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Synopsis 
The macroscopic Maxwell equations in matter are derived on a quantum statistical 

hasis from the microscoprc equations for the field operators. Both the density operator 
formalism and the Wigner distribution function method are discussed. By both 
methods it can be proved that the quantum statistical ensemble averages of the 
microscopic electric and magnetic fields fulfil the usual macroscopic Maxwell equations. 

$ 1. Introduction. The behaviour of slowly varying electromagnetic 
fields in material bodies is determined by the macroscopic Maxwell equations. 
Long ago Lore n t z 1) derived these equations by applying a kind of aver- 
aging procedure to the fundamental equations of his electron theory. More 
recently Mazur and N ij bo er 2) gave a refined and more general derivation 
using statistical mechanical ensemble averaging, which avoided certain 
difficulties in the older treatments. However, all these derivations are 
essentially based on a classical model of the atom. Since the electrons bound 
in atoms should be treated quantum mechanically it would be more con- 
sistent to give a derivation of the macroscopic Maxwell equations based 
on quantum theory. Furthermore, since these equations for example serve 
to define the dielectric constant it would be desirable to put them on a 
rigorous quantum mechanical basis. 

In this paper the macroscopic Maxwell equations are derived from the 
more fundamental microscopic field equations by means of a quantum 
statistical averaging procedure. In the following section the basic quantum 
mechanical equations of motion for a system of charged non-relativistic 
particles in a quantized electromagnetic field (“system S’) will be discussed. 
In section 3 the quantum statistical ensemble averaging of these equations 
is carried out with the density operator p connected with the system S. 
It should be remarked that a similar method has been applied to a plasma 
by Brittin 3) to prove that Maxwell’s equations are valid for the quantum 
statistically averaged fields. However, this author only considers the case 
of a fully ionized gas and does not obtain in this way the general macroscopic 
equations for matter in an electromagnetic field, including electric and 
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magnetic polarization effects. Instead of the density operator B r i t t in uses 
the equivalent formalism of the Wigner distribution function (W.d.f.), 
which has the advantage over the operator technique that it is more closely 
analogous to the classical formalism. This alternative averaging method 
will be briefly discussed in the last section of this paper. 

3 2. Formulation of the microscopic equations in quantum theory. All 
classical derivations of the macroscopic Maxwell equations start from the 
microscopic Maxwell-Lorentz equations for an electromagnetic field e, b, 
which for the case of point charges in rationalized gaussian units can be 
written as 

div b = 0 (1) 

i, = -ccurle (2) 

div e = & ek 6(& - R) (3) 

& = C Curl b - & ek li, d(Rk - R) (4 

where Rk are the position coordinates of the point charges ek and R is the 
radius vector of the field point. 

In the Mazur-Nijboer treatment the field strengths e and b are supposed 
to depend on the coordinates and momenta of the charged particles and 
also explicilty on space and time, that is, they are defined as functions in 
the phase space of the particles at one and the same time. Incidentally we 
remark that it is not immediately obvious that by doing so the retardation 
is properly taken into account, but this procedure may be justified satis- 
factorily (cf. Mazur 4)). 

If one wishes to derive the macroscopic Maxwell equations using quantum 
statistics it is clear that one should start from some quantum analogue of 
eqs. (l)-(4). 

At first sight one is tempted to treat only the charged particles quantum-mechanicall!- 
in such a way that they interact via a classical electromagnetic field which is a function 

in the phase space of the particles. This procedure seems to be justified because one 

knows that the final result, namely the macroscopic (averaged) equations, do not 
contain any quantum effect of the field : for example the macroscopic Maxwell equations 
do not describe the creation and annihilation of photons.Such a semi-classical treatment 
however cannot be given due to the fact that already in the classical theory a system 

of charged particles interacting via an e.m. field cannot be described by an exact 

hamiltonian depending on the canonical variables of the particle only *). 
In the classical derivation of Mazu r and Nij boer this circumstance did not give 

rise to difficulties because the hamiltonian did not enter explicitly into their calcula- 
tions, but in a quantum mechanical version of their theory the use of a hamilton 
operator seems to be unavoidable. For example, it is not possible to define a current 
density operator which obeys the equation of continuity without making use of the 
explicit form of the hamiltonian, as has already been pointed out by Kramers 6). 

*) A well known non-relativistic approximation is the Darwin-hamiltonian 6). 



