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The presence of an attractive term in the interaction potential between colloidal particles will result 
in a phase separation (often a flocculation) on lowering the temperature. In this paper the attraction 
itself is assumed to increase on lowering the temperature in a manner similar to that observed in polymer 
solutions. A Van der Waals-like equation of state is introduced. For the osmotic pressure in this expression 
the Percus-Yevick (compressibility) relation is used. Phase diagrams are calculated by equating the 
thermodynamic potentials of solvent and colloidal particles in both phases. Both two and three component 
systems are dealt with. Polydispersity results in binodals which depend on initial concentration. © 1986 
Academic Press, Inc. 

1. INTRODUCTION 

In order to study static and dynamic inter- 
actions in colloidal systems we synthesized at 
our laboratory a model colloid system of  ster- 
ically stabilized silica particles dispersed in cy- 
clohexane or chloroform. The interaction can 
be described as a so-called hard sphere poten- 
tial as has been established experimentally by 
means of techniques such as light scattering 
(static and dynamic) and sedimentation (1-  
3). In dispersions encountered in industry, 
technology, and nature, the colloidal particles 
often exhibit attractions and/or soft repulsions. 
As a result their behavior at high concentra- 
tions is more complex than that of  the hard 
sphere system. Our silica system is a very suit- 
able basis for systematic research, because by 
changing the solvent or temperature we can 
vary the interaction potential f rom virtually 
hard sphere repulsive to moderately attractive. 

The aim of  this work is to investigate the 
effects of  introducing a small attractive force 
between the particles. A thermodynamic  the- 
ory is presented which predicts phase separa- 
tion. The phase separation is a result of  at- 
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tractions, which lead to a decrease in the free 
energy of  the system when the dispersion sep- 
arates into two phases: a dilute and a concen- 
trated one. This separation can be compared 
with the condensation of  a gas, in that colloidal 
particles are like (supra) gas molecules. In the 
case of  colloidal particles the solvent is con- 
sidered, at a given temperature, as a contin- 
uous background. The main difference be- 
tween these two systems is that the interaction 
potential of  gases does not change appreciably 
with temperature, whereas with sterically sta- 
bilized colloids the particle interactions are 
governed by the interactions of  the stabilizing 
chains with the solvent and may be strongly 
temperature dependent. 

The effects of  attractions on the stability of  
dispersions have been studied by other inves- 
tigators as well (4-8). Most of  them have ex- 
perimented with rather large particles (radius 
greater than 100 nm) stabilized with polymer 
chains. The resulting instability is often called 
flocculation. With such particles the change 
from strong repulsion to attraction in the dis- 
persions occurs only within a very small tem- 
perature (or pressure) range. In other words: 
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the "liquid-gas" equilibrium can be measured 
only in an extremely short temperature range. 
The authors of Refs. (4-8) did not measure 
the equilibrium concentration in the dilute 
phase, but instead they measured the temper- 
ature at which on cooling (or heating) the dis- 
persions become "unstable." Recently we re- 
ported on the phase separation of our silica 
particles dissolved in toluene (9). Indepen- 
dently Vincent and co-workers (10) have re- 
ported on the phase separation of particles 
similar to ours dissolved in short alkanes. They 
measured both upper and lower flocculation 
temperatures and constructed the phase dia- 
gram for temperature increase. The equilib- 
rium of a microemulsion with its continuous 
phase has also been interpreted as a separa- 
tion into a colloid-rich and a colloid-poor 
phase (11). 

In our view the difference between floccu- 
lation and phase separation is only a gradual 
one. For example an attractive well of a few 
kT  (depending on the width) gives a phase 
separation. When the temperature is lowered 
still further (in the case of instability on cool- 
ing) the attraction increases and nearly all col- 
lisions between two particles will result in an 
aggregate. This process can be called floccu- 
lation. 

Our silica dispersions seem to be a suitable 
system for a study of phase separation. Because 
our particles have extremely short chains (oc- 
tadecane) compared to polymers, the temper- 
ature range in which the interactions change 
from purely repulsive, via a "Boyle" temper- 
ature, to attractive extends over a few degrees. 

