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ABSTRACT 

A crittcal study is made of the mathematics needed to describe the current response towards a 

potential step perturbation of an electrode at which phase formation takes place by the process of 

nucleation and diffusion-controlled hemispherical growth. As a result, an expression for the current-time 

transient is derived which is more general than the expressions for the hmiting cases used hrtherto. 

Procedures are discussed for fitting experimental data to this new expression in order to obtam the 

number density of nucleation sites and the nucleation rate constant. The theory is extended to cases 

where overlap of growing nuclei has to be accounted for, resulting in a new expression as well. From a 

comparison with existing theories it is concluded that the present derivatton, and its result, although also 

not rigorous, is to be preferred because it is unique in extrapolating to both short-time and long-time 

limiting behaviour exactly. 

(I) INTRODUCTION 

The important role of nucleation and growth in the early stages of electrocrys- 
tallization is at present well established, due to the performance of well-chosen 
model experiments, reviewed recently [1,2]. The theories describing these processes 
have also been fairly well developed (refs. l-10 and refs. cited therein). Qualita- 
tively, the overall picture is as follows: After a so-called initial delay or induction 
time, nucleation proceeds at a constant rate until it becomes limited by the available 
surface area or the available number of nucleation sites. Each nucleus - a cluster 
of atoms having a critical size - grows (mostly three-dimensionally) at a rate 
determined by the rate of incorporation of new atoms and/or the rate of mass 
transport, i.e. diffusion of metal ions to the growing centre. Finally, there is overlap, 
to be seen as coalescence of the growing clusters, or also, in the case of diffusion 
control, interference of the diffusion zones. 
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Experimentally, it turns out that controlled potential perturbation methods are 
very useful for studying electrodeposition of metals on either the same metal or a 
foreign substrate. For example, the current-time transient responding to a single 
potential step has a characteristic shape showing an increase of the formation rate 
of the deposit to a certain maximum, after which the current decreases asymptoti- 
cally. However, considering the most recent literature describing these transients 
[7,10-121, it appears that their analysis, in terms of the picture outlined above, is not 
yet unambiguous. This is caused mainly by the mathematical complexity of the 
problem, which has prompted different authors to introduce different approxima- 
tions in their models, to neglect the influence of one or more effects, or to rely on 
the validity of limiting cases within certain parts of the experimental time domain. 
In particular, the latter approach is attractive if one wishes to study new systems 
related to practical electrodeposition procedures and to characterize the nature of 
the processes involved. However, it requires a posteriori verification of the simplifi- 
cation assumed. 

The purpose of the present paper is to reconsider 
static current-time transient from this point of view. 

(II) THEORY 

the analysis of the potentio- 

The following notation for the essential parameters will be used: 

to 
t real 
t 
U 

7 

A 
N 

NO 
D 
c 

P/M 
j 
a 
b 
17 

induction or initial delay time 
time elapsed after application of the potential step 

= real t - to 
time of birth of a critical nucleus 
=t-u 
nucleation rate constant, s-l 
number density of nuclei, cmP2 
maximum number density of nuclei, cme2 
diffusion coefficient, cm2 s- ’ 
concentration of the species to be deposited, mol cmb3 
molar density of the deposited species, mol cmP3 
current density, A cmW2 
= (~T)~‘~D(Mc/~)“~N~/A 
= 2rD(Mc/p)(No/A) 
= E - Eeq, the deviation from the Nernst potential 

It will be supposed that the potential is always stepped to such a value that the 
growth rate of the nuclei, once formed, is diffusion-controlled and the concentration 
of the depositing species near the surface is practically zero. If in practice the latter 
is not the case, this can easily be corrected for by replacing c by c[l - exp(zF/RT)n], 
as has been shown in ref. 7. Activation-controlled growth will not be considered in 
the framework of this paper. 
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(II. 1) Nucleation and growth 

First we consider the shape of the transient that will be observed if overlap has 
no significant influence. On the basis of the concept of the critical nucleus being a 
cluster of n, deposited atoms, it has been shown that, after the onset of deposition, 
the number of critical nuclei increases initially with (t_,)“, [l]. After some time, 
however, a steady state is reached and then the nucleation rate is given by 

dN/dt = const. (I) 

and the number density itself by 

N = const.( t,, - 1,) (2) 

The “delay time” t, can be expressed in terms of the rate constants of the successive 
addition reactions required to form the critical nucleus. The constant in eqns. (1) 
and (2) is also a function of these rate constants. 

