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Synopsis

The statistics of clusters in binary linear lattices is studied on the assumption that
the relative weight of an A; or By, cluster is determined only by its size / or m, and is
independent of the location of the cluster on the chain. The average cluster numbers
and the variance of their fluctuations are calculated for two probability ensembles,
the quasi-grand ensemble where the total number of units N varies, and the canonical
ensemble where N is fixed. It is shown that in the latter case in the limit of large N
the statistics of clusters is fully described by the cluster densities p; and p,, and a
correlation function gag(R) for which a susceptibility theorem is derived.

1. Introduction. We consider linear systems of N basic units which can
be in either of two states, A or B. A configuration of the system is repre-
sented by a sequence of NV symbols A and B in some order, e.g.

AAABBAABA ... BAAAB.

Of the numerous examples of such systems we mention linear arrays of
N spins §, the linear lattice gas of N sites, polymer chains with adsorption
along the chain, copolymers consisting of two types of units, polypeptides
with the letters A and B specifying whether a monomer unit is in the helix
or coil state, and polynucleotides with A signifying bonding of units on
opposite strands (helix) and B implying the absence of a bond (coil).

A particular configuration will be denoted by s = (s, s2, ..., sn), where
the variables s; take the values A or B. Each configuration s is also com-
pletely specified by a linear sequence of alternating A clusters and B
clusters, ¢.g.

A3Bs AsBg ... A3B;.

In equilibrium statistical mechanics each configuration is assigned a proba-
bility P(s) on the basis of the physical properties of the chain. We consider
a class of systems for which the statistical weight of a configuration is de-
termined solely by the numbers of 4; clusters and B, clusters present,
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STATISTICS OF CLUSTERS IN BINARY LINEAR LATTICES 471

independent of the location of the clusters along the chain. Hence P(s) is
the same for all s with the same set of occupation numbers {n,,, ny,}. It is
not implied that the clusters do not interact but only that the interactions
of any cluster with its surroundings are independent of the nature of the
surroundings so that their effect may be incorporated in the statistical
weight of the given cluster. Since we are mainly interested in the sta-
tistical properties for large N, we neglect the fact that frequently the end
clusters have different statistical weights. If desired the end effects may
be treated separately.

A detailed account of the statistics of such binary linear systems with
particular application to the helix—coil transition in biopolymers is pre-
sented in the monograph by Poland and Scheragal). Of the earlier work
we mention papers by Hill2), Zimm and Bragg?3), Lifson and co-workers4-7),
and Gibbs and DiMarzio8). In developing a theory of the kinetics of binary
linear systems we have found it desirable to extend the existing theories in
some respects. In the present paper we investigate in detail the averages of
the occupation numbers {n, , 7y } and their fluctuations in various proba-
bility ensembles. We have chosen a coherent presentation and therefore
must of necessity repeat some known results.

In section 2 we define distribution functions and calculate the correspond-
ing partition functions. Section 3 is devoted to the study of cluster popu-
lations. In section 4 we investigate the behaviour in the limit of long
chains, N — co. In section 5 we apply some of our results to the case of
the Ising chain. The paper is concluded with a discussion.

2. Distributions and partition functions. In this section we discuss proba-
bility distributions for the cluster occupation numbers {n,, #g } and re-
lated partition functions. When no confusion can arise we shall abbreviate
ny, = ng and nyg, = ny. A set of occupation numbers {n;, #ny} will be called
a state of the system and will be denoted by & =: {n;, #y}. Furthermore we
define

=1 m=1
MA: E n, MB= 2 IR (21)
=1 m=1

Note that Nao + Ny = N and that M and Mg can differ at most by

unity. The smaller of M and Mg will be denoted by M. The number of

configurations s corresponding to a state x is given by

MA(x) ! MB(x) !
z m

Q(x) = (1 =401, 110) (2.2)

and will be called the volume of the state x. If the number of units is pre-
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cisely N’ it is convenient to introduce the conditional volume
Q(x; N') = 2(x) 6[N(x) — N'], (2.3)

where 6(N — N') = 0y - is a Kronecker delta. If in an N chain an 4,
cluster has weight #; and a By, cluster has weight vy the total weight of
the state ¥ is

G(x) = II u;'vy, (2.4)
I,m

Hence the probability distribution over states is given by
Pw; N) = Q(x; N)G(x)/Zn (2.5)
where Zy is the canonical partition function

Zy =Y Q(x; N) G(x). (2.6)

In some cases, ¢.g. in polymerization equilibrium, one must also consider a
distribution over N with relative weight zV¥. The corresponding quasi-grand
distribution function5: ) is

P(x; z) = 2¥NQ(%; N) G(%)/E5(2), (2.7)
where
H(z) = E 2NZ y, (2.8)
N=0

is the quasi-grand partition function. The first term in (2.8) is unity by
convention. In contrast to the usual canonical and grand canonical en-
sembles in statistical mechanics the distributions (2.5) and (2.7) can give
widely different results for the averages of observables, because the factor
(N1)~1 is missing in (2.7) and hence the distribution over N is very broad.