In the following section the nature of the 
attractive forces between our silica particles is 
discussed. The phase diagram for a monodis- 
perse colloidal system is shown in Section 3.1. 
The effects of polydispersity on phase sepa- 
ration are discussed in the last section. Exper- 
imental studies on phase separation induced 
by temperature variation is reported in the ac- 
companying paper (Part II). Phase separation 
in colloidal silica dispersions brought about 
by adding nonadsorbing polymer molecules 
has been reported in an earlier article (12). 

2. ORIGIN OF THE ATTRACTION 

Phase separation of a colloidal system of 
particles into a dilute and a concentrated fluid 
phase will take place only if there is an attrac- 
tive part in the interaction potential. (The so- 
called Kirkwood-Alder transition for hard 
spheres is a separation into an ordered and a 
disordered phase and is of a different kind.) 
Furthermore the attraction must be strong 
enough to exceed the entropic part in the (free) 
energy of mixing. 

The apparent chain density on the particle 
surface of our silica spheres is very high (0,15- 
0.25 nm 2 per chain (13), which is equal or 
denser than the closest packing of aliphatic 
chains). Therefore the stabilizing layers of oc- 
tadecyl chains can hardly interpenetrate. Be- 
cause of this, the interaction potential between 
sterically stabilized silica spheres in apolar 
media will be steeply repulsive and can be 
modeled as a hard sphere repulsion. When in- 
terparticle distances are greater than this hard 
sphere diameter the calculation of the inter- 
action potential should take all possible inter- 
actions into account. These interactions are 
the long-range London-Van der Waals at- 
traction between the cores of the particles and 
the local interaction between the overlapping 
layers of the particles (this interaction can be 
repulsive or attractive). Because the particles 
are dissolved in apolar solvents possible charge 
interactions are considered to be ineffec- 
tive (14). 

The London-Van der Waals attraction be- 
tween the particles can be calculated if the di- 
electric constants of both particle and solvent 
are known as a function of wavelength (15). 
The attractive potential in the Hamaker ap- 
proximation is 

An 4 4 S 2 - 4 

where S is the ratio of the distance r between 
the core centers and the radius of the particle 
cores, An is the Hamaker constant. Because 
we do not know the exact structure of the silica 
core, which is not pure silica but probably 
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contains some silanol groups and some 
ethanol as well, we cannot calculate the Ha- 
maker constant properly. For an estimate of 
the Hamaker constant we refer to the Appen- 
dix. When particles with a radius of  50 nm 
are dissolved in benzene the largest attractive 
potential possible is 0 .4kT  (with So = 2.06), 
which would be too small to induce phase sep- 
aration at normal temperatures. This is in 
contrast to what has been observed (16). Fur- 
thermore a Van der Waals attraction is hardly 
temperature dependent whereas the experi- 
ments show the contrary. The fact that col- 
loidal crystals form upon sedimentation of 
particles with a radius of 150 nm 0 7 )  dem- 
onstrates also that in cyclohexane the Van der 
Waals attraction must be small. We think that 
such crystals will not form if an appreciable 
attraction is present. 

It is diffficult to calculate the interactions of  
the stabilizing chains. An attempt has been 
made by Lemaire et al. (18). They calculated 
the enthalpic part from the Lennard-Jones 
interaction potential between the CH 2 groups 
of the chains and solvent. The entropic part 
is split into two: the first derives from the vol- 
ume restriction of the chains when they try to 
overlap the hard spheres (repulsive) and the 
second derives from the mixing entropy of 
chains and solvent. The resulting interaction 
potential appears to be very sensitive to small 
differences in the molar volume of  the solvent 
adsorbed in the layer and in the reference pure 
phase. 

Because of  these uncertainties we model the 
interaction potential as a square well with a 
width equal to a small part of the chain length 
(e.g., 0.5 nm) and a depth e which depends on 
the temperature T. This depth is chosen, as 
with polymers, to be 

~ = L ( T - 1 ) k T ; ( T < ~ O )  [2] 

where 0 is the theta temperature of  the chain- 
solvent pair and L a factor proportional to the 
overlapping volume of  the chains (this is also 
concluded in Ref. (18)). At a fixed interpen- 
etration depth (= width of  the well = ~) this 

volume is proportional to the diameter cr of  
the particles (V = (Tr/4)~2tr). Different inter- 
action potentials can be chosen but the results 
will be similar. 

