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Synopsis 

An attempt is made to specify the conditions under which Heisenberg’s model of 

ferromagnetism is correct. It is found that in addition to the exchange term there are 

other terms in the hamiltonian, describing the effects of the band witdth and of polar 

states. The new hamiltonian, which has a simple form, is naturally represented in 

terms of Fermi creation and absorption operators. The molecular field approximation 

applied to this new formulation leads essentially to the results of Stoner’s collective 

theory. A better treatment in the low temperature region gives the familiar Ts/2-law. 

A new type of spin wave is found, which should not be difficult to detect experimentally. 

1. Introduction. In a recent articlel) Lijwdin reviewed the present 

status of the theory of magnetism. In broad outline he came to the following 

conclusions. 

The band theory of electrons in metals, which serves as a basis for the 

collective electron theory of magnetism, has two main shortcomings. First 

of all it neglects all correlation effects and secondly it does not treat the 

parallel and antiparallel spins on the same footing, since only for the former 

the exclusion principle is active. In the Heitler-London-Heisenberg theory 

some correlation is taken into account, but it is assumed that the basic 

orbitals are orthogonal. This is certainly incorrect. For a better treatment 

one should either avoid this orthogonality assumption or, what amounts 

to the same, consider also polar states. 

The main purpose of the present paper will be to work with strictly 

orthogonal (Wannier) states and to show how the inclusion of polar states 

manifests itself in the hamiltonian. In the next two sections we will derive 

this hamiltonian and show how it can be brought into a simple form. 

Section 4 is devoted to the molecular field approximation. In section 5 a 

truncated form of the original hamiltonian is studied and some new features 

are discussed. 

2. The hamiltonian. We consider a rigid Bravais lattice with the unit 
cell defined by the fundamental translation vectors (al, ~2, as) and we take 
N = (2G + 1)s lattice points RI defined by 

RI = ; Ita& = 0, f 1, . . . . f- G) 
i=l 

- 877 - 
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in the volume 9. The vectors (br, bs, bs) are given by 

(at .bj) = &j 

and the wave vectors in the reciprocal lattice are 

They satisfy 

k= 
2c2; 1 .$ %ba (nc = 0, fl, . . . . fG). 

z 1 

(k a&) = 2nn2, 

where each of the three vectors 

Li=(2G+ l)~i 

connects two corresponding points on opposite faces of the crystal. Periodic 
boundary conditions are therefore automatically fulfilled. The vectors Qm 
are defined by 

3 

Qm = 2n x mgbc (% = 0, fl, ..*> z!z m) 
i=l 

so that 

exp[iQnz* RI] = 1. (2.1) 

We now consider the system consisting of N ions of positive charge Ze, 
each of them being fixed on a lattice site, and N’ = NZ electrons. The 
hamiltonian for this system is H = Ho + H1 + Ha with 

Ho = C H(r,); H(r,) = - 
P 

g 4 + g Vo(r, - Rz) ; 
I=1 

HI =AzpJ'l(ri- r,J; VI(r) = G ; HZ = I2 Vz(r,, oll) 

(2.2) 

IL 

Greek indices run from 1 to N’. The constant and divergent self energy of 
the ionic lattice is not written down. Together with the divergent part of the 
electron-electron interaction it will be cancelled by the divergent part of 
the ion-electron interaction. 

Vo(r, - RI) is the interaction of an electron at rfi with the I’th ion and 
is supposed to be independent of the spin of the electron. 

Vl(rl - r@) is the Coulomb interaction between two electrons and 
Vz(r,, cF) is the energy of an electron in an external field. This energy may 
depend on the spin O, of the electron. 

We now assume that the one-electron problem in the periodic potential 
of the ions has been solved. The eigenstates and energies are indicated by 
I&, (r, y> and E,(k). k takes the values given before, o = cz is + or - for 
up or down spin and y denotes the band (and other quantum numbers if 
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degeneracy occurs). In the coordinate representation the one-electron states 

are 

<r, 0’, lk, u, y> = lykJr) &3, 

where 

am,,, are Bl oc waves, normalized as follows h 

/ dr &Jr) wk,,yW = 4+4+ 
n 

(2.3) 

They are, as usual, written in the form 

1 
Yk,#? = w P” ztk,v(r), 

where uk ?(r) is invariant for a translation 

%Jr + 4 = %,+) 

and satisfies the normalization condition 

(24 

va = Q/N is the volume of a unit cell. 

