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Abstract: The contribution to the exchange magnetic farm factors of jHe and 3H from two of the 
important diagrams is calculated for realistic wave functions such as for the Reid potential. 
It is found that the exchange magnetic moment depends little on the type of wave function 
used. The q2 dependence for small q2, where q is the photon momentum, shows a spatial 
extension of the exchange magnetic moment density, due to these terms, that is considerably 
less than that of the nucleons. This will make the square radius of the total density 
decrease with a few percent. 

1. Introduction 

The magnetic moments of the three-nucleon states 3He and 3H, neglecting exchange 

effects, can be determined if the percentages of S, S’ and D-states present in the ground 

state are known. Experimentally one has P(S’) = (0.5-4) % and P(D) = (4-10) %. 

As is well-known with the above range for P(S’) and P(D) there still remains a dis- 

crepancy of 0.3-0.4 nuclear magnetons between the experimental value of the 

magnetic moments and the theoretically predicted values. 

The differences generally are ascribed to the so-called exchange effects. Already 

Villars ‘) estimated these effects but used in the calculations unrealistic parameters. 

Since then, several authors ‘9 3 ) dealt with the problem using different types of three- 

nucleon wave functions. In all cases, at least within the restriction of two-body forces, 

the most important contributions come from the effects already discussed by Villars. 

They are given by the diagrams where the photon interacts with a pion which is 

exchanged between two nucleons and the so-called contact interaction. 

In view of the recent progress made in the solution of the three-body problem it 

is interesting to study the effect of the use of realistic wave functions on the contribu- 

tions of these diagrams. In this paper we will be concerned with the calculation of 

these diagrams using three-nucleon wave functions which have been determined by 

solving the Faddeev equations for a given set of two-body local potentials. Since the 

iso-scalar contributions of these diagrams are small, we will restrict ourselves here 

to the study of the iso-vector part of the exchange current. The potentials which have 

been used are from ref. “) and the more realistic soft-core potential of Reid “). In 

sect. 2 an appropriate expression is derived for the magnetic moment form factor in 

terms of the three-nucleon wave function. This expression is computed in sect. 3 

for the two relevant diagrams described above. Finally the results for the exchange 
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magnetic moment are given in the Iast section, together with the 4’ dependence of 
the exchange magnetic form factor and the resutting magnetic radii. 

2. The magnetic form factor 

For a spin-t object such as the three-nucleon ground state, the interaction with an 
electromagnetic field can in general be described by a charge- and magnetic form 
factor if we suppose that it satisfies the Dirac equation. The first problem to be 
solved is how to determine the contribution of a given Feynman diagram to the 
magnetic form factor. Such a Feynman diagram in general gives rise to an additional 
form factor in the matrix element of the electromagnetic current, since a single 
diagram does not have to be gauge invariant, i.e. 

where y = p’-p and rn is the mass of the spin-, 1 object. The magnetic form factor 
we are interested in, is simply given by 

G,,,lqz) = F&I*) + F&?). (2) 

Expressing the Dirac matrices in terms of the Pauli matrices and taking the non- 
relativistic limit, the space components of the current become 

We now take the initial and final states with s = s’ = _?i. Choosing the particular 

Lorentz frame with pfp’ = 0 we obtain for the expression 

This procedure gives a direct way to find the contribution of a Feynman diagram to 
the magnetic form factor within the non-relativistic limit. 

For the case of the ground state of three nucleons the matrix element of the electro- 
magnetic current operator j,, is given by 

G7) = <$ ba”ndljem(q)l~bo”“d>, (5) 

where Jlbcend is the tree-nucleon wave function. For simplicity we shalt assume here 
that the bound state is only given by the totally symmetric S-state, i.e., in the c.m. 
system of the three particles we have in the momentum representation 

<Pt 61 Wbound > = WA%@1 > 4*h (6) 

where WA is the totally anti-symmetric spin-isospin function and pi, q, are the 
relative momenta related to the momenta ki of the particles by 
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1 (k, - b), I’1 = 2JM 

&(kz+k,-2k,), 
” = 2J3M 
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(7) 

where M is the nucleon mass. Inserting eq. (6) into eq. (5) we obtain 
n 

j(q) = j dp, dq, dp; dq; (PO(P I 3 S)(PO(PI 2 cd)<& 4 k, ~*l.k,(q)lk; k; k; WA>, (8) 
with 

k, = -2J+Mq,++P, 

k, = JMPI +&Ma + 9’3 

k, = -JMP~ + JWq, +3-P, 
and where P is the c.m. momentum of the three particles. 