Using this interaction potential the osmotic 
pressure II can be calculated as a function of 
the particle number density p (concentration) 
to the power of 2. For weak long-range at- 
tractions the attractive contribution to 11 re- 
mains proportional t o  p2 even at high p. The 
total osmotic pressure is then given by the sum 
of the hard sphere contribution 1-Iris and this 
attractive term (cf. the Van der Waals equation 
for imperfect gases). For short-range attrac- 
tions the expression for 1-I will be more com- 
plicated since the attractions will also contrib- 
ute to terms in the concentration higher than 
the second power. In this theoretical study we 
will assume an equation of the Van der Waals 
type, with an attractive term of  the form aO 2 

IX ---- I I H s  - -  a p  2. [3] 

For small concentrations the osmotic pressure 
is given by 

rI 
- p(1 + Bzp  -b .  • • ) [4] 

k T  

with 

~0 °° 
B2 = 2zr (1 - e-V(r)/kT)rZdr. [5] 

V(r) is the interaction potential, r the distance 
between the centers of  the particles, and k the 
Bolzmann constant ( k T  the thermal energy). 
For a square well the repulsive (hard sphere) 
part of  the second virial coefficient B2 is 

B2(rep)= 2rC f o ~ r 2 d r = 3  ~3 [6] 

where cr is the hard sphere diameter. The at- 
tractive part of  B2 is given as 

~ tr+), 

Bz(att) = 2 r  ( 1 - eZ)rZdr ~ 27ro'2~( 1 - e g) 

[7] 

where the last equality is valid when ~ is small 
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compared to a. For small attractions, e is small 
and B2(att) is given by 

B2(att) = -2~ra2X~; ~ = ~/kT. [8] 

Rewriting the osmotic pressure (Eq. [3]) in di- 
mensionless quantities we obtain 

I I V H s  -- IIHS VHS -- 7q5 2 [9] 
kT kT  

where VHS is the volume of the hard sphere, 
and ~ the volume fraction ~ = p VHS) and 3' 
= a/(kTVHs). 3" becomes when ~ is small: 

3 ̀= 12-he = 12X-L( O -  l l kT=A{  0 -  1) 
a a kT / kT " 

[10] 

Although this equality is in fact only consistent 
if e is small and X is large, we use the relation 
between 3  ̀and T to describe the attraction. 

3. PHASE SEPARATION 

3.1. Phase Separation in 
Monodisperse Systems 

The condition for equilibrium is that the 
thermodynamic (chemical) potentials of all 
components present are constant in all phases. 
In the case of a monodisperse colloidal system 
the components are solvent [1] and colloidal 
particles [2]. For the thermodynamic potential 
of the solvent in this system one can write (19) 

#1 = ~0 -- I I  1"71 [111 

where u ° is the thermodynamic potential of 
the pure solvent, 171 the partial molar volume 
of the solvent (assumed to be constant), and 
II the osmotic pressure. It can be seen from 
Eq. [11] that the condition ~ '  = #1 ~ is equiv- 
alent to the condition that the osmotic pres- 
sures are the same II" = IIe. For the osmotic 
pressure we use Eq. [9]. Substituting for IIns 
the Percus-Yevick (compressibility) expres- 
sion one  obtains a function of the volume 
fraction ~ of the hard spheres: 

IIVH~s-~bl+~b-Fq~2 3`~b 2. [121 
kT (1 - qS) 3 

The thermodynamic potential #2 (at constant 
m )  of the colloidal particles can be derived 
from Eq. [12] using the relation 

One finds 

(#2)~i = (#0)~, + In ~ -~ ~ -  ½ ~ + ¢2 
kT kT 1 - q~ (1 - t ~ )  3 

23̀ q% 

[14] 

The thermodynamic potential #2 at constant 
pressure can also be found (19) using 

and one gets 

[15] 