We now introduce the creation and absorption operators for electrons 

in Bloch states. They obey the usual anticommutation relations 

{&y(k), ba~+z’)} = (b:,(k),&,(k)} = 0; (b,,(k), &,(k’)} = SW &on 6,~. 

Using these operators the hamiltonian can be written in second quantized 

form and the result is the following: 

Ho = Z E,(k) b&(k) &y(k) (2.5) 
W 

Hs = g~~-# C Sf$z,(k) b,,(k), (Sz = f 4 for (T = f) 
W 

(2.6) 

if a homogeneous external magnetic field A? is applied in the z-direction. 

g is the Land&factor and j30 is the Bohr magneton /30 = &/2mc (e > 0). 

HI = - -$ C J,‘,1,,(hkhk4) A(& + k2 - k3 - k4) Q,l(kl) b&&Q . 

. bo,dk3) bu,,&d (2.7) 

where the summation extends over (olaplyzklkzk3k4) and where the follow- 

ing abbreviations are used 

~‘y,y,(kiWak4) =,d drl,/ drs exp --i[(k - ka) . rl + (k2 - k4) .rzl. 

' %yh) 4&~&)'~d~l - rd uk.qy,(rd uk,ysh)* 

A(kl + kz - k3 - k4)= 1 when kl + kz - k3 - kq = Qm and zero otherwise. 
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In order to keep the formulae as simple as possible, but not as an inevitable 

approximation, it is assumed in the derivation of (2.7) that there are no 

inter band transitions. 
A simpler discussion of all the terms occurring in the hamiltonian can be 

given if the creation operators for electrons in Wannier states are used: 

1 
(2.8) 

These operators are again Fermi-operators. In the coordinate representation 

the Wannier states are 

1 1 
F,(r - RI) = T F e-ik’R1 yb(r) = N z eik. (~--RI) aku(r). (2.9) 

These functions of r extend over at most a few neighbours of RI. They are 

properly normalized since 

/ dr FG(r - Rl) F,e(r - Rm) = d&,,~. (2. IO) 
R 

If the yky(r) are plane waves one finds e.g. 

F;.W(r) _ ’ 5. s 

2/VO 
- %rfz with r = (xlal, XZQZ, ~3~23) (2.11) 

F,,(r - RI) is real because u&,(r) = u_,,,(r). The hamiltonian now becomes 

Ho = C X G(Zm) b:,(Rz) b&C4 (2.12) 
oy lm 

with 

E,(Zm) = $- C E,(k) eik’(R’-Rm) 
k 

Hz = @OS C S:br;,(Rz) boy(Rz) 
4 

(2.13) 

Hi = -!z c %‘,dzl~2~3~4) bZl,,(Rz,) b;,,,(Q) bo,y,(Rz,) &,(Rz,), (2.14) 

where the summation now extends over (ar~syrysZrZsZ3Z4) and where 

%‘,,,(h~2z3z4) = 

= Sdrddr2 Ftl(rl - R#;,(r2 - RI,) V&l - r2) F,,(rl - RI,). 
R R 

.Fy,(r2 - Rz,). (2.15) 

3. Reduction of the hamiltonian. From now on we will assume that the 

range of the Wanlzier fwctions F,(r - RI) is such that only nearest neigh- 
bours are included. Even for a conduction band this is not bad, as is seen 
from the expression (2.11) of F,,(r) for plane waves. A consequence of this 
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assumption is that W y,y,(Z&~Z4) is equal to zero, unless one of the following 

cases holds: the pairs (ZJs) and (1214) are such that for each pair the members 

of that pair are either 

1) equal, or are 
2) nearest neighbours, or 

3) have a common nearest neighbour. 

A second approximation consists of neglecting W,,y,(Z~Z2Z3Z4) in case 3). 

The remaining terms are assembled in three different classes. 

Class I: Ii = 1s and Zs = 14. The corresponding part of HI is 

The summation is over (oiosyiyslils) excluding the terms for which simul- 

taneously ur = ~2, yi = ys and Zr = 12. The expectationvalue of this H: 
is the static Coulomb interaction between the electrons. It is infinite, but 

can be made finite by subtracting its value for a uniform distribution of the 

electrons over the lattice sites. This in turn is cancelled by the ion-electron 
interaction. 

Class II: Of the remaining terms none of the members of (11/s) is equal 

to any of the members of (1214). 

Class III. All other terms. These can be graphically represented as below. 

