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(Received 5th August  1971) 

It is a pleasure to contribute a paper to this volume honoring Professor 
Overbeek. The stability of foams or emulsions and the properties of thin liquid 
films have long attracted his interest and that of his coworkers at the van 't Hoff 
Laboratorium 1 lo. 

The work described here considers the problem of the stability of emulsions. 
When two oil drops approach each other a thin film of the continuous water phase is 
trapped between the drops. The behavior of the thin film dictates whether the emulsion 
is stable or unstable; the rate of thinning of the film essentially determines the time 
required for the drops to coalesce. In the work reported here the rate of thinning of the 
film was studied for a free drop of oil rising through water to coalesce at a planar 
interface. To ensure that the film ruptured and to simplify the analysis, sufficient KC1 
was added to minimize the double layer repulsion. The objective was to identify the 
mechanisms of film drainage so that from these experiments on an idealized system of 
a single drop some insight might be gained into the stability of emulsions. The 
procedure was to observe the behavior, devise mechanisms to explain the behavior, 
where possible, to develop mathematical models based on the mechanisms and to 
evaluate the models. 

A further objective of this paper is to illustrate how the equations describing the 
fluid dynamical behavior in the film can be linked with the equations describing 
surface behavior and to relate this work to the results of others. 

1. E X P E R I M E N T A L  OBSERVATIONS 

The rest-times of the drops at the interface, r, and the light interference patterns 
of the thin film (as viewed from alpove) were measured as a function of drop diameter, 
concentration of surfactant and the physical properties of the system. Drops of 
2~4 mm diameter gave a reasonably large diameter of "contact" for the light inter- 
ference studies yet the shape of the drop was essentially spherical. This last feature 
simplified the subsequent mathematical analysis. 

Special techniques were developed to clean the bulk oil-water interface and to 
form drops of reproducible diameter. The drop rest-times were measured as an 
indirect function of interfacial concentration of surfactant by measuring directly the 
bulk concentration of surfactant and the interface age from the time of cleaning. 

* Dedicated to Professor J. Th. G. Overbeek on the occasion of the 25th anniversary of his appointment  as 
a Professor of Physical Chemistry. 
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The oils used in this study were toluene, anisole, cyclohexanol, and a mixture 
of cyclohexan_e and anisole (CA). Thus, the oil/water density difference was varied 
from 0.0097 to 0.133 gcm- 3, the interfacial tension from 3.93 to 35.0 mNm- ~, and the 
discontinuous oil phase viscosities from 0.59 to 32.8 cP, at 25 ° C. The aqueous phase 
concentration of the sodium lauryl sulfate (SLS) surfactant was varied from 0 to 10-2 
gl - t  for the toluene/water system, and from 10 -6 to 10 - 4  gl- t for the other three 
systems. The volumes of the drops ranged from 0.001 to 0.020 ml for the four oil/water 
systems. Some experiments were done with 2-(2-ethoxyethoxy)ethanol as the surfac- 
tant. Details of the experimental technique and a description of the cell are given else- 
where ~ ~. 

The drop rest-times and the light interference patterns, produced by the thin 
film formed between the drop and bulk interfaces, were observed simultaneously. 
Consequently, the drop rest-time could be characterized by the additional observation 
of the distribution of film thicknesses during drainage as a function of radius and time. 
Indeed, sometimes the film drained unevenly or along one radial direction so that the 
patterns appeared as a series of ellipses rather than the concentric circle pattern 
observed when the drainage was even. The appearance of even or uneven film drainage 
for a particular drop was found to be a function of the interfacial concentration of the 
adsorbed surfactant. 

Five distinct patterns in the type of film drainage were observed for different 
interfacial concentrations of adsorbed surfactant for the four oil/water systems 
studied. 

First consider some typical data shown in Fig. 1 for the toluene/water system. 

(a) 

Rest 
Time 

~/s 

tc=2 
Interface age. t/rain 

(b) 

r r r 
Pattern T Pattern IT Pattern 

r r 
Pattern ~ Pattern ]ZZ 

Fig. 1. Typical rest time data (a) and film drainage patterns (b). 
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The rest time, z, is plotted vs. the age of the interface, t, for fixed bulk concentrations of 
surfactant, fixed diameter and for one system. (If we knew the rates of adsorption of 
surfactant, this could be plotted as z vs. interfacial concentration, F. However, this is 
difficult to determine). If the bulk concentration is increased, the z vs. t curve shifts to 
the left. These data show three distinct reproducible features: almost zero rest-time 
for t < 2 min, followed by a maximum rest-time, z . . . .  and followed by a gradually 
decreasing rest-time. A fourth feature is a widely scattered rest-time when the interface 
was several hours old. Now let us combine the rest-time data with the light inter- 
ference observations that were made simultaneously. Five distinctly different patterns 
of film behavior have been observed. Four of these have been described by Hodgson 
and Woods 11 for oils with low viscosity : 

P a t t e r n  I 

This was described as rapid, uniform thinning to coalescence and illustrated 
in their Fig. 711 and corresponds with the behavior for t < 2 rain in Fig. 1. 

P a t t e r n  I I  

This was described as rapid thinning to black, inflow to dimple and draining to 
coalescence and shown in their Fig. 811 and corresponds with the maximum rest-time 
conditions in Fig. 1. 

P a t t e r n  I I I  

Their Fig. 9 illustrates this unsymmetrical drainage 11 and sometimes occurs 
in the gradually decreasing rest-time trend in Fig. 1. 