Equation (1) describes the case of so-called “progressive nucleation”. However, it 
can have a relation to reality only as long as N is small compared to N,. Following 
the reasonings of Abyaneh and Fleischmann [5,6], although with a different nota- 
tion, we can suppose that N, represents either a number of so-called “active sites” 
or just the reciprocal of the surface area needed for a critical nucleus. It may easily 
be conceived that a more general nucleation rate law will be 

dN/dt=A(N,-N) (3) 

which for N = 0 at t = 0 (i.e. trea, = to) can be integrated to 

N=N,[l-exp(-At)] (4) 

This expression is encountered frequently in the literature, but with t denoting the 
time counted from the moment of step application, which means that the initial 
delay due to build-up of critical nuclei is neglected. The alternative proposed here is 
to count t from the reference point t,, which is found on the time axis by 
extrapolation of the linear part of eqn. (4). Evidently we have to realize that eqn. (4) 
will hold only if t is larger than the time t, at which the nucleation became 
stationary. This idea is illustrated schematically in Fig. 1. 

For small values of At, eqns. (3) and (4) reduce to the form of eqns. (1) and (2): 

dN/dt = AN, 64 

N=AN,t (5b) 

which is the case of progressive nucleation. It should be noted here that the “rate 
constant” A can have a complex nature, as it gives the rate of formation of clusters 
of n, atoms built up by a series of consecutive addition reactions [l]. For large At, 
the following reduced expressions hold: 

dN/dt = N,S(t) (64 

N = N, (6b) 
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Fig. 1. Time dependence of the number density of 

progressive and instantaneous behaviour. 

according to eqn. (4). See text. Straight hnes: 

where 8(t) is the Dirac delta function. This is the case of “instantaneous nucleation”, 
a term obviously chosen to indicate that at a fast nucleation rate the maximum 
number of nuclei is formed virtually immediately after the start of the perturbation. 
Again it is questionable whether a kind of induction time has to elapse before this 
situation is realized. Also, of course, in practice it is a matter of the experimental 
time window that determines to what extent the details in Fig. 1 are reflected by the 
experimental transient. 

It is profitable, therefore, to discuss the theory in terms of dimensionless 
quantities, like At, bearing in mind that in practice at short times the double-layer 
charging current will obscure observation of the faradaic transient. 

Next we consider the phenomenon of three-dimensional growth, the rate of 
which is supposed to be controlled by diffusion of the depositing species towards 
the growing nucleus, assumed to be a hemisphere. A difference of opinion arose on 
the solution of this diffusion problem [4,10,11], but eventually it has been commonly 
accepted that to a fairly good approximation the following expression for the radius 
of the growing hemisphere holds [l]: 

R = (2Lk~M/p)~‘*( t - z$‘* (7) 

where u equals the time (referred to to!) at which the particular nucleus was born. 
Equation (7) applies to the case where the fact that the surface of the hemisphere 

moves towards the bulk of the solution during growth can be neglected [l]. Two 
more rigorous alternative expressions have been presented in the literature, namely, 
(a) an implicit expression by Rangarajan [13] which accounts for the moving 
boundary exactly: 

R = 2XD”*( t - u)l’* 
with X obeying the relation 

2h2 exp(h*)[exp( -X2) - h7i”* erfc(h)] = ( Mc/p)1’2 
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and (b) an explicit expression by Fletcher [14] which accounts less exactly for the 
moving bpundary: 

R = [ (M~/27rn)l’~ + (1 + Mc/2?rp)“2] (2DMc/p)“2( t - z4)1’2 

Numerical calculations reveal that the solutions (a) and (b) are virtually identical, 
and that for reasonable values of MC/P (smaller than 0.1) the difference with eqn. 
(7) is negligible. 

From eqn. (7) it follows that the current corresponding to the growth of one 
hemisphere is equal to 

tF( p/M)27rR2 dR/dr = ~Fc~(20)“‘( Mc,,+$‘~( t - ~)i’~ 

The total current density at time t is then given by 

j(t) = ~Fc~(2~)“‘(Mc/p)“~~~(r - u)li2g du (8) 

Surprisingly, we found in the literature only the solutions of this integral for the 
limiting cases given by eqns. (5) and (6), respectively [7,10,11]: 

j(t) = Z%r(2~)““( Mc/p)1’2:ANot3’2 (9) 

for the progressive case and 

j(t) = Z&r(20)“‘( Mc/P)1’2Not”Z (IO) 

for the instantaneous case. Obviously these expressions for the transient are the 
asymptotic forms of a more general expression, to be derived by inserting d N/du = 
AN, exp( -Au) (cf. eqn. 4) into eqn. (8). The solution is (see Appendix I): 

j(t) = zFcm(2D) 3~2(~)1’2_%;((~~)3/2eli Jd”$/l e’dp) 

or equivalently, 

j(t) = zFcm(2D) 3/2(~)1’2~((AI)1/2_e-~~jd”)l/ie*~dh) 

