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Abstract: A field-theoretical model, due to L6vy, is studied. It contains a triplet~of 
quarks and a pseudoscalar and a scalar  meson honer. The original SU(3) x SU(3) 
symmetry is broken by terms linear in the scalar  meson fields. A renormaliza-  
tion and regularization procedure is defined in order to remove the ultra-violet 
divergences. The possibility of a spontaneous breakdown of the symmetry is 
described and the Goldstone theorem is verified in the one-loop approximation. 

Moreover, the Ademollo-Gatto theorem is reproduced. The axial vector 
coupling constants differ in f i rs t  order of the SU(3) symmetry breaking. 

1. INTRODUCTION 

Some y e a r s  ago Ce l l -Mann  [1] and Gel l -Mann,  Oakes  and Renner  [2] 
p r o p o s e d  a model  for  the s t rong  i n t e r a c t i o n s  with two impor t an t  f e a t u r e s .  
In the f i r s t  p lace  the t t ami l ton ian  dens i ty  was given by 

= g~0 - co u0 - c8 u 8 ,  

w h e r e  g 0  is i nva r i an t  under  SU(3) x SU(3) s y m m e t r y  and the s c a l a r  den- 
s i t i e s  u i toge ther  with the p s e u d o s e a l a r  dens i t i e s  v i (i = 0, 1 . . . .  ,8)  t r a n s -  
fo rm a c c o r d i n g  to the (3 ,3)+  (-if, 3) r e p r e s e n t a t i o n  of SU(3) x SU(3). F u r t h e r  
the e q u a l - t i m e  commuta t ion  r e l a t i ons  of the v e c t o r  and ax ia l  vec to r  cha rge  
o p e r a t o r s  were  a s s u m e d  to r e m a i n  va l id  a l so  in the p r e s e n c e  of the 
SU(3) x SU(3) b r e a k i n g  in te rac t ion .  

One may  be i n t e r e s t e d  to what extend the s y m m e t r y  b reak ing  man i f e s t s  
i t s e l f  in o b s e r v a b l e  quan t i t i e s .  F o r  example ,  a cco rd ing  to the Ademol lo -  
Gatto t heo rem no f i r s t  o r d e r  SU(3) s y m m e t r y  b reak ing  e f fec t s  occur  in 
the weak  v e c t o r  coupl ing constant .  It i s  an i n t e r e s t i n g  ques t ion  a s  to what 
the symmet rY  b r e a k i n g  ef fec ts  may be for  the axia l  v e c t o r  cu r r en t .  Ex -  
p e r i m e n t a l l y  no l a r g e  b r e a k i n g  of SU(3) s y m m e t r y  is  seen ,  and one may be 
t empted  to specu la t e  that in c e r t a i n  mode l s  an A d e m o l l o - G a t t o - l i k e  
t heo rem holds for  the axia l  v e c t o r  c u r r e n t s .  In f a c t ,  r e cen t ly  Matsuda and 
Oneda [3] f o rwarded  an a r g u m e n t  conce rn ing  this  pos s i b i l i t y .  

In th is  a r t i c l e  we intend to s tudy the e f fec t s  of s y m m e t r y  b r e a k i n g  in a 
f i e l d - t h e o r e t i c a l  example  of G e l l - M a n n ' s  p roposa l .  This  model  was sug-  
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gested by L~vy [4] as  an extension of the well-known s igma model. The 
densi t ies  u i and v i a r e  provided by the sca l a r  and pseudosca la r  meson 
fields. Besides the eighteen sca la r  and pseudosca la r  mesons  the model 
contains a tr iplet  of quarks.  L~vy investigated the effect of the s y m m e t r y  
breaking t e rms  in the t ree  approximation.  However, if one wants to study 
the effects of s y m m e t r y  breaking in a wider sense  one must  compute 
higher  o rde r  cor rec t ions .  For tunate ly  the model is renormal izab le  and a 
p rocedure  is available which conserves  the symmet r i e s  of the model. Lee 
[5] gave a demonst ra t ion of this p rocedure  for the s igma model and his 
a rguments  can eas i ly  be general ized for L~vy 's  model. The essent ia l  par t  
of L e e ' s  a rguments  is that it is possible to make the theory  finite by using 
only the coun te r t e rms  of the s y m m e t r i c  theory.  Moreover  he descr ibes  
how the handle the t e r m s  l inear in the s ca l a r  fields co r rec t ly  in pe r tu rba -  
tion theory.  

The f i rs t  t e rms  of a per turbat ion expansion including the effects of one 
closed loop a re  computed in this paper .  Sect. 2 gives the explicit  form of 
the model and its s y m m e t r y  proper t ies .  An important  point is the existence 
of some Ward-Takahashi  identities,  which serve  as a test  for the ca lcula-  
ti ons. 

In sect.  3 the renormal iza t ion  and regular iza t ion scheme is presented.  
Sects. 4 and 5 give the calculation of the propagators  and the ver i f ica-  

tion of the Goldstone theorem [7]. Moreover  the coupling constants  of the 
vec to r  and axial vector  cu r ren t s  a re  determined.  

In sect.  6 some SU(3) s y m m e t r y  breaking effects are  considered.  The 
coupling constant of the s t rangeness  changing vec tor  cur ren t  turns out to 
be unrenormal ized  to f i r s t  o rde r  in SU(3) s y m m e t r y  breaking.  This is in 
accordance  with the Ademollo-Gatto theorem [8]. In the case of a sponta- 
neously broken solution this theorem remains  valid. The difference of the 
s t rangeness  changing and s t rangeness  conserving axial vec tor  coupling 
constants  is of f i rs t  o rder  in SU(3) s y m m e t r y  breaking. This is in cont ra-  
diction with the suggest ions of ref.  [3]. 