The above mentioned difficulties can be overcome by considering the 
field as an independent system with an infinite number of degrees of freedom. 
In the hamiltonian formalism the quantization of the system particles + 
field in interaction then becomes quite easy. This method of field quantiza- 
tion is very well known and can be found in several textbooks 7). Here only 
the main results are briefly recalled, using essentially Heitler’s notation. 

The classical field strengths e and b can be derived from the potentials A and 4 
according to 

e = - grad 4 - c-ik (5) 

b = curl A. (6) 

These definitions arc equivalent to the first two Maxwell equations (1) and (2). I’utting 

div A = 0 (Coulomb gauge) (7) 

the equations (3) and (4) lead to 

- 0 A + c-1 grad 4 = c-1 xk ek&(Rk - R) (8) 

it+ = - &el,6(R1, - R). (9) 

The Coulomb gauge will be used throughout because it leads to the simplest method 
of quantization (only the traverse field has to be quantized); on the other hand it 
destroys the Lorentz invariant formulation of the theory, but this is of no importance 
for our purpose. Assuming periodic boundary conditions the vector potential can be 
expanded into a Fourier series 

A = x,1 &(t) Ah + qh*(t) Ah*: (div AA = 0) (10) 

T\~lKW 

AX = 2/4nc2 aA exp ikA. P 

and aA represents a unit vector in the polarization direction. Introducing the canonical 
variables 

QA = qx -t q,i* PA = - iv,dqh - 4x*) (VA = c Ikxl) 

the hamiltonian of the transverse field is found to be 

Ht, = CA W’h2 f q2Qh2). 
The total hamiltonian of the non relativistic particles and the e.m. field in interaction 

(“system S”) becomes 

with 

Ar = &{q,$) Ah(&) + cc). 

I;or the sake of simplicity the occurrence of a given external field is not taken into 
account (this may be added easily in the final results); therefore A only depends 
implicitly on the time through the field variables qh(t). 

The theory is then quantized by interpreting PA, Qx, pk and Rk as time 
dependent operators acting on the state vector 1~‘) of the system S. It turns 
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out that the classical relations (5)-( 11) formally remain valid as operator 
equalities. In particular, the field strengths e and b become operators 
depending on PA, Qx, pk and & through the definitions (5) and (6). It is 
easily seen that eqs. (l), (2) and (3) also hold in the quantum theory if the 
dot on an operator is understood as the time derivative of a Heisenberg 
operator, e.g. 

i, = itz-i[H, b]. 

Eqs. (4) and (8) h ave to be modified because the expression xkektikS(Rk-RR), 

understood as an operator, is non hermitean since the operators 

& = itz-l[H, Rk] = mk-‘(pk - eC1&) and 6(& - R) 

do not commute. To obtain a proper current density operator one has to 
take instead of the classical expression the symmetrized form 

iop = 4 Ck ek{ik d(Rk - R) + 6(Rk - R) &}. 

This operator indeed verifies the equation of continuity by virtue of the 
following theorem 6) : 

If F(R1 . . . RN) be an arbitrary function of the position operators 
RI . . . RN then 

cH, Fl = - 3 Ck {[F, pk] +k + tik’[F, pk]} (13) 
provided H, considered as a polynomial in the pk, does not contain terms 
of a degree higher than the second. 

With 
[pk, F] = --ih aF/aRk and $ = ih-l[H, F] 

this theorem can also be stated as 

(14 

which is analogous to the classical expression for the total time derivative. 
Because the hamiltonian (11) has the required form, one finds for the time 
derivative of the charge density operator 

k ek d(Rk-R)=& ck ek 
P . 
,aRI,6(Rk--R)*Rk+ ik* -&;d(Rk- R)= 

= -$ div, x:a Ck{6(& - R) iI, + li, 6(Rk - R)} = - div i,,. 

Hence the equation of continuity holds for the charge and current density 
operators. 

To conclude this section the main results may be summarized as follows: 
The equations of motions for a system of charged Schrbdinger particles 
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interacting via a quantized e.m. field e, b are 

div b = 0 

d = -c curl e 

div e = xk ek s(R, - R) 

i? = c curlb - 8 & ek {li, 6(& - R) + d(RI, - R) A,>. 

(15) 

(16) 

(‘7) 

(18) 

These operator equations are formally identical to the classical Lorentz 
equations; the field operators e and b depend on all canonical variables of 
the system S with hamiltonian (1 l), whereas in the Mazur-Nijboer treatment 
the classical quantities e and b were considered to be functions in the phase 
space of the particles only and no exact hamiltonian existed. 

