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Chapter 1

Introduction

Low dimensional systems offer the possibility to directly observe quantum effects in

condensed matter physics. One example is the quantization of the conductance in in-

teger values of G0 = e2/h, which is observed at low temperatures in 1D wires [1, 2]

(see Fig. 1.1) and in the 2D electron gas in the presence of a perpendicular magnetic

field at integer filling factors [3] (see Fig. 1.2). Recently the quantization was shown

to occur even at room temperatures in graphene [4], for very strong magnetic fields

B ∼ 30T . Low dimensional systems also host a large variety of phases including spin-

and charge-density waves (SDW and CDW), with the Peierls instability as a particular

case. Moreover, physics in 1D systems manifests a number of peculiar phenomena, such

as spin-charge separation and anomalous low-temperature behavior in the presence of

backscattering impurities [5]. Recent advances in nanotechnology, together with the

discovery of carbon nanotubes [6, 7] have enabled the fabrication of extremely nar-

row wires, which are basically one-dimensional. Because electron-electron interactions

become essential in 1D, these quantum wires exhibit Luttinger liquid behavior, i.e.,

they have bosonic collective excitations, which provide a more convenient description

of the 1D physics [8], in comparison to the usual fermionic quasi-particles present in

conventional Fermi liquids.

The role played by impurities in a Luttinger liquid depends crucially on the nature

of the interactions. In pathbreaking papers, Kane and Fisher [5, 9] showed that the

impurity barrier is irrelevant if the electrons have attractive interactions, but it cuts the

wire into two pieces if they interact repulsively. For the noninteracting case the barrier

is a marginal perturbation, i.e., one can have both, transmission and reflection. For the

case of two barriers, contrarily to the expectation, it is possible to have transmission

even in the presence of repulsive interactions because quasi-bound-states can form

between the barriers, which lead to resonant transmission [10].

The vast majority of cases discussed in the literature concerning transport in Lut-

tinger liquids involves static point-like impurity barriers. Recently, the case of dynam-

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Differential conductance of a quantum point contact on a free standing

bridge as a function of the voltage applied to a pair of Schottky-Gates [2].

Figure 1.2: Conductance quantization in the Integer Quantum Hall Effect (figure from

National Institute for Materials Science, Japan).

ical point-like impurities was addressed [11–15]. Feldman and Gefen [13] have shown

that in the presence of one oscillating impurity, the backscattering current may change

sign and the conductance of a single-mode Luttinger liquid with strong repulsive inter-

actions may become larger than the quantum of conductance G0. We have generalized

their results and have shown in Chapter 2 that in the presence of several impurities

or a single extended impurity this phenomenon occurs even for weak repulsive interac-

tions [15, 16]. Moreover, in the limit of noninteracting electrons, we demonstrated the

equivalence between the results obtained using the Büttiker-Landauer formalism and

those derived within the bosonization formalism [16].

The rich behavior displayed by 1D systems raises expectations that more complex

structures composed of crossed 1D wires, such as crossings and arrays [17], should ex-
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Figure 1.3: Atomic force microscope (AFM) image of crossed nanotubes (green) con-

tacted by Au electrodes (yellow) obtained at UC Berkeley [23].

hibit some interesting features as well (see Fig. 1.3). Although the transport properties

of crossed 1D systems and their arrays have been thoroughly studied both theoreti-

cally [18–21] and experimentally [22–24], the electronic structure of these systems is

much less understood and the interpretation of the existing experimental data is still

incomplete.

Recent scanning tunnelling microscopy (STM) experiments on a metallic carbon

nanotube crossed with a semiconducting one [25] have shown the existence of localized

states at the crossing which are not due to disorder. The appearance of the local-

ized states depends on the nature of the nanotubes, which should be of different type

(one metallic and the other semiconducting) and the number of localized states varies

for different crossings. Aiming at clarifying this problem, we present in Chapter 3

a detailed study of tunnelling effects between crossed 1D systems, while accounting

for electron-electron interactions within the Hartree approximation. We include also

the possibility of having a potential barrier and consider massive quasi-particles de-

scribed by a Schrödinger equation, rather than by the Luttinger liquid theory. Our

motivation is grounded on the fact that the Schrödinger equation, describing quantum

massive quasi-particles present in metallic and semiconducting nanotubes, was success-

fully applied to explain the energy level spacing in a semiconducting single wall carbon

nanotube of finite length [26].

The lattice formed by 1D wires allows one to study a crossover from Luttinger liquid

to a 2D Fermi liquid [27], with the increase of the interwire tunnelling causing the hy-

bridization of energy levels. In 2D Fermi liquids, the observation of quantum features

is not as straightforward as in 1D systems, but can be facilitated by the application of
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a perpendicular magnetic field, sufficiently strong to drive the system into the integer

quantum Hall effect (QHE) regime. The integer QHE can be understood within a non-

interacting single-particle picture, when taking into account disorder effects. However,

the ground state of the system, particularly at Landau level filling factor ν = 1, the so-

called quantum Hall ferromagnet, is known to be spin polarized, and the understanding

of this fact requires to account for electron-electron interactions. Thus, both disorder

and electron-electron interactions are important in quantum Hall ferromagnets and

their simultaneous treatment has always formed a knotty challenge; this is because of

the dearth of manageable analytical techniques that can deal with both at the same

time [28–31].

It has been shown previously that disorder may drive a quantum phase transition

in the Hall ferromagnet [28–30]. However, such studies have been either carried out in

the framework of the nonlinear sigma model, as an effective low-energy theory [28], or

have included the long-range Coulomb interaction in a quantum description only up

to the Hartree-Fock level [29]. These studies yield contradictory results: a transition

into a spin-glass phase is obtained in Ref. [30], whereas Refs. [28, 29] predict a ferro-

magnet - paramagnet phase transition. In Chapter 4, we establish the occurrence of a

disorder-driven quantum phase transition from a ferromagnetic 2DEG to a spin glass

phase by taking into account interactions between electrons up to the random phase

approximation (RPA) level in a fully quantum description. We will use a bosoniza-

tion technique allied to the usual self-consistent Born-approximation for the disorder

averaging procedure.

Although disorder is unavoidable in most of the condensed matter systems, a com-

pletely disorder free system can be realized with cold atoms in optical lattices. Super-

position of counterpropagating laser beams in one, two, or three dimensions create a

standing wave - a perfect lattice for ultracold atoms with the lattice constant tunable

by the light wavelenght [32–35]. Optical lattices not only allow for the implementation

of different lattice models without defects, but also open a wide range of possibilities to

manipulate the parameters of the tight-binding model describing the ultracold atoms

loaded into them. Indeed, the hopping parameters, the chemical potential and even

the interaction strength between the atoms can be tuned at will. The latter was made

possible by the deployment of Feshbach resonances [36, 37], which allow to arbitrarily

tune the atomic scattering length by suitably varying an applied magnetic field [38].

Optical lattices offer still the possibility that the lattice can be loaded with fermionic

or bosonic species of atoms. For bosonic atoms, a superfluid to Mott insulator transi-

tion, theoretically predicted to occur in the framework of the Bose-Hubbard model by

varying the relative strength of the Hubbard interaction U with respect to the hopping

parameter J [39, 40], has been experimentally observed in 3D [41] and in 2D [42] lattices

(see Fig. 1.4). In addition, antiferromagnetic, and even ferromagnetic states have been
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Figure 1.4: The interference patterns disappear as the gas of cold atoms in a three-

dimensional optical lattice undergoes a transition from a superfluid phase to a Mott

insulating phase [41].

realized for bosonic atoms, by suitably modifying the superexchange spin interaction

between the cold atoms [43]. For the case of fermions, a realization of the repulsive

Fermi-Hubbard model with the tools of atomic physics [44] represents an opportunity

to probe and study the strongly interacting regime of this model, which is believed

to play an important role in the understanding of high-temperature superconductors.

In particular, by increasing confinement, it is possible to achieve a transition from a

strongly interacting Fermi liquid into a band-insulating state [45]. Moreover, for suf-

ficiently strong interactions, evidence for an emergent incompressible Mott insulating

phase was found [44, 45]. It is still possible to load the lattice with Bose-Fermi mix-

tures [46–51], where the fermions may play the role of impurities, thus decreasing the

phase coherence of the bosonic atoms [46, 48]. In addition to that, the fermionic atoms

may form heteronuclear molecules with the bosonic ones at a Feshbach resonance [49].

In fact, even more complex ground states are expected in Bose-Fermi mixtures, as

for instance, the realization of a supersolid, with simultaneous breaking of gauge and

translational symmetries [52–55]. Experiments, however, remain to show the existence

of this phase.

In addition to the fact that optical lattices are naturally completely free of disorder,

they still allow to include disorder in a controlled manner. Indeed, Anderson localiza-

tion was recently observed in 1D optical lattices in the presence of disorder created by

a laser speckle [56]. Another way to generate a disorder potential or even an arbitrary

potential landscape is by shining the laser beam onto a holographic mask [57].

In the last few years, a new impetus was brought to the field of cold atoms by the

generation of artificial gauge fields for the atoms [58]. By rotating the ultracold neutral

atoms, the system responds in the same way as charged particles in a perpendicular

magnetic field. In the absence of an optical lattice, bosons in a magnetic trap were

conjectured to realize fractional quantum Hall states in the limit when the rotation

frequency approaches the frequency of the trap [59, 60]. In the presence of an optical
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Figure 1.5: A time-of-flight image of a single BEC in the presence of an artificial

magnetic field generated by means of Raman techniques. The number of vortices

increases with increasing artificial (synthetic) field [74].

lattice, a Hofstadter butterfly is expected for the single-particle spectrum. Although

the observation of the Hofstadter spectrum in condensed matter systems would require

enormously large magnetic fields, on the order of 104 Tesla, here, due to the possibility

to control the lattice constant, the effect could in principle be observed for moderate

rotation [61]. Moreover, it was recently shown that it is possible to generate staggered

magnetic fields for cold atoms in optical lattices [62], thus simulating a staggered-flux

phase [63]. In addition to the methods of generating magnetic fields by rotation, which

are currently limited to quite modest frequencies, there are possibilities to generate

gauge fields using Raman lasers [64–73].

Besides all the above mentioned examples of how to manipulate cold atoms in op-

tical lattices, there is still another, very promising one: to prepare a lattice potential

that can depend on the internal ”spin” degrees of freedom [75], thus yielding differ-

ent lattices for different spin states [76, 77]. Indeed, RF coupling between different

spin dependent lattices has recently been studied both experimentally [78] and theo-

retically [79], and the resulting non-trivial structure in the real-space lattices suggests

potential application to many body systems and quantum computation. This direc-

tion of research raises promises to bring interesting results in spin manipulation, thus

contributing to the recently opened field of Spintronics.

In Chapter 5, we derive a model where an effective magnetic field – giving rise to a

Zeeman splitting – has a component that alternates on a site-by-site basis [80]. Such

staggered Zeeman fields are required to understand the electronic properties of anti-

ferromagnetic solids, insulators and conductors, where the antiferromagnetic structure

couples strongly to electrons near the Fermi surface [81]. The single-particle energy
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dispersion in the system turns out to be quite interesting, with a peculiar third band,

which has the shape of a squarish Mexican hat. By filling the system with fermions up

to the third band, we find an exotic Fermi surface, which consists of concentric squircles

(rounded squares). Nesting effects are expected to be important, thus giving rise to

a charge- and spin-density-wave instability. We develop an SO(3,1)×SO(3,1) theory

to treat both spin and charge degrees of freedom on the same footing and show that

indeed a spin-charge-density wave (SCDW) develops in the system beyond a critical

value of the interaction strength.

1.1 Outline

This thesis is organized as follows: In Chapter 2, we study the transport properties of a

quantum wire in the presence of several time-dependent impurities, which can be point-

like or extended. The study is performed in the framework of the Keldysh formalism

combined with the bosonization technique to include electron-electron interactions. We

demonstrated that in the presence of more than one dynamic delta-like impurity or a

single dynamic extended impurity it is possible to increase conductance beyond the

quantum of conductance G0 in the entire range of repulsive interactions. In addition,

we have shown that the obtained results in the noninteracting limit g = 1 for static

extended impurities coincide with predictions of the Büttiker-Landauer theory.

In Chapter 3, we study crossings of 1D quantum wires and find an explanation for the

experimentally observed localized states at the crossing of metallic and semiconducting

nanotubes. We study a simple model with tunnelling between the wires, accounting

for electron-electron interaction only within the Hartree approximation, and consider

massive quasi-particles described by a Schrödinger equation. We express the solution in

terms of Green’s functions and find that the particle-hole symmetry breaking observed

experimentally implies the existence of an external potential, as provided by a Schottky

barrier, for instance.

In Chapter 4, we consider the effects of disorder and interactions in a quantum

Hall ferromagnet. There were discrepant predictions in the literature concerning the

problem. Most significantly, depending on the approximation used, a transition to

either a spin-glass or to a paramagnetic phase has been predicted. We study the

problem by projecting the original fermionic Hamiltonian into magnon states, which

behave as bosons in the vicinity of the ferromagnetic ground state. The occurrence of

a disorder-driven quantum phase transition from a ferromagnetic 2D electron gas to a

spin glass phase was established by taking into account interactions between electrons

up to the RPA level in a fully quantum description.

In Chapter 5, we study an experimental proposal to generate two-component ul-

tracold atoms in an optical lattice with a staggered Zeeman field. The tight-binding
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Hamiltonain describing the system possesses a single-particle spectrum with a peculiar

band (the third one). It has a Mexican hat shape, with the line of minima laying along

a squarish contour. Thus, when filling up the lattice with fermions, with the Fermi level

laying in the third band, nesting occurs between the two concentric squircle-like edges

of the Fermi surface. To analyze the type of possible instabilities, which may arise due

to nesting, we develop a generalized theory of spin and charge excitations. Applying

the generalized theory, we indeed find the occurrence of a mixed SCDW instability.

We end the thesis with conclusions in Chapter 6 and outlook in Chapter 7.



Chapter 2

Transport Properties of a Quantum

Wire in the Presence of Several

Time-Dependent Impurities

We study the transport properties of a quantum wire, described by the Tomonaga-Luttinger

model, in the presence of a backscattering potential provided by several point-like or ex-

tended time-dependent impurities (barriers). We treat electron-electron interactions with

the bosonization technique, which is combined with the Keldysh formalism to study oscil-

lating barriers. We show that the backscattering current off time-dependent impurities can

be expressed in terms of the current for the corresponding static barriers. In particular, we

find that the conductance can be increased beyond its quantized value in the entire range

of repulsive interactions 0 < g < 1 already in the case of a single oscillating extended or

two point-like impurities, in contrast to the case of a single point-like impurity, where this

phenomenon occurs only for 0 < g < 1/2. Then we determine the backscattering current for

a static extended potential, which, in the limit of noninteracting electrons (g = 1), coincides

with the result obtained using the Büttiker-Landauer formalism.1

2.1 Introduction

The effect of impurities on the transport properties of low-dimensional systems has

attracted a great deal of attention during the last years. In a pioneer work, Kane and

Fisher showed that the transport of a one-channel Luttinger liquid through a barrier is

strikingly different from that in a Fermi-liquid consisting of non-interacting electrons

1This chapter is based on ”Transport properties of a Luttinger liquid in the presence of several
time-dependent impurities”, D. Makogon, V. Juricic, and C. Morais Smith, Phys. Rev. B 74, 165334
(2006) and ”Transport properties of a quantum wire: the role of extended time-dependent impurities”,
D. Makogon, V. Juricic, and C. Morais Smith, Phys. Rev. B 75, 045345 (2007).

9
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[5]. Using a renormalization group technique, they have shown that the behavior

depends crucially on whether the electron-interactions are repulsive or attractive. For

repulsive interactions, g < 1, the barrier is relevant, and arbitrary small ones lead to

complete reflection at zero temperature. On the other hand, for attractive interactions,

g > 1, the barrier is an irrelevant perturbation and transmission is perfect through even

the largest barriers. Non-interacting electrons (g = 1) exhibit a behavior intermediate

between these two limits because in this case the barrier is a marginal perturbation.

Later, the resonant tunneling of a single-channel interacting electrons through a

double barrier was considered and the time-dependence of the width of the resonances

was discussed [9, 10]. In addition, a Hall bar with two weak barriers was proposed as

an appropriate device for measuring the fractional charge in the quantum Hall effect

[82]. However, in all those works, the barriers were considered to be static.

Recently, transport in a Luttinger liquid in the presence of a point-like time-dependent

impurity was considered [11, 12, 83, 84]. The model may describe a constricted quan-

tum wire or a constricted Hall bar at ν = 1/(2n + 1) with a time-dependent voltage

at the constriction [85]. In particular, Feldman and Gefen [83] have found an enhance-

ment of the conductance beyond the value of the quantum of conductance, G0 = e2/h,

for strong repulsive electron-electron interactions, g < 1/2.

Here, we study the effect of several weak time-dependent barriers on the transport in

an otherwise perfect one-channel Luttinger liquid, in the presence of repulsive electron-

electron interactions. We start with the fermionic model describing electrons with a

linearized spectrum in 1D in the presence of a backscattering potential, which we later

transform into a bosonized form. The calculations are performed using the bosonization

formalism combined with the Keldysh technique. 2 We find the correction to the total

current due to the backscattering of the electrons by the impurities in first order of

perturbation theory for a general time-dependent impurity potential. In particular, for

a time-dependent impurity potential oscillating with frequency Ω, we have found that

the dc-current can always be expressed in terms of the backscattering current off a static

impurity. The effect of the impurity frequency Ω is solely to split the energy modes

into ω0 + Ω and ω0−Ω, where ω0 = eV/~ denotes the Josephson frequency, associated

with the external voltage V [15]. In the appropriate limits, our work reproduces the

previous known results for a single time-dependent impurity [83], and for several static

impurities [82]. In particular, we confirm the result from Ref. [83] that the current

enhancement occurs only for strong repulsive electron-electron interactions in the case

of a single time-dependent impurity. For the case of two point-like impurities oscillating

with the same frequency or a single extended impurity, we find that the dc-component

2In fact, ”the Keldysh procedure” of round-trip Green’s functions was actually invented by
Schwinger a few years earlier; see L. P. Kadanoff and G. Baym, Quantum Statistical Mechanics
(Benjamin, New York, 1962) for details.
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of the backscattering current is positive even for weak repulsive interactions 1/2 <

g < 1 due to the presence of the interference term induced by spatial correlations in

the Luttinger liquid. Hence, within first order perturbation theory, several point-like

impurities oscillating in phase or a single extended impurity may lead to an increase of

the conductance, in a certain range of parameters, but in the entire regime of repulsive

interactions 0 < g < 1 [15, 16].

Finally, we compare our findings obtained within perturbation theory in the limit

of noninteracting electrons (g = 1) with the exact results derived in the framework of

the Büttiker-Landauer formalism and show a perfect agreement between them.

The outline of this Chapter is the following: in Section 2.2 we present a generalized

model of a quantum wire with weak time-dependent barriers of arbitrary shape in the

presence of repulsive electron-electron interactions and derive a general expression for

the backscattering current within first order perturbation theory using bosonization

combined with the Keldysh formalism. We also establish there a relation between the

dc components of the backscattering current off a static and an oscillating barriers.

In Section 2.3 we reproduce, within our approach, the results for a single point-like

impurity [83]. Two point-like impurities are considered in Section 2.4, where we find the

enhancement of conductance in the entire regime of repulsive interactions 0 < g < 1.

The case of strong backscattering potential without electron-electron interactions is

considered in Section 2.5 using the Büttiker-Landauer formalism [1]. In particular, we

demonstrate the equivalence between the results obtained within perturbation theory

in the limit of noninteracting electrons (g = 1) with the exact results derived in the

framework of the Büttiker-Landauer formalism. A particular case of a single extended

impurity with repulsive electron-electron interactions is discussed in Section 2.6. Our

conclusions are drawn in section 2.7.

2.2 The model

In this section we consider a one-dimensional quantum wire with spinless interacting

electrons backscattered by a time-dependent potential W (x, t). The Hamiltonian of the

model, including the electron-electron interaction, reads [13, 82, 86]

H =

∫
dx

{
−ivF (ψ†R∂xψR − ψ†L∂xψL) + Ũ(ψ†RψR + ψ†LψL)2

+ W (x, t)
[
ψ†LψReiω0t+i2kF x + H.c.

]}
, (2.1)

where Ũ is the interaction strength. The backscattering potential W (x, t) describes

both point-like and extended impurities. In the next step, by discretizing the backscat-
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tering potential corresponding to the extended impurities,

W (x, t) = lim
∆xp→0+

N∑
p=1

W (xp, t)∆xpδ(x− xp). (2.2)

we can reduce the problem by assuming that we deal only with point-like time-dependent

impurities located at positions xp, p = 1, ..., N .

We now use the bosonization technique, which relates the fermionic fields, ψR/L,

with the corresponding bosonic fields, ΦR/L, through ψR/L = αηe±i
√

gΦR/L . Here, α is a

normalization factor, η is a fermionic operator, and g =
√

π/(π + 2Ũ) is the coupling

constant in the bosonic theory. The action corresponding to the Hamiltonian (2.1)

then reads [13, 15, 82, 86–88]

S =

∫
dtdx

{
1

8πu

[
(∂tΦ)2 − u2(∂xΦ)2

]
(2.3)

−
∑

p

δ(x− xp)Vp(t)
(
ei
√

gΦ(t,xp)eiω0t + H.c.
)
}

,

where Vp(t) ≡ W (xp, t)e
i2kF xp∆xp/2π, Φ ≡ ΦR + ΦL and u is the collective excitation

velocity, which we further set to one. By following the approach used in Refs. [15] and

[82], we define the backscattering impurity operator

B̂(t) ≡
∑

p

Vp(t)e
i
√

gΦ̂(t,xp)eiω0t. (2.4)

The operator for the backscattering current then reads

Îbs = −ieB̂(t) + H.c. (2.5)

In order to find the backscattering current at time t, we must evaluate the expectation

value

〈Îbs〉 = 〈0|S(−∞; t)ÎbsS(t;−∞)|0〉, (2.6)

where 〈0| denotes the initial state, and S is the scattering matrix. To the lowest order

in W,

S(t;−∞) = 1− i

∫ t

−∞
dt′[B̂(t′) + H.c.],

S(−∞; t) = S∗(t;−∞). (2.7)

Substituting then Eqs. (2.7) into Eq. (2.6) and keeping only the terms of order W 2 and

zero total charge we obtain

Ibs(t) = e

∫ t

−∞
dt′〈0|B̂∗(t′)B̂(t)− B̂(t′)B̂∗(t) + H.c.|0〉, (2.8)
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where

〈0|B̂∗(t′)B̂(t)|0〉 =
∑

k,j

V ∗
k (t′)Vj(t)e

iω0(t−t′)Jkj,

Jkj ≡ 〈0|e−i
√

gΦ̂(t′,xk)ei
√

gΦ̂(t,xj)|0〉 = eg〈0|Φ̂(t′,xk)Φ̂(t,xj)|0〉. (2.9)

The Green function of the Bose field reads

〈0|Φ̂(t′, xk)Φ̂(t, xj)|0〉 = − ln[δ + i(t′− t + xk − xj)]− ln[δ + i(t′− t + xj − xk)], (2.10)

where δ is infinitesimal. Defining now the new variable τ = t − t′, the backscattering

current acquires the form

Ibs(t) = e

∫ ∞

0

dτ [eiω0τ −H.c.]
∑

k,j

V ∗
k (t− τ)Vj(t)

×{[δ + i(τ + xk − xj)]
−g[δ + i(τ + xj − xk)]

−g −H.c.}.

Because δ has an infinitesimally small value, Im{[(xk−xj)
2−τ 2]−g} = 0, for |xk−xj| ≥

τ . In addition, Im[(−1)−g] = Im[e−iπg] = − sin πg, and we eventually obtain to the

lowest order in V the backscattering current

Ibs(ω0, t) = −2e sin(πg)
∑

k,j

∫ ∞

|xk−xj |

dτ sin(ω0τ)V ∗
k (t− τ)Vj(t)

|τ 2 − (xk − xj)2|g + H.c. (2.11)

The most general case should involve a spatially varying impurity potential, with an

arbitrary shape. In order to account for this more general situation, we take the

continuum limit in Eq. (2.11) by setting N → ∞ and the discretization distance

∆xp → 0. Eq. (2.11) then acquires the form

Ibs(ω0, t) = −e
sin(πg)

π2

∫ ∫
dx1dx2

∫ ∞

|x1−x2|
dτ

sin(ω0τ) cos[2kF (x1 − x2)]W (x1, t− τ)W (x2, t)

|τ 2 − (x1 − x2)2|g . (2.12)

Eq. (2.12) is a very important result because it allows us to evaluate the backscattering

current for any set of time-dependent point-like and extended impurities, described by

any arbitrary function W (x, t).

We can progress further in the analytical calculation of some specific examples by

introducing a simplifying assumption, namely, that the impurity potential is a periodic

function of time, W (x, t) = W (x) cos(Ωt). The total current thus consists of dc and ac

components

Ibs(t) = Iac(t) + Idc. (2.13)

We have shown in Ref. [15] that the dc component of the backscattering current gen-

erated by a set of dynamical point-like impurities oscillating with a frequency Ω can
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be expressed, in first order of perturbation theory, in terms of the dc current for a set

of quasi-static impurities (ω0 À Ω > 1/τmeas, with τmeas being the measuring or the

relaxation time),

Idc =
1

2
[Iqst(ω0 + Ω) + Iqst(ω0 − Ω)], (2.14)

or static impurities (1/τmeas À Ω)

Idc =
1

4
[Ist(ω0 + Ω) + Ist(ω0 − Ω)], (2.15)

with

Ist(ω0) = −e

∫ ∫
dx1dx2W (x1)W (x2) cos[2kF (x1 − x2)]Hg(ω0, |x1 − x2|, T = 0).

(2.16)

The function Hg is defined as

Hg(ω, x, T = 0) ≡ sin(πg)

π2

∫ ∞

|x|
dτ

sin(ωτ)

|τ 2 − x2|g (2.17)

and after explicit evaluation it reads

Hg(ω, x, T = 0) = sgn(ω)
Jg−1/2(xω)

21/2+g
√

πΓ(g)

∣∣∣ω
x

∣∣∣
g−1/2

, (2.18)

where Jα(x) are Bessel functions of the first kind and Γ(g) is the gamma function.

This result may be readily generalized for the situation where a phase shift of the

form W (x, t) = W (x) cos(Ωt + 2Kx) is present along an extended impurity. Then we

can again write the dc component of the current as

Idc =
1

4
[Ist,kF +K(ω0 + Ω) + Ist,kF−K(ω0 − Ω)], (2.19)

where the channels ω0 +Ω and ω0−Ω have an ”effective” Fermi level at the momentum

kF + K and kF − K, respectively. This means that it is possible to decrease the

”effective” Fermi momentum for the ω0 −Ω channel. For simplicity we assume K = 0

in the following.

We discussed until now the T = 0 case. When the temperature is nonzero, the

Green’s function is modified by a conformal transformation [89]

|τ 2 − x2|g → | sinh[πT (τ − x)] sinh[πT (τ + x)]|g
(πT )2g

. (2.20)

Consequently, the function Hg acquires the form

Hg(ω, x, T ) ≡
∫ ∞

|x|

dτ sin(πg) sin(ωτ)T 2gπ2g−2

| sinh[πT (τ − x)] sinh[πT (τ + x)]|g . (2.21)

It is worth noting here that the function Ist(ω) is odd, Ist(−ω) = −Ist(ω), since

there is no ratchet effect present in the lowest order of perturbation expansion [90]. In
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addition, Ist(ω) can be represented as a product of a dimensional factor (which actually

becomes dimensional only after including the cutoff of the model) and a function of

dimensionless variables. The dimensionless part remains invariant with scaling

ω0 → ω′0 = ω0ζ, x → x′ = x/ζ,

W → W ′ = Wζ, T → T ′ = Tζ, (2.22)

whereas the currents Ist and Idc scale as the dimensional factor

Ist → I ′st

I ′st[W
′(x′)](ω′0, T

′) = ζ2g−1Ist[W (x)](ω0, T ). (2.23)

These equations set the relation between currents corresponding to different poten-

tials, which have the same shape but a different length parameter. For example, all

rectangular-like potentials have the same backscattering current dependence up to the

scaling (2.22). This leads us to the conclusion that it is enough to consider some po-

tential with a fixed length parameter to obtain the backscattering current dependence

for all potentials of the same form (in lowest order of perturbation theory).

2.3 Single point-like time-dependent impurity

This case has already been discussed in the literature, see Refs. [12, 83]. Here, we

follow the notation of Refs. [83, 87], and calculate the dc contribution Idc to the total

current I = Idc + Iac, for the sake of completeness, as well as to show that our model

correctly reproduces the well-known limit. Considering W (x) = 2πUδ(x) and using
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Figure 2.1: Dimensionless dc current, Idc, versus Josephson frequency, ω0 = eV/~, for

one static impurity with U = 1. (a) g = 1/4. (b) g = 3/4.

