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Synopsis 

Measurements of the Faraday rotation and ellipticity on n-type (001) oriented 

germanium crystals at 24.9 GHz and at room temperature have been performed, using 

a crossed wave guide method. The influences of multiple reflections and of the surfaces 

on the Faraday effect have been analysed. These effects can be eliminated in a simple 

way. The rotation and ellipticity for the samples used were calculated, using the multi 

valley model for N-type germanium. The agreement between theory and experiment 

was found to be good. 

1. Introduction. The effect of a magnetic field on a linearly polarized 
electromagnetic wave, propagating through a medium into the direction of 
the magnetic field, is known as the Faraday effect. At microwave frequen- 
cies the free carriers in a semiconductor, interacting with the electro- 
magnetic field in the presence of the external magnetic field, cause a trans- 
formation of a linearly polarized wave into an elliptically polarized one. 
The major axis of the ellips is rotated with respect to the initial polarization. 

Faraday rotation at microwave frequencies was observed by Suhl and 
Pearsonl) and Rau and Casparis). Measurements on both rotation and 
ellipticity were reported by Furdyna and Broersmaa). The theory of the 
free carrier Faraday effect was given by Stephen and Lidiardd). Do- 
novan and Webster5) and Furdyna and Brodwins) extended the 
theory by introducing an energy dependent relaxation time, the latter 
authors treated the ellipticity. The theory of the Faraday effect in aniso- 
tropic media was given by Donovan and Webster7)s). 

In the microwave frequency region the inverse relaxation time can easily 
be of the same order of magnitude as the frequency of the electromagnetic 
field. In this important region information about the scattering mechanisms 
can be obtained from measurements of the ellipticity6) or from a combina- 
tion of the Faraday rotation and ellipticity for weak magnetic fields with 
the propagation constants for these fields. The latter was recently pointed 
out by Champlina). However it is necessary that the measurements are 
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carried out with good accuracy. Even after the work of Furdyna and 
B roe r s m as) additional experimental information would, therefore, be 

valuable. 

It is the purpose of this paper to discuss the merits of a crossed wave 

guide measuring technique, hitherto not used as far as the present authors 

know. Measurements on n-type germanium at 24.9 GHz will be reported. 
In discussing these measurements multiple reflections will be taken into 

account and a comparison will be made with theoretically expected values. 

2. Method. The method of measurement used is schematically drawn in 

fig. 1. The vital part is a crossed wave guide construction, a somewhat modi- 

fied version of the wave guide coupler proposed by H amble t on and 
Gartneria). This coupler is drawn in fig. la, it can be put either in the 

crossed or in the parallel position. In the narrow wall of the two wave 

guides a coupling hole is carefully machined. It is usually square with its 
side as large as the internal width a of the guide. The width b is slightly 

larger than half the free space wave length of the electromagnetic field 

used. Between the two halfs of the coupler the planparallel germanium 

crystal is tightly mounted, its diameter is much larger than the hole di- 

mensions. The two irises are adjusted as accurately as possible, facing each 

other. The primary guide is closed at one side with a plunger, the secondary 

one with a matched load. 

1tor tune 
selective amplifier 

phase sensitive 
,detector 

detector 
preamplifier and 
compensator 

-crossed wave guide 

a b - - 

Fig. 1. a) Drawing of the wave guide coupler. 

b) Simplified scheme of measuring circuit. 

The electromagnetic field from the primary guide penetrates the crystal 
and can thus be radiated into the secondary one. However, only the 
electric field component perpendicular to the direction of the secondary 

wave guide couples with the field in it. The energy radiated towards 
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the detector is therefore zero when the two guides are perpendicular to 
each other and no external magnetic field is present. If the fieldis present, 
the signal detected in the secondary guide is entirely due to the Faraday 
rotation. Phase and amplitude of the field radiated from the germanium 
crystal are measured in two directions, by adjusting the secondary guide 
successively perpendicular and parallel to the primary one. From these 
measured values the specific rotation and ellipticity due to the Faraday 
effect can be derived. 

