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Synopsis

The master equation to general order in the coupling responsible for the dissipative
behaviour, derived in earlier papers by one of us (L.V.H.), is applied to the simple
case of an electron in a system of randomly distributed, static, clastic scatterers.
Replacing Wy-(k, k) by a constant, the equation can be solved approximately for
general strength of the coupling. The solution, describing the approach to equilibrium
of the electron momentum distribution, has an oscillatory character. The slightly
more complicated case of an electron interacting with a vibrating harmonic lattice
is also considered. It is shown how one can derive from the generalized master cquation
an equation describing the evolution of the electron alone, the phonons only entering
through their coarse grained distribution in wave vector. Neglecting the phonon
energies, one finds an equation of the same form as in the case of static, elastic
scatterers.

1. Introduction. In three previous papers 1) by one of us (I..V.H.), to
be referred to as S, S’ and S”, the approach to equilibrium of a quantum
many-body system has been studied. In these articles it was proved on
the basis of a separation H' = H + AV of the Hamiltonian in unperturbed
and perturbed terms and using certain properties of the perturbation, that
the system tends to microcanonical equilibrium whenever its wave function
at an initial time has random phases in the unperturbed representation.
In S the theory was worked out under the supposition that the perturbation
is weak. By so doing the well known master (or Pauli) equation was obtained
in a more rigorous and satisfactory way than in usual derivations. In &'
and S” the problem was treated to general order in the perturbation and a
generalized master equation showing a memory effect was obtained.

Whereas the lowest order master or Pauli equation, describing the ap-
proach to equilibrium in the weak coupling limit, has been solved for
a number of concrete physical situations, this is not the case with the
generalized master equation derived in S'. It is well known that the Pauli
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equation describes a monotonic approach te equilibrium: the solution is
always a superposition of non oscillating, exponentially decaying terms.
For finite coupling, however, the time evolution of the probability distri-
bution of the system toward equilibrium is not even qualitatively known.
We therefore made it our main purpose to get some information on this
time evolution by considering a simple case for which the problem could
be handled to general order in the interaction. This is done in section 3 of
the present paper, our working example being an electron in a system of
randomly distributed, static, elastic scatterers. Our main conclusions will
be that in the case of finite coupling the probability distribution shows
damped oscillations in its approach to equilibrium. Preceding this discussion,
section 2 presents for later reference a brief sketch of the general formalism.

To illustrate further the contents of the general theory we treat in section
4 a slightly more complicated system: an electron in a vibrating harmonic
lattice. Our aim is there only to carry out for general electron-phonon
coupling a calculation which is very familiar for weak coupling: the trans-
formation of the master equation, which refers to the complete electron-
lattice system, into a Boltzmann equation dealing with the electron alone.
If phonon energies are neglected this generalized Boltzmann equation is
of the type discussed and approximately solved in section 3.

2. The master equation to gemeval order. For further reference we here
recall briefly the derivation of the master equation to general order. For the
details the reader may consult S’. We suppose that the Hamiltonian H’
of the system is a sum of two terms

H =H+ V. (2.1)

The eigenstates of H are exactly known and will be symbolized by |a,
where « represents the set of quantum numbers characterizing the state.
Some of the quantum numbers have to be continuous in the limit of an
infinite system. In this limit we adopt as normalization

a|a'y = 8(a — &), (2.2)

the right hand side denoting a product of delta functions and Kronecker
symbols for the continuous and discrete quantum numbers respectively.
In the |«) representation the perturbation AV has special properties, ex-
plained in detail in S’. They consist in the occurence of diagonal singularities
of the form 6(x — ') in matrix elements <« |[VA1V ... AyV|a'>, where
the A4; are diagonal in the |«) representation. The matrix element <« {V o>
has no such singularity.

