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We derive equations of motion for a point particle with spin in an external electromagnetic and
in an external scalar field. The derivation is based on the ten conservation laws of linear and
angular momentum and on a general expression for the current by which the particle interacts
with the external fields.

1. Introduction and summary

In this paper we want to discuss the old problem of how a classical, but
relativistic particle with spin moves through an inhomogeneous external field.

Our motivation for studying this problem is not to prepare the stage for
quantization — after all, the Dirac equation is good enough-but rather to
derive the most general equations of motion, which are consistent with a
number of ‘“‘reasonable” conditions. The belief that such equations exist is
based on the assumption that a classical particle with a macroscopic spin is a
valid concept and need not be related to a quantum theory. A large number of
authors sharing this belief is quoted in ref. 1-3. To be complete we must,
however, mention that Bohr showed that a classical description can only be
correct if the magnetic moment of the particle is large compared with efi/mc?).
We also want to mention explicitly the experimental use of the Bargmann-
Michel-Telegdi equation®) in determining the g factors of the electron and
muon. These equations, however, neglect gradients of the electromagnetic
field and do not include the Stern—-Gerlach effect, as we shall see later. There
have been arguments that the Stern-Gerlach effect is not observable for
electrons®), as distinguished from atoms. This may be true because the mass
of the electrons is small. Here, however, we consider particles with arbitrary
mass and then it is legitimate to ask for a relativistic description which
includes the effects of field gradients.

*On leave from the University of North Carolina, Chapel Hill N.C., USA.
**Postal address: Princetonplein 5, P.O. Box 80006, 3508 TA Utrecht, The Netherlands.
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We now discuss the conditions on our equations which we consider
reasonable, as well as some questions of notation. We shall use the metric
—8w=8u=gn=gu= 1, and choose the velocity of light, ¢, to be 1. As the
parameter along the worldline we shall use proper time, r, although, in order
to prevent inconsistencies, it is necessary to do this with care. In particular
one must make this choice only after obtaining the equations of motion by
varying, for instance, an action, as we shall see in an example in section 2.
Defining

ut = aq; X*(1), we have with 7 the proper time:

ul=uru, =-1. (1.1

For spinless particles, in which case we have a Lagrangian available, p* is
parallel to u* because in the particle part of the Lagrangian Poincaré
invariance allows %* as the only scalar available. By p* we mean the
particle momentum which e.g. for a point particle without spin in an elec-
tromagnetic field is given by

p=a§£
ooaxe

—eA,.

For particles with spin, however, X = u can be contracted into a scalar with
the internal variables related to the spin. Thus, assuming we had a Lagran-
gian, then p and u will in general not be parallel for a particle with spin.

Calling (1.1) our first condition, our second condition is that p and 4 must
be parallel in regions where the external fields are zero. This second condition
excludes helical motions which free particles may have in some theories®). As
p is constant in field free regions, condition number two implies that the
world line is straight in these regions.

Our third condition is related to the spin, o*®(7) = —?(1). We know that
for free particles one should have

oap(T)UP(1) =0, (1.2a)

i.e. the spin is purely spacelike in the rest frame of the particle. It is natural to
assume (1.2a) also in regions where the external field is not zero®). This
assumption, however, leads to theories which do not satisfy our second
condition, therefore we consider an alternative possibility®)

ga(TPpB(7) = 0. (1.2b)
With our second condition (1.2b) reduces to (1.2a) in regions with zero

external field. In section 2 we shall investigate both possibilities (1.2a) and
(1.2b) for a scalar field. We then show that (1.2a) combined with our fourth
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and main condition leads to inacceptable theories of the type found by
Frenkel®).

Our fourth condition is that the equation of motion be compatible with the
ten conservation laws of linear momentum and of angular momentum (both in
the four-dimensional Minkowski sense) of particle plus field.