The phase and amplitude are measured in the bridge sketched in fig. lb. 
The method has partly been described by Sc haf erri). The microwave 
energy is carefully frequency- and energy- stabilized before entering the 
bridge. In the bridge arm containing the coupler a 5 kHz amplitude modu- 
lator is inserted. The energy, emitted by the semiconductor crystal, passes 
either from C via B to A (transverse position), or from C via B’ to A (pa- 
rallel position). In view of the phase measurements the electrical path 
C-B-A must be exactly equal to C-B’-A. To avoid standing waves 
between A and B or A and B’ two isolators with tuners were incorporated. 
The coupler must be machined with high precision, typical tolerances for 
the one used were 0.03 mm. 

Four measurements yield the phase and amplitude of the emitted electric 
field with high accuracy. Additionally, these measurements are performed 
with positive and negative sign of the applied magnetic field B. In this way 
almost all the perturbing effects can be eliminated, assuming they are small, 
and even in B. To mention some : a small phase modulation by the modulator, 
mode conversion in the coupler, leakages in the coupler in the transverse 
position or deviations from the perpendicular position of the guides. The 
amplitude detection is linear, when the behaviour of the detection crystal 
is not too far from quadratic. The linearity of the system can easily be 
checked. The 5 kHz signal was measured with a compensation method. 

The reproducibility of the phase measurements is about 0.5”, the am- 
plitude measurements are reproducible within 274. 

Since an exact theory of the field distribution in and near the sample 
is not available in the case of the configuration used, a number of simplifying 
assumptions are made for the discussion of the derivation of specific Faraday 
rotation and ellipticity from the observed quantities. Firstly it has been 
taken that the field of the TEai mode in the primary rectangular wave 
guide is not too much disturbed by the presence of the semiconductor crys- 
tal. This approximation is the better the higher the conductivity of the 
crystal and the smaller the iris. The plunger is adjusted for maximum 
microwave field at the iris to occur, i.e. the incident field is assumed to be 
an undisturbed complete standing wave. 

Together with this first assumption it is secondly assumed that the field 
inside the crystal can be approximated by a symmetrical superposition of 
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damped plane waves, which propagate nearly parallel to the external 
magnetic field. Of course other modes, propagating at larger angles to the 
magnetic field, are excited as well.- However, their contribution to the 
emitted electric field should be of less importance, due to the high refractive 
index (about 4!) and the absorption of the crystal. Consequently it is ex- 
pected that they will not disturb the total Faraday rotation and ellipticity 
much. The field not emitted directly from the primary iris to the secondary 
one is totally absorbed in the crystal. 

A plane wave, propagating at an angle with the magnetic field, causes a 
rotation and an ellipticity that differs slightly from that, caused by an 
exactly parallel propagating wave. An estimation showed that the deviations 
are of second order as long as the angle is less than, say, 10 to 1.5 degrees. 
In view of the foregoing considerations the plane wave treatment of the 
Faraday effect seems reasonable in the case of the crossed wave guide 
problem. 

Multiple reflections and surface effects can influence microwave measure- 
ments of the Faraday effect considerably, especially the ellipticity. Re- 
cently these effects were in principle analysed for cylindrical guides by 
Champlin*), using well known transmission formulae for a thin sheet of 
conducting material. From an experimental point of view the following 
is of importance: 

The complex amplitude transmission coefficient T for a sheet of conduc- 
ting medium in free space is, for any electromagnetic plane wave, that is 
incident upon the semi infinite slab, perpendicular to the surface : 

T = TlTz efyd 
1 

1 - RlRz e2iyd 1 = TlTz etyd M 

with T1 and Tz the transmission coefficients of the first and second surface 
respectively, RI and I22 the internal reflection coefficients, d the thickness 
of the slab and y the propagation constant of the material. The last factor 
in the equations is due to internal reflections in the slab. Of course TI, 
Tz, RI and Rz are complex. If one writes: TI, 2 = ewt’*” eiq1,2, M = e--d eiA 
and y = a + i/?, and denotes the right- and left handed circular polarization 
by the subscriptions +, -, the rotation is : 