2. THE MODEL AND ITS SYMMETRY STRUCTURE 

The Lagrangian of the model is 

= - ~ t t  a/1 q - ½ Wr {(a ~t p)2 + (0/1 ~)2 + ~t2(p2 + ~2)} 

-g~( i75P + ~ ) q - k W l ( P ,  ~ ) -PW2(P , ~ ) -  vW3(P , ~ ) + c 0 ~ 0 + c 8 Z  8 , (2.1) 

where q is a quark  tr iplet  of four-component  fe rmion  fields and ~ and P 
a re  nonets of sca la r  and pseudosca la r  meson fields, which a re  represen ted  
by t h r e e - b y - t h r e e  m a t r i c e s  in the following way: 

1 1 
P = ' ~  PiXi and ~ :-S'-~ ~iXi " 

The X i a re  the usual Gell-Mann mat r i ces  [1], (i = 0, 1 . . . . .  8). WI(P , ~), 
W2(P, ~) and W3(P , ~) a re  m e s o n - m e s o n  interact ions  of the following type: 
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W 1 (P, Z) = Tr  { p4 + Z4 + 4Z 2 p2 _ 2PZ PZ} , 

W2(P, ~) = [ T r { P  2+Z2}] 2 , 

W3(P , Z) = 2Wr{Z3} - 3Wr{Z} Wr{Z2}+(Wr{Z}) 3 

- 6 T r { Z P  2} +6 T r { Z P }  Wr{P} +3 Wr{Z} Wr{P 2} 

- 3 T r { ~ }  (Tr{P})  2 . (2.2) 

Apart  f rom the t e r m s  l inear  in the Z fields, the Lagrangian is invariant  
under  the following inf ini tes imal  SU(3) x SU(3) t ransformat ions  [4]: 

1 • V - - 1  
5q = i ~ V ~ h i q  , 5~ = -~q i  q~hi ' 

8 P = ia  v (½h i P - P½h i) , 

. V l  
5 ~  = ~ a  i ( ~ h  i ~ -  ~ ½ h i )  , i = 1 . . . . .  8 ( 2 . 3 )  

and 

h i  _ 1 
5q = i(~ i -~hi~5 q , 5q= i~Aq~5-~hi , 

5 P  = - ~/A (½hi ~ + ~ ½ h i ) ,  

5~ a f (*~hiP h i) : - + P ½  , i : 1 . . . .  , 8 .  ( 2 . 4 )  

Note that the Pi and Z.. t r ans fo rm according to the (3, 3)+ (3, 3) representa-  
tion of SU(3) x SU(3). ~ 

The t rans format ions  (2.3) generate  an octet of vec tor  cur ren ts .  

5A? 
~T . - -  

=iOn, ½ X i q + i T r { ½ h i [ P  , a P]+½hi[N, a g B ] } .  (2.5) 

An octet of axial vec tor  cu r r ec t s  is  generated by the t ransformations (2.4). 

5 2  
- - -  ---- - 2  i ° A"i : 5a. qA ,% v5~h/q +Tr{½hi{P, 8bLzi !k {Z, O P}} (2.6) 

The brackets [, ] and {, } mean commutation and anticommutation. 
The equations of motion give the PCAC result 

62 
O A i -  5a A = - ( d i j O c O + d i j 8 c 8 ) P j  (2.71 

and for  the vec tor  cu r ren t s  
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6~2 
v . . . .  ( 2 . 8 )  

Due to the s imple  s t ruc tu re  of the s y m m e t r y  b reak ing  pa r t  of the 
Lagrangian  (2.1)we have some useful Ward-Takahash i  identi t ies  [9]: 

a (0 IT ( n i ( x ) ~ ( O ) ) 1 0 )  = - (dinoC 0 +din8C8) 

× (0 I W (Pn(X)Pj(O)) I0>- i(dij 0 (0 12;0 I0> 

+dij 8 <01~8 [0>) 54(x) , (2.9) 

(0 IT (V~i(x) ~j (0))I0) = fin8 c8 <0 IT (~n(X) ~j(0)) I 0) a x~ 

+ifij 8 (0 I~; 8 IO) 54(x) , (2.10) 

0 
Ox~, - -  <o ]T (V~ i(x) ~ (y) Pk (z)) ]0) = fin 8 c8 <o l T (Zn(X) ~(y) Pk(Z)) l 0> 

+/54(x- Y)fijn (0 IT(Pn(Y)Pk(Z) ) ]0) 

+ ifi~ 84(x- z)<OfT (9 (y) P(z)) ] o>, (2.11) 

Ox~ ~ (0IT (V i(x) q(y)~(z)) I 0) = fij8 c8<OIT(~(x)q(Y)q(z)]O) 

- 64(x - y) ½k i (0 IT (q(y) q(z))[0)+54(x - z) (01T (q(y) ~l(Z))]0) -~)~ 2 i ,  (2.12) 

(0 IT (A i(x) q(y) ~(z)) 10> = - (dij 0 c o + dij 8 c8) ax/z 

× (0 IT (Pj(x) q(y) ~(z)) I 0 >- 54(x - y ) ½ X/Y5 (01 w (q(y) ~(z)) [o> 

-54(x  - z) (0 IT (q(y)~(z))[0) Y5½~ / . (2.13) 

The identi t ies  (2.9) and (2.10) give essent ia l ly  the Goldstone t heo rem [7] as 
pointed out by Lee [5]. The ident i t ies  (2.11) and (2.12) a s s u r e  the vec to r  
coupling constants  of the cu r ren t s  with i = 1, 2, 3, 8 to be unrenormal ized ,  
which is a suff icient  condition to der ive  the Ademol lo-Gat to  theo rem [8]. 