As our fifth condition we ask that the equation of motion contain time
derivatives of the position of no higher than second order, and time deriva-
tives of the spin of no higher than first order.

In sections 2 and 3, proceeding on the basis of the first four conditions, we
shall find that two more desirable conditions are satisfied: condition six

d
dr

p?=0, or p?=—m?= constant (1.3)

and condition seven

d% (c*a,,)=0. (1.4)
For the scalar field, and for the electromagnetic field with zero gyromagnetic
interaction (1.3) and (1.4) are satisfied exactly. For the general electromag-
netic field (1.4) holds again but the condition (1.3) is only satisfied up to
second order in the external fields. We will therefore restrict ourselves to
equations which only linearly depend on the fields and their derivatives, so
that no particles with quadrupole moments are admitted.

To be complete, let us mention the alternative description of spin by a four
vector W*, the so-called “Paul-Lubanski” vector. In order that this vector
W* contains the same information as ¢**, its definition depends on whether
one has (1.2a) or (1.2b). In the first case one has

W = %Euw\ﬂa.v)‘uu, (1.5&)
and
Oop = €ag, WHU' (1.6a)

In the second case one needs instead

We = %n_ € Do (1.5b)
Oop = % € WHD". (1.6b)

The Lagrangian description, which is available for spinless particles, is used
in what follows as a heuristic tool. Actually several examples of Lagrangians
for spinning particles are available?), but they all seem to have disadvantages,
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as discussed by Grassberger'®). One thing which we take over from the
Lagrangian description is the requirement of ‘“chronometric invariance’?).
This requirement stipulates that the theory be invariant under a change in the
parameter labelling the events along the world line of the particle. This
parameter can then afterwards be chosen in such a way that the acceleration
in the direction of the velocity vanishes: u - u =0, i.e. this insures our first
condition. This chronometric invariance is helpful in the case of the scalar
field and also in finding the correct gyromagnetic interaction with the Maxwell
field.

We will assume that there is a Lagrangian density for the external fields
including the source terms describing the actions of the particle on the field.
Thus, we can derive that part of the energy-momentum tensor which contains
contributions from the field and from the interaction with the particle, but not
from the particle alone. We will then impose the conservation laws, which
then provide the equations of motion for the particle and its spin, after we
have decided what the relation is between the momentum and the velocity.
This relation is fixed by the “reasonable” conditions, which we mentioned
before.

In the next section we derive the equations for a particle with spin moving
in a scalar external field. The result we obtain is a generalization of the
equations given by Schwinger!!) in that also derivatives of the field now
occur. In section 3 the method is applied to the electromagnetic field. Our final
equations are the same as those given by Suttorp and de Groot') (egs. (61) and
(62) of ref. 1). They have an extra term as compared to the equations of
Good'). For a homogeneous field our equations reduce to those of BMT?), but
for an inhomogeneous field we also find a so-called Stern—-Gerlach term.

Despite the fact that our final equations are identical to those of Suttorp
and de Groot, our derivation of these equations has a number of advantages.
These will be discussed at the end of section 3.

Our approach, further, is of great generality and avoids, among other
things, difficulties in the Lagrangian method connected with the difference in
center of energy and center of charge.

2. Spinning particle in a scalar field

In this section we want to discuss the derivation of the equations of motion
for a particle with spin, moving in an external scalar field ¢(x). We will first
obtain the equations for a spinless particle from a Lagrangian formulation and
then show how the same equations can be derived from the conservation law
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for energy-momentum. This second method is then applied to the case of a
particle with spin.