5 3. Quantum statistical averaging of the microscofiic equations. We now 
want to consider a system S consisting of N atoms in an e.m.field; follow- 
ing Mazur-Nijboer’s notation the atoms will be numbered by the index 
k(k = 1 . . . N). Each atom k consists of a point nucleus with charge ek and 
position vector Rk, and of Zk point electrons with charges eki (i = 1 . . . zk) 

and positions rk$ relative to the kth nucleus. The momentum operators 
canonical to Rk and r]Gi will be indicated by Pk and pki respectively. The 
canonical field variables are denoted by Qx, PA as before. The only difference 
with the system S from the previous section is that the charged particles 
are now divided into groups, each consisting of a nucleus with a number of 
electrons bound to it. It will be clear that for this new system S the basic 
microscopic equations can be written as 

div b = 0 (19) 

i, = -c curl e PO) 

div 42 = xk ek f_?(Rk - R) + zki ekg d(Rk + rki - R) (21) 

ti = c Cud b - 4 -& t?k{i&Rk - R) + 6(RI, - R)I&} - 

- 4 xki ekt{(Rk $ rkt) 8(RkS rki-R)+a(Rk + rki - R)(ik+jkt)). (22) 

In the classical theory of matter in an e.m. field the macroscopic field 
strengths are space-time (or ensemble) averages of the corresponding 
microscopic quantities and it has been shown that these averages fulfil the 
macroscopic Maxwell equations. In the same spirit we want to establish 
relations between the quantum statistical ensemble averages of the micro- 
scopic field operators e and b. For this purpose we define the density operator 
of the system S by 

p = 2% pi lyi> <Yil (23) 

where lyi> represents the state vector of the system S occurring in the ensem- 
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ble with a statistical weight pi. The average value of an operator A is then 
obtained from 

<A> = Tr (PA). (24 

In the Heisenberg representation p is independent of the time; the evolution 
in time of <A> is determined by (cf. ref. 2) 

$ (A) = Tr (PA) 

where 

A = ih-l[H, A] + y-. 

(25) 

Analogous to the classical theory the macroscopic electric field E will now 
be defined as the ensemble average of the microscopic field operator e 

E = Tr (pe). (27) 

Similarly the macroscopic magnetic field B is defined by 

B =Tr(pb). (28) 

Still using the same notation as Mazur-Nijboer the operators for the atomic 
electric dipole and quadrupole moment and the magnetic dipole moment are 

pkel = zi ekirkb 

qkez = 4 ci ekirkirki, (2 nd rank tensor in dyadic notation) 

,.uk” = &c-l & ek( rki h rki. 

The average densities of these moments at the point R are defined as 

R(R, t) = Tr {/J Cki ekZ rki d(Rk - R)}, (29) 

Q(R, t) = 4 Tr {p Cki eki rkdrki d(Rk - R)}, (30) 

M( R, t) = &c-l Tr (p x kt ekirkf A ;kf d(Rk - R)}. (31) 

These averages can also be expressed with the aid of the reduced density 
operator p(k) for the kth atom, whose matrix elements in the coordinate 
representation are defined as (take for instance k = 1) 

<Rr’rij’ /p(l)/ RI”, rif”> = / <RI’, RZ . . . RN; of’, r2j . . . rNj; QA IpI 

I RI”, Rs . . . RN; rlj”, r2j . . . rNj; Q,$ dRs . . . dRN (32) 

I& drsj . . . d% nx dQx. 

The index j in rkJ runs from 1 to zk and the integration has been carried out 
over the coordinates of all atoms except k = 1 and all field variables Qh. 
Writing (29) in the coordinate representation and performing the integrations 
over the deltafunctions one finds 

R(R, t) = CkZ ekS/ fkt <R, rkj j/‘(k)i R, rkj> nj drkp (33) 
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In a similar way one is able to write Q and M in terms of the atomic density 
operator p(k). In fact these formulae are quite analogous to the corresponding 
classical expressions of Mazur-Nijboer since the diagonal elements of the 
density matrix are the quantum analogue of the classical distribution 
function. 