@=- 
[ a+ 2 cz- d + 

(Qll + 92)+- (971 + w?)- + A+ - A- 

2 2 1 
and the ellipticity : 

E = tanh. 
1 

B+ - B- d + 
2 

(h + i2)+ - (h + i2)- + a+ - a- 

2 1 2 . 
Thus both effects can be split up into a) the intrinsic effect, proportional 
to d, b) an effect due to the surfaces, this term is closely related to the 
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magneto-optical Kerr effect, and independent of d, and c) an effect due to 
multiple reflections in the crystal, this part is oscillating in d. Thus a 
measurement of 0 and E as a function of d can yield the intrinsic Faraday 
effect. The two perturbing terms can be rather large, an example gives the 
theoretical curve in fig. 4. 

In our case the matter is more complicated. A guide acts as a medium 
with two different propagation constants for mutually perpendicular 
linearly polarized waves. Consequently the transmission and reflection at 
a crystal - wave guide interface depends on the degree of rotation and 
ellipticity of the incident wave, propagated through the rotating medium. 
In the coupler the wave incident upon the primary surface is always linearly 
polarized, so the transmission is constant. As for the second surface it 
must be borne in mind that 0 and E are deduced from two measurements of 
phase and amplitude, the first with the wave guides parallel, the second 
with the wave guides in the crossed position. Now it can be shown that in 
the results of these two measurements the secondary guide acts as an isotro- 
pic, virtual, medium. In this medium circularly polarized waves can propa- 
gate, so the splitting up of 0 and E into the three parts remains possible. 
The multiple reflection factor M is, however, extremely complicated and 
can by no means be written in the simple form as given above. It remains 
a factor oscillating in d. Especially the difference in the phase angles of the 
reflection coefficients of the semiconductor - free space and the semi- 
conductor - wave guide interfaces is large. Consequently it can be expected 
that the phase of the observed multiple reflection term, taken as a function 
of d, differs widely from the calculated one for the free space case. 

3. Calwlation of specific rotation and ellipticity. The rotation 0 and the 
ellipticity E were calculated for n-type germanium, oriented with the (001) 
direction parallel to the external magnetic field. In this orientation the 
crystal behaves as if it were isotropic. A linearly polarized wave can be 
split up into two circularly polarized ones, having different propagation 
constants7). With the simplifying assumption of an energy independent, 
isotropic, relaxation time, and using the well-known four ellipsoid model 
for n-type germanium, the conductivity tensor is exactly given by: 

cS1 = GUY = t ne [$ (2K + l)p,,( 1 - ion) .T] 

cx:y = - 02/Z = $ze [$K(K + 2)&, . B .T] 

1 

’ = (1 - ~GcoT)~ + $K(K + 2)&B2 

with n = number of carriers per unit volume, -e = electron charge, 

K = m,,lm,, rate of longitudinal to transverse effective mass in an ellip- 
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soid, ,u,, = longitudinal mobility = er/m,,, w/2n = applied frequency, T = 

relaxation time, and B = applied external magnetic field. 

For any specimen n .e and ,u,, can be deduced from measurements of the 

d.c. conductivity and Hall coefficient, following standard lines. K can be 

obtained from cyclotron resonance data, assuming K is temperature in- 

dependent. This is for s-type germanium probably a good approximationlz). 
With : 

‘3 = wpo(co.5 + ia25), 23 = wpo(io,,) 

where ,UO = the permeability of free space and E = the dielectric constant, 

the propagation constants of right- and left handed circularly polarized 

fields are given by the equations: 

If y;t = a& + i/3*, the specific rotation and ellipticity are given by the for- 

mulae 

cc- - a+ 
O/l= 2 

E/I = 
,-B-1 _ e-8+z 1 

> 

tanh. &(p+ - /?-)I 
e-8-z + e-B+z G = 1 

1 = distance from the zero point in the medium. 

