) + 2n−1τ2
i (β′) + n−2

.

If β′ ∈ Sn is between β0 and β, then, as one can easily see from the above
formulas, i ∈ N, −1 ≤ bi ≤ 0 for all i ∈ N. Therefore, for any β′ ∈ Sn between
β0 and β (i.e. β0 ≤ β′ ≤ β or β ≤ β′ ≤ β0), any N1 ∈ N, N2 ∈ N∪ {+∞}, such
that N1 ≤ N2, we have

P{β̂ = β} ≤
∞∏

i=1

(
1 + bi

)1/2 ≤ exp
{1

2

∞∑
i=1

bi

}
≤ exp

{1
2

N2∑
i=N1

bi

}
. (5.20)

Write

bi =
n2(i2β′ − i2β)(i2β′ − i2β0)

n2i2β0+2β′ + n2i2β′+2β − n2i4β′ + 2ni2β0+2β′+2β + i2β0+4β′+2β
=
ai

di
.
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First consider the case β − β0 ≥ 2εn. Denote δn = 1 −N
2(β′−β)
1 . Then for

all i ≥ N1

i2β − i2β′ = i2β(1− i2(β
′−β)) ≥ δni

2β

because i2(β
′−β) ≤ N

2(β′−β)
1 = 1− δn for all i ≥ N1.

Denote δ′n = 1 − N
2(β0−β′)
1 , then in the same way we derive that for all

i ≥ N1

i2β′ − i2β0 = i2β′(1− i2(β0−β′)) ≥ δ′ni
2β′ .

These relations imply that for all i ≥ N1

ai = n2(i2β′ − i2β)(i2β′ − i2β0) ≤ −δnδ′nn2i2β′+2β .

Now, note that for i ≤ n1/(β0+β′), we have that

ni2β0+2β′+2β ≤ n2i2β′+2β and i2β0+4β′+2β ≤ n2i2β′+2β .

Then for all i ≤ n1/(β0+β′),

di = n2i2β0+2β′ + n2i2β′+2β − n2i4β′ + 2ni2β0+2β′+2β + i2β0+4β′+2β

≤ n2i2β′+2β + 2ni2β0+2β′+2β + i2β0+4β′+2β ≤ 4n2i2β′+2β .

Combining the last relations for ai and di, we obtain that for all N1 ≤ i ≤ N2 ≤
n1/(β0+β′),

N2∑
i=N1

bi =
N2∑

i=N1

ai

di
≤ −

N2∑
N1

δnδ
′
nn

2i2β′+2β

4n2i2β′+2β
= −

N2∑
N1

δnδ
′
n

4
= − (N2 −N1 + 1)δnδ′n

4
.

Thus, using (5.20) and the last inequality, for any N1 ≤ N2 ≤ n1/(β0+β′) we
have

P{β̂ = β} ≤ exp
{1

2

N2∑
i=N1

bi

}
≤ exp

{
− (N2 −N1 + 1)δnδ′n

8

}
. (5.21)

If β ∈ Sn and β − β0 ≥ 2εn then there exists β′ ∈ Sn between β0 and β
such that β0 + εn ≤ β′ ≤ min{β0 + 2εn, β − εn} for sufficiently large n. Indeed,
β0 >

1
2 + κn = min{Sn} for sufficiently large n as κn → 0 and β′ = min{β ∈

Sn : β ≥ β0 + εn} satisfies the above inequalities.

Take N2 = bn1/(β0+β′)c and N1 = bN2/2c+1. Recall that δn = 1−N2(β′−β)
1 .

Since for any C < C(β0) = 1/β0 there exists M1 = M1(C, β0) such that for all
n ≥ M1, 2(log 2 − log n

2β0+2εn
) ≤ −C log n, we have that, for a constant C <
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C(β0) = 1/β0 and all n ≥M1(C, β0),

δn = 1−N
2(β′−β)
1

≥ 1− exp
{

2(β − β′)
(

log 2− log n
β0 + β′

)}
≥ 1− exp

{
2(β − β′)

(
log 2− log n

2β0 + 2εn

)}
≥ 1− exp

{
− C(β − β′) log n

}
≥ min

{
C(β − β′) log n, 1− e−3/2

}
≥ min

{
C(β − β′) log n, 0.77

}
≥ γn.