3. RENORMALIZATION AND REGULARIZATION 

Some years ago L~vy calculated the physical quantities of the model 
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(2.1) in a t r e e - app rox ima t ion  [4]. However,  such a calculat ion does not 
show some well-known effects  like the renormal iza t ion  of coupling con- 
s tants .  Because  we a re  in te res ted  in SU(3) s y m m e t r y  break ing  of the re-  
normal ized  cu r r en t  coupling constants  we have to take into account the 
effect  of closed loops.  F o r  convenience we take the coupling constants of 
the m e s o n - m e s o n  in te rac t ions  (2.2) equal to ze ro .  

Cons ider  now a per tu rba t ion  s e r i e s  in g. Following Lee [5] (gF0) and 
(gF 8) a r e  taken to be of o r d e r  ze ro .  This  co r r e sponds  to an expansion 
with respec t  to the number  of closed loops [10] (not counting loops contained 
in the tadpoles).  F 0 and F 8 a r e  the vacuum expectat ion values  of the ~0 and 
~8 fields,  obtained by summing all d iag rams  represen t ing  the vanishing of 
a ~0 or  ~8 line into the vacuum. As a resu l t  of this approach two cons is -  
tency re la t ions  for  F 0 and F 8 a re  obtained, as will be shown more  expli- 
c i t ly  in sect .  4. 

When calculat ing d iagrams  we a r e  concerned  with the problem of u l t ra -  
v iole t  d ivergenc ies .  By adding ce r ta in  coun te r t e rms  one can make the 
theory  finite. Genera l iz ing  the a rguments  fo r  the sigma model [5, 6] it is 
c l ea r  that the c o u n t e r t e r m s  of the SU(3) x SU(3) s y m m e t r i c  theory  a re  
sufficient .  F o r  the s y m m e t r i c  theory  in the one-loop approximat ion we need 
only four  c oun t e r t e rms :  

- ½5/~ 2 ZB T r  {p2 + ~ 2 }  _ ½ (Z B _ 1) Tr { ( t /1  p )2  + (~ ~t ~)2  + ~t2 (p2 + ~ 2 ) }  

_ 4 5A WI(P, ~) (3 1) - (Z F -  1)qvg t a g t q - g  • . 

These  e o u n t e r t e r m s  make the boson and fe rmion  propaga tors  finite. The 
four th  e o u n t e r t e r m  cancels  the d ivergence  of the box d iagram with a f e rmion  
going around.  

8o our  Lagrangian  has the following s t ruc tu re :  

= - q~'/z a u q-  ½ Wr { ( a t  p)2+ (a/~ Z)2 + ~t2(p2 + Z2)} 

- g~( iV5 P +  Z) q+ Co ~0 + c8 Z8" ½5/~ 2 ZB T r  {p2 + Z2} 

- ½ (Z B -  1) Wr {(a t  p)2+ (a/~ N) 2 + ~t2(P 2 + N2)} 

- [Z F -  1) q7/~ a~t q_g4  5A W I ( P  , ~ ) .  (3.2) 

To fix the c o u n t e r t e r m s  in e v e r y  o r d e r  we insis t  that the pion propaga tor  
has a pole at 1,2 = _ ~t2 = _ m 2, rnrr is the physical  mass  of the pion, and 
f u r t h e r m o r e  we requ i re  the pion f ie lds  and one of the quark  f ields to be 
asympto t ica l ly  normal i zed  to unit amplitude.  The fourth coun te r t e rm  
contains one f r ee  p a r a m e t e r  which may be fixed by the exper imenta l  rr- 7r 
coupling constant .  

In o rde r  to c a r r y  through this r enormal i za t ion  scheme we add a set  of 
r egu la to r  f ields to the Lagrangian (3.2): 
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where 

A?REG 

2 ~  Z?+ ~ R E  G , 

= E [ -Ql(ypO 1 -2 +mj) 2 

j : l  p + m j ) Q j -  Q~ (~# O]z Qj 

./ ./ 3 

+ E [ _ ½ n k T r { ( O t t i i k ) 2 +  2 2 2 2 k=l (aU s2k) + #k(IIk +~k)} 

- gk q(iY5 IIk + g2k)q]" (3.3) 

Q l a n d  are  t r iple ts  of fe rmion  regulator  fields. They have opposite Q2. 

parity.  ~o for  every j there are  six regulator  f ields which form an SU(3) 
tr iplet  and a pari ty doublet. The various fe rmion  regula tors  QJ, 2 are 
quantized according to the anticommutation ( ~  = + 1) or  commutation re la -  
tions (~j = -1).  IIk and ~k are SU(3) nonets oUpseudoscalar and sca la r  
boson regulators  with normal (77 k = + 1) or indefinite metr ic  0?k = - 1). 

Because we want to conserve the symmet ry  of the original  Lagrangian,  
we are obliged to require  the following SU(3) × SU(3) t ransformat ion  
propert ies  for the regulator  fields:  

and 

6 - i , 2  V - I , 2  1 Qj = - i s . ,  Qj ~h / ,  

8%=i %=i (3.4) 

o :41 2 

6 = - c ~ .  ½ , 

% = -  % + (3.5) 

Apart from the terms linear in the E fields, .I~ +-/~REG is invaxiant under 
the combined t ransformat ions  (2.3), (3.4) and (2.4), (3.5). Therefore  all 
the symmet ry  relat ions like Ward-Takahashi  identit ies remain  unchanged. 

Concerning the fermion regula tors ,  this procedure is an SU(3) genera l i -  
zation of the concept of pari ty doublet regulators  as proposed by Gervals  
and Lee for  the s igma model [6]. 