We consider now the wave function |@o> of the system at time ¢ = O:

lpo> = /[ | dacla). {2.3)
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We suppose |gpo> to be normalized,
{pol@oy = [ le(«)]? dex = 1. (2.4)
If we choose units such that % = 1, the wave function at time ¢ is given by
¢ = Uspo (2.5)
Us = exp[— (H + AV)¢). (2.6)
Let us now consider an operator 4, diagonal in the |«) representation, so

that
Aley = |ay A(x) (2.7)

and assume that A(«) is a smooth function of the continuous quantum
numbers of |«). By considering

$pe | 4] @o> = [ A(a) po() do, (2.8)

we can introduce the (coarse grained) probability density p¢(«) of the system
at time ¢. Inserting (2.5) and (2.6) into (2.8) and separating the diagonal
singularity of the matrix element <(« |U_;A U} o> one finds an expression
of the form

pe |4} @o> = <po {U~AUs| po> = [ A(a") da” [ P(t]o"a) dex [¢(a)[* +-
+ fA(e") da” [I(t]|a"aa’) do da’ c*(a) c(a’), (2.9)

where I(¢|«"xa’) has no d(e — «') singularity. Since 4(«) and c¢(«) are arbi-
trary, this equation entirely defines P(t|a"«) and I(f|a"xa’) in terms of
the Hamiltonian and the |«) representation. Comparing (2.8) and (2.9)
one gets

pe(e") = fP(t|a"e) dec [c(a) |2 + [I(f| a"0e”) do da’ c*(ax) e().  (2.10)

For an initial state |pp> with “random” phases the second term on the right
is negligible and we obtain

pe(e’) = [ P(t]o'a) de [c(e)]2. (2.11)

The quantity P(f|a’«) can be interpreted as the (coarse grained) transition
probability from o to &’ in the time interval £. In S it has been calculated
in the weak coupling limit (4 — O, 42 finite) and shown to be the solution
of the Pauli (= lowest order) master equation, with initial condition
POla"a) = 8(a" — o).

In §' the quantity P(¢|«'x) has been studied to general order in the
perturbation AV. It was there shown that it is the integral

P(t\a'a) = [, Pgp(t|a'«) dE (2.12)
of an energy dependent ‘‘partial transition probability’” Pg(f|«'a) which
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obeys a generalized master equation of non-markovian type:
dPg(t| o)
dt

¢
— 8o — og) fr(t] o) + 27A2 f ar f wg(t — | aa’) -
0
t
-do' Pg(t' | o og) — 27 f ar f de’ wg(t — t'|a'a) Pg(t’'|axo). (2.13)
0

We briefly recall how this result is obtained, and how the functions Pk, fg
and wg are defined. As is well known the evolution operator U; can be
expressed with the help of the resolvent operator R; = (H' — [)-1. Using
this connection one finds

Plt|a’a) = — (2n)~2 f, Al f AV exp[ill — V) 8] Xy (). (2.14)

The contours y, " encircle the real axis counterclockwise. The function
Xy (a'a) is defined by the identity

{RiARp Y | = |a> [ A (') do’ Xy (o'x) (2.15)

where the suffix d indicates the diagonal part of the matrix element (see S').
A straight perturbation expansion of Xj(«'«) in AV would be poorly
convergent for special values of , /. It is therefore useful to rewrite this
quantity as a series

Xy (ao) = Dye) Dye(o) 6{ee — ag) + A2Dy(e) Dy (o) -
(W (ooo) + A2/ Wiy (way) Dy(oe1) Dy (oe1) Aoy Wige(nag) + . .. 1Dy a0) Dy (o), (2.16)

involving the diagonal part Dj(«) of the resolvent R; and a new function
Wy(e'a). This function has the character of a transition rate and is defined
in terms of an irreducible diagonal part (see S') *)

{(V—=AVDV +..) AWV —2AVDpV + .. ha o> = e f A(e) dot’ Wipo('a) (2.17)

for arbitrary diagonal 4. Also D, is conveniently rewritten in terms of another
function

Dy = (H—1— 22G)-1. (2.18)
G; obeys the equation

Gy = {VD[V — AVD, VDV - ...}m. (2.19)

Because of the occurrence of irreducible diagonal parts the convergence of
the series involved in (2.17) and (2.19) does not depend critically on the
particular values of / and /. By taking (2.19) for two values of / and sub-
tracting one obtains an important identity between Gj(«) and Wy (aa'):

Gile) — Gp(e) = —1 f da'Wu'(oc'ot), (2.20)
with
Wu(e'a) = ilDy(a’) — Dule')] War(o'a). (221)