In order to evaluate the partition functions it is convenient to consider
constrained ensembles where the nature of the first and last cluster, and
the total number of clusters are specified. Thus we introduce

PY(x; N, M) = Q%(x; N, M) G(%)/Z% 4, (2.9)

where i and f take the values A or B and indicate whether the first and
last cluster are A or B, and where

Qf(x: N, M) = Q"(x; N) 6[M(x) — M),
7% =3 Q%x; N, M) G(x). (2.10)

x

The corresponding quasi-grand partition functions are

i) = T NZy (2.11)
N=0
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where we use the convention

Z{,‘%—ZOB’%_—;O, ZOO—Z(?O_ 1. (2.12)
Hence
B)=—1+ MZO [F42(2) + E5P(2) + B2 (2) + ERP(2)] (2.13)

The partition functions (2.11) are easily evaluated in terms of the cluster
generating functions

Uz) = E 2lug, Viz) = E 2MYpy, (2.14)
m=1

=1

and one finds explicitly

50 = U@LUR) V)M,

F37(2) = B3 (@) = [U () V)M,
Ei@) =V(@&)UR) VM, (2.15)
so that
E@=[+U@E+ V) +URVE)I—UR VE] (2-16)
The partition functions Z%; are found from
o L £ 4, (2.17)
2ni J ZNH1

where the integration is along a contour encircling the origin of the complex
z plane. The free energy per unit in the thermodynamic limit N — oo is
determined by the singularity zo of Z'(z) nearest to the origin. It is given by
@ = —kT lim N-11n Z% = kT In z, (2.18)
N—o0
where £ is Boltzmann’s constant and T absolute temperature. The free
energy ¢ is independent of the end conditions. A phase transition in the
sense of a non-analyticity in the free energy can occur9.10) because the
singularity zo can arise in two ways, either as a root of the equation

UR)V(z) =1 (exterior condition), (2.19)

or alternatively because one of the cluster generating functions U(z) or
V(z) fails to converge. For definiteness we may choose U(z) as the series
with smallest radius of convergence. Then a phase transition can occur as
one varies the physical parameters because of a switchover from the ex-
terior condition (2.19) to

z = lim [o]" (interior condition). (2.20)

l—o0
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When the latter condition prevails the statistical properties of the system
in the thermodynamic limit are dominated by the A cluster of infinite size.
Since we are interested in nontrivial cluster populations we shall henceforth
assume that the free energy is determined by a (simple) root of eq. (2.19).
Under this condition we find

Zt = Ulzo) pzg V1 4 O(AV)],

Z3P = Z% = prg M1 - 007N,

Zf%B = V(zo0) p2y ¥[1 + O(N)], (2.21)
with

A= (21/z0)(1 + &), (2.22)

where ¢ is small and positive and where z; is the root of (2.19) with next-
smallest absolute value. Finally p in (2.21) is given by

dln U(z) dIn V(z)
—1 —
p I:z P + z P ]z:zo, (2.23)

where we have used Uf(zo) V(z0) = 1.
The calculation of statistical averages of observables f(s) dependent on
the configurations s may be performed in a similar fashion. We define

F(x) = X f(s) olx(s) — #]/2(x), (2.24)

where the delta function specifies that the state {s;(s), #n(s)} corresponding
to the configuration s must be #. The quasi-grand average for specified end
clusters is given by

)Y = <F(s)f = T F(x) P¥(x; 2), (2.25)

and similarly one defines <f(s)> as an average over the canonical proba-
bility distribution (2.5) for given end terms. The canonical and quasi-
grand averages are related by

1 Eit(z) (F (%))
o § g dz. (2.26)

ZE(F (x>l =

The quasi-grand average is easily evaluated, and hence the canonical aver-
age is calculated using (2.26).