(9 

3. Contributions of the diagrams 

We are now in a position to compute the contributions of the diagrams described 

in the introduction. They are shown in fig. 1. 

(a) (b) 

Fig. 1. The pionic-exchange current diagram (a) and the exchange current diagram (b) where 
the photon interacts with one of the nucleons. The blobs in both diagrams denote that the three 
nucleons form a bound state. ki and kl’ are the nucleon momenta and q is the photon momentum. 

Following Chemtob and Rho “) we consider a pseudo-scalar coupling theory of 

pions and nucleons. In contrast to the case of pseudo-vector coupling theory where 

the contact term occurs in the interaction Lagrangian, this term is found here by 

taking the negative frequency part of the nucleon propagator in fig. lb. 

After summing over all possible permutations, the contribution of the two types 

of diagrams may be written as 
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where g is the nN coupling constant, F,(q’) is the pion charge form factor and 
Fv(q2) is the isovector charge form factor of the nucleon. The first term in eq. (10) 
is due to the fig. la, For Z(q’) one readily finds 

(d . qy -Llzqz 
x [(A +34)2+P21Lt~ -w2-w21 ’ (W 

with .4 = (pf -pi) J% and p the pion mass. The second term in eq. (10) is due to 
the negative frequency part of fig. 1 b, i.e., the nucleon propagator [iy(q + k,) + N ]- ’ 
is replaced by 

-1 iy~(q+k2)+~4~Iq+kz12+M2-M 

2&+k212+MZ ~lq+~~~2+~2+q~~~2~ * 

As already noted by Chemtob and Rho the positive frequency part should be dropped, 
since it has already been taken into account in the one-particle matrix element of the 
magnetic form factor. In this way one gets 

q2-224 ’ q 
. 

(d -4q)” +,u2 
(12) 

Taking q2 = 0 the eqs. (lo)-(12) re d uce to the result of Chemtob et al. and of 
Padgett et al. and Villars for the magnetic moment due to these diagrams. 

4. Results and ~oa~Iu~mg remarks 

In the calculation of the exchange magnetic form factor we are dealing with the 
nine-dimensional integrals Z(q “) and K(q 2), which however can be simplified consider- 
ably. For the details we refer to the appendix. For the nucleon form factor F,fq’) 
appearing in eq. (IO) we have taken the analytic form given by Janssens et al. “) and 
the vector dominance model has been used for the pion form factor, i.e. 

where mp is the mass of the p-meson. For the various physical parameters we have 
used 

M = 939 MeV, JL = 139.6 MeV, mp = 765 MeV, g = 13.5. 