(Uz)e_ (/~°)________e + In ~b 
kT kT  1 - 4~ 

(3/2) + 3~b- 23`~b + 3`q52. [16] 
-F (1 _ q~) 2 

Equations [12] and [14] (or [12] and [16]) ap- 
ply to both phases and equating the osmotic 
pressure and the thermodynamic potential in 
both phases gives two equations with two un- 
known volume fractions $' (dilute phase) and 
qY' (concentrated phase). The same results are 
obtained using Eq. [14] or [16]. It is obvious 
that this will be the case, because the integrated 
difference between Eqs. [14] and [16] is pro- 
portional to the osmotic pressure. 

We have calculated ~b' and qY' as a function 
of 3  ̀(=A(O/T - 1)). The results are shown in 
Fig. 1. 

The spinodal (i.e., the curve where the sta- 
bility changes from metastable to unstable) is 
given by 

V.s {Oil I _(1+2q5) 2 23`~b=0 [17] 
kT kaqbJr , ,  l (1 - -  ( ~ ) 4  

and is also drawn in Fig. 1. Finally the critical 
point is obtained by solving OII/O4~ = 0 and 
O2II/O$ 2 = 0 simultaneously. One finds ~bcrit 
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FIG. 1. Binodal  ( - - )  an d  spinodal  ( -  - - )  o f  a m o n o -  
disperse system. A = 200 an d  0 = 300 K. 

= ( 7 ~  - 7)/12 = 0.1287 and 3'~t = 10.66 (in 
Fig. 1, Tent = 284.82 K). 

3.2. Phase Separation in 
Polydisperse Systems 

In general, colloidal particles are not mono- 
disperse; instead they vary in size and vary in 
their interaction parameters and in internal 
properties (such as refractive index). Therefore 
experimentally one always measures a kind of 
average property. It is also possible that in a 
polydisperse system different phenomena 
arise, which did not exist in the monodisperse 
case. 

In phase separation, polydispersity can 
mean polydispersity not only in the size of the 
particles but also in the attraction parameter 
% In principle these two aspects can be varied 
independently, but they are probably related 
(as is shown in Section 2). We again need to 
find the osmotic pressure and the thermody- 
namic potential of all kinds of particles. 

The osmotic pressure of a polydisperse hard 
sphere system has been given by Hiroike et al. 
(20) (again using the Percus-Yevick compres- 
sibility approach). Together with the attractive 
part which is given by 

II(att) = - ~ otijpipj [ 18] 
i , j  

we obtain for the total osmotic pressure (writ- 
ten in dimensionless form) 

71" 
I I  6 ~  = 70 4- 37172  + 3723 - Y. "~O~)i~)j(ffi~rj) -3 /2 .  

i , j  

[19] 

Here 7k = ~/(1 - ~3) and ~k = (Tr/6)Ei Pi~ 
= Zi ~bi~ -3. The cross term 3'ij (i ~ j )  is written 
as the geometrical mean (3,ii3,~) 1/2 but different 
choices are possible. The thermodynamic po- 
tential of particle i at constant ul in a poly- 
disperse hard sphere system is given in Ref. 
(21). Using Eq. [13] the attractive part of #; is 
found as 

gi(att) = - 2  ~ ao&. [20] 
J 

Rewriting the total thermodynamic potential 
t~; of spheres i in dimensionless quantities one 
obtains 

ui _ u ° + ,  ¢~ 
kT - ~  ml------~3+a~7°+3a271+3~riT2 

9 2 ~'~ ' [ f f i~3/2 
-[- 30~i7172 - I -~  0~i72 -[- 3 ~ 7 3 -  2 2_,. 3'OcPik~ ] • 

J 

[211 

A further relation needed is the conservation 
of mass, i.e., the amount  of particles i before 
and after separation is constant: 

cbi,t(V'+ V") = cb}V'+4;:V". [22] 

This is rewritten as 

R - ~bu - ~b} [23] 
~ -  Oi,, 

where R is the ratio of the volumes of the con- 
centrated phase (V") and of the dilute phase 
(V') and ~i,t the initial volume fraction (before 
phase separation) of particles i. We now have 
2n + 1 relations (i.e., Eq. [ 19] and n times Eqs. 
[21 ] and [23]) describing the phase equilibrium 
and with these we can in principle calculate 
all variables ~b}, ~bT, and R at given volume 
fractions ~i,t and given system parameters Yi 
and ai. From Eq. [23] it can be seen that the 
solutions of these equations must depend on 
the initial volume fractions ~;,t. This is in con- 
trast to the monodisperse case where 4¢' and 
4~' are independent of ~bt. 