Eq. (2.16), we may express the dc current for one static impurity as

Ist(ω0) = −4eπ2U2Hg (ω0, 0, 0) , (2.24)
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where the function Hg (ω0, 0, 0) can be determined using asymptotic properties of Bessel

functions for small values of the argument,

Ist(ω0) = −2eU2sgn(ω0)Γ(1− 2g) sin(2πg)|ω0|2g−1. (2.25)

This function is plotted in Fig. 2.1 for different values of the interaction strength, g,

and we set U = 1. Here and throughout this chapter, all figures are plotted for the

dimensionless dc current. Using Eq. (2.14), the dc component of the backscattering

current generated by the presence of a single time-dependent impurity reads

Idc =
eU2

2
Γ(1− 2g) sin(2πg)[(Ω− ω0)

2g−1 − (Ω + ω0)
2g−1], Ω > ω0, (2.26)

Idc = −eU2

2
Γ(1− 2g) sin(2πg)[(ω0 − Ω)2g−1 + (Ω + ω0)

2g−1], Ω < ω0, (2.27)

which is in agreement with Ref. [83], after replacing the dimensionless variables by the

dimensional ones. The correction to the conductance may also be promptly evaluated,

∆G =
dIdc

dV

∣∣
V =0

=
e

~
dIdc

dω0

∣∣
ω0=0

, (2.28)

which yields

∆G =
eU2

~
(1− 2g)Γ(1− 2g) sin(2πg)Ω2g−2. (2.29)

The interesting result for the time-dependent single-impurity case [83] is that at strong

repulsive interactions, g < 1/2, the backscattering current becomes positive for Ω > ω0,

thus leading to an increase of the conductance, in comparison with the impurity-free

value, G0 = e2/h.

2.4 Two point-like time-dependent impurities

In this section we first concentrate on the simplest case involving more than one im-

purity, namely, the case of two time-dependent impurities separated by the distance

L, W (x) = 2π[U1δ(x) + U2δ(x − L)]. We consider the case when the two impurities

oscillate with the same frequency, Ω, and allow for a phase shift between them. Let

us first analyze the dc current contribution to the total backscattering current as a

function of the Josephson frequency ω0 associated with the external voltage V for two

static impurities (considered before by Chamon et al. in Ref. [82] for g ≤ 1/2). In this

case, Eq. (2.16) yields

Ist(ω0) = I
(1)
st (ω0) + I

(2)
st (ω0) + I int

st (ω0), (2.30)

where the first two terms are the dc currents for the single impurity 1 and 2, respectively,

given by Eq. (2.25), and the interference term reads

I int
st (ω0) = −8π2U1U2 cos(2kF L)Hg (ω0, L, 0) . (2.31)
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After including the functions Hg defined in Eq. (2.17), we obtain the explicit form of

the interference term

I int
st (ω0) = −4U1U2sgn(ω0) cos(2kF L)L1−2g πΓ(1/2 + g)

21/2−gΓ(2g)
|ω0L|g−1/2Jg−1/2(|ω0L|),

(2.32)

where we used the following identity

sin(2πg)Γ(1− 2g)Γ(2g) = π.

For small distances ω0L ¿ 1 the case of two impurities reduces to the above-considered

single impurity case with an effective amplitude of the impurity potential U2 = U2
1 +

U2
2 + 2U1U2 cos(2kF L), which results from the asymptotic property of the Bessel func-

tion

lim
x→0

|x|1/2−gJg−1/2(|x|) =
21/2−g

Γ(1/2 + g)
. (2.33)

Let us now plot Eq. (2.30) to render the results more visible. We first consider two
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Figure 2.2: Idc versus ω0 for two static impurities with L = 1 and U = 1. (a) g = 1/4.

(b) g = 3/4.

impurities with equal amplitudes of the potential, U1 = U2 = U , and without the phase

shift, cos(2kF L) = 1, to simplify the problem. We plot in Fig. 2.2 the dc current for

two static impurities as a function of ω0. In Fig. 2.2a, the interaction strength, g = 1/4,

whereas in Fig. 2.2b g = 3/4. As it was argued above, fixing L = 1 does not lead to any

loss of generality, since the value of the current for some other length can be obtained

by scaling. Comparing Fig. 2.1 and Fig. 2.2 we can conclude that the interference

term modifies the dc current in a way that it becomes a non-monotonous function of

the external voltage. The dc current for the two impurities oscillating with the same

frequency Ω can now be readily obtained using the result for the static impurities, Eqs.

(2.30) and (2.31), and Eq. (2.15), which relates the current for the dynamical and the

static impurities.
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The dependence of Idc on Ω and ω0 can be better observed in a 3D plot, see Fig.

2.3a. In Fig. 2.3b we selected only the positive contribution in order to facilitate the
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Figure 2.3: (a) Dependence of the dimensionless dc current on the Josephson frequency,

ω0, and the impurity frequency, Ω (both frequencies are measured in units of cutoff

frequency), for two impurities with L = 1, U = 1, and g = 3/4. (b) the region with a

positive dc current, Idc > 0.

visualization of the region where the new effects arise. Let us first notice that the

backscattering current enhances the total current even for weaker (g > 1/2) repulsive

interactions, see Fig. 2.3b. This effect arises in an interval 0 < ω0 < ω∗0, with ω∗0 < Ω,

if we choose Ω to be in the region where the current for the static impurities has a

positive slope, see Fig. 2.2b. This result contrasts with the one obtained for the single

time-dependent impurity, where no positive contribution exists for g > 1/2, since

the dc current for a single static impurity monotonously decreases with the Josephson

frequency, see Fig. 2.4a. On the other hand, the presence of the interference term in the

case of two impurities gives rise to a more complicated non-monotonous (oscillating)

behavior of the current with the external voltage, which leads to an enhancement of

the total current even for weak repulsive interactions.

For illustrative purposes we consider a particular section of the 3D plot in Fig. 2.3a

defined by the plane Ω = 3 for the new case where there is an increase of the current,

namely, g = 3/4. The dc current dependence on the Josephson frequency, shown in

Fig. 2.4, indicates that the total current is increased for small values of ω0. Beyond a

critical value ω∗0 the current becomes negative, and at ω0 = Ω a step can be observed.

This effect can be understood by considering the relationship between the dc currents

for the time-dependent and the static impurities. Recalling that Ist(ω) is an odd

function, we may rewrite Eq. (2.15) as

Idc =
1

4
[Ist(Ω + ω0)− Ist(Ω− ω0)]. (2.34)
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Figure 2.4: Dimensionless Idc versus ω0 (in units of cutoff frequency) for two impurities

with L = 1, g = 3/4, Ω = 3, and U = 1.

For a positive dc-component of the backscattering current, Idc > 0, the previous equa-

tion implies

Ist(ω0 + Ω) > Ist(Ω− ω0). (2.35)

The odd function Ist(ω) is negative for positive arguments, the inequality can thus only

hold if Ω−ω0 > 0, since for Ω−ω0 < 0, the function Ist is positive, Ist(Ω−ω0 < 0) > 0.

In the one-impurity case, the function Ist(ω) monotonously increases with ω for g < 1/2,

hence the inequality (2.35) holds for Ω > ω0, resulting in a positive dc current. On

the other hand, for weak repulsive interactions, g > 1/2, the current Ist is a decreasing

function of its argument, the inequality (2.35) is not obeyed, and, consequently, the

dc-component of the backscattering current is negative. In the case of two impurities,

the function Ist is non-monotonous even for weak repulsive interactions, g > 1/2,

meaning that there are intervals of frequency in which the function Ist increases. If the

frequency of the impurity belongs to one of such intervals, according to Eq. (2.35), the

total current is increased, at least for a small Josephson frequency, ω0 ¿ Ω. This effect

arises as a consequence of the interference term, given by Eq. (2.32), which results

from the spatial correlations in the Luttinger liquid that influence the backscattering

current due to the presence of two point-like impurities.

In general, for any number of weak impurities, the dc-component of the backscat-

tering current is positive, if for some frequencies 0 < ω1 < ω2, the static current obeys

Ist(ω1) < Ist(ω2). (2.36)

The corresponding positive value of the dc current, according to Eq. (2.34), reads

Idc =
1

4
[|Ist(ω1)| − |Ist(ω2)|], (2.37)
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where the frequencies ω1 and ω2 are related to the Josephson frequency, ω0, and the

frequency of the impurity potential Ω as follows

Ω =
1

2
(ω2 + ω1), ω0 =

1

2
(ω2 − ω1). (2.38)

The criterium for a positive dc-component of the backscattering current, given by Eq.

(2.36), implies that there exists an interval of frequencies where the static current

increases. Then for the impurity frequency, Ω, belonging to such an interval, and the

Josephson frequency ω0 ¿ Ω, using Taylor expansion of the static current Ist in Eq.

(2.34) and keeping only the term linear in Josephson frequency, we obtain

Idc =
1

2
I ′st(Ω)ω0 +O(ω2

0). (2.39)

Therefore, in the case of weak impurities when the expansion to the lowest order of

perturbation theory is valid, the backscattering current is positive for any frequency of

the impurity potential, Ω, such that the static current has a positive slope, I ′st(Ω) > 0,

and the Josephson frequencies ω0 ¿ Ω. However, this is not the most general situation,

since it may occur, depending on the form of the static current, that for some frequency

Ω, the static current decreases, I ′st(Ω) < 0, but the frequency ω0 is such that the

inequality (2.35) is still obeyed.

Let us now return to the case of two impurities, where, as we will show below, the

increase of the total current occurs only for the frequencies of the impurity potential at

which the static current increases. The static current in this case is such that for two

consecutive local minima and local maxima, ωmin1 < ωmax1 < ωmin2 < ωmax2, it obeys

Ist(ωmax1) > Ist(ωmin1) > Ist(ωmax2) > Ist(ωmin2), see Fig. 2.2b. Then, the maximal

current enhancement reads

Idc =
1

4
[Ist(ωmax1)− Ist(ωmin1)]. (2.40)

The corresponding frequency of the impurity potential and the Josephson frequency

are given by Eq. (2.38) with ω1 ≡ ωmin1 and ω2 ≡ ωmax1.

2.5 Non-interacting electrons in an extended backscat-

tering potential

2.5.1 The Model

We start by studying the simplest case, namely, noninteracting electrons (g = 1) in

1D in the presence of a backscattering potential. The Hamiltonian of the model reads
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H = H0 + Himp, where

H0 = −i~vF

∫
dx(ψ†R∂xψR − ψ†L∂xψL), (2.41)

Himp =

∫
dx(ψ†RψL + ψ†LψR)W (x, t).

Here ψR/L are fermionic fields corresponding to the right/left moving electrons and

W (x, t) stands for the backscattering potential. We also further set the Planck constant

~ = 1 and the Fermi velocity vF = 1. The equations of motion then read

(∂t + ∂x)ψR + iW (x, t)ψL = 0, (2.42)

(∂t − ∂x)ψL + iW (x, t)ψR = 0.

For a static backscattering potential, W (x, t) = W (x), the solutions of the above

equations of motion have a stationary form, ψR/L(x, t) = ψR/L(x)e−iωt. The fermionic

fields ψR/L then obey the following equation of motion
(

ω + i∂x −W (x)

−W (x) ω − i∂x

)
ψ(x) = 0, (2.43)

where we introduced a “spinor” notation

ψ ≡
(

ψR

ψL

)
. (2.44)

The transformation from the states on the left of the barrier ψR/L(xL) to the states on

the right of the barrier ψR/L(xR) are described by

ψ(xR) = Mψ(xL), (2.45)

where M is the transmission matrix, which can be always written in the form

M =

(
s r∗

r s∗

)
. (2.46)

The transmission matrix given by Eq. (2.46) is related to the scattering matrix S which

gives the transformation from the incoming modes ψR(xL), ψL(xR) to the outgoing

modes ψR(xR), ψL(xL). In terms of the transmission matrix elements, the latter reads

S =
s

|s|

(
1/|s| r∗/|s|
−r/|s| 1/|s|

)
. (2.47)

Let us now calculate the transmission coefficient for the right moving particles using

Eq. (2.45). In that case, we have
(

ψR(xR)

0

)
= M

(
ψR(xL)

ψL(xL)

)
. (2.48)
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The transmission coefficient may be then promptly found from the previous equation

T ≡
∣∣∣∣
ψR(xR)

ψR(xL)

∣∣∣∣
2

=
1

|s|2 =
1

1 + |r|2 . (2.49)

An analogous calculation shows that the transmission coefficient for the left moving

particles is the same as for the right moving ones. We can now find the backscattering

current using the Landauer formula [1] and choosing the left and right reservoirs to

be symmetric. We use the subscript “st” to denote the backscattering current off

a static impurity to distinguish it from the backscattering current originating from

time-dependent barriers. The current then reads

Ist = e

∫ ∞

−∞

dω

2π
[nR(ω)− nL(ω)][T (ω)− 1], (2.50)

where nR/L(ω) are the occupation numbers of the right/left movers, given by the Fermi

distribution function

nR/L(ω) =
1

eβ(ω−ωF∓ω0/2) + 1
. (2.51)

Here, ω0 = eV is the Josephson frequency related to the applied bias voltage V and

ωF is the Fermi energy (recall that ~=1).

2.5.2 Arbitrary static potential

In the following we concentrate on some particular example of a weak backscattering

potential, for which an analytical solution can be obtained. First we consider nonin-

teracting electrons backscattered off a static potential W (x) localized in the interval

0 ≤ x ≤ y with the corresponding transmission matrix M(y). In order to find the

dependence of the transmission matrix on the scattering potential, let us add to the

existing barrier an infinitesimally thin part with the height W (y +dy). In this case the

transmission matrix at the point y+dy is M(y+dy) = M(y)+dM , where dM = iTMdy

and

T =

(
ω −W (y)

W (y) −ω

)
. (2.52)

After performing the matrix multiplication, we find the following differential equations

ds = i[ωs−W (y)r]dy, (2.53)

dr = i[W (y)s− ωr]dy.

If the potential is weak, W (y) ¿ ω, then to the lowest order in perturbation expansion

r = O(W/ω). After neglecting terms O(r3), we obtain

dr(y) = i[W (y)eiωy − ωr(y)]dy. (2.54)
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This is a linear inhomogeneous differential equation of the first order with solution of

the form

r(y) = ie−iωy

∫ y

0

dxW (x)ei2ωx. (2.55)

Then, it follows straightforwardly that

|r|2 =

∫
dx1

∫
dx2W (x1)W (x2) cos[2ω(x1 − x2)]. (2.56)

On the other hand, since |r|2 ¿ 1, the transmission coefficient becomes

T (ω)− 1 =
1

1 + |r|2 − 1 = −|r|2, (2.57)

and the backscattering current at finite temperatures then reads

Ist = −e

∫ ∞

−∞

dω

2π
|r|2[nR(ω)− nL(ω)]. (2.58)

Consequently, we find that

δ2

δW (x1)δW (x2)
Ist|W=0 = −e

∫ ∞

−∞

dω

π
cos[2ω(x1 − x2)][n

R(ω)− nL(ω)]. (2.59)

Since ∫ ∞

−∞
dy cos(y)[nR(y/2l)− nL(y/2l)] = 4πT l

sin(ω0l) cos(2ωF l)

sinh(2πT l)
,

we eventually obtain that

δ2Ist

δW (x1)δW (x2)
|W=0 = −2eT

cos[2ωF (x1 − x2)] sin[ω0(x1 − x2)]

sinh[2Tπ(x1 − x2)]
. (2.60)

As we will see later, Eq. (2.60) will allow us to connect the results obtained within per-

turbation theory in the bosonization formalism with the ones derived in the framework

of the Büttiker-Landauer approach, for an arbitrary (but weak) extended impurity bar-

rier, in the limit of noninteracting electrons (g = 1). In particular, for a backscattering

potential with a rectangular shape W (x) = W [Θ(x + L/2) − Θ(x − L/2)], at zero

temperature (T = 0) and ωF = 0 the backscattering current is found to be [16]

Ist = −2eW 2L

π

∫ Lω0

0

dy
sin2(y/2)

y2
. (2.61)

2.6 A single static extended impurity with interac-

tions

In the case of a backscattering potential with a rectangular shape considered above,

the integral Eq. (2.16) simplifies to

Ist(ω0) = −eW 2

∫ L/2

−L/2

∫ L/2

−L/2

dx1dx2 cos[2kF (x1 − x2)]Hg(ω0, |x1 − x2|, T ).
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Figure 2.5: (color online) Dimensionless ”static” current Ist versus ω0 for kF = 0 and

W = L = 1. Upper panel: g < 1/2. Lower panel: g ≥ 1/2.

By changing the variables x = x1−x2 and y = x1+x2, one integration can be performed,

finally yielding

Ist(ω0) = −2eW 2

∫ L

0

dx(L− x) cos(2kF x)Hg(ω0, x, T ). (2.62)

In Fig. 2.5, the dimensionless current in the presence of a static impurity, given by

Eq. (2.62), is plotted for kF = 0, W = L = 1, since, as it was argued before, we can

fix the length of the barrier without loss of generality. The upper panel shows that for

g < 1/2, Ist always increases, analogous to the case of a point-like impurity. On the

other hand, for g > 1/2, a non-monotonic behavior of the current appears. As we will

discuss later, this non-monotonic behavior may lead to an increase of the conductance,

beyond the value G0.

Let us now discuss the dependence of the current on the value of kF . To demonstrate

the influence of the Fermi momentum, kF , on the backscattering current off a static

impurity, we plot Ist versus the Josephson frequency for several values of the Fermi

momentum in Fig. 2.6. It can be promptly observed that the qualitative features are
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Figure 2.6: (color online) Dimensionless Ist versus ω0 for g = 0.7 and L = 1

the same for zero and finite kF , the only effect of the latter is to shift the minimum of

the curve to higher values of ω0.

For future purposes it is worth noting that for the rectangular potential with kF = 0

the following relation holds

∂2

∂L2
Ist = −2eW 2Hg(ω0, L, T ). (2.63)

Eq. (2.63) is a consequence of a more general relation, valid for an arbitrary static

potential [91]

δ2

δW (x1)δW (x2)
Ist|W=0 = −2e cos[2kF (x1 − x2)]Hg(ω0, |x1 − x2|, T ). (2.64)

2.6.1 Noninteracting electrons g = 1 within perturbation the-

ory

Now we can compare this result with the one obtained using the Büttiker-Landauer

formalism by taking the limit g → 1 in Eq. (2.17). Defining h(τ) ≡ sin(ωτ), f(τ) ≡
|τ 2 − x2|, and g = 1− ε, we may use the formula

lim
ε→0+

∫ y

x

dτh(τ)[f(τ)]ε−1ε =
h(x)

f ′(x)
, y > x, (2.65)

which holds for a function f with the properties f(x) = 0 and f ′(x) > 0, yielding

H1(ω0, x, T ) = T
sin(ω0x)

sinh(2Tπx)
. (2.66)

By substituting Eq. (2.66) into Eq. (2.64) we obtain Eq. (2.60), since ωF = kF for our

choice of units.
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2.6.2 One oscillating extended impurity

We can now fix the width of the impurity to be L = 1 without loss of generality,

since the other cases are obtained from the latter by the scaling relation (2.22). The

function Ist(ω) is odd, Ist(−ω) = −Ist(ω), as we explained earlier. The current for the

dynamical impurity Idc, according to Eq. (2.15), reads

Idc =
1

4
[Ist(Ω + ω0)− Ist(Ω− ω0)]. (2.67)

Since Ist(ω0) is always negative or zero for ω0 > 0, the function Idc is also negative if

both ω0 + Ω and ω0 − Ω are positive. To obtain a positive backscattering current it is

therefore necessary to have Ω > ω0, i.e., the frequency of the impurity should be larger

than the external bias frequency. Then for small ω0

Idc =
1

2
I ′st(Ω)ω0 (2.68)

and therefore, the Idc current is positive if I ′st(Ω) > 0, at least for small ω0. Let

us begin by considering the current in the region 1/2 < g < 1. For a fixed value of

 0

 2

 4
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 0.5  0.75  1

Umin

g

Figure 2.7: ωminL versus g.

the interaction parameter g within this region, the “static” current Ist(ω0) continuously

decreases from zero, for ω0 = 0, to a minimal value Ist(ωmin), and then in the remaining

region it increases, see Fig. (2.6). Let us concentrate in the following on the example

with kF = 0, which provides a lower bound for ωmin. The value of ωminL then depends

only on the interaction strength g, and it changes monotonously from 0 at g = 1/2 to 5

at g ≈ 0.95, but then diverges to +∞ when g → 1, see Fig. (2.7). Therefore, for typical

values of g, ωminL is of order 1. Note that the minimum is very sensitive to the impurity

length, and never achievable for the case of a point-like impurity (L → 0), for which

Ist(ω0) is a monotonously decreasing function. Since in our case the backscattering
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Figure 2.8: (color online) Idc versus ω0 for g = 0.7.

current changes sign only when I ′st(Ω) > 0, we have to choose Ω > ωmin in order to

obtain an increase of the dc current, see Eq. (2.68) and Fig. (2.6). Now, considering

Idc as a function of the applied voltage V for some fixed Ω > ωmin, one finds that

the dc current is positive in a region 0 < ω0 < ω∗0(Ω), see Fig. (2.8). Therefore, the

effect of current enhancement in the region 1/2 < g < 1 occurs only if the frequency

of the impurity is larger than some minimal value ωmin, which depends on g. For

the frequency Ω > ωmin, the continuous function Idc is then positive within a region

0 < ω0 < ω∗0.

2.7 Conclusions

In this chapter we calculated the backscattering current off an arbitrary time-dependent

barrier W (x, t), which describes point-like and extended impurities in a Luttinger liq-

uid. Our approach is based on the bosonized version of the Luttinger liquid Hamilto-

nian combined with the Keldysh formalism, in which we considered the current of the

electrons backscattered by the impurities in lowest order of perturbation theory. We

found that the dc current generated by a set of time-dependent impurities oscillating

with a frequency Ω in the presence of an external voltage ω0 = eV/~ reduces to the

sum of the two currents for static impurities subjected to an external voltage ω0 ± Ω,

as described by Eq. (2.15). Thus, the backscattering current off dynamical impurities

can be expressed in terms of the backscattering current off static ones.

We applied the result for the backscattering current to a single time-dependent

point-like impurity, and showed that it reproduces the result obtained by Feldman

and Gefen [83], i.e., that the current enhancement is only possible for strong repulsive

interactions, g < 1/2. We then concentrated on two dynamical impurities. In this case,

the presence of spatial correlations in the Luttinger liquid leads to a non-monotonous
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behavior of the static current, which, in turn, gives rise to a positive dc-component

of the backscattering current even for weak repulsive interactions, g > 1/2. Namely,

since the dc current contains contributions from two channels, a “higher” on ewith

frequency Ω+ω0 and a “lower” one with frequency Ω−ω0, as given by Eq. (2.15), the

dc current is positive when the contribution from the “higher” channel is larger than

the one from the “lower” channel. For a single oscillating impurity, this is the case when

the electron-electron interaction is strongly repulsive, g < 1/2, because the current is

a monotonously increasing function of the voltage. For weak repulsive interactions,

g > 1/2, this situation never occurs, because the current monotonously decreases with

the voltage, see Fig. 2.1. However, in the presence of two impurities interference

effects may locally change this scenario by introducing wiggles in the previous I-V

characteristics, rendering possible the increase of the current in a certain range of

parameters, for any g. Using the form of the dc current for a set of dynamical impurities

in terms of the corresponding static currents, given by Eq. (2.16), we found that for

two dynamical impurities the current enhancement occurs only for the values of the

impurity frequency for which the static current (2.16) has a positive slope, I ′st(Ω) > 0.

Due to the quasi-periodic form of the static current for two impurities, the values of the

impurity frequency for which the total current is enhanced form a band-like structure.

Further, we evaluated the backscattering current Ist(ω0) off a single extended static

barrier in the presence of interactions and showed that it is a non-monotonic function of

ω0, which for 1/2 < g < 1 has a minimum at ωmin. In addition, we observed that ωmin

depends on the interaction strength and the parameter kF L, with kF = 0 providing

a lower bound for ωmin. Therefore, by choosing Ω such that Ω > ωmin, it may occur

that the backscattering current changes sign and in a certain region of applied voltage

0 < ω0 < ω∗0 the conductance will be greater than the quantum of conductance G0. The

phenomenon of the conductance enhancement may occur in the presence of oscillating

impurities as well, but the main difference concerns the region of parameters where

it appears, which depends on the type of the barrier. In the case of a single point-

like oscillating barrier it only occurs for strongly repulsive interactions 0 < g < 1/2

[83], whereas for two or more point-like barriers it may happen in the entire range of

repulsive interactions 0 < g < 1 if the barriers oscillate with the same frequency Ω

[15]. On the other hand, if the barrier is extended, the phenomenon already appears

for a single oscillating barrier in the entire region of the repulsive electron-electron

interactions (0 < g < 1) [16]. The interval of voltage where the conductance increases

can be optimally chosen by adjusting the frequency Ω of the oscillating barrier.

In summary, we investigated the transport properties of a Luttinger liquid account-

ing for the most general case of scattering off time-dependent barriers and determined

the values of parameters where the conductance may increase beyond its quantized

value.



Chapter 3

Coupled Quantum Wires

We study a set of crossed 1D systems, which are coupled with each other via tunnelling at

the crossings. We begin with the simplest case with no electron-electron interactions and

find that besides the expected level splitting, bound states can emerge. Next, we include an

external potential and electron-electron interactions, which are treated within the Hartree

approximation. Then, we write down a formal general solution to the problem, giving addi-

tional details for the case of a symmetric external potential. Concentrating on the case of a

single crossing, we were able to explain recent experiments on crossed metallic and semicon-

ducting nanotubes [J. W. Janssen, S. G. Lemay, L. P. Kouwenhoven, and C. Dekker, Phys.

Rev. B 65, 115423 (2002)], which showed the presence of localized states in the region of

crossing.1

3.1 Introduction

Physics in 1D systems manifests a number of peculiar phenomena, such as spin-charge

separation, conductance quantization [1], and anomalous low-temperature behavior in

the presence of backscattering impurity [5]. It is reasonable to expect that the more

complex structures composed of crossed 1D systems, such as crossings and arrays [17],

should exhibit some particular features as well. Although the transport properties of

crossed 1D systems and their arrays have been thoroughly studied both theoretically

[18–20] and experimentally [22–24], the electronic structure of these systems is much

less understood and the interpretation of existing experimental results is challenging.

Single wall carbon nanotubes (SWCNTs) are quasi 1D systems, with a quantized

transverse component of the momentum. Using the single particle excitation energy

dispersion for graphite, it is possible to establish a connection between chirality and

1This chapter is based on ”Coupled quantum wires: Explaining the observed localized states at the
crossing of metallic and semiconducting nanotubes”, D. Makogon, N. de Jeu, and C. Morais Smith,
Phys. Rev. B 78, 115123 (2008).

29
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transport properties of the SWCNTs, which can be metallic or semiconducting. Ex-

perimental studies of a metallic carbon nanotube crossed with a semiconducting one

[25] using scanning tunnelling microscopy (STM) revealed the existence of localized

states at the crossing. Apparently, disorder does not play a significant role in their

origin. However, these localized states do not appear systematically in all experiments,

i.e. the effect is highly dependent on the nature of the carbon nanotubes (metallic

or semiconducting), on the barrier formed at the crossing, etc. Aiming at clarifying

this problem, we present in this chapter a detailed study of tunnelling effects between

crossed wires in the presence of potential barriers for massive quasiparticle excitations.

Although the dependance of the conductance of metallic CNTs on the gate voltage

and temperature is in excellent agreement with the Luttinger liquid theory [92], which

describes the collective motion of massless fermions, for semiconducting SWCNTs of

finite length the Schrödinger equation, describing a single quantum massive quasipar-

ticle in a harmonic potential, was required to explain the energy level spacing [26].

At present, there exists a number of publications devoted to the study of crossed 1D

quantum wires coupled via tunneling at the crossings, for example, by Mukhopadhyay

et al. [19, 93] and Kuzmenko et al. [20, 94, 95]. Their treatments are based on the

Luttinger liquid approach, which is applicable for the description of massless modes

in metallic NTs. Our study is concerned mainly with massive modes present in both,

semiconducting and metallic SWCNTs. Therefore, we find more appropriate to use the

Schrödinger equation than the Luttinger liquid model. Electron-electron interactions

are incorporated in the simplest way by Hartree approximation.

The outline of this chapter is the following: in Section 3.2 we introduce the model

that we are going to use to describe the array of crossed nanowires. In Section 3.3 we

consider a particular case of free electrons and write down explicit solutions for the

case of one crossing and a regular lattice of crossed wires. Section 3.4 contains a formal

general solution, with additional details given for the case of a symmetric external

potential. We demonstrate the effect of tunnelling on the electronic structure of single

crossings in Section 3.5 and qualitatively discuss different possibilities depending on

the external potential. Section 3.6 contains quantitative analysis and comparison with

available experimental data of the electronic structure of a single crossing for different

values of parameters. Our conclusions and open questions are presented in Section 3.7.

3.2 The Model

We consider a system composed of two layers of crossed quantum wires with interlayer

coupling. The upper layer has a set of parallel horizontal wires described by fermionic

fields ψj(x), whereas the lower layer contains only vertical parallel wires described by

the fields ϕi(y). The wires cross at the points (xi, yj), with i, j ∈ Z and the distance
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between layers is d, with min(|xi − xi+1|, |yj − yj+1|) À d, see Fig.1.

3

1 32
x

y

y1

x x x

y 

d2y

Figure 3.1: 2D array of crossed wires.