4. Results. Measurement on a-type germanium, (001) oriented, 

conductivity about 852-lm-1. The rotation and ellipticity were measured 

at room temperature as functions of the thickness d of the crystal, at 24.9 

GHz. Two crystals were used, cut from the same single crystal. Crystal I 
was grinded in steps of about 0.2 mm from 3.26 mm down to 0.93 mm, 
crystal II from 5.08 to 2.95 mm. 

Rotation. The results are shown in fig. 2, for three magnitudes of the 
external magnetic field B. With crystal II some measurements were per- 

formed for other fields, for d = 5.08 mm. The importance of multiple 
reflections is evident. The penetration depth 6 of the E.M. field is 3 mm 
in this case, it is clear that it is impractical to deduce the intrinsic effect 
from measured rotations for d < 6. The rotation of crystal II was a few 

percent higher than that of crystal I, for the same thicknesses. The sup- 
position that the doping level was somewhat higher in the first case was 
confirmed by Hall measurements. 

The form of the 0 - d curve of crystal I, for an applied magnetic field 
B = 0.63 Wb/m2 was compared with the simplified theoretical one, calcu- 
lated following the procedure given in paragraph 2, i.e. for perpendicularly 

incident plane waves impinging on a semi infinite slab in free space. In this 
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calculation the Hall mobility ,LJH was assumed to be 0.450 m2/V *s13), and 

K = m,,/m, = 19.3. The conductivity a was found to be a = 7.950-lm-1 &- 

2%, at 23’C., using a two point method. The calculated intrinsic effect is 
given by the straight line in fig. 2, the total rotation by the point-line curve. 

0.600 

t 

0 (rad) 

I BWiblm2) 
0.985 0 
0.825 , 
0.630 x 
0.420 A 
0.315 0 

. 

/ 

/ 

Fig. 2. Rotation 0 as a function of thickness d, for different magnetic fields B. Ger- 

manium, (OOl), u = 852-rm-1. Calculated curves for B = 0.63 Wb/me and ,u~ = 0.45 

ms/V.s : straight solid line : intrinsic rotation, - * - + - : total rotation for the free space 

case. : extrapolated experimental results. 

B(Wb/m? 
I I I I I * I I I I I 

0 a2 0.4 0.6 0.8 1.0 1.2 

Fig. 3. Specific rotation as a function of magnetic field B. Germanium, (OOl), o = 

8Q-rm-1. + : experimentally observed values, -: calculated values, assuming pi = 

0.45 m2/V.s. 
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The experimental curve was extrapolated from 3 mm upwards. For higher 

d values the theoretical amplitude of the undulation is of the same order of 
magnitude as the measured one. The phase, however, is different, as can 

be expected. (see paragraph 2). 

From the graphs in fig. 2 the specific rotation as a function of B was 

derived. (fig. 3). For a good comparison with the theory we checked the 

Hall mobility of the sample, using the method described by van de1 

P auw 14). The result was PH = 0.42 ms/V .s f 4%, assuming there is no 

mixed conduction in the crystal. In fact there is a small amount of mixed 
conduction in the crystals used. However, the Hall mobility and the Fara- 

day rotation are influenced in about the same magnitude by it. In view 
of the simplified model used in the calculations (constant isotropic relaxa- 

tion time) the agreement between theory and experiment is surprisingly 
good, Le. within a few percent. For higher B values there is some divergence. 

Ellifhx’ty. At the same time as the rotation the ellipticity E was mea- 

sured as a function of d, The ellipticity as a function of the conductivity IS 

passes through zeroa). For n-type germanium, (001) oriented and at room 
temperature, this zero occurs for G = 4.59-rm-1. For CJ = 852-lm-1 the 

value of E is still very small, but increases rapidly with increasing CT. Mea- 

suring these small E values is revealing with respect to the sensitivity that 

can be obtained. 

Fig. 4. Ellipticity E as a function of’th$kness d. Germanium, (OOl), (I = 8Q-lm-1. 

Straight solid line: calculated intrinsic elliptiqity, for B = 0.63 Wb/mz, - - - - : cal- 

culated effect including surface effects, for the free space case, -. -. - : calculated 

total ellipticity, for the free space case. 

