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The existence is shown of bound complexes of three magnons in a two-dimensional simple 
cubic Heisenberg ferromagnet. The Heisenberg spin hamiltonian is replaced by Dyson’s boson 
hamiltonian. The spurious features of this hamiltonian are treated explicitly. Using Faddeev’s 
formalism, detailed calculations of the three-magnon bound state energy curves have been per- 
formed both for the isotropic and the longitudinally anisotropic ferromagnet. Attention is paid 
to the possibility of observing these three-magnon bound states experimentally. 

1. Introduction 

Some years ago bound complexes of excitations have been observed in a one- 

dimensional magnetic system1,2). In view of this it is interesting to study the pos- 

sibility of their occurrence in higher dimensional systems. For these systems it is 

more difficult in general to support bound states as has already been pointed out 

by Dyson3). The existence of two-magnon bound states in two- and three-dimen- 

sional Heisenberg ferromagnets has extensively been treated by Wortis4) and 

Hanus’). On the other hand nothing is known about the case of more than two 

magnons except in one dimension. There is Bethe’s complete solution for the 

isotropic case6), Gochev’s solution of the longitudinally anisotropic case’), the 

onset of treating the three-magnon bound state problem by means of Faddeev’s 

formalism by Majumdarsvg) and a perturbation scheme to treat the two- and 

three-magnon problem including transverse anisotropy by Fogedby’O). 

In this paper we present results showing that in two-dimensional systems, a 

large variety of which are available these daysll), bound states of three magnons 

exist. The most promising technique to observe bound states, that of analyzing 

the far infrared absorption spectra of such systems, only detects excitations that 

have a total momentum of approximately zero’). In the isotropic ferromagnet, 

however, three-magnon bound states turn out to exist only in the far corner of 
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the Brillouin zone. Since in the well-known one-dimensional cases the presence of 

longitudinal anisotropy favours the existence of bound states with lower total 

momentum, such anisotropy is included in our investigations. We find that if the 

anisotropy is greater than some critical value, three-magnon bound states of 

total momentum zero exist in the Heisenberg ferromagnet, and should therefore 

be observable in principle. Because the interaction that is responsible for the for- 

mation of bound states, becomes weaker if the magnetic moment of all ions is 

increased, we have only studied the case of spin one halt, since the binding ener- 

gies of bound states will be most pronounced in this case. 

The organization of this paper is as follows. In the next section the integral 

equations, resulting from the application of Faddeev’s formalism for the Dyson 

hamiltonian HD are formulated and important symmetry properties will be dis- 

cussed. The relatively simpler appearance of these equations, compared to those 

obtained from the Heisenberg spin hamiltonian H,, has to be paid for by the 

presence of spurious dynamical features caused by the non-hermiticity and boson 

character of H,, . Analytic solution of the complete spectrum of HD in one dimen- 

sion12) learned that even spurious bound states can exist in the bound state regime 

of physical states. Fortunately the spurious part of the spectrum of H,, may be 

determined directly from the Schriidinger equation also in two dimensions. This 

will be the subject of section 3. 

Then we a.re in a position to calculate all bound state energies from the Faddeev 

equations and decide whether they belong to physical or unphysical states. In 

section 4 the isotropic case will be treated, and the mere existence of bound com- 

plexes of three spin deviations w>ll be established. In section 5 we shall investigate 

the behaviour of the bound states as a function of longitudinal anisotropy. 

The discussions in section 4 and 5 are confined to the situation where the total 

momentum P is in the (1, 1) direction. In section 6 the results are extended to the 

case where P in general is not in the (1, I) direction. Finally in the last section 

the possibility of experimentally observing these bound complexes is discussed. 

2. The Faddeev equations 

For definiteness, let us consider a two-dimensional simple cubic lattice of a 

large number N of spins + with distance 1 = 1 between neighbouring spins. The 

spins interact through nearest neighbour ferromagnetic exchange and longitudinal 

anisotropy is taken into account: 

J; = J> 0, J, = J,, = GJ (0 < G < 1). 

The hamiltonian is therefore : 

Hs = -+Jx 2 [s;s;+~ + G (.~j;s,~+~ + ,s;.~;y+~)]. 
i A 

(2.1) 
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The operator ii = &N + Ci$ which gives the number of spin deviations from the 

totally aligned ground state IO) (E = 0) commutes with Hs. One may therefore 

search for all energy eigenvalues within subspaces of states with definite E. The 

problem of finding all bound state energies for E = 2 has been solved exten- 

sively 4,5,13). We shall here be concerned with the determination of all bound states 

for E = 3 from the properties of the T-matrix. 

In the case of E = 3, integral equations for the T-matrix elements may be for- 

mulated within the framework of the Faddeev formalism14). However, taking Hs 

as a starting point for the derivation, one finds rather cumbersome equations 

owing to the restriction that only one spin deviation can occur at each lattice 

site. Therefore, in spite of the fact that the spin operators do not satisfy a definite 

boson or fermion statistics, Hs is replaced by the well-known Dyson hamilto- 

nian”) 

HD = +JC 1 [a’ai - a+aia,Z+dai+d - 0afai.A + aa’a,?+,a?], 
i A 

(2.2) 

where a,? and a: are creation and annihilation operators of bosons at site i. 

Formally HD can be obtained from eq. (2.1) by performing the Dyson-Maleev 

transformation15) to the spin operators <: 

s,? = ai, s,: = a; - ai+aiai, sf = -4 + ai+ai. 

As is well-known, this substitution rule is in accordance with the commutation 

rules for the spin operators, but violates the hermitean character of Hs. In the 

boson space the presence of one boson at site i is the analogue of one spin devia- 

tion at site i in real space. In the following the bosons will often loosely be called 

spin deviations. The number operator IZ = X;$ai, the analogue of E, commutes 

with HD, so one may search for all eigenvalues of HD within subspaces of definite n. 

As shown by Dyson, the complete spectrum of Hs is a subset of the spectrum of 

H,, so that in principle we may use H,, as starting hamiltonian. 