The partition function of the system reads

Z =

∫
d[ψj]d[ψ∗j ]d[ϕi]d[ϕ∗i ]e

−S/~, (3.1)

with the total action given by

S = S0 + Ssct + Sint. (3.2)

The first term accounts for the kinetic energy and external potential V ext
j (x), which

can be different in each wire and may arise, e.g., due to a lattice deformation, when

one wire is built on top of another,

S0 =
∑

j

∫ ~β

0

dτ

∫
dxψ∗j (x, τ)G−1

jx ψj(x, τ) +
∑

i

∫ ~β

0

dτ

∫
dyϕ∗i (y, τ)G−1

iy ϕi(y, τ),

where

G−1
jx = ~

∂

∂τ
− ~2

2m

d2

dx2
+ V ext

j (x)− µx,

G−1
iy = ~

∂

∂τ
− ~2

2m

d2

dy2
+ V ext

i (y)− µy. (3.3)

Here, µx,y denotes the chemical potential in the upper (µx) or lower (µy) layer.

The second term of Eq. (3.2) describes scattering at the crossings (xi, yj),

Ssct =
∑
ij

∫ ~β

0

dτHij, (3.4)

where

Hij =
[
ψ∗j (xi, τ) ϕ∗i (yj, τ)

]
(

Uij Tij

T ∗
ij Ũij

)[
ψj(xi, τ)

ϕi(yj, τ)

]
.

Notice that the matrix element Uij describing intra-layer contact scattering can, in

principle, be different from Ũij, but both must be real. On the other hand, the contact
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tunnelling (inter-layer) coefficient between the two crossed wires Tij can be a complex

number, since the only constraint is that the matrix above must be Hermitian.

The third term in Eq. (3.2) accounts for electron-electron interactions,

Sint =
1

2

∑
j

∫ ~β

0

dτ

∫ ~β

0

dτ ′
∫

dx

∫
dx′ψ∗j (x, τ)ψ∗j (x

′, τ ′)V e−e(x− x′)ψj(x, τ)ψj(x
′, τ ′)

+
1

2

∑
i

∫ ~β

0

dτ

∫ ~β

0

dτ ′
∫

dy

∫
dy′ϕ∗i (y, τ)ϕ∗i (y

′, τ ′)V e−e(y − y′)ϕi(y, τ)ϕi(y
′, τ ′).

3.3 Free electron case

We start by considering a very simplified case, namely, free electrons (no electron-

electron interaction, V e−e(x) = 0 and no external potential, V ext
j (x) = 0). Moreover,

we assume Ũji = Uji = 0 and put µx = µy = µ. The interlayer tunnelling is assumed to

be equal at each crossing point Tij = T and to have a real and positive value. In such a

case, the partition function consists of only Gaussian integrals. We can then integrate

out the quantum fluctuations, which reduces the problem to just solving the equations

of motion. Considering a real time evolution and performing a Fourier transformation

in the time variable, we are left with the following equations of motion for the fields:
(
− ~

2

2m

d2

dx2
− E

)
ψj(x) + T

∑

l

δ(x− xl)ϕl(yj) = 0,

(
− ~

2

2m

d2

dy2
− E

)
ϕi(x) + T

∑

l

δ(y − yl)ψl(xi) = 0, (3.5)

where m denotes the electron mass and E is the energy of an electron state. Firstly,

we evaluate the solutions for the case of free electrons without tunnelling and then we

investigate how the addition of tunnelling changes the results. The solution for the

free electron case consists of symmetric and antisymmetric normalized modes,

ψs(x) =
1√
L

cos(ksx), ψa(x) =
1√
L

sin(kax), (3.6)

respectively. The corresponding momenta ks and ka depend on the boundary con-

ditions: with open boundary conditions ks = π(2n + 1)/2L, ka = πn/L and with

periodic boundary conditions ks = ka = πn/L for a wire of length 2L and n integer.

To find the solution for the case with tunnelling T 6= 0, we have to solve Eqs. (3.5).

These equations are linear, therefore, the solution consists of a homogeneous and an

inhomogeneous parts,

ψj(x) = ψhom
j (x) + ψinh

j (x), (3.7)

which are

ψhom
j (x) = Aje

ikx + Bje
−ikx, (3.8)
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ψinh
j (x) =

Tm

~2k

∑

l

ϕl(yj) sin(k|x− xl|). (3.9)

Imposing open boundary conditions, ψj(±L) = 0, we find

Aje
ikL + Bje

−ikL + ψinh
j (L) = 0,

Aje
−ikL + Bje

ikL + ψinh
j (−L) = 0. (3.10)

Writing the above equations in a matrix notation and inverting yields
(

Aj

Bj

)
=

−1

2i sin(2kL)

(
eikL −e−ikL

−e−ikL eikL

)(
ψinh

j (L)

ψinh
j (−L)

)
.

Substituting explicitly the expression for ψinh
j (±L) given by Eq. (3.9) and using the

mathematical identity

(
eikx e−ikx

)
(

eikL −e−ikL

−e−ikL eikL

) (
sin(kL− kxl)

sin(kL + kxl)

)

= cos (2kL) cos(kx− kxl)− cos(kx + kxl),

leads, after simplifications, to the solution

ψj(x) = −T
∑

l

G(x, xl, E)ϕl(yj), ϕi(y) = −T
∑

l

G(y, yl, E)ψl(xi), (3.11)

where, for open boundary conditions,

Go(xi, xj, E) ≡ m

~2k sin(2kL)
[cos(kxi + kxj)− cos(2kL− k|xi − xj|)], (3.12)

and the energy E is related to k as E = ~2k2/2m. Similar calculations can be performed

for the case of periodic boundary conditions, yielding Eq. (3.11) with

Gp(xi, xj, E) ≡ m

~2k sin(kL)
cos(kL− k|xi − xj|). (3.13)

3.3.1 Two crossed wires

In particular, for the simplest case of a single horizontal and a single vertical wires,

with just one crossing at (x0, y0), the solution is:

ψ(x) = −TG(x, x0, E)ϕ(y0), ϕ(y) = −TG(y, y0, E)ψ(x0). (3.14)

By substituting (x, y) = (x0, y0), we find that at the crossing point

ψ(x0) = −TG(x0, x0, E)ϕ(y0)

ϕ(y0) = −TG(y0, y0, E)ψ(x0). (3.15)
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Figure 3.2: Two crossed wires.

The consistency condition requires that
∣∣∣∣∣

1 TG(x0, x0, E)

TG(y0, y0, E) 1

∣∣∣∣∣ = 0, (3.16)

or

T 2G(x0, x0, E)G(y0, y0, E) = 1. (3.17)

The solution is even simpler if (x0, y0) = (0, 0). Then, for open boundary conditions,

the symmetric modes are

ψ(x) =
ϕ(0)Tm

~2k cos(kL)
sin(kL− k|x|), ϕ(y) =

ψ(0)Tm

~2k cos(kL)
sin(kL− k|y|),

and the antisymmetric modes are left unchanged in comparison with Eqs. (3.6). Also,

G(0, 0, E) =
m tan(kL)

~2k
, (3.18)

and the secular equation (3.17) becomes

[
Tm tan(kL)

~2k

]2

= 1, (3.19)

which splits into two transcendental equations

k+ = −Tm

~2
tan(k+L), k− =

Tm

~2
tan(k−L).

The first one describes the shifted values of scattering states energies, whereas the

second equation has an additional bound state solution with E < 0, if T > T0 = ~2/mL.

The appearance of the bound state is exclusively due to the presence of tunnelling. For

an electron in a wire of length 2L = 103 nm the corresponding value is T0 = 7.62×10−5

eV·nm and for quasiparticles the value of T0 is typically larger, inversely proportional

to their effective mass. Defining then κ ≡ −ik− and taking the thermodynamic limit

L →∞, we find |κ| = Tm/~2 with the corresponding bound state energy

E = −T 2m

2~2
, (3.20)
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and the wave function given by

ψ(x) =

√
|κ|
2

e−|κx|. (3.21)

The factor 1/2 instead of 1/
√

2 comes from the fact that now an electron can tunnel

into the other wire, where its wavefunction ϕ(0) = −ψ(0). Eqs. (3.20) and (3.21)

hold for both open and periodic boundary conditions. Since the threshold value T0 is

quite small, the bound state should exist for a typical crossing with relatively good

contact. However, the energy of the state is extremely small, E ∼ 10−8 eV if T ∼
T0. Qualitatively similar results were found by numerical computation [96, 97] of the

ground-state energy of an electron trapped at the intersection of a cross formed by two

quantum wires of finite width.

3.3.2 A regular lattice of crossed wires

Consider now a regular square lattice, with lattice constant a. Then, one has xl = al

and yj = aj. Considering bound states E < 0, the Eqs. (3.11) can be significantly

simplified in the thermodynamic limit L →∞. Then, with k = iκ, for both open and

periodic boundary conditions

G(xi, xj, E) =
m

~2|κ|e
−|κ(xi−xj)|. (3.22)

From symmetry arguments, the wave functions should be ψj(x) = ψ0(x)eiKyaj and

ϕl(y) = ϕ0(y)eiKxal. After substituting them into Eq. (3.11) and Eq. (3.22) we find

ψj(x) = − Tϕ0(yj)
meiKxlxa

~2κ

sinh(κx− κalx)e
iKxa − sinh(κx− κ(lx + 1)a)

cosh(κa)− cos(Kxa)
,

ϕl(y) = − Tψ0(xl)
meiKylya

~2κ

sinh(κy − κaly)e
iKya − sinh(κy − κ(ly + 1)a)

cosh(κa)− cos(Kya)
,

where lx, ly ∈ Z, such that alx ≤ x < a(lx + 1) and aly ≤ y < a(ly + 1). There-

fore, ψj(xl) = ψ0(0)ei(Kxal+Kyaj) and ϕl(yj) = ϕ0(0)ei(Kxal+Kyaj), with ψ0(0) and ϕ0(0)

related by

ψ0(0) = −T
m

~2κ

sinh(κa)

cosh(κa)− cos(Kxa)
ϕ0(0),

ϕ0(0) = −T
m

~2κ

sinh(κa)

cosh(κa)− cos(Kya)
ψ0(0). (3.23)

Thus, the spectral equation reads

1 =
(mT )2

(~2κ)2

sinh2(κa)

[cosh(κa)− cos(Kxa)][cosh(κa)− cos(Kya)]
.
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By performing an analytic continuation k = iκ in Eq. (3.23), we find an equations

similar to the one obtained previously by Kazymyrenko and Douçot [21] when studying

scattering states in a lattice. The spectral equation describes a band formed by bound

states with energies −T/a < E < 0. The momenta Kx and Ky run in the interval −π <

Kxa,Kya < π if T ≥ Tf = 2~2/ma or inside the region | sin(Kxa/2) sin(Kya/2)| ≤
T/Tf if T < Tf . Similar results were calculated [98], estimated [99], and measured

[100] in the context of hybridization between vertical and horizontal stripe modes in

high-Tc superconductors.

3.4 A more general case

Now we consider a more general model, which takes into account the presence of

an inhomogeneous potential V ext
j (x) arising from possible lattice deformations, and

includes electron-electron interactions V e−e(x), which will be treated at a mean field

level, within the Hartree approximation V e−e
Hj (x). Each crossing (xi, yj) is considered as

a scattering point with tunnelling Tij and scattering potential Uij. The corresponding

equations of motion then read

Djxψj(x) +
∑

l

[Uljψj(xl) + Tljϕl(yj)]δ(x− xl) = 0,

Diyϕi(y) +
∑

l

[Ũil ϕi(yl) + T ∗
ilψl(xi)]δ(y − yl) = 0,

where

Djx = − ~
2

2m

d2

dx2
+ Vj(x)− E, Diy = − ~

2

2m

d2

dy2
+ Vi(y)− E,

with Vj(x) = V ext
j (x) + V e−e

Hj (x). This model is solved most easily through the Green’s

function satisfying

Djx1Gj(x1, x2, E) = δ(x1 − x2)

with

Gj(x1, x2, E) = G∗
j(x2, x1, E),

and the corresponding open boundary conditions,

Gj(x1, L, E) = 0, Gj(x1,−L, E) = 0,

or the periodic ones

Gj(x1, L, E) = Gj(x1,−L,E),

Gj
′(x1, L, E) = Gj

′(x1,−L,E),
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where the prime denotes the derivative with respect to x1. Note that we consider a

real time Green’s function for a particular wire (not the whole system), which differs

by a factor ~ from the commonly used definition. The solution to the model is

ψj(x) = −
∑

l

[Uljψj(xl) + Tljϕl(yj)]Gj(x, xl, E),

ϕi(y) = −
∑

l

[Ũil ϕi(yl) + T ∗
ilψl(xi)]Gi(y, yl, E), (3.24)

which we require to be normalized

∑

l

(∫
|ψl(x)|2dx +

∫
|ϕl(y)|2dy

)
= 1. (3.25)

The self consistency condition for the value of the functions at crossing points (xi, yj)

yields the equations

∑

l

[(UljGj(xi, xl, E) + δil)ψj(xl) + TljGj(xi, xl, E)ϕl(yj)] = 0,

∑

l

[(Ũil Gs(yj, yl, E) + δjl)ϕi(yl) + T ∗
ilGi(yj, yl, E)ψj(xi)] = 0.

To find nontrivial solutions for the fields ψj(x) and ϕi(y), the system of homogeneous

equations in Eq. (3.26) has to be linearly dependent and hence the solution is repre-

sented by the null space of the system. This means that after writing the equations

in a matrix form, the determinant of the matrix should be zero, thus leading to a

spectral equation for E. Moreover, bound state solutions in the thermodynamic limit

L → ∞ satisfy both open and periodic boundary conditions, since ψ(±L) → 0 and

ψ′(±L) → 0.

To understand better the dependence of the Green’s function Gj(xi, xl, E) on E, we

represent the function through the solutions of the homogenous equations,

Djxψj(x) = 0. (3.26)

We omit the index j in what follows for simplicity. The most general and common

representation, which holds for any static potential, reads as follows:

G(x1, x2, E) =
∑

n

ψ∗εn
(x1)ψεn(x2)

εn − E
. (3.27)

Here, the function ψε(x) is the solution of the homogenous equation
(
− ~

2

2m

d2

dx2
+ V (x)− ε

)
ψε(x) = 0, (3.28)

and the spectrum {εn} is obtained by imposing the corresponding boundary conditions.

Notice that in the present representation of G(x1, x2, E) the functions ψεn(x) have to
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be orthonormal. By writing G(x1, x2, E) in the form given in Eq. (3.27), the following

identity arises ∫
dx′G(x1, x

′, E)G(x′, x2, E) =
∂G(x1, x2, E)

∂E
. (3.29)

The case x1 = x2 = 0 for free electrons is illustrated in Fig. 3.3, where Eq. (3.18)

is plotted. If some external potential is present, G(x0, x0, E) has the same form but

the positions of the poles are shifted and the corresponding values are different. If no
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Figure 3.3: G(0, 0, E) in units of m/~2 versus E in units of ~2/2mL2.

regularization is used, the calculations for E > 0 must be performed in the finite size

limit, otherwise with L →∞ the energy distance between different modes vanishes and

the poles situated on the real positive half axis merge to form a branch cut singularity.

This behavior can be readily seen on the example of Eq. (3.18), where can perform an

analytic continuation, considering k → k + ik′. Then, in the limit L → ∞, tan(kL +

ik′L) = isgn(k′), and the function G(x0, x0) changes sign as one goes from the upper

to the lower complex half plane for k 6= 0.

Now we represent the Green’s function through the solutions of the homogenous

equation (
− ~

2

2m

d2

dx2
+ V (x)− E

)
ψ(x) = 0. (3.30)

This is a second order differential equation, therefore, it should have two linearly inde-

pendent solutions, which we call ψ1(x) and ψ2(x). Then the Green’s function is

G(x1, x2, E) =

{
A−ψ1(x1) + B−ψ2(x1), x1 ≤ x2

A+ψ1(x1) + B+ψ2(x1), x1 > x2

, (3.31)

where the expressions for the coefficients A−, B−, A+, B+ (functions of x2), are derived

in the Appendix A. In particular, for a symmetric potential V (x), we can choose a

symmetric ψs(x) and an antisymmetric ψa(x) solutions as linearly independent, i.e.,

ψ1(x) = ψs(x) and ψ2(x) = ψa(x). Thus we find

G(x, 0, E) =
mψa(L)

~2ψa
′(0)

[
ψs(x)

ψs(L)
− ψa(|x|)

ψa(L)

]
(3.32)
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and

G(0, 0, E) =
mψs(0)

~2ψa
′(0)

ψa(L)

ψs(L)
. (3.33)

To obtain the results in the thermodynamic limit L → ∞, it is useful to rewrite

G(x1, x2) using quantities which do not depend on L explicitly. For example,

G(x, 0, E) = G(0, 0, E)
ψs(x)

ψs(0)
− m

~2

ψa(|x|)
ψa

′(0)
. (3.34)

After substitution of Eqs. (3.6) into Eq. (3.31) and simplification, for the case of non-

interacting electrons we find

G(x1, x2, E) =
m

~2k sin(2kL)
[cos(kx1 + kx2)− cos(2kL− k|x1 − x2|)],

which is the same expression as in the previous section (see Eq. (3.12)). This is a

posteriori justification of the use of the same letter G(x1, x2, E) in the first section.

The case of a harmonic potential is considered in Appendix B.

3.5 A single crossing

Now we apply our results including tunnelling and external potential to the simpler

case of only two crossed wires, aiming to compare our findings with experiments. Using

the general solution given by Eq. (3.24), and considering T = T ∗, we can write

ψ(x) = −[Uψ(x0) + Tϕ(y0)]G1(x, x0, E),

ϕ(y) = −[Ũ ϕ(y0) + Tψ(x0)]G2(y, y0, E).

By substituting (x, y) = (x0, y0), we find that at the crossing point

[1 + UG1(x0, x0, E)]ψ(x0) + TG1(x0, x0, E)ϕ(y0) = 0,

[1 + ŨG2(y0, y0, E)]ϕ(y0) + TG2(y0, y0, E)ψ(x0) = 0.

The consistency condition requires that
∣∣∣∣∣

1 + UG1(x0, x0, E) TG1(x0, x0, E)

TG2(y0, y0, E) 1 + ŨG2(y0, y0, E)

∣∣∣∣∣ = 0, (3.35)

or

[1 + UG1(x0, x0, E)][1 + ŨG2(y0, y0, E)]− T 2G1(x0, x0, E)G2(y0, y0, E) = 0.

The meaning of this equation becomes clearer in the symmetric case, when U = Ũ and

G1(x0, x0, E) = G2(y0, y0, E) = G. In this case, it reduces to a quadratic equation,

which bears two solutions,

G+ =
−1

U + T
, G− =

−1

U − T
.
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Notice that they differ by the sign in front of the tunnelling amplitude T , which is

shifting the potential U . Such symmetry effectively reduces the problem to 1D with

effective potential Ueffδ(x0). Hence, we have

ψ(x0) = ϕ(y0), U+
eff = U + T,

ψ(x0) = −ϕ(y0), U−
eff = U − T. (3.36)

The shift of the energy levels in a wire due to the presence of the δ potential can be

visualized with the help of the Green’s function expansion, where one has

G(x0, x0, E) =
∑

n

|ψεn(x0)|2
εn − E

=
−1

Ueff

. (3.37)

In the case with Ueff = 0, the energies are exactly those of the poles and, therefore,

remain unshifted. However, since G(x0, x0, E) = −1/Ueff , the curve actually describes

how the energies of the modes change as we keep increasing −1/Ueff from −∞ if

Ueff > 0 or decreasing −1/Ueff from +∞ if Ueff < 0. In the latter case, we can run

into the region with E < 0, which would correspond to the appearance of a bound

state. Nevertheless, to obtain an exact solution, it is more convenient to work with the

expression for G(x0, x0, E) in terms of the wave functions,

G(0, 0, E) =
mψs(0)

~2ψa
′(0)

ψa(L)

ψs(L)
=
−1

Ueff

, (3.38)

where we assumed x0 = 0 for simplicity.

3.6 Comparison with experiments

Now, we will compare our theoretical findings with experimental results. We concen-

trate mostly on the analysis of a system consisting of two crossed single wall carbon

nanotubes (SWNTs): a metallic on top of a semiconducting (MS) one [25]. In its

unperturbed state, the band structure of a SWNT can be understood by consider-

ing the electronic structure of graphene. Due to its cylindrical shape, the transverse

momentum of one particle excitations in a SWNT has to be quantized, whereas the

longitudinal momentum may vary continuously. Combining this condition with the

assumption that the electronic structure is not very different from that of graphene,

one finds two different situations, depending on the topology of the SWNT: there

are no gapless modes and the nanotube is semiconducting, or two gapless modes are

present and the nanotube is called metallic. Analyzing the spectroscopic measure-

ments performed along the metallic nanotube (see Fig. 3.4) and comparing with the

unperturbed electronic structure, one notices two main changes. First, a small quasi

gap opens around the Fermi energy level εF between εF − 0.2 eV and εF + 0.3 eV
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Figure 3.4: Voltage versus length diagram, which shows the experimentally observed

density of states. Notice the existence of two localized states in black. (Extracted from

Ref. [25]).

in the spectrum of the massless modes (corresponding to zero transverse momentum).

Second, two peaks are visible at ε0 = εF − 0.3 eV and ε1 = εF − 0.6 eV in the region

around the crossing, corresponding to localized states between the Fermi energy and

the van Hove singularity at εvH = εF − 0.8 eV. Such states are not visible above the

Fermi energy, thus suggesting that the electron-hole symmetry is broken by the pres-

ence of some external potential. The latter may appear due to lattice distortions and

the formation of a Schottky barrier at the contact between the nanotubes [101, 102]. In

the following, we show that if the potential is strong enough, localized states can form

in the spectrum of the massive mode corresponding to the van Hove singularity with

energy ε = εvH − E. Therefore, the observed localized states should have E0 = −0.5

eV and E1 = −0.2 eV.

To incorporate in a more complete way the effects of the Schottky barrier and lattice

deformation, we assume V ext(x) to have a Lorentzian shape,

V ext(x) = − Ṽ

1 + x2/b2
. (3.39)

Firstly, we study the influence of this potential alone on the electronic structure,

i.e. we assume that there is no tunnelling T = 0, and no electron-electron inter-

actions. Exact numerical solution of the Schrodinger equation shows that an ap-

proximation of the potential in Eq. (3.39) by the harmonic one does not change the

solution qualitatively. Therefore, we consider V ext(x) ≈ −Ṽ (1 − x2/b2), which de-

scribes a harmonic oscillator with frequency ω =
√

2Ṽ /mb2 and corresponding spectra

En = −Ṽ +(n+1/2)
√

2~2Ṽ /mb2 for En < 0. Moreover, it is reasonable to assume that

the strength of the barrier Ṽ is of the same order as the energy of the bound states and

that the potential is localized on the same length scale as the localized states. Hence,
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we take Ṽ = 0.7 eV and b = 4 nm. It follows then from our calculations that the

difference between neighboring energy levels is quite small and there are many bound

states present in the case when m is the actual electron mass. However, assuming

m to be an effective electron mass, with m = 0.025 me, which is of the same order

as the experimentally estimated values m = 0.037 me [26] and m = 0.06 me [103],

we find exactly two pronounced bound states: the first one has E = −0.5 eV and is

described by the symmetric wavefunction ψs(x) as shown in Fig. 3.5, whereas the other
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Figure 3.5: ψs(x)(nm−1/2) versus x (nm)

has E = −0.2 eV and is described by the antisymmetric wavefunction ψa(x), see Fig.

3.6. Considering Fig. 3.5, we observe that the localization size of the state is around 10
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Figure 3.6: ψa(x)(nm−1/2) versus x (nm).

nm, which agrees well with the experimental data. On the other hand, the state shown

in Fig. 3.6 has a zero value exactly at the crossing and is rather spread, a behavior

which is not observed experimentally. Besides these two, a number of other states are

also present in the vicinity of the van Hove singularity with E > −0.1 eV.

Secondly, we take into account electron-electron interactions to consider other pos-

sibilities to obtain two pronounced bound states. Unfortunately, our approach only

allows us to incorporate electron-electron interactions at the mean-field level by using
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the Hartree selfconsistent approximation

V e−e
H (x) =

∫
dx′V e−e(x− x′)n(x′), (3.40)

where n(x) is the electron density, given by

n(x) =
∑

k

|ψk(x)|2nF (εk − µ). (3.41)

Here the summation k goes over energy levels and nF (ε) is the Fermi distribution.

Although it is known that in 1D systems quantum fluctuations play an extremely

important role, we nevertheless start with the mean-field approximation as a first

step to incorporate them in RPA. Moreover, we believe that their presence does not

qualitatively change the obtained results. To render the numerical calculation simpler,

we consider a delta-like interaction potential, which leads to

V e−e
H (x) = V0n(x), (3.42)

By estimating the effective interaction strength V0 ∼ 2π~vF from the Luttinger liquid

theory, we obtain that V0 ∼ 3.4 eV·nm for vF = 8.2 × 107 cm/s [104]. Suppose that

the lowest energy state with E = −0.5 eV is occupied by an electron with a certain

spin. Then, there is a possibility to add to the same state an electron with an opposite

spin. However, due to the repulsive Coulomb interaction the energy of the two-electron

state becomes E = −0.2 eV for V0 = 3.15 eV·nm. The corresponding self consistent

solution is presented in Fig. 3.7. The state has the same shape as in Fig. 3.5, but is a
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Figure 3.7: ψs(x)(nm−1/2) versus x (nm)

bit more spread. By comparing the density of states (DOS) distribution with scanning

tunnelling spectroscopy (STS) data for the crossing [25], we observe that the inclusion

of electron-electron interactions (Fig. 3.7) provides a much better agreement between

theory and experiment for the E = −0.2 eV bound state than in the previous case

(Fig. 3.6).
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Thirdly, we take into account tunnelling between the wires. Qualitatively, this leads

to the splitting of energy levels and redistribution of charge density in the wires, thus

effectively reducing the strength of electron-electron interactions. Since we have no

information about the electronic structure of the semiconducting nanotube, to make

a quantitative estimation we assume that the effective mass is equal in both wires

and that the potential is also the same. In such a case, from symmetry arguments

the electron density should be evenly distributed in both wires even for a very weak

tunnelling. Therefore, the electron-electron interactions should be twice stronger than

in the case without tunnelling, namely, V0 = 6.3 eV·nm to achieve the same energy

value. Moreover, if the tunnelling coefficient is large enough, the splitting of the en-

ergy levels becomes significant and detectable. We can estimate the coefficient T , if we

assume that it has the same order for SM, metallic-metallic (MM), and semiconducting-

semiconducting (SS) nanotube junctions. The SS and MM junctions have Ohmic

voltage-current dependance, characterized by the conductance G. Moreover, we can

estimate the transmission coefficient of the junction as G/G0 ∼ (T/2π~vF )2, for bal-

listic transport with G/G0 ¿ 1. For MM junctions experimental measurements [98]

typically yield G/G0 ∼ 10−2, thus corresponding to T ∼ 0.34 eV·nm. For example, for

T = 0.28 eV·nm and Ṽ = 0.44 eV in Eq. (3.39), without electron-electron interactions

we find that the system has two bound states. The lowest energy bound state with

E = −0.5 eV is shown in Fig. 3.8. Compared with Fig. 3.5, the state has a peak
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Figure 3.8: ψ−(x)(nm−1/2) versus x (nm).

exactly at the crossing, corresponding to a local increase of the DOS. The other bound

state with E = −0.2 eV is shown in Fig. 3.9. Contrary to the previous case, the state

has a deep at the crossing, corresponding to a local decrease of the DOS. However,

these local change in DOS is too small to be observable in the present experimental

data. If we now include electron-electron interactions with V0 = 3.15 eV·nm and add

a second electron with different spin to the system, we find that the new state has

E = −0.267 eV and acquires the shape shown in Fig. 3.10.

The last result suggests that there are yet other possible interpretations of the
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Figure 3.9: ψ+(x)(nm−1/2) versus x (nm).
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Figure 3.10: ψ−(x)(nm−1/2) versus x (nm).

experimental results. Firstly, if the potential in the metallic SWNT is significantly

decreased due to screening effects but a Schottky barrier in the semiconducting SWNT

can reach considerable values, sufficient for the formation of the bound states, then the

latter are also going to be present in the metallic SWNT due to tunnelling between

SWNTs. Secondly, there is still a possibility to find a bound state existing purely

due to tunnelling, i.e., without external potential, as was shown in Eq. (3.21), and a

second bound state may arise with different energy due to Coulomb repulsion between

electrons with different spins. However, this is most probably not the case we have in

the experiments, because due to electron-hole symmetry such states would exist also

above the Fermi energy, a result which is not observed experimentally.

3.7 Conclusions

We presented several possibilities to explain the observed localized states at the crossing

of metallic and semiconducting nanotubes [25]. All of them require the existence of an

external potential in the metallic and/or semiconducting SWNT to break the electron-

hole symmetry, since the localized states were seen only below the Fermi energy. Most
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probably, such a potential comes from a Schottky barrier and the effect of lattice

distortions is minimal, since such localized states were, up to now, observed only for

MS crossings and not for MM or SS ones. Moreover, the effective mass of quasiparticle

excitations should be of order m = 0.025 me, where me is the actual electron mass,

to generate only a few bound states localized on a region of approximately 10 nm

with energy of order of 0.5 eV. The best agreement with the experimental data is

obtained by assuming that the second bound state has a different energy due to the

Coulomb repulsion between electrons with different spins. The role of tunnelling in

the observed electronic structure is not clear and allows for many interpretations. To

avoid such ambiguity, the electronic structure of the semiconducting nanotube should

be measured as well. Moreover, to be sure that the available STS measurements indeed

represent the electronic structure of the nanotube and are free of artifacts introduced by

the STM tip [105] several measurements with different tip height should be performed.