3. Cluster populations. In this section we calculate the average cluster
numbers and their fluctuations in both the quasi-grand and canonical
ensemble. Owing to the broad distribution over N the fluctuations in
cluster numbers in the quasi-grand ensemble are enormous. The expressions
are slightly dependent on end effects and take their most elegant form for
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i= A, f = B, or vice versa. One easily finds

0 Zhuy
AB _ 4 In FAB(z) = —— [BAB(z) — 1],
it = — - n (2) P [E4B(z) — 1]
0 _ MYy
3" = v o In FAB() = V(Z’)” [5AB(z) — 1], (3.1)
Hence
(Mp® = EAB(z) — 1,
(NYEB = [g + <my KM, (3.2)

where <>, and (m), are internal cluster moments defined generally by

Uy = 3 IRzl U(2),
=1

mkyy = 3 mkzmy,[V(z). (3.3)
m=1
From (2.23) and (3.2) one finds
pz == <M>BICNYAB, (3.4)

so that p, may be interpreted as the average A- or B-cluster density per
unit. It is simply related to the degree of association y; by

pz =[Oz + <mdz)71 = 1/2y,. (3.5)
Of equal importance is the fraction of A units 8, which is given by
0z = N OFP[NDRE = Daf[<B> + <md). (3-6)

As z tends to zp the averages of both M and N diverge but their ratio tends
to a finite value. In order to indicate averages in the thermodynamic limit
z —>zo we shall simply omit the subscript 2. The fraction 6, tends to a
value 6 between O and 1, and p, tends to a value p between O and } as
z — 2.

For the variance of the fluctuations in the cluster numbers one finds

2P — < AR 2B = A8 Sy + np BB (g A8,

M) 2B — P (2B = DB (2B (1 4 1/<MHAB),

<Hmm 3B — <P > = 2P S + DA A >EB. (3.7)
Consequently

M2 — (MP)2 = <MDB(1 + MD2P),

(NZAB — (KNDABY2 = (¢NYAB)2 | (I + m)2>, (MHAB, (3.8)



476 B. U. FELDERHOF

Therefore there are large fluctuations in the cluster numbers and in the
total number of units owing to the wide distribution over N in the quasi-
grand ensemble.

The canonical averages are expressed most conveniently in terms of the
cluster weights {u;, v} and the canonical partition function. Thus one
finds from (2.26)

¥ = 3 ZRwZYN + 1+ N"— N)/Z¥,

N',N"

Ol = Y ZiBvZ SN’ +m + N — N)JZiL, (3.9)
N',N”

where we use the convention (2.12). Hence we find the simple relation4)
. %lZif _ .
<l = — 2L D% (3.10)
%IZN

and similarly for <u#,>'%. From (3.9) we find for the averages of the total
number of A and B clusters

MW = —dp + %} ZRZN_ N2,

Ml = —das +1§4 VAYA VAR (3.11)
where we have used

ZA — Zl mZy_, + O, Opt

Z¥ = S omZy_m+ On,00a1 (3.12)

In order to evaluate the second moments of the cluster numbers we note
from (2.26) that

Cume Yy = 'y b + T [ RN A+ <l |R1)R], (3.13)
R>0

where #n(l |R| I') is the number of pairs of A; and Ay clusters separated by
R units; the notation (! |R|?) indicates the order along the chain. The
average number of such pairs is
@RI V)Y
=3 ZBuZ8Bup ZPS(N' + 1+ R+ 14 N"— N)|Z¥. (3.14)

N',N"
Similarly one finds

s = 3 [<nll|R|m)> + <nlm |RI DS, (3.15)

R=0
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with
n(l|R|m)>Yy
= ¥ Z8uZ8%,,Z88(N'+14+R+m-+N"—N)/ZE.  (3.16)
N, N"

The expression for (,nm>% is found from (3.13) by a change of indices.

4. Thermodynamic limit. The canonical averages derived in the last sec-
tion will now be studied in the thermodynamic limit N — oco. With the
aid of (2.21) one finds from (3.9)

. 1 .
pr = lim —— <’ﬂl>g7 = pzéul/U(Zo),
N—o0 N

. 1 .
pm = lim — <mpdy = pzitom/V (z0), (4.1)
N—oo N

irrespective of the end conditions. Hence we may write

pL= pf1, pm = pfm (4.2)

where the distributions f; and f, are normalized to unity. Note that the
densities p; and ps, are identical with those found from the quasi-grand
averages in the limit z — 2y, e.g.,

p1= lim <1’Ll>;f/<N>;f (43)

2—>20

In the same manner one finds

p(LIRIV) = lim N-Tn(l|R|I)E = piprgaa(R),

N-—oo
p(l|R|m) = p(m |R|l) = pipmgaB(R),
p(m|R|m') = pmpmgBB(R), (4.4)
where
gaa(R) = [pV (20)17 25 ZE",
gan(R) = p~ 125’ Z3",
gsB(R) = [pU(20)]71 25 Z ™. (4.5)