014 

(lib) 

The term containing the integral in eqn. (lla) tends to zero for small At, whereas 
the integral term in eqn. (llb) becomes zero for large At. The limiting forms in eqns. 
(9) and (10) are readily recognized in this way. The integral term in eqn. (llb) is 
known as Dawson’s integral and has been tabulated [15]. In Fig. 2 we have plotted 
the term in brackets vs. AZ and also its logarithm vs. log At. 

(11.2) Analysis of the transient in the absence of overlap 

It has long been recognized that plots of j(t) vs. t213 or vs. t’12 can be used to 
characterize the nucleation process [7,11,12]. If the former is found to be linear, 
progressive nucleation is said to be present and the value of AN, can be obtained 
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* log I(t) (b) 

-4 logCAt) 1 
-2 -1 0 1 2 

Fig. 2. (a) Dimensionless quantity Z(t) = J(~)/zFc?~(~D)~~~(M~/~)‘/~N~A-‘~* as a function of At, 
according to eqn. (11). (b) Double-logarithmic plot of (a). 

from the slope. If the latter is found to be linear, the conclusion will be that there is 
instantaneous nucleation and only N,, follows from the slope. If both regions can be 
covered by the experimental transient, the slopes can be combined to give both A 
and N, [7]. 

Graphical analysis, however, is often misleading because in practice it happens 
frequently that only one limiting case is well developed, and the other only 
apparently. Analysis using the general equation derived here, using all data points, 
is therefore to be preferred. 

The continuous straight lines in Fig. 2b represent the two asymptotes. Especially 
from the logarithmic plot it follows that coincidence of the general solution with the 
progressive limit occurs if At < 0.1, whereas the instantaneous limit is obtained if 
At > 20. It is not likely that an experimental transient covering more than two 
decades of time will be obtained free from other effects such as overlap (see also 
Sections II.3 and 11.4). 

At first sight, double logarithmic analysis of an experimental transient seems to 
be quite sensitive to the power of time to which the current is proportional. 
HUwever, this is true only if the induction time is negligible or known, since in Fig. 
2b actually log(At) = log A + log(t_i - to) is plotted on the horizontal axis. The 
same problem is, of course, encountered in graphic analysis of j(t) vs. t3j2 or tli2. 
It may be better to plot graphs of j2’3 and of j2 vs. time instead. In Fig. 3, such 
plots are made using eqn. (11). As can be expected, for sufficiently small At values 
(At G 0.2) the plot of “I3 j is linear and intersects the horizontal axis at At = 0 or at 
t real = t,. More surprisingly, the plot of j2 is virtually linear down to At 2 2 (i.e. one 
decade lower than Fig. 2b predicted) and it intersects the horizontal axis at At = 1, 
i.e. at trea, = to + A-‘. This is inherent to the Dawson integral, which takes a value 



7 

2 
I/ 1 

At 

0 01 0.2 03 04 3 

Fig. 3. Analysis of the time dependence of eqn. (11) by means of plots of (a) I(r)“3 and (b) 1(t)2 vs. 

At. See text. 

(a) .** 
.** -476 

. 

(b) , , ’ -476 

Fig. 4. Graphical analysis of two current transients obtained during electrodeposition of Sn on glassy 
carbon from 0.04 M Sn(II)+O.9 M H,SO, solution, at the potentials -474 and - 476 mV (vs. SCE). 

The experimental data are represented by the dots. Values of No and A obtained from the straight lines 
using eqns. (9) and (10): -474 mV: N,=51.4X103 cmm2, A= 2.4 s-l. -476 mV: ‘Na=86.0X103 

cm-*, A = 4.8 s-i. 
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Fig. 5. Numerical analysis of the current transients corresponding to Ftg. 4. The experimental data are 

represented by dots. The calculated curves were obtained using eqn. (11) as follows: (- - -_) Using N, 

and A values from the graphical analysis in Fig. 4. ( ----) Fit of eqn. (11) using the entire time 
domain. -474 mV: Nc = 54.6 X lo3 cmm2, A=3.4sm’. -476mV: Na=73.4~10~crn~~, A=14.5 SC’. 
(- - - - - -) Fit to eqn. (11) using 0 Q f < 0.45 s. -476 mV: N, = 93.4~ lo3 cmm2, A = 7.1 s-t. 

close to OS/(At) ‘I2 if At > 2 [15], so that the square of the bracketed term in eqn. 
(llb) becomes equal to At - 1 + (At))’ = At - 1. The conclusion is that a combina- 
tion of the plots of j2/3 and j2 vs. treal provides a powerful check on the 
consistency of the transient and the model (nucleation with diffusion-controlled 
growth) if both the slopes and the intercepts are examined carefully. In addition, of 
course, the relationship between j and treal can be analysed by fitting it to eqn. (11). 