Let us now consider the equations for the T-matrix elements between states 

with three spin deviations. In the site representation the totally symmetric states 

are given by 

bhv3) = an$4T$n~ IO> 

with normalization 

(2.3a) 

(2.3b) 

and completeness relation 

tl:*, I n,n2n3> hv3l = 1. 
all 

(2.3~) 
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In momentum space totally symmetric three-magnon states are defined by 

” g”, exp (ik lnl + ik,n, + ik,n,) a~a,:c~~~ IO), (2.4) 
1 
all 

where k, , kZ, k3 are the momenta of individual magnons, each of which is con- 

fined to the first Brillouin zone. These states obey normalization and completeness 

relations similar to (2.3b) and (2.3~). 

The matrix elements of H,, between three-magnon states may be obtained from 

(2.2) by straightforward calculation, using (2.4) and the commutation rules for 

the creation and annihilation operators. There is a diagonal part 

(klk2k3( HF’ Ik;k;k;) = Ji c (1 -0 cos kid) (k,k,k3 1 k;k;k;) (2.5) 
i=l n=x.y 

and a non-diagonal part 

(k,kksl v Ik;k&‘d 

= -@J/N) h.$ i f cos pj - A (cos p: * A - CT cos (Ki’ * A/2)) hK,,, q, 
, . 

(2.6) 

P-k, +kz+k3; K, =k, i-k,? ~1 = 3 (k, - W; 

Kz = (k, + &I, PZ = t&j - k,); 

Kx=k, +k,, ~3 = 1 (k, - &I, 

cl = .Y, y are the two directions along the lattice sites. The non-diagonal part re- 

presents a two-body attractive interaction between magnons of momentum ki and 

energy J S,=,,, (1 - 0 cos kid). Because of the separability of this interaction 

with respect to incoming and outgoing momenta, one can easily show that the 

three-magnon T-matrix elements have the following structure 

0.7) 
i=l d=x,y 

where E represents the energy, LX all parameters characterizing the incoming state. 

Application of the Faddeev formalism to the three-magnon bound state problem 

leads to a set of coupled integral equations in two continuous variables for the 

functions ~2’ and c~:,~) 8 ). For completeness, a derivation of these equations is 

given in appendix I. In view of the total symmetry of the T-matrix (2.7) one readily 

can convince oneself that the functions 97:) are identically the same. Similarly we 

only have one function cp:). Hence the three-body equations simplify to a coupled 

set of integral equations for two functions pX and cp,,. In the following we shall 
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explicitly indicate the dependence on all variables and parameters relevant to the 

present discussion and omit all others for convenience. In order to write the 

equations in a clear manner, we introduce the following expressions (see appen- 

dix I) 

NW,, K,, K:, KY; P,, P,) 

= [3 - +E - +a (cos (PX - K,) + cos (P, - K,)) 

- u cos +K, cos (P, - K; - +K,) - o cos +K, cos (P,, - K; - +K,J]- I, 

Fi (Kx, Ky, K:, KJ; 9,, Py) 

Fjz,yCij (Kx, K,> (COS (Pj - Kj’ - $Kj) - CT COS SKj) 

x N(K,, K,, K:, K:; p,p,) (i = x, y). 

The functions cij containing the information of the two-magnon T-matrix, are 

discussed in appendix I. They obey the important symmetry property 

Cij (Kx, KY) = CZ~ (KY, KX) (2.8) 

in which i(j) = y if i(j) = X; i(j) = x if i(j) = y. Furthermore if we define 

=~Fi(K,.K,,K:,K;;P,P,,)COS(K,--qi+jK;) (i=x,y;j=x,y), 

(2.9) 

then the Faddeev equations read 

= jjdKb% W,, K, KY, K, K;; P,, P,) qX UC;, K;; P,, PY) 
-n 

+ x,, (K,, K,, K;,K;; p,, p,J qr (K:, K;; P,, P,)]. (2.10b) 
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From (2.8) and (2.9) the following symmetry properties are evident: 

where the indices T,j have the meaning explained below (2.8). Introducing these 

properties of Yij into (2.10) one observes that the solutions qX and y-Y fall into 

two symmetry classes S, and A0 respectively defined by 

So: ox Kx, 4; f’x, f’,J = ~,a (Ky, K,; P,, PJ, (2.12a) 

(2.12b) 

The existence of such symmetries represents a special feature of the cubic struc- 

ture of the reciprocal lattice. In one special situation eqs. (2.10) can be simplified 

further. Namely, in the (1, 1) direction, i.e. P, = P,,, = P, eqs. (2.12) relate v.\- 

and qr at the same value of total momentum P; in this case the integral equations 

are decoupled into equations for qX and Q’~ alone 

(/x (Kx, K,; P, El = ;jdK; dK; [Lxxx (K-x, KY, K:, K,:; P, E) 
--x 

-t x,,(K, K,., K;, K:;P, E)] ry, (K;,K;; P,E), (2.13) 

where the positive sign in the kernel corresponds to &-solutions, and the nega- 

tive sign to A,,-solutions. Similar equations hold for ql,,. 

3. Unphysical states 

In general no analytic solutions for the bound state energies can be found for 

equations (2.13). However, various successful numerical methods may be employed 

to determine the location of three-magnon bound states. These methods will be 

described in detail in the next section, where the first numerical results are given. 

The Faddeev equations may be examined analytically somewhat further, parti- 

cularly with respect to the lsing limit. Since this mainly serves as check on the 

numerical results, it will be presented together with the calculations. We first turn 

to the evaluation of the unphysical states. 

Since the equations of the previous section have been formulated on the basis 

of the Dyson hamiltonian, they have also solutions corresponding to unphysical 

states. The energy spectrum of these states can be determined directly from the 

SchrGdinger equation. These results allow us to discriminate between the phy- 

sical and unphysical states which are found from the Faddeev equations. Let a 
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general state with three spin deviations be given as 

The Schrodinger equations for the amplitudes Q,~,~,,~ in a two-dimensional square 

lattice are given by 

Here we have put J = 1, as will be done from now on. These are easily obtained 

by straightforward calculation of 

For physical states it is not convenient to treat eqs. (3.2) any further. However, 

for unphysical states a tremendous simplification occurs since all physical ampli- 

tudes a”,+ (nr f n2 # n3 # n,) are zero by definition. The general equation for 

all kInIn of unphysical states is therefore 

+ c hn,,n,+A (uunlnlnl + u”n,n3n3 - 2un,n,n,> (3.3) 
d 

or considering the different cases, putting all physical amplitudes that may occur 

equal to zero, and denoting 

U n,n,n3 as c,,M, we find 

(E - 6) cnl(nJ + fo C c,,~ (n3 + A) = 0 
A 

(3.4a) 

if n3 is no neighbour of n, . 
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if n3 = n, + A’, A’ being a nearest neighbour vector of n, . 