1=2=3 4 1=3=4 2 1 2=3=4 3 1=2=4 
l -------a l -----* l __------a l -__-_-_-_. 

a 

1 2=3 
l -----. 

(lZ4) j4 

h 

I=4 3 1=2 3 
. ------• . -----_. 

i2 (2f3) j4 

bz b3 

1=4 2=3 
._-_-_-__ --. 

c 

1 3=4 
l --__-_-_-_. 

I 
12 

b4 

A lattice point is indicated by a dot. Nearest neighbours are connected by a 

dotted line. 

We now make the following assumption: the terms of classes I and II are 
responsible for plasma oscillations and when these are irrelevant, as in the 

present case, it is allowed to replace all terms of these two classes by those 
terms of Hf (3.1) for which Ii and 12 are either equal or nearest neighbours. 

This assumption amounts to the introduction of a screening of the Coulomb 

interaction. For a discussion of these effects one should consult the papers 
of reference 2. 

We now discuss the terms of class III, which correspond to the different 
graphs. In order to obtain simple formulae we discard the effects of band 
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exchange, i.e. WYIYr = 0, unless yl = ys. Furthermore we neglect the diagrams 
b3 and ba, because their effect is either to pile two additional electrons on one 

atom or to remove two electrons from one atom. After some tedious but 

straightforward manipulations the contributions of the graphs a, b en c (see 

page (881) can be written in the following form 

Ha = -2 X W,,(h~1h~2) [S;( 1) P,“( 1, 2) - .S;( 1) I’;( 1, ~41, (3.2) 
YZlZZ 

Hb = - x wyy(11~212~3) [f’,(2) ‘PY( 1, 3) + S”,(2) p;( 1, 3)], (3.3) 
yz122z3 

HC = - YE Ww(l1~2l2h) [S,( 1). &42) + S;( 1) S;(2)]. (3.4) 
YllE2 

In all summations Rll and Rl, must be nearest neighbours of Rla and in Ha 
one has Rll # Rls. We have introduced the followed hermitian operators: 

and 

S;(Z) = HZ&(&) b--y(&) + KY(&) b+?(R)}. 

S;(Z) = ;;{b+;(Rz) b--y(&) - b:,(&) b+,(Q). 

S;(Z) = W;,(Rz) b+,(&) - b”_,(R) b--y(&)}. 

S;(Z) = S{b*,,(&) b+,(Rz) + KY(&) b--y(&)}. 

(3.5) 

J’;(l, 3) = Hb;,(RzJ b-_y(Rz,) + b’l,(Rz,) b+,(RzJ + 

+ b:,(Rz,) b+,(%) + b;,(Rz,) b-y(Rz,)1 

e(l, 3) = ; {b;,(RzJ Z+(Q) --b”,(Q) b+,(RzJ - 

- b:,(Rz,) b+,(Q) + b;,(RzJ b-_y(Rz,)} (3.6) 

J’;(l, 3) = #&(Rz,) b+,(Rz,) + b;,(Rz,) b+,(RzJ - 

- b’,(&J b--y(&) - KY(&) b-,&J} 

J’;(l, 3) = #&,(RzJ b+,(RzJ + b;,(RzJ b+,(RzJ + 

+ b”,(RzJ b-,(RzS) + KY(%) b-_y(Rz,)) 

The representation (3.5) is analogous to the one with Bose operatorss). 

In order to study the effects of the interactions Ha, Hb and Hc we consider 

the operators S and P in some more detail. 
If there is no electron or if there are two electrons in the band y and on 

the lattice site Ri the operators SF(Z), SF(l) and S,“(Z) are all zero and SO,(Z) 

has the value zero or one respectively. If there is one (up or down) electron 
in the band y and on the lattice site RI, the operator S”,(Z) has the value 8, 

while the others satisfy the commutation relations 

[S;(Z), S;,(Z’)] = is;(Z) Bzz’&,,p and cyclic 

and 
[s;(l), s;#(z’)] = 0 (i = x, y, 2). 
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S,,(Z) is therefore the ordinary spinoperator and, apart from the second 

term, H, is therefore the usual exchange interaction. The exchange integral 

W,,(WZW = / drijdrs p;(ri, Rz~, Rz,) Vl(r1 - r2) p&z, RE,, RzJ, 
R R 

with 

py(r, Rz~, RI,) = Fj(r - RI,) F,(r - RzJ, 

is always positive. So He has the tendency to align the spins parallel to each 

other. The second term in HC amounts to an attractive Coulomb interaction. 