P a t t e r n  I V  

This pattern, shown in their Fig. 10, they describe as slow dimpled drainage 11 
and occurs as an alternative pattern in pattern III corresponding to the gradually 
decreasing rest-time trend in Fig. 1. The barrier ring radius or the radius correspond- 
ing to the thinnest film thickness, expands with elapsed time. 

P a t t e r n  V 

This has been observed by Burrill lz for the viscous cyclohexanol drops in 
water. During the first 60 s of elapsed time, the film drainage alternated between even 
and uneven drainage. Then the drainage settled down to even drainage until rupture. 
The barrier ring radius decreased slightly with increased elapsed time. Some aspects of 
this are shown in the data of Robinson and Hartland 13 although their data suggest 
that the barrier ring radius is almost independent of elapsed time. 

Each pattern is unique in that for any given age of the interface, t, there will be 
one specific pattern. In general, Hartland 14 seems to have observed most of these 
patterns for the 8-10 mm diameter drops that he studied in more viscous systems. 
By far the most common patterns are patterns III and IV. Patterns I and II occur only 
for interfaces that are relatively free of surfactant. An important question is when can 
one expect pattern III behavior and when, pattern IV? The experimental evidence is 
complex. Burril112 has found alternating regions of interface age, for a given bulk 
concentration, when the behavior would change from even to uneven drainage and 
then back to even drainage. That is, for a 0.0025 ml drop of CA in water with a bulk 
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concentration, c ~, of 10 - 6  g 1 1 SLS, pattern IV behavior occurs for t <  2 min and 
pattern III behavior for t > 4 min. However, for higher bulk concentrations, c~= 10 -4, 
the reverse happens. Pattern III occurs for short interface ages and pattern IV at long 
interface ages. Detailed plots of the data are given elsewhere 12. 

To put this phenomenon qualitatively into perspective these results for two 
different bulk concentrations can be combined by estimating the interfacial concentra- 
tion of surfactant (alternatively a reference bulk concentration, the highest bulk con- 
centration, can be used and the time, t, estimated when for the reference system the 
interfacial concentration equals that for various combinations of interface age and 
bulk concentration). When this is done the patterns alternate between patterns III and 
IV as the interfacial concentration increases. A summary of the observations for the 
variation in film thickness and the rest-times for the systems studied by Burril112 is 
given in Table l. 

Besides studying the variation in film thickness and the rest-times in order to 
understand the coalescence mechanisms, the circulation patterns in the bulk fluid 
phases bounding the trapped film can be studied. Naturally one hopes that the tracers 
added to make the circulation visible do not affect the phenomena being studied. 
Hartland 14 studied the circulation patterns with 0.025 mm lycopodium powder for 
fluid drops and with a non-uniform density rigid sphere for rigid non-deformable 
drops 15 

We now break down the observed patterns into mechanisms which can be 
used as the basis of theories for quantitatively predicting the observations. 

2. MECHANISMS OF F IL M  D R A I N A G E  

Consider first the fundamental concepts, and then the mechanisms. 

2.1. Fundamental concepts 
The fundamental concepts we can use to describe this system, in general, are 

as follows : 
1. The drop rises because of buoyancy. Because it has a velocity and mass it 

also has inertia. 
2. Water in the film can flow out of the film because of a radial pressure 

gradient and because of movement or mobility of the bounding interfaces. 
3. Since both interfaces are fluid and can curve, pressure and curvature are 

related. 
4. A non-uniform distribution of surfactant at the interface gives a gradient 

in the interfacial tension. 
5. At any mobile, fluid interface there is continuity of the shear stress. 
6. The interface will resist a shear stress so that the interfacial velocity is zero 

if there is sufficient surfactant in the interface to prevent lateral movement. We call 
this condition steric immobility (it is likely to be important  when insoluble surfactants 
are present at the interface, or when the desorption of soluble surfactants is slow 
relative to the fluid dynamical interactions). 

7. Water flowing out of the film sets up a shear stress at the bounding inter- 
faces which causes the interfaces to be mobile unless the shear stress is everywhere 
balanced by an interfacial tension gradient. When such a balance occurs the interface 
can be called dynamically immobile. 

J. Electroanal. Chem., 37 (1972) 
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8. The pressure is zero at some radial distance R. For  all radial positions 
r < R, the integral of the pressure times the area balances the force bringing the two 
interfaces together. If inertia, van der Waals and double layer repulsion are neglected, 
then the buoyant  force is the force to be balanced by the pressure in the film. This is : 

f 
r = R  

1I = Wg = 2 ~ r p d r  (1) 
r = 0  

where 11 =- disjoining pressure. 
Consider now some calculations based on these concepts and experimental 

data. The distribution of surfactant at the interface for various sets of coalescence data 
can be estimated by the procedure outlined in Fig. 2. 

I 
_~'a__r = I ~ '  = -  - -  

8r [ 6r 

Assume I[ Assume I 
P = /DO 4- a l p  14" (~2p24 - a3F,3,., h = h O q- bl/~14- b2F'2+ /~P  2tl- ..... 

t 
Write eqns. for-3-D shapes / 

, I ,  Adjust cons tan t s  unt i l  I , V . 
1 3 p  ~'d2h+Idh 2 1  

light interference data ] / 4/ 
] / / / / "  Constants in " h "  

q/ ~ I polynomial 
C ° npotlyntoSrni, n I"P " ~ 

I = h ~ p  Oz surfj ~-~ 

Or 8z  2 

/ " = / " ( r )  

Fig. 2. Procedure for calculating the radial distribution of surfactant at the interface for conditions of 
dynamic immobility. 