(E - 6) c,Jn,) + 30 1 c”, (n, + A) = 0 
4 

if n3 = n, . 

In view of translational symmetry the general form of the solution to eqs. (3.4) 

is given by 

where P is the total momentum of the complex, the possible values of which are 

determined by periodic boundary conditions. Putting a = E - 6 and b = E - 4 

we obtain from eqs. (3.4) 

ay (1% - nl I> + $0 F y (In3 - n, + Al) = 0, (3Sa) 

by WI> - q’ (0) + +G c y (IA’ + Al) = 0, 
4 

(3Sb) 

aY (0) + $0 c y(M) = 0. (3Sc) 
A 

From these equations the energy eigenvalues of all unphysical states follow, and 

since the total momentum P does not occur in the equations, all these energies 

are independent of P. This important property was also found to be valid in 

one dimension12). 

TABLE I 

The energies E,, , E,,, EB3 of the unphysical bound 
states at u = 1 in a finite square lattice of N2 spins 

with periodic boundary conditions. (See also ref. 26.) 

[Nx Nl E BI>& E R3 

5x.5 3.6501 3.8193 

6x6 3.6214 3.8399 

7x7 3.6121 3.8473 

8X8 3.6088 3.8502 

9x9 3.6076 3.8515 

10 x 10 3.6071 3.8521 

The position of the energy levels may be obtained numerically by considering 

a finite lattice with periodic boundary conditions. One calculates the eigenvalues 

& of the homogeneous system of equations (3.5) as a function of energy. Each 

E:” with 3,,(E,“‘) = 0 corresponds to an energy level of the system. Two of the 

obtained eigenvalues are complex, which is caused by the non-hermiticity of H,, 
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most of the others give rise to the continuum of unphysical scattering states for 

N-+ co, representing the scattering of one magnon of energy CiZX, ,, (1 - cs cos kJ 

from the unphysical two-magnon bound state at E = 4. As a result this continuum 

ranges from 6 - 20 to 6 + 20. The zeros of four of the eigenvalues are below 

the bottom of this continuum, thus being unphysical bound states of the system. 

Fig. 1. Unphysical bound state curves as a function of anisotropy u. The shaded line indicates 
the bottom of the unphysical continuum, the dashed line that of the physical continuum. The 

energy is given in units of J. 

On increasing the number of spins in the lattice, there is rapid convergence in the 

position of these levels as shown in table I for the bound state energies at cr = 1. 

In fig. 1 the bound state energies are shown as a function of c together with the 

bottom of the band of unphysical scattering states. The lowest level is doubly de- 

generate for all values of 0, which can be understood from symmetries to be dis- 

cussed in section 5. The dashed curve indicates part of the bottom of the band of 

physical three-magnon states at P, = Py = z (a special case that we shall study 

later). To the left of this curve the unphysical bound states enter the bound state 

regime of physical states at P, = P,, = n. In the Ising limit, G --f 0, there is a 

fourfold degenerate level at E = 4, corresponding to the four eigenstates lyd> 

=e iP.n In, n, n + d) at E = 4 in that limit. 

4. The isotropic case 

In this section we consider the isotropic case, G = 1, and confine our attention 

to states with total momentum in the (1, 1) direction. Some of the results of this 

section have already appeared in a letter16). In this case the existence of three- 
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magnon bound states may be investigated by determining numerically whether 

equations (2.13) allow for solutions at real values of the energy parameter E below 

the bottom of the band of three-magnon scattering states. The results are sum- 

marized in fig. 2. One sees that three-magnon bound states, represented by solid 

lines, indeed exist, if the total momentum variable P = P, = Ps is large enough. 

Fig. 2. The energy E of three-magnon bound states in the (1, I) direction (solid lines) as a func- 
tion of total momentum P at 0 = I. The bottom of the band is indicated by a shaded line. 

The shaded line indicates the bottom of the band of states in which one free 

magnon is scattered by a two-magnon bound state (see appendix II). In table 11 

the calculated energies and binding energies (within parentheses) at P = T; of all 

bound states are given, together with their symmetry as defined by eqs. (2.12). 

TABLEII 

The energy in units of J for the bound states at D = 1 
and P, = P, = ic. The symmetry of the states is indi- 
cated according to the notation of eqs. (2.12). The 
errors in the numbers are estimated to be a few parts 

of a percent. 
.___- 

Level Symmetry Energy 
(binding energy) 

El SO 2.53 (0.40) 

Ez SO 2.76 (0.17) 
4 &I 2.83 (0.10) 
4 SO 2.83 (0.10) 
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E3 and E4 are exactly degenerate at P = x, a property that will be proved ana- 

lytically for this level at all values of IJ in the next section. For P 5 pi the degen- 

eracy is lifted, but the actual splitting of the levels in their range of existence is 

too small to be drawn in the figure. According to table I all states are physical 

bound states. Notice that only a small part of the Brillouin zone has been shown 

in fig. 2, and that all bound states lie in the corner of the zone. As a consequence 

there is little hope to find the three-magnon bound states experimentally in an 

isotropic Heisenberg ferromagnet. 

Let us now describe in some detail the numerical methods that lead to these 

results. In all the methods gaussian quadratures have been employed with up to 

16 meshpoints in each variable. By varying the number of meshpoints the nume- 

rical error was estimated to be less than 0.5 %. 

The first method consists of determining the zeros of det (1 - K) where K is 

the kernel of the integral equation. In most calculations, however, a different 

method has been used, namely all eigenvalues and eigenvectors of K have been 

determined. The bound state energies are then simply found from the eigenvhlues 

ii(E) = 1. This method has the advantage of allowing us for a classification of 

the bound state energies according to the symmetries of the corresponding eigen- 

vectors. In the cases that both methods have been used agreement was found. 