Consider the action functional of the field ¢(x) and of the world line X (7)
of the particle

A= f dx Ve, 2.1
where
g = —detfg,.|=+1 2.2

and the Lagrangian density is given by
=—-1g"E,E, - f drg " (m — ed(x))84(x — X (7))V — gopu°ub. 2.3)

We have introduced the vector field and the 4-velocity by

_dx®
=S5 2.4)

From this action the field equations and the equation of motion for the
particle are derived in the usual way and we obtain

E,=0.¢ and u®

d,E*=-8 and a.E,—3.E, =0 2.5)
with

Six)=¢e f dr 84(x — X (7)) (2.6)
and

[m — edp (X (tH)1(g** + u*u*)u, = e(g** + u*u*)E,. 2.7

In the derivation of this last equation it was important to keep the factor
V= g.gu°u® in the chronometrically invariant Lagrangian (2.3) and only in the
very end replace it by V—u?=1.

The same equation can be derived from the energy—-momentum tensor T*,
as we will now demonstrate. We define the (symmetric) T** with the method
of variation of the chronometric invariant action A of eq. (2.1) with respect to
the metric tensor. [See e.g. ref. 14), p. 360.]

5,A = 8, [ dxVg¥g =13 f T*8g,,V§ dex. (2.8)

In this method it is important to have all indices in their ‘“‘natural’’ positions,
i.e., lower indices for g,, and E, and upper indices for X*“(7) and u*. Keeping
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this in mind and using™)
8gﬁ“’ = — g“)‘g W&gl\ﬂ. and 8g = g’guvaguv’ (2'9)

the energy-momentum tensor becomes

T4 (x) = B“E* ~ }g"E*E, + [ dr d(x = X(n)mo~ (X ())uu”. (210
We now consider the field-plus-interaction part of this tensor

Tw = E*E* - 1g"’E*E, — ¢ f dr é8dx — X(r))d(X (T))u*u* (2.11)

and show how it can be used to derive the equation of motion. A simple
calculation gives

3,T% = —SE* ¢ f d784x — X (1)[t’¢ ~ Epuru’]. 2.12)

Since the momentum of the field is given by [ dsxT®(x, t) we can calculate
the change in the momentum of the particle from the conservation of
momentum and obtain

ddpt = —] d3xaoT0V = —fd3x6“T“". (213)

Substitution of (2.12) gives after performing the integrations over x and 7:

dp*
dr

—epu” = e(g"” + u*u")E.. (2.14)
By choosing the relation between p* and u* as

p* = mut (2.15)

it is seen that (2.14) and (2.7) are equivalent, since the equations are consistent
with u?= —1. In the spin case we will get consistency only if terms O(e?) in
(2.14) can be neglected, i.e., for weak fields. Omitting the same terms here too
we obtain for the spinless case as final equation of motion

mu* = e(g" + u*u”)E,. (2.16)

At this point we want to observe that, although this equation looks rather
innocent, it should not be taken too seriously for strong fields or for too long
times. This becomes clear by considering the case where a particle is
accelerated by a constant field E; =0, E = (0,0, E). The solution of eq. (2.16)
is then given by u” = (V1+ 42 0,0, u) with
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u(r) = tg(% T), (2.17)

which shows that after a finite eigentime the particle would reach the velocity
of light as seen from a fixed frame. This effect is even stronger when ¢(X (7))
in eq. (2.14) is not neglected. This nonsensical result should eventually be
removed by taking radiation damping into account. In the present paper,
however, we will not try to do this.

We will now apply the same method to the case where the spin is not zero.
The derivation of eq. (2.14) is still valid, but the relation (2.15) between
momentum and velocity will have to be modified. Also, we will show that one
has to take the constraint p*o,, = 0 and not u*c,, = 0. The spin equation is
derived from the conservation of angular momentum in the following way.