The effect of the P-operators is more complicated and is best discussed 

by first showing (table I) how they operate on the following complete set 

of states: (for each of the positions Rz, (left) and Rzs(right) it is indicated 

by an arrow or a dot whether or not the corresponding lattice site is occupied) 

I@ = d2 '-{I ?C> + IJt>l; lb = +{I: *>-I* l>}. 

Im> = d2 ‘{I$: > + l:c>}; IQ = +"I'- I:4)1; 

Ifi) = d2 &r:>+ l:r>}; Is>= -$-i- It:>+ 1,'r>>. 

TABLE I 

a I b I c I d I e I f lgl h IkIll *I * I r I s 
P+ 0 a 0 c 42h 0 42e 0 0 n 0 s 0 

P- b 0 d 0 0 2/2f 0 0 0 0 * 
P= &a --fb -&c +d 0 0 0 0 Z k ?pz --;I+ -*r *s 
PO &a fb -tc -_td 0 0 h g 0 0 +m ! I in -&r -4s 

We have put P* = Pz f Pv. From table I we immediately read off what 
the effect of Hb is if an up spin (a) or a down spin (b) in the band y and on 

the lattice site RI, is combined with any of the states a to s of the neighbour- 
ing spins. For the states e, f, g, h, k, Z this effect cannot be interpreted as a 

tendency to spin alignment. For the other states, however, it can. In table 

II we have listed the eigenvalues of the operator Sz(2) Pz(1, 3) + Se(2) 
PO(1, 3) for all possible combinations, and also whether these combinations 
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are ferromagnetic or antiferromagnetic. From this table we see that the 
states of lowest energy are ferromagnetic or antiferromagnetic, irrespective 
of the sign of the integral W,,(ZrZ&Zs). Further we observe that the states 
a, b, c, d have less than one electron per lattice site, whereas the states 
m, n, I, s have more than one. Table II therefore implies that Hb favours a 
ferromagnetic alignment of neighbouring spins for bands which are less than 
half filled and an antiferromagnetic alignment for more than half filled 
bands. We also conclude that, even if this theory is capable of explaining 
antiferromagnetism at all, the simple antiferromagnetic Heisenberg inter- 
action does not describe it correctly. 

TABLE II 

- - 
t f. 
0 a.f. 

0 a.f. 

-i 

f. 
f. 

0 a.f. 
0 a.f. 

-4 f. ___ - 

* a.f. 
0 f. 
0 f. 

-: 

a.f. 
a.f. 

0 f. 
0 f. 

-t a.f. 

Ha has no effect on the magnetic ordering of the spins. The operator 
S,“( 1) Py”( 1, 2) - S”,( 1) P”y( 1, 2) has its lowest and highest values for the states 
m, n, Y, s. This shows that because of Ha, and irrespective of the sign of 
W,,(ZiZiZiZs), the electrons tend to accumulate. 

Ha and Hb describe the effects due to polar states. 
The terms of class I which we keep after having neglected the plasma 

oscillations can also be put into a simple form. They can be written as (cf. 

(3.1)) 

HI = 2 X W,,,,(h~2hk) S;#l) 5’32) (3.7) 
YlYZZllZ 

Rll and Rl, are equal or nearest neighbours. In HI the short range effects 
of the Coulomb interaction are incorporated. 

The final form to which the hamiltonian has now been reduced reads 

H red = Ho + Ha + Hb + He + HI + Ha. (3.8) 

The first five terms on the right hand side are respectively given by (2.121, 
(3.2), (3.3), (3.4) and (3.7), while Hs (2.13) can also be written as 

Hz = @ox C S;(Z) 
Yl 

The effect of an external homogeneous electric field E can be taken into 
account by adding the following term to Hred: 

He1 = C U,4d2) b;,(&,) b&zz)> 
Wl& 

(3.9) 
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with 

U&112) = e(E * Rzll 6 Z,Z, + en/dr(&*r) F:(V’dr + h1 - RzJt (e > 0). 

Here it is assumed that the ions are not polarized by the external field. 

It is felt that in the process of reducing the hamiltonian no major effects 

are neglected. The present theory should therefore be capable of explaining 

ferromagnetism. In the following section we will discuss the circumstances 

under which this is the case. 