By means of these regulator  fields one can make the theory finite. Be- 
cause these fields a re  unphysical, their  masses  will be taken very  large.  
When doing this, four divergences appear  in our calculations,  which will 
be denoted by D1, D2, D 3 and D 4. They can be absorbed into the counter-  

.Y =-or i Qj a i '  
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rS~ab(p) 

~b(p 2) 

Z 

Za(p) -- f = = 
p a 

V 

l : ~ ( P i  IP2) - -- = 
P l -  a P2 

Fig.  1. Diagrams with corresponding functions. Clebsch-Gordan coefficients a re  not 
included in the definit ions.  Tadpoles a re  attached to internal  fermion lines,  which 
give the internal  quarks a mass :  m a = g F  a. However, such at tachments a re  

omitted in all  the f igures .  

t e r m s .  In a p p e n d i x  A the  r e g u l a r i z a t i o n  p r o c e d u r e  i s  w o r k e d  out  f o r  a l l  
d i a g r a m s  tha t  we need  l a t e r .  T h o s e  a r e  l i s t e d  in f ig.  1. 

T h e  F e y n m a n  r u l e s  f o r  the  L a g r a n g i a n  (3.2) a r e  shown in f ig .  2. The  
q u a r k  m a s s  in the  t r e e  a p p r o x i m a t i o n  i s  

rn a = g F a  , (3.6) 

w h e r e  a d e n o t e s  p,  n o r  k q u a r k .  F a i s  d e f i n e d  by  

Fp=F n---~(F o÷ Fa), 
1 

F x -- ~ (F  0 - , ~  F 8) . (3.7) 

B e c a u s e  SU(2) s y m m e t r y  i s  c o n s e r v e d ,  we wi l l  u s e  only  the  i n d i c e s  p and X. 
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• ---------, i(p2+ 2)-I P or Z line 

: : : ~ p-2 quark line 

I 
! 

-i g 75 or -g quark-P or quark-Z vertex 

.... X c o or c 8 linear Z ° or Z 8 term 

"X" -SM 2 Z B mass renormalization counter- 
term 

-(Z B- I ) (p2+ 2) wave function renormalization 
eounterter~ 

: ~ ~= -(Z F- 1) ~ wave function renormalization 
counterterm 

% / 
%% / /  
/~ -g45A W I (P,Z) meson-meson counterterm 

\ 
/ /  %% 

- - - _ - ~  F ° or F 8 

~ • and 
V o r A  

vacuum expectation value 
of the Z ° or Z 8 field 

vertices belonging to the 
vector and axial vector currents 

Fig. 2. The Feynman rules for the Lagrangian (3.2). 

4. CALCULATION OF THE PROPAGATORS; 
CONSISTENCY RELATIONS 

T h e  c o u n t e r t e r m  5A c a n c e l s  the  d i v e r g e n c e  of  the  f e r m i o n  l o o p  c o n t r i b u -  
t i o n s  to the  f o u r - p o i n t  b o s o n  v e r t i c e s .  C a l c u l a t i o n  g i v e s  the  r e s u l t :  

D 1 
5A = - -  +~  (4 .1)  

8~2 • 

may  be f ixed by the e x p e r i m e n t a l  ~ -  ~ coupl ing  cons tan t .  
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To determine the counterterms Z B and 5p 2, we impose the pion propa- 
gator to exhibit the behaviour 

D~(s) = i as s ~ -  U 2 (4.2) 
s+~2  

The expression for the pion propagator is given in appendix B, and leads to 

2 g2 Is[D3_~]+6D2 ~ m2 2 m2p iD-1(s) = s+AL . . . .  ÷rn I o g - -  
4~2 p p p2 

1 sx ( l_x )+m~l+4g2km2 
+½s f dxlog ~2 p 

0 

+Z BS~ 2+(z  B - 1 ) ( s +  2 ) .  (4.3) 

Imposing the condition (4.2), the contribution of the counterterms is 

ZB82+(ZB_l)(s+ 2) :4~ ---~g2 _~ 2 2 ~ {s[D3-½]+6D 2 m +m log p p ~2 

+½S%p(- 2) _ ½ (s +u 2) U2Spp(_ 2 ) } _ 4 g 2 k m  2p, (4.4) 

where we used the notation 

1 s~(i - ~) +m~ ~ + ~ ( i  - ~) 
Bab(S) = f dxlog 

0 ~2 ' 

Bab(S) = d~S  ab(S) . (4.5) 

a and b denote the part icular  members  of the quark triplet. 

"}" " - - - - - ~ - - - - q  "b 

- - - x - - - -  

9 ! 
! 

! 
! 

. _ _ _ ~ _ _ . .  

Fig. 3. Diagrams of the meson propagators. 

The diagrams that contribute to the meson propagators a re  shown in 
fig. 3. Appendix B gives the corresponding expressions. Because a P0-  P 8  
and a Y-'0- Y-'8 mixing ar ises ,  the propagators of the Z0-  ~,8 and the P0-  P8 
combinations are  represented by two-by-two matrices.  A straightforward 
calculation gives the following result  for the pseudoscalar mesons: 
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2 g2 Bpp(-/12)]+(s+/12)/12Bpp(- /12)} (4.6) i f f  l(s) = s+ tt - -  {S[Bpp (S)- 
n - 8n2 

) 
/12)] m3~)2 Sp3~(s ) + s [%3~(s) - Spp(- + (mp - 

+ (s +/z 2) It 2 Bpp(- /12)} + 4g2 kink(m3+. _ rap) , (4.7) 

-1 2 2 2 2 2 m2 2 m2 
Wo8(S) : s +/1 - 8~ 2 {T (~p- "%)÷"% ,og ~-% log 

+½ s[B3t • (s) + Bpp(S)- 2Bpp(- /12)] + (s +/12)/12Bpp(-/12)} 

- - m (rap- m3~)+m3 log ~- mp log /12 

1 - . ( 4 . 8 )  

2"]'2 - 
The propagators of the scalar mesons, denoted by a wiggle, have the 

following form: 

2 g2 m2 _Bpp(_/12)]+4m~Bpp(S ) i~-l(s)  = s+/1 -8n 2 { -~  p+S[%p(S) 
71" 