We also used that 1−e−x ≥ x
2 for all 0 ≤ x ≤ 3

2 and, by construction, β−β′ ≥ εn
and β − β′ = β − β0 − (β′ − β0) ≥ β − β0 − 2εn, so that β − β′ ≥ max{εn, β −
β0 − 2εn}. We derive a similar bound for δ′n = 1 − N

2(β0−β′)
1 : for a constant

C < C(β0) = 1/β0 and for all n ≥M1(C, β0),

δ′n ≥ min
{
C(β′ − β0) log n, 0.77

}
≥ min

{
Cεn log n, 0.77

}
= γ′n

since by construction β′ − β0 ≥ εn.
Finally, using (5.21) and the last three relations, we obtain that for a con-

stant C < C(β0) = 1/β0 and for all n ≥M1(C, β0),

P{β̂ = β} ≤ exp
{
− (N2 −N1 + 1)δnδ′n

8

}
≤ exp

{
− γnγ

′
nn

1/(β0+β′)

16

}
≤ exp

{
− γnγ

′
nn

1/(2β0+2εn)

16

}
,

which completes the proof for the case β − β0 ≥ 2εn.
Now consider the case β − β0 ≤ −2εn. The same reasoning applies with a

couple of small modifications. In fact, all estimates are somewhat easier in this
case. We take

β′ = max{β ∈ Sn : β ≤ β0 − εn}, N2 = bn1/(β+β′)c, N1 = bN2/2c+ 1.

Now the main term in ai and di is n2i2β′+2β0 . Precisely, with δn = 1−N2(β−β′)
1

and δ′n = 1−N
2(β′−β0)
1 , we have that

ai = n2(i2β′ − i2β)(i2β′ − i2β0) ≤ −δnδ′nn2i2β0+2β′ ,

for all i ≥ N1 and
di ≤ 4n2i2β0+2β′
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for all i ≤ N2. We obtain slightly different estimates for δn and δ′n: for a
constant C < C(β0) = 1/β0 and for all n ≥M2(C, β0),

δn ≥ min
{
C(β′ − β) log n, 0.77

}
≥ γn,

δ′n ≥ min
{
C(β0 − β′) log n, 0.77

}
≥ γ′n.

Now, combining all the above relations with (5.20) in the same way as for the
case β − β0 ≥ 2εn, we conclude that, for a constant C < C(β0) = 1/β0 and for
all n ≥M2(C, β0) (in fact, as one can show, M2(C, β0) ≤M1(C, β0)),

P{β̂ = β} ≤ exp
{
− (N2 −N1 + 1)δnδ′n

8

}
≤ exp

{
− γnγ

′
nn

1/(β+β′)

16

}
≤ exp

{
− γnγ

′
nn

1/(2β0)

16

}
.

Remark 5.13. As we already mentioned, although the problem of estimat-
ing the smoothness parameter β is not our prime goal, it is interesting on its
own. From the frequentist perspective (when θ is nonrandom and θ ∈ Θβ with
smoothness β) in the minimax setup, the problem of smoothness estimation is
not well defined, since it is not clear what the smoothness of nonrandom θ is:
θ ∈ Θβ(Q) may also belong to a smoother Sobolev ellipsoid Θβ′(Q′), i.e. with
β′ > β, but with a bigger size Q′ > Q. On the other hand, the problem of es-
timating the smoothness parameter from the Bayesian perspective is certainly
sensible: one simply needs to estimate the unknown parameter β0 in the model
(5.18).

Remark 5.14. Interestingly, as one can see from the above proof, the bound for
the probability P (β̂ = β) appears to be slightly better for the case β ≤ β0 − 2ε
than for the case β ≥ β0 + 2ε. The claimed bound for β from the set {β ∈
Sn : |β − β0| ≥ 2ε} is in fact the worst of these two bounds. This asymmetric
behavior is discussed in detail in Belitser and Levit (2003) for some other related
problem where this phenomenon is even more prominent. The heuristics is that
the method deals a little better with undersmoothing (smoothness parameters
which are less than the true smoothness) than with oversmoothing (smoothness
parameters which are bigger than the true smoothness).

Remark 5.15. One can formally calculate the Fisher information I(β0) about
β0 in the parametric model (5.18) which is

I(β0) = 2
∞∑

i=1

(n log i)2

(n+ i2β0)2
.

It is not difficult to evaluate that the Fisher information I(β0) is of the order
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O((log n)2n1/(2β0)). On the other hand, according to Remark 5.12, the choice
for εn should be such that ε2n � C(log n)2n−1/(2β0) in order to guarantee the
consistency of our estimator. Relating these facts, the rate n−1/β0(log n)−1

seems to be the best possible in estimating β0 (in an appropriate sense, e.g.
minimax). However, such a preciseness in estimating β0 is not needed in the
proof of the adaptive filtration result.
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Samenvatting

