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DEDICATED TO THE MEMORY OF HERBERT FREUNDLICH 

The usefulness of the hard-sphere model in characterizing polydispersity in concentrated colloidal 
solutions is stressed. A recently derived equation for (OpJO#j)~ is used to give a simpler route for 
application to light scattering and sedimentation in multicomponent and polydisperse systems. Some 
light-scattering intensity calculations are performed for a log-normal distribution of hard-sphere di- 
ameters. Special attention is given to the contribution of fluctuations in the osmotic value to the light- 
scattering intensity of polydisperse systems. 

1. INTRODUCTION 

In the spirit of  Freundlich I would like to 
exploit a result f rom the field of  fluid physics 
in order to show its usefulness in the field of  
colloids. 

Over the last fifteen years it has become 
clear that  molecular  size and shape are the 
most  impor tant  features that determine the 
structure of  dense fluids. Thus for a tomic  liq- 
uids with spherically symmetr ic  interparticle 
forces the structural properties are well re- 
flected by a model  in which the a toms are 
depicted as "hard  spheres." A hard-sphere 
(HS) fluid is a system in which the pair-po- 
tential between the particles is given by, 

u(r) = oo for r < d 

u(r) = 0 for r >~ d, [1.1] 

where r is the separation between the particle 
centers and d is called the hard-sphere di- 
ameter.  Atoms and molecules are never hard 
spheres but recipes are available to calculate 
d from the (steep part  of)  the a tomic pair 
potential  (1). 

The HS potential  is also very useful in 

modeling interactions between colloidal par- 
ticles in concentrated solutions. Examples  
are light scattering of  microemulsions (2) and 
sedimentat ion studies of  hemoglobin solu- 
tions (3). For  further informat ion we refer to 
a recent Faraday Discussion (4) and to our  
recent work on latex (5) and silica dispersions 
(6) in nonaqueous  solvents. 

Exact  (virial) expans ions  (2) for hard 
spheres as well as closed expressions derived 
f rom approximate  theories have been used 
to describe (osmotic) pressure and chemical 
potential. Popular  are the Percus-Yevick 
(PY) theory, which can be solved exactly for 
hard spheres (7, 8) and also the so-called 
scaled particle theory (SPT) (9). The  PY and 
SPT results for hard spheres are simple al- 
gebraic expressions, which are exact up to 
and including the third virial coefficient and 
fairly accurate up to volume fractions of  
about  40 percent. It  is very remarkable  that  
these approximate  t reatments  can be ex- 
tended (10-13) to HS mixtures ,  i.e., mixtures 
of  particles with different HS diameters. 

This makes  the hard sphere a useful model  
in studying effects of  nonuniformity  in par- 
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ticle size, a feature which is always present 
in practical colloidal solutions. 

In this paper I will rederive some equations 
for the light scattering and sedimentation of 
(concentrated) hard-sphere mixtures. The 
approach is different and somewhat more 
straightforward than that used in our pre- 
vious publications (14-16). The light-scat- 
tering equation can be extended easily to a 
continuous distribution of particle sizes. Some 
calculations are performed for a log-normal 
size distribution. 

2. OSMOTIC PRESSURE, LIGHT SCATTERING, 
AND SEDIMENTATION OF HARD-SPHERE 

MIXTURES 

Thermodynamic properties of colloidal 
solutions can be determined by light scatter- 
ing and sedimentation and to a lesser extent 
also by osmotic pressure measurements. For 
a mixture of hard spheres the chemical po- 
tentials is i were derived in the PY and SPT 
approximation (10, 11, 13), some fifteen 
years ago. The P¥  theory is used in two ver- 
sions. One of them--the compressibility ver- 
sion-giving results identical with the SPT 
theory will be followed in this paper. A for- 
mula for (O~i/Opj)~ is given in the Appendix 
for documentation. It is a reformulated ver- 
sion of an earlier expression (17). Here pj is 
the number ofparticlesj per unit volume and 
the subscript p of the derivative implies that 
all Ok 4= pj are kept constant in the differen- 
tiation. 