From (2.21) and (4.2) it follows that at large distances (R — co) these
correlation functions tend to unity exponentially, though not necessarily
monotonically. From (3.12) we have the simple relationships

gaa(R) = X fmgaB(R — m),

gBB(R) = Zl] figaB(R —1),
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gaB(R) = p714(R) + El] figaa(R —1)
= p~16(R) + % fmgBB(R — m). (4.6)
From (3.15) and (4.6) we find

pm = p(L10Im) = p~Lpipm. (4.7)
These results are easily generalized. Thus one has in obvious notation

n n—1 2n—2
plli|Rafmy|Re| ... [ln) = 11 py, Il pum, 11 gaB(Ri). (4.8)
j=1 k=1 i=1
In particular, since gap(0) = p~1, the density of & neighbouring clusters is
just the product of the individual cluster densities multiplied by a factor
pl~%. The statistics of clusters along the chain in the thermodynamic limit
N — oo is completely characterized by the cluster densities p; and py, and
the correlation function gas(R).

In order to evaluate the fluctuations in cluster numbers in the canonical
ensemble in the limit N — oo the above calculation must be carried one
step further in the asymptotic expansion with respect to N. The final re-
sults for the fluctuations are independent of the nature of the clusters at
the ends of the chain. In order to simplify the notation of intermediate
steps in the calculation which do depend on the end effects we choose for
definiteness the symmetric case (i, f) = (A, B). From (3.9) and (4.5) we
have in the limit of large N

pN® = pi % gaB(N') gaa(N — N’ — 1) [gaB(N)
=[N —1— 14 oap—+oaal + O(1), (4.9)

where N — [ — 1 is the number of possible locations of an A; cluster on
the chain and where

o= 3 TgaslR) = 1)+ bup, % = A or B. (4.10)
Similarly one finds from (3.14)
X (LR V)"
) = Psz'NgR gaB(NV') gaa(R) gaa(N — N'—1— R —1')[gan(N)
=pipr[EN2— (@ +V+ 3N
+ 30+ 4+ 1)+ ¥ +2)+ Nloas+ 2044)] + O(1), (4.11)

where again the sum of the first three terms in square brackets is the
number of possible locations of an ordered pair of A; and Ay clusters. In



STATISTICS OF CLUSTERS IN BINARY LINEAR LATTICES 479

the same fashion one finds
3 IR mMPN° = pipm[N? — (L +m—}) N
+ 3 +m —1)( + m) + 3Noas] + 0O(1),
X nfm || PR = pipmlIN2 — ((+m + §) N
+ 3¢ +m+ 1)l +m~+2) 4 N(oaa + oas+ o)) + 0(1). (4.12)

The additional results which are needed are easily found from the ones
given above by a change of indices.

For the variances of the fluctuations in cluster numbers we finally find
using (3.13) and (3.15)

. 1 . . .
lim N [npnils — <npl <mpdE

N—co

= piby + pipr’[20aa — 1 —1 — 1],

o . . .
lim 5T [pmd’t — <D< > ]

N—oo

= pipm[204B — L —m 4 1],

. 1 . . .
lim —Z\T [<”mnm’>}£7 — <"m>5{7 <’”/m’>§/

N—o0
== Pmémm’ + Pmpm’[zo'BB -—wm — m, — 1]. (4. 13)

We stress again that these results are independent of the end clusters. The
quantities on the right-hand sides are related by some identities which
follow from (4.6),

poaA =poaB+p+6—1,

POBB = poaB + p — 0, (4.14)
where we have used

<> =0p, <my = (1 — 0)/p. (4.15)
Summing any of the three expressions (4.13) over the cluster indices one
finds, using (4.14) and (4.15),

Jlim % [KMaMply — <Mo>§ <Mpyy] = p* — p + 2p04B, (4.16)

where «, § = A or B, so that the fluctuations in the total numbers of
clusters M and My are independent of the indices A and B, as they
should since M and Mg can differ at most by unity. The expression on
the right-hand side in (4.16) is simply related to the fluctuations in size
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of individual clusters. This relation is found by noting that in the canonical
ensemble the total number of units NV cannot fluctuate, so that

(NBY = (KRR
Hence one finds from (4.13)
p% — p + 2p%0a1 = p3[UD — W2 4+ (m2 — (m)?]. (4.17)

A similar relationship between the fluctuations in the total number of
clusters and the fluctuations in size of individual clusters was found in
the continuum cluster-interaction model11).