The calculation was done for several wave functions. In the first place we have 
taken the solution of the Faddeev equations for the two-body soft-core potential of 
Reid. Also the central s-wave potentials of ref. “) have been considered. These consist 
of a singlet potential with core and a triplet one with and without a core respectively. 
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For details of how the wave functions are determined from the two-body interactions 
we refer the reader to refs. 4, ‘). For comparison we have also used the analytic wave 
functions of the Gauss and Irving type, which have been considered extensively by 
Schiff ‘). They are given respectively by 

~~~~~~~~~ y a) = N exp C - 3 (P? +d) 1 y 

~~rving(P1~ 41) = N’ [ l+ z (P:+4:)] -‘y (15) 

where N and N’ are normalization factors. 
Writing the form factor for small q2 as 

‘Z&12) = GZ,“,,(O)CI -+~2<r2>Z,1, 06) 
the square radius of the magnetic moment distribution has also been computed. 
The results are summarized in table 1 and in fig. 2. 

TABLE 1 

The exchange magnetic moment in nuclear magnetons and magnetic square radii in fm* for 
various wave functions used 

Wave function G&(O) <r’%, G"'(0) Gc2'(0) 
(n.m.) (fm? (n.m.) (n.m.) 

Reid soft-core potential 

potential I-III from ref. 4, 

potential I-IV from ref. *) 
(soft core in singlet only) 

Gauss with o! = 0.348 

Irving with a = 1.27 

0.15 1.16 -0.12 0.27 

0.16 0.99 -0.14 0.30 

0.14 0.84 -0.21 0.35 

0.16 0.79 -0.17 0.33 

0.14 0.91 -0.18 0.32 

Also the separate contributions G”r and Gcz) to the exchange magnetic moment from the 
figs. la and lb respectively are given. 

From table 1 we see that although the separate contributions of figs. la, lb are 
very sensitive to the choice of the wave function, due to their opposite relative sign, 
the total contribution depends little on the type of wave function used. Also it is 
clear that these diagrams alone will not account for the total difference of 0.3-0.4 
nuclear magnetons which one expects from exchange effects. Estimates have been 
made of contributions from heavy meson exchange and the presence of S’ and D-states 
in the three-nucleon wave functions. They turn out to be small. Other possible causes 
for the difference are three-body and normalization effects. Some recent attempts 2t “) 
have been made to study these effects, but since it is not clear how reliable they are 
we have not considered them here. 
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In conclusion, the value for (I”)~~~ is very small t compared to the square radius 
computed from the one-particle matrix element of the magnetic form factor ‘). In the 
latter case the square radius is about 4 fm ‘. The exchange effect, calculated here, 
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Fig. 2. The exchange magnetic form factor in nuclear magnetons as a function of momentum transfer 
in fmm2 for various wave functions. Curves (a), (b) and (c) are for the wave functions found from 
the Faddeev equations for the Reid potential, the potentials I-III and I-IV from ref. 4). Curves (d) 

and (e) are for the Gauss and Irving wave function. 

wiil decrease the values of (r’) given in ref. “> by only a few percent and hence wifl 
not affect the conclusions reached there about the magnetic radii of 3He and 3H. 

This investigation is part of the research program of the “Stichting voor Funda- 
menteel Onderzoek der Materie” and was made possible by financial support from 
the ““Nederlandse Organisatie voor Zuiver Wetenschappelijk Onderzoek”. 

i A value of (rZ>“,“,, = 1.8 fm2 is mentioned in ref. *), which is larger than our result. This may 
be due to the wave function used. 
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Appendix 

The functions Z(q’) and K(q’) can be reduced to more manageable forms. Intro- 

ducing the angle 8 between the vectors A and q we may write 

~(c12) = -1 dp, dp; dq, (P&I > cl&o 14 3 
( I 

ql- &I) 
V 

A2sin20 

’ (A2+&q2+p2)2-A2q2 cos2 0 

Defining the mixed Fourier transforms: 

X(K 41) =I dpi exp (- iR - P~JM)cP&~ t ql), 

Y(R, q) = 
s 

dA exp (id - R)A2 sin’ O[(A” ++q2 +$)2 - A2q2 (30s~ O]-‘, 

the integral reduces to 

(A-1) 

(A.4 

(A.3) 

G2) = 
02 s s dq1 o dR R’X(R, q&f dS2, Y(K 4). (A-4) 

The integration over Sz, can be simplified to 

dSZ, Y(R, q) = 8x2 mA2dA jo(AR) 
s 

1 - 
(d2+$q2+p2)2-q2A2 ln(-f?-+3q)2+~2 __~ 

0 q2 q3A(A2 +;tq2 +$) (A -tq)2-~2 1 
s !$ Z(R, q). (A4 

Finally Z(q2) reduces to the form 

I(q2) = -210mRdRZ(R, q)/omq:dqt X(R, qlfIdz 

q2 4412 + 
q:+t-=)) 

12M J3M 
. (Ah) 

Following the same procedure as for Z(q’) one finds for the other function K(q “) 

in eq. (11): 

s s co 

K(q2) = - dq, R’dR X(R,q,)X W(R, 4) (A.7) 

0 

with 

W(R, q) = G (P+ i) fg j,(+Rq), (A.9 

where j,(x) is the spherical Bessel function. Hence K(q2) reduces to a three-dimen- 

sional integral. 
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