We have calculated some phase diagrams 
for a three component system (i.e., solvent and 
two kinds of particles). Table I lists the various 
sets of system parameters for which phase dia- 
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TABLE I 

Systems for Which Phase Diagrams 
Have Been Calculated 

System $2/~3 
number Figure Az/A3 dud3 (Initial) 

1 2 0.8 1 1 
2 3 0.6 1 1 
3 4 0.8 0.8 1 
4 5 0.6 0.6 1 
5 6 0.6 0.6 0.216 
6 7 A2 = 0 1 1 

A3 = 200 

Note. Except for system 6 the geometrical mean of  A2 
and A 3 is taken to be 200. 

287[  

E / ", 

283 ' ", 

281 

2 7 9  " 
.1 .2 .3 .4 .5 

> Volume f r ac t i on  

FIG. 3. Phase diagram for two particle system 2. Overall 
volume fractions 0.02, 0.08, 0.15 and 0.25 (high initial 
volume fractions are on the inside of  the set of  curves). 
( - - - )  Cloud-point curve. (---) Shadow curve. ( . . . )  
Spinodal curve. 

grams have been calculated. The correspond- 
ing diagrams are shown in Figs. 2-7. System 
6 consists of a mixture of hard spheres (A2 
= 0) and attractive particles. In these figures 
the sum of the volume fractions of both par- 
ticles in each phase is plotted, because this will 
be the experimentally obtained quantity. In 
the calculations the initial volume fractions of 
components 2 and 3 are chosen equal for all 
the systems, except for system 5 where equal 
number concentrations are chosen, so the ratio 
of the volume fractions is equal to the third 
power of the ratio of the diameters. 

The calculations show that fractionation 
takes place and that this fractionation depends 
on the overall volume fraction and the tem- 

~ 287 
L 

285  

E 

283 

281 

279 

/X 
> Volume f r a c t i o n  

.5 

FIG. 2. Phase diagram for two particle system 1. Overall 
volume fractions 0.02, 0.08, 0.15, and 0.25 (high initial 
volume fractions are on the inside of  the set of  curves). 
Cloud-point curve and shadow curve are not plotted for 
clarity. 
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perature. Fractionation is defined by the ratio 
of the volume fractions of particles 2 and 3, 
in the dilute phase. In the concentrated phase 
this ratio does not differ much from the orig- 
inal ratio (except in the case of volume frac- 
tions lower than about 0.05, where it is lower). 
For system 4 the fractionation is given as a 
function of T and q~ in Fig. 8. At low temper- 
ature the fractionation is greater than at high 
temperature. The fractionation does not de- 
pend very much on overall volume fraction, 
except for low overall volume fractions where 
it is smaller. When both particles have equal 
attraction parameters the smaller particles ac- 
cumulate in the dilute phase. In this case the 
volume fraction of both phases do not depend 
much on overall volume fraction. 

. 287  

28~ 

E 

T 
283 

281 

27£ 

> Vo lume l f rac t ion  

FIG. 4. Phase diagram for two particle system 3. Overall 
volume fractions 0.05, 0.10, and 0.25 (high initial volume 
fractions are on the inside of the set of curves). ( -  - - )  
Cloud-point curve. (---) Shadow curve. 
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87[ 

285[ /. ~ .- . . . . . . .  -.. 