The density of angular momentum residing in the field plus interaction is
equal to

Tea(x) = x, T —xgT4, (2.18)

where T* is given by eq. (2.11). Now consider two spacelike three-dimen-
sional surfaces S; and S, (see fig. 1), which enclose a four-dimensional volume
Q. Let 7 and 7+ d7 be the times at which the worldline pierces these surfaces.
The increase in the total field-angular momentum J,s = f d;xJ.s during this
time interval is equal to

d jaB = ] dax.ig,g - f d3ngB = f d4x80f?,,, = f d.;xé)ufﬁp.
5, 8, 0 0
Substituting eq. (2.18) and using the symmetry of T, then gives
dJg= f dix[x,9,T8 — x50, T*). (2.19)
2

The integration can be performed using the expression (2.12). From the
conservation of angular momentum we can now calculate the change in the

SI.
Zrar
- X

r 51

Fig. 1. Worldline for the calculation of dJ.g.
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angular momentum j,s of the particle and obtain

dj d d
M = _Bﬁ_ pﬂ
dr - Xu(T) dr XB(T) dt (220)

where eq. (2.14) has been used. Taking the orbital angular momentum of the
particle as

lg = Xopp — XgPes (2.21)

the internal angular momentum becomes S.g = jug — lig. Since we have no
electric dipole moment we can identify this S, with the spin tensor o,s. The
equation for this spin tensor can now be derived from (2.20) and (2.21) and
becomes

Oop = UgPa — UaPp. (2.22)

This equation, together with the one obtained from (2.14) by neglecting the
term e¢u*, i.e.,

p* =e(g" +u*u’)E,, (2.23)

determines the motion of the particle with its spin, as soon as we have
established a relation between the momentum of the particle and its velocity.

If we had a Lagrangian it would contain scalars formed by contracting u
with internal variables related to the spin. Then, p would no longer be
proportional to u. We anticipate this by writing

p* = mo(T)u* + v¥, (2.24)

and solve for v* and for my(r). We demand that in regions where the external
field is zero v must be zero and m, must be m, where p2=—m?2
In solving for v there are two distinct ways to proceed. In regions where

the external field is nonzero we may require either

of =0, or (1.2a)
o.p? =0. (1.2b)

In regions with no external field (1.2b) reduces to (1.2a) as v is to be zero in
such regions. Let us investigate both possibilities (1.2a) and (1.2b). We shall
see that the former leads to undesirable equations after which we proceed
with the latter.

Assuming (1.2a), the vector v can be determined uniquely from (2.22), the
result is

Uy = Uagup = - dapuﬂ. (225)

Substituting into (2.22) and (2.23) gives the equations
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d.aB = 0’,,71:17“3 - (pruyu,,, (226)
(mott™ + riou® + o°iig) = e(g*® + u"u®)E,. .27

Equations (2.26), (2.27) have third order derivatives of the coordinates. Also v
given by (2.25) is not zero outside the region of interaction. Setting Eg = 0 and
mo = m in (2.27) gives Frenkel’s equation®) for a free particle. These equations
have solutions which give a helical motion for a free particle’). The equations
are, however, consistent with the conservation laws as is also obvious from
the fact that they can be derived from a Lagrangian®). We conclude that the
equations (2.26), (2.27) are undesirable and from here on we shall work with
(1.2b), also in the case of the electromagnetic field. One could limit oneself to
solutions which originally have a radius zero for the helical motion. This
radius would not be disturbed much by a weak external field and similarly v*
would be small in such a field. However, v* will not always return to zero
when the particle leaves the field and a transit through a strong field will
sometimes lead to a free particle with a large helical motion.
We now demand that

p*0u, =0 (2.28)
for all times. From this follows

p*0u +pta,, =0. (2.29)
Writing (2.22) as

. 1
Our = me (v.py — p,) (2.30)
0
and substituting this into (2.29) gives
. 1
P 0w + = p*(vup, — v.p,) = 0. (2.31)
0
Without loss of generality we may assume v to be perpendicular to p, as a

component in the direction of p can be taken care of via m, in (2.24). Hence
we set

p v, =0 (2.32)
and find
v, = % P 0, (2.33)

From the anti-symmetry of o,, then follows that

v,p* =0. (234
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Combining this with
up’ =0, (2.35)

which is derived from (2.23), we immediately obtain p,p* =0, so that p2=
—m?is indeed a constant. Also

o= o*a,, = constant, (2.36)
because of (2.30) and (2.28). Eq. (2.33) can now be written as