4. The molecular field afiproximation. Similar to what is done in the Weisz 

theory of ferromagnetism we truncate the reduced hamiltonian in the 

following way. All terms in (3.8), which are of fourth order in the creation 

and absorption operators are reduced to second order terms by replacing 

a sufficient number of the operators S;(l) and S,(l) by their average values 

as follows 

and 

So,(l) + <Soy(l)>T = *[m+(Y) + Gr)l (4.1) 

&J(l) + <W))T = (090, S[fi+(r) - dr)l). (4.2) 

n,,(y) is the average number of electrons per atom with spin (r and in the 

band y. Because the total number of electrons is NZ we have 

c %7(r) = 2. (4.3) 
CJ 

In this approximation the reduced hamiltonian becomes 

+ C (4 + 6) &PI) I+, 
rl 

with the following abbreviations : 

J%,(l~) = J%(l@ + ~-o(r){&@l~) 

+ 5 (4 - BY) b’_,W b@z) (4.4) 

--&z,,(y) 2 {Wyv(ljjm) + Wyv(mjjl)}; (li) and (mi) nearest neighbours 
i 

& = E L+(yz) J4%&2112) - @+(y) I; ~?J?4~~2~2~) ; 
?da la 

In the first term 1 and 22 are equal or nearest neighbours. In the second term 
1 and 1s are nearest neighbours. 

B, = Wo 2 + U-(Y) z W4Jzl24 ; J*(Y) = S[n-(7) f n+(r)]. 

E,,(lm) depends on RI and R, only through their difference and A,, and B,, 
are independent of RI. This allows us to diagonalize fl by again introducing 
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the Bloch states (2.8). It then takes the form 

(4.5) 

with 

E,,(k) = C e--ik’(R1-Rm) E,,(Zm). 
1 

Since (4.5) is the hamiltonian for a system of free particles it is clear that in 
the process of deriving it all correlations between the electrons have been 
neglected. Apart from this defect, however, (4.5) is very useful in that it 
exhibits very clearly the different effects of the electron-electron interaction. 
As compared to Ho (2.5) we see that the band energy has been changed due 
to Ha and Hb and that this change is proportional to the number of electrons 
in the band in question. There is also a relative shift AY of the bands. This 
is determined by the short range Coulomb interaction (HZ) and the second 
term of Hc, which, as remarked before, has the effect of an attractive 
Coulomb interaction. The main effect (By) is a band shift in different 
directions for up and for down spins. 

The grand partition function of (4.5) can of course be calculated exactly 
and all thermodynamic quantities can be found in principle. In particular 
the average values of S”,(Z) and of S,(Z) can be written down and this leads to 
implicit equations for n+(r), PL(~) and the chemical potential. We will not 
bother to give all the formulae, but only quote the results, which are the 
same as those of the collective electron theory of St o nerd). It turns out that 
only those (corrected) bands contribute to the spontaneous magnetization 
which contain the chemical potential and which are sufficiently narrow. 
The magnetization at the absolute zero of temperature will in general differ 
from its saturation value. For very low temperature the magnetization 
follows a Ts-law, which is not in accord with the experimentally verified 
T*-law. In order to get the latter behaviour the exchange term in the 
hamiltonian must be treated in a more exact fashion than is done in the 
molecular field approximation. For very high temperatures the usual 
l/T-dependence of the susceptibility is obtained. More accurate results 
must be found by a machine calculation, but this requires a knowledge of 
the (original) energy bands. 

5. A new model. From the foregoing sections we infer that the main 
features of a ferromagnetic are very likely incorporated in the following 
hamiltonian 

H = C E(lm) b:(Rz) ba(R,) - J C {Sz.&. + SPS;) + gPo% E SF> (5.1) 
elm lm 1 

where in the second summation Rl and R, are nearest neighbours. We con- 
sider only one band. Apart from two extra terms in the hamiltonian this 
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model differs also from the usual Heisenberg theory in that we have dropped 

the condition that there shall be one electron on each lattice site. This is a 
great advantage because it does away with the difficulty of the intermediate 

statistics of spin waves in the Heisenberg problem. 