*) The irreducible diagonal part (suffix ¢d) is obtained when all intermediate states are taken
to be different from each other and from the initial state.
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Using (2.18), the identity (2.20) implies
(¢l — ') Di(e) Dy (o) = Dyf) — Dy(a) + 22 f do’ Wipr(o'e) Dyfe) Dye(), (2.22)
a relation which can be converted into an equation for X, (a'a):
(1 — ') Xy () = [Dole) — Dir(a)] 3 — tg) —
— A2 [ Wyplao') do’ X (o og) + 542 [ da' Wi (a'or) X pp (seoxg). (2.23)
We now define the partial transition probability at energy E by
Pr(t|aco) = (2r2)71 s(t) [, Al exp(26lt) X gy, m—1{oxo), (2.24)

E being real and ¢ 3£ 0. s{t) stands for 71 |¢]. As proved in S’, (2.23) implies
that Pg(t|axp) verifies the equations (2.12) and (2.13) given above if the
following definitions are adopted:

wg(t|o'e) = (202)1 , Al exp(2ilt) WEr, (e, (2.25)
fe(t|«) = (2a2)Yis(t) [, Al exp(2ilt) [Dgsile) — Dp_i(a)).  (2.26)

The generalized master equation (2.13) must be supplemented by the
initial condition
Pg(Qlang) =0 (2.27)

required by the definition (2.24).

3. A solution in a simple case. We apply the general theory to a simple
situation: an electron in a system of randomly distributed, static, elastic
scattering centers. It is easy to prove that the formal properties of the
perturbation are valid in this case (see e.g. ref. 2, Appendix). All equations
of the general theory apply to this situation if the quantum numbers « are
taken to be the three components of the wave vector k of the electron (the
electron spin is neglected). In this special case the master equation to general
order has the form of a Boltzmann equation. We call it the generalized
Boltzmann equation for an electron in a system of random elastic scattering
centers.

The equation (2.16) for the basic function Xy (xep) becomes

Xy (kko) = Dy(k) Dy-(k) 6(k — ko) + 22Dy(k) Dy (k) -
- [Wa(kko) + 22/ Wiy (kky) Dy(k1) Dy (k1) dky W (Riko) + -] -
Dy(ko) Dy (ko). (3.1)
We now make for Wy-(k, k') a very simple ansatz

[ Wihor bk <a

Wy (k, k') = 10 otherwise,

(3.2)

with @ and W given positive constants (2 denotes the length of k, and
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similarly for £'). This admittedly very crude approximation has the great
advantage to allow an explicit calculation of X, and consequently of the
time evolution of the electron, for arbitrary strength of the interaction,
i.e. to all orders in A2. Indeed, the series in (3.1) can now be summed ex-
plicitly with the result

Xu(kko) = Dy(k) Dy (k) 6(k — ko) -

+ 22WDy(k) Dy (k) Di(ko) Dy (ko) [1 — 22W [ dkiDy(k1) Dy-(k1)]~1. (3.3)
In this and all further equations of this section we restrict all wave vectors
to the region % < a; this applies in particular to the integration in (3.3) *).

The form of the function Dy(k) under our ansatz (3.2) can be studied by
applying (2.18), (2.20) and (2.21). The first of these equations gives

Dyk) = [ex — | — 22G,(k)]1 (3.4)

where ¢, is the energy of a tree electron of wave vector k. An implicit
equation for Gy(k) is then obtained from (2.20) and (2.21) which under our
ansatz give

Gilk) — Gu(k) — W / ak’ [Di(k') — Dy(k)]. (3.5)

For I’ — oo both Gy-(k) and Dy (k) approach zero and this relation becomes
Gik) =W [Dyk')dk’ = W [[¢,y — I — lEGl(k')]“l dk’

where (3.4) has been used; clearly G;(k) is independent of .k and we may put

Gulk) = g1 *¥). 38)

g1 1s a solution of
g1 = 4aW [§ (g — | — A2g)~1k'2 dR'. (3.7)