Assume the pressure distribution within the film to be polynomial  in radial 
distance, r. The values of the constants are determined from fundamental (F8) in 
eqn. (1): 

P = Po + a2 r2 + a4 r4 4- a 6 r 6 (2) 

The condition of dynamic immobili ty requires that at the bulk interface z = h, the 
interfacial tension gradient d?/Or is equal to the shear stress at the interface. That  is : 

0r - tt 0z --=h (3) 

J. Electroanal. Chem., 37 (1972) 
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The term on the 1.h.s. can be related to the interfacial concentration, F, assuming the 
interfacial tension is given by : 

7 --- 70 - kl F (4a) 
o r  

@~Or = - k I ~?r/Or (4b) 

where 7o = interracial tension when no surfactant is present in the interface or at some 
reference concentration in a region where eqn. (4) may be assumed to be valid; 
k 1 = constant. 

The term on the r.h.s, can be related to the pressure via the equation of motion 
in the film. For  isothermal, steady state, creeping flow conditions, neglecting gravita- 
tional effects, the equation is, in cylindrical coordinates" 

~p/~r = It ~z vr/~z z (5a) 

Assuming the drop interface is mobile or the oil in the drop is inviscid, i.e. OVr/Oz=O 
at z = 0,  yields 

It ~vr/Oz = z @ / ~ r  (5b) 

For  dynamic immobility, substitution of eqns. (4b) and (5b) into eqn. (3) gives' 

' k l ~ F  ~ (d r )  (6) ~ r = Z  = h  dp 
z = h  z = h  

To determine the distribution of surfactant, values of both variables on the r.h.s, of 
eqn. (6) are needed, namely z = h and p. 

The method used is as follows. General equations are written in terms of the 
pressure in the film and the three-dimensional shapes of the interfaces bounding the 
film. This equation has an adjustable parameter R. A value of R is chosen such that 
the film thickness between the calculated three-dimensional shapes of the interfaces 
matches the film thickness observed in experimental light interference data for all 
radial locations. Details are given by Burrill and Woods 16. Thus, the three-dimen- 
sional shapes and all the constants in the pressure polynomial can be calculated. 

A key equation in this calculation is a simplified form of the Laplace equation: 

p = + (7) 
kdr 2 r dr 

If we assume 

h = h o + b 2 r 2 + b 4 r 4 -b b 6 r 6 + b s r 8 (8) 

we can then use the appropriate derivatives of eqn. (8) in eqn. (7) and a term by term 
comparison with eqn. (2) yields values for the constants in eqn. (8). Then, the derivative 
ofeqn. (2) with respect to r times eqn. (8) can be substituted into eqn. (6) and the result- 
ing equation integrated with respect to r. For  the sake of illustration we assume 
F = F0 at r = 0 where Fo > 0. The result is an expression for the radial distribution of 
surfactant at the interface 

2 ci r' 
F = F o • i (9) 

i = 2  

even 
numbers  

J. Electroanal. Chem., 37 (i972) 
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Fig. 3. Calcd. F as a function of radius for the film profiles in Fig. 4. 

0.005 

i [ I ' 
0.010 0.015 0.020 0.09'5 

RADIUS/cm 

Fig. 4. Film thickness profiles of anisole drop,  volume 0.020 ml, in water with 10 -6 g 1 ~ SLS+0.01 N 
KCI (at 0 > 4.05 s, uneven profiles are approximated  by even, symmetric  profiles). 

\ 

The results of such a calculation are shown in Fig. 3 for the film thickness profiles 
given in Fig. 4. 

From these calculations we can add the fundamental concept that : 
9. When dynamic immobility is or is being set up there exist distributions in 

both surfactant and interracial tension that have their respective maximum, Fmax, and 
minimum in the region r + = r / R  = 1. 

Thus, away from the region r + = 1, are both interfacial tension gradients that 
attempt to expand the interface and concentration driving forces (Fma~-F) and 
(Fma~-c ~) that encourage the surfactant to leave, by surface diffusion or desorption 
into the bulk. 

10. The preceding concepts have been applied to describe the rise or fall of 
fluid drops through an infinite fluid. If there is negligible surfactant present, the sur- 
face of the drop is mobile and circulation occurs within the drop as illustrated in 
Fig. 5(a). If small amounts of surfactant are present, the surfactant is swept to the 
downstream part or rear of the drop and a surface tension gradient is set up along the 
drop surface that may or may not be sufficient to cause dynamic immobility• Such a 
distribution is shown in Fig. 5(b). This problem has been described extensively in the 
literature. See, for example, Levich 17, Linton and Sutherland is and Garner  ~9. 

Consider now the mechanisms that make up the observed thinning phenomena 
and that are based on these fundamental concepts. 

J. Electroanal. Chem., 37 (1972) 
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(a) 

199 

Fig. 5. Different interracial conditions for a drop rising through an infinite fluid. (a) System free of sur- 
factants ; (b) distribution of surfactants along the interface of a rising drop. 

i '  
2.2. The mechanisms 

Each of the five patterns of behavior observed can be broken down into what 
might be called four fundamental types of behavior. The patterns are made up of the 
sequential or simultaneous occurrence of the different types of behaviour. The four 
types are : 

1. rapid approach : outflow of fluid from the film occurs because the bounding 
interfaces are mobile and there is only a small radial pressure gradient. 

2. dimple formation:  inflow of fluid into the film because the interracial 
tension gradient causes contraction of the interface and drags the bounding bulk fluid 
inwards. 

3. even drainage: symmetrical outflow of fluid from the film because of a radial 
pressure gradient. At least one of the bounding interfaces is usually immobile. 

4. uneven drainage : unsymmetrical outflow of fluid from the film because of 
local interracial mobility aided by a radial pressure gradient. 