The variance on the left side in (4.16) may be expressed in terms of a
thermodynamic derivative and this means that the identity (4.16) has the
nature of a susceptibility or compressibility theorem. In order to make the
connection explicit it is expedient to introduce a thermodynamic variable
conjugate to the total number of clusters. For example, each of the cluster
weights #; may be multiplied by a factor ¢, signalling the presence of an
A cluster. The average number of A clusters in the canonical ensemble is
then given by

. 0 .
MY = Fa In Zi%(2), (4.18)
or in the thermodynamic limit, using (2.21)

i 1 Mt — p — o(In zo)
e N VAN TP E T

Similarly the variance in (4.16) is given by the second logarithmic deriva-
tive with respect to ¢ and hence one finds the susceptibility theorem

(4.19)

o0

b T lgan(R) 1= (4.20)
R=—o0 aC
where by definition gap(—R) = gas(R) and we have used gan(0) = p~1.
In turn one may derive (4.17) from (4.20) using (2.23). These relations are
of particular interest near a phase transition where the fluctuations can
become very large and the susceptibility ¢p/0 may diverge.

5. Application to the Ising chain. The theory developed in the previous
sections will now be applied to the particular case of the Ising chain. In
this case the probability distribution P(s; N) in the canonical ensemble is
given by

P(s; N) = exp[—BE(s; N)}/Zw, (5.1)

where f = 1/kT and E(s; N) is the energy of a configuration of N spins.
We associate the state A with spin up, s = +1, and the state B with spin
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down, s = —1. For the Ising chain one assumes nearest neighbour inter-
actions between spins and a magnetic field acting on each spin. In addition
we assign an extra energy to the spins at the ends of the chain in order to
give the end clusters the same weight as the interior clusters. Thus the
energy is given by

N-1 N
E(S;N)—:—] > osisja—H lej—](sl—{—sN——l), (5.2)
i=1 i-

where J is the bond energy and H the magnetic field in suitable units. It
is easily seen that the energy of all configurations s corresponding to the
same state & is the same and is given by

E(x) = Zl mey -+ 2 Amem, (5.3)
with
e = —U(J + H), em = —m(] — H) + 4], (5.4

where #; is the number of clusters of / spins up and #,, the number of
clusters of m spins down. Hence the statistical weight of an / cluster is

uy = ul, u = exp[8(J + H)],

U = u—2wm2 w = exp[p(J] — H)J. (5.5)
The cluster generating functions are

U(z) = uz/(1 —uz), V(2) = z/[u2w(l — wz)]. (5.6)
The exterior condition (2.19) has two roots

2.1 = e~ f{cosh BH -+ [sinh2 BH + exp(—48])11}, (5.7)
and the explicit expressions for the canonical partition functions read

Zy* = Ulzo) pozg ™ + Ulzr) prey ™,

Z3" = pozg ¥ + p127 ™ + (1 — po— p1) 8,00

ZR® = V(z0) pozg ¥ + V(1) przz ¥, (5.8)
where

(1 — zg, ) (1 — Zg,1®)
2—2z, (v + w)

po,1= (5.9)

In our previous notation p = pg. The parameters p and 6 are related to the
average energy per unit and the average magnetic moment per unit by
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1 .
lim - By == —J(1 —4p) — H(20 — 1),

N-—>o00

1 .
lim W<(Zlm— 2 mng) = =20 — 1. (5.10)
D

N—o0 m

The correlation functions (4.5) are simple exponentials, for example

gaB(R) = 1 + (p1/po)(20/21)E + dg,o{1 — po — p1)/po. (5.11)

By some rather elaborate algebra one may verify the susceptibility theorem
(4.20). With the aid of the above formulae one easily finds explicit ex-
pressions for the quantities considered in the previous sections.

6. Discussion. We have studied the statistics of the occurrence of clusters
of similar units in binary linear lattices starting from the assumption that
the relative weight of an A; or By, cluster is determined only by its size /
or m. Of particular interest are the expressions derived for the average
cluster numbers and the variance of their fluctuations for chains of a fixed
number of units N in the limit of large V. It has been shown that the sta-
tistics of clusters along the chain in this limit is determined completely by
the cluster densities p; and p,, and a correlation function gag(R). The sus-
ceptibility theorem (4.20) relates the integral of the correlation function to
a thermodynamic derivative. In a forthcoming article!?) we shall apply
these methods and results to a theory of kinetics of binary linear systems.
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