+ (s +/12)/12B~p(S) } + 8g2 Xm~, (4.9) 

m 2 
iDKI(S> =s +/12 -8-~2g2 {- ~(mh +mP > (19 mh- 3rap> + m 2 log ~ 2  2~- m2p log ~/12 

+ s[%x(s>- %p(- .2>I +(% + ~x> ~ %x(s> 

+ (s+ /12) /12B~p( - /12)}+ 42 kink(rap +mx ) , (4. i0) 
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m2 m~ 
• ' 

zD08(s) = s + .  - ~  log ~2 . 2  

+ Xs2 [Bpp(S) +Bxx (s) - 2Bpp(- tx2)] + 2m2p Bpp(S) 

+{ [8--~2 { 9 (mp - - - ~ -  . 2  

+~ s [ s ~ ( s l  - Bpp(~l] + 2m~ B ~ ( s ) -  2m2p%p(S ) 

By means of the formulae (4.6) - (4.11) we can calculate the masses,  the 
wave function renormalization constants and the mixing angles of the 
mesons, because these quantities are determined by the poles and the 
residues of the propagators. 

~P 
I 

© - - - . o  . . . . .  x + . . . .  + ---~---o 
I 
I 

q-  - - - x - - - O  + - - - - @ - - - - 0  

Fig. 4. The pictorial representation of the consistency relations. 

For the vacuum expectation values of the ~0 and the Z8 field two con- 
sistency relations hold. They are represented by the diagrams of fig, 4. 
The corresponding expressions are shown in appendix B. A straightforward 
computation yields the result: 

[ 2_ gA.4Bpp(_  2 ) 1 F  = 1 ~22 8~.2 p -~ [% + ':8] ' (4.12) 

1 [ .  2-g281r2 . 4Bpp( - . 2 ) ]  Fk : - -~[c0-~2c8]  

2 g2 m 2 + - -  2 X m2 [log m2 +4g2X(m~-mx/Fx 4 ~ 2 { m x [ l o g ~ - ~ - ~ l -  ~ - ~ ] } F  x .  (4.13) 
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By means  of these  cons is tency  re la t ions  one can der ive  cer ta in  equa- 
tions fo r  Fp,  FX and the inverse  p ropaga tors  at the point s = 0. These 
equations,  Which a r e  a consequence of the Ward-Takahash i  identi t ies  (2.9) 
and (2.10), have the following form:  

iD-l(o) F ,  1 [Co+ 1 P =--4"3 ~ c8] , (4.14) 

~ 1  2 1 
iD (0)[Fp+F~.] = -~ [ c0 - - 2 -~c8 ]  , (4.15) 

iDKI(0) [ F p -  F~] = ~2 c 8 , (4.16) 

i.o~(O) ~-- c (4.17) 

Where D~I(0) is a two-by- two mat r ix  and c and P r ep re sen t  the vec tors :  

1 
c = (c8, c 0-  - ~  c8 ) ,  

F=-~l ( , f2 (Fp-  FX) , F p + 2 F k )  . (4.18) 

The equations (4.14)- (4.17) give the well-known resu l t  that a spontaneous 
breakdown of a s y m m e t r y  entai ls  the exis tence of m a s s l e s s  bosons,  which 
is the Goldstone theorem [7]. 

- y • + : , = x ~  + = = = 

Fig. 5. Diagrams of the quark propagators 

The diagrams contr ibut ing to the quark p ropaga tors  a re  shown in fig. 5. 
The cor responding  express ions  a r e  given in appendix B. We fix the count- 
e r t e r m  Z F in such a way that the proton  quark field is asymptot ica l ly  
normal ized  to unit ampli tude:  

%-- 1 + 8,792 ~ [ ~ 4  + ~] ÷A(- %12 _ 2m~A,( -~)~  , (4.191 

where  we used the notation 
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1 t sx (1-x )+v  2x+m2(1-x)  
A(s) = f dxx 2 log U2 

0 

sx(1-x)+ ~2x+m2(1-x) f' 
+ log ~2 

A,(s) = d A(s) . 

Using this resu l t ,  the quark  p r o p a g a t o r s  obtain the following form:  

p ' 

where  q denotes  a p a r t i c u l a r  m e m b e r  of the qua rk  t r ip le t .  
The poles  and the r e s i dues  of the p r o p a g a t o r s  d e t e r m i n e  the quark  

m a s s e s  and wave function r e n o r m a l i z a t i o n  constants :  

g2 2 
= M = m p { l + 2 m  2 A'( -  

p n P ~ rap) } , M 

+8-- ~ 

Z -1 = Z °1 = 1 , 
p n 

ZX 1 = 1 -  ~ { A ( - m  x ) - A ( -  r ap ) -  . 

(4.20) 

(4.21) 

(4.22) 

5. THE CURRENTS 

In this sec t ion  we ca lcu la te  the r e n o r m a l i z e d  v e c t o r  and axia l  v e c t o r  
coupling cons tan ts ,  which a r e  defined in the m a t r i x  e l emen t s  between 
qua rk  s ta te  of the s t r a n g e n e s s  changing and the s t r a n g e n e s s  conse rv ing  
c u r r e n t s .  One has  f o r  ins tance  

(P(Pl)I ~1+i2 ] n(P2 )) 
- ~ _  v 2 v 2 v 2 

= Z~ZnUp(Pl)(Fl+i2(q )rg+Gl+i2(q )a~vqv+Hl+i2(q )q~)Un(P2), 

and s i m i l a r l y  for  the o the r  m a t r i x  e l emen t s .  
q = P 2 - P l ,  w h e r e P 2  and Pl  denote the m o m e n t a  of the in- and outgoing 

qua rks  r e spec t ive ly .  
The coupling cons tants  g a r e  defined by 
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! V+i2(0 ) v =z z F 
gl+i2 p 

v = z   FV+ 
g4+i5 pZ~ i5(0) ,  

1A+i2(0) A =z z F 
gl+i2 p 

A = z  , 
g4+i5 P Zk i5(0) (5.1) 

Zp, Z n and Z~ a re  the wave function renormal iza t ion constants  calculated 
in the previous  sect ion.  