In the Bloch wave representation, which is most profitable for the 

following discussion, our hamiltonian is H = Ho + V, with 

and 

Ho = r, [E(k) + gBo=@al b:(k) b(k) 
ok 

(5.2) 

v= $ C VW1 - k3) A(& + k2 - h - h) b:Jkl) b:t(k2)ba, (k3)bol (k4). 
olonkl . ..&a 

We have put 

V(kr - k3) = J C ei(kl-k3)‘d, 
d 

where 6 is a vector to a nearest neighbour. The zero point of the energy is 

fixed by setting E(U) = l/N Z E(k) = 0. The completely saturated state 
k 

with one down spin on each lattice site is an eigenstate of the hamiltonian 

(5.1) with energy Eo = -&NzJ - +Ng&S (z is the number of nearest 

neighbours). This state, to be denoted by Iple>, is not necessarily the ground- 

state. For narrow bands, however, E(k) can be considered as a constant 
(zero) and in this case 1~0) is indeed the state of lowest energy. In the Bloch 

wave representation 1~0) is the state with all N sites in the first Brillouin 

zone occupied by down spins. 

In the approximation that E(k) = 0 other exact eigenstates are 

Ik) = dN z Lx eik’RI S+(Rf) lvo>. 

These states are called spin waves. Their energy is 

s(k) = Eo + @ox + J[z - C cos (k.d)l. 
d 

(54 

Assuming that states of more than one spin wave are to a good approximation 

still eigenstates of the hamiltonian and that the spin waves satisfy Bose- 

Einstein statistics one can derive for low temperatures the T*-law for the 

deviation of the magnetization from saturation. 
Also in the present case, where E(k) is not a constant, it will be possible 

to construct exact eigenstates of the hamiltonian. To see this we consider 
the state 

w2> = b;(RzJ WRZJ Ivo), 

which has an up spin on site Ii, no down spin on site 1s and only down spins 
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on the remaining sites (11 = 1s is not excluded). We now define 

Ikikz> = ; C ei(kl.Rl,+ka.Rlz) 1~~1~). 
ZlZ2 

jklkz> represents a state of two quasi particles of two different kinds. The 
first is a plane wave of up spins, the second is a plane wave of holes in the 
sea of the down spins. Their interaction is determined by the hamiltonian 
(5.2) and given by 

H IWz> = [E&i) - E&z) + Eo + z.l + gBo*l Ihkz) - 

-&F6em i(kl+ks)'d Ikl + K, k2 - K). (5.5) 

We try to find exact eigenstates of the form 

IV> = C c”(ki, kz) lkikz>. 
klkz 

Introducing the total and the relative (pseudo) momentum K = kl + kz 
and k = $(kl - k2), the Schrodinger equation H Icp) = W 1~) leads to the 
following equation for the coefficients c(K, k) = c”(kl, k2) 

[E(K, k) - W] C(K, k) = G!(K) 5 C(K, k - K’), (5.6) 

where we have put 

and 

E(K, k) = E&i) - E&z) + Eo + 2.J + @ox 

f(K) = J 5 COS (K*d). 

Equation (5.6) is easily solved. The equation for the energy W becomes 

1 
lc 

1 -- 
f(K) = 7 k E(K, k) - W 

= G,(W). 

The general shape of the function G,(W) is plotted in figure 1. The inter- 
sections of the line f-l(K) with G,(W) are the roots of equation (5.7). The 
N - 1 roots, which in the limit N --f co form the continuous part of the 
spectrum, correspond to the scattering states of two quasi particles with 
a total energy E(kl) - E(k2) + .zJ + g/II&P above the energy of the 
groundstate. Since the quasi particles always occur in pairs we can assign 
separate excitation energies 

&i(k) = E(k) + A 
and 

&z(k) = -E(k) + il (21 = .zJ + 

to them, as long as they occur in scattering states. 

(5.8) 
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The remaining root W(K) of (5.7) corresponds to a bound state of the two 
quasi particles. We will call this state a spin wave of momentum K and denote 
its excitation energy by 

w(K) = W(K) - EIJ. (5.9) 

We remark that if f(K) is negative the energy of the spin wave lies above 
the continuous part of the spectrum, so that it may be unstable and decay 
into two quasi particles if some interaction is taken into account, which 
has here been neglected. 

Fig. 1. The roots of equation (5.7). 