3.8 Appendix A

Here we consider the Green’s function as a function of one variable x1 and fix x2 for

a moment. Since G(x1, x2, E) is the Green’s function, we require it to satisfy proper

boundary conditions G(±L, x2, E) = 0, be continuous G(x2 − 0, x2, E) = G(x2 +

0, x2, E), and also G′(x2 − 0, x2, E) − G′(x2 + 0, x2, E) = 2m/~2. Substituting Eq.

(3.31) into the above requirements one finds

P




A+

A−
B+

B−


 =

2m

~2




0

0

0

1


 , (3.43)

where

P ≡




ψ1(L) 0 ψ2(L) 0

0 ψ1(−L) 0 ψ2(−L)

ψ1(x2) −ψ1(x2) ψ2(x2) −ψ2(x2)

−ψ′1(x2) ψ′1(x2) −ψ′2(x2) ψ′2(x2)


 . (3.44)

Multiplying the Eq. (3.43) by the matrix P−1 we find




A+

A−
B+

B−


 = C




ψ2(L)[ψ2(−L)ψ1(x2)− ψ1(−L)ψ2(x2)]

ψ2(−L)[ψ2(L)ψ1(x2)− ψ1(L)ψ2(x2)]

−ψ1(L)[ψ2(−L)ψ1(x2)− ψ1(−L)ψ2(x2)]

−ψ1(−L)[ψ2(L)ψ1(x2)− ψ1(L)ψ2(x2)]


 ,

where

C ≡ 2m

~2Wr

[ψ1(L)ψ2(−L)− ψ1(−L)ψ2(L)]−1.
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The Wronskian

Wr ≡ ψ1(x2)ψ
′
2(x2)− ψ2(x2)ψ

′
1(x2),

is nonzero for linearly independent functions and its value does not depends on the

point x2.

3.9 Appendix B

Suppose that Eq. (3.30) has a solution ψ(x) which is neither symmetric nor antisym-

metric. Thus, for symmetric potentials ψ(−x) is also a solution and both of them

are linearly independent. Furthermore, we can then compose a symmetric ψs(x) =

(ψ(x) + ψ(−x))/2 and an antisymmetric ψa(x) = (ψ(x) − ψ(−x))/2 solutions. In

particular, for a harmonic potential V (x) = mω2x2/2, one can find such a solution

ψ(x) = e−
mωx2

2~ H

(
E

~ω
− 1

2
,

√
mω

~
x

)
, (3.45)

where H(ν, x) is the Hermite polynomial for integer ν. It follows then that

ψs(0) = 2
E
~ω
− 1

2

√
π

Γ(3
4
− E
~ω )

(3.46)

and

ψ′a(0) = −2
E
~ω

√
2πωm

~
1

Γ(1
4
− E
~ω )

. (3.47)

Moreover, in the thermodynamic limit L →∞,

G(0, 0, E) =
1

2~

√
m

ω~
Γ(1

4
− E
~ω )

Γ(3
4
− E
~ω )

. (3.48)

The Eq. (3.48) approaches asymptotically the expression for free fermions, as ω → 0

for E < 0,

G(0, 0, E) → 1

~

√
−m

2E
. (3.49)
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Chapter 4

Effects of Disorder and Interactions

in the Quantum Hall Ferromagnet

This chapter treats the effects of disorder and interactions in a quantum Hall ferromagnet. We

study the problem by projecting the original fermionic Hamiltonian into magnon states, which

behave as bosons in the vicinity of the ferromagnetic ground state. The approach permits

the reformulation of a strongly interacting model into a non-interacting one. The latter is

a non-perturbative scheme that consists in treating the two-particle neutral excitations of

the electron system as a bosonic single-particle. Indeed, the employment of bosonization

facilitates the inclusion of disorder in the study of the system. It has been shown previously

that disorder may drive a quantum phase transition in the Hall ferromagnet. However,

such studies have been either carried out in the framework of the nonlinear sigma model, as

an effective low-energy theory, or included the long-range Coulomb interaction in a quantum

description only up to the Hartree-Fock level. Here, we establish the occurrence of a disorder-

driven quantum phase transition from a ferromagnetic 2DEG to a spin glass phase by taking

into account interactions between electrons up to the random phase approximation level in

a fully quantum description.1

4.1 Introduction

The quantum Hall ferromagnet is realized in a two-dimensional electron gas (2DEG) in

a perpendicular magnetic field at Landau level filling factor ν = 1. The configuration

with all electrons having spin up polarization minimizes the Coulomb and Zeeman ener-

gies for fermionic systems. In general, it is a competition between kinetic and Coulomb

1This chapter is based on ”Effects of Disorder and Interactions in the Quantum Hall Ferromagnet”,
D. Makogon, A. Alamir, and C. Morais Smith, Phys. Rev. B 81, 045310 (2010) and ”Bilayer quantum
Hall system at νt = 1: Pseudospin models and in-plane magnetic field”, O. Tieleman, A. Lazarides,
D. Makogon, and C. Morais Smith, Phys. Rev. B 80, 205315 (2009).
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energies that determines the ground state. In the case of the quantum Hall ferromag-

net, the kinetic energy is frozen and does not change with spin flip, since the electrons

completely fill the lowest Landau level. Thus, the ground state is ferromagnetic, even

with zero Zeeman splitting.

The neutral elementary excitations of the system are spin waves, also called magnons.

They can be described by the action of the spin lowering operator S−q , projected to

the lowest Landau level, on the ferromagnetic ground state. It turns out that the pro-

jected operator creates an exact excited eigenstate of the Hamiltonian. In the regime of

low momenta, the magnon’s dispersion is quadratic and the coefficient of the quadratic

term represents a phenomenological constant known as spin stiffness. The spin stiffness

provides a measure of the free-energy increment associated with twisting the direction

of the spins. A significant spin stiffness indicates that the system is in the ferromagnetic

phase, while a paramagnetic state corresponds to a vanishing spin stiffness. The spin

wave dispersion at very large momenta saturates at a constant value given by the sum

of the Coulomb and Zeeman energies. Thus, at large momenta, the value corresponds

to the energy of separate quasi-particle and quasi-hole excitations.

One approach that has successfully dealt with strongly correlated electron systems

is the so-called bosonization procedure. Bosonization is a non-perturbative approxi-

mation scheme that essentially treats the electron-hole excitation, known as exciton,

as a bosonic single-particle; consequently, a fermionic Hamiltonian can be recast into a

bosonic one. In 1950, Tomonaga revealed, in a ground-breaking paper [106], that the

application of the bosonization formalism to a one-dimensional electron gas (1DEG)

yielded an exactly-solvable Hamiltonian. The reason is that the electron and the hole

propagate with nearly the same group velocity in the low-energy region. However,

that is not the case in two dimensions. At a given momentum k, the particle-hole pair

excitation holds a continuous range of energies. Therefore, it is less straightforward to

construct a coherently propagating bosonic entity in two dimensions.

The first attempt to extend the bosonization procedure for higher dimensions was

done by Luther [107] and then revised by Haldane[108]. Castro Neto and Fradkin [109],

as well as Houghton and Marston [110, 111], developed a bosonization technique for a

Fermi liquid in any number of dimensions. As regards the interacting 2DEG subject

to an external perpendicular magnetic field, Westfahl Jr. et al. [112] constructed a

formalism that treated the elementary neutral excitations of the system, the magnons,

in a bosonic framework such that the fermionic Hamiltonian of the system was trans-

muted into a quadratic bosonic Hamiltonian. The drawback is that this method is

valid in the limit of weak magnetic fields, which amounts to large Landau level filling

factors ν.

Doretto et al. [113] extended the methodology of Westfahl Jr. et al. [112] to

the case of the 2DEG at ν = 1 (i.e. for a very strong magnetic field). Given that
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the system is now restricted to one Landau level, the task greatly simplifies, since

the Landau level quantum degree of freedom can then be disregarded. Projecting

the original fermionic interacting Hamiltonian of the system into the lowest Landau

level, which is completely filled (ν = 1), allows one to expand it in magnon states

[114]. It then turns out remarkably that the dispersion relation of the free magnons

coincides with the result derived by Bychkov et al. [115] and also by Kallin and Halperin

[116] within the fermionic description at the random phase approximation (RPA) level

and the quartic interacting part of the magnon Hamiltonian might be related to the

skyrmion-antiskyrmion neutral excitations of the Hall ferromagnet [113]. Moreover,

in the vicinity of the ground state, without magnon-magnon interactions, magnons

behave like bosons. This allows us to treat magnons approximately as bosons in the

so-called single-mode approximation [117].

Here, we intend to calculate a possible quantum phase transition in the quantum

Hall ferromagnet driven by disorder, accounting for the Coulomb interactions between

electrons. We will use the bosonization technique allied to the usual self-consistent

Born-approximation for the disorder averaging procedure.

Before presenting the obtained results in this chapter, it is worth getting acquainted

with the current status of research related to the field. To begin with, Green [28]

propounded that the vanishing of the renormalized spin stiffness at a threshold value

of the disorder strength signifies the occurrence of a depolarization transition from

the ferromagnetic phase to a paramagnetic one. His finding is based upon a previous

result established by Fogler and Shklovskii [118], who proffered the same idea in the

case of higher Landau levels. Green established this proposition in the framework

of a non-linear sigma model, used as an effective low-energy theory in the regime of

weak disorder. The other quantity that Green computed is the disorder contribution

to the optical conductivity, which he found to be unmeasurably small. Finally, Green

established that the quantization of the Hall conductivity is not affected by the presence

of weak disorder in the system [28].

Another work was carried out by Sinova, MacDonald and Girvin [29], who estab-

lished the occurrence of a phase transition from a paramagnetic state to a partially-

polarized ferromagnetic one and then finally to a fully-polarized ferromagnet as the

interaction strength increases relative to the disorder strength. They determined this

result by computing the average value of the spin polarization as a function of the

interaction strength relative to the disorder strength. Sinova et al. [29] did consider

Coulomb interactions within the framework of the Hartree-Fock approximation. More-

over, the transition from the paramagnetic phase to the ferromagnetic one was found

to take place when the Coulomb energy scale is about twice as large as the Landau-

level-broadening disorder energy scale. As a final point, the authors inferred that no

phase transition can take place in the strong disorder limit.
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A similar problem was treated by Burmistrov [31], who considered a 2DEG in the

weak perpendicular magnetic field with ν À 1 and Gaussian distributed disorder. He

was able to obtain an effective action for the electrons in the highest Landau level by

integrating out the fermionic degrees of freedom of the lower lying Landau levels and

making a number of approximations at the RPA level. The obtained results show that

the presence of disorder weakens the screening from the lower lying Landau levels and

thus, leads to an increase of the spin stiffness.

The last germane paper was published by Rapsch, Lee and Chalker [30]. They

established the occurrence of a phase transition from the ferromagnetic state to the so-

called spin glass phase. This result was obtained by calculating the magnetization, the

magnetic susceptibility and the spin stiffness as functions of the disorder strength. They

assumed the disorder potential to be Gaussian distributed and described the system in

terms of a semiclassical spin model. In their model, they took into account Coulomb

interactions within the Hartree-Fock approximation but modelled them as being short-

ranged. Like Green [28], Rapsch et al. [30] computed the disorder contribution to the

optical conductivity and found as well that it is undetectable. Finally, they calculated

the dielectric susceptibility of both the partially-polarized ferromagnetic phase and the

spin glass one and they concluded that both regimes display an insulating behavior at

low momenta and a metallic behavior at large momenta.

Let us now put our work in perspective. Our objective is to establish the behavior

of the renormalized spin stiffness as a function of the disorder strength in order to as-

certain a potential quantum phase transition driven by disorder to a non-ferromagnetic

state. Indeed, if the spin stiffness vanishes for a critical value of the disorder strength,

then this signals an instability in the ferromagnetic phase [28]. On the other hand,

the appearance of an imaginary component of the spin stiffness at a certain disorder

strength, which might be interpreted as a spin wave damping [119, 120], might indi-

cate the appearance of localized spin waves and a spin-glass phase transition. Another

important characteristic is the Pauli susceptibility, which diverges at the point of the

phase transition from a non-ferromagnetic to a ferromagnetic state, indicating sponta-

neous magnetization. We consider a fully quantum model, include a short-range weak

disorder potential up to the 2nd order Born approximation and treat the true long-range

Coulomb interactions up to the RPA level.

The method that we employ consists of five steps. First of all, a bosonized expression

of the total Hamiltonian, which includes a contribution from disorder, is sought for. The

dispersion relation of the free bosons corresponds to the one computed by MacDonald et

al. [121] and more explicitly by Doretto et al. [113], which entails interactions between

electrons up to the RPA level. The second step consists in obtaining the full Green’s

function, and precisely its disorder self-average. In our case, because the impurities

are randomly distributed throughout the system, the disorder self-average can also be
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taken by averaging over the impurity positions. The third stage is then to determine the

self-energy of a disorder self-averaged Green’s function through the use of the Dyson’s

equation. The self-energy is determined in the low-impurity density and weak disorder

scattering approximations. As a result, the self-energy corresponds to a single diagram

with one propagator line and two disorder potential lines. The propagator line is

evaluated within two further possible approximations: the bare approximation, which

consists in using the bare bosonic propagator, and the self-consistent approximation,

which uses instead the full disorder self-averaged Green’s function. One must bear

in mind that both propagators take into account interactions between electrons up

to the RPA level. Furthermore, the bare approximation is first taken in the long

wavelength limit, which keeps the lowest order terms in momenta, and then in the

general case, where all the momenta terms are taken into account. The fourth step

consists in obtaining the renormalized dispersion in these approximations: bare and

self-consistent approximations. The final stage is then to determine the spin stiffness in

the approximations by taking the coefficient of the quadratic term in the renormalized

dispersion. It is found that a naive extrapolation of the bare approximation to the

regime of finite disorder strength predicts vanishing of the renormalized spin stiffness

at a certain disorder strength up, indicating a paramagnetic phase transition. A more

realistic self-consistent approximation, however, predicts even faster decrease of the

renormalized spin stiffness with growing disorder strength up to a certain critical value

uc of the disorder. At this point, the renormalized spin stiffness drastically changes

its behavior: it becomes nonanalytic, acquires an imaginary part, and the real part

saturates at a certain positive value without reaching zero. Such nonanalytic behavior

cannot be accessed by any finite number of perturbative corrections. In addition, our

calculations show a strong indication that the Pauli susceptibility also diverges at the

same critical point uc, suggesting a phase transition, presumably to a spin glass phase.

The outline of this chapter is the following: in Section 4.2 we present the model

and in Section 4.3 we derive the expression for the self-energy. Then, we first solve the

problem using the bare Green’s function in Section 4.4. We present our numerical and

analytical results for the self-consistent solution of the Dyson equations in Section 4.5

and draw our conclusions in Section 4.6.
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4.2 The Model

The 2DEG in the presence of both a perpendicular magnetic field (B = Bẑ) at ν = 1

and disorder is described by the fermionic Hamiltonian H = H0 +Himp, with

H0 =
1

2m∗

∫
drΨ†(r) (−i~∇+ eA(r))2 Ψ(r)− 1

2
g∗µBB

∑
σ

∫
drσΨ†(r)Ψ(r)

+
1

2

∑

σ,σ′

∫
drdr′ Ψ†

σ(r)Ψ†
σ′(r

′)V (|r− r′|)Ψσ′(r
′)Ψσ(r)

and

Himp =

∫
dr

Nimp∑
i=1

U(r−Xi)Ψ
†(r)Ψ(r).

Here, Ψ†(r) and Ψ(r) are, respectively, the fermionic creation and annihilation opera-

tors in coordinate space, m∗ denotes the effective mass of the electron, A is the vector

potential, g∗ stands for the effective Landé g-factor and µB is the Bohr magneton. In

addition, V (|r|) = e2/(ε|r|) denotes the Coulomb potential, with ε being the dielectric

constant of the host semiconductor, and U stands for the impurity potential, with

Xi being the random position of an impurity. Typically, the Zeeman splitting in the

GaAs heterojunctions turns out to be roughly 70 times smaller than the spacing be-

tween Landau levels and an order of magnitude smaller than the Coulomb energy per

particle.

The first step consists in obtaining a 2nd quantized version of the magnon Hamil-

tonian of the system. In our model we consider only single magnon processes, which

allow us to use a bosonic description. It was shown in Ref. [113] that the bosonized

Hamiltonian of the system in the absence of disorder is (neglecting a constant term)

H0 =
∑
q

ωqb
†
qbq, (4.1)

where b†q and bq are, respectively, the bosonic creation and annihilation operators in q

space and the bosonic dispersion relation is given by

ωq = g + εB

[
1− e−|`q|

2/4I0

( |`q|2
4

)]
. (4.2)

Here, εB =
√

π/2(e2/ε`) stands for the Coulomb energy scale (` being the magnetic

length), I0 denotes the modified Bessel function of the first kind, and g = g∗µBB. It

must be stressed that although the interaction between magnons is omitted from the

discussion, the Coulomb interaction between electrons up to RPA level is taken into

account by the bosonic dispersion relation ωq [115, 116]. Moreover, it was shown in

Ref. [116] that by taking into account bubble (RPA) and ladder diagrams, one can
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reproduce the excitation energy exactly in first order of the ratio εB/~ωc (Coulomb

to cyclotron energy) and that all the other diagrams have higher order contributions.

Therefore, as long as εB/~ωc is a small parameter, the use of the RPA approximation

(also taking into account the ladder diagrams) is justified.

We now focus on the impurity part of the Hamiltonian. We begin with the fermionic

expression of the 2nd quantized impurity Hamiltonian,

Himp =
∑
q

U(q)gq

∑
p

a†p+qap. (4.3)

Here, gq denotes the Fourier transformed density function
∑Nimp

j=1 δ(x − Xj) for the

impurities and a†q and aq are, respectively, the fermionic creation and annihilation

operators in q space. In order to obtain the bosonic form of the above, the Fourier-

transformed electronic density operator must be used. It is given by

ρ(q) =

∫
dr e−iq·rΨ†(r)Ψ(r). (4.4)

The electronic field operators are related to the single-electron operators by

Ψ(r) =
∑
p

e−ip·r
√

A
ap and Ψ†(r) =

∑
p

eip·r
√

A
a†p,

where A is the area of the system. Substituting the above back into Eq. (4.4) and then

into Eq. (4.3) yields

Himp =
∑
q

U(q)gqρ(q). (4.5)

The bosonized version of the electron density operator reads [113]

ρ(q) = δq,0Nφ + 2ie−|`q|
2/4

∑
p

sin
(q ∧ p

2

)
b†q+pbp, (4.6)

where Nφ = A/(2πl2) is the Landau level degeneracy and q ∧ p = `2ẑ · (q × p). The

disorder Hamiltonian then becomes

Himp =
∑
q

U(q)gq

[
δq,0Nφ + 2ie−|`q|

2/4
∑
p

sin
(q ∧ p

2

)
b†q+pbp

]
. (4.7)

The constant term δq,0Nφ is now omitted since the quantity of interest is the Green’s

function.

The bosonized impurity Hamiltonian is then finally written as

Himp =
∑
q,p

U(q)gqf(q,p)b†q+pbp, (4.8)

where

f(q,p) = 2ie−|`q|
2/4 sin

(q ∧ p

2

)
. (4.9)
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Labelling

U(q)f(q,p) = U e(q,p), (4.10)

the full bosonized Hamiltonian of the quantum Hall ferromagnet in the presence of

impurities is then expressed as

H =
∑
q

ωqb
†
qbq +

∑
q,p

U e(q,p)gqb
†
q+pbp. (4.11)

Let us now say a few words on the dimensions of the disorder potential. There

are two sources of disorder present in the system: impurities positioned at a certain

distance away from the 2DEG and impurities present in the 2DEG. In the case of

GaAs heterostructures [28, 122], most of the disorder potential is spawned by the

Coulomb interaction between the electrons and the impurities located away from the

2DEG. These impurities correspond to ionized donor atoms situated in the n-type

region, which itself is detached from the 2DEG by an insulating layer of thickness

d ∼ 1000Å À `. In the present calculations, the disorder potential will be taken as an

effective two-dimensional potential.

Having obtained the bosonized Hamiltonian in the presence of impurities, one is

now able to determine the expression for the self-energy.

4.3 Derivation of the self-energy

In the same spirit as Ref. [123], one first looks for the Green’s function,

G(p′,p; t) = −i〈0|T [bp(t)b†p′(0)]|0〉. (4.12)

Here, |0〉 stands for the bosonic vacuum state, which is none other than the quantum

Hall ferromagnet: i.e. |0〉 ≡ |QHF 〉 =
∏Nφ−1

m=0 c†m,↑|0〉F . The equation of motion of

G(p′,p; t) is written as
(

i
∂

∂t
− ωp

)
G(p′,p; t) = δp,p′δ(t) +

∑
q

U e(q,p− q)gqG(p′,p− q; t). (4.13)

The zero-order approximation to the solution of Eq. (4.13) yields

G0(p′,p; t) = δp,p′G
0(p, t), (4.14)

where G0(p, t) stands for the bare bosonic Green’s function. We now look for the

expression for G0(p, t).

Firstly, one needs to find the Heisenberg bosonic operator in the absence of the

disorder potential. Starting with i∂tbp(t) = [bp(t),H0] = ωpbp(t), one then obtains

bp(t) = bpe−iωpt. Therefore, for the case t > 0, the free Green’s function is

G0(p, t) = −i〈0|bp(t)b†p(0)|0〉 = −ie−iωpt〈0|bpb†p|0〉 = −ie−iωpt, (4.15)
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whereas for t < 0, it turns out to be

G0(p, t) = −i〈0|bp(t)b†p(0)|0〉 = −ie−iωpt〈0|b†pbp|0〉 = 0.

This solution is indeed identical to the electronic one.

Now, the cynosure is on the generic solution of the differential equation (4.13). By

coupling the latter with the equation (4.14) yields the integral equation

G(p′,p; t) = δp,p′G
0(p, t) +

∫ ∞

−∞
dt′ G0(p, t− t′)

×
∑
q

U e(q,p− q)gqG(p′,p− q; t).
(4.16)

By Fourier-transforming the time in Eq. (4.16) to frequency and shifting q → p − q

one finds

G(p′,p; ω) = δp,p′G
0(p, ω) + G0(p, ω)

∑
q

U e(p− q,q)gp−qG(p′,q; ω). (4.17)

Here, the bare Green’s function reads

G0(p, ω) =
1

ω − ωp + iη
, (4.18)

where η → 0+ and ωp is given by Eq. (4.2). In the same way as for fermions, the

solution of Eq. (4.17) is obtained by iteration. One gets the so-called Born series :

G(p′,p) =
∞∑

n=0

G(n)(p′,p), (4.19)

where G0(p′,p) = δp,p′G
0(p) and for n ≥ 1,

G(n)(p′,p) = G0(p)
∑
q

U e(p− q,q)gp−qG
(n−1)(p′,q).

Expansion of Eq. (4.19) then yields

G(p′,p) = δp,p′G
0(p′) + G0(p′)U e(p− p′,p′)gp−p′G

0(p)

+
∑
q

G0(p′)U e(q− p′,p′)gq−p′G
0(q)U e(p− q,q)gp−qG

0(p)

+
∑

q,q′
G0(p′)U e(q− p′,p′)gq−p′G

0(q)U e(q′ − q,q)

× gq′−qG
0(q′)U e(p− q′,q′)gp−q′G

0(p) + . . . ,

Due to disorder self-averaging in the limit of very large number of impurities Nimp →
∞, with constant density nimp = const., the full bosonic one-particle Green’s function

approaches its average value

〈(G(p′,p)− 〈G(p′,p)〉imp)
2〉imp → 0, (4.19)
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Figure 4.1: Diagrammatic expansion of the disorder averaged Green’s function.

which is

〈G(p′,p)〉imp = δp,p′G
0(p′) + 〈gp−p′〉impG

0(p′)U e(p− p′,p′)G0(p)

+
∑
q

〈gq−p′gp−q〉impG
0(p′)U e(q− p′,p′)G0(q)U e(p− q,q)G0(p)

+
∑

q,q′
〈gq−p′gq′−qgp−q′〉impG

0(p′)U e(q− p′,p′)G0(q)U e(q′ − q,q)

×G0(q′)U e(p− q′,q′)G0(p) + . . .

In the thermodynamic limit A →∞:

〈gq〉imp = Nimpδq,0,

〈gqgp〉imp = N2
impδp,0δq,0 + Nimpδq+p,0,

〈gq′gqgp〉imp = N3
impδq′,0δq,0δp,0 + N2

imp(δp+q,0δq′,0 + δq+q′,0δp,0 + δp+q′,0δq,0)

+ Nimpδq′+q+p,0. (4.19)

Moreover, one has

U e(0,p) = U(0)f(0,p) = U(0)2ie−|`(0)|2/4 sin

(
0 ∧ p

2

)
= 0. (4.20)

Substituting Eqs. (4.19) and Eq. (4.20) into the expression for 〈G(p)〉imp shows that the

translational invariance is recovered after the averaging 〈G(p′,p)〉imp = 〈G(p)〉impδp′,p,

where

〈G(p)〉imp = G0(p) + Nimp

∑
q

G0(p)U e(q− p,p)G0(q)U e(p− q,q)G0(p)

+ Nimp

∑

q,q′
G0(p)U e(q− p,p)G0(q)U e(q′ − q,q)

×G0(q′)U e(p− q′,q′)G0(p) + . . . .

Therefore, there is no 1st order Born scattering contribution to the bosonic self-energy.

Moreover, it is possible to show that all odd order contributions to the self-energy

vanish (see Appendix A).
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Figure 4.2: Self-energy in the low-density weak scattering approximation.

This result is expressed diagrammatically in Fig. 4.1. It was shown [123] that the

disorder averaged Green’s function can also be expressed as

〈G(p)〉imp =
1

ω − ωp − Σ(p, ω)
. (4.21)

Hence, the self-energy can now be computed. The low-density weak scattering approx-

imation will be used throughout the calculations. Low density means that the number

of disorder atoms present in the system is taken to be much lower than the number of

electrons and allows one to keep only the self-energy diagrams with a single impurity

and to neglect diagrams with crossed impurity lines. On the other hand, for weak

impurity potential U one can neglect diagrams with multiple scattering from one im-

purity, keeping only the first and the second Born scatterings from a given atom [123].

The problem then reduces to solving the diagrammatic expression shown in Fig. 4.2.

The self-energy can be evaluated in two different manners: 1) the bare approxima-

tion that uses the bare propagator G0 and 2) the self-consistent approximation that

uses the full disorder self-averaged Green’s function 〈G〉imp. Therefore, for generality

we will use the propagator G(q, ω), which is going to be specified further for each

particular case. This yields algebraically

Σ(p, ω) = Nimp

∑
q

U e(q− p,p)G(q, ω)U e(p− q,q)

= Nimp

∑
q

U(q− p)f(q− p,p)G(q, ω)U(p− q)f(p− q,q),
(4.22)

where Eq. (4.10) was substituted in the second line.