_ &

2 @ T utu)Eoy, (2.37)

v, =
and we observe that this is of first order in e. Since
1 1
uto,, = e (p*—v*)oy, = “m v*o,, = O(e), (2.38)
we can write (2.37)
€My

v, = s Etg,, + 0O(e?). (2.39)

The function m(7) can be determined by taking the square of p* and using
(2.24). We find

mi=m2— ok (2.40)

On substitution of (2.39) we can solve for mq:
2

mor) = m[ 1= 5 (B0, By + 0@, 2.41)
so that eq. (2.39) becomes

v, = —% E*a,, + O(e?). (2.42)
This can now be used in the equations (2.23) and (2.30) to give

i =2 (g + uru)E, + -5 uo,E,o 2.43)
and

(o-ukuv - a-v).uy.)EA- (2.44)

3o

Oy =

In both equations terms of order e’ have been neglected. Using the definition
(1.5b) for the spinvector the last two equations can also be written as
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i = % (8" + u*u”)E, - miz " Wyu,u°s,E, (2.45)
and
We = 7;— (W'E,)u*. (2.46)

They are consistent with u?=~—1, W2 = constant and u*W, =0. Note also
that these equations differ from those given by Schwinger') in the term in
(2.45) containing the derivatives of the field. This term, however, is necessary
in order to satisfy the conservation laws.

3. Spinning particle in an electromagnetic field

First, consider a particle without spin, interacting with the electromagnetic
field. The Lagrange density is

F = —4F,(x)Fs(x)g"g* + e f drg7128(x — X (1) A (X ()u*, 3.1

where we have omitted the part describing the free particle. With the action
given by (3.1) one can repeat the analysis of the beginning of section 2. We
limit ourselves to giving some of the formulae needed in the remainder of this
section. The Maxwell equations with source are

8,F*(x) = - *(x) (3.2)

30,F,;7 + 6BFW + aYFaB = 0, (33)
where

iwn=f@u)=e[dfax—X@»uwﬂ. (3.4)

The field F** and its dual F* =}e**F,, are related to the electric and
magnetic fields in the usual way

0k . Kl — . 70k . Tkl _
F™ = E,; F* = €mBm; F™ = By; F* = — eymEnm.

As j* has its index up and A, its index down, there is- no interaction
contribution to the energy momentum tensor. For this tensor of Maxwell field
(+ interaction) one finds

TH#(x) = F&F* — }FfF zg". (3.5)
With (3.2), (3.3), one has
3. Tt5(x) = — F™j,(x). (3.6)
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Next, consider a particle with spin. Although we do not have a Lagrangian
density for the entire system, we assume a Lagrangian density for the
Maxwell field interacting with its sources. In this Lagrangian density we now
expect a possible gyromagnetic interaction term of the form

T f drg™"8(x ~ X (1) V= uuPges (F - 0), 3.7)

where F -0 =a"(7)F,(X(1)). Because of symmetry arguments such a
coupling was not possible to the scalar field of section 2. We have used g to
denote the gyromagnetic ratio. The factor involving the square root is neces-
sary in order to maintain chronometric invariance, which will eventually
ensure that p?is a constant. The indices in (3.7) have been put in their natural
places, o*” being an angular momentum, has both indices up. The term (3.7)
gives a contribution to the energy momentum tensor T** for Maxwell field
plus interaction. We get

T*(x) = F4(x)F"*(x) — ig* F.pF*#(x)
+ :—’gnf d7 8(x — X(1))0*B(1) Fo(X (1))u* (1)u*(7). (3.8)

It is useful to note that, via a partial integration, the interaction term (3.7) is
equivalent to a modification of the current (3.4):

*x)=e f dT{ u*(1)8(x — X () + 5% V=u? 0" (7)3,8(x — X(T))}. (3.9)

With (3.9) the Maxwell equations can be maintained in the form (3.2), (3.3).
Thus, one finds .