The d iagrams which rep resen t  the contributions to the matr ix e lements  
of the cur ren t s  a re  shown in fig. 6. The d iagrams of the third type vanish, 

9 x = q-  -- \ =  X = .  : -~- = I _ 

Fig. 6. Diagrams of the current matrix elements. 

because  the contributions of the var ious  mesons  cancel .  Diagrams other 
then shown here  will give a contribution only to the sca la r  and pseudo- 
sca la r  form fac tors .  For  the vec tor  cu r ren t s  V~zl+i2 and V~4+i 5 the 
d iagrams give the following expression:  

ZF {/Y~ - i [2A~p(Pl  IP2)+ A/~k(Pl IP2)] 

+/T5[2A/~p( Pl  I P2) + A/z~t (Pl  I P2)] 75} , (5.2) 

where  A/za(Pl lP  2) is  calculated in appendix A. 
For  the axial cur ren t s  the contribution has the following form: 

ZF {/7/175 + iT5 [2A#p( Pl  [ P2) + A#~(P l  I P2)] 

- i[2 A~p(Pl  Ip2) +A/Ix(pllP2)]TS} • (5.3) 

Note that up to o rde r  g2, P2 gives the only difference between the (1 +i2)th 
and the (4 + i5)th component of the vec tor  and axial vec to r  current .  P2 is 
the momentum of a neutron quark in the f i r s t  and of a lambda quark in the 
second case.  When the quarks a r e  on mass - sha l l  this gives an 8U(3)- 
breaking effect.  Using eqs. (4.19) and (4.22), a s t ra ight forward  calculation 
yields 
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glV+i2 = 1 , 

V = 1 A'(- ½(mp+mh) 2 t ' 
g4+i5 - ~ 2  mk mh )-  m2_ re'p2 

g2 p2 2 
A = 1 - 2  m A'(- g1+i2 ~ mp) , 

6. SOME RESULTS OF BROKEN SU(3) SYMMETRY 

Given the resu l t  of our calculat ions we can ver i fy  some theo rems  con- 
ce rn ing  SU(3) breaking.  We define the SU(3) s y m m e t r y  breaking p a r a m e t e r  

by 

F8 
= Too" (s.1) 

6.1. The Gel l -Mann-Okubo mass  formula  
F r o m  formulae  (5.8) and (5_.11) one can eas i ly  evaluate the pseudosca la r  

and s c a l a r  ma s se s  in o rde r  g2. An explici t  calculat ion gives the resul t .  

2 2 3 ~  2 + m  - 4 m  K = O ( ~  2) (6.2) 
Y 

for  the pseudosca l a r  as  well as for  the s c a l a r  meson m a s s e s .  This r e su l t  
is just  the Gell-Mann-Okuba mass  fo rmula  [1, 11]. ~ 2  denotes the pole of 
the 7} propaga tor ,  which is  not equal to the physical  ~? mass  because  of the 
s ing le t -oc te t  mixing. The mixing angles  of the s c a l a r  and pseudosca la r  
mesons  a r e  given by tg go = 4"2. * 

6.2. The Ademol lo-Gat to  theorem 
Expanding the coupling constant  of the s t r angeness  changing vec to r  

cu r r e n t  (5.4) in powers  of ~, one obtains 

V 2), 
g4+/5 = 1 +O(~ (6.3) 

which is the Ademol lo-Gat to  theorem [8]. This r e su l t  is  not af fected by a 
spontaneous breakdown of the s y m m e t r y ,  which is  in cont radic t ion  with a 
r ecen t  a s s e r t i on  by Korthals  ARes [12]. His resu l t  is  not c o r r e c t  for  the 
following reason .  As shown by Fubini and Fur lan  [13], the Ademol lo-Gat to  

* Because the interactions W2(P , ~ and W3(P, ~) (eq. (2.2)) were not taken into 
account, the mixing angles are not proportional to ~. 
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theorem can be der ived  by sa tura t ing the equa l - t ime  commutat ion re la t ion  
(between proton quark states):  

<p(p) l[F4+i5, F4_i5]]p(p)) = <p(p) IF3 + (-3F8 ]p(p)) . (6.4) 

However ,  this proof  breaks  down when the s y m m e t r y  is spontaneously 
broken.  In that case  the commuta to r  is sa tura ted  by s ta tes  with an energy 
equal to that of the proton quark. Hence the lambda in termedia te  s tate  
gives no contribution,  which makes  it impossible  to der ive  in this way a 
theorem concerning the weak vec to r  coupling constant.  However ,  the 
original  proof [8] st i l l  holds, which ag ree s  with our  resul t  (6.3). Moreover ,  
the theorem may be der ived  f rom Ward-Takahashi  identi t ies  [14], indepen- 
dently of how the s y m m e t r y  breaking a r i s e s .  This is shown in appendix C. 

6.3. SU(3) breaking of the axial vector coupling constants 
The axial vec to r  coupling constants ,  given in the formulae  (5.4), a re  

obviously r eno rma l i zed  in f i r s t  o rde r  ~. Evaluat ing the d i f fe rence  

g~4+i5- g~l+i2, we obtain following express ion:  the 

A A g2 2 2 m2A,(_m2)]+O(~2 ) 
g4+i5 - gl+i2 = ~ [mp A'(- rap) - (6.5) 

which is a lso of f i r s t  o r d e r  in ~. 
This cont radic ts  the resu l t s  of Matsuda and Oneda [3], who prove,  

under  the assumpt ion  of asympto t ic  SU(3) s y m m e t r y ,  that g4+iA 5 -glA+i2 

should be of second o rde r  in ~. Asymptot ic  s y m m e t r y  means  that the 
charge  opera to r  F6+i7 behaves in the infinite momentum l imi t  as  an exact  
SU(3) genera tor ,  even in a broken world.  In this l imit  the hypothesis  
enables  then to t runca te  the sum over  a complete  set  of in te rmedia te  s ta tes ,  
when sa tura t ing an equal - t ime commuta to r  which contains F6+i7. However ,  
this assumption obviously goes wrong in the case  of the disconnected 
d iagrams  shown in fig. 7. Due to these  d iagrams  the ma t r ix  e lement  

q(P)B(0)I F6+i71 (~(P)> 

does not vanish in the infinite-momentum limit. Therefore several results 
based on the asymptotic symmetry hypothesis have to be modified. 