As an example, we present in Figs. 4 and 5 the analysis of two transients 
obtained during a study of the deposition of Sn on glassy carbon which will be 
published elsewhere [16]. Clearly the analysis works quite well at the lower overvolt- 

age, - 474 mV. At the higher overvoltage, -476 mV, the j2 vs. t plot would tempt 
the experimenter to draw a straight line that does not fulfil the condition that it 
should intersect the horizontal axis at the time value trea, = t, + A-‘. 

(II. 3) Overlap 

The analysis outlined above becomes invalid when the germinated centres no 
longer grow independently of each other. This is the case if the deposited hemi- 
spheres are coalescing, but also earlier when the depletion zones around them start 
to interfere. This interference has the effect that new nuclei will be formed more 
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Fig. 6. Schematic representation of the interference of adjacent diffusion zones around separate nuclei (A 
and B) and around coalesced nuclei (B and C). The dashed lines represent “equi-concentration” surfaces 

at approximately (from top to bottom) c(r) = c, 3/4c, 1/2c. 1/4c, where c is the bulk concentration. 

slowly at sites on that part of the surface where the concentration of the diffusing 
material is lowered, as is shown in Fig. 6. Moreover, the symmetry of diffusion 
changes gradually from spherical to planar. 

The problem of how to account for overlap in the case of diffusion-controlled 
growth has been approached by several authors in different marmers [5-91. In the 
following, we discuss these approaches in the light of the considerations of Section 
(11.1) and moreover, we propose a new approach. In order to avoid confusion, we 
will maintain a consistent notation throughout, thus sometimes deviating from the 
notations in the original papers. 

(i) The approach of Gunawardena et al. [7] 
Around a “free” growing centre a hemispherical diffusion zone will develop, the 

radius of which is postulated to be proportional to the square root of time: 

rd = (kD7)l’* = (kD)“‘( t - uy* (12) 

where 7 is the life-time of the centre that germinated at time U. The constant k is to 
be defined later. This diffusion zone covers an area rri on the substrate’s surface. If 
N(t) “free” nuclei were formed up to time t, the total coverage S,, would be found 
by integration: 

rri du=nkD 
J 
bg(t - u) du (13) 

The time variable u represents the moment of birth of a nucleus. Accounting for 
overlap of the zones by Avrami’s theorem, we find the actual coverage 8: 

19=1-exp(-&) (14) 

Next, by virtue of a model, it is supposed that the current density corresponding 
to the deposition of the material building up the centres is given by the Cottrell 
equation for a planar diffusive flux to an electrode of area 8: 

j(t) = zFcD”*( rt)-1’2B 

=tFcD’~2(~t)-“2[1-exp(-kJ,,)] (15) 
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The integral of eqn. (13) is evaluated in ref. 7 for the two limiting cases of 
instantaneous and progressive nucleation. An expression for k is found by means of 
a third postulate, namely, that the limit of j(t) for t approaching zero should be 
identical to the current derived for the absence of overlap, i.e. eqns. (9) and (lo), 
respectively. This results in k = (8acM/p) ‘/’ for instantaneous nucleation and 
k = (4/3)(8?rcM/p) ‘I* for progressive nucleation. This inconsistency is, of course, 
unsatisfactory but understandable, since in the absence of overlap the diffusive flux 
has a spherical symmetry and hence is not planar. 

(ii) The approach of Scharijker and Mostany [9] 
Two improvements to the above approach are introduced by these authors. First, 

the constant k is defined a priori, and second, the general nucleation law, eqns. (3) 
and (4) is applied. The reasoning is as follows. 