In this work, the impurity potential is assumed to be short-range, i.e. U(q) =

constant. An uniform potential in momentum space is attained from a delta function

interaction in real space, U(r) = Uδ(r) (such that U(q) = (1/A)
∫

dreiq·rUδ(r) =

U/A). Thus, this model assumes that the bosons (and therefore the electrons) collide

directly with the impurity ’atoms’ that constitute the effective disorder potential; in
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reality, most of the impurities are located away from the 2DEG. Thus, one has

Σ(p, ω) = Nimp

∑
q

(
U

A

)2 [
2ie−|`(q−p)|2/4 sin

(
(q− p) ∧ p

2

)]

×G(q, ω)

[
2ie−|`(p−q)|2/4 sin

(
(p− q) ∧ q

2

)]
,

which is

Σ(p, ω) = 4Nimp

(
U

A

)2 ∑
q

e−|`(q−p)|2/2 sin2
(q ∧ p

2

)
G(q, ω). (4.23)

One then expands the argument of the exponential:

e−|`(q−p)|2/2 = e−|`q|
2/2e−|`p|

2/2e`2q·p = e−(`q)2/2e−(`p)2/2e`2qp cos φ. (4.24)

Here, φ denotes the angle between vectors q and p. Furthermore, the summation is

transmuted into an integration through the use of the formula,

∑
q

=
A

4π2

∫
d2q =

A

4π2

∫ ∞

0

dq q

∫ 2π

0

dθ. (4.25)

The angle θ is taken arbitrarily on the plane containing the vector q, therefore, one is

free to set θ = φ. The sine squared term in Eq. (4.23) can be re-written as sin2(q ∧
p/2) = [1− cos(q∧p)]/2 = [1− cos(`2qp sin φ)]/2. We also assume rotation invariance

of the Green’s function G(q, ω) = G(q, ω). Hence, the self-energy is also rotation

invariant and can be expressed as

Σ(p, ω) = 4nimpU
2

∫ ∞

0

dq

2π
qe−(`q)2/2e−(`p)2/2G(q, ω)

∫ 2π

0

dφ

2π
e`2qp cos φ 1

2
[1−cos(`2qp sin φ)],

(4.26)

where nimp = Nimp/A stands for the impurity density. After a straightforward calcula-

tion (see Appendix B), we find

Σ(p, ω) = 4nimpU
2

∫ ∞

0

dq

2π
qe−(`q)2/2e−(`p)2/2G(q, ω)

1

2
[I0(`

2qp)− 1]. (4.27)

Rescaling the momenta by q,p → q/`,p/` simplifies the self-energy to

Σ(p, ω) =
u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2[I0(qp)− 1]G(q, ω), (4.28)

where the various pre-factors, including the disorder potential strength and the impu-

rity density, can be re-grouped into a single convenient parameter:

u =
4nimpU

2

π`2ε2
B

, (4.29)

which will be dubbed the disorder strength. Thus, u is a dimensionless parameter

that measures the disorder interaction strength relative to the Coulomb interaction,

u ≈ (Edis/Ecoul)
2. The above self-energy expression will be evaluated in two different

ways: i) first order corrections in u and ii) self- consistently.
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4.4 Bare Approximation

In the previous section we have shown that to the lowest order in εB/~ωc and in

the disorder strength u, the electron-electron interactions and disorder are taken into

account by the magnon self-energy in the bare approximation, i.e. for u ¿ 1 the

self-energy (4.28) becomes

Σ(p, ω) =
u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2[I0(qp)− 1]G0(q, ω). (4.30)

After substituting Eq. (4.18) into the above, we obtain

Σ(p, ω) =
u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2 I0(qp)− 1

ω − ωq + iη
. (4.31)

We find then the real and imaginary parts of the self-energy

ReΣ(p, ω) =
u

4
ε2
Be−p2/2P

∫ ∞

0

dq qe−q2/2 I0(qp)− 1

ω − ωq

, (4.32)

ImΣ(p, ω) = −u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2[I0(qp)− 1]πδ(ω − ωq). (4.33)

The above equations can be evaluated analytically in the long wavelength approxi-

mation, which is done in Appendix C. Here, one uses the complete bosonic dispersion

relation given by Eq. (4.2). As a result, one can only solve the imaginary self-energy

numerically; that task is not performed here. We concentrate, instead, on the real part.

The renormalized energy of the bosons (including the disorder contribution) is ob-

tained by looking at the poles of the full disorder self-averaged Green’s function in

Eq. (4.21), ω − ωp − ReΣ(p, ω) = 0, such that the renormalized dispersion relation is

determined from Eq. (4.32):

ω = g + εB

[
1− e−p2/4I0

(
p2

4

)]

+
u

4
ε2
Be−p2/2P

∫ ∞

0

dq qe−q2/2 I0(qp)− 1

ω −
[
g + εB

(
1− e−q2/4I0

(
q2

4

))] . (4.34)

The corresponding plot is illustrated on Fig. 4.3(a). One can notice that at not too

large momenta (i.e. near |p`| = 1) there exists already a substantial difference between

the bare (long wavelength) and bare (full k) approximations.

Now, the renormalized spin stiffness is sought for. For the sake of convenience, one

begins by introducing the variables ω̃, g̃ = ω/εB, g/εB and re-writing Eq. (4.34) as

ω̃ − g̃ = 1− e−p2/4I0

(
p2

4

)
+

u

4
e−p2/2P

∫ ∞

0

dq qe−q2/2 I0(qp)− 1

(ω̃ − g̃)−
[
1− e−q2/4I0

(
q2

4

)] .

(4.35)
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Figure 4.3: (Color online) (a) Renormalized dispersion in the bare full k approximation

(blue/solid gray), in units of the Coulomb energy e2/(ε`), contrasted with the one

in the bare long wavelength approximation (red/dashed gray), both as functions of

the momentum |p`| and at u = 0.1. (b) Renormalized spin stiffness in the bare full

k approximation (blue/solid gray) and in the bare long wavelength approximation

(red/dashed gray). Notice that using the bare Green’s function G0 we find a transition

from a ferromagnetic to a paramagnetic phase, whereas using G in the self-consistent

approximation we find a transition into a spin glass phase (see next section).

One then expands the above in powers of p, and takes only the p2 terms,

ω̃ − g̃ =
p2

4
− u

4

p2

4

∫ ∞

0

dq
q3e−q2/2

[
1− e−q2/4I0

(
q2

4

)] + . . . =
p2

4

[
1− u

4
(5.72)

]
+ . . . (4.36)

The renormalized spin stiffness then reads

ρs =
εB

4
(1− 1.43u). (4.37)

Eq. (4.37) is the main result of this section and agrees with the results previously ob-

tained by Doretto [124]. The above expression was derived in the bare approximation,

which takes into account only the lowest order corrections in u. Such assumption is

only true in the realm of weak-disorder scattering u ¿ 1 [125]. It can be seen that the
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renormalized spin stiffness decreases linearly in this approximation. A naive extrap-

olation of this dependence to the region of finite and strong disorder strength u ∼ 1

shows that there is a certain value up = 0.7, for which the renormalized spin stiff-

ness vanishes (in the long wavelength approximation up = 1) and which is outside the

range of validity of the bare approximation, see Fig. 4.3(b). Green [28] explains that a

vanishing renormalized spin stiffness at a threshold disorder strength means that the

2DEG at ν = 1 undergoes a quantum phase transition from a ferromagnetic state to

a paramagnetic one. Thus, one can infer that the quantum Hall ferromagnet under-

goes a disorder-driven quantum phase transition to a paramagnetic state at critical

disorder strength up = 0.7. It is also interesting to remark that Green established

this general finding in the domain of the weak disorder limit (though in the context of

a different model). The results obtained in this section cannot be directly compared

quantitatively with those of Green [28], Sinova et al. [29] and Rapsch et al. [30] In

addition to the fact that the model used in the studies of Green is different, he does

not complement his proposition on the vanishing of the renormalized spin stiffness with

some quantitative results. Sinova et al. [29] use a disparate variable in the ratio of

the interaction strength to the Landau-level broadening disorder energy scale. Finally,

Rapsch et al. [30] perform their numerical calculations on a semiclassical spin model.

In the next section, we evaluate the self-energy using the so-called self-consistent

approximation, which is more appropriate for u ∼ 1, and show that the renormalized

spin stiffness drastically changes its behavior, leading to completely different conclu-

sions about the phase transition.

4.5 Self-consistent approximation

In Ref. [126] it was demonstrated that summing the most relevant diagrams, which are

”paired” and without ”intersections”, results into the self-consistent approximation,

which can be applied even for u ∼ 1. The self-consistent approximation means that

the self-energy is evaluated with the total disorder averaged Green’s function (4.21)

instead of the bare one. Evidently, for u ¿ 1 the self-consistent and the bare ap-

proximations become equivalent. However, for the case of strong impurity potential U

the contribution from the other diagrams, not included in the self-consistent approx-

imation, may become non-negligible and the approximation may fail to grasp some

essential features. In what follows we assume that this is not the case and, therefore,

one has (see Eq. (4.28))

Σu(p, ω) =
u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2[I0(qp)− 1]〈Gu(q, ω)〉imp. (4.38)



64 CHAPTER 4. EFFECTS OF DISORDER AND INTERACTIONS IN THE QHF

Now, by referring to the computations carried out in the previous section and substi-

tuting Eq. (4.21), one gets

Σu(p, ω) =
u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2 I0(qp)− 1

ω − ωq − Σu(q, ω)
. (4.39)

Using that

I0(qp)− 1 =
∞∑

n=1

(qp)2n

(2nn!)2
, (4.40)

one has

Σu(p, ω) =
u

4
ε2
Be−p2/2

∞∑
n=1

p2n

(2nn!)2

∫ ∞

0

dq
q2n+1e−q2/2

ω − ωq − Σu(q, ω)
. (4.41)

Thus, one can write

Σu(p, ω) = e−p2/2

∞∑
n=1

σn(ω, u)p2n, (4.42)

with

σn(ω, u) =
u

4(2nn!)2
ε2
B

∫ ∞

0

dq
q2n+1e−q2/2

ω − ωq − Σu(q, ω)
. (4.43)

Using such expansion allows one to promptly get a numerical solution by iterations (see

Fig. 4.4). The convergence of the iterative solution is rather good up to some value of
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Figure 4.4: Real part of the renormalized spin stiffness as a function of the disorder

strength u in units of εB/4.

the disorder concentration uc. However, when u → uc, we find that ∂uσ1(0, u) → ∞.

Therefore, it would be desirable to derive an analytical solution in the neighborhood

of uc. For convenience, we omit the arguments of σn in our notation in the next part.

In general,

∂Σu(p, ω)

∂u
=

Σu(p, ω)

u
+

u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2 I0(qp)− 1

(ω − ωq − Σu(q, ω))2

∂Σu(q, ω)

∂u
,

(4.44)
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or equivalently

∂σn

∂u
=

σn

u
+

u

4(2nn!)2
ε2
B

∫ ∞

0

dq
q2n+1e−q2/2

(ω − ωq − Σu(q, ω))2

∂Σu(q, ω)

∂u
. (4.45)

Introducing for simplicity

Fn ≡ ε2
B

∫ ∞

0

dq
q2n+1e−q2

[ω − ωq − Σu(q, ω)]2
(4.46)

one finds
∂σn

∂u
=

σn

u
+

u

4(2nn!)2

∞∑

k=1

Fn+k
∂σk

∂u
. (4.47)

Introducing a matrix notation

Bm,n ≡ δm,n − uFm+n

2m+n+2m!n!
, (4.48)

Eq. (4.47) reads
∞∑

k=1

Bn,k2
kk!

∂σk

∂u
=

2nn!σn

u
. (4.49)

Its solution is found by computing the inverse matrix to Eq. (4.48) and has the form

∂σn

∂u
=

2−n

un!

∞∑

k=1

B−1
n,k2

kk!σk. (4.50)

Substituting this result into

d(det(B)2)

du
= 2 det(B)

(
∂ det(B)

∂u
+

∞∑
n=1

∂ det(B)

∂σn

∂σn

∂u

)
,

yields
d(det(B)2)

du
= −κ(u), (4.51)

where

κ(u) ≡ −2 det(B)
∂ det(B)

∂u

−2 det(B)
∞∑

n,k=1

∂ det(B)

∂σn

2k−nk!

un!
σkB

−1
n,k,

with

∂ det(B)

∂u
= det(B)Tr

(
B−1∂B

∂u

)

= −1

u
det(B)Tr(B−1 − I)
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and
∂ det(B)

∂σn

= −
∞∑

m,k=1

det(B)B−1
k,m

u

2m+k+2m!k!

∂Fm+k

∂σn

,

where
∂Fm

∂σn

= 2ε2
B

∫ ∞

0

dq
q2n+2m+1e−3q2/2

[ω − ωq − Σ(q, ω)]3
.

Suppose that det(B) → 0 when u → uc. In this case B−1 det(B) remains finite, as well

as κ(u). This suggests that
∂σn

∂u
→∞. (4.52)

when u → uc, since the other terms are finite. Moreover, if κ(u) is a smooth function

around uc, such that κ(uc) ≈ κ(u0) for some u0 from the neighborhood of uc, then

according to Eq. (4.51) there holds

det[B(u)] =
√

κ(uc)(uc − u) +O(uc − u). (4.53)

It follows then from Eq. (4.53) that uc ≈ u0 + det[B(u0)]
2/κ(u0) as long as u0 → uc.

However, the analysis of the infinite dimensional matrix B and its determinant is quite

complicated, which forces us to use an approximate solution, where we keep only the

first 40 terms in the expansion, thus reducing the dimension of the matrices to 40×40.

In the absence of Zeeman splitting (g = 0), for ω = 0, and u0 = 0.238 one finds, setting

εB = 1, that det[B(u0)] = 0.0551776 and κ(u0) = 9.7945, which yields uc = 0.238311

in excellent agreement with the numerical solution. The approximation also allows to

check the validity of Eq. (4.50), which yields σ′1 = −9.384 at the point u0 = 0.238

(here the prime stands for the partial derivative with respect to u). On the other

hand, the numerical solution for the two points u0 = 0.238 and u1 = 0.23801 yields

∆σ1/∆u = −9.463, which agrees reasonably well with the previous result. The main

difference stems from the fact that u0 = 0.238 is rather close to the critical point uc,

where the derivative diverges, so the value ∆u = 10−5 is still rather large and, of course,

computational errors and approximation with finite number of terms make the result

not very precise. Furthermore, it follows from Eq. (4.50) that σ′n det(B) remains finite

with u → uc. Thus,

σn(u)− σn(u0) =

∫ u

u0

dv
∂σn(v)

∂v

≈ det[B(u0)]σ
′
n(u0)√

κ(u0)

∫ u

u0

dv(uc − v)−1/2, (4.54)

which leads to

σn(u) = σn(uc) + [σn(u0)− σn(uc)]
det[B(u)]

det[B(u0)]
(4.55)

after performing the integration, where σn(uc) − σn(u0) = 2(uc − u0)σ
′
n(u0). From

this analytic solution one may observe that σn and, consequently, Σ(p, ω) acquires an
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imaginary part when u > uc. In particular, considering n = 1, for the case at hand

σ1(u0) = −0.161742 and σ1(uc) = −0.167576. Defining

α ≡ − lim
u→uc

2σ′1(u) det[B(u)]√
κ(u)

, (4.56)

the value of α can be evaluated without any fitting parameters directly from Eqs.

(4.50) and (4.52), which yields α = 0.331. It follows directly from the above that the

renormalized spin stiffness now obeys

ρs(u) = ρs(uc) + αεB

√
uc − u, (4.57)

where ρs(uc) = εB(σ1(uc) + 1/4). Both numerical and analytic results for ρs(u) are

plotted in Fig. 4.5, which shows that the analytic solution remains in excellent agree-

ment with the numerical one even for those values of u, which are far from the critical

point uc. The whole behavior of the renormalized spin stiffness is very similar to the

one obtained by Chalker et al. [30], describing a spin glass phase transition. Moreover,

such dependence of the renormalized spin stiffness as a square root function of a control

parameter was already observed previously by Shender [119], as well as by Avgin et al.

[120] They considered the two- and tree- dimensional ±J Heisenberg spin glass model

in a ferromagnetic ground state due to a strong external magnetic field. They found

that for a certain value of the control parameter, ρs(u) acquires an imaginary part. The

real part of ρs(u) is proportional to the spin wave stiffness, whereas the imaginary part

is proportional to the damping of the spin wave excitations, thus signalling localiza-

tion. It was argued that when the frequency of the spin-wave excitation ω multiplied

by its lifetime τ is ωτ = Re[ρs(u)]/Im[ρs(u)] < 1, then the spin waves are completely

localized. As we can see from the Fig. 4.5, the condition of localization is already sat-

isfied for the values of the disorder strength starting from u = 0.3. The calculations

presented in the Appendix D contain a strong indication that the Pauli susceptibility

diverge at the point u = uc, suggesting a phase transition from a ferromagnetic ground

state to a spin glass state [30], since the spin waves become localized.

Our discussion was mainly concerned with the static case ω = 0. However, our

approach allows to find Σ(p, ω) for any given ω. The dispersion spectrum in the self-

consistent approximation then satisfies ω − ωp − ReΣ(p, ω) = 0.

A similar model was considered by Burmistrov [31] for the case of high Landau levels

ν À 1. There are several common points in both models: i) In our model the disorder

is characterized by a single parameter u ∼ nimpU
2 (instead of the two independent nimp

and U), which scales linearly in nimp and quadratically in U . In Ref. [31], the disorder

parameter τ−1 scales exactly in the same way. Thus, the disorder is characterized by

essentially the same single parameter in both models, i.e. the case of weak density and

moderate impurity potential is considered equivalent to the case of moderate density
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Figure 4.5: (Color online) The real part of the renormalized spin stiffness in units of

εB/4 is shown in black as a function of the disorder strength u and the imaginary part

is shown in blue (gray) color. (Square - analytic solution, star - numerical).

and weak impurity potential. In our work this is a consequence of the self-consistent

approximation, while in the work [31] this is a feature of the model itself, relying

on the Gaussian distribution. Going beyond the self-consistent approximation and

including the other type of diagrams will introduce more (higher order in U) parameters

depending on nimp and U , for example, nimpU
4. On the other hand, the introduction of

another parameter in the model [31], which scales like nimpU
4, would require to include

higher orders of the impurity potential in the distribution function, which makes it

essentially non-Gaussian. ii) The interactions are taken into account basically at the

same level of approximation: quadratic in the bosonic field when integrating out lower

Landau levels in Ref. [31] and RPA in a broad sense (including the ladder diagrams) in

our work. iii) The calculations in both works predict finite lifetime of the quasiparticle

excitations due to the disorder scattering.

The most crucial difference in the predicted results is that the spin stiffness increases

with the increase of the strength of disorder in Ref. [31] (ν À 1) and decreases in

our model (ν = 1). The difference does not stem from the different computational

approaches but is fully attributed to the difference in the filling factor ν considered

in the two models. In the case ν À 1, the disorder suppresses the effect of screening

from the lower Landau levels, thus resulting into an increase of the electron-electron

interactions, which ”strengthens” the ferromagnetic state and leads to an increase of

the spin stiffness. On the other hand, for ν = 1, there is no screening from the lower

lying Landau levels, since all the electrons are already in the lowest one, and the

presence of disorder leads only to a ”weakening” of the ferromagnetic order and thus

decreases the spin stiffness, as was shown by a number of authors [28–30].



4.6. CONCLUSIONS 69

4.6 Conclusions

This chapter accounts for the presence of both disorder and interactions in a 2DEG at

Landau level filling factor ν = 1, whose ground state constitutes the well-known quan-

tum Hall ferromagnet. The bosonization technique developed by Doretto et al. [113]

was employed in order to facilitate the treatment of both disorder and interactions in

this strongly correlated system. The bosonization procedure consists in treating the

spin wave (magnon) excitation as a boson such that the fermionic Hamiltonian of the

system can be approximately recast into a Hamiltonian expressed in terms of bosonic

operators. As a consequence, the interaction between electrons up to RPA level was in-

corporated within the bare propagator that represents the free boson. The intent was

then to identify a disorder-driven quantum phase transition to a non-ferromagnetic

state by analyzing the behavior of the renormalized spin stiffness as a function of the

disorder strength, which itself corresponds to the ratio squared of the disorder energy

scale to the Coulomb energy one. To achieve this aim, firstly, we derived the bosonic

expression for the Hamiltonian of the system. In the second stage, the focus was on

seeking out the disorder self-averaged Green’s function, which is the full bosonic Green’s

function averaged over the impurity positions. Then, by using the Dyson’s equation,

we obtained a diagrammatic representation of the self-energy. The latter was subse-

quently computed within the framework of the low-density weak-scattering approxi-

mation. Low density means that the number of disorder atoms present in the system

is taken to be much lower than the number of electrons, while the weak-scattering

approximation signifies that the scattering potential induced by a given impurity atom

is weak, such that only the first and second-order Born scatterings are accounted for.

As a result, the self-energy corresponded to a single diagram. Furthermore, the self-

energy was evaluated in three different approximations: 1) the bare (long wavelength)

approximation, which consists in using the bare bosonic propagator and keeping the

lowest order terms in momenta, 2) the bare (full k) approximation, which uses as well

the bare bosonic propagator but with all the momenta terms kept in the calculation

and, finally, 3) the self-consistent approximation, which uses the full disorder averaged

Green’s function instead of the bare one in the self-energy diagram. Then, the renor-

malized spin stiffness was determined by extracting the coefficient of the quadratic

term in the dispersion relation together with the contribution from the self-energy. In

the case of the bare (long wavelength) approximation, the spin stiffness was found to

vanish linearly at the disorder strength up = 1. For the bare (full k) scheme, the spin

stiffness also vanished linearly, but at the disorder strength up = 0.7. These results

suggest the occurrence of a disorder-driven quantum phase transition from the fer-

romagnetic phase to a paramagnetic one at the critical value up = 0.7. However, the

critical values are clearly outside the range of validity of the bare approximation, which



70 CHAPTER 4. EFFECTS OF DISORDER AND INTERACTIONS IN THE QHF

is applicable for u ¿ 1. Lastly, the self-consistent calculation, which is more applicable

for u ∼ 1, revealed a completely different behavior: the real part of the renormalized

spin stiffness also initially decreases with increasing the disorder strength u, coinciding

in the region u ¿ 1 with the one obtained in the bare approximation, but then it satu-

rates without reaching zero beyond a critical value uc, at which it (and the self-energy)

acquires an imaginary component. According to the Shender criterium [119], the spin

waves become completely localized when the imaginary part of the renormalized spin

stiffness becomes larger than the real part, which occurs in our system for u > 0.3 (see

Fig. 4.5).

The physical mechanism behind a phase transition from the ferromagnetic ground

state can be understood by considering electrons completely filling the lowest Landau

level (ν = 1) in the presence of some inhomogeneous electrostatic background (disor-

der). Then, for sufficiently strong impurity potential, by adjusting the electron density

to the electrostatic background, the system would gain more energy than is needed to

rearrange the spin configuration. In this case the ferromagnetic state does not min-

imize the total energy of the system and a phase transition should take place. This

quantum phase transition could be detected by calculating the behavior of the mag-

netic susceptibility as a function of the disorder strength. A sharp peak is anticipated

at the transition point. In particular, if the energy cost for exciting a spin wave is less

than the gain in the electrostatic energy, then the renormalized spin stiffness becomes

negative and the system undergoes a phase transition to a paramagnetic state with

zero local magnetization. On the other hand, as it was argued by Rapsch et al. [30],

in the case of a smoothly varying impurity potential, keeping nonzero local magnetiza-

tion is still energetically favorable and the electrostatic energy is lowered by screening

the impurity potential due to the formation of spin textures. At strong disorder such

phase would correspond to a spin glass and the spin textures might be considered as

the localized spin waves. Thus, the character of the phase transition might depend on

the nature of the disorder. The calculations performed within our model indicate that

the Pauli susceptibility diverges at the same critical point of the disorder strength uc,

where an imaginary part of the renormalized spin stiffness appears, thus suggesting a

phase transition to a spin glass phase.

Our approach can be extended for the case of bilayer systems in the presence of

disorder. In fact, Fertig and Murthy [127] have already considered such systems. Thus,

it would be interesting to apply our formalism to the case of a bilayer system with the

total filling factor νT = 1 and compare the results.
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4.7 Appendix. Third order diagram

Let us now evaluate the 3rd order diagram contribution to the self-energy. Its diagram-

matic representation is shown in Fig. 6.Algebraically, we have

Σ(3)(p, ω) = Nimp

∑

q,q′
U e(q− p,p)G(q, ω)U e(q′ − q,q)G(q′, ω)U e(p− q′,q′)

= Nimp

∑

q,q′
U(q− p)f(q− p,p)G(q, ω)U(q′ − q)f(q′ − q,q)

×G(q′, ω)U(p− q′)f(p− q′,q′).

(4.58)

Here again, the impurity potential is short-range U(q) = constant = U/A. By replac-

N
imp

  U  (q-p,p)     e

  U   (q’-q,q)     e

U   (p-q’,q’) e

q q’

=(p)
(3)

Figure 4.6: Diagrammatic representation of the third order diagrammatic contribution

to the self-energy.

ing all the functions defined previously, we find

Σ(3)(p, ω) = Nimp

∑

q,q′

(
U

A

)3 [
2ie−|`(q−p)|2/4 sin

(
(q− p) ∧ p

2

)]
G(q, ω)

×
[
2ie−|`(q

′−q)|2/4 sin

(
(q′ − q) ∧ q

2

)]
G(q′, ω)

×
[
2ie−|`(p−q′)|2/4 sin

(
(p− q′) ∧ q′

2

)]
,

(4.59)

which is

Σ(3)(p, ω) = Nimp

∑

q,q′

(
U

A

)3

(2i)3e−|`(q−p)|2/4e−|`(p−q′)|2/4e−|`(q
′−q)|2/4︸ ︷︷ ︸

Term a

× sin
(q ∧ p

2

)
sin

(
p ∧ q′

2

)

︸ ︷︷ ︸
Term b

sin

(
q′ ∧ q

2

)

︸ ︷︷ ︸
Term c

G(q, ω)G(q′, ω).
(4.60)

It is clear that Terms a and b are symmetric under the interchange q ↔ q′ while Term

c is antisymmetric. Thus, one has

Σ(3)(p, ω) = 0 (4.61)

This result holds true in both the full bare and self-consistent approximations.

As a matter of fact, due to the antisymmetric property of the wedge product within

the sine term, it turns out that all odd order terms vanish.
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4.8 Appendix. Detailed derivation of the self-energy

We prove here the expressions (4.32) and (4.33). We begin with the expression of the

self-energy given by Eq. (4.26)

Σ(p, ω) = 4nimpU
2

∫ ∞

0

dq

2π
qe−(`q)2/2e−(`p)2/2G(q, ω)

∫ 2π

0

dφ

2π
e`2qp cos φ 1

2
[1−cos(`2qp sin φ)].

(4.62)

One first deals with the polar integral,

∫ 2π

0

dφ

2π
e`2qp cos φ 1

2
[1− cos(`2qp sin φ)] =

1

2

∫ 2π

0

dφ

2π
e`2qp cos φ

− 1

2

∫ 2π

0

dφ

2π
e`2qp cos φ cos(`2qp sin φ).

The two terms are evaluated separately. For the first term, one must note that [128]

e`2qp cos φ = I0(`
2qp) + 2

∞∑
n=1

In(`2qp) cos(nφ),

such that

1

2

∫ 2π

0

dφ

2π
e`2qp cos φ =

1

2
I0(`

2qp)

∫ 2π

0

dφ

2π
+2

∞∑
n=1

In(`2qp)
1

2

∫ 2π

0

dφ

2π
cos(nφ) =

1

2
I0(`

2qp).

(4.63)

The second term

1

2

∫ 2π

0

dφ

2π
e`2qp cos φ cos(`2qp sin φ) =

1

2

∫ 2π

0

dφ

2π
exp[`2qp · exp(iφ)] =

1

2
(4.64)

Substituting Eqs. (4.63) and (4.64) back into Eq. (4.63) then yields the simpler expres-

sion, ∫ 2π

0

dφ

2π
e`2qp cos φ 1

2
[1− cos(`2qp sin φ)] =

1

2
[I0(`

2qp)− 1].

Now, substituting the above back into Eq. (4.62) we find

Σ(p, ω) = 4nimpU
2

∫ ∞

0

dq

2π
qe−(`q)2/2e−(`p)2/2G(q, ω)

1

2
[I0(`

2qp)− 1]. (4.65)

4.9 Appendix. Bare (Long Wavelength) Approxi-

mation

To evaluate the self-energy within the long-wavelength approximation, we must return

to Eq. (4.23). Firstly, one remarks that the sine squared term in Eq. (4.23) greatly
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simplifies,

sin2
(q ∧ p

2

)
≈

(q ∧ p

2

)2

=
1

4
[`2ẑ · (q× p)]2 =

1

4
(`2|q× p|)2 =

1

4
`4|q|2|p|2 sin2 φ.

(4.66)

Then, substituting Eq. (4.66) into Eq. (4.23) yields:

Σ(p, ω) = nimpU
2`4

∫ ∞

0

dq

2π
q3e−(`q)2/2p2e−(`p)2/2G0(q, ω)

∫ 2π

0

dφ

2π
e`2pq cos φ sin2 φ.

(4.67)

The polar integral then turns out to match [128]

∫ 2π

0

dφ

2π
e`2pq cos φ sin2 φ =

1

2
[I0(`

2pq)− I2(`
2pq)]. (4.68)

The series expansion for Eq. (4.68) gives (x ≡ `2pq)

I0(x)− I2(x) =

[
1 +

x2

4
+ . . .

]
−

[
x2

8
+ . . .

]
= 1 +

x2

8
+ . . . (4.69)

Eq. (4.67) already holds a q3p2 term and therefore a q5p4 term is not needed in the

long wavelength approximation. Thus, one assumes that

I0(`
2pq)− I2(`

2pq) ≈ 1. (4.70)

Moreover, the momenta are rescaled as q,p → q/`,p/`. As a result, Eq. (4.67) sim-

plifies to

Σ(p, ω) =
nimpU

2

4π`2
p2e−p2/2

∫ ∞

0

dq q3e−q2/2 1

ω − ωq + iη
,

where we replaced G0(q, ω) by its definition (see Eq. (4.18)). One can then make use

of the identity [123]
1

x + iη
= P 1

x
− iπδ(x), (4.71)

where P symbolizes the Cauchy principal value of the integral. Consequently, one has

ReΣ(p, ω) =
(εB

4

)2

u p2e−p2/2P
∫ ∞

0

dq
q3e−q2/2

ω − ωq

, (4.72)

ImΣ(p, ω) = −
(εB

4

)2

u p2e−p2/2

∫ ∞

0

dq q3e−q2/2πδ(ω − ωq). (4.73)

Let us first examine the real part of the self-energy, which actually denotes the

physical self-energy.

It has been shown[113] that in the long wavelength approximation the bosonic dis-

persion relation for q can be written as

ωq = g +
εB

4
q2. (4.74)
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The physical self-energy then becomes

ReΣ(p, ω) =
(εB

4

)2

u p2e−p2/2P
∫ ∞

0

dq
q3e−q2/2

ω − g − εB

4
q2

. (4.75)

Let us then work temporarily with the new quantities

ω̄ =
4ω

εB

and ḡ =
4g

εB

, (4.76)

such that the self-energy is re-written as

ReΣ(p, ω̄) =
εB

4
u p2e−p2/2P

∫ ∞

0

dq
q3e−q2/2

ω̄ − ḡ − q2
.