We passen de bayesiaanse methode toe op het probleem van ‘statistical in-
ference’ bij een onbekende oneindigdimensionale parameter in het model van
gaussische rijen. De belangrijkste grootheid in de bayesiaanse analyse is de resul-
terende a-posterioriverdeling (posterior) van alle onbekende (eindig- of oneindig-
dimensionale) parameters die betrokken zijn bij de modellering. Stel dat we de
prestaties van een bayesiaanse methode evalueren vanuit het standpunt van een
frequentist. We doen dit door te kijken naar de snelheid waarmee de posterior
zich concentreert rond de ‘echte’ waarden van de betrokken parameters met be-
trekking tot de kansverdeling van data onder die echte parameterwaarden. Tra-
ditioneel gezien neemt men aan dat de relevante onbekende grootheid behoort
tot een niet-parametrische klasse die beschreven wordt door gladheidscondities.
Alle tot nu toe verkregen resultaten over posterior snelheden zijn daarom gere-
lateerd aan de optimale minimaxsnelheden voor het schattingsprobleem over
de corresponderende niet-parametrische gladheidsklassen, en derhalve globaal
van aard. Intussen is er echter een nieuwe locale manier om optimaliteit te
bereiken ontwikkeld binnen het kader van het statistische schatten, namelijk de
orakelaanpak. Het hoofddoel van dit proefschrift is het ontwikkelen en bestu-
deren van de orakelbenadering tot de prestaties van posteriorconvergentie in
het model van gaussische rijen. We stellen daarom een nieuw ijkpunt voor de
snelheid waarmee de posterior convergeert, de zogenaamde posterior orakelsnel-
heid. Dit is de kleinst mogelijke snelheid over een familie van posteriorsnelheden
corresponderend met een toepasselijk gekozen familie a-prioriverdelingen.

We introduceren het begrip van ‘orakel projectieconvergentiesnelheid’ ofwel
de beste convergentiesnelheid over de familie van de projectieschatters. Verder
stellen we een toepasselijke hiërarchische a-prioriverdeling (prior) voor, hetgeen
ons in staat stelt om het probleem van bayesiaanse modelselectie aan te pakken,
en vast te stellen dat de posterior zich concentreert rond de ware parameter
met de orakel projectieconvergentiesnelheid, wat sterker is dan de posterior
convergentie met de minimaxsnelheid over de niet-parametrische klasse onder
de voorwaarde dat onze familie projectieschatters een minimaxschatter over
die klasse bevat. We construeren ook een bayesiaanse schatter gebaseerd op de
posterior en tonen aan dat deze aan een orakelongelijkheid voldoet. Daarnaast
vullen we de bovengrens op de snelheid van convergentie van de posterior aan
met een ondergrens voor de orakelsnelheid. De snelheden voor de boven- en
ondergrens blijken samen te vallen met de orakel projectieconvergentiesnelheid.
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Dit impliceert dat de orakel posteriorsnelheid scherp is en dat alle posterior
kansmassa zich concentreert in een annulus rond de ware parameterwaarde. Al
deze resultaten zijn niet-asymptotisch en uniform over l2.

Verder bestuderen we de a-posterioriverdelingen in het ‘many normal means
model’ met behulp van numerieke simulaties en vergelijken we de resultaten hier-
van met de theoretisch verkregen resultaten uit het model van gaussische rijen.
Om onze bevindingen te illustreren, construeren we geloofwaardigheidsbanden
(credible bands) voor de signaalfunctie in het equivalente witteruismodel.

In dit proefschrift beschouwen we ook het probleem van bayesiaanse schat-
ting van een lineaire functionaal, onder aanname dat het onbekende signaal
afkomstig is van een Sobolev gladheidsklasse. De geconstrueerde bayesiaanse
schatter van de functionaal blijkt de minimaxsnelheid over de Sobolev glad-
heidsklasse te bereiken, vanuit zowel het bayesiaanse perspectief als vanuit dat
van de frequentist. Met behulp hiervan bewijzen we een resultaat over de con-
vergentiesnelheid van de a-posterioriverdeling van de lineaire functionaal, die in
de minimaxzin optimaal blijkt te zijn over de Sobolev-klasse. Onder de minst
informatieve (ten opzichte van de Sobolev gladheidsklasse) prior beschouwen we
een bayesiaanse versie van het adaptieve schatten van de functionaal, hetgeen
in feite een probleem is van adaptieve filtering. We stellen het bayesiaans orakel
voor, alsmede het orakel bayesiaans risico, en we laten zien dat onze adaptieve
schatter van de functionaal asymptotisch scherp is, dat wil zeggen dat zijn risico
asymptotisch samenvalt met het orakel bayesiaans risico. In andere woorden, we
laten zien dat de resulterende adaptieve schatter van de functionaal de rol speelt
van het bayesiaans orakel. Het bijkomend probleem de gladheidsparameter te
schatten met behulp van een empirische bayesiaanse methode is ook bekeken.
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