With the above equations (3.3) simplifies greatly. Notice that
Dy(kr) Dy (k1) = (I + A%gr — I — 2%1)7t [Diks) — Du(kr)]. . (3.8)
The'integral in (3.3) therefore reduces to the one in (3.5), and (3.3) becomes
Xu(kko) = Dy(k) Dy:(k) 6(k — ko) + A2WD;(k) Dy (k) Di(ko) Dy (ko) -
(1 — 22(g — g) (0 + A% — I — A%)717L (3.9)
A new application of (3.8) gives the very simple result

X (kko) =
Di(k) — Dy (k
— U + 2(g — gr)
Applying the transformation (2.24) we obtain the partial transition pro-

[ak ko) + 22W[D;(ko) — Dy (ko)] (1 — V)~ ](3.10)'

*) Xy (kko) vamshes for k < a, ko > a and k > a, ko < a. For k > a, ko > a it has the unper-
turbed value (e — l) -1, (ep — l -I' §(k — ko), where gg is the free electron energy
**). As mentioned above our equations hold for , k" < a; Gy(k) vanishes for k > a.
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bability Pg(t|kko) to general order. For ¢ > O this formula becomes
Dg1i(k) — De—i(R)

2 + 22(gut — gg)
- [6(k — ko) + A2W[Dg+i(ko) — De-i(ko)] (20)71]. (3.11)

Pg(t| kko) = (21?1 L dl exp(2ilt)

The asymptotic value of this expression at ¢ = 4 oo is immediately
obtained as the residue of the pole at / = 0. It is

4 DE._i()(k) — DEHO(k)

P kky) =
z(colkko) 2n 8E—10 — LE+i0

[DE-io(ko) — Dg+io(ko)].  (3.12)

Using (3.5) and the definition
Ag(k) = (2nt)"[Dg+io(k) — De-wl(k)],
this expression can be written
Pg(oo|kko) = [ [ Ap(k’) Ak} Ag(k) AE(ko), (3.13)

in agreement with the corresponding result of the general theory (eqs. (7.6)
and (7.7) of S’). As shown in S’ this result corresponds to the establishment
ot microcanonical equilibrium (see S, pp. 475 and 476).

To study the behaviour of Pg(¢|kkg) for finite times one needs an ex-
plicit expression of g;, which would require solving the transcendental
equation (3.7). We here avoid this difticult task and replace it by an (in-
complete) investigation ot the general behaviour of g; in the complex /-plane.
Therefore we examine the function f(Z) of the complex variable Z defined
by

* k2dk
HZ2) = 4an0 rp (3.14)
(we put g, = k2, corresponding to a mass } of the electron). This function
has a square root branch point at Z = 0 and a logarithmic branch point
at Z = a2 If we put in (3.14) Z = [ 4 A2g;, then (3.7) implies f(Z) = g1.
This gives us the relation between / and Z

l=Z — 242), (3.15)

from which we can find Z as a function Z(!) of /. Knowing Z(/), we shall
have

g1 = HZ()). (3.16)

From these relations it is possible to study the behaviour of g; as a function
of I. The singularities of g; will be situated in points /' such that Z(!) becomes
singular at / = /', or such that f(Z) behaves singularly at Z = Z(I"). The
latter points correspond to Z = 0 and Z = a2. The corresponding !’ values
are —4nA2Wa and co. One can show that g; is regular in I’ = —4ni2Wa.
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The singularities of Z() must be obtained by solving the equation

dl e k2dk

v 1 — 4mi2W , —(;2—_—2)? = 0. (3.17)
This equation has two roots on the real Z-axis: one for some value of Z < O,
with corresponding value of I’ =/,0 > I; > —4#42Wa, and one for a
Z > a? with corresponding value of I’ = I3, /3 > a2. In the vicinity of /;
and ls, Z(I) behaves like (! — ;)}, + = 1,2. Because f(Z) is analytic and
df(Z)/dZ not vanishing in these points, the corresponding singularities of
g1 are fully characterized by those of Z(/). It may further be proved that
(3.17) has no roots for complex values of Z. Consequently g; is analytic in
the l-plane cut from /; to /3 (see fig. 1) and has the latter points as square
root branch points. The analytic continuation of g; across the cut could
be studied in detail. We shall not do so here and limit ourselves to the
continuation obtained when Z describes the whole complex plane. Clearly
this continuation of g; has no new singularities.