A. Pressure and  Osmot ic  Pressure 

The pressure ofa HS mixture was obtained 
from O#i/Opj (see [A-I]) and the thermody- 
namic relation, 

m [2.1 ] 
i=~ \Ooflp ' 

and a subsequent integration, with the result 
(12, 13), 
P 

k-~ = (6 /~)  

3~1~2 + [2.2] 
(1 - ~3) z (l -- ~3)3.] " 

Here the ~, are given by, 

P 

~, = (~r/6) ~ 0~/~, [2.31 
k=l  

where dk is the HS diameter of component 
k. Note that ~3 is equal to the volume fraction 
occupied by the hard spheres and that 
(6/7r) 40 is the total number concentration 
corresponding to the ideal gas term in [2.2]. 
Further k is the Boltzmann constant and T 
the absolute temperature. 

For a single HS component with diameter 
dl, the ~, are equal to (~-/6)old[, and [2.2] 
reduces to 

P [1 + ~ ~_~ _~2.1 [2.4] 

where q~ = ~3 is the volume fraction. 
The above equations for HS systems were 

derived in the literature for hard spheres in 
a vacuum. These equations, however, are 
also valid for particles in a solvent when the 
potential of the mean force between the par- 
ticles is of the HS type. Now the differentia- 
tion (OudOpj) o is at constant oh # oj (k  = 1, 
• • • p) and  at constant chemical  potential  
#0 of the solvent (component 0). This implies 
that the pressure of the solution varies and 
that in the Eqs. [2.2] and [2.4], P is now the 
excess pressure of the solution over that of 
the pure solvent at the same go. Or, in other 
words, P in these equations now plays the 
role of the osmotic pressure difference, H, 
between two compartments in an osmome- 
ter-containing solution and pure solvent 
which are separated by a semipermeable 
membrane impermeable to the particles. 

B. Light  Scattering and  Sed imenta t ion  

The light-scattering intensity of a mixture 
of colloidal particles is given by the equation 
(18, 19, 15), 

P 

Ro=o = 27r2n22,o 4 ~ "Yi'Yi(Opi/O#j),,,o. [2.5] 
i,j= 1 

Here 22o=0 is the normalized scattering in- 
tensity (Rayleigh ratio) of the solution minus 
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that of the solvent (component 0) for verti- 
cally polarized incident light extrapolated to 
zero scattering angle 0. Further n, is the re- 
fractive index of the solution and X0 the 
wavelength of the light used in vacuo. Further 
% = (On/Oai)p,e is the refractive index incre- 
ment of particles i. The subscript p,P implies 
that in the differentiation the pk (#pi) and the 
pressure of the solution are taken constant. 
The subscript tt,tt0 in the differentiation 
(cgpi/O#j)~,~ o implies that the #k(=b#j) of the 
particles and the chemical potential u0 of  the 
solvent are taken constant (which implies 
that the pressure of the solution is not con- 
stant). 

For the sedimentation equilibrium in an 
ultracentrifuge the following equation ap- 
plies for the gradient of  the refractive index 
in the centrifuge cell at a distance x from the 
center of rotation (20, 16): 

P 

d ( n -  nO)_ _w2x ~ %ej(Opi/O#j)~,~o " [2.6] 
d x  i,j=l 

Here n o is the refractive index of the solvent, 
and ~o is the angular speed of rotation. Fur- 
ther ~j = (O~/Ooj)p,e, with 6 the mass density 
of  the solution. Both the light-scattering and 
sedimentation equations [2.5] and [2.6] con- 
tain the derivatives (OpdO#j),,~o instead of the 
derivatives ( OI.tj/ OPi)p,uo. 

The derivative (0p//0#;)~,~o, although less 
common than the other one, has still a rather 
simple intuitive meaning. Consider an ex- 
ternal field that works on species j only. 
Turning on the field changes ~tj whereas the 
other ~z values remain constant. Now Opd 
0gj measures the change in concentration of  
species i by the external field. When the ex- 
ternal  field is the centrifugal field this leads 
in a simple way to Eq. [2.6]. 

The occurrence of  OpdO~j in the light-scat- 
tering Equation [2.5] originates from the 
connection of this derivative with concentra- 
tion fluctuations. Thus, 

k T  (Opi~ 
(ApiApj} = --~ \-~j~jl~,,uo' [2.7] 

where Ap; = ANi/V is the fluctuation in the 
concentration of  species i in V. The concen- 
tration fluctuations lead to refractive index 
fluctuations which are the origin of  the scat- 
tering of light. 