Mechanisms can be proposed for these four types of behavior. The following 
are hypotheses that qualitatively explain the observations. The test of the hypotheses 
lies in how well the theoretical models based on the hypotheses predict the observa- 
tions. 

Rapid approach mechanism. Rapid approach is the outflow of fluid from the 
film with the bounding interfaces being mobile and with little radial pressure gradient 
within the barrier ring. The mechanism for this is relatively easy to explain. Because of 
its buoyancy, the drop approaches the bulk interface. A film forms between the drop 
and bulk interfaces and the decreasing thickness of the film begins to restrict the out- 
ward flow of liquid from the film. This restriction of flow is increased if the mobility of 
the bounding interfaces is reduced as a result of the viscosity of one of the bulk phases, 
because adsorbed surfactant is distributed along the interface and a significant inter- 
facial tension gradient exists or because the interfaces are immobile as either the shear 
stress is everywhere balanced by an interracial tension gradient, or the interracial 
concentration of surfactant is so high that steric hindrance prevents lateral motion of 
the surfactant and the interface is immobile. If an interracial tension gradient is set up, 
both the drop buoyancy force and the inertia force, which acts on the drop as it de- 
celerates, do work on the bulk interface to set up this gradient. By doing work, the 
kinetic energy of the drop may be dissipated and replaced by surface energy. The drop 
buoyancy force is opposed by the pressure in the film which is set up by the restriction 

J. Electroanal. Chem., 37 (1972) 
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of the efflux because of both the film thickness and the partial or complete immobility 
of the bulk interface. 

The transfer of kinetic energy into the potential surface energy of an interracial 
tension gradient is very rapid and, if complete, the period of rapid approach ceases. 
Initially, the bulk interface over-expands because the average film pressure necessary 
to balance both the buoyancy and inertia forces is larger than that necessary to 
balance just the buoyancy. If the transfer of the kinetic energy of the drop to the 
interfacial tension gradient cannot be completed because insufficient surfactant is 
adsorbed at the interface, then partial mobility of the bulk interface results, and film 
thinning continues rapidly until rupture. 

Dimple formation mechanism. The mechanism begins when an interfacial 
tension gradient, caused by a distribution of surfactant at the interface, becomes 
greater than the shear stress acting on the interface. At this point in time, the interface 
contracts and the bulk interracial velocity is directed toward the center of the film. 
The contracting interface drags the surrounding bulk fluid inwards into the film to 
form a dimple. 

One way to obtain the prerequisites for dimple formation is for a drop to 
approach rapidly an interface containing a small amount of surfactant. When the drop 
is far from the bulk interface, there is no interfacial tension gradient, the surfactant is 
uniformly distributed along the interface and insufficient surfactant is there to resist 
the shear stress. During rapid approach, the shear stress at the interface causes the 
bulk interface to expand, sweeping surfactant with it. The distribution of surfactant, 
which can be calculated from eqn. (9), gives an interfacial tension gradient which 
balances the interfacial shear stress at all radial locations. The interface is then 
dynamically immobile (if there is insufficient surfactant to satisfy this distribution, then 
the shear stress exceeds the interfacial tension gradient and the interface is mobile, and 
rapid approach persists). 

If there is sufficient surfactant, the distribution reaches a maximum Fmax at 
r = R with a corresponding minimum in the tension 7. Of more interest is the gradient 
of the interfacial tension and the shear stress, which are assumed to be equal. The 
shear stress arises because of the force contributions of both buoyancy and inertia. 
When the drop becomes arrested, the inertia contribution to the shear stress is lost. 
If the inertia of the drop becomes dissipated before the surfactant can redistribute it- 
self at the interface, then the interfacial tension gradient exceeds the shear stress and 
dimple formation begins. 

Another contribution that aids dimple formation occurs if there is surfactant 
present at the interface of the drop. Whether there is or not depends upon the proce- 
dure for forming the drop and the rates of adsorption. If surfactant is present, it will 
become distributed, as shown in Fig. 5(b), while it rises. Then, when the drop is 
arrested, there is an unbalanced interracial tension gradient that causes interfacial 
movement from the rear of the drop toward the film. This movement could also 
promote dimple formation. 

Even drainage mechanism. The fluid flows out of the film because of a radial 
pressure gradient. At least one of the bounding interfaces is in either dynamic or 
steric immobility. 

This type of drainage is difficult to observe because often even drainage and 
dimple formation occur simultaneously. Indeed, sometimes, for example in pattern IV 
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behavior, these two simultaneous types of behaviour are such that the volume of fluid 
within the barrier ring is approximately independent of the elapsed time. Hence, to 
the observer it appears as though the thickness at the barrier ring decreases because o~ 
flow in the region beyond the barrier ring, i.e. r > c. Indeed, this was the basis for the 
simple model of Hodgson and Woods 1 i. From a mechanistic viewpoint, this behavior 
at r > c occurs because the pressure gradient is steeper in this region. 

U n e v e n  dra inage  mechan i sm.  Uneven drainage, the unsymmetrical flow of fluid 
from the film because of local interfacial mobility aided by a pressure gradient, is 
caused because the local shear stress exceeds the interfacial tension gradient to cause 
local mobility of the bulk interface. Four  possible causes of the local mobility are : 

1. depleted dynamic immobility, 
2. removal of local shear stress, 
3. local impurities, 
4. unsymmetrical circulation patterns. 
For  the most generally applicable cause: depleted dynamic immobility, 

Burril112 hypothesized that during the approach and the resultant dynamic im- 
mobility with its distribution of surfactant, the surfactant leaves the region of r + = 1 
because of interfacial diffusion, desorption and radial interfacial tension gradients 
such that the supply of surfactant is locally depleted so that at a later elapsed time 
there is insufficient surfactant to balance the local shear stress. Uneven drainage 
begins. At the same time that Burrill was developing this theory Marucci 2° quali- 
tatively described "the [desorption] diffusion controlled mechanism at the border of 
the film is believed to be the major cause of further thinning of the film down to 
rupture". Burrill believes this mechanism is the reason for uneven drainage and pro- 
vided a quantitative analysis of the surfactant distribution and the order-of-magnitude 
estimation of the driving forces. 