N0,
Y
o )
Yo &/
—

Fig. 1. Cut in the l-plane for g; and original contour for Pg(t|kko).

We now return to Pg(t|kko), given by (3.11). Using (3.8) this expression
may be written as

Pyt | kko) = (2n2) [, dl exp(2ilt) Dg.,(k) Dg—i(k) -
- [8(k — ko) + (20)~2 22W[Dgy(ko) — De_i(ko)]]. (3.18)

The contour y is composed of y* and p— (see fig. 1). If we suppose ¢ positive
(asin (3.11)), y* does not contribute; so we are lett with y—. To evaluate this
contour integration we continue g; through the cut /3, /3 into the upper half
plane. Dy(k) and Dj(ko) are there found to have each a pole at points
pe and p,, which we shall determine presently. The value of Pg(t|kko)
will then be calculated as if these poles were the only singularities of the
D, functions. We thereby neglect the contribution of all further singularities,
especially of the branch points /3, /2. These further contributions, being of
a completely different analytical form, do not modify the qualitative con-
clusions we shall reach concerning the time evolution of P(¢|kko).
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The pole p, of Di(k) may be found by requiring that

— pu— P =0 (3.19)
We now replace gp, by (3.7) for I = p,. We get

k2 AR ) “ kAR
pp = k2 — 4nl2Wf . vy _-ivg;— = k% — 4n2W N (3.20)

where the integration over 2’ must be taken along the contour shown in

— N, , ¥

>
[} k <]

Fig. 2. Contour [or the £’-integration in (3.20).

fig. 2 because / has been continued from lower to upper halif of the /-plane.
(3.20) can also be written

e kAR
— 12 4 2m%ReWh — dnPW P | (3.21)
Pr

e )
where P denotes the principal value of the integral. From (3.21) we deduce

+ k
b = k2 — dnWila + 2rA2WE In —d——JF{« + 272022 Wk. (3.22)
By the same method we can also find the residue N, of D;(k) in p,. The
residue is given by

dgy
Nt = <1 + A2 ) . (3.23)
dl 14 Pk
Now
“ k2 dk
g = daW | o (3.24)
0o k2 — 1 — A2g

Differentiating with respect to / gives us

dgl . WJ‘(L k2 A4k’ <1 4 52 dgl>
a T e T gy a )

We calculate this expression in the pole $, by the same method used to
find p,. The result is easily obtained:

5 W(l m & k ak )
JT —mn-———-—-—- — 7l
d 2 ET @ ke
( g’) s e L (3.25)
A i —k ak ,
kR — 222 —_ e — T
ALk AR

and we find N, by (3.23). We see that for 4 and & — co, N, — 1; for small
k, Ny~1 — 0O (note that an electron with £ = 0 has no dissipative properties).

In our calculation of Pg(t|kke) we approximate N, by 1. This is con-
sistent with our approximation of considering ¢, as the only singularity
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of D;(k) in our evaluation of (3.18) by deformation of y—. We thus write
approximately for D,(k)

Di(k) = (b — )71 (3.26)
It is convenient to abbreviate p, as
Pe="23 T Weve>0 (3.27)

where the real quantity &, is the perturbed electron energy. (3.26) then gives
Dpvi(k) = (& + iyp — E — )™, Dp-(k) = (& — iy — E + )7

Using these expressions and similar ones for ky we obtain the following
approximate result for (3.18)

P(t ko) — P(oo| ko) = — — oxp (26, — E -+ i) (206, — B
{0k — ko) + 2W [2(8, — E + ipg)] 7t

Doy~ & — 70 i)™ — (6 + 60— 2B+ 0 — i1+

L explait(E gy i) 206~ E)I

- {Olk — ko) + ZWI2AE — & + ip)) -

(B, + 8 — 2 — iye + 0ya) 7 — (8 — 8 iy — 7)1 —

1AW . .
exp [2i4(&,, — E + 1y,)] -

—

JT
' [(Ek - Eko - iyko + zyk) (gk —I_ gko —2E + Z.ykn - i)/k) (Eko —E + i'};k“)]—l -

2
€xp [Z'lt(E - E—ko + iykoﬂ :

— 1
7

* (& Ery—2E ~ 1¥p, + 078) (Ep— 8y + 0V — V) (E — &, + 17,) 71 (3.28)