In practice the above methods can only be used if the matrices involved are of 

limited size. In particular, for the calculations with the total momentum not in 

the (1, 1) direction the matrices become too large to be dealt with by the above 

techniques. In this case the method was used of calculating the pade approximants 

to p^X and p,,. Adding the inhomogeneous term to eqs. (2.10) [see appendix I, 

eq. (I. 1 I)], one formally obtains the following equations. 

p, (4 E) = cp:” + 1. {X,,(E) y, (%, E) + X,,(E) ‘p,, (%, E)}, (4.1) 

where we have introduced for convenience a complex parameter 3, in front of the 

kernels of the integral equations. Of course 3L = 1 in actual calculations. By 

iterating eqs. (4.1) and (4.2) one obtains perturbation expansions for pX and c/?, 

which are generally not converging 

q’.r (it, E) = c 1,“cyy (E), 
” 

(4.3a) 

(4.3b) 

One can, however, calculate the diagonal [N, N] PadC approximants in i, to cpx 

and c/‘,., given by 

#“‘(1, E) = P;"'(il, E)/Q;"'(A, E) (i = x, Y), 
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where PiN’ and Qj”’ are Nth order polynomials in A, the coefficients of which can 

be determined from 9;:’ and c$‘. One knows17) that 

lim PI”’ N1 (A E) = p?i (2, E) (i = x, L’). 
N-n 

The coefficients ply’ and pp’ of eqs. (4.3) may readily be calculated by successive 

iteration of equation (2.10). The important question with respect to the appli- 

cability of the method is whether the Pad6 approximants converge fast enough to 

their values 9;!“% =I, otherwise too many iterations have to be performed. For 

our problem the rate of convergence is reasonable and generally a [9, 91 approxi- 

mant is sufficient to obtain convergence. From the poles of the Padt approximants 

in the energy variable, the bound state energies follow again. In this way these 

energies were explicitly calculated in the (1, 1) direction, and the results of table II 

are reaffirmed, which demonstrates the applicability of the method. Finally we 

mention a property that may be very useful sometimes. The expansion coefficients 

of eqs. (4.3) obey the relation’8). 

l im d”“‘(E) _ 1 
Il+cr y!“)(E) i,,(E) ’ (4.4) 

where A,(E) is the pole of 40~ (A, E) closest to the origin of the ii-plane. By deter- 

mining E, such that &(Eo) = I, the physical value of ?., one has obtained the 

state with lowest possible energy E,, in this case the lowest lying three-magnon 

bound state. By applying (4.4) one may therefore rigorously confine the area where 

one has to search for bound states with one of the described methods. 

5. The anisotropic case 

Since experimental observation of three-magnon bound states seems hardly 

conceivable for the isotropic ferromagnet, we now consider the properties of 

bound states when longitudinal anisotropy, 0 G G < 1, is taken into account. 

Let us first discuss the Ising limit. One has for every value of the total momentum 

P one level of six states of type eiPen In, n -I- do, n + A,) at energy E = 4. Here 

A0 and A, are different nearest neighbour vectors of site n. It is to be expected 

that these states represent the three-magnon bound states in this limit. Further- 

more we have a large number of states eiP”’ (nn + Am), where m is no neighbour 

of n or n + A, which represent the band of states of two bound magnons and 

one free magnon collapsed into one highly degenerate level at E = 5. From these 

considerations and the results on the isotropic case one may beforehand guess 

what happens in the range 0 < 0 < 1. We expect the binding energy of bound 

states to increase as u decreases. Furthermore it is expected that, when CJ decreases, 
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gradually more bound states will exist down to P = 0, since for 6 = 0 six bound 

states exist at P = 0. Finally one may conjecture that two bound states have to 

emerge from the continuum at some values of 5, because there is a sixfold de- 

generate level in the Ising limit and only four bound states in the isotropic case. 

After this qualitative discussion we now present our results on the (1, 1) direction. 

In obtaining the bulk of these results we used the second numerical method de- 

scribed in section 4. However, to feel sure of its applicability over the whole range 
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Fig. 3. All energies of three-magnon bound states (physical ones indicated by Ei, unphysical 
ones by Vi) in the (1, 1) direction at P = x as a function of u. The shaded line indicates the 

bottom of the band. 
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of values of CT, we compared the results at G = 0.10, 0.25 and 0.50 with those ob- 

tained from Padt approximants, and found excellent agreement. In order not to 

digress from our main results, we shall give an account of calculations on the 

band structures appearing in the figures in appendix Il. 

5. I. Results at P = pi 

Let us first look at that point of the first Brillouin zone where the presence of 

bound states is expected to be most prominent, i.e., P = P, = P, = ;5. In fig. 3 

the bound state energies are shown as a function of 0. The shaded line corresponds 

to the bottom of the three-magnon band. At G = 1 we have the bound state ener- 

gies of table II. From our analysis ot section 3 we know that the dashed bound 

state curves of fig. 3 correspond to unphysical bound states. The fact that there 

is complete agreement with the results of section 3 - also the degeneracy of U, 

and U2 is tound numerically - is an important check on the correctness of our 

calculations. It should be noted from fig. 3 that the bottom of the band is given 

by a straight line up to (r = 0.8 (see appendix II). As we already conjectured, the 

binding energy of all bound states increases as c decreases, and the levels E5 and 

E6, which are not present at o = I, branch off from the continuum at 0 z 1 and 

c 2 0.4, respectively. In the Ising limit the bound states form a tenfold degenerate 

level of six physical states, mentioned at the beginning of this section, and four 

unphysical states discussed at the end of section 3. Moreover, one may perform 

simple perturbation theory on Ho = -$EjX;n.sfs~+,, with V = -_12~X~?;~ ($s~+~ 

+ spsi’,,) as a perturbation, for the sixfold degenerate level of physical states. 

As a result one finds that two energies shift like 4 + CT and 4 - o respectively, 

while the other four are not affected in lowest order. The calculated results are 

in agreement with this fact. 