T 281 [ i ': \ 

279 L .1 .2 .3 .4 .5 
> Volumelfraction 

FIG. 5. Phase diagram for two particle system 4. Overall 
volume fractions 0.04, 0.08, 0.15, and 0.25 (high initial 
volume fractions are on the inside of the set of  curves). 
(-  - -)  Cloud-point curve. (---) Shadow curve. (.  • • ) Spi- 
nodal curve. 

x:289[e 

, . . . . . .  . . . . .  

o_ 

T 2 8 3  

> Volume fraction 

FIG. 6. Phase diagram for two particle system 5. Overall 
volume fractions 0.04, 0.08, 0.15, and 0.25 (high initial 
volume fractions are on the inside of  the set of  curves). 
(-  - -)  Cloud-point curve. (---) Shadow curve. 

The spinodal for a polydisperse system is 
obtained from the condition that the amount  
of scattered light (at zero angle) reaches infin- 
ity. This is the case when the determinant A 
is zero (22). For two kinds of particles A is 
equal to (with constant u, and T) 

A = (~pj)p0~i = 0 [24] 

with i and j = 2, 3. (O~i/Opj)p for hard spheres 
can be found in Ref. (23). When we add the 
attractive part (Oui/O4~j)~ is written as 

+__, p,/3 

\ a i /  

x (1 + +  j(1 + + 

+ 9(~ricrj)U2~/2(l + o'i~/2)(1 + ~j~/2)] - 270. [25] 

For systems 2 and 4 in Table I the spinodal is 
calculated and plotted in Figs. 3 and 5. 

4. DISCUSSION 

We have derived a set of equations which 
describes the phase separation of a colloidal 
dispersion into two phases each with a different 
concentration. As in the Van der Waals theory 

pressure is divided into two terms. The first is 
a repulsive one of the hard sphere type, char- 
acterized by the hard sphere diameter only. 
The second term is an attractive one, the at- 
tractions being described by the parameter % 
This parameter is written as 3' = A ( O / T  - 1), 
where A is a measure of  the overlap volume 
of interaction and depends on the chain den- 
sity and solvent-chain pair. (O /T  - 1) is a 
measure of  the free energy per unit volume of  
overlap and depends on the chain type and 
solvent only. Attraction occurs when T < 0 
and will lead to phase separation when the 
temperature is decreased still further. For a 
monodisperse colloidal system the critical 
temperature is given by Tc = 0/(1 + "yc/A); 
3'c = 10.6. 

30O 

c. 

290 
o 
o_ 
E 

T 280 

270 .2 .3 
I 

\ 
.x 

.4 .5 .6 
> Volume fractJon 

FIG. 7. Phase diagram for two particle system 6. Overall 
volume fractions 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6 (from left 
to fight). (-  - - )  Cloud-point curve. (---) Shadow curve. 
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20, 

1~ 3 

-t,~ 

2 
"9"~ 1g 

1 

2 ~ o  ' 2 ; 2  ' 2 ~ 4  ' ' 286  

> TEMPERATURE/K 

FIG. 8. Fractionation in the dilute phase of two particle 
4 system as a function of temperature and initial volume 
fraction. (1) 4t = 0.04, (2) ~bt = 0.08, (3) ~bt = 0.15, and 
(4) ~b, = 0.25. 

With large particles the volume of overlap 
will be large and therefore A will be large. Tc 
will then be close to 0. Of  course the London-  
Van der Waals attraction will then become 
larger too, leading to an increase in Tc (possibly 
higher than 0). 

The temperature range in which phase sep- 
aration can be studied also depends on the 
value of A (Fig. 9). Therefore with large par- 
ticles (and long chains) the concentration of 
the dilute phase can be measured only within 
a very short temperature range. In other words 
the temperature at which phase separation oc- 
curs is slightly dependent on concentration. 
This is found experimentally also (4-9). With 
smaller values of  A one will observe a stronger 
dependence on volume fraction (Fig. 9). The 
values of  A and 0 we used were chosen so as 
to obtain reasonable agreement with experi- 
ments (16). 

In calculating the effects of  polydispersity 
on phase separation we have taken only two 
kinds of  particles into consideration, but the 
results will be similar when more particles (or 
in the extreme case a continuous distribution) 
are considered, but then the calculations will 
be more complicated. 