The flux J, towards a “free” hemispherical centre being radial, the total amount 
of material that diffuses per time unit to the centre at time 7 is given by 

-2rR2J,( 7) = 2nRDc (16) 

where R is the radius of the centre and 7 is the time elapsed since nucleation. Let 
the equivalent area of the plane surface towards which the same amount of material 
diffuses by linear diffusion be given by mrd. 2 Then applying the Cottrell equation: 

-vriJP(7) = .rrr~D1/2c(m-1’2 (17) 

Equating eqns. (16) and (17) gives 

rrri = ~TRD”~( ~7)~‘~ (18) 

Hence, with eqn. (7) and t - u = 7: 

7rr-i = (2m)3’2D( Mc/p)1’2( t - u) (19) 

From eqn. (19) it follows that the parameter k of eqn. (12) is indeed given by 
k = (8xcM/p) ‘j2, i.e. Gunawardena’s value for the instantaneous limit. 

Using eqn. (19) and dN/du = AN, exp( -Au), we obtain the extended coverage 
as before (eqn. 13): 

8,, = (2r)“‘D( Mc/p)1’2AN,i’( t - u) exp( -Au) du 

=a[At-l+exp(-At)] (20) 

with 

(Y = (~T)~‘~D( Mc/P)“~( &/A) (21) 

N.B. Scharifker and Mostany followed the method of Evans to account for overlap, 
which is mathematically equivalent to Avrami’s method, so that it leads to the same 
result. 

Next the current density is calculated using eqn. (15): 

j(t) = zFcD”2( at) -1’2{ 1 - exp[ -a(At - 1 + e-“‘)I } (22) 
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To compare this result with the general expression, eqn. (llb), for nucleation and 
growth without overlap, we calculated the dimensionless quantity I(t) = 
j(t)/{ ~Fc~(~D)~‘*(Mc/~)“~(~~/~~‘~)} from eqn. (22) i.e. 

I(r) = ’ {l-exp[-~(At-I+e-A’)]} 
Cx( At)1’2 

(23) 

The dimensionless parameter OL controls the degree of overlap. It is a function of 
five intrinsic parameters, D, M, p, No and A, and of one extensive variable, the 
concentration. If (Y is sufficiently small, the exponent can be linearized (i.e. 6 = &,) 

and Z(r) becomes 

I( 1) = At’12 - ( At)-1’2 + ( At)-1’2 eCAr (24) 

Although eqn. (23) is attractive because of its relative simplicity, it describes the 
current-time transient inadequately, at least for cases of small overlap. This follows 
from the dissimilarity between eqn. (24) - the limiting form for no overlap - and 
eqn. (11) - the rigorous expression for no overlap - which was derived straight- 
forwardly. Both in the progressive region and in the instantaneous region a 
discrepancy is observed. 

The imperfection of Scharifker and Mostany’s model can be understood with the 
aid of Fig. 7. The radial flux to a nucleus is contained in the hemispherical diffusion 
zone with a diffusion layer thickness equal to R = (~DcM/~)‘/~$/~, within which 
by approximation the concentration varies linearly with the distance r from the 
surface, i.e. c( r = 0) = 0 and c( r = R) = c. The hypothetical equivalent linear flux is 

(a) 

h 

- -. 

Fig. 7. Schemattc representation of the hypothetical cylindrical diffusion zones with linear fluxes 

equivalent to the radial fluxes around the nuclei: (a) the model of Scharifker and Mostany; (b) the model 

proposed in this paper. The dashed honzontal lines indicate, from top to bottom, “equi-concentration 

planes” at approximately c(h) = c, 3/4c. 1/2c, and 1/4c, where c is the bulk concentratron. The 

dashed semicircles indicate the approximate boundary of the hemispherical diffusion zones. 



12 

contained in a cylinder of radius r, = (2R)“*( 7rD)1’4r1’4 = (27r~/Mc)‘14R and 
height 6 = (rDr)‘/* = (7rp/2Mc)‘/*R. Within this cylinder the concentration is 
hypothetically proportional to the distance x from the flat surface, i.e. c(x = 0) = 0 
and c(x = S) = c. However, the cylinders pertaining to different nuclei will have 
different heights and consequently the concentration gradients are not uniform over 
the substrate surface. It seems incorrect to apply Avrami’s theorem to a collection of 
such cylinders and thereafter to apply Cottrell’s equation (with time-variable t!) to 
the flux through the surface fraction 19. In the next section it will become clear that 
this is indeed the reason for the failure of eqn. (24) to describe the case without 
overlap. 