Let us now examine the integralequations closer, to see whether more symmetries 

are present at P = T: than those discussed in section 2. We write the equations 

for c/‘, explicitly at P = x: 

y, (x’, J,‘) = J- 
2+ JJ ds d?l ([c,, (cos (x + t-x’) + /ix, + cx,. (cos ( y + &I*‘) + /$.>] 

--* 

x (t + px cos (x + )x’) + p, cos (J’ + ;_v’>)- ‘) 

x (cos (x’ + $.x-j y:, (x, J) I cos (J,’ + iJ1) yx (y, x)} . (5.1) 

We have put s, J’ instead of K,, KY etc., px = o cos ~‘12, /?,, = 0 cos J-I/~, t = 3 
- E/2 + o/2 (cos x’ + cos y’). The positive sign applies to $-symmetry: qx(x,~) 

= yY (j,, x), the negative sign to A,-symmetry: px (s, ~1) = --yy (_r, x). We note 

from the definition of ,3X, /j, and (1.3-5) that cij (x, J) = cij (-X, -y). lt is then 
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easy to see from (5.1), by changing the integration variable Y into --x and 4’ into 

-y, that both SO- and A,-solutions fall into two classes S, and A, : 

s, : TX C-G Y) = y, (-x, -y), (5.2a) 

A,: ~xk.4 = -~?x C-x, -Y>. (5.2b) 

Furthermore eqs. (5.1) allow solutions of SO, S1 and AO, S, type to have the fol- 

lowing symmetry in each of the variables 

sz : %.(X,Y) = %(-x2.Y) = $%(x, -y>, (5.3a) 

A,: -(TX? (x, v) = plX (--x, v) = PX Cx, -v). (5.3b) 

Solutions of SO, A, and AO, A1 type do not have such symmetries. However, if 

there exists a solution of SO, A, type, then one may readily convince oneself from 

(5.1) by changing the integration variables appropriately that at the same energy 

we also have a solution of A,, A, symmetry given by 

$$.*I) (x, y) = @.A,) (-x, 4’). (5.4) 

From fig. 3 one sees that indeed two such twofold degenerate levels exist. In each 

level equality in eight decimals was obtained for the energies of both states, which 

is convincing enough to establish exact degeneracy. Since also the eigenvectors 

have been calculated, we may classify all bound state energies according to the 

symmetries (2.12) and (5.2)-(5.3) of the corresponding eigenfunctions (see tableII1). 

TABLE III 

The symmetriesasdefined by eqs. (2.12), (5.2) and (5.3) of all states correspond- 
ing to the energies of fig. 3. The solutions qx and qY to the Faddeev equation 

at (T = 0, which can be obtained analytically, are also given. 

Level Symmetry 

So SI AZ 
so Sl sz 
Ao AI 
So AI 
Ao SI SL 
Ao AI 
So AI 
Ao SI Sz 
so Sl s2 
so Sl s2 

sin (+x) sin (y) 
cos (3x/2) 
-sin (+x + y) 
sin ($x - JJ) 
cos (3x/2) 
-sin (+x) 
sin (+x) 

cos ($4 
cos (‘rx) 
cos (+x) cos (y) 

sin (3,~) sin (x) 

cos (3~12) 
sin (+y + x) 
sin (+y - x) 
- cos (3~/2) 

sin (3~) 
sin (tv) 
- cos (3.Y) 

cos (fu) 
cos @y) cos (x) 
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This classification constitutes another important check on the reliability of our 

numerical results. It holds for all G. For P < x, however, the properties (5.2)-(5.4) 

break down, in particular E, and E4 are not degenerate anymore as can be seen 

from figs. 4 and 5. 

G=.50 

i,5L1 
0 1.0 2.0 --+p 7I 

Fig. 4 

u=.25 

4.5- 

E 

3.7: /-f---q 
I 

3.51 
0 

1 

1 
1.0 2.0 -p TT 

Fig. 5 

Fig. 4. All three-magnon bound state energy curves in the (1, 1) direction as a function of P at 
u = 0.50. The shaded line represents the bottom of the band. 

Fig. 5. The same as fig. 4, except that 0 = 0.25. 

5.2. Resultsfor P < x 

In order to discuss the behaviour of three-magnon bound state energies as a 

function of total momentum at various values of U, we have calculated all bound 

state energies in the range 0 < P < T: for two typical values of G, namely G = 0.25 

and CT = 0.50. The results are shown in figs. 4 and 5. The shaded lines indicate 

the position of the bottom of the three-magnon band (see appendix II). The figu- 

res show that the binding energy of each bound state increases, at any value of P 

where it exists, as u decreases. Quite on line with this effect, bound states exist at 

lower values of P if 0 becomes smaller, and thus gradually more bound states 

exist down to P = 0. 
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At G = 0.50 this is the case for the lowest lying state, at c = 0.25 already all 

bound states exist at P = 0. From an experimental point of view this means that 

in these cases bound states become measurable in principle, since all conceivable 

experimental techniques probe the region P z 0. Therefore in fig. 6 the binding 

energy at P = 0 as a function of G has been drawn. We see that only in materials 

where (T is well below 0.55 there is any hope of measuring three-magnon bound 

states. The behaviour of bound states in other directions than the (1, 1) direction 

does not affect this conclusion, as we shall see in the next section. The shaded area 

in fig. 6 indicates the region in which all other binding energies occur, they have 

0 
0 0.2 04 0.6 +a 

Fig. 6. Binding energy at P = 0 as a function of (T of the lowest lying bound state (curve) and 
of all other bound states (shaded area). 

not been calculated precisely for every individual bound state. From figs. 4 and 5 

we see further that all physical bound states show dispersion, and that the degree 

of dispersion decreases with 0 such that in the Ising limit no dispersion is left and 

E = 4 at all values of P. The unphysical states, however, are found to be disper- 

sionless, as they should be according to our results of section 3, and Ut and U, 

are exactly degenerate at all values of P. 