C. Single Particle Component 

For a single solute component  (1) the de- 
rivative, (Op~/cg#~)~o is simply related to the 
osmotic pressure derivative by the thermo- 
dynamic relation 

= pl /~o,  / . [2.81 
~Pl .o \ P l I ~  

Substitution of  [2.8] into [2.5] then leads 
to the familiar Debye (21) equation 

21rZn2~o43,~pl 
Ro=o - [2.9] 

(OII/Opl)v.o 

For hard spheres, OII/Ool can be obtained 
from [2.4] (with the symbol P replaced by 
II) giving, 

Ro=o = 2rc2n2Xff4T2pl (1 _- 4~) 4 [2.10] 
kl + 2~b) 2" 

For the sedimentation equilibrium, Eq. 
[2.6], a similar substitution can be made. The 
result can be found elsewhere (16). 

D. Opi/O~zj for Hard Spheres 

The derivatives (0p//0t~j),,~o can be calcu- 
lated from the derivatives (Ot~i/Ooj)o,,o with 
the help of  a matrix inversion (18, 19, 22), 

[OpJO#j] = [O~tJOoj] -1. [2.11 ] 

Such an inversion can, of  course, be done 
numerically for a limited number of com- 
ponents, p, using Eq. [A-1 ]. 

Recently, however, we were able to invert 
this matrix analytically for HS in the PY ap- 
proximation (16). Use was made of  a factor- 
ization procedure introduced by Baxter (13). 
The result is ( i , j  = 1, 2, • • • p) 
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kT(OodOuj),.~o = kT(Ooj/O~O,.~o 

= 0jt~j + (Tr/6)pipj{(~6 - d~ - d 3) 

+ 9~4(1 + 2~3)-2(d/- ~4)(dj - &) 

- 3(1 + 2~3)-1[(di - ~4)(d 2 - ~5) 

+ (dj - ~4)(d 2 - ~5)]} [2.12]. 

where 6ij is the Kronecker delta. Now, ex- 
pression [2.12] can be substituted into Eqs. 
[2.5] and [2.6] to obtain the light-scattering 
and sedimentation properties. We will re- 
strict our discussions further to light scat- 
tering. 

For a mult icomponent system with any 
number p of HS components the summation 
in [2.5] can be performed directly and easily 
after a relation between ~g and d~ has been 
chosen. Taking, for example, 7i = A d  3, 
which implies that the scattering amplitude 
is taken proportional to the HS volume, one 
finds, 

Ro=o = L(1 - ~ 3 ) 2 [ ~ 6  - 6~4~5 

× (1 + 2~3) -~ + 9~43(1 + 2~3)-2], [2.131 

with, L = 2rr2n2Xo4A2(6/rr). It will be clear 
that in the above equation [2.13] nothing 
changes when p goes to infinity, i.e., when 
the summations over discrete HS diameters 
are replaced by integrals over a continuous 
distribution of diameters. 

With decreasing concentration all the ~ 
become smaller to yield the limiting equa- 
tion, 

Ro=o = L~6 • [2.14] 

Introducing weight concentrations c = &/q, 
where q is the specific volume of  the HS par- 
ticles it is readily recognized that 

A = (Tr/6)q-~(dn/dc) 

and that [2.14] leads to, 

Ro=o = 27r2n2(dn/dc)2M1N-1Mwc, [2.15] 

which is the familiar form showing that the 
weight average molar mass Mw is measured. 
It may sometimes be desirable to introduce 

a more complex relation between refractive 
index increment and particle size. An ex- 
ample would be a shell structure for a mi- 
croemulsion droplet consisting of an aqueous 
core with variable size plus a surfactant layer 
with constant thickness, embedded in oil. 
Introduction of  such a refractive index in- 
crement is still an elementary operation al- 
though it will lead to lengthy formulas. 

For a single HS component  the ~, are equal 
to d ~-3~b and Eq. [2.13] reduces to, 

r,~3A, (1 - q~)4 [2.16] 
Ro=o = ~-~u,(1 + 2~b)2, 

which is equivalent to Eq. [2.10]. 
In the next section, as an example, we will 

make some calculations for the log-normal 
size distribution. 