The second mechanism is important  when the interfacial concentration F t is 
small. Here, the sudden removal of some shear stress (for example, caused by the drop 
sliding laterally along the bulk interface) leaves a momentary distribution of surfac- 
tant that cannot be symmetrically redistributed before local mobility occurs along the 
line of former slide. 

Particularly when the interface has aged for a long time, mixtures of surfac- 
tants in the region r + =  1 can cause local surface tension gradients that give local 
mobility. For  example, when Burrill had his system as clean as possible, all the film 
drainage was uneven for all interface ages. When 10- 6 g 1-1 of SLS was added, the 
film drainage was even until the interface had aged several hours. There seemed to be 
no predictable radial direction along which uneven drainage occurred and no pre- 
dictable rest time. This would agree with the hypothesis of mixed surfactants distri- 
buted throughout the bulk surface. Uneven drainage would occur whenever a large 
enough local interracial tension gradient occurred near r + = 1. 

Hartland 14 suggested that uneven drainage occurs in fluid-fluid systems be- 
cause of the persistence of circulation within some portion of the fluid drop. 

3. THEORETICAL PREDICTION OF EVEN FILM THINNING 

Mathematical models should now be developed to test the hypotheses and to 
predict film thinning. The generalized equations to be solved to predict the film 
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thinning behavior include the macroscopic mass, force and energy balances, and the 
microscopic equations of change for the bulk fluids (drop, bulk oil phase I and in the 
continuous phase II) and for the two interfaces. The equations are linked by boundary 
conditions (such as those described in Section 2), flux expressions and equations of 
state. The main equations are summarized in Table 2. The complete set of equations, 
given in Table 2, is extremely complex and difficult to solve. Indeed, some very simple 
approximations to the complex problem have been useful and are widely used al- 
though, understandably, the predictions based on these models are often in error. 

TABLE 2 

OVERALL SET OF EQUATIONS TO BE SOLVED TO DESCRIBE FILM THINNING 

Overall Microscop[c 

macroscopic Bulk phase Inter face 

I C°ntinuity ] 

O ( ~ ~  ~_.. __[ L . . . . .  P 

o <-- - a.cl 

E 
@ 
c 
0 
c)_ 

E 
0 C) 

@ 
c 
W 

0 

0 

Component balance ] 

J Energy 
balance 

I 

I 
I i 
I I 

I 

The easiest to describe is even drainage. For spherical drops at the interface 
it is usually satisfactory to assume that the coordinate system is cylindrical. For larger, 
non-spherical drops the spherical coordinate system is used. In this discussion we 
limit ourselves to the models developed in cylindrical coordinates. Hartland 21 has 
developed models to describe the behavior of larger drops where spherical coor- 
dinates are required. Most of his analysis is for even drainage and when the relative 
interface shapes are approximately equilibrium shapes. Thus, from these data 14 we can 
see that such an analysis should apply after the first 50 s of elapsed time. 
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Consider briefly some different sets of equations and what they predict. 
A very popular approximation is the parallel discs model, solved by Stefan 22, 

Reylaolds 23 and Taylor 24, and the various variations of it proposed by Charles 
et al. 25, Elton and Picknett z6, and Frankel and Mysels 17. The set of equations solved 
is shown in Table 3. It should be noted that in solving this set of equations inconsistent 
assumptions are used. In this model, the main assumption is that both interfaces are 
immobile, and the distance of separation does not  vary with radius, i.e. ~3h/Or=O. 

TABLE 3 

PARALLEL DISCS MODEL 

0 
LL 

Overall 
macroscopic 

M icroscopic 
Bulk phase In ter face 

[ Cont,nu,ty I 

c)vr + v r +  Ov z =0 
On n 5z 

dh [ 27 R [ Mot ion J Po = c o n s t , - - = 0  po=-b -- 
dr  

~Vg=[2~r'pdr" . . . .  ] [ 
10 

, L a p  ~-,,~ < - - - - I  / 

#7 R2= HWg Generalized result for Po = ~-- and 9ZPo 

dh _I k2 [ },2 ] h 3 
dO 2 k4 ~ JJA~gb 5 

h~ h~ 

This gives the result for the change in shape of the interface and the changes at both 
the barrier ring and at the center to be : 

dh e h3 (10) 
dO 61t 

where h --- thickness of the film, 0 = time, e = 4WgffcR 4 = 3p~/H2g Apb 3, # = viscosity 
of the fluid in the film, W 9 = force bringing the drop and bulk together, = Ap Vg, 
R = radial location where the pressure in the continuous phase is zero, Ap = density 
difference between the dispersed and continuous fluids, V--volume of the drop, 
b = radius of a spherical drop, P0 = pressure at the center of the film at r = 0, H = 1 if 
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the pressure is assumed uniformly Po for 0 < r < R, and 2 if the radial pressure distribu- 
tion is assumed to be parabolic. 