6. Bound states in different directions 

Let us now investigate the existence of bound states that do not have their total 

momentum in the (1, 1) direction, P, # P,,. In this case the bound state energies 

have to be determined from Padt approximants, as described in section 4, since 

the previously applied method cannot be used because of the size of the resulting 

matrices. In as far as we are interested only in the rather qualitative aspects of the 

behavibur of bound states in different directions, we shall only consider the lowest 

lying bound state energy for which results may be obtained very economically by 

means of (4.4). 
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I) In fig. 7 we have drawn the resulting bound state spectrum for G = I at 
P,, = sP, = ,aP as a function of P for x =: 0.90. To clarify what happens the 

bottom of the band together with the lowest bound state energy curve has been 

drawn for Y = I (dashed lines). As one sees, in taking the direction I = 0.90 

the bottom of the bands drops considerably while the change in the bound state 

energies in the neighbourhood of P = ;: is relatively small. Consequently the 

binding energy at each value of P is smaller for 3 = 0.90 than for n = 1. E3 and 

E4 have already disappeared. We might conjecture that further away from the 

(I, 1) direction bound states do not even exist. This is indeed the case as may be 

I 
E’ * , ,,,*l / / 
2E- 

/ 
/ h 

/ __-- I 
/, 

/ ,' E, ‘: :::_:__ / ,' 
// 

22, ;;,-' 
,'_ 

I, 

:, 
; ' 

/ 

,.825-.-. i 
28 -p 30 T: 

Fig. 7. Bound state energy curves at CT = 1 in the direction PJP, = 0.90 as a function of 9, = P. 

For comparison the bottom of the band and the lowest lying bound state at P,/P., = I are also 

shown (dashed lines). 

Fig. 8 Fig. 9 

Fig. 8. Binding energy at Py = 2~. f’, = z as a function of x for various values of 0. The ratio 

of the binding energy at x and at z = 1 has been plotted (E,). 

Fig. 9. Region of the brillouin zone in which at least one and no bound state exists respectively, 

at various values of 0. No bound states exist in the region bounded by the curve corresponding 

to a particular r? and including the point P = 0. 
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seen from figs. 8 and 9. Both figures relate to the lowest bound state energy curve 

only, since we are more interested in qualitative features, than in the detailed be- 

haviour of all bound state energies. In fig. 8 we have plotted, at various values of 

G, the binding energy at the point where it has its greatest value, P, = x, P,, = ax:, 
relative to the binding energy at P, = P, = x. In fig. 9 the regions of the Brillouin 

zone are indicated, where at least one bound state and no bound states exist 

respectively, for some values of C. In the isotropic case for t 5 0.74 no bound 

states exist anymore (figs. 8, 9). Moreover we see from fig. 9 that for n < 1 the 

neighbourhood of P = ;: in which bound states occur decreases with ai. 

2) Taking longitudinal anisotropy into account, we have for fairly small aniso- 

tropy (G = 0.75 in figs. 8 and 9) similar behaviour as in the isotropic case. But the 

region where at least one bound state exists is growing rapidly as the anisotropy 

increases, until finally one or more bound states exist in all directions. At the same 

time the rate of decrease of the binding energy as o( goes from one to zero becomes 

smaller with o, but at all values of cr the binding energy remains at its maximum 

for oi = 1. Finally, as soon as a bound state exists at P = 0 for n = 1, it exists 

in every direction, however, with a smaller binding energy. From an experimental 

point of view we may now complete our discussion of the previous section by 

stating that the most favourable conditions to try and observe three-magnon 

bound states are found in anisotropic materials with o well below 0.55 by search- 

ing in the (1, 1) direction. 

7. Concluding remarks 

We have calculated all bound state energy curves of three magnons for the iso- 

tropic and longitudinally anisotropic Heisenberg ferromagnet. The kinematical 

restriction that only one spin deviation (S = 4) can occur at each lattice site has 

been circumvented by using Dyson’s hamiltonian. We have demonstrated that 

the spurious features of the spectrum of this hamiltonian can be dealt with expli- 

citly in the three-magnon subspace. Therefore the physical part of the spectrum 

can be isolated from the unphysical part, which makes Dyson’s hamiltonian use- 

ful in determining the bound state spectrum of the Heisenberg spin system. How- 

ever, apart from the spectrum not much correct information on dynamical fea- 

tures can be obtained from Dyson’s hamiltonian. Already the three-magnon 

bound state wave functions are incorrect”), which was pointed out for two- 

magnon bound states earlierlg). Also with respect to scattering cross sections of 

three-magnon states, generally the Dyson hamiltonian will give wrong results, ex- 

cept may be in the limit of all magnons involved having very long wavelengths, as 

may be inferred from results on two-magnon states3.20). 

In order to obtain our results we have applied Faddeev’s formalism to three 

interacting magnons. In one dimension this was first done by Majumdars) who 
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regained numerically Bethe’s result for the three-magnon bound state energy. 

Later we showed’*) that in the one dimensional case a complete analytic solution 

can be given, which shows great similarity with analytic solutions obtained for 

three particles interacting pairwise through delta function potentials2 ’ ,**), this in 

spite of the fact that the dispersion relations, p2 wrsus 1 - cos k, and the poten- 

tials are very different in both cases. Unfortunately in two dimensions analytic 

solutions of the kind seem hard to obtain. However, it has been demonstrated in 

this paper that substantial information on three-magnon states can be obtained 

numerically. Finally, some attention has to be paid to the experimental possibi- 

lities of measuring three-magnon bound states. In discussing experiment so far, 

we were referring to infrared absorption measurements, that were so successful 

in detecting multiple magnon bound states in the one-dimensional salt CoCl, 

.2H202). For such experiments, however, the presence of transverse anisotropy is 

crucial’,‘). If such anisotropy is included the number of spin deviations is not a 

conserved quantity, to the effect that three-magnon states are mixed into the one- 

magnon states and thereby become optically observable. The treatment of this 

paper relies heavily upon the fact that the total number of spin deviations is a 

conserved quantity, and therefore transverse anisotropy has not been included. 