Fig. 7. Diagrams that disturb the asymptotic symmetry hypothesis. 

The author is indebted to Professor M. Veltman for stimulating discus- 
sions and helpful criticism during the course of this work. He also acknowl- 
edges valuable discussions with H. Strubbe and Dr. J. A. Tjon. 
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APPENDIX A 

The expressions, represented by the diagrams shown in fig. 1, have the 
following form: 

g f d 4 k T r ( ~ )  
~r a - (2,) 4 Ix 2 

~1 eJgJ f d4kTr(~g- 1 1 ) (A.I) +j= (2,) 4 #x 2 iMlja ]~-/7///2j a_ 

F5ab(P)= ig f d 4 k T r  1 1 (~)4 ~ iTg v5 J~+.tY- ima iV5) 

UaSb(p 2) 

+i  ~ ejgj f d 4 k T r 0 ~  1 1 
j= l  (2it) 4 - iM2j b 7Ix .l~ + fl- iMlj a) 

+i ~ Ejgj /d4kTr(~g - 1 1 . 
j = l  (2") 4 iMlj b 7Ix ~ +fl- iM2j a) ' 

= - g 2  fd4kTr(~g__~L/ ,7 1 
(2,)'~ 5 ~ + ~ -  im a i~5) 

_ :o v 4  
j= l  (2~) 4 

- ~ ~ J 4  fd4kTr( ,~_  
j = l  (2") 4 

1 1 

1 1 
iMljb/g +p'--/M2ja) ' 

f labS2)= - g2 fd4kTr~z_lmbli+ag!ima ) 
(2.) 4 

eJ4 f d4k Tr (X_IMljb 1 
- X+.p,_ iMlja ) j= l  (2") 4 

_ ~ E j 4  fd4kTr(A__ Z 1 1 
j = l  ~ - iM2j bA~+fl- iM2j a) ' 

(A.2) 

(A.3) 

(A.4) 
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g2 f d4kd~ 1~ 1 im 1 ~a(p)  = - i 
(2.) 4 - - a k 2 + p 2  

-i ~ ~k~ 1 k=l (2")4 f d4k ~ - J / !  ima h2 +Iz2' 

Av.a(PllP 2) 

(A.5) 

(Pl  +P2 - 2k)/z 1 1 

(2") 4 ( P l -  k) 2 + (P2 k) 2 

-i ~ Wk~ fd4k (Pl+P2-2k)~ 1 1 
k--1 (2.)4 T - - ~ a  -(p1_~)2+~ (p2_~)2+ ~ ' 

(A.6) 

where  due to the tadpole a t tachements  to the in ternal  fe rmion lines (also to 
the fe rmion  regu la to rs )  

m a = gF a , 

Mlj a : mj +gjFa , 

M2j a -- m j - g j F  a . (A.7) 
a and b denote the m e m b e r s  of the fe rmion  t r ip le ts .  ~j and ~?k take the 
values  + 1, as desc r ibed  in sect .  3. To obtain the formulae  (A.1)- (A.6), we 
used the explici t  s t r uc tu re  of the cu r r en t s  and the Lagrangian which contain 
the regula tor  f ields.  

To a s su r e  the express ions  to be finite we impose the following condi- 
t ions: 

g2+2  ~ ejg 2 = 0 ,  
j=l 

5 9 2 m 2  = O 
j=l ) ' 

g4+2  ~ ~jg4 = 0 ,  
j=l 

g2+ ~ ~ 2  = o. (A.8) 
k=l 

Because the regula tor  fields a r e  unphysical  we take the i r  masses  v e ry  
la rge .  In that case  four d ivergences  a r i s e :  

j--1 g4 ~2' j:l g2 ~--~' 
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1 g2 l Aga(P 1[p2 ) = ~  ½v~(D4+½) 

1 x 
+ f dx f dy[y log 

0 0 
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q2 y l 
g 2  

~2x-~ly+ima ]} 
, (A. 15) + (2 P2(1 - ~)- ¢(1 - 2y))~ xa()~, 1'2 2, q2 l~, y) 

where q = P2- Pl, and Xa(p21, p2, q2 Ix, y) is defined by 

×a(p21, 2 q2lx, y)=p21Y(1 - 2 P2' x) +P2(x- y) (1 - x) +q2y(x- y) 

+~ x+m ( l - x ) .  (A. 16) 

Two important relations hold for the expressions (A.10)-(A.15). They 
are essentially a consequence of the Ward-Takahashi identities (2.9) and 
(2.12). 

p/.tF5gab(P 2) : i/.t 2[ ~ + ~b]-  [Fa + Fb]II5b(p2) , (A. 17) 

( P2 - Pl)/l A~a( PllP2 ) = Za (Pl) - Za (p2) " (A. 18) 

APPENDIX B 

The expressions for the meson propagators, represented by the dia- 
grams shown in fig. 3, have the following form: 

7r pp 

+ZBSbL 2 + (Z B - 1) (s + ~t 2) , (B.1) 

+ ZBSp 2 + (Z B _ 1) (s + ~t 2) , (B.2) 

. - 1  2 ..t. ~Do8(S)=S+~-2~[II~p(S)+ II5x(s)] t+3g46A[44 + 5 4 - 2 ~ F O F  8] 