In fig. 4 the experimentally obtained E, as a function of d, for B = 0.63 

Wb/mz, is compared with the theoretically expected one, calculated for 
crystal I. The two perturbing effects are clearly demonstrated, both ex- 
perimentally and theoretically. For low d values the measured E can be 
many times as large as the intrinsic E, and opposite in sign. Using the 
curve of crystal II we estimated the intrinsic ellipticity to be, for d = 5.0 
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mm.: E = 0.030 f 0.015. This was theoretically expected to be 0.035. 
Again no useful information can be deduced from measurements for d lower 
than the penetration depth, as was the case with the rotation. 

In order to make sure that the agreement between theory and experiment 
is more than accidental, measurements on another n-type germanium 
crystal, having a higher conductivity, have been carried out. 

Measurements on %-type germanium, (001) oriented, (T = 26.7 
LS-lm-1. In this case the penetration depth B of the E.M. field is about 
1 mm. The results as for the rotation are shown in fig. 5. When d exceeds 
26 the multiple reflection part of 0 is below the experimental error. The 
perturbing surface rotation, however, is clearly present, the magnitude is 
about 10% of the intrinsic rotation for d = 2 mm. From the graphs the 

1.2Ot 0 (rod) 

B(Wb/m2) 
1.18 0 

0.830 . 
0.640 x 

0.80 0.320 o 

./ 
./ 

/ 

./ 
./ . 

/ 
./ 

./ 
/ 

./ 
./ /’ 

I I I I I I I 

0 1.0 2.0 3.0 

Fig. 5. Rotation 0 versus thickness d, for different B. Germanium, (OOl), 
cr = 27Q-lm-1. -. -. -. - : intrinsic rotation. 

specific rotation as a function of B was deduced (fig. 6). The solid curves 
represent the calculated specific rotation, assuming ,UH = 0.40 and 0.45 
mZ/V.s respectively. The first assumption clearly gives the better fit. With 
d.c. Hall measurements we found ,L& = 0.41 m2/V*s f 4%. In this case 
mixed conduction can be ignored. Thus the agreement between theory and 
experiment is still better than in the case of lower conductivity. Again 
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some divergence for higher magnetic fields may be noticed (about 5% at 
1.2 Wb/ms.). Important is that the marked errors are mainly due to uncer- 

tainties in the magnitude of the surface effects. 

In the same way the magnitude of @+ - /?_) as a function of B was 

derived from measurements of the ellipticity as a function of d. In fig. 6 

Fig. 

fJ= 

0.30 - 

- 0.14 

0 a2 0.4 0.8 1.0 1.2 IA 

6. Specific rotation and the function #?+ - @_) versus B. Germanium, (OOl), 

27R-‘m-1. Solid curves: calculated values, assuming pi = 0.45 and 0.40 ms/V.s 

respectively. 

the experimental data have been compared with the calculated ones, using 

again ,UH = 0.40 and 0.45 ms/V*s. The marked errors are again a result of 

ambiguities in the interpretation. 

5. Conclusion. With the crossed wave guide method one is able to 
measure the intrinsic Faraday effect at microwave frequencies with a fair 

degree of accuracy. The latter is mainly restricted by the occurrance of the 
perturbing effects of surfaces and multiple reflections in the measured 
sample. These effects can be eliminated in a simple way by measuring 
rotation and ellipticity as functions of thickness, assuming the latter is 
more than the penetration depth of the electromagnetic field. For the mea- 
surement of anisotropy effects at medium magnetic fieldss) this method 

can be considered as very useful. 
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Note added in proof. 

Recently, calculations of rotation and ellipticity have also been carried 
out with the assumption of an energy dependent, isotropic, relaxation time, 
characteristic for phonon scattering (T - 8-t). As for the rotation these 
calculations give an agreement between experiment and theory that lies 
within the experimental error, even for the highest fields, for the case given 
in fig. 6. As for the ellipticity the improvement is only a slight one. 
The conclusion remains, therefore, that the limitations set to the plane wave 
treatment, which is used in the interpretation of the experimental results, 
seem to be of little importance. 
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