In order to confirm our results experimentally, one should therefore find a two- 

dimensional sample in which enough transverse anisotropy is present, to make 

experiments possible, but at the same time so little that it can be treated perturba- 

tively like in CoC12~2H20’~Z~‘o), and that the results of this paper are true in 

lowest order. Apart from this optical experiment, two other candidates for mea- 

suring three-magnon bound states should be mentioned. The dispersion curves of 

magnons or phonons might intersect the dispersion curves of three-magnon bound 

states (or their continuation as resonances). In that case the magnon-magnon 

and magnon-phonon interaction respectively may have an anomalous effect on 

the energies and lifetimes of respectively magnons and phonons. A theoretical 

treatment like in the case of two-magnon bound s.tatesz3,24) seems quite conceiv- 

able. However, to our knowledge such anomalies have not yet been observed. 

Thinking, however, of recent developments25) in the preparation of monochro- 

matic phonons of given momentum and polarization, we feel that it might be pro- 

mising to search for bound states experimentally along these lines. 

Appendix I 

In this appendix we shall derive equations (2.10a, b) explicitly. They have first 

been derived for the isotropic case by Majumdar’), who did not investigate them 

any further. However, a concise derivation for general G seems justified in order 

to establish our notation and discuss symmetries and suitable reductions of some 

of the quantities that occur in the equations. 
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I.1 Two-magnon T-matrix in the three-magnon subspace 

We first rewrite the energy of three free magnons, eq. (2.5), 

0 COS kid) 
i=l d=x,y 

= 6J - d c (cos (pd - f&d) + 2 cos (&d/2) cosp,,,) 
d=x,y 

with m = 1, 2, 3; P, K,,p, defined below eq. (2.6). According to eq. (2.6) the 

matrix elements of the interaction have the structure 

with 

j(PKjpjI V;’ Ifi) = -(4J/N) 6p,p cospjd 

X 1 ~IC~,K~ (CC’S Pid - 
i=l 

Cr cos (Rid/2)). (1.1) 

1~) E Ik, , k,, k,) totally symmetric state defined by (2.4) and IPK,P,)j the state 

symmetric in all magnons but one (labeled j): 

The closure relation for these states has the form 

?p~plP&Pj)j j<PKjPjl = 1. 
I I 

In the following conservation of total momentum in all matrix’ elements is 

understood and P is not explicitly denoted in the states. With the above defini- 

tions the Lippmann Schwinger equation for the two-magnon T-matrix can simply 

be derived. We may write 

j<Kjpjl Tj Ia> = C j<KjPjl Tj” Ia>, 
d=x,y 

where 

+ +‘;,,,(K,p,l V;l IK;p;), “’ l’K’p’I ‘,“’ Ia) 
E - E(K;,P;) 

Cd = x, u>, (1.2) 
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and completely similar equations hold for 2(T$ and 3(Tt). We substitute (1.1) 

into (1.2). Because of the separability of , (VP) we have as general solution of 

(1.2) 

(Tf) = cosp,& (K, , E; 1) 

where Uy’ obeys 

2J -- 
N 

K,, 
cosp;, - ~COS- 

cos &&‘f (K, , E; \) 

2 E - E(K,,p;) 

(d = s, I’). (1.2a) 

The algebraic equations for U; and ZJ,” can easily be solved. In the thermodynamic 

limit we may replace 
+7t 

25 
-- 

NE 
by -5 4d.x dp;,. 

PI’ #I 

In this limit the solution of eq. (1.2a) is given by 

Ul” (K, , E; -2) 

r 

G.x (t, B.Y > /!l.) Gy (t, /L > $,) 

U:‘(K,, E; %) = C,.Y (t, P.X> Py) G, ct, 8X> P,) I 

Here we have introduced the following expressions 

AX I 1 A,. . 

3 

Ad= -:,I: cosp,,- 
Rid 

cos - 
I 1 2 > 

Ajfi,K, (d = x, 2’), 

Dy (t, px, &.) = + 
:: 11 

dpx dp, 
cos2 pi 

t - /3X cos ps - p, cos y, 
(i = x, I’)) 

0 
(T.3b) 

x 

Dizj (t, &, /?,I = -& 
11 

d/J, d/,l. 

COS pi COS pj 

#. t - px cos p.\- - By cm py 

0 (1.3c) 
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Det(f, OX, &) = 1 - 0;” - Dy + p&‘l(l - D?) + P,D’l (1 - Z) 

+ (/lXD; + ,$,D;) n-y + Dz”Dy - (D;‘)‘. (1.4) 

c,, Ct. A, By) = (1 - Diy + BPYl)/Det, (I.5a) 

c,, (f, A, P,) = (1 - 0;” + /WZ>/Det, (1.5b) 

cxy (t, Px, P,) = (0’5’ - B$<)/Det, (1.5c) 

c,, (I, L By) = CD:” - kWZ)/Det. (ISd) 

All omitted arguments on the right-hand side of eqs. (1.4)-(I.5a-d) occur in the 

order pX, &, . Furthermore, in the above equations we have defined 

t = 3 - Ej2J - 30 (cos (PX - K,,) + cos (P, - K,,)), 

r;‘X = G+ cos K,,/2, /!I,, = ccos K,,/2, 

so that 

E - E(K,,p’,) = -2J(t - pxco~p;~ - /9,cosp;,). 

Then for ,(K,pi IT,1 a> = &=x,y ~<K~P,I T,d Ia> we find 

( R. 
x cos PIP cos Pi” - G cos 2 . 

2 > 
(I.61 

1.2. The three-magnon T-matrix 

1.2.1. Faddeev equation for the three-magnon T-matrix 

Following Faddeev the three-magnon T-matrix may be split into three parts: 

T = cf=, T”‘, and the T-matrix elements between totally symmetric states read 

(k,k&,l Tla) = i 2 .(PKjp,l Tjj’ Ia). (1.7) 
_i=l *=X,YJ 
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Writing the Faddeev equations for two of the terms, say ,(K,p, I Till Ix) with 

d = x, y, we have 

\- 
+ +K2;2, ,(Klp,, T; I1y,p;), dd’=x.Y 2(Kh;I T,‘.z’ I&) 

E - E(K;,p;) 

+ iKs,; , l(K,p,l T,” IKipj)3 ‘:d’=x.Y 3(Kipjl Ti3’ In) 

3 E - E(K;,p;) 

Cd = x’, Y), (1.8) 

where ,(T,d),, are two-magnon T-matrix elements. We may now substitute the 

result (1.6) of the two-magnon T-matrix, which is separable just like the inter- 

action. Hence the general solution for ,(T,“‘) reads 

~(K,P,I T;l’ la> = coshd&)(K,, E; a) (n = x, y). 