For ¢ = 0, Pg(t|kko) should be zero. This can be verified on (3.28) if
Pg(co| kky) is calculated from (3.18) with D,(k) replaced by (3.26). We now
calculate the transition probability P(f|kkg) itself by integrating over E
according to (2.12). This is done by contour integration for the second part
of (3.28) (the one not involving d(k — ko)). While the total function is seen
to be regular in E = ¢, it is convenient to integrate each term around this
point. The following result is obtained
P(t|kko) — P(oo|kko) = exp(— 2y,t) d(k — ko) —

— A2W explit(&, — &,)] eXp[— (Ve + Va,)t] -

(8 — Gy — 0V T W) MG — Eay T e T YR T

-+ A2W explit(&, — &)l expl— (Ve + vi,)?] -

(8 — 8o 0V — Vo) Mk, — &+ e+ et +

2

2iyy,

-+ exp(—2y4) [<5ko_gk_i7k+iyko)_1‘ (Bry—Ept+9Ve— 178, 1] (3.29)
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Writing this out in its explicit real form, one gets:

P(t|kky) — P(oo|kkg) = exp(— 2y,t) 6(k — ko) —
—222W expl— (it Ve UL e 8rg) 21 (Ve — Vo) 21 [(Ex— o)+ (Ve +-72) 21 -
Al 8y) 2 (V12— Vi 2)] COS[(Ep— 8o )E] + 21, (6 — B, )SIN[ (€ — &) £]} +

AW _ -
y exXP(— 2Veb) (Vi — Vi) [(Ee — ko) 2 + (Ve — Vi) 21 7H (3.30)
k

_+_

The value of P(co|kko) in our approximation turns out to be

2
Ploo|kky) = -7 Ve T 7k, . (3.31)

Ve [(Er — &)% + (Ve + Vi) ?]

It is interesting to compare (3.30) with the corresponding expression obtained
in the limit of weak coupling. For ¢ of order 12 it is

P(t| kko) — P(oo| kko) =

A2 W

— exp(— 2y,) 8(k — ko) — exp(— 294f) (ex — &), (3.32)

e

which is the solution of the Pauli master equation in the simple situation
treated here. The main difference between eqgs. (3.30) and (3.32) is the
occurrence of oscillating terms in the former. While the simplicity of (3.30)
(in particular the absence of terms decreasing as a power of £) is of course
due to the approximations (3.2) and (3.26), we expect that the occurrence
of damped oscillations in P(¢|kkg) will be a general feature of the transition
probability when calculated to higher order in the interaction. From the
behaviour of the simple case treated here this feature appears to be the most
prominent observable consequence of the non-markovian property we have
seen to hold for the time evolution of the coarse grained probability (i.e. of
the memory effect contained in the generalized master equation (2.13)).

In an actual system this effect would manifest itself for example when
an external electric field which has been acting long enough to give a
stationary current is suddenly turned oft: the current while dying out would
then perform some damped oscillations. This effect, however, would only
appear when the electron-lattice interaction is strong, i.e. when the relaxation
time is short, so that the times involved may be too short for actual ob-
servation in metals or semi-conductors. Other dissipative systems involving
slower time scales, like for example spin systems, might present more
favorable conditions. Let us quote in that respect the nuclear spin system
of a crystal. Although the present theory is not directly applicable to this
situation, due to the discreteness of the quantum numbers, it is possible
to develop a theory based upon the same principles 3). Actual observations
of nuclear spin relaxation as made by Lowe and Norberg 4) have revealed
oscillatory behaviour.
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4. An electron in a phonon gas. We consider in the present section a
slightly more complicated situation: one conduction electron in a vibrating
harmonic lattice, i.e. in a phonon gas. This system has been considered
previously as an illustration of the general formalism, with special attention
to the weak coupling case: a detailed derivation has been given for the
lowest order master equation describing the evolution ot the electron-
phonon system, and for the resulting Boltzmann equation which describes
the time evolution of the electron alone 5). We here consider the same system
to general order in the electron-phonon interaction and wish to derive from
the generalized master equation a generalized Boltzmann equation for the
time evolution of the electron alone. When the phonon energies are neglected
compared to the electron energy, this equation has the form (2.13) with
g, «, o’ replaced by the electron wave vectors. This is exactly the type of
equation treated in the foregoing section.