Rather than rewriting all classical definitions in terms of operators we 
now turn to the actual ensemble averaging of the equations (19)-(22). 
Using (24), (25), (27) and (28) one finds very easily starting from (19) and 

(20) 
div B = 0 (34) 

From (21) one obtains in this way 

div E = Tr (p & e&(Rk - R)) + Tr {p & eki C?(Rk + rki - R)}. (36) 

The righthand side of this equation can be evaluated in a way which is 
perfectly analogous to the classical derivation of Mazur-Nijboer. Using 
again the reduced (atomic) density operator p(k) defined in (32) one has 

div E = Ck ek/ <R, rkj Ip( R, rkj> flj drkj + 

+ Cki eki/ <R - rki, rkjl pck) R - rki, rkj) IIj drkj. 

The expression <R - rk.l, rkj Ip( R - rkt, rkl) can be expanded in a 

Taylor series around R if one assumes that as a function of R - rki it does 
not change appreciably over distances comparable to the atomic dimensions. 
One finds after a short calculation, the details of which can be found in 
ref. 2 

div E = po - div (P - div Q) (37) 

where po is the (average) true charge density defined by 

PO = Tr {P Ck (ek + xi ek() d(Rk - R)) = 

= xk (ek + xi eki)f <R, rk,l Ip(“)l R, rkj) nj drkj. (38) 

Introducing the dielectric displacement 

D=E+P-divQ (39) 

(37) takes the familiar form 

div D = PO. (40) 

The Maxwell equation (40) has also been derived on the basis of quantum 
statistics by J ansen 8) using a somewhat different averaging method; this 
author however starts from the classical microscopic equation (3) and there- 
fore does not seem to develop a consistently quantum-mechanical theory. 
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The derivation of the fourth macroscopic Maxwell equation from (22) 
is again quite analogous to the classical calculation; of course one has to 

symmetrize products of non-commuting operators like Rk: 6(Rk - R) etc. 
in order to obtain real average values, as has been pointed out before. Since 
this amounts to a mathematically trivial modification it makes no sense 
to repeat the calculation here. In a notation introduced by Mazur 4) the 
result can be summarized as follows: 

aD 
- = c curl H - 1 
at (41) 

where I is the average true current density defined by 

I= 8 Tr b Z&k + lilt m) {& S(& - R) + 6(Rk - R) k,}] (44 

and H represents the magnetic displacement 

H=B-M-c-~{~Au-((~~~.Q)~v}-~c-~T~[~c~{~~~~~(~~)- 

- (vR.qkez) * (kd} d(& - R) + p Zk ~(RE - R) {,ukel A (I&) - 

- (vR’qkez) A iz,}] (43) 

where r.~ is the average velocity of the center of gravity of the system of 
particles 

v _ Tr b & h’h (k 6th - R) + 6(Rk - R) &}I 
Tr (P Ck mk a(Rk - R)} 

(44 

and (Rk) is an abbreviated notation for the operator Rk - v. 
This completes our quantum statistical derivation of the macroscopic 

Maxwell equations. Though this derivation is very formal it is also quite 
general: for example, the density operator p need not be specified. One 
might object against the fact that p depends on a denumerably infinite set 
of variables, but this is a common phenomenon in quantum field theory. 

Finally we wish to remark that the classical Mazur-Nijboer derivation 
can be easily reformulated in the infinitely dimensional phase space of the 
particles + field using the hamiltonian representation of the classical e.m. 
field. This method might even be preferred to the original formulation 
since the retarded interaction is taken into account in a fully consistent way. 
A quantum analogue of the classical derivation in the infinitely dimensional 
phase space of the system S will be considered in the next section. 

3 4. Alternative derivation by means of the Wiper distribution function. 
Instead of carrying out the ensemble averaging with the density operator 
as has been done in the previous section, one can also make use of the 
Wigner distribution function (W.d.f.) 9). 
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The basic idea of this method is to calculate the quantum mechanical expectation 

value or, more generally, the quantum statistical ensemble average of an operator by 

“averaging” the corresponding classical quantity over the phase space with the 

W.d.f.. Though the W.d.f. is no legitimate probability density in phase space (it may 
take negative values), it yields the correct quantum statistical average under condition 

that the quantities to be averaged are related to the corresponding quantum mechanical 
operators according to Tl’eyl’s rule. Acceptin g this extra postulate one easily performs 
the transition from classical statistical mechanics to quantum statistics, at least 

formally, just by replacing the classical d.f. by the N’.d.f.. Since we know how to 

derive the macroscopic Maxwell equations from classical statistical mechanics, it 

seems attractive to use this method for a quantum statistical derivation. 