3. LOG-NORMAL DIAMETER DISTRIBUTIONS 

The log-normal distribution of HS di- 
ameters is given by, 

1 
~(d)d(d) -/3(27r)1/2 

{ fl" 1 
× e x p - [ _  f121/2 . ] j ~ d ( d ) .  [3.1] 

Here ¢/(d)d(d) is proportional to the number 
of particles with diameters between d and 
d + d(d). The distribution is characterized 
by a parameter do equal to that value of d 
which maximizes the exponent and/3 which 
is a measure of the width of the distribution. 
It can be shown that, 

I(a2) - ( d y ]  

× ( d )  2 = exp(/32)_ 1. [3.21 

For/3 ~ 1 (a narrow distribution)/3 -~ a. For 
the distribution given by [3.1] the G can be 
written as 

[ - 1 2 2  1 ~ = q~d6 -3 expL~fl (v - 9) , [3.3] 

with ~ = ~3. Substitution into [2.13] gives 

Ro=o = L d  3 t~, [3.4] 
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64 
/~ = 4(1 - 4 ) 2 ( 1  -~- 0"2)  2 7 / 2  1 1 + 24 

1 942 1 "] 
× (1 + 0-2)~ + (1 + 2 ~ )  2 (1 + 0-2)3J • [3.5] 

For a = 0 this expression reduces to, 

(1 - 4) 4 [3.61 
/ ~ = 4 ( 1  + 2 4 )  2 '  

which is equivalent to Eq. [2.16]. 
Some results are shown in Fig. 1, where 

the (reduced) light-scattering intensi ty/~ as 
defined by Eq. [3.5] is plotted as a function 
of  volume fraction 4 of  hard spheres for 
0- = 0 ,  0- = 0 . 1 ,  a n d  0- = 0 . 3 .  

Let us discuss these results. All curves start 
with a linear portion for small 4 where the 
light-scattering intensity is proportional to 
the particle concentration. Then between 4 
is 0.1 and 0.2 there is a maximum after which 
the intensity decreases again. The occurrence 
of  the maximum is easily understood for the 
monodisperse case (a = 0) for which [3.6] 
applies. The maximum occurs because the 
osmotic compressibility 001/0II = (kT) -1 
× (1 - 4)4(1 + 24) -2 decreases much faster 
with concentration than the concentration 
4 itself increases. 

The effect of  polydispersity in HS size 
manifests itself in two ways. First, the initial 
slope and therefore the overall level of  the 
intensity increases with 0-. The initial slope 
is proportional to ~6 and therefore according 
to Eqs. [3.2] and [3.3] proportional to, 

4d03 e x p I ~  ~21 = 4do3 [1-1- o'2127/2. [3.7] 

Qualitatively this effect is easily understood 
since at the same concentration by volume 
(or by weight) the weight average molecular 
weight at a given value of  do increases when 
the width of the distribution increases (the 
large particles scatter disproportionally more). 

For 0- = 0.1 and 0.3 the factor (1 + 0-2)27/2 
becomes 1.144 and 3.201, respectively. Sec- 
ond, for higher concentrations the polydis- 
persity gives an extra increase in the intensity 
level. This is also shown in Fig. 1, where the 

0.15 

i0.10 

0.05 

0 
0 

f I r I I 

0.1 0.2 0.3 0.4 0.5 

FIG. 1. Intensity of  scattered light of  a polydisperse 
system of  hard spheres for a log-normal  distribution of  
hard-sphere diameters (Eq. [3.5]) with relative standard 
deviations a = 0; 0.1, and 0.3 ( ). Also shown are 
plots for a monodisperse system but with adjusted pre- 
factors (1.144 (a = 0.1) and 3.201 (~r = 0.3) see text) to 
match the polydisperse curve at small 4~ (-  - -). 

intensity curves for the monodisperse case are 
drawn by starting with an adjusted initial 
slope. (=1.144 for 0- = 0.1 and =3.201 for 
0- = 0.3) (- - -). A further discussion of the 
polydispersity effects is given in the next sec- 
tion. 

4. LIGHT SCATTERING AND OSMOTIC 
COMPRESSIBILITY 

Equation [2.9] gives a relation between 
light scattering and osmotic compressibility. 
It is an expression of  the fact that for solu- 
tions containing a single colloid component,  
the particle number density fluctuations-- 
which are the cause of refractive index fluc- 
tuations and thus of  light scattering--are 
necessarily connected to fluctuations in the 
osmotic value ~ of the solution. 