Now, one performs a change of variable in the q momentum: q → q̃ = q2. One must

note that qdq = d(q2)/2 and that the integration limits are not altered. Consequently,

one gets

ReΣ(p, ω̄) =
εB

4
u p2e−p2/2P

∫ ∞

0

dq̃

2

q̃e−q̃/2

ω̄ − ḡ − q̃
. (4.77)

A further change of the integration variable is performed q̃ → k = ω̄ − ḡ − q̃, leading

to

ReΣ(p, ω̄) = −εB

4
u p2e−p2/2P

∫ −∞

ω̄−ḡ

dk

2
(ω̄ − ḡ − k)e−(ω̄−ḡ−k)/2 1

k

=
εB

4
u p2e−p2/2




(
ω̄ − ḡ

2

) (
P

∫ ω̄−ḡ

−∞
d

(
k

2

)
e(k/2)

(
k
2

)
)

︸ ︷︷ ︸
Term a

e−(ω̄−ḡ)/2

− 1

2

(
P

∫ ω̄−ḡ

−∞
dk k

ek/2

k

)

︸ ︷︷ ︸
Term b

e−(ω̄−ḡ)/2


 .

(4.78)

Term a corresponds to the definition of the exponential integral function;[128]

Ei

(
ω̄ − ḡ

2

)
= P

∫ ω̄−ḡ

−∞
d

(
k

2

)
e(k/2)

(
k
2

) , (4.79)

whereas Term b can be straightforwardly integrated,

P
∫ ω̄−ḡ

−∞
dk k

ek/2

k
=

∫ 0

−∞
dk̃ e(k̃+ω̄−ḡ)/2

=

(∫ 0

−∞
dk̃ ek̃

)
e(ω̄−ḡ)/2 = 2e(ω̄−ḡ)/2,

(4.80)

where the shift of variable k → k̃ = k − (ω̄ − ḡ) was used in the first step.
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Thus, the physical self-energy becomes

ReΣ(p, ω̄) =
εB

4
u p2e−p2/2 [−1

+

(
ω̄ − ḡ

2

)
Ei

(
ω̄ − ḡ

2

)
e−(ω̄−ḡ)/2

]
.

(4.81)

The renormalized energy of the bosons is obtained by looking at the poles of the

full disorder self-averaged Green’s function,

ω − ωp − ReΣ(p, ω) = 0. (4.82)

Consequently, in the long wavelength approximation, the renormalized dispersion re-

lation takes the form

ω̄ − ḡ = p2 + u p2e−p2/2 [−1

+

(
ω̄ − ḡ

2

)
Ei

(
ω̄ − ḡ

2

)
e−(ω̄−ḡ)/2

]
.

(4.83)

It is straightforward to notice that the renormalized spin stiffness, which corresponds

to the coefficient of the p2 term, is given by

ρR
s =

εB

4
(1− u). (4.84)

We now turn to the imaginary part of the self-energy given by Eq.(4.73). In the

long wavelength approximation, the Dirac delta function becomes

δ(ω − ωq) ≈ δ
(
ω −

(
g +

εB

4
q2

))
=

4

εB

δ(ω̄ − ḡ − q2). (4.85)

By performing a change of variable in the q momentum, q → q̃ = q2 and replacing

Eq. (4.85) into Eq. (4.73) one gets

ImΣ(p, ω̄) = −π

2
u p2e−p2/2(ω − g)e−2(ω−g)/εB . (4.86)

Finally, the scattering time, which amounts to the lifetime of the bosonic excitation,

is given by
1

τp

= πu p2e−p2/2(ω − g)e−2(ω−g)/εB . (4.87)

It is clear that τp →∞ when ω → g, i.e. low energy quasiparticles are long-lived, with

finite lifetime induced by disorder.

4.10 Appendix. Pauli susceptibility

The Pauli susceptibility in case of linear response is given by the Kubo formula:

χzz(x,x′; t− t′) = i〈TtSz(x, t)Sz(x
′, t′)〉. (4.88)



76 CHAPTER 4. EFFECTS OF DISORDER AND INTERACTIONS IN THE QHF

Using the Fourier transformation

Sz(x, t) =
∑
q

Sz(q, t)eiq·x, (4.89)

the susceptibility can be written as

χzz(q,q′; t− t′) = i〈TtSz(q, t)Sz(q
′, t′)〉. (4.90)

On the other hand, the operators Sz(q, t) can be written in the bosonized form[113]

Sz(q, t) =
Nφ

2
δq,0 − e−q2/4

∑
p

cos
(q ∧ p

2

)
b†q+p(t)bp(t),

where bp(t) = eiHtbpe−iHt. Thus, after substitution

χzz(q,q′; t− t′) = ie−q2/2
∑

p,p′
cos

(q ∧ p

2

)
cos

(
q ∧ p′

2

)
〈Ttb

†
q+p(t)bp(t)b†q′+p′(t

′)bp′(t′)〉.

Evaluation of the expectation value yields

χzz(q,q′; t− t′) = −ie−q2/2
∑

p,p′
cos

(q ∧ p

2

)
cos

(
q ∧ p′

2

)

×G(p′ + q′,p; t− t′)G(p + q,p′; t′ − t),

using the notation defined earlier in Eq. (4.12). Expanding the Green’s function

G(p,q; t − t′) into the Born series and performing the disorder averaging one recov-

ers the translational invariance 〈χzz(q,q′; t − t′)〉imp = δq+q′,0χzz(q, t − t′). Moreover,

performing the Fourier transformation in the time variable t and introducing

P (p,q; ω, ε) ≡
∑

p′
cos

(
q ∧ p′

2

)
〈G(p′ − q,p; ω + ε)G(p + q,p′; ω)〉imp

the susceptibility is

χzz(q, ε) =
−iAe−q2/2

(2π)3

∫
dp

∫ ∞

−∞
dω cos

(q ∧ p

2

)
P (p,q; ω, ε). (4.91)

In the self consistent approximation the function P (p,p′; ω, ε) obeys [123]

P (p,p′; ω, ε) = G(p, ω + ε)G(p + p′, ω)

[
cos

(
p ∧ p′

2

)

+
ANimp

(2π)2

∫
dqU e(p− q,q)U e(q− p,p + p′)P (q,p′; ω, ε)

]
.(4.92)

We are interested mostly in the static susceptibility χ ≡ limε→0 χzz(0, ε). Thus, in

particular

P (p, 0; ω, 0) = G2(p, ω)

[
1 +

ANimp

(2π)2

∫
dqU e(p− q,q)U e(q− p,p)P (q, 0; ω, 0)

]
.
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A spherically symmetric solution satisfies

P (p, 0; ω, 0) = G2(p, ω)

[
1 +

u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2(I0(qp)− 1)P (q, 0; ω, 0)

]
.

(4.93)

Let us introduce a new function

H(p, ω) ≡ P (p, 0; ω, 0)G−2(p, ω); (4.94)

then Eq. (4.93) can be rewritten as

H(p, ω) = 1 +
u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2(I0(qp)− 1)G2(q, ω)H(q, ω), (4.95)

or explicitly

H(p, ω) = 1 +
u

4
ε2
Be−p2/2

∫ ∞

0

dq qe−q2/2 I0(qp)− 1

[ω − ωq − Σu(q, ω)]2
H(q, ω). (4.96)

Notice that Eq. (4.96) has the same form as Eq. (4.44) but with H(p, ω) instead of

∂uΣu(p, ω), which is known to diverge ∂uΣu(p, 0) →∞ when u → uc. In the next part

we will demonstrate that H(p, 0) also diverges, H(p, 0) → ∞ when u → uc. We are

looking for a solution in the form

H(p, ω) = 1 + e−p2/2

∞∑
n=1

hn(ω)p2n, (4.97)

Substitution of Eq. (4.97) into Eq. (4.96) yields an expression, which looks similar to

the equation previously obtained (see Eq. (4.47)),

hn(ω) =
uKn

4(2nn!)2
+

u

4(2nn!)2

∞∑

k=1

Fn+khk(ω), (4.98)

where the function Fn was defined earlier by Eq. (4.46) and

Kn ≡ ε2
B

∫ ∞

0

dq
q2n+1e−q2/2

[ω − ωq − Σu(q, ω)]2
. (4.99)

Notice that

Kn =
∞∑

k=0

1

2kk!
Fk+n (4.100)

and

Fn =
∞∑

k=0

(−1)k

2kk!
Kk+n. (4.101)

Equivalently
∞∑

k=1

Bn,k2
kk!hk(ω) =

uKn

2n+2n!
, (4.102)
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where Bn,k was defined in Eq. (4.48). The solution is found by computing the inverse

matrix to Eq. (4.102) and has the form

hn(ω) =
2−nu

4n!

∞∑

k=1

B−1
n,k

Kk

2kk!
. (4.103)

Therefore,

P (p, 0; ω, 0) = G2(p, ω)

(
1 + e−p2/2

∞∑
n=1

p2n 2−nu

4n!

∞∑

k=1

B−1
n,k

Kk

2kk!

)
(4.104)

and

∫ ∞

0

P (p, 0; ω, 0)p dp =
∞∑

n=1

∫ ∞

0

e−p2/2p2n+1G2(p, ω)dp
2−nu

4n!

∞∑

k=1

B−1
n,k

Kk

2kk!

+

∫ ∞

0

G2(p, ω)p dp, (4.105)

if the integral is convergent. Otherwise, it has to be regularized, which we won’t

consider here. This leads to

∫ ∞

0

P (p, 0; ω, 0)p dp =
∞∑

n=1

Kn

2nn!
+

u

4

∞∑

n,k=1

Kn

2nn!
B−1

n,k

Kk

2kk!
, (4.106)

which can be further simplified by means of some algebraic transformations,

∫ ∞

0

P (p, 0; ω, 0)p dp = F0 +
∞∑

n,k=1

(
4

u
(B−1

n,k − δn,k) + 2B−1
n,k

Fk

2kk!
+

u

4

Fn

2nn!
B−1

n,k

Fk

2kk!

)
.

(4.107)

Despite the simplifications, the above expression is difficult to evaluate analytically, as

well as numerically. However, since most of the terms there involve the inverse matrix,

it is reasonable to suppose that if ω = 0 it diverges with u → uc as

∫ ∞

0

P (p, 0; 0, 0)p dp ∼ det[B(u)]−1. (4.108)

On the other hand the susceptibility is given by

χ(ε) = − iA

(2π)2

∫ ∞

−∞
dω

∫ ∞

0

P (p, 0; ω, ε)p dp. (4.109)

Thus, considering ε = 0, we see that the integrand is divergent at ω = 0 with u → uc,

which can be considered as a possible indication of divergent Pauli susceptibility.



Chapter 5

Spin-Charge-Density Wave

in a Squircle-like Fermi Surface

for Ultracold Atoms

We derive and discuss an experimentally realistic model describing ultracold atoms in an

optical lattice including a staggered, but commensurate, Zeeman field. The resulting band

structure is quite exotic; fermions in the third band have an unusual rounded square Fermi

surface (essentially two concentric squircles), leading to imperfect nesting. We develop a

generalized SO(3, 1) × SO(3, 1) theory describing the spin and charge degrees of freedom

simultaneously, and show that the system can develop a coupled spin-charge-density wave

order. This ordering is absent in theories with local interactions that treat spin and charge

density separately.1

5.1 Introduction

Ultracold atoms in optical lattices have recently emerged as a class of condensed mat-

ter systems, where the properties of the many-body Hamiltonian are under exquisite

experimental control. Interfering laser beams in one, two or three dimensions (D) cre-

ate standing waves: nearly perfect optical lattices for atoms with lattice spacing and

topology set by the laser geometry and wavelength [32–35]. Optical lattices not only

allow for the implementation of different lattice models without defects, but also open

a wide range of possibilities to manipulate the parameters of the model describing ul-

tracold bosons, fermions, or mixtures thereof. For example, the hopping parameters,

local chemical potential, and often even the interaction strength can be tuned at will

1This chapter is based on ”Spin-charge-density wave in a squircle-like Fermi surface for ultracold
atoms”, D. Makogon, I. B. Spielman, and C. Morais Smith, arXiv:1007.0782, submitted to PRL
(2010).
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[36–38].

In the last few years, a large excitement was brought to the field of cold atoms by the

generation of artificial gauge fields for the atoms [58]. By rotating the ultracold neutral

atoms, the system responds in the same way as charged particles in a perpendicular

magnetic field. In addition to the methods of generating magnetic fields by rotation,

which are currently limited to quite modest frequencies, there are possibilities to gen-

erate gauge fields without large scale rotation, using Raman lasers [64–73]. Moreover,

there exist numerous proposals to generate other states like the fractional quantum

Hall effect [69], non-Abelian gauge fields [70, 71], the anomalous quantum Hall effect

[72], and even some other more exotic phenomena [73].

A second direction of prominent research is the realization of spin-dependant optical

lattices. Most optical lattice experiments use atoms in a single state [129]; however,

some experiments study mixtures of atoms in two or more atomic “spin” states, each

of which can experience different lattice potentials [76, 78, 130]. Here, we derive a

lattice model, equally applicable to bosons and fermions, with an effective Zeeman

magnetic field including a term alternating in sign on a site-by-site basis [80]. For

fermions, staggered Zeeman fields are relevant to understand the electronic properties of

antiferromagnetic solids, insulators, and conductors. The Zeeman field couples strongly

to electrons near the Fermi surface [81], and in more exotic situations, it breaks local

time-reversal invariance in topological insulators [131, 132].

The presence of the staggered Zeeman field effectively splits the optical lattice into

two A and B sublattices, each of which is subject to a different Zeeman field. We

find that a very interesting single-particle spectrum emerges for the system, which

has four bands. The third one exhibits very intriguing features: its shape can range

from a Mexican hat-like, up to a completely new, never studied or realized rounded

square Mexican hat band. The latter will give rise to a Fermi surface consisting of two

concentric squarish circles (which we refer to as ’squircles’) in the case when the system

is loaded with fermions [133]. By tuning the parameters in the system, it is possible to

deform the shape of the single-particle energy minima, and generate differently shaped

Fermi surfaces, at will. The particular shape of the Fermi surface suggests that nesting

effects should be expected. By introducing on-site repulsive Hubbard interactions into

the system, we show that imperfect nesting along the diagonal connecting corners

of the Fermi-surface gives rise to a combined spin- and charge-density-wave (SCDW)

instability at a critical interaction strength Uc. The theory is formulated within an

SO(3, 1) × SO(3, 1) framework and represents a generalization of the usual charge-

density wave (CDW) and spin-density wave (SDW) theories treated in the literature

for low-D systems [134–136].

The outline of this Chapter is the following: the experimental realization of the

model, which has motivated this theoretical work, is presented in Section 5.2. The
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spectrum of single-particle excitations of the system without interactions, revealing a

peculiar third band with a squircle-like line of minima, is discussed in Section 5.3. When

fermions are loaded in the system, with the Fermi level laying in the third band, nesting

should occur between the edges of the Fermi surface. Nesting becomes important in

the presence of interactions between fermions, which we assume to be local, and thus

described by a Hubbard term. To analyze the role of interactions, we consider in Section

5.4 a response of the system to a change in spin and charge densities in the saddle-

point approximation, analogous to the random phase approximation (RPA). Assuming

the system to be in a homogeneous ground state, we find in Section 5.5 mean-field

corrections for the Hamiltonian due to interactions and the generalized susceptibility,

which describes the system response. By numerically evaluating the equations for a

particular set of parameters in Section 5.6, we illustrate the general properties of the

system. In particular, the static susceptibility has a peak exactly at the value of the

Fermi surface nesting, implying the existence of an instability at a certain critical value

of the interaction. The instability is a mixture of both spin- and charge-density waves,

which appears in the study of collective excitations as a soft mode, in addition to a

zero sound, which is present even without interactions. Our conclusions are drawn in

Section 5.7.

5.2 Experimental realization of the model

Artificial magnetic fields are usually generated using Raman transitions. In particular,

it is suggested to use two Raman lasers to induce a hopping of atoms between different

lattice columns and with a suitable choice of parameters, the particles moving along a

closed path should pick up a phase proportional to the enclosed area, thus effectively

simulating the presence of a magnetic flux [64]. In a similar proposal, it was suggested

to use a slow light, obtained by using the electromagnetically induced transparency,

to provide an effective magnetic field acting on the electrically neutral fermions [65].

The scheme with atoms having at least two electronic ground states and interacting

with two detuned counterpropagating Raman lasers, leading to an effective magnetic

field in the rotating-wave approximation [67], was successfully realized [68]. Here, we

also propose to use Raman lasers to realize a staggered Zeeman field in a 2D lattice.

Notice that in our setup no vector potential is generated. The physical system under

study [Figs. 5.1(a)-(b)] consists of a sample of ultra cold atoms illuminated by two

pairs of counter-propagating lasers with angular frequencies ω and ω + δω (where

ω À δω); a third pair of lasers, not shown, propagate along ±ẑ and create a 1D lattice,

confining motion to the x̂ − ŷ plane. Our model includes a static magnetic field B0

along x̂ and an rf magnetic field Brf with angular frequency δω along ẑ; rf coupling

between atoms in spin dependent lattices has been studied both experimentally [78] and
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Figure 5.1: (a) Schematic layout: two nearly degenerate counter-propagating lasers

differ in frequency by a very small δω, and are linearly polarized in the x̂-ŷ plane. An

rf magnetic field Brf cos(δωt + φ) is polarized along ẑ. A bias field B0x̂ brings the

two Zeeman-resolved mF levels nearly into resonance. (b) Illustrative level diagram:

the two mF states are coupled by optical and rf magnetic fields. The lattice potential

formed by the retro-reflected lasers is omitted. (c) Band structure computed for ΩR =

2t, Ωrf = 4t, and φ = π/4: the concentric-squircles of the Fermi-surface are obtained

by filling the system to the third band, and are depicted by the white contours at the

Fermi energy (also shown is the projection onto the k+-k−plane).

theoretically [79], where the resulting non-trivial real-space lattices suggested potential

application to many body systems and quantum computation. In our case, the spin

dependence results from the interplay of the laser and rf-magnetic fields.

As was observed in Refs. [75, 77, 80], conventional spin independent (scalar) optical

lattice potentials acquire additional spin-dependent terms near atomic resonance: the

rank-1 and rank-2 tensor light shifts [75]. In the case of alkali atoms, adiabatic elimina-

tion of the angular momentum J = 1/2 (D1) and J = 3/2 (D2) excited states yields

an effective Hamiltonian H0 = Us(e
∗ · e) + iUv

~J · (e∗ × e)/~ for the J = 1/2 ground

state atoms. e is the polarization vector of the optical electric field and the magnitude

of the scalar and vector light shifts are related by Uv = −2Us∆FS/3(ω − ω0). Here,
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the fine-structure splitting is ∆FS = ω3/2 − ω1/2; ~ω1/2 and ~ω3/2 are the D1 and D2

transition energies; and ω0 = (2ω1/2 + ω3/2)/3 is their suitable average. Uv and Us can

be independently specified with informed choices of laser frequency ω and intensity.

We focus on a practical case, where the lasers are detuned far below atomic resonance

ω0−ω À ∆FS, minimizing spontaneous emission and implying |Us| À |Uv| and Us < 0.

We express momentum and energy in dimensions of ~kr = ~ω/c and Er = ~2kr
2/2m,

the single-photon recoil momentum and energy, respectively, with m the atomic mass.

The atomic Hamiltonian for the laser and magnetic fields in Figs. 5.1(a)-(b) is

H0 = Us(cos2 krx + cos2 kry) + gµB
~J · Beff with Beff = B0x̂ + Brf cos(δωt + φ)ŷ +

ẑ(Uv/2gµB) cos(δωt) cos(krx) cos(kry), where the vector light shift acts as an effective

magnetic field and B0 À Brf , Uv/2gµB. Here, µB is the Bohr magneton and g is the

Landé g-factor. We select x̂ as the quantizing axes, transform into the frame rotating

at δω, and make the rotating wave approximation to find

Beff =

(
B0 − ~δω

gµB

)
x̂− Brf

2
sin(φ)ŷ+

[
Brf

2
cos(φ) +

Uv

4gµB

cos(krx) cos(kry)

]
ẑ.

Beff · ẑ reaches its extrema on the sites of the optical lattice, giving a bias plus staggered

Zeeman field. This proposal requires the simple retro-reflection of the existing “Raman”

lasers discussed in Ref. [74], which were used to create an artificial magnetic field (there,

Brf was used only for state preparation). When |Us| À |Uv| , |gµBBrf | the conventional

tight-binding model [40], valid when Us & 5Er, is slightly modified by the effective

magnetic field evaluated on the lattice sites, yielding

Ĥ0 = −t
∑

<i,j>,s

c†i,scj,s +
ΩR

2

∑

j

[eiπ(jx+jy)c†j,↑cj,↓+h.c.]+
Ωrf

2

∑

j

(eiΦc†j,↑cj,↓+h.c.). (5.1)

cj,s is an annihilation operator (bosonic or fermionic) on site j = (jx, jy) with spin

s =↑, ↓; the hopping matrix element t can be computed from the band structure of

a sinusoidal lattice (for a Us = 5Er scalar lattice t ≈ 0.07Er); Ωrf = gµBBrf ; and

ΩR = Uv/2. Since we focus on very small ΩR ' t, the detuning from atomic resonance

can be quite large. For 40K, with ∆FS/2π = 1.7 THz, the detuning is (ω0 − ω)/2π ≈
50∆FS = 86 THz, yielding a laser wavelength≈ 980 nm, far detuned from the 770.1 nm

(D1) and 766.7 nm (D2) transitions.

5.3 Single-particle spectrum

It is convenient to define two sublattices A and B, such that {jx, jy} ∈ A if (−1)jx+jy =

1 and {jx, jy} ∈ B if (−1)jx+jy = −1. Hence, aj ≡ cj for j ∈ A and bj ≡ cj for j ∈ B.
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The Hamiltonian then reads

Ĥ0 = −t
∑

<i,j>,s

(a†i,sbj,s + h.c.) +
1

2

∑

j∈A

[(Ωrfe
iΦ + ΩR)a†j,↑aj,↓ + h.c.] (5.2)

+
1

2

∑

j∈B

[(Ωrfe
iΦ − ΩR)b†j,↑bj,↓ + h.c.].

For the determination of the single-particle spectrum, it is useful to introduce the

spinor notation

cj ≡
(

cj,↑
cj,↓

)

and define the three component vector Sj = (Sx
j , Sy

j , S
z
j )

T , where

Si
j =

1

2
c†jσ

icj, (5.3)

and σi are Pauli matrices. Using a vector notation, it can be written as Sj = c†jσcj/2,

where σ is the vector of the Pauli matrices. In addition, we introduce the two vectors

Ba and Bb as

Ba = (Ωrf cos(Φ) + ΩR,−Ωrf sin(Φ), 0)T (5.4)

and

Bb = (Ωrf cos(Φ)− ΩR,−Ωrf sin(Φ), 0)T . (5.5)

Thus, the bare Hamiltonian acquires the form

Ĥ0 = −t
∑

<i,j>

(a†i bj + h.c.) +
∑

j∈A

Sj ·Ba +
∑

j∈B

Sj ·Bb. (5.6)

For a general vector B, the notation implies Sj ·B = c†j(σ ·B)cj/2, where

σ ·B =

[
Bz Bx − iBy

Bx + iBy −Bz

]
.

The vectors Ba and Bb enter the Hamiltonian in the form of magnetic fields in a

Zeeman spin coupling term. However, the magnetic fields are auxiliary since there

is no vector potential in the Hamiltonian associated with these fields. Defining the

Fourier transformation

aj,s =
1√
N

∑

k

ak,se
ik·j, (5.7)

where k = (k+, k−), with the wavevectors k+ and k− chosen along the axes of the A or

B sublattices k+ = π(kx + ky)/kr and k− = π(ky − kx)/kr, such that −π < k+, k− ≤ π

. The Hamiltonian can be rewritten as

Ĥ0 = −t
∑

k,s

(γka
†
k,sbk,s + h.c.) +

1

2

∑

k

[(Ωrfe
iΦ + ΩR)a†k,↑ak,↓ + h.c.] (5.8)

+
1

2

∑

k

[(Ωrfe
iΦ − ΩR)b†k,↑bk,↓ + h.c.],
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where γk = 4 cos(k+/2) cos(k−/2).

At this point, it is more convenient to rewrite the Hamiltonian in a compact form

using the spinor Ψ†
k = (a†k,↑, a

†
k,↓, b

†
k,↑, b

†
k,↓),

Ĥ0 =
∑

k

Ψ†
kH0 kΨk, (5.9)

where

H0 k =

[
σ ·Ba/2− V I −tγkI

−tγkI σ ·Bb/2 + V I

]
,

and the summation goes over the entire Brillouin zone −π < k+, k− ≤ π, such that

γk ≥ 0. Here, I is a 2 × 2 identity matrix and the parameter V takes into account a

possible difference between chemical potentials of different sublattices. For the moment,

we assume V = 0. Since the Hamiltonian H0 k is a Hermitian 4× 4 matrix, it has four

eigenvalues, which can be found by solving the characteristic equation det(H0 k−εkI) =

0. For our case, the characteristic equation is

16ε4
k − 4(8t2γ2

k + |Ba|2 + |Bb|2)ε2
k + 16t4γ4

k + |Ba|2|Bb|2 − 8t2γ2
kB

a ·Bb = 0, (5.10)

which is more explicitly written as

8ε2
k = 8t2γ2

k + |Ba|2 + |Bb|2 ±
√

(|Ba|2 − |Bb|2)2 + 16t2γ2
k(B

a + Bb)2. (5.11)

In terms of the frequencies Ωrf and ΩR, the Hamiltonian Hk is explicitly given by

H0 k =
1

2




0 Ωrfe
iΦ + ΩR −2tγk 0

Ωrfe
−iΦ + ΩR 0 0 −2tγk

−2tγk 0 0 Ωrfe
iΦ − ΩR

0 −2tγk Ωrfe
−iΦ − ΩR 0


 , (5.12)

with the characteristic equation

ε2
k = (tγk)

2 + (Ωrf/2)2 + (ΩR/2)2 ± Ωrf

√
(tγk)2 + (cos(Φ)ΩR/2)2. (5.13)

The spectrum of the system consists of four bands, see Fig. 5.1(c): the lowest band

displays a minimum at a single point located at k = 0, whereas the third band may

acquire the shape of a usual Mexican hat (see Fig. 5.1(c) and Fig. 5.2) or a squarish

Mexican hat (see Fig. 5.3 for the evolution of the contour of the line of minima) de-

pending on the value of γk. On the other hand, depending on the model parameters,

the second band may either exhibit the same trivial behavior as the first band, with a

global minimum at k = 0 or a more interesting one, with γk = 0 and consequently a

line of minima along a square contour (see Fig. 5.3 and Appendix A for more details).

The fourth band has always the minima at γk = 0 (square contour). A cross section
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Figure 5.2: Dispersion ε
(3)
k in units of t for the third band for ΩR = 2t, Ωrf = 4t,

Φ = π/4.

along k+ = 0 of all energy bands for fixed ΩR = 4t and Ωrf = 5.5t is shown in Fig. 5.4.

Notice that for Φ = 0 the gap between the second and the third bands vanishes.

A Mexican hat-like band may give rise to very interesting phenomena. Indeed,

Brazovskii [137] was the first who studied the problem of fluctuations with such a

spectrum in a classical context. He has shown that the large degeneracy of the band

leads to ”weak” crystallization. The problem was recently revived in the context of a

partially ordered state in MnSi, where an analogous dispersion was found for magnetic

rotons [138] and the local spin density fluctuations [139]. Moreover, frustrated quantum

ferromagnets [140] seem to provide a magnetic analog for the weak-crystallization model

[137], with the magnon spectrum displaying lines of degenerate minima. For cold atoms,

it was recently shown that spin-orbit coupled Bose-Einstein condensates (BEC’s) can

also exhibit a Mexican hat-like dispersion [141].

The problem was also studied in the context of an isotropic Fermi liquid in the

vicinity of a zero-temperature density wave transition at a finite wave vector qc [142].

In addition, bilayer graphene either with spin-orbit interactions [143] or with a bias

voltage applied between the two layers also exhibit a Mexican hat-like spectrum [144].

It was recently shown that Couloumb electron-electron interactions in this system might

lead to a ferromagnetic instability [145].

With cold atoms, we can in principle load the optical lattice with bosons or fermions,

and we can selectively prepare the system to occupy one precise band. In the following,

we will be mainly interested on the possible instabilities arising due to the particular
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Figure 5.3: Contourplot of γk in the k+ and k− space showing the lines of minimal

value for the dispersion, for γk varying from zero at the boundary to four at the center.

shape of the Fermi surface. The ring-like minimum of the third band evolves into

a squarish-shape by suitably tuning the parameters of the system, thus realizing a

frame-like Fermi surface (see Fig. 5.5). Very tiny Fermi surfaces have been studied

in the context of pockets is high-Tc superconductors. Here, the particularity is that

at very low doping the Fermi surface is thin, but extended, with an unconventional

square shape. We expect that nesting of the wavevectors could lead to charge- and

spin-density-wave instabilities. However, contrarily to 1D systems, where spin and

charge are separated, here we have a 2D problem and coupling of these degrees of

freedom can lead to new and interesting effects.