We note that values of R can be calculated from : 

R E = H W g / x p o  (11) 

The inconsistency in the model is that there is a parabolic pressure distribution in the 
film to cause the fluid to move out of the film, given by : 

g 
P = - ~ (r 2 - R  2) (12) 

p = 2po((r+) 2 -  1) 

Yet because the materials bounding the film are fluids, there must be a variation in 
curvature;  i.e., #h/#r # O. In other words, the geometry of parallel discs requires no 
pressure gradient in the film yet to expel fluid from the film trapped between im- 
mobile interfaces there must be a pressure gradient (and one is used to predict dh/dO). 
Thus from a geometric viewpoint the value should be H = 1 yet from a fluid dynamical  
viewpoint the value should be H =  2. 

The pressure at the center of the film is given by 

Po = 27/r2 = k~/b (13) 

where r E = equal principal radii of curvature of the bulk interface at the center of the 
film and k is 2b/r 2. Chappelear  28 suggested that r 2 = 2b whereas some authors use 
r E = b. Substitution of the appropriate  information into eqn. (10) yields : 

dO - 2 ~ g b  5 h3 (14) 

and 

= o = - o ,  = h? 

TABLE 4 

FRANKEL AND MYSELS' MODEL (1962) 

Overall 
m a c r o s c o p i c  

h 
-~-,ra.=f vcdz 

0 

05) 

t--  

Q) 
U 
L 
0 
LL 

Bulk phase 

J Cont inui ty ] 

Mot ion l 

l o p  02Vr 
~Or 8z 2 

Microscopic 
In ter face 

p = -Tdeerh2 

i v~=O I 
/~'--o I - -~ 
~ _ _ /  
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As a sidenote, these equations can be solved for the boundary condition that either 
the drop or the bulk interface is mobile, called m = 1, i.e., say at z = 0, Oyr/~Z = O. 

The results are then: 

~ d h  _ 2 e h3  = ( 3 - m ~  ~ h3 (16) 
dO 3 /~ \ 3m / /~  

= ( ~ )  ( k ) 2  ()~A~2gb~) h3 (17) 

where m = number of immobile interfaces. For m = 2 we obtain eqn. (14). That is, the 
interfaces approach each other four times faster than if both interfaces are immobile. 

Frankel and Mysels a7 allowed for the curvature of the interface and used a 
Laplace type expression for the pressure distribution as shown in Table 4. Their 
results were calculated by computer and the answers are not easy to represent simply. 
They cite the results for thinning at the center and at the barrier ring to be: at the 
center : 

"C= 82--01=0.0027 (23 ~)\(/A ApT 2gbS"~) (Ap\~/gb 3 )2(lh~)2 (h~)11) (18) 
at the barrier ring : 

z = 0 2 - 0 1 = 0 . 0 6 0  2(~_~) (-gApgbs~{ 1 ~ -  ~ )~-(h~) 2 (h2)l t (19) 

A simplified two-dimensional analysis of pattern IV behavior has been given 
by Hodgson and Woods 11 for the set of equations shown in Table 5. They assume that 
the volume of the film trapped inside the barrier ring is stagnant with an equilibrium 
pressure of Pc = 27/r2. The fluid flows from the film for r > c because of a pressure 
gradient between a drop interface of radius r 3 and the flat bulk interface of radius r 2. 
The result is : 

and 

- d h  _ ~ hZ (20) 
dO 3/~ r 2 r 3 

z = O z - O i - 3 # r z r 3 ( ~ 2 7  h~) (21) 

Hodgson and Woods 11 suggested that reasonable values of the radii of curvature are: 
r 2 = 2b, r 3 = b. 

Burrill 12 later suggested, based on calculations of the three-dimensional inter- 
face shapes from a polynomial distribution of the pressure, that r z-- 4b and r 3 = b or 
Pc = 7/2b. (For the pressure at the center of the film, he found Po = 7lb.) 

The approach of a rigid sphere approaching a rigid interface has been approxi- 
mated by Charles and Mason 29 by the approach of a parabola of the same radius of 
curvature at the apex. The equations solved are summarized in Table 6. The result is : 

- dh 2 Apgbh 
dO 9 # 

(22) 
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TABLE 5 

HODGSON AND WOODS' MODEL (1969) 

Overall 

macroscopic 

h 

-5 o 

L o 

M ic roscopic 

Butk phase I n t e r f a c e  

J Con t i nu i t y  ] 

Mot ion  J 

I clp_ ~.~_~ ~____ 
jj ~- Oz z 
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r2 2G 
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i vx=O ~ 
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t J 

- - d h  7 h 2 
dO 3JJ r2 r 3 

3JJ ~2r3 
o2- ol ? 

h 2 h I 

TABLE 6 

RIGID PARABOLA (SPHERE) MODEL; CHARLES AND MASON (1960) 

Overal l  

macroscopic 

6 

8 o 
L 
0 
t ~  

M ic roscopic  
Bulk phase I n te r f ace  

J Con t inu i t y  J 

dVr +Vr +dVz = 0 
dc r dz 

Mo t i on  I 

jJ dc d z  2 

h=ho + p2 
2b 

vr= 0 ~ -  - - - ~  
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and 

9 ( ~ l n  hi (23) 
02-01 = ~ h 2 

Brenner 3° and Maude 31 have solved the problem for a sphere and for the region of 
interest, namely thin films, MacKay et al. 32 have shown that the approximation used 
in eqns. (22) and (23) is reasonable. 