3, T (x) = — F*j,(x)
+%jd78(x—x(7)){u'”(F'0)+u"ad;(F'0)}- (3.10)

From the conservation laws of total linear four momentum and four angular
momentum, one obtains in a way analogous to that explained in detail in
section 2

p* = e Frbuy, +2i,% 08P —fﬁ—{u"(F o)+ ut(F - o)+ u*(F - d)).

With (3.3) the second term on the right-hand side of this last equation can be
written as (—eg/4m)d*(F - o). It can then be combined with the fourth term



CLASSICAL EQUATIONS FOR PARTICLES WITH SPIN 293
giving
i = uBy _ €8 (,up nyB . _£8 . _£8 . -0
p e F*Pyg am (8" + ut*u®)og(F - o) am (F - o) am (F - o).

(3.11)
The last two terms are O(e?) and will be omitted in what follows.
For the spin equation we obtain, again from the conservation law of total
angular four momentum:

Gy = Pull, — P, + -2%% (Ffog, — Ffog). (3.12)

There is a difference with the spin zero field in that the current (3.9)
contains derivatives of the delta function. These derivatives act on the x, and
Xp on the right-hand side of (2.19) and produce the last term on the right-hand
side of (3.12).

Before proceeding with our derivation let us point out that (3.11) and (3.12)
follow uniquely from the conservation laws and from the expression (3.9) for
j*(x). All what follows is unique once j*(x) is given. Therefore it is a natural
question to ask what is the most general expression for j*. Because of (3.2)
the general j* must satisfy 9,j* = 0 as an identity. Also we want it to be local
and not to contain derivatives of the delta function of order higher than one.
Furthermore, it should be constructed out of u and o and should not contain
the fields. We have u’=—1, o?= constant and o,,p* =0, which implies with
(2.24) and with v linear in the fields, that also u*o,, may be regarded as zero
in constructing j*. Using all this information one can show that (3.9) is the
most general expression for j*. For the scalar field the source term (S(x) of
eq. (2.6) also had to be a scalar quantity and could therefore not be generalized to
include the spin variables.

For the same reasons as in section 2 we do not expect p and u to be
parallel. We therefore write again

p* = mo(T)u* + v* (2.24)

Demanding (1.2b), i.e., o - p = 0, then gives
mof. e )

s = 2870 + 2 p s} = OFe), (3.13)
so that

vep® = O(e?). 3.19
Therefore

d . .

37 P* = 2pep”® = 2moug + v5)p® = O(e?), (3.15)
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where the last equality sign follows from (3.14) and from ugp® = 0, which is
obvious from (3.11).
So we obtain again that

p?=—m?= constant + O(e?). (3.16)

The O(e?) terms are zero for g = 0. The square of the spin is constant, even
for g# 0. This is so because from (3.12) it follows that

dd—T o= —2% 0F,0% = 0. (3.17)

The last equality is a consequence of the anti-symmetry of F and o. As in
(2.41) we find again that mo= m + O(e?. From (3.13) and (3.11) v becomes

vg = —% (8 — Du,F o, + Ze?rgﬁ (8" + u*u”)3,F\,0"0 5 (3.18)
and its derivative
o = —ﬁ (8 — Duu,d* F¥a,, (3.19)

in which not only terms O(e?), but also terms containing second derivatives of
the fields are neglected.