5.4 Spin-charge-density wave

Until now, all the discussion about the single-particle spectrum holds for fermions, as

well as for bosons. Let us now specify the problem to fermions with spin-1/2 and

include an interaction term of the form

Ĥint = U
∑

j

c†j,↑c
†
j,↓cj,↓cj,↑, (5.14)

where U is a pseudopotential proportional to the s-wave scattering length. Our aim is

to determine whether a second order phase transition occurs in this system, due to the

effect of local fermion-fermion interactions. Usually, in 1D systems a charge-density

wave transition arises due to the coupling of the fermionic degrees of freedom with the
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Figure 5.4: A cross section of εk in units of t along k+ = 0 of all the four bands for

ΩR = 4t, Ωrf = 5.5t, and (a) Φ = π/5, (b) Φ = 0, and (c) Φ = π/2.

phonons of the lattice. This coupling leads to an effective attractive interaction between

the fermions, which combined with the nesting of the wavevector in the particular

Fermi surface, results into a dimerization of the ions and a consequent electronic charge-

density-wave instability. Phase transitions can be well described by the Landau theory,

which includes an expansion of the free energy in terms of the order parameter around

the critical temperature where the transition occurs. Here, we expect to find a second

order phase transition, which can be determined by the point where the coefficient of

the second order term in the Landau free energy vanishes. We will solve the problem

with the help of a Hubbard-Stratonovich transformation to include the order parameter

into the action within a saddle point approximation, which yields a result analogous
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Figure 5.5: By filling the system to the third band, shown in Fig. 5.2, with fermions,

one obtains the Fermi surface as indicated by the white contours in the density plot of

ε
(3)
k in the units of t for the chemical potential µ = t. The Fermi surface is also shown

in the lower part of Fig. 5.1(c).

to the time-dependent Hartree-Fock approximation.

In the particular case where Ωrf = ΩR = 0, the Hamiltonian of our system reduces

to the Hubbard model Hamiltonian, which has rotational symmetry. It is expected,

however, that the ground state of the Hubbard model at half-filling and zero temper-

ature is antiferromagnetic, thus, breaking the original symmetry of the Hamiltonian.

Moreover, possible instabilities in the extended Hubbard model near a van Hove sin-

gularity were studied by I. Khavkine et al. [146]. Coexisting SDW and CDW have

been studied in 1D systems [147] and quasi-2D organics (a few coupled chains) using

a Monte Carlo aproach [148]. Here, we are going to consider a system with a priory

broken rotational symmetry due to the presence of at least one nonzero term with

Ωrf or ΩR. Conventional approaches to the Hubbard model [134] does not consider

the contribution from the density fluctuations, which actually turns out to be quite

important in certain cases, as we will show later. A more consistent study based on a

Hubbard-Stratonovich transformation was developed in the context of ultracold atoms

in Ref. [136]. However, only continuous models were treated there. Moreover, defining

a Hubbard-Stratonovich transformation for density fluctuations in the case of repulsive

interactions requires a special care due to the fact that the corresponding term appears

with a ”wrong sign” in the exponent, leading to a divergent integral over real fields.

The problem can be healed by introducing an integration along a contour parallel to
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the imaginary axis. The disadvantage of such an approach is that the resulting action

can no longer be considered as a Landau free energy. Nevertheless, the free energy can

still be found by performing a Legendre transformation of the effective action obtained

after the Hubbard-Stratonovich transformation, as discussed in J. W. Negele and H.

Orland [135]. Thus, in the following analysis we are going to generalize all the three

above mentioned approaches for the case of a tight-binding model with local repulsive

interactions in order to obtain a theory of spin-charge-density-wave instabilities. We

will restrict ourselves in a first moment to the particle-hole sector.

By introducing the coherent states formalism, we may write the grand-canonical

partition function as

Z =

∫
d[c†]d[c]e−S[c†,c]/~, (5.15)

where the Euclidean action is

S =

∫ ~β

0

dτ

[∑

j

c†j

(
~

∂

∂τ
− µ

)
cj + H0 + Hint

]
. (5.16)

Here, β = 1/kBT and τ is the imaginary time variable. As we will see later, it is

convenient to rewrite the interaction term in the SO(3, 1) invariant form

c†j,↑c
†
j,↓cj,↓cj,↑ =

1

8
n2

j −
1

2
Sj · Sj, (5.17)

with nj = c†jcj. The invariance with respect to SO(3) transformation is required by

rotational symmetry. The fact that the spin and charge terms in Eq. (5.17) enter

with a different sign reflects the Pauli principle, which requires a vanishing self-energy

for a polarized sate. Now, we perform a Hubbard-Stratonovich transformation, which

renders the action quadratic in the fermion operators at the cost of introducing auxiliary

bosonic fields ρa, ρb, Ma, and Mb, where Ma and Mb are tree component vectors. We

define the path integral measures d[ρa] and d[Ma] such that

e−
U
~
R ~β
0 dτ

P
j∈A a†j,↑a

†
j,↓aj,↓aj,↑ =

∫
d[ρa]d[Ma]e−

1
2~U

R ~β
0 dτ

P
j∈A[(Ma

j−2USj)·Ma
j−ρa

j (ρa
j−Una

j )],

(5.18)

for the A sublattice and analogously for the B sublattice. Notice that the integration

for ρa and ρb goes along a contour parallel to the imaginary axis from −i∞ to +i∞.

The partition function after the transformation is

Z =

∫
d[a†]d[a]d[b†]d[b]d[ρa]d[Ma]d[ρb]d[Mb]e−(S0+S1+S2)/~, (5.19)

where the action

S0 =

∫ ~β

0

dτ

[∑

j∈A

a†j

(
~

∂

∂τ
− µ

)
aj +

∑

j∈B

b†j

(
~

∂

∂τ
− µ

)
bj + H0

]
, (5.20)
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S1 = −
∫ ~β

0

dτ

[∑

j∈A

(Sj ·Ma
j −

1

2
na

j ρ
a
j ) +

∑

j∈B

(Sj ·Mb
j −

1

2
nb

jρ
b
j)

]
, (5.21)

and

S2 =
1

2U

∫ ~β

0

dτ

{∑

j∈A

[(Ma
j )

2 − (ρa
j )

2] +
∑

j∈B

[(Mb
j)

2 − (ρb
j)

2]

}
. (5.22)

Defining the Fourier transformation

aj(τ) =
1√

N~β

∑

k,n

ak,ne
ik·j−iωnτ , (5.23)

where the fermionic Matsubara frequency ωn = π(2n + 1)/~β and the number of sites

at each sublattice is N , allows us to rewrite the action as

S = −~
∑

k,n,k′,n′
(a†k,n, b†k,n) ·G−1

k,n;k′,n′ ·
(

ak′,n′

bk′,n′

)
+ S2,

where the inverse Green’s function is

G−1
k,n;k′,n′ = G−1

0 k,n;k′,n′ −Σk,n;k′,n′ , (5.24)

and the bare inverse Green’s function is

−~G−1
0 k,n;k′,n′ =

[
σ ·Ba/2− (µ + i~ωn)I −tγkI

−tγkI σ ·Bb/2− (µ + i~ωn)I

]
δk,k′δn,n′ ,

with I the 2× 2 identity matrix and δα,β the Kroneker delta. The self-energy is given

by

~Σk,n;k′,n′ =
−1

2
√

N~β

[
σ ·Ma

k−k′,n−n′ − ρa
k−k′,n−n′I 0

0 σ ·Mb
k−k′,n−n′ − ρb

k−k′,n−n′I

]
.

Introducing an eight-component vector,

Mk,n =




ρa
k,n

Ma
k,n

ρb
k,n

Mb
k,n


 , (5.25)

the self energy can also be written as

~Σk,n;k′,n′ =
−1

2
√

N~β

8∑

r,r′=1

Pr′ηr′rM r
k−k′,n−n′ , (5.26)

where Pr are constant 4 × 4 matrices. The matrix η = Diag(−1, 1, 1, 1,−1, 1, 1, 1)

is actually a metric signature corresponding to the SO(3, 1) × SO(3, 1) group. In a



92 CHAPTER 5. SPIN-CHARGE-DENSITY WAVE IN A SQUIRCLE-LIKE FERMI SURFACE

shorthand notation, with P being a vector composed of Pr matrices, P = [Diag(I, 0),

Diag(σx, 0), Diag(σy, 0), Diag(σz, 0), Diag(0, I), Diag(0, σx), Diag(0, σy), Diag(0, σz)]T ,

the above expression reads

~Σk,n;k′,n′ =
−1

2
√

N~β
P · η ·Mk−k′,n−n′ . (5.27)

Let us now introduce the source fields J, which allow us to generate spin and density

correlation functions,

~Σk,n;k′,n′ =
−1

2
√

N~β
P · (η ·Mk−k′,n−n′ + ~Jk−k′,n−n′). (5.28)

We can integrate out the fermions

∫
d[a†]d[a]d[b†]d[b] exp

[ ∑

k,n,k′,n′
(a†k,n, b†k,n) ·G−1

k,n;k′,n′ ·
(

ak′,n′

bk′,n′

)]
= det[−G−1],

to find the effective action,

Seff =
1

2U

∑

k,n

Mk,n · η ·M−k,−n − ~Tr[ln(−G−1)], (5.29)

where Z =
∫

d[M] exp(−Seff/~). As a next step, we consider that for each sublattice,

Mk,n is given by its mean-field value plus deviations,

Mk,n = 〈Mk,n〉+ δMk,n. (5.30)

Thus, the self-energy reads

Σk,n;k′,n′ = 〈Σk,n;k′,n′〉+ δΣk,n;k′,n′ , (5.31)

where

〈Σk,n;k′,n′〉 =
−1

2~
√

N~β
P · (η · 〈Mk−k′,n−n′〉+ ~Jk−k′,n−n′), (5.32)

and the inverse Green’s function is given by its mean field value, corrected by the

fluctuations of the self-energy

G−1 = G−1
J − δΣ, (5.33)

where G−1
J = G−1

0 − 〈Σ〉. This leads to

Tr[ln(−G−1)] = Tr[ln(−G−1
J )]−

∞∑
m=1

1

m
Tr[(GJδΣ)m]. (5.34)

The part of the effective action, which is independent of δM is

S(0)
eff =

1

2U

∑

k,n

〈Mk,n〉J · η · 〈M−k,−n〉J − ~Tr[ln(−G−1
J )], (5.35)
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whereas the first order term in δM reads

S(1)
eff =

∑

p,m,r,r′

(
1

U
〈M r

p,m〉J −
1

2
√

N~β

∑

k,n

Tr[PrGJ k,n;k−p,n−m]

)
ηrr′δM r′

−p,−m. (5.36)

In the saddle-point approximation, the mean-field value is chosen such that the action

does not have terms linear in δM, i.e. S(1)
eff = 0, thus determining the order parameter

〈M r
p,n〉J =

U

2
√

N~β

∑

k,m

Tr[PrGJ k,m;k−p,m−n]. (5.37)

The obtained self-consistent mean field approximation has rotational invariant form

and leads to vanishing of the self-energy of a polarized state, as required by the Pauli

principle. Moreover, it coincides with the Hartree-Fock approximation, a posteriori

justifying the initial choice of the Hubbard-Stratonovich transformation. By differen-

tiating the self-consistent equation with respect to the source J, one finds

d〈M r
k,m〉J = ~U

∑

p,n,k′,m′,s,r′
[(I− UχJη)−1]r,sk,m;p,nχs,r′

J p,n;k′,m′dJr′
k′,m′ , (5.38)

where I is an 8× 8 identity matrix and the inverse matrix

∑

p,n,s,s′
[(I− UχJη)−1]r,sk,m;p,n(δs,s′δp,k′δn,m − Uχs,s′

J p,n;k′,m′η
s′,r′) = δr,r′δk,k′δm,m′ (5.39)

with the susceptibility

χr,r′
J k,m;k′,m′ =

−1

4~2βN

∑

p,n,p′,n′
Tr[PrGJ p+k,n+m;p′+k′,n′+m′Pr′GJ p′,n′;p,n]. (5.40)

In Eq. (5.38) one can easily recognize the generalized random phase approximation

(RPA) susceptibility (χRPA
J )−1 = χ−1

J − ηU (more precisely, the susceptibility in the

time-dependent Hartree-Fock approximation), which describes the change of the mean-

field value with the change of the source field J (external fields) d〈M〉J = ~UχRPA
J dJ.

Moreover, one can also find

dG−1
J k,m;k′,m′ =

1

2
√

N~β

∑

p,n,r,r′
Pr[(I− UηχJ)−1]r,r

′
k−k′,m−m′;p,ndJr′

p,n, (5.41)

which allows us to calculate the differential of the Green’s function by using the general

relation dGJ = −GJdG−1
J GJ .

In our approximation, we keep only terms up to quadratic order in the expansion

and neglect higher orders. The quadratic part of the effective action in δM is given by

S(2)
eff =

1

2U

∑

k,n

δM†
k,n · η · δMk,n +

~
2
Tr[(GJδΣ)2], (5.42)
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or equivalently

S(2)
eff =

1

2U

∑

k,n

δM†
k,n · η ·

(
Iδk,k′δn,n′ − UχJ k,n;k′,n′η

)
δMk′,n′ . (5.43)

Because the integrals in the Hubbard-Stratonovich field are Gaussian, we can integrate

them out to find the effective action (up to a constant),

Seff =
1

2U
〈M†〉J · η · 〈M〉J − ~Tr[ln(−G−1

J )] +
~
2
Tr

[
ln

(
U−1 − χJη

)]
, (5.44)

where we denote
∑

k,n〈M†
k,n〉J · η · 〈Mk,n〉J = 〈M†〉J · η · 〈M〉J . The first two terms

come from the self-consistent mean-field approximation, while the last one describes the

contribution from the quadratic part of the Hubbard-Stratonovich field. To simplify

our analysis, we omit this term in what follows, since it does not change the instability

condition. By differentiating the action with respect to the source J, we obtain

dSeff =
−~
U
〈M〉†J · dJ (5.45)

and

d2Seff = −~2dJ† · (I− UχJη)−1χJ · dJ. (5.46)

In most cases, to analyze the stability of the system, it is enough to find the expansion

of the action up to second order in the source fields J , which is analogous to a linear

response approximation

Seff =
−~
U
〈M〉†0 · J−

~2

2
J† · (I− Uχ0η)−1χ0 · J. (5.47)

The partition function is

Z[J] = Z[0]e−S[J]eff/~, (5.48)

thus,

d ln(Z[J]) =
1

U
〈M〉†J · dJ. (5.49)

We find the free energy by performing a Legendre transformation

βF [〈M〉J ] =
1

U
〈M〉†J · J− ln(Z[J]). (5.50)

which is, up to a constant, for our case

βF [〈M〉J ] =
1

2~U2
(〈M〉J − 〈M〉0)† · (χ−1

0 − Uη) · (〈M〉J − 〈M〉0). (5.51)

Eq. (5.51) yields the second order term in the expansion of the free energy in terms

of the order parameter 〈M〉J . The system becomes unstable if χ−1
0 − Uη acquires a

negative eigenvalue. Thus, the instability can arise for sufficiently strong interactions,

exceeding some critical value Uc, determined by the condition det(χ−1
0 − Uη) = 0 for



5.5. SELF-ENERGY AND SUSCEPTIBILITY FOR A HOMOGENEOUS SYSTEM 95

the static (ω = 0) susceptibility. This condition is the main result of our calculations,

which generalizes the Stoner criterium for the case of a general spin-charge-density-wave

(SCDW) instability. It is important to notice the presence of the metric signature η

in the criterium, which has its origin in the fermionic statistics. Its effect can be

most easily illustrated for the case when the susceptibility has no off-diagonal elements

coupling spin and charge densities, which is typically the case in 1D systems with

linearized spectrum or in systems with rotational invariance in the spin space. Thus,

the condition decouples into separate conditions for charge det(χ−1
ch +UI) = 0 and spin

det(χ−1
sp − UI) = 0 density-wave instabilities. Since the eigenvalues of χ are always

nonnegative, the equation det(χ−1
ch +UI) = 0 has no solutions for repulsive interactions

U > 0. However, in general, and for our system in particular, the charge- and spin-

density waves are coupled, which makes it possible to achieve a charge-density-wave

instability even for repulsive interactions U > 0. Thus, it becomes clear that a CDW

instability can never occur separately from a SDW for repulsive interactions U > 0 in

the region of validity of our approximation, although it might well occur independently

of a SDW in the case of attractive interactions U < 0, where superconductivity (SC)

can also arise. Considering our result for the combined SCDW instability as a first step

towards a more general theory of SDW-CDW-SC instability, the coupling of the SDW

order parameter with some other order parameters through the off-diagonal terms

in the generalized susceptibility matrix in the case of repulsive interactions U > 0

might lead to phenomena which otherwise occur only with attractive interactions U <

0. This immediately suggests that coupling between SDW and SC order parameters

might lead to a phase with coexisting SDW and SC even for repulsive interactions

U > 0. The possibility of such coexistence was already confirmed experimentally in

the case of quasi-one dimensional organic superconductors (the Bechgaard - Fabre salts)

[149, 150]. This has a close analogy in studies of superconductivity in the framework

of the Hubbard model with repulsive onsite interactions [151, 152]. In particular,

the possibility of d-wave superconducting pairing by paramagnon exchange in systems

near a SDW instability with short-range repulsive interactions was discussed by D. J.

Scalapino et al. [153].

5.5 Self-energy and susceptibility for a homogeneous

system

We are mostly concerned about the stability of a homogeneous state of the system, for

which the mean-field parameter 〈Mk,n〉0 can be found with the ansatz

〈M r
k,n〉0 = 〈M r

0,0〉δk,0δn,0, (5.52)
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〈M r
0,0〉 =

U

2
√

N~β
lim

ζ→0+

∑

k,n

Tr[PrGk,n;k,n]eiζωn , (5.53)

where ζ > 0 stems from the time-ordering involved in the definition of the Green’s

function. Thus, the selfenergy as well as the Green’s function remain diagonal in

momentum and frequency spaces even with the mean-field corrections, which allows us

to represent the Green’s function in the form

G−1
k,n;k′,n′ = G−1

k (i~ωn)δk,k′δn,n′ . (5.54)

To find the Green’s function, we use the relation with the bare Hamiltonian

~G−1
k (i~ωn) = (µ + i~ωn)I−H0 k − ~〈Σ0,0;0,0〉. (5.55)

Thus, we can introduce the renormalized Hamiltonian Hk in the Hartree-Fock approx-

imation, which acquires the mean-field correction

Hk = H0 k + ~〈Σ0,0;0,0〉. (5.56)

Suppose that the eigenvalues of the Hamiltonian Hk are nondegenerate, satisfying

HkV
α
k = ε

(α)
k Vα

k. Then the matrix Hk is diagonalizable as

Hk =
∑

α

UkI
(α)U†

kε
(α)
k , (5.57)

where I(α) ≡ Diag(δα,1, δα,2, δα,3, δα,4) and Uk is a unitary matrix Uk = (V1
k,V

2
k,V

3
k,V

4
k)

composed of the orthonormal eigenvectors |Vα
k| = 1. Using the above definitions, it is

now straightforward to write down the Green’s function

Gk(i~ωn) =
∑

α

~UkI
(α)U†

k(µ− ε
(α)
k + i~ωn)−1. (5.58)

This form of the Green’s function allows us to perform the Matsubara summation (see

Appendix B), which yields

lim
ζ→0+

∑
n

Gk(i~ωn)eiζωn = ~β
4∑

α=1

UkI
(α)U†

knF (ε̃
(α)
k ), (5.59)

where the Fermi distribution function nF (z) = (eβz + 1)−1 and the energy is measured

with respect to the chemical potential ε̃
(α)
k = ε

(α)
k − µ. Thus, the mean-field correction

is

〈M r
0,0〉 =

U

2

√
~β
N

∑

k,α

Tr[PrUkI
(α)U†

k]nF (ε̃
(α)
k ) (5.60)

and using the Eq. (5.28) with zero source term, combined with Eq. (5.37), we may

determine the self-energy at the mean-field level

~〈Σk,n;k′,n′〉 = − U

4N

∑

q,r,r′,α

Prηr,r′Tr[Pr′UqI
(α)U†

q]nF (ε̃(α)
q )δk,k′δn,n′ . (5.61)
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Hence, the Hamiltonian in the Hartree-Fock approximation reads

Hk = H0 k − U

4N

∑

q,r,r′,α

Prηr,r′Tr[Pr′UqI
(α)U†

q]nF (ε̃(α)
q ). (5.62)

Since the Green’s function is diagonal in momentum space, the susceptibility matrix

χ, given by Eq. (5.40), also becomes diagonal

χr,r′
k,n;k′,n′ = χr,r′

k (i~Ωn)δk,k′δn,n′ (5.63)

where

χr,r′
k (i~Ωn) = − lim

ζ→0+

∑
p,m

Tr[PrGp+k(i~ωm + i~Ωn)Pr′Gp(i~ωm)]
eiζωm

4~2βN
, (5.64)

with Ωn = 2πn/~β the bosonic Matsubara frequency, because it is the difference be-

tween two fermionic Matsubara frequencies. The summation over the Matsubara fre-

quencies is performed in Appendix C. We then find

χr,r′
k (i~Ωn) =

1

N

∑

p,α,β

nF (ε̃
(α)
p+k)− nF (ε̃

(β)
p )

ε̃
(α)
p+k − ε̃

(β)
p − i~Ωn

T r,r′;α,β
p+k,p , (5.65)

where

T r,r′;α,β
p+k,p ≡ −1

2
Tr[PrUp+kI

(α)U†
p+kP

r′UpI
(β)U†

p]. (5.66)

At this point, it is straightforward to find the susceptibility in the thermodynamic limit

N →∞ as

χr,r′
k (i~Ωn) =

∑

α,β

∫
dp

(2π)2

nF (ε̃
(α)
p+k)− nF (ε̃

(β)
p )

ε̃
(α)
p+k − ε̃

(β)
p − i~Ωn

T r,r′;α,β
p+k,p , (5.67)

where the integration goes over the entire Brillouin zone. The final expression for

the susceptibility can be interpreted as a sum over contributions of all bands, i.e.

χr,r′
k (i~Ωn) =

∑
α,β χr,r′;α,β

k (i~Ωn).

5.6 Results

We can evaluate the obtained expressions Eq. (5.65) and Eq. (5.66) with arbitrary

precision by numerical integration. In the following we are going to concentrate on the

cases with the Fermi level lying in the third band. Though our approach is applicable

for any temperature regime, we restrict ourselves to temperatures close to zero, which is

the most interesting case. First, we consider the static susceptibility χk(0) at ω = 0 and

look for possible instabilities. The instability condition requires the interaction strength

U to exceed the critical value Uc, determined by det(χ−1
0 −Ucη) = 0. Since in our setup

we avoid the van Hove singularity, the susceptibility is finite and the critical value Uc is
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nonzero. It is related to the largest eigenvalue λk of the matrix ηχk(0) by U−1
c = λQ,

where Q = argmaxkλk. Thus, the instability condition becomes λQU > 1, analogous

to the Stoner criterium. As an example, we show in Fig. 5.6 and Fig. 5.7 the largest

eigenvalue of the matrix ηχk(0) for the system with the energy band and Fermi surface

shown in Fig. 5.5, where ΩR = 2t, Ωrf = 4t, Φ = π/4, Fermi level µ = t, temperature

T = 10−3t and t is the hopping parameter. We calculated χk(0) numerically on

Figure 5.6: 3D plot of the largest eigenvalue of the static susceptibility ηχk(0) in units

of t−1 as a function of k+ and k− . The peak marks the location of the most prominent

nesting vector Q.

each point of a mesh with 240× 240 points. Taking into account contribution from all

bands to the susceptibility, the peak with λQt = 0.345, corresponding to the critical

value of interactions Uc/t = 2.89, is located at Q = (π/4, π/4), where we expect an

imperfect nesting between the inner and outer lines of the Fermi surface (see Fig. 5.5),

with ε
(3)
p+Q ≈ ε

(3)
p . The vector VQ = (0.159, 0.225, 0.235, 0.002, 0.344, -0.72, -0.48,

-0.05)T , corresponding to this eigenvalue, satisfies (χ−1
Q (0)−Ucη)VQ = 0 and describes

the type of the instability, which is clearly a mixture of both CDW and SDW. In a

more general case, the lines of the Fermi surface εk = µ satisfy the equation

4t2γ2
k = 4µ2 + (Ba ·Bb)2 ±

√
4µ2|Ba + Bb|2 − |Ba ×Bb|2, (5.68)

which is reduced to

4t2γ2
k = Ω2

R + 4µ2 − Ω2
rf ± ΩR

√
4µ2 − Ω2

rf sin2(Φ) (5.69)
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Figure 5.7: Density plot of the largest eigenvalue of the static susceptibility ηχk(0) in

units of t−1 as a function of k+ and k−.

without the mean-field corrections. The equation has two solutions, which correspond

to two lines γk = ρ1 and γk = ρ2 if ρ1 and ρ2 are real. The value of the nesting

vector Q is approximately given by Q = (k2 − k1, k2 − k1), where 4 cos2(k1) = ρ1 and

4 cos2(k2) = ρ2. The important feature of the peak is that it is incommensurate with

the lattice size and its position is freely tunable by changing the vectors Ba, Bb, and

the chemical potential µ. In fact, there are many other nesting vectors, which form

a pattern with smaller peaks. This pattern becomes conspicuous when looking at the

largest eigenvalue of the static spin susceptibility, which does not include charge density

elements, as shown in Fig. 5.8. Here we see that the largest eigenvalue of the static spin

susceptibility also has a peak at the same value of Q as in the previous case, but with

λQt = 0.4703 corresponding to U s
c /t = 2.1263 and completely different eigenvector

VQ = (0, -0.236, -0.251, -0.006, 0, 0.649, 0.679, 0.011)T . It is important to note that

by neglecting the coupling with a CDW and considering only the spin susceptibility,

we would find a lower value for the critical interaction strength U s
c /t = 2.1263, as

compared with Uc/t = 2.89 in the full consideration. Thus, we see that the instability

condition requires sufficiently strong interaction Uc, for which the mean-field effects

become non- negligible. However, since the mean-field effects only renormalize the
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Figure 5.8: The largest eigenvalue of the static spin susceptibility (without charge

density elements) in the k+-k− plane: (a) of a quarter of a Brillouin zone, (b) of four

Brillouin zones.

parameters of the Hamiltonian Eq. (5.10) and the chemical potential, it is possible to

precisely cancel out the effect of interactions with U/t = 2.89 on the single-particle

spectrum by choosing the initial bare parameters as Φ = 0.76, ΩR = 1.51t, Ωrf = 3t,

Fermi level µ = 2t, with the hopping parameter t and temperature T = 10−3t. In

fact, the exact cancellation requires also the presence of a small imbalance between

chemical potencials V = −0.06t, but even without it, the difference between parameters

of the renormalized Hamiltonians is within a few percent. The obtained expression

Eq. (5.65) allows us to study the collective excitation spectra by performing an analytic

continuation iΩn → ω + iκ and looking at the imaginary part of the trace of the RPA

susceptibility Tr[ImχRPA
k (ω)]. For κ = 10−2 we find a linear dispersion spectrum in

Fig. 5.9(a) in the long wavelength region, which is the well known zero sound [154].

The appearance of the zero sound is expected, since we analyze a Fermi liquid in a

compressible state at zero temperature. By increasing the interactions we observe in

Fig. 5.9(b) the appearance of a soft mode with linear dispersion at k = Q, with the

sharp increase in intensity at the critical value Uc/t = 2.89, shown in Fig. 5.9(c), which

signals the instability.

In 40K, the collective excitation spectrum can be experimentally studied with an

atomic analog of angle resolved photoemission spectroscopy [158] or by measuring the

dynamic structure factor with energy and momentum sensitive Bragg spectroscopy [159].
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Figure 5.9: Imaginary part of the trace of the susceptibility Tr[Imχk(ω)] in logarithmic

scale in the ky-ω plane, with kx = 0, i.e., k+=−k−. (a) Without interactions a linearly

dispersing sound mode is observed for small ky. (b) For U/t = 2.60, spectral weight

builds up for a second linear-dispersing mode, which starts from ω = 0 at ky/kr = 1/4.

(c) For U/t = 2.89, the sharp increase of the intensity at ω = 0 with ky/kr = 1/4

signals the onset of SCDW instability.

5.7 Conclusions

In this chapter, we consider a tight-binding model with a staggered spin-flip term,

which splits the lattice into A and B sublattices and introduces a different effective
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Zeeman field for each sublattice. The single particle spectrum exhibits four bands,

which can acquire a very interesting shape by varying the parameters of the model. In

particular, the third band may display a Mexican hat-like dispersion, which becomes

squarish for a convenient choice of parameters. By loading the system with fermions up

to the third band, it is then possible to generate the frame-like Fermi surface depicted

in Fig. 5.5. Imperfect nesting may occur in the system, for preferable wave vectors

in the direction along kx or ky axes (k+ = ±k−), the modulus of which depends on

the chemical potential µ and on the other parameters of the model. By following the

conventional procedure and calculating the charge-density correlation function we find

that no CDW instability may occur for the local repulsive interaction U > 0. However,

by developing a more general theory, which includes both charge and spin fluctuations

on the RPA level, we see that actually a more general instability may occur in this

system. Indeed, a combined SCDW instability, mixing both CDW and SDW arises for

sufficiently strong interaction. The instability occurs when det(χ−1
0 − Uη) = 0, which

happens if the largest eigenvalue of ηχk(0) becomes larger than U−1. This criterium is

a matrix generalization of the usual Stoner criterium. By analyzing then the imaginary

part of the trace of the generalized dynamic susceptibility, we find that spectral weight

builds up for a second linear-dispersing mode, which starts from ω = 0 at Q, upon

increasing U . The intensity at ω = 0 with k = Q increases sharply when U reaches

the critical value Uc, which signals the onset of SCDW instability.