To observe these effects, the polydispersity 
in attraction parameter ~, must be greater than 
about 15% (i.e., A 2 / A  3 < 0 . 8 ) .  The attraction 
parameter  depends not only on size but also 
on the roughness of  the particle surface. 

Therefore polydispersity can play a role even 
with rather monodisperse (in size) systems. 

The resulting binodals as a function of  the 
initial volume fraction do not coincide. This 
phenomenon is also encountered in the phase 
separation of  polydisperse polymers (24, 25). 
Furthermore it can be seen that the phase lines 
for the different overall volume fractions are 
not continuous, except those for the critical 
volume fraction. The phase lines end in two 
curves: the so-called cloud-point curve (CPC) 
and the shadow curve (SC). The meaning of  
these curves can be explained as follows. When 
a dispersion of a given volume fraction is 
cooled separation begins at a certain temper- 
ature. This temperature is the cloud-point 
temperature, so called because the turbidity 
increases sharply as a new phase starts to ap- 
pear. This temperature as a function of  the 
volume fraction of  the initial dispersion is the 
cloud-point curve (CPC). At the cloud-point 
temperature a very small amount  (zero vol- 
ume) of  another phase separates out. This 
phase has a well-defined particle volume frac- 
tion. The cloud-point temperature plotted 
against this volume fraction results in the 
shadow curve (SC). The SC is also called the 
coexistence curve of  the CPC. 

The CPC and the SC can also be interpreted 
as the limit of  (physical) realistic solutions of  
Eqs. [19], [21], and [23]. Numerically the fines 
do not end at the CPC and the SC, but beyond 
these curves one of the volumes of  the coex- 
isting phases is negative (R is negative). This 

3OO 

29O 

2 8 0  

270 
-4  -3 -2 -1 0 

:' LOG (VOLUME FRACTION) 

FIG. 9. Phase diagrams of monodisperse systems for 
various values of attraction parameter A. ( 1 ) A  = 2000, 
(2) A = 1000, (3) A = 500, and (4) A = 200. 0 = 300 K. 
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means that both phases (numerically) will have 
a volume fraction which is either smaller or 
greater than the original dispersion. This is 
clearly not possible. For a somewhat different 
approach to the three component phase dia- 
grams we refer to Koningsveld et al. (24). 

The SC can be found from phase separation 
experiments by extrapolating the volume 
fraction of the phase that separates to zero 
volume. This means for initial volume frac- 
tions lower than the critical volume fraction 
an extrapolation of the volume fraction of the 
concentrated phase 4)" to R is zero (R is the 
ratio of volumes of concentrated and dilute 
phase) and for initial volume fractions higher 
than the critical one an extrapolation of the 
volume fraction of the dilute phase 4f to 1/R 
is zero. These extrapolations need not be 
straight lines. Our calculations show that close 
to the critical volume fraction these extrapo- 
lations will result in the CPC only if temper- 
atures are taken which are very close (0.001 
K) to the cloud-point temperature. 

The CPC and the SC intersect at the critical 
point (the two phases formed are identical). 
In this way the critical volume fraction can be 
found. The critical point can also be found 
analytically, but the formulas are quite com- 
plex and therefore not reproduced here. 

It is important to note that with polydisperse 
systems the maximum of the CPC is not the 
same as the critical point. 

5. CONCLUSIONS 

The theory presented in this paper is derived 
using a Van der Waals-like approach to the 
interaction. With short-range attractions and 
when the attraction is large this approach does 
not give exact results. However, we think that 
even then the results are reasonably accurate. 
A better expression for the osmotic pressure 
of attractive particles may be found in further 
research. 

The interaction between stabilizing polymer 
layers is described by polymer theory. Exper- 
iments are being performed with polymer 
(PIB) stabilized silica particles and the results 
of phase separation experiments will be pub- 
lished. The interaction between two overlap- 

ping layers of short chains is also modeled us- 
ing polymer theory. It is not certain whether 
this modeling is correct. This interaction 
therefore has to be studied in more detail. 
Phase separation experiments using silica par- 
ticles coated with short (octadecane) chains 
will be described in a future article (16). 