The equations for TJ2’ and Tj3’ are entirely similar to (1.8), and the same argu- 

ment can be made. Therefore, we have in general (d = X, y): 

j(Kjpjl Tjj’ ICY) = cos pjdc&’ (&, E; LX) (j = 1,2, 3). (1.9) 

Since (k,k,k,l T Ia) is invariant under the exchange of any two magnons, we 

may infer from (1.7) that all functions pal;” for ,j = 1, 2, 3 are the same functions 

of their arguments Kj. Now, using the following identities 

lK2p2>2 = lK:2’p:2’), = IP - :K2 + pz, ‘iP - $K, - &)I, (I. 1Oa) 

lK3p3)3 = lK:3’p:3’), = IP - 3K3 - ~3, -+P + tK3 - ;p3), (I. lob) 

and dropping all irrelevant subscripts on the momentum variables, we arrive at 

the following equations for cy, and y,, 

= -$ jildEj,K c cdv ct, Px, BY) (,O’jjv - ucos - 
Y=X,Y 

2’) 

[cos (P, - K: - :K,) - cr cos KJ21 

’ (I - /jX cos (P, - K: - +K,) - P, cos (P, - K: - +K,)) 

Xd,z,,,coS cKd’ - P,, + &K;,) y& (K’, E; LX) (I.1 1) 
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with t = 3 - +E - fa (cos (P, - KJ + cos (P,, - K,,)) and ,8, = CJ cos KJ2 

(v = x, Y>. 
For values of E in the neighbourhood of a bound state energy the inhomo- 

geneous term may be omitted, and taking lim N -+ CJJ we obtain eqs. (2.10a, b) 

for qX and py. 

1.2.2. The functions 0: and Di 
The quantities defined by (1.3) are the same as introduced by Wortis4). They 

obey the following relations 

D;(t,Bx,BY)=D’Gl(t,B,,Bx)’ (v=x,Y), (1.12a) 

(1.12b) 

0:’ tt, Bx, By> = 4’2” (t, kc, B,> (P z 4, (I. 12c) 

where V = x(y) if v = y(x), etc. 

From these relations the properties (2.6) of cij follow. 0: and DC” may be ex- 

presses in terms of elliptic integrals, but we calculate them numerically in the 

following manner. In 0; (t, ,Bx, &) one integration may be done analytically. 

One obtains 

x 

D’;(t, Bx, B,> = $ dpx dp, 
cos Px 

t - fix cosp, - /9, cosp, 
0 

x 

= -!- dp, s cos Px if t> BXt- &20, 
i: [(t - BX cos Px)’ - 031+ 

0 

which condition is fulfilled for all values of E below the three-magnon band. 

Similarly 

0:” (t, A, P,) = !_ s dp, 
cos2 px 

x Kt - A cos PJ’ - B;l+- 
0 

These two integrals are calculated numerically. 0: and 07 are obtained by using 

(I.12a) and (I.l2b), 0:” is found from the relation: 

tDZ 0, Bx, By) = /RX (t, Bx, ,%a> + 15% (4 Rx, By). 
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Appendix II 

In this appendix it is indicated how the bottom of the band of three-ma&non 

states, appearing in the figures, is obtained. The bottom of the band of scattering 

states of three free magnons may easily be found analytically by minimizing the 

expression for the energy 

E(k,,k,,k,) = 1 1 (1 - UCOSkid) 
i=l d = x ,’ 

with respect to the variables kid, subject to the condition that k, + k2 + k3 = P, 

and that all momenta ki are confined to the first Brillouin zone. Thus one finds 

for the bottom of this band at given P 

E’3’ (PX, Pp; cr) = 6 - 30 (cos _: P, + cos +PJ (11.1) 

and this minimum is reached at k, i = kli = lcJi = Pi/3 (i = X, y). 

The bottom of a band of states in which one magnon of energy 2 - CJ cos k, 

- c cos k, is scattered by a two-magnon bound state of energy EB, has to be 

determined numerically since no analytic expression can be obtained for E, as a 

function of K = (K,, K,~), the total momentum of the two-magnon 

There are as many of these bands, as there are different two-magnon 

energies. The bottom EC’.‘) (P.,, P,,; o; EB) of each is given by 

E”.” (P.,, P,: 0; E,) 

bound state. 

bound states 

= Min [4 - 2, (K; CT) + (2 - CT cos (P, - K,) - o cos (P, - K,.))], (11.2) 
K 

where t, (K; CT) = 2 - EB (K, a)/2. The two-magnon bound state energies are 

found by solving t = 2 - E/2 from the two-magnon bound state condition, ob- 

tained by putting (1.4) equal to zero: 

1 _ C (0; - p,~; + pi@&j - pi@@- +~yDf + f(~y)z) = 0, 

i.i=x.,a 
i#i (11.3) 

where all D-functions depend on BX = (T cos KJ2, (j, = u cos KY!2 and t. Now 

we know4), that there are two two-magnon bound states. One, at energy E,$l), 

exists for all values of K; the other, at energy Eg), only at small enough values 

of pi, but whenever it exists EA2’ > EA”. Hence E(291) (P,, P,; o; EA1’) 

< E”,” (Px, P,;o; EF)). I n view of this and the fact, that EC2.‘) (Px, Py; o: Ei”) 

< E’“’ (P,, Py; a), the bottom of the band which is shown in the figures, is simply 

given by EC2.” (P,., P,: o; Ei”). In the case of fig. 3 the minimum (11.2) is reached 

at ii’., = ii,, = /j, where, as one sees easily, p satisfies the equation dtld/j = (410) /7. 
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From fig. 10 it is evident that B = 0 is the only solution to this equation provided 

CT < 0.8. Hence, for CT <: 0.8, E’2,1’ (x, 5~; o; Eg’) = 5 - 20, so the bottom of 

the band is given by a straight line. 

Fig. 10. t = 2 - Eg’/2 and di/d/I as a function of /I for the case PA = /jr = /j 
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