An analysis that attempts to account for the effect of surfactant in the interface 
is based on the set of equations given in Table 7. This approach retains the assumptions 
of a parabolic radial pressure profile but allows for variation in h indirectly through 
the boundary Vr = U. The solution of this set of equations is an expression for the 
thickness of the film as a function of radial location : 

Oh 2 e eeRZh 4 
h a [ 2 -  exp ( -  n' h)] + - -  exp ( -  n' h) (24) 

~30 - 3 # 31~kl FR 

where n'= er2/2k 1 FR. The results were reported by Burril112 for Po = 7/b and for both 
H = I  a n d H = 2 .  
TABLE 7 

COUPLED PARALLEL DISCS MODEL; BURRILL A N D  WOODS (1971) 

Overall 
mac roscopJc 

R 

wg =52arpdr 
O 

c 0 
Cl 

E 
O 
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M ic roscopic 
Bulk phase  

J Continuity ] 

OVr Vr OVz =0 
Or * 7 -  + O---Z 

I nterfac e 

I Motion I P=PoP=P°2(p+2--1) ~dh =0 L//3°= -6- ~ 

1 d p ~%,- , u ~ z O-F 

7 -7~ -k'l' 
C o m p o n e n t  I 

balance ~/ 
8F 1 BFU r 
O0 r 8 r  

_   2 h312 e -ex° -nh t 
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2 k ' F  R 

- ~ R 2 h  4 exp (--nh) 
3 ~ k ' r .  
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If F R is small, then the equation becomes similar to the parallel discs model 
except that the pertinent expressions are 

Oh/~?O = - e h 3  / 6 1  ~ = - c~h 3 

~ ? h / 8 0  = - 4 o~h a 

O h ~ 8 0  = - 8 a h  a 

m = 2 both interfaces immobile 

m =  1 with one interface immobile 

drop interface mobile; bulk interface moves with 
U and F R --0 

A final example of how the equations might be linked together to describe film 
thinning is shown in Table 8. Details of this model and of the results are given by 
Burril112. 

TABLE 8 

EXPONENTIAL PRESSURE DISTRIBUTION MODEL; BURRILL AND WOODS (1971) 

O v e r a  II 

m a c r o s c o p i c  

-6 

icroscopic 
Bulk phase 

LCont  inuity J 
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4. COMPARISON OF THEORETICAL PREDICTIONS WITH DATA 

Ideally we want to be able to predict the shapes of the interfaces at any value 
of r and 0 for any physical system. If this proves too difficult, then we want to predict : 

- -  the rate of thinning of the barrier ring, 8 h c / 8 0 ,  

- -  the effect of the properties of the system on the rate of thinning of the barrier 
ring. 
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We can appreciate from the variety of mechanisms and drainage behavior that 
different models have to be used for different behavior. Furthermore,  it is realistic 
to compare data and theory only when we have some confidence that the mechanisms 
governing both are similar. 

As an expedient many  authors average their rest-time data and report dis- 
tributions of rest-times. This is usually done when the interface age, or alternatively 
the concentration at the interface, was not included as a control or measured variable. 
The averaging groups together data whose controlling mechanisms are most likely 
very different. For  this reason, such data should not be used to test mechanisms and 
models unless it is known that the mechanisms for the model and the data are the same. 

4.1. Prediction of the shapes of the interfaces 
For  pseudo-steady state conditions the shapes of the" interfaces can be cal- 

culated from two-dimensional light interference data following the method of Burrill 
and Woods 16. 

The relative shapes, or thickness profiles, for dynamic conditions calculated 
from the models in Tables 3 and 5 are not a function of r. F rom the data this is un- 
realistic. No evidence seems to have been reported of a comparison of the profiles 
predicted from the Frankel  and Mysels model, Table 4, and experimental data. 

The models described in Tables 7 and 8 should be applicable to all sym- 
metrical mechanisms but do not adequately predict the variations in thickness pro- 
files with time although they are an improvement  over the parallel discs model. 

The coupled model, Table 7, describes the formation of a dimple, and the shape 
and rate of formation is in good agreement with the data for anisole and toluene for 
one set of conditions. The prediction of the effects of interfacial concentration show 
the opposite trend to what is observed but the prediction of the effect of the height of 
arrest upon dimple formation shows the correct trend. The exponential pressure 
model, on the other hand, does not predict shapes that are reasonable. The effect of 
diffusion seems reasonable but, in general, the predicted rate of dimple deflation is too 

IO 

_o 

~1: 6 o 

~ 4 I 
o 

I-- ~ alle Disc~=~ m = 2 

i RicJid $?here / Plane .... o s oods 
In te r face model  H o d g s o n / W o o d s  o modet m == ! 

0 | I I r~odet, ml= I I I 
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e Elapsed Time/s 
Fig. 6. Comparison of film thinning models with typical data for barrier ring thinning, toluene in water 
with 0.005 ml drop. h 0 = 1 x 10 -4 cm for all models except the model of Frankel and Mysels. 
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large. Even for the viscous system, the predicted rate of thinning is about 100 times 
too fast. A redeeming feature of the equations used in this model is that a term-by- 
term analysis of the equations suggests that if the film thinning is dictated by behavior 
at or within the barrier ring then eqn. (14) is likely to dominate whereas eqn. (20) 
becomes dominant if the thinning is dictated by the fluid dynamics beyond the 
barrier ring. 
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Fig. 7. Compar ison of film thinning models with typical data for barrier ring thinning, anisole/water with 
ho = 3 x 10 -4  cm for all models except h o = oo for parallel discs. Drop volume 0.020 ml ; 10 .-4 g 1 i SLS + 
0.05 N KC1; ( x )  t = 1 1  min;  (O) t = 1 9  rain; ( 0 )  t = 2 0  min. 
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Fig. 8. Compar ison  of the coupled model (Table 7) with barrier ring thinning data for toluene/water. Drop  
volume 0.005 ml with PD = 7/b = 330 m N  m -  1 and  h o = 1.0 x 10- 4 cm. ( ) Calculated from eqn. (24) for 
different values of k'FR and H. 