(iii) A new approach 
There is actually no reason why the hypothetical linear flux should be defined in 

terms of 7 (eqn. 18) whereas the eventual flux through the effective area 8 is 
supposed to be related to t (eqn. 22). We therefore propose to define the equivalent 
area of the plane surface through which the hypothetical flux is equal to the real 
radial flux in the following way: 

-mrd2Jp(t) = mr,2D1/2c(at)-1’2 (25) 

thus ensuring that the “diffusion layer thicknesses” of all cylinders are equal: 
S = (mtD)‘/*. The cross-sectional surface area is now given by 

rri = 2rRD’/*( vrt)l’* 

= (2v)3’2D( Mc/p)1’2t1’2( t - u)l’* 

Hence the extended coverage is, analogous to eqn. (20) 

(26) 

6,, = (2vr)3’2D(Mc/p)‘/lAZV,,t112i’(t - u)~‘~ exp( -Au) du 

= a( At)l’* ((At)‘/” _ e-,&j:A’)“’ eh2 dX) 
(27) 

which can be introduced into eqn. (15) to give j(t). Written in the dimensionless 
form like eqn. (23) the result is 

I( t-) = 1 ,,2(Il-exp[-n(At)1~2((At)1~2-e~“’~~f)”ie”2dh)]) 
+t) 

(28) 

An alternative reasoning, which leads to the same result, is the following. 
Equation (llb) gives the flux J,(t) =j(t)/zF’ which corresponds to the growth of 
N(t) nuclei, if there is no overlap. This flux can be equated to the hypothetical 
linear flux to a planar surface of area 19~~: JP( t) = D’/*c( vrt)-‘/*8,,. It follows that 
19,~ is given by eqn. (27). The essential difference between our model and that of 
Scharifker and Mostany is visualized in Fig. 7b. 



Fig. 8. Time dependence of the quantity I(t) calculated numerically using eqn. (28) (drawn curves) and 
eqn. (23) (dashed curves). The numbers indicate the values of n. 

Numerical calculations using eqn. (28) are represented in Fig. 8 (drawn curves) 
on an At scale up to At = 12. In this domain, coincidence with eqn. (lib) is found if 
LY G 10e3. C~culations using eqn. (23) are represented by the dashed curves. It is 
clear that especially at short times this expressiun gives too low values, Also the 
properties of the current maximum are found to be different with regard to both the 
height 1, and the time t,. A compa~son for different a! values is made in Table 1. 

(iv) The approach of Bosco and Rangarajan [8] 
A model considering overlap of the he~sphe~c~ nuclei themselves was first 

inirodu~ed by Armstrong et al. [3], but it must be noted that this model was meant 
to describe the consequences of charge-transfer controlled growth. Moreover, only 
the instantaneous and progressive cases were considered. A similar model was 
treated by Abyaneh [5]. Bosco and Rangarajan [8] generalized this model to (a) any 

TABLE 1 

Parameters of the current m~~murn according to different models 

cr: 0.1 0.316 1 3.16 10 31.6 100 
h: 0.076 0.237 0.82 27.5 

L eqn. (23) 1.945 1.026 0.505 0.233 0.103 0.0~0 0.0191 
eqn. (28) 1.979 1.064 0.534 0.248 0.110 0.0478 O.MDS 
eqn. (29) 1.960 1.068 0.535 0.0481 

At, eqn. (23) 14.80 5.90 2.75 1.39 0.74 0.40 0.22 
eqn. (28) 13.80 4.87 2.40 1.21 0.65 0.35 0.195 
w. (29) 12.25 4.80 2.25 0.33 
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given nucleation rate law, and (b) either charge transfer or diffusion control. Their 
result is given in the form of an expression for the effective deposited volume per 
unit of area, S, from which the current density can be obtained as j = 
(zFp/M)(dS/dt). The current is made explicit in their paper only for the instanta- 
neous and progressive limiting cases. For diffusion-controlled growth, eqn. (7) of 
ref. 8 leads to (see Appendix II): 

S= (~)1’z6,(,u)l,* (I-exp[-Fp(_y)dy]) du 

and 

g= (~)3”s,,,_Tu)l,* N(u) exp[ -yp(Y) dy] du 

With the general equation for the number density of nuclei, eqn. (4), at time u or y, 
respectively, we obtain for the current density in the dimensionless form as before 

I(t) = 
At) 

zFcm(20)3’2( Mc/p)1’2N,/A”2 

=I Ar 

/ 
l-e-” 

2 0 (At-x)1’2 
exp[ -b(x - 1 + ePx)] dx (29) 

with 

b = 2aD( Mc/p)( No/A) (30) 

The degree of overlap is now controlled by the dimensionless parameter 6, which, 
however, has a meaning different from the parameter (Y in the previous model. It is 
easily seen that for b + 0 eqn. (29) reduces to eqn. (11) i.e. the general expression 
without overlap. At sufficiently long times, where eAX can be neglected in eqn. (29) 
(i.e. instantaneous behaviour), a Dawson-type integral is obtained: 

(MI)“* ex2 dX 

Hence, for large b the limit is 

Z( t ) -j (1/2b)( l/( Ar )l”) 

and the current density itself is 

j(t) + zFcD”~( p/M~)~‘~(l/t”~) 

which is not in agreement with the Cottrell equation. The conclusion is that this 
model is not suitable for describing the transient at longer times. 