The results indicate occurrence of an instability combining both CDW and SDW

with a tunable incommensurate wavevector, determined by the nesting properties of the

Fermi surface, for sufficiently strong interactions. These findings suggest an interesting

analogy with the phenomenon of superconductivity emerging on a lattice with purely

repulsive interactions. Moreover, we find that a common approach, neglecting the

coupling with charge density fluctuations, may significantly underestimate the critical

value of the interaction strength.

5.8 Appendix. The band structure

General case: Φ 6= 0, Φ 6= π/2. In the case when Φ 6= 0, π/2, the eigenvalues HkΨk =

εkΨk are

εk = ±
√

(tγk)2 + (Ωrf/2)2 + (ΩR/2)2 + sΩrf

√
(tγk)2 + (cos(Φ)ΩR/2)2, (5.70)

which can also be rewritten as

εk = ±
√(√

(tγk)2 + (ΩR/2)2 cos2(Φ) + sΩrf/2
)2

+ (ΩR/2)2 sin2(Φ), (5.71)

where s = ±1.
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The lowest (first) band is

ε
(1)
k = −

√(√
(tγk)2 + (ΩR/2)2 cos2(Φ) + Ωrf/2

)2

+ (ΩR/2)2 sin2(Φ), (5.72)

where the minimum value is achieved when (
√

(tγk)2 + (ΩR/2)2 cos2(Φ) + Ωrf/2)2 is

maximized, which happens at γk = 4. This means that the minimum occurs at a single

point at k = 0.(See Fig. 5.3)

The second band is

ε
(2)
k = −

√(√
(tγk)2 + (ΩR/2)2 cos2(Φ)− Ωrf/2

)2

+ (ΩR/2)2 sin2(Φ), (5.73)

with the minimum value being achieved when (
√

(tγk)2 + (ΩR/2)2 cos2(Φ)−Ωrf/2)2 is

maximized. When (ΩR| cos(Φ)|−Ωrf)
2 < (

√
(8t)2 + (ΩR)2 cos2(Φ)−Ωrf)

2 the minimum

of εk is at γk = 4, as before. However, if (ΩR| cos(Φ)|−Ωrf)
2 > (

√
(8t)2 + (ΩR)2 cos2(Φ)−

Ωrf)
2 then the minimum is at γk = 0. There is then a line of minima along the square

contour surrounding the Brillouin zone, See Fig. 1a.

The third band is

ε
(3)
k =

√(√
(tγk)2 + (ΩR/2)2 cos2(Φ)− Ωrf/2

)2

+ (ΩR/2)2 sin2(Φ), (5.74)

with the minimum value being achieved when (
√

(tγk)2 + (ΩR/2)2 cos2(Φ)−Ωrf/2)2 is

minimized. If Ωrf ≤ ΩR| cos(Φ)| the minimum is at γk = 0 and if Ωrf > ΩR| cos(Φ)|
the minimum is located at γk = 4 in case (8t)2 ≤ (Ωrf)

2 − (ΩR)2 cos2(Φ). The most

interesting case arises, however, when 2tγk =
√

(Ωrf)2 − (ΩR)2 cos2(Φ) for (8t)2 >

(Ωrf)
2− (ΩR)2 cos2(Φ) > 0. Under this condition, the values of k that minimize ε

(3)
k lie

on a contour where γk is a constant, which must take a value between zero and four

(see Fig. 1b and Fig. 2).

The fourth band is

ε
(4)
k =

√(√
(tγk)2 + (ΩR/2)2 cos2(Φ) + Ωrf/2

)2

+ (ΩR/2)2 sin2(Φ), (5.75)

and has its minimum always at γk = 0.

Particular cases: Φ = 0 or Φ = π/2. In the simplified case Φ = 0 the gap between

the second and the third bands disappear and the eigenvalues of the Hamiltonian are

given by

εk = ±(
√

(tγk)2 + (ΩR/2)2 + sΩrf/2), (5.76)
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where s = ±1. In particular, if

εk = −
√

(tγk)2 + (ΩR/2)2 − sΩrf/2, (5.77)

then the minimum is at γk = 4, as discussed before. On the other hand, if

εk =
√

(tγk)2 + (ΩR/2)2 + sΩrf/2, (5.78)

then the minimum energy is achieved when γk = 0.

In the other particular case Φ = π/2, the eigenvalues of the matrix Ĥ are given by

εk = ±
√

(tγk + sΩrf/2)2 + (ΩR/2)2, (5.79)

For

εk = −
√

(tγk + sΩrf/2)2 + (ΩR/2)2, (5.80)

the minimum is achieved at γk = 4 with s = 1 and γk = 0 with σ = −1.

Moreover, for

εk =
√

(tγk + sΩrf/2)2 + (ΩR/2)2 (5.81)

and the case s = −1 the minimum is achieved at tγk = Ωrf/2 if 4t ≥ Ωrf/2 and γk = 4

otherwise. In case σ = 1 the minimum is achieved at γk = 0. It seems that here it is

also possible to access the regime where γk is intermediate between four and zero, if

one can tune the ratio Ωrf/t to vary between zero and eight.

5.9 Appendix. Matsubara sum for self-energy

The form of the Green’s function in Eq. (5.53) reveals a possibility to perform the

Matsubara summation with the help of the Cauchy’s theorem

lim
ζ→0+

∑
n

Gk(i~ωn)eiζωn = −β lim
ζ→0+

∮

C

dz

2πi

eiζz

eβz + 1
Gk(z), (5.82)

where we used that exp(i~βωn) = −1. The contour C encloses all the poles on the

imaginary axis. As a next step, we change the integration contour

lim
ζ→0+

∮

C

dz

2πi

eiζz

eβz + 1
Gk(z) = − lim

ζ→0+

∮

C′

dz

2πi

eiζz

eβz + 1
Gk(z), (5.83)

where the contour C ′ encloses all the other poles away from the imaginary axis. There

are 4 simple poles in the contour, corresponding to each of the energy bands. Thus,

applying the Cauchy’s theorem again, one obtains

lim
ζ→0+

∑
n

Gk(i~ωn)eiζωn = ~β
4∑

α=1

UkI
(α)U†

knF (ε̃
(α)
k ), (5.84)
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where the Fermi distribution function nF (z) = (eβz +1)−1 and we used that the residue

of a simple pole is found as

lim
z→0

zGJ p(ε̃(α)
p + z) = ~UpI

(α)U†
p. (5.85)

Equivalently,

lim
ζ→0+

∑
n

GJ k(i~ωn)eiζωn = ~βUknkU
†
k, (5.86)

where the diagonal matrix nk ≡
∑4

α=1 I(α)nF (ε̃
(α)
k ) or more explicitly

nk = Diag[nF (ε̃
(1)
k ), nF (ε̃

(2)
k ), nF (ε̃

(3)
k ), nF (ε̃

(4)
k )] consists of the Fermi distribution func-

tions taken at each energy band and the energy is measured with respect to the chemical

potential ε̃
(α)
k = ε

(α)
k − µ.

5.10 Appendix. Matsubara sum for susceptibility

χr,r′
k (i~Ωn) = lim

ζ→0+

∑
p,s

∮

C′

dz

4πi~2N
Tr[Gp+k(z + i~Ωn)PrGp(z)Ps]

eiζzηs,r′

eβz + 1
. (5.87)

The contour C ′ encloses all the poles away from the imaginary axis and the integral in

Eq. (5.87) is evaluated again by applying the Cauchy’s theorem. There are four simple

poles in each of the Green’s functions, thus

χr,r′
k (i~Ωn) = −

∑
p,α

nF (ε̃
(α)
p+k)

2~2N
Tr[lim

z→0
zGp+k(ε̃

(α)
p+k + z)PrGp(ε̃

(α)
p+k − i~Ωn)Pr′ ]

−
∑
p,α

nF (ε̃
(α)
p )

2~2N
Tr[Gp+k(ε̃

(α)
p + i~Ωn)Pr lim

z→0
zGp(ε̃(α)

p + z)Pr′ ],

where we used the identity exp(i~βΩn) = 1. Substituting the expansion Eq. (5.58) into

the above equation, one finds Eqs. (5.65) and (5.66).
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Chapter 6

Conclusions

The simplest approach for describing transport in a quantum wire is the Büttiker-

Landauer formalism [1], which considers noninteracting electrons and predicts the

quantization of conductance in such a system. This prediction has been confirmed by

numerous experiments [2]. In addition, the formalism also allows to calculate the de-

crease of the conductance due to the presence of backscattering impurities. However,

taking into account electron-electron interactions results into a Tomonaga-Luttinger

model [106], which deals with fermions with a linearized spectrum. Such a linearization

is justified in the vicinity of the Fermi surface at low temperatures. The Tomonaga-

Luttinger model is successfully treated by applying the bosonization technique, which

must be allied with the Keldysh formalism to deal with non-equilibrium cases. In par-

ticular, it is possible to show that the presence of a point-like impurity oscillating in

time may enhance the conductance of a quantum wire beyond the quantum of conduc-

tance G0 for strong repulsive electron-electron interactions 0 < g < 1/2. In Chapter

2 we calculated the backscattering current off a time-dependent weak backscattering

potential of arbitrary shape, which describes an arbitrary number of extended and

point-like impurities, and showed that the dc-component of the current can be ex-

pressed as the sum of currents from two channels with static impurities subjected to

an external voltage ω0 ± Ω. Here, Ω is the frequency of the time-dependent impurity

potential and ω0 = eV/~ denotes the Josephson frequency, associated with the external

voltage V . We found that the enhancement of the conductance happens even for weak

repulsive interactions 1/2 < g < 1 in the presence of at least two point-like impuri-

ties or a single extended one. Moreover, we explicitly demonstrated the equivalence

between the predictions of the Büttiker-Landauer formalism and the predictions ob-

tained using bosonization for the case of non-interacting electrons in the presence of

an arbitrary weak backscattering potential. In particular, we show that both, the set

of a point-like oscillating impurities and an extended oscillating impurity barrier can

be described within the same formalism, thus generalizing the work performed during

107



108 CHAPTER 6. CONCLUSIONS

my Master thesis [15, 16].

In Chapter 3 we studied crossed 1D systems, motivated by the experimental obser-

vation [25] of mysterious localized states along a metallic nanotube, at the crossing with

a semiconducting one. To achieve a reasonable description of the localized states, one

needs to take into account the massive quasiparticle modes, present in both metallic

and semiconducting nanotubes and which are not grasped by the Tomonaga-Luttinger

model. The modes can be successfully described by the Schrödinger equation, which

we used as the basis for our analysis. Firstly, we studied the simplest case of a single

crossing of two 1D systems coupled by tunnelling and found a bound state appearing

purely due to the exchange between the systems. Secondly, we considered a lattice

formed by an array of horizontal and vertical wires, for which we found a dispersion

relation. The latter allowed us to study the hybridization of energy levels into a 2D

energy band due to the tunnelling between the wires. Finally, we observed that the

experimentally measured electronic structure with localized states does not possess a

particle-hole symmetry, which can be explained by the presence of an external poten-

tial, in particular, a Schottky barrier. Our numerical solutions show that it is indeed

possible to fit the energy values and the localization length of the states by choosing

reasonable physical parameters. We found that the most natural explanation of the

energy splitting between the states is the Coulumb repulsion between electrons with

different spin.

In Chapter 4 we considered the 2D electron gas in the presence of a perpendicular

magnetic field with Landau level filling factor ν = 1, i.e. the so-called quantum Hall

ferromagnet. The Chapter is devoted to the study of the interplay between electron-

electron interactions and disorder in the system. In particular, it has been previously

suggested that sufficiently strong disorder might drive a quantum phase transition in

the Hall ferromagnet. Surprisingly, different approximations, used to solve the problem,

predicted different phase transitions. In particular, a ferromagnet - paramagnet phase

transition was predicted in the studies within the framework of the classical nonlinear

sigma model, as an effective low-energy theory [28], or when the long-range Coulomb

interaction is included in a quantum description only up to the Hartree-Fock level [29].

On the other hand, a transition into a spin-glass phase was obtained in Ref. [30], as-

suming the disorder potential to be Gaussian distributed and describing the system in

terms of a semiclassical spin model. In their model, they took into account Coulomb

interactions within the Hartree-Fock approximation but modelled them as being short-

ranged. We revisited the problem and established the occurrence of a disorder-driven

quantum phase transition by taking into account interactions between electrons up

to the random phase approximation (RPA) level in a fully quantum description. We

projected the Hamiltonian to the lowest Landau level and found an expression for the

coupling between electrons and disordered electrostatic impurities in terms of magnons,
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which behave like bosons in the vicinity of the ferromagnetic ground state. The em-

ployment of the bosonization allied to the usual Born-approximation for the disorder

averaging procedure allowed us to find an important characteristic of the system - the

spin stiffness. The approximation is well established in the region of weak disorder and

predicts a decrease of the spin stiffness with increasing disorder strength. A naive ex-

trapolation of the bare approximation to the regime of finite disorder strength predicts

vanishing of the renormalized spin stiffness at a certain disorder strength up, indicat-

ing a paramagnetic phase transition. A more realistic self-consistent approximation,

however, predicts even faster decrease of the renormalized spin stiffness with growing

disorder strength up to a certain critical value uc of the disorder. At this point, the

renormalized spin stiffness drastically changes its behavior: it becomes nonanalytic,

acquires an imaginary part, and the real part saturates at a certain positive value

without reaching zero. We find this scenario completely consistent with the spin-glass

phase transition, as calculated in Ref. [30], which we confirmed at a higher level of

approximation.

Chapter 5 begins with the description of an experimentally realistic system of ultra-

cold atoms, which can be bosons or fermions, in a 2D optical lattice with an effective

Zeeman magnetic field, one component of which alternates in sign on a site-by-site

basis. Hence, the field splits the original lattice into two sublattices, each of which

might have different Zeeman energy splitting. The field is auxiliary, in the sense that

it gives rise to the Zeeman energy splitting without introducing a gauge field vector

potential. The single-particle excitation spectrum in the system has four low-energy

bands, the third of which has a quite exotic deformed Mexican hat-like shape, with a

squarish-circle (a squircle) being a line of minima. When the system is filled up with

fermions and the chemical potential is within the third band, the Fermi surface consists

of two concentric squircles. Nesting of the Fermi surface is expected to be significant

for such a geometry, which might lead to an instability for sufficiently strong interac-

tion strength. For the case of local interactions, the system is well described by the

Hubbard model extended by the Zeeman splitting terms. Conventional approaches to

study spin-density-wave instabilities in the 2D Hubbard model neglect the contribution

of charge density fluctuations [134, 135], which are important here. By treating both

spin and charge fluctuations simultaneously, in Chapter 5 we developed a generalized

SO(3, 1) × SO(3, 1) description of 2D tight-binding models with local interactions at

the RPA level. A numerical evaluation of the static susceptibility shows that, for suffi-

ciently strong interactions, imperfect nesting along a diagonal connecting corners of the

Fermi surface gives rise to a mixed spin-charge-density-wave instability. It is important

to mention that when considering only charge excitations, no charge-density-wave in-

stability occurs for repulsive interactions U > 0. Thus, the coupling of charge and spin

excitations is essential to the realization of a phenomenon which otherwise would only
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occur for attractive interactions U < 0. A calculation of the trace of the imaginary

part of the dynamical susceptibility allows us to study the collective excitations in the

system. In addition to the Landau zero sound, present in a compressible Fermi system

even without interactions, a soft mode arises at the optimal nesting wave-vector Q at

the interaction strength Uc, signalling the onset of a spin-charge-density-wave instabil-

ity. The value of Uc would be underestimated in conventional approaches that neglect

the charge degrees of freedom. The spin-charge-density-wave instability wave-vector

is in general incommensurate with the lattice, and is tunable by external parameters,

like the Zeeman field strength and chemical potential.



Chapter 7

Outlook

In Chapter 2, we investigated the transport properties of a 1D quantum wire in the

presence of a time-dependent impurity. We calculated the backscattering current for

a weak impurity potential in the lowest order of perturbation theory. Moreover, we

found a relation connecting the dc-component of the current off an oscillating impurity

with that off a static one. However, the relation clearly holds only in the lowest

order of perturbation theory for weak impurities. It is still unclear, whether there

exist similar relations between the currents when higher orders of perturbation in the

impurity strength are taken into account. In general, it is an interesting question,

how the current is going to change with the increase of the impurity strength. Up to

now, the problem could only be solved for noninteracting electrons. Just recently, the

solution for the case of a single static point-like impurity has been found for arbitrary

interaction strength by Fendley et al. [155, 156]. The case of a dynamical impurity

remains still unsolved [84], as well as the case of two strong static point-like impurities,

although for the latter there are data available from numerical studies [157]. Thus, the

important cases of transport in the presence of static or dynamic, moderate to strong,

point-like or extended impurities remain largely unexplored, mostly because they are

extremely difficult to treat.

A similar problem arises when considering a time-dependent tunnelling coefficient

between 1D wires, which also remains unsolved. Only recently, much simpler, static

cases were considered. Our solution for the system of coupled 1D wires with massive

spinless electrons, presented in Chapter 3, can be improved by including spin into the

problem. In particular, our calculations of the energy level splitting between two local-

ized states within the Hartree approximation can be improved by the employment of a

two-particle Schrödinger equation. In any case, the conclusion about the necessity of an

external potential, supposedly a Schottky barrier, to observe the localized states, can

be verified decisively by performing additional experiments on the electronic structure

along a semiconducting nanotube.
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The calculations we performed in Chapter 4 for the quantum Hall ferromagnet by

projecting the original Hamiltonian into the magnon states to account for interactions,

while treating disorder within the usual self-consistent Born-approximation, allows

us to safely rule out a disorder driven ferromagnetic-paramagnetic quantum phase

transition, which was suggested earlier [28, 29]. The magnons behave essentially like

bosons in the vicinity of the ferromagnetic ground state and the free magnon dispersion

relation coincides with the collective excitation spectrum obtained within the random

phase approximation. We demonstrated that the phase transition is predicted when

naively extrapolating results obtained within weak disorder approximation, outside

their range of validity. The phase transition does not occur in the self-consistent

calculations, which are appropriate for treating also moderate disorder strength, and

the results are compatible with the ferromagnet-spin glass transition, predicted in

an earlier work within a different formalism [30]. A decisive conclusion about the

phase transition could be reached by evaluating the Edwards-Anderson spin-glass order

parameter. However, such a calculation turns out to be quite difficult within the

projected Hamiltonian (bosonic description) and could be performed more easily within

the conventional fermionic description.

In the last part of this thesis, we presented an experimentally realistic system of

ultracold atoms in a 2D optical lattice with an effective Zeeman magnetic field, one

component of which alternates in sign on a site-by-site basis. The system possesses

very interesting physical properties, such as peculiar a single-particle spectrum, which

leads to an exotic spin-charge-density-wave instability with a tunable incommensurate

wave vector. Thus, its experimental realization might mark a significant advance in

the field of ultracold quantum gases as condensed matter emulators, with full control of

parameters. Moreover, experimental measurement of the collective excitations present

in the system should allow to make additional quantitative check of a validity of our

novel theory of spin-charge-density excitations. The theory itself can be also routinely

improved beyond the random phase approximation level by including second order

contributions from the fluctuations of the Hubbard-Stratonovich fields and fourth order

terms in the sources. However, numerical evaluation of the obtained expressions turns

out to be very involving and time consuming, thus setting a practical limitation to a

further increase of accuracy.
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Summary

Anyone who has connected a copper wire to a battery knows that applying voltage to a

wire induces a current, and that the ratio between current and voltage is the so-called

conductance. Yet, what less people are aware of is that for very tiny clean wires at

very low temperatures quantum physics sets in, making the conductance equal to a

natural number times a certain value G0, called the quantum of conductance. This

value G0 = e2/h depends only on fundamental constants of Nature, like the electron

charge e and the Planck’s constant h. If the wire is not clean, i.e. contains impurities,

the conductance decreases, since the transport of electrons becomes more difficult.

However, it turns out that if an impurity changes its strength periodically in time, it

is possible to enhance the conductance in comparison to that of a clean wire, if the

electrons in the wire repel each other sufficiently strongly. In Chapter 2 we show that

if there are two impurities in the wire, oscillating with the same frequency, even very

weak repulsion can lead to such an enhancement.

In Chapter 3 we study a very interesting type of quantum wires, the so-called carbon

nanotubes. They can be made by rolling a very tiny sheet (a single atom thick layer)

of graphite into a tube. Depending on the way how the nanotubes are made, more

precisely, on their chirality, they can be metallic or semiconducting. An interesting

fact, measured by experimentalists in Delft, is that when a metallic nanotube is crossed

with a semiconducting one, the electrons localize around the crossing. In fact, there

are many electrons in the wire, which occupy all the available states up to a certain

energy, called Fermi energy. When an electron is excited above this energy level, it

leaves an empty state, called a hole. The holes often behave very similar to electrons

but carry opposite charge. Thus, holes should also have localized states. However, the

experimentally observed localized states occur only for one type of carriers (electrons or

holes), which implies that the symmetry between them is broken by a certain external

potential, most probably a Schottky barrier.

If you have ever been lost, you know the value of a compass. The needle in the

compass is magnetized, and it points always to the magnetic north of the Earth. The
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same kind of magnetism can occur when electrons are obliged to move only in two

directions (in other words, are confined to a plane) and a magnetic field is applied

perpendicular to this plane. The question we wanted to answer in Chapter 4 was: How

robust is this magnet, if impurities are added to it? Previous calculations agreed on

the fact that disorder should eventually destroy the magnetic state, but the researchers

couldn’t reach a consensus on how. We have shown that the material does not become

completely depolarized, but instead the polarization remains in some islands, a behavior

which is analogous to amorphous materials like glasses.

For long, we have been cooling things, like a beer or a superconductor, by putting

the warm object in contact with a colder one. A few decades ago (1978), scientists

found that it is possible to use a laser to reduce the movement of atoms, hence cooling

them. In addition, it was shown that one can cross counter-propagating laser beams to

form a lattice, like an egg box of light. The atoms will then behave like the eggs, and

sit in this lattice. However, contrarily to the eggs, they can move from one minimum

to another, rotate upside down, and even interact, because they actually behave like a

liquid. Imagine that there are two different kinds of lattice sites, like in a chessboard.

The egg box is then divided into black and white sites where the eggs can sit. By using

some cutting-edge technology, it is possible to select the sort of atoms that are going

to turn upside down, and to manipulate each sort of atoms independently. When this

situation is realized, the energy levels for the atoms (in our case fermions) become very

exotic, and the final configuration of their energy in terms of their momenta looks like

a Mexican hat. We have shown in Chapter 5 that the atoms will form a pattern with

modulated structure in the density and in the orientation, which is called charge-spin-

density-wave by the experts. The period of this modulation is defined by the features

of the Mexican hat and can be changed at will. In fact, this kind of phenomenon is

quite rare. We hope that our theoretical predictions will be verified experimentally

within a near future.



Samenvatting

Iedereen die wel eens een koperen draad heeft aangesloten op een batterij weet dat

door de aangebrachte spanning een stroom gaat lopen, en dat de verhouding tussen

de stroom en de spanning de zogenaamde geleidbaarheid is. Echter, waar minder

mensen zich van bewust zijn, is dat voor zeer dunne en zuivere draden, en bij zeer lage

temperaturen, de kwantumfysica een rol gaat spelen, wat tot gevolg heeft dat de geleid-

baarheid gelijk wordt aan een geheel getal maal een zekere waarde G0, het zogenaamde

geleidbaarheidskwantum. Deze waarde G0 = e2/h hangt slechts af van fundamentele

natuurconstanten, zoals de elektronlading e en de constante van Planck h. Als de

draad onzuiverheden bevat, dan neemt de geleiding af, omdat het elektronentransport

wordt bemoeilijkt. Het blijkt echter dat als de sterkte van een onzuiverheid periodiek

verandert in de tijd, het mogelijk is dat de geleidbaarheid toeneemt ten opzichte van

de zuivere draad, als de elektronen in de draad elkaar voldoende sterk afstoten. In

Hoofdstuk 2 laten we zien dat als er twee onzuiverheden zijn in de draad, die oscilleren

met dezelfde frequentie, dat zelfs een zwakke afstoting al kan leiden tot zo’n toename.

In Hoofdstuk 3 bestuderen we een zeer interessante soort kwantumdraden, de zoge-

naamde nanobuizen van koolstof. Deze kunnen worden gemaakt door een zeer dunne

laag (met een dikte van één enkele laag atomen) grafiet op te rollen. Afhankelijk van de

manier waarop de nanobuizen gemaakt zijn, preciezer, van hun chiraliteit, kunnen ze

zich gedragen als een metaal of als een halfgeleider. Een interessant fenomeen, gemeten

door experimentatoren in Delft, is dat wanneer een metallische en een halfgeleidende

nanobuis elkaar kruisen, de elektronen zich lokaliseren rond de kruising. In feite zijn

er zeer veel elektronen in de draad, die alle beschikbare toestanden tot een zekere en-

ergie, de zogenaamde Fermi-energie, bezetten. Als een elektron wordt aangeslagen tot

boven dit niveau, dan blijft er een lege toestand achter, dat een gat wordt genoemd. De

gaten gedragen zich dikwijls hetzelfde als de elektronen, maar hebben een tegengestelde

lading. De gelokaliseerde toestanden die zijn geobserveerd in het experiment treden

alleen op voor één type ladingsdragers (elektronen of gaten), wat impliceert dat de sym-

metrie hiertussen wordt gebroken door een zekere externe potentiaal, waarschijnlijk een
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Schottky-barrière.

Als je ooit verdwaald bent geweest, dan weet je dat een kompas heel waardevol is. De

naald in een kompas is gemagnetiseerd, en wijst altijd naar het magnetische noorden

van de aarde. Hetzelfde soort magnetisme kan optreden als elektronen “verplicht”

worden om in slechts twee dimensies te bewegen (met andere woorden, beperkt zijn tot

een vlak) en als er een magnetisch veld loodrecht op dit vlak wordt aangebracht. De

vraag die we wilden beantwoorden in Hoofdstuk 4 was: Hoe robuust is deze magneet,

als er onzuiverheden worden toegevoegd? Uit eerdere berekeningen bleek dat wanorde

uiteindelijk de magnetische toestand verloren laat gaan, maar de onderzoekers konden

het niet eens worden over hoe dit gebeurt. Wij hebben aangetoond dat het materiaal

niet volledig gedepolariseerd wordt, maar dat in plaats daarvan de polarisatie blijft

bestaan in enkele “eilanden”; dit gedrag is analoog aan amorfe materialen zoals glas.

Lange tijd hebben we, als we iets wilden koelen, zoals een biertje of een supergeleider,

het warme voorwerp in aanraking gebracht met een kouder voorwerp. Een paar decen-

nia geleden (1978) ontdekten onderzoekers dat het mogelijk is om een laser te gebruiken

om de beweging van atomen te vertragen, om ze op deze manier af te koelen. Tevens

toonde men aan dat men met twee tegenovergesteld gerichte laserstralen een rooster

kon vormen, zoals een soort “eierdoos” van licht. De atomen zullen zich dan gedragen

als de eieren; ze zullen plaatsnemen in het rooster. De atomen kunnen echter, anders

dan de eieren, zich verplaatsen tussen de verschillende minima, ze kunnen onderste-

boven draaien, en er kan interactie tussen ze optreden, omdat ze zich eigenlijk gedragen

als een vloeistof. Men kan zich voorstellen dat er twee verschillende soorten rooster-

plaatsen zijn, als in een schaakbordpatroon. De eierdoos is dan verdeeld in zwarte en

witte plaatsen waar de eieren kunnen zijn. Met zeer moderne technologie is het dan

mogelijk om aan te wijzen welke groep atomen ondersteboven gedraaid gaat worden,

en om de twee groepen onafhankelijk van elkaar te manipuleren. Als deze situatie gere-

aliseerd is, dan kunnen de energieniveaus van de atomen (in ons geval fermionen) zeer

exotisch worden, en de uiteindelijke configuratie van hun energie in termen van hun

impuls zal eruitzien als een Mexicaanse sombrerohoed. In Hoofdstuk 5 laten we zien

dat zich een patroon vormt met een structuur die gemoduleerd is in de dichtheid en de

oriëntatie; deze wordt charge-spin-density-wave (letterlijk: lading-spindichtheidsgolf)

genoemd. De periode van deze modulatie wordt bepaald door de eigenschappen van

de sombrerohoed, en kan naar wens kunnen worden aangepast. In feite is dit fenomeen

overigens nogal zeldzaam. We hopen dat onze theoretische voorspellingen in de nabije

toekomst door middel van experimenten zullen worden geverifieerd.
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• Dmytro Makogon, Vladimir Juričić, and Cristiane Morais Smith, Transport prop-

erties of a Luttinger liquid in the presence of several time-dependent impurities,

Physical Review B 74, 165334 (2006).

131