We will now assume that for low temperatures our ferromagnetic can, to 
a good approximation, be described in the following way. It is a dilute gas 
of a variable number of quasi particles - as many of the first as of the second 
kind. This gas is considered to be an ideal Fermi gas. In addition there is a 
dilute gas of a variable number of spin waves, to be treated as Bose-Einstein 
particles, which do not interact, neither among themselves, nor with the 
quasi particles. The energy E, of the state CL with 

Zil’ = 0 or 1 quasi particles of the first kind, 

Zi2) = 0 or 1 quasi particles of the second kind and 

mk = 0, 1,2, . . . spin waves, for all momenta is 

E, = Eo + 2 {Z~%(k) + ZL2&(k) + mk~~@)). 
k 

The grand canonical partition function for this system is 

2 = x exp /+ x (Ii’) - Zi2)) mexp - /3(Ea - Eo). 
cl k 

This can be evaluated and we find 

2 = y [l _ e--BMO]-r [I + e--P(E(k)++fi)] .[I + eSVN+J.-~)]. 

The condition that on the average there shall be as many quasi particles of 
the first as of the second kind gives the following equation for the chemical 
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potential p 
c [l + ePUUkH-p’]-l = c [l + e-B(J%k)-~-r) -1 1 . 
k k 

The z-component of the magnetic moment of the state CL is 

(5. IO) 

From this we easily find the average magnetization at temperature T to be 

1 

’ + expp(E(k) + 1 - iu) 

+ 

1 2 
+ 1 + exp -B@(k) - A- 1~) + 

exp @w(k) - 1 
(5.11) 

Let Nn(E) dE be the number of k-values for which E < E(k) < E + dE 

and let Np(w) do be the number of k-values for which OJ < o(k) < CJJ + do. 
The formula for the magnetization can then be written as 

co m 

n(E) dE 
1 + eB(-%-r) - 21 $‘“;I, (5.12) 

--m -co 

while p must be solved from 

00 03 

s n(E) dE 

s 

n(E) dE 
1 + eS(E+a-a) - 1 + e-Bw--P) * 

--Do -co 

(5.13) 

At absolute zero temperature this equation becomes 

P--rl 
f n(E) dE =/%(E) dE, 

--oo Mc+l 

so that ,u lies somewhere in the middle of the energy band. If il is very small 

compared with the band width the second term in the right hand side of 

(5.12) is almost equal to one and there is no spontaneous magnetization. 

In this case, moreover, it is no longer correct to approximate the spin- 

system by a dilute gas of quasi particles. If the point ,B - ;( falls outside the 
energy band (narrow band) the second term in (5.12) will, for low temper- 
atures, depend exponentially on T, so that only the spin wave term affects 
the magnetization with increasing temperature. If ,u - I falls inside the 

energy band the second term in (5.12) can, for low temperature, be calcu- 
lated, using the method of Sommerfeld. We get to lowest order in the 

temperature 
P_-rl 

s 
n(E) dE + $ n’(,u - l)(kT)Z. (5.14) 

-co 
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By adjusting the magnetic field it should be possible to let ,U - il fall just 

inside the energy band, so that the first term in (5.14) becomes small and the 
quasi particle approximation is applicable. In this case of a nonvanishing 

magnetic field the spin wave term can be neglected (see below) and the 

magnetization will depend quadratically on the temperature. 
We now discuss the last term in (5.12). From the equation (5.7) one can 

easily deduce that for small values of the momentum one obtains the 

conventional forms) of the spin wave energy, viz. 

o(k) = gBo% + 8J C (k.d12. 
d 

This gives a density of states which, for cu just above g,!&@, is of the form 

p(0) = a 2/o - glow. 

If we assume that there are no values of w less than g&S?‘, we can evaluate 

the last integral in (5.12) for low temperatures. If S& is positive o is also 

larger than a positive value, so that the integral depends exponentially 

on T. For Z = 0, however, the integral may be approximated by 

2a Ymdw 
s es” - 1 

= 4a(KT)* /me;;r, 

0 0 

and this is the T+-law of Bloch. 

Finally we should like to make the following remarks. 

Due to the two branches of the spin wave energy, the function p(w) will 
in general consist of two bands, separated by an energy gap. This property 

has not been predicted before and it should be interesting to check ex- 

perimentally (e.g. by inelastic neutron scattering) what the precise form 

is of the energy spectrum of spin waves. 

Recentlyc) Freeman, Nesbet and Watson suggested that the Heisen- 

berg exchange interaction could not be responsibel for the existance of 

ferromagnetism. It should be worth while to repeat there calculations, but 
now based on the theory presented in this paper. 

We have shown that some terms in the hamiltonian (3.8) correspond 

to an attractive interaction between the electrons. If large enough, these 

terms could in principle account for superconductivity without an isotope 

effect. A similar suggestion was recently made by Falk and Ferrell7). 
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