The reason for this is obviously the fact that, before the growing centres actually 
overlap, their diffusion zones will penetrate each other and interference of the 
concentration gradients will occur. This means that the diffusional flux will no 
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Fig. 9. Comparison of the new approach (iii) with that of Bosco and Rangarajan (iv). (a) (- ) 
a = 0.1; (a) b = 0.078; (- - -) b = 0.05. (b) ( -) a = 1; (0) b = 0.82; (- - -) b = 0.5. In each 

case. the dashed curve will comcide with the drawn curve at AI + co. 

longer be produced by semi-infinite (spherical) diffusion, but rather by bounded 
diffusion. 

In Fig. 9 the numerical results of the two models (iii) and (iv) are compared by 
choosing values of (Y and b in such a way that coincidence either at short times or at 
long times is obtained. Evidently with model (iv) the transient declines somewhat 
more sharply after the maximum. Those values of b that give coincidence between 
the curves of models (iii) and (iv) approximately up to the maximum are also given 
in Table 1. 

(II.4) Analysis of the current transient with account for overlap 

The occurrence of overlap has consequences for the analysis of the transient, as 
was described in Section (11.2). Here, this will be considered with the aid of model 
(iii), noting that with the appropriate choice for the parameter b, model (iv) yields a 
transient of almost the same shape up to the maximum. 

It is interesting to construct again plots of I( t)2’3 and I(t)*, now using eqn. (28). 
These plots are given in Fig. 10. Within the scales employed in Figs. 10a and lob, 
the curves for (Y = 0.1 almost coincide with the corresponding ones for (Y = 0. 

From Fig. 10a it follows that a linear relationship, corresponding to “progressive 
behaviour”, will be obtainable with reasonable reliability up to (Y = 10. In Fig. lob it 
can be seen how serious the deviation due to overlap becomes at longer times. 
However, in each of the curves a portion is found where I(t)* varies linearly with 
At, which might erroneously be interpreted as the “instantaneous part”, as was 
discussed in Section (11.1). Clearly the straight lines here extrapolate to At values 
smaller than unity, i.e. misinterpretation would lead to too high results for A and 
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Fig. 10. Plots of Z(C)*‘~ and Z(t)* vs. At according to eqn. (28). The numbers indicate values of a. The 
drawn lines in the plot of Z(t)* represent the virtually hnear portions. 

too low results for N,. This phenomenon of “apparent instantaneous behaviour” 
was also mentioned by Gunawardena et al. [7]. For smaller values of CY, similar 
behaviour is found, extending to longer times. 

In most of the treatments in the literature it is proposed to obtain the characteris- 
tic constants from the parameters of the current maximum. In view of the data in 
Table 1, this indeed seems attractive. However, unless f,,, s t,, neglect of the 
induction time would introduce an error. Moreover, a fit to eqn. (28) using the 
complete time scale of the transient, will provide a check on consistency. Obviously 
this fit involves three parameters: t, = rrea, - t, A and (Y. The result for CY gives the 
value of &/A. 

An alternative procedure presents itself as a consequence of eqns. (15) and (27). 
If the experimental current density data, j(t) vs. t, are manipulated as follows 

= a,4’/2 ((At)‘/’ _ e-,& cAr)“’ e”* dX) 
(31) 
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the result should have a time dependence corresponding to Fig. 2. Consequently the 
procedures described in Section (11.2) can be applied to analyse the data and to 
obtain N, and A. Note, however, that in eqn. (31) we have to insert t = treal - t,, i.e. 
this induction time has to be estimated in advance. 

If the transient up to the maximum is fitted to eqn. (29), the three parameters are 
t,, A and b. From the latter, the value of N,,/A can be computed. 

(III) DISCUSSION 

First of all, it should be realized that the present treatment, and also the 
treatments referred to, is severely restricted by allowing only two elementary 
processes, namely nucleation and diffusion, to determine the shape of the potentio- 
static transient. Yet it seems that several experimental model studies [7,11,12] can be 
interpreted in this sense. Therefore it is important to have the general expression, 
eqn. (11) for the current-time relationship instead of the simpler expressions for 
progressive and instantaneous nucleation that have been in use thus far. Equation 
(11) is rigorous, as far as the underlying assumptions, i.e. the rate law for nucleation, 
eqn. (4), and hemispherical diffusion-controlled growth, are correct. 