For a many-component  sys temwin our 
case a polydisperse system--we may imagine 
that apart from (overall) density fluctuations 
of  colloidal species there are also concentra- 
tion fluctuations, caused by exchange of  dif- 

1 The osmotic value of  a solution has a numerical 
value equal to II. Here 1I is the excess pressure (osmotic 
pressure) the solution would have if it were equilibrated 
through a semipermeable membrane with pure solvent. 
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FIG. 2. Intensity of  scattered light of  a polydisperse 
system of  hard spheres for a log-normal distribution of  
hard-sphere diameters (Eq. [3.5]) with relative standard 
deviations ~ = 0.1 and 0.3 ( ). Also shown are plots 
which give the separate contribution of  the osmoticpres- 
sure fluctuations/~+ (see Eq. [4.2]) ( -  - -). 

ferent colloid species. The former fluctua- 
tions are accompanied by fluctuations in the 
osmotic value the latter ones are not. It may 
be shown (18, 19, 22, 23) that these two cat- 
egories of  fluctuations are not correlated so 
that a separate contribution of fluctuations 
of the osmotic value to light scattering can 
be formulated. 

Using Eq. [2.2], with P = 17, to calculate 
the osmotic pressure derivative OH/O V, it is 
possible to show that the light-scattering con- 
tribution caused by fluctuations in the os- 
motic value, and designated here with the 
symbol R~=0, is given by, 

(6/7r)(1 - ~3) ¢ X2o 

R + °  ~- ~ 0 ( 1  - ~3 )  2 + 6~t~2(1 - -  ~3)  .qL 9 4 3 '  

[4.1] 

where 
p 

Xm = (2rr2n2Xo4)t/2(Tr/6) ~ PkTk,  
k=l  

with the choice 3'k = A d  3 this gives, 

C4~ ( l  - 43) 4 
R~-=0 = 40(1 - 43) 2 + 6~i~2(1 - ~3) + 9~ 3" 

[4.2] 

In Fig. 2, R + and also the total scattering are 

plotted as a function of ff for a = 0.1 and 
0.3. As expected/} + is smaller than the total 
scattering intensity, /~, but larger than the 
scattering in tens i ty  o f  a monodisperse  
system. 

In normal (average) intensity measure- 
ments, the two contributions, of course, can- 
not be discriminated. This may be possible, 
however, in dynamic light-scattering mea- 
surements (24) because particularly at high 
concentration the two types of fluctuations 
will relax with different t ime scales. The fluc- 
tuations in the osmotic value, giving a light- 
scattering contribution R +, will relax accord- 
ing to a process of collective diffusion, whereas 
exchange of  species, giving a light-scattering 
contribution (R - R+), will relax according 
to a process of self-diffusion. At large particle 
concentrations the self-diffusion coefficient 
may become much smaller than the collec- 
tive diffusion constant. This will be worked 
out in a future paper (25). 

5. CONCLUDING REMARKS 

The light-scattering calculations show (see 
Fig. 1) that the deviations due to polydis- 
persity are still small for cr = 0.10. It will be 
difficult to demonstrate a deviation of  such 
magnitude by experimentation. The effects 
of deviations from monodispersity quickly 
increase, however, with increasing ~. 

In practice one might detect such devia- 
tions when an attempted fit of  the experi- 
ments to a monodisperse curve fails at high 
concentrations. For o = 0.3, Fig. 1 shows that 
the polydisperse case (the drawn line) and the 
adjusted monodisperse case (the broken line) 
differ by a factor of 2 for q~ = 0.4. Other 
effects, however, such as nonsphericity, at- 
tractive interactions, and soft repulsions 
might obscure the issue (6). Further theoret- 
ical and experimental work is needed here. 

APPENDIX 

We could only find one reference (17, Eq. 
[15]) which explicitly states an equation for 
(0uJOpe) o for a hard-sphere mixture. This 
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e q u a t i o n  is r e w r i t t e n  b e l o w  in  a s o m e w h a t  
d i f f e ren t  f o r m  w h i c h  r e s e m b l e s  t h a t  o f  (Eq,  
[2.12])  fo r  (OpdO~j),,, 

(1/kT)(Ol~,lOp~)p = (1/kT)(O#~/Op,Op 

6 ~  (a-/6) ( ,3 + d3 + d3d3no 
= (p~p~)~/2 + 1 - ~3 "a~ 

+ 3d.deId~(1 + d~/2)(1 + d ~ n l )  + d~ 

2 2 X (1 + d~02)(1 + d ~ , l ) ]  + 9d,~d~,2 

X (1 + d,d/2)(1 + d#72)}, [ A - l ]  

w h e r e  
P 

~, = (7r/6) ~ pid~i, [A-2]  
i=1 

n, = G/(1 - ~3), [A-3]  

a n d  G~ is t he  K r o n e c k e r  de l t a .  
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