Fig. 9. Compar i son  of the coupled model (Table 7) with barrier ring thinning data  for anisole/water with drop 
volume 0.020 ml for PD = 7/b = 120 m N  m -  t and h o = 3.0 x 10 -4 cm. ( - - )  Calcd. from eqn. (24) for different 
values for k' F R and H. 
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4.2. Prediction of the rate of thinning at the barrier ring 
A comparison of the models and data where the even drainage mechanism or 

simultaneous even drainage and dimple formation mechanisms dominate is shown in 
Figs. 6 4 .  It is important  that the theories agree with the data until a thickness of 
about 500A for most oil-water systems. At this thickness rupture occurs, and the 
theory of Vrij and Overbeek 1° can be used to predict this phenomena for each specific 
problem. Thus models are sought that predict a continuing decrease in thickness. 
Agreement between the theory and the data is better for the toluene-water system than 
for the anisole-water system. 

4.3. Prediction of the effect of the variables on rest-times 
The effect of diameter and the physical properties has been studied by many 

workers. The effect of temperature has not received much attention. Jeffreys and 
Hawksley 33 studied the effect of temperature on the half-life of distributions of rest 
times and Lawson 34 suggested that the effect could adequately be described by the 
effect of temperature on the physical properties. No mechanism for film thinning was 
identified. The wide scatter of their data suggests that either the data that are averaged 
are controlled by different mechanisms or that there is mixed surfactant at the inter- 
face and uneven drainage controls. 

No work seems to have been reported on the effect of temperature on even 
thinning. Consider first the effect of diameter. Table 9 shows values of the exponent n 
for the equation 

z ~- fib" (25) 

T A B L E  9 

D E P E N D E N C E  O F  R E S T - T I M E  O N  D R O P  R A D I U S ,  z~-flb" B A S E D  O N  O B S E R V E D  D A T A  

Oil/water system Diameter range/cm n 

Even drainage Uneven drainage 

Aniso le /wa te r  0.10614).1682 1.1 2.4 1.6 2.5 
C A / w a t e r  0.0842~). 1340 - -  0.6 
Cyc lohexano l /wa te r  0.0457~).0620 1.9 2.9 

T A B L E  10 

C O M P A R I S O N  OF P R E D I C T E D  A N D  O B S E R V E D  R E S T - T I M E S  B A S E D  O N  T O L U E N E -  
W A T E R ,  E V E N  D R A I N A G E  W I T H  10 6 g 1-1 SLS and  t = 5 rain 

Oil/water system b/cm m Zobs./S Hodgson-Woods model Parallel disc model 

.fpred./S O o &f f .  27pred,/S o{ diff. 

Toluene /wa te r  0.1061 1 8 - -  - -  - -  
An i so le /wa te r  0.1682 1 28 34 + 2 2  17 - 3 9  
C A / w a t e r  0.0842 1 5 6.4 + 28 1.5 - 70 
Cyc lohexano l /wa t e r  0.0620 2 90 97 + 8 33 - 64 

J. Electroanal. Chem., 37 (1972) 



212 D. R. WOODS, K. A. BURRILL 

when even drainage or even drainage with simultaneous dimple formation occur. 
Theoretical values of n = 1, 2 or 5 are predicted by the rigid sphere, Hodgson 

and Woods or the parallel discs models respectively. These data suggest that the ex- 
ponent is close to 2. 

For  the effect of physical properties of density difference and surface tension 
for low viscosity oil-water systems (and only for limited data for viscous oil phase, 
non-viscous film) Burril112 has shown that the two models, the parallel discs and 
Hodgson and Woods, bracket the actual data for even drainage. These results are 
shown in Table 10 where the toluene-water data are taken as base data and the rest- 
times for the three other systems are calculated from them. 

ACKNOWLEDGEMENTS 

The original research summarized in this paper was financed by the National 
Research Council of Canada. This paper was written while D. R. Woods was on a leave 
of absence from McMaster University and at the van 't Hoff  Laborator ium in 
Utrecht. D. R. Woods was financially supported by a C. D. Howe Memorial Fellow- 
ship. 

SUMMARY 

Recent work on the film thinning behavior during the coalescence of oil drops 
in water is summarized. In the experimental work, color movies were taken of the 
light interference patterns produced by the thin film of water trapped between the 
rising drop and the bulk oil phase. The drops were relatively small (0.2-0.32 cm diam.); 
sufficient KC1 was added to minimize double layer repulsion. Concentrations of 
10-6_10 2 g 1-1 of sodium lauryl sulfate were used. The oils used were toluene, 
anisole, cyclohexanol and a mixture of anisole and cyclohexane. 

Five different patterns of film behavior were observed. The mechanisms to 
explain these patterns are based on concepts of dynamic immobility (when the distri- 
bution of surfactant along the interface gives an interfacial tension gradient that every- 
where balances the interfacial shear stress) and of steric immobility. The mechanisms 
include rapid approach (when both interfaces are mobile), dimple formation (when the 
interfacial tension gradient exceeds the interfacial shear stress), even drainage (when 
the interfaces are dynamically or sterically immobile) and uneven drainage (when 
there is local mobility). Reasons for uneven drainage are discussed. 

The different theoretical models developed to describe film thinning are re- 
viewed. The emphasis is on the assumptions and the relationship between the equa- 
tions describing flow in the film and those describing surface behavior. 

The predictions of the different models are compared but the emphasis is on 
the success of more recent models based on the above mentioned mechanisms to 
describe symmetrical film drainage. 
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