We will now briefly consider this alternative averaging method, which has 
also been utilized by Brit t in a) in the case of a plasma, however without 
mentioning explicitly the validity of Weyl’s correspondence rule for this 
case. 

In this derivation one starts from the classical microscopic equations 
(l)-(4), where e and b should be considered as functions in the infinitely 
dimensional phase space of the system S with hamiltonian (11) (this means 
an essential difference with the classical Mazur-Nijboer theory). It is not 
difficult to prove that the classical fields e, b, the charge density 

Cek fi(Rk - R) 

and the current density 

xek Rk d(Rk - R) 

respectively correspond to the operators e, b, 

Cek d(Rk - R) and ~+ xek{Rk 6(Rk - R) + d(Rk - R) itk} 

according to Weyl’s rule. For example, from the classical expression 

&k Rk 8(&c - R) = c ekmk-‘pk d(Rk - R) - c ek2(k%kc)-1 Al, c?(Rk - R) 

one finds by applying Weyl’s rule the current density operator 

~~ekn-tk-i{p, 6(&-R)+S(Rk-R) pk}- ~ek2(@ZkC)-i &6(&--R)= 

= $ c {& s(Rk - R) + d(Rk - R) ik}. 

It is important to note that this relation between the classical current 
density and the current density operator can only be established by using 
the explicit form of the hamiltonian (1 l), because we must express each 
physical quantity as a function of the canonical variables. One now formally 
introduces the W.d.f. fw($, q) depending on the canonical variables Rk, rkf, 
Pk, pk$ of the charged particles and Qh, PA of the e.m. field (these variables 
will be summarized as 9, q) and defines the average electric and magnetic 
field strength by 

E -fefwdpdq B -fbf,dpdq (45) 
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where the notation dfi dq indicates that the integration has to be performed 
over the total phase space of the system S. The definitions (45) are equivalent 
to (27) and (28) by virtue of the validity of Weyl’s rule for this case. Further 
one needs an analogue of the theorem (25) for the time evolution of an 
ensemble average. If a@, q) is the classical quantity which according to 

Weyl’s prescription corresponds to the operator A one finds from (25) and 
(26) by applying some correspondence rules due to Groene wold 10) 

;<A) = s Da 
fw yjpP dq 

with 

H(P& (PJd (47) 

where a&H means a/@ operating on H(p, q) only. The expression for Da/Dt 
is in general not identical to the total time derivative da/dt which occurs 
in the classical counterpart of (46). In our special case however where the 
hamiltonian is a polynomial of 2 nd degree in the momenta and the quantities 
to be averaged are not more general than the type 

4P, 4) = aok) + Zi 44) Pt + Zij wPiPj 

one easily verifies by inserting (11) and (48) into (47) 

Da da 
y_- 

Dt dt 

(48) 

Hence (46) may be replaced by 

;<A> = s $fdPdq 

which is formally the same as the corresponding classical property. As has 
already been mentioned it is not difficult to reformulate the classical 
Mazur-Nijboer derivation in the infinitely dimensional phase space of the 
system S. The field strengths e and b and also the distribution function 
then become functions of all field and particle variables, instead of functions 
of the particle variables only. Except for this change in interpretation, all 
formulae of Mazur-Nijboer remain the same. By virtue of the important 
theorem (50) this classical averaging procedure can be easily transformed 
into a quantum statistical derivation if one only replaces the classical distri- 
bution function by the W.d.f.. The reduced d.f. becomes the reduced W.d.f., 
which can be proved to correspond according to Weyl’s rule to the reduced 
density operator. Evidently this derivation goes completely parallel to the 
operator treatment presented in the previous section; it is obtained from 
the latter by applying Weyl’s correspondence rule. 
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ERRATUM 

A group theoretical proof of Kramers’ theorem 

[Physica 26 (1960) 611 

by PAUL H. E. MEIJER 

The method used to show that odd-electron representations are always 
of the second kind is incorrect. The criterion of Frobenius and Schur is 
valid only for irreducible representations. In the case of odd numbers of 
electrons all irreducible components of the reducible representation happen 
to be of the same kind. Under these special circumstances the criterion is 
fulfilled, even for the reducible case. For an independent proof along these 
lines one would have to show first that all representations are indeed of 
the same kind, and since I do not see an independent way to do this, I would 
prefer to retract the proof altogether. 

I would like to thank Mr. H. V. MC In t osh for pointing out this error 
to me. 