We consider a crystal of volume 2. The harmonic lattice vibrations are
described in terms of phonons, characterized by their wave vector q (we
neglect the polarization). The states of the conduction electron are labelled
by its momentum k, the spin being neglected. We denote the phonon
energy by o, and the electron energy by &,. The Hamiltonian H' = H + AV
has the form

H = 2aPqB50y + Tprohs 4.1
8a3 \*
AV =4 (T) Ekq [fkqa;a;—q“k + fl:qaqa;‘xk—q]: (42)

with the usual commutation and anticommutation rules for the aq, ag and
o, of. Under periodic boundary conditions the components of q and k
run over integral multiples of 2702-* The sum over q is restricted to the
tirst Brillouin zone. We extend the sum over k to the whole k-space, thus
neglecting the band structure of the electron. In the limit of an infinite
crystal the sum 873Q2-1%, can be replaced by / dq and (£2/873) 4,,, becomes
the three dimensional delta function é(¢ — q’). Because we limit ourselves
to states with one electron, the basic states can be written

ey = (/83 N+ agay ... a4y, [0, (4.3)

where |0} is the no electron, no phonon state. These states have the required
normalization (2.2) for £ — co. We actually are interested in states (4.3)
where N is ot the same order as £, so that there is a finite phonon density
in ordinary space. For such states we detine two distribution functions of the
phonons in g-space, #, and #,. The former 7, is simply the occupation number
of the phonon state q in the state «; it has integral values and will be called
the fine grained distribution. 7, is the coarse-grained distribution deduced
from n, by averaging over a small but finite volume element 4, in g-space

(2/823) i AQ = X 4q 1y (4.4)
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where the sum extends over all ¢ in Aq. We shall assume 7, to be smooth
in ¢. In the limit of an infinite system this function will remain unchanged
under creation or destruction of any finite number ot phonons. Consequently
for any finite time and any finite order in the electron-phonon interactions
Pg(tle'a) and wg{t|o’'«) differ from zero only when the state «’ has the same
coarse grained distribution as the state «, and in the generalized master
equation (2.13) we can assume that all states «, «, 29 have the same coarse
grained distribution 7.
We write down the master equation (2.13) for this specific system

dPg(t
E(d—lmi = 0o — o) fE(t|o) +
¢
t oo oo
-+ 2n12f el 3 3 |de ]—If,:ldqp Hfj 14qswe(t —t | ac) Py(t’| oc'oco)jl —
0 i =0

¢ o o p
—2nl2f dt’I: > X Jdk’ i_,dq, H{,,,ldqo’wE(t—t’\a’a)] Pg(t'|oop). (4.5)

0 i=0 =0
In this equation k' is the electron momentum in «'. The phonon distri-
bution in «’ differs from that in « by the fact that phonons qy, ... g; have
been removed and phonons ¢qi', ... g;' added. From (4.5) it is possible to
derive an equation describing the evolution of the electron alone. We first
remark that the eigenvalues Dj{x), G;(«) of the operators (2.18), (2.19)
depend in a very special way on the phonon distribution in the state [o.
Dy(«), Gy(«) are actuaily functions of k (the electron momentum in «), the
coarse graine distribution 7, and the number

[=1— X ngwg (4.6)

where 7, is the fine grained distribution of the phonons in |a>. As is readily
checked by calculating Gy(«) to some low order, [ is the only combination
through which the fine grained distribution enters Gj(«) and Dj(«). We

write accordingly B
Di(s) = Dy(k). (4.7)

In this and later equations the dependence on 7, is left out because, as
mentioned above, we can assume 7, to be the same for all states to be
considered. Similarly the function W (a'«) turns out to depend only on
k, k' (the electron momenta in « and «'), 7 (as defined in (4.6)), /' — I, and
the phonons ¢ ..., q;, @1’ ..., q;/ which, as defined above, make the dif-
ference between the phonon distribution in « and «'. Thus

W”»(oc'oz) = Wf,t~l’(k,k’ q1' qj', qi ... qz) (4.8)

Momentum conservation actually implies that the function (4.8) contains
the factor
ok +q1"+ ... +q —k—q1... —q;). (4.9)
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Inserting (4.7) in the definition (2.26) we find

fe(t|0) = fH(t| R) (4.10)
with
E=E — 3, no, (4.11)
Similarly insertion of (4.8) into (2.25) gives
wel\l|o'a) = Z?/E(Hk'k, qi’ ... q/, q1 ... qq). (4.12)

Also the latter function contains (4.9) as the momentum conservation
factor.