APPENDIX 

AN ESTIMATE OF THE HAMAKER 
CONSTANT OF SILICA IN 

ORGANIC SOLVENTS 

The Hamaker constant for two bodies of 
material 1 immersed in a liquid 2 can be ob- 
tained using (26): 

= 3 h  ( ° ° ( ~ l Z d ~  [At] 
A121 871.200 \ e l  -1- 62] 

where e, = e~(i~) is the dielectric constant of 
material a at imaginary frequency ~, h is the 
Planck constant. This is the Hamaker constant 
to be used in Eq. [1]. If both materials have 
only one absorption frequency, ~, is given by 

e~o- 1 
e~(i~) = 1 + 1 + (~//'.)2 [A2] 

where v. is the absorption frequency and ~.o 
the static dielectric constant. Substitution of 
Eq. [A2] in [A1] results in (27) 

3h(/ '1/ '2)  1/2 

A 121 -- 64~o 7/4 

X27o + 2X-g~/2 Aeo + (A%)2(3 + 2 Y) [A3] 
X {(I t__  ~ 1 ) 1 / 2  t_ (]r.~_ ~ 1)1/2}3 

where 
~0 =1 ~(qo + E2o) 

mE0 = 610-- ~20 

X =  vl(el0 - 1 ) -  v2(Ez0 - 1) 
/'2 /'1 

Y=nTI I (010 + 1) + /'2 1)} 
[v2 

The absorption frequency of silica can be 
found by extrapolation to zero of (n 2 + 2)/(n 2 
- 1) (i.e., proportional to the inverse polar- 
izability) as a function of the frequency to the 
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power  o f  2 (28). Unfo r tuna t e ly  the  refractive 
index n o f  the  silica part icles  is on ly  k n o w n  in 
a shor t  f requency interval .  Therefore  we use 
for Vl a value o f  fused silica (28) ul = 37.8 
X 1014 s -1. F o r  el0 we use the  square o f  the  

refractive index o f  our  silica at  zero f requency 
el0 = 2.04. In  Table  II values for u2 and  e20 are  
l isted for some organic  solvents  (28) together  
with the  ca lcula ted  H a m a k e r  constant .  These  
H a m a k e r  cons tants  are sensit ive to uncer ta in-  
ties in Vx, so these values give a rough  es t imate  
only.  In  these ca lcula t ions  it was a s sumed  tha t  
the  layer a r o u n d  the part icles  has the  same 
proper t ies  as the  solvent.  

The  at t ract ive t e rm in Eq. [3] can be cal- 
culated by per forming an integrat ion over  V(r) 

(29). The  at t ract ive p a r a m e t e r  3' is then  given 
a s  

1A 1 [ 2 1 n S 0 -  2 

4 0  1 .  3, S 2 - 4 2  
~ 0 - ~ o l n - - - ~ 0 a  ] [ a4 ]  

where So is the ra t io  o f  the  hard  sphere di- 
ame te r  and  the radius  o f  the  silica core. The  
difference be tween the radius  o f  the  ha rd  
sphere and  the silica core is abou t  the  chain  
length o f  the  s tabi l izing chains,  since the  silica 
par t ic le  is densely covered with  these chains.  
As an  example  o f  this ca lcula t ion  we take  par-  
ticles with a (core) radius o f  50 n m  and  a chain 
length o f  abou t  1.5 nm,  so So = 2.06. W i t h  
the H a m a k e r  cons tan t  o f  silica in benzene  we 
find 3' = 0.42, which is far less than  the cri t ical  
3' ( ~  10.6). 

TABLE II 

Values of e2o and u2 for Some Solvents (Ref. (26)) 
Used for Calculating Ah 

~2 Ah 
Solvent ~20 ( t0  j* s -I) (kT) 

Cyclohexane 2.015 33.9 0.15 
Benzene 2.274 25.4 0.60 
n-Hexane 1.882 33.9 0.57 
n-Octane 1.942 34.0 0.33 
n-Decane 1.985 33.9 0.21 

Note. For particles, el0 = 2.041 and ~1 = 37.8 × 1014 
s -1 is used. 
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