+ z B 8 ~ 2 + (z B _ 1) (s + 2 )  + {_ ~ i [ n5p(S ) - ns~(~)] 

+} ?6A[-F28+2"/'-2FoF81} ( 124-~ 2"f~1'-1 I (B.3) 
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+ZB6/~2 +(Z B- 1) (s+/~ 2) , (B.4) 

i/~K1 (s)=S+/~2-iIIpk(S)+g45A[4F20+2F~-2~/2FoF8] 

+ZB5/12+(Z B- 1)(s+/12) , (B.5) 

~ 1  2 ~. IIh~(s)]+g45A[4F~+5F~8 2~-~FoF8] iDo8(S) = S+/1 - ~Z[IIpp(S)÷ 

+ Z B S ~  2 + (Z B _ 1) (s + u 2) + {- ~ ~ [ npp(S) - nxx(s)  ] 

The wiggle denotes the propagators of the scalar  mesons. Because a 
P0-  P8 and a ~0 - B8 mixing ar ises ,  the propagators corresponding to 
those particles are represented by two-by-two matrices.  These propagators 
are  denoted by D08(s) and D08(s) respectively. The functions II5b(S) and 
IIab(S) are  calculated in appendix A. 

The consistency relations, pictorially represented in fig. 4, are given 
by 

= 1 [2~Tp Fo 

-~-21 [ZB6 2+(ZB_I)p,2]Fo, (B.7) 

' 

. ~l [Z B52+(Z B_l) 2]F8. 
The function ga  is calculated in appendix A. 

For the quark propagators the following expression holds: 

s~ 1 (p) : ~_ igFq • 2 r.p(p) + z~(p) - ~5[ 2 ~ ( p )  + r . (  p)] ~s + (zF - 1)~,  

where ~'a(p) is calculated in appendix A. 

(B.8) 

(B.9) 
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APPENDIX C 

As c la imed in sect .  6, one can give a der iva t ion  of the Ademol lo-Gat to  
t heo rem based  on W a r d - T a k a h a s h i  ident i t ies .  This der iva t ion  r e m a i n s  
unchanged in the case  of spontaneously  b roken  SU(3) s y m m e t r y .  We will 
give the proof  fo r  the c u r r e n t  m a t r i x  e lement  that is re la ted  to K~3 decay.  

The un renorma l i zed  ve r t ex  function for  the vec to r  cu r r en t  is given by 

(Pl  +P2)~f+(sl ,  s2, t ) + ( P 2 - P l ) ~ f - ( s l ,  s2, t) . (C.1) 

Pl is the momen tum of the outgoing pion, P2 of the incoming kaon. 

t = ( P 2 - P l ) 2 ,  Sl = p 2 a n d  s 2 =p2  2. 
We s e p a r a t e  the contr ibution of the kappa pole: 

f_ (s l ,  s2, t) = ]V_(Sl, s2, t )- iD~(t)  fK(t)G(Sl,  s2, t) ; 

G(Sl, s2, t) is the un reno rm a l i zed  ~K~ ve r t ex  function, DK the un renor -  
mal ized  p ropaga to r  of ' the kappa meson  and fK c h a r a c t e r i z e s  the weak 
kappa decay.  

Due to the W a r d - T a k a h a s h i  ident i t ies  (2.10) and (2.11), the following 
re la t ion  holds: 

(s 2-  sl) f +(sl, s2, t ) + t f  (sl ,  s2, t ) + ~ F 8 G ( S l ,  s2, t) 

• - !  . - 1  
= $D K (s2)-zDTr (Sl) . (C.2) 

D K and D~ a r e  the un reno rma l i zed  kaon and pion p ropaga to r s .  Relat ion 
(C.2) exhibits  a non-s ingu la r  behav iour  for  t = 0, even in the case  of spon-  
taneously  b roken  s y m m e t r y .  

If F 8 = 0, all  obse rvab le  quanti t ies show SU(3) s y m m e t r y  and the theory  
is invar ian t  under  a t r a n s f o r m a t i o n  p roposed  by Sir l in [14]: 

65 = Cexp[i~F5] . (C.3) 

C denotes  the cha rge  conjugation ope ra to r .  This  invar iance  impl ies :  

G(Sl, s2, t) = G(s2, Sl ,  t) , 

/+ ( s  I , s 2, t) : / + ( s  2, s 1, t ) .  

In the case  of b roken  s y m m e t r y  we expect  

G(Sl, s2, t) = G(s2, Sl,  t) +O(~) , 

f+ ( s l ,  s2, t) : /+(s2,  Sl ,  t )+0 (6 )  , (C.4) 

where  ~ is the s y m m e t r y  b reak ing  p a r a m e t e r  as defined by (6.1). 
Dif ferent ia t ing  re la t ion  (C.2) with r e s pec t  to s 1 o r  s 2 we obtain the 

following re su l t s  for  t = 0, s 1 = - rn27r and s 2 = rn~: 
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" <' /+<+~, ,,,~, o> ~:_,, ,~ /+<-., ~,-,.,~, o>- ~,,, -,,,,<> ~ - 

2 Z~I d G(Sl  ' inK,  0 . = (C.5) -'~/'~ F8 ~ - )m Sl=-m2 ' 

2 d f+(_m 2 s2;0) s2:-m :+(_~",_m~,o>+(,,,"_.,,,<>~ ., ~< 

d Go-,,,", ~2, o> : zT<~. <c.6> +~ ~8 ~ s2:-m~ 
Multiplying eq. (C.5) with (C.6), and using relation (C.4) and m 2-  m 2 = 0(~), 
we ob t a in  

(:+(-,,,", _,,,~, o>>" = ~;:  ~ i '  +o(+">, 
w h i c h  i s  the  A d e m o l l o - G a t t o  t h e o r e m .  
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