W now introduce the partial transition probability P,(¢| kk) for the elec-
tron alone, which will be shown to obey a generalized Boltzmann equation.
Let

lpo> = / o> derg ¢(0)

be the wave function of the electron-phonon system at time /= 0 and
assume as before that all states for which ¢(ag) % 0 have the same coarse
grained phonon distribution 4,. Define

P,(t| kko) = [p(ko)]™\" /i) dat [iuy) a0 Pr(t] cto)ic(oo) 2, (4.13)
p(Ro) = Jia ¢(0){? dexo, (4.14)

where the integral in « runs over all states with electron momentum % and
the twointegrals in g over all states with electron momentum Ro. Py, |(¢|eccxo)
is the same quantity as in (4.5) except that the suffix E is replaced by

E(ex) = & + X, 1,04 (4.15)
n, being the fine grained phonon distribution of «. Note that
E(ex) = E(¢'a’) with &' = e 4wy, + ... + 04, — w0y — ... —wg,. (4.16)

Return now to the master equation (4.5). Replace E by E(ex) evefywhere
except in wg(t — t'|e, ') Pg(' |a’ap) where it has to be replaced by the
identical quantity E(¢'a’). Using (4.10), (4.11), make the substitution

fE(E,az)(tI“) :fs(”k)
Similarly, with (4.11), (4.12) substitute
Wrea(t — t'a'e) =w,(t—t'|k'k, q1"...q5, Q1 ... q1)
Wt — ' |aa’) =w (t — ' | kR, q1 ... q;, q1' ... q5).

Multiply both sides of (4.5) by |c(x0)|2/p (ko) and sum over all «g with electron
monentum ko. Sum further both sides over all « with electron momentum &;
for fixed qi,...qi ¢q1’... g/ the state «’ then runs over all states with
electron momentum

F=k+q+..+qg—q —..—q

Ugiﬁg (4.1“3),‘ these summations amount to replacirig PE(W)(tlocao) 'by
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P (t|kko) and Py, (t'|a'ag) by P,(#'|k'ko). The result is the following
generalized Boltzmann equation for an electron in a phonon gas
d

7 D (¢! kko) = d(k — ko) /. (¢]k) -+

+ 2742 dt}:, zfdk' ¢ ,dq, IT5., dq, -

=0 j=0
- Wlt — v |kk', q1 ... @i, @' ... @7)P, (¢ |K'Ro) —
—2mp2 | Ay ¥ |dr TIE., dq, IT%_, dq.’ -
0 i=0 j=0

@t —t |k'k, q1 ... qf q1... @) P.(¢' |kko),  (4.17)

where ¢’ is, as before, the following function of ¢, q, and q.’

i i

g = —+— 2 Wqp — E Wyqg’. (418)
p=1 ag=1

Eq. (4.17) may be simplified further if the phonon energies can be neglected

with respect to the electron energy. &’ can then be identified with ¢ and we

find

SRR e — ko) fe10) +

+ 2mi? f: dr’ f dk'w,(t — ¢'|kk') B.(t' | k'ko)

— 2ma2 j ar f dk'w,(t — ' |k'R) P.(t' | kko) (4.19)
with '
0=t |kk) = 3 3 /TL 1dq, T} 14q, v, |KE', q1...q0 41"-q7).(4.20)

i=0j=0

Eq. (4.19) entirely agrees with the generalized Boltzmann equation for an
electron in a system of random scattering centers, which is the case studied
in the previous section. The approximate solution there obtained also
illustrates the behaviour of an electron in a phonon gas under neglection
of the phonon energies. It might be interesting to look for an approximate
solution of equation (4.17) which incorporates these energies, but no attempt
has been made in this direction.
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