The incorporation of overlap is more problematic, as none of the four models 
considered in Section (11.3) is physically realistic. At present, we do not see a better 
or more rigorous solution of the problem, which in fact is needed to find out how 
good or how bad the approximations are. Mathematically, the newly introduced 
model (iii) is preferable because it is the only one that meets two obvious require- 
ments, namely, that the derived expression, eqn. (28), reduces to eqn. (11) for 
negligible overlap, whereas it takes the form of the Cottrell equation for time 
approaching infinity. 

Regarding Fig. 7, at first sight it is amazing that the radius r, of the cylinders, 
representing the linear flux that is equivalent to the radial flux towards a hemi- 
sphere, is so much larger than the radius 2R of the hemispherical diffusion zone. 
However, this is due to the mathematics, as 

rd = ( nDt)1’4(2R)1’2 

= (4nD&)1’4(t - u)~‘~R~/~ 

l/4 
-- R (32) 

A typical value for M/p is lo-20 cm3 mol-’ and c will be of the order of 
10-5-10-4 mol cmP3. Because t > t - U, we have r, > ca. 10R. It can also be 
derived that the “diffusion layer thickness” 6 is related to r,, by 

a= 2!Lt 

i 

l/4 

4Mct-2.4 rd 1 (33) 

which means that 6 > ca. 6r,. 
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It is the extent of these inequalities that makes us suspicious about the ability of 
the model to describe the intermediate region around the maximum of the transient 
correctly. This, of course, holds equally for the three approaches (i), (ii) and (iii) in 
Section (11.3). 

As mentioned before, approach (iv) describes numerically up to the maximum a 

curve of similar shape as approach (iii), if b is given a value somewhat smaller than 
(Y (see Fig. 9 and Table 1). However, the meaning of b and (Y is different; cf. eqns. 
(21) and (30): 

b = (Mc/27r#*a! (34) 

In view of the above estimations, we have b = ca. lOOa. Consequently the value 
of &/A, calculated from b (eqn. 30) will be a factor of 100 smaller than the value 
of &/A calculated from (Y (eqn. 21). We may state fairly that, physically, in the 
model of Bosco and Rangarajan the effect of the growing nuclei influencing each 
other is observed too late, i.e. at too high a value of At. On the other hand, in our 
model the effect might be overestimated, i.e. it might show up too early. As yet, 
there seems to be no way to arrive at a quantitative determination of the gravity of 
this error. 

APPENDIX I. DERIVATION OF EQN. (11) 

The integral to be solved is 

N,A 
/ 

I( t - u)l’* eeAu du 
0 

or, by virtue of the convolution theorem, 

With Au=/.L, 

which can be partially integrated to 

f s (( A)312 - eCl’/OAfp3/* d‘ dp) 

leading to eqn. (lla). 
The alternative partial integration gives 

(A5) 

leading, with h = $‘*, to eqn. (llb). 
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APPENDIX II. THE EFFECTIVE DEPOSITED VOLUME PER UNIT OF AREA FOR DIFFU- 
SION-CONTROLLED GROWTH OF HEMISPHERES (SECTION 11.3. iv) 

In order to avoid confusion due to differences in notation, we start with eqn. (6) 
of ref. 8 written as 

S = fRtr. Of [l - exp( -S,,, )) dk 
0 

where S,,, is the effective area of the slice of material at height h and R(t, u) is the 
radius of a nucleus born at t = u. For diffusion-controlled growth we have [1,8] 

l/2 

(t - uy2 (A7) 

648) 

with the condition 0 G u c s. Using eqns. (A7) and (A8), eqn. (A6) can be trans- 
formed into a time integral: 

The extended area is made explicit by [8] 

qh=n$~[R2(t, u)-h2(t, s>] du 

(‘w 

where use is made of the relationship (dN/dt), = (dN/du),, u being the auxiliary 
time variable. With eqns. (A7) and (A8), eqn. (AlO) becomes 

s _ 2nMcD s 
x,h - 

P I o(s-u)~ du 

which is easily integrated to 

S x.h - - y/“N(u) du 
0 

(All) 

W2) 

Equation (A12) has to be substituted into eqn. (A9) to obtain the equation for S 
given in Section (11.3.iv). For the sake of consistency with the ma~ematics of the 
other models, the variables have been changed: u in eqn. (A12) was replaced by y, 

and s in eqns. (A12) and (A9) by u. 
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