The expressions (3.18) and (3.19) for vg and v are now substituted into
(3.11) and (3.12) and in this way we find the most general equations satisfying
our original conditions:

y —_ € v eg v 14 [+7 € a v
ut = EF“ U, — 25 (g"" + u*u")a,Fopo™® +m—2(g —2)uubogF,. o™

4m?
(3.20)
and
Gap = 5 (Fou s~ Fyu0',
e
L [(g — 2)u,F — % a“IJ%,,J[MM,i — Ugo ] (3.21)

Using eqs. (1.5b) and (1.6b) the spin tensor in these equations can be replaced
by the spin vector and the equations then become

Ut = % F*u, — Z—er% (g* + u*u*)a,F>W,u,

+ i’fn_z (g —2)(g"* + u*u”)ua. F,zW* (3.22)
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and

W =28 Furw, + 5 (g = D(uFus WPk — 505 (W0,F Woum)ur.
(3.23)

Also these equations are consistent with u?=—1, W?=constant and u - W =
0. If we disregard for a moment the (g —2) term in (3.22), the last two
equations are identical with egs. (15) and (16) of the paper by Good'?), when
his quadrupole terms are omitted.

The existence of the (g —2) term in (3.22) was pointed out before in ref. 1.
In the instantaneous rest system it is equal to

e oE
—m (g - 2)S A a_t (324)

Although this term is small compared to the Lorentz force, its presence is
dictated by the conservation laws and it would be nice if it could be
observed.

Neglecting in (3.22) and (3.23) all terms which contain derivatives of F,,,
one obtains

mu* = eF*u, (3.25)
and
e — €8 puv € (,_ @ B
wH 2 F»W, + m (8 — 2)(uF gW¥#)u*, (3.26)

which are the equations postulated by Bargmann et al.’). These equations are,
up to the order considered, consistent with the conservation laws as we have
shown. However, by neglecting derivatives of the field these equations do not
contain the Stern-Gerlach effect.

Note, that similar to what happened in section 2 for the scalar field, the
V—u? term in (3.9), to which we were guided by chronometric invariance, is
essential to ensure (1.3) up to order e? in this respect our work differs from
that of ref. 1.

Let us also remark that we could have made assumption (1.2a) instead of
(1.2b) also for the interaction with the Maxwell field. This is essentially what
was done by Frenkel®) and leads to his equations. These equations, however,
contain third derivatives of the position coordinates and do not satisfy the
condition that p and u always be parallel outside the fields (helical motion).
One could take solutions were initially p and u are parallel. Weak fields would
not disturb this much, but v, the difference between p and u, would in general
not return to zero, but be of first order in the fields which the particle has
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traversed. However after going through a strong field one would, in general,
obtain particles with a large v and with a large helical motion.

Finally, our eqns. (3.20) and (3.21) are identical to (61) and (62) of ref. 1,
when substituting m for their M*. The derivation which leads to the final
equation is, however, somewhat different. Just like in the scalar case we did
see to it that chronometric invariance is satisfied at all stages. Because of this
chronometric invariance there is a difference in the equation for p. Compare
their equation (52) to our (3.11), which contains a projection operator, just as
it occurred in our equation (2.23) for the scalar field. Thus, for us it is possible
to maintain p?> = —m? at all stages, with m? constant (up to second order in e).
The authors of ref. 1 had, however, p>= — M? not constant, and had to switch
to the quantity M*, which is then also conserved (up to second order in e).

4. Conclusions

Assuming that there is an action and a Lagrangian density describing the
external field including the particle as a source, we use the overall con-
servation laws of linear and of angular momentum to derive the equations of
motion of spinning particles. In this derivation the only assumptions made are
the following. First one makes an assumption about the source term by which
the particle acts back on the fields. By arguments of Poincaré invariance, by
demanding that the source terms do not include the fields and by requiring
chronometric invariance (invariance for reparametrizing the worldline of the
particle) we find essentially unique expressions for these source or interaction
terms. Second, one makes the assumption (1.2b) that p - o = 0. This differs
from u - o =0 only in regions where the external field does not vanish. This
follows from our third assumption, which is that p and u be parallel outside the
fields. This third assumption can be checked after our derivation, as was done in
sections 2 and 3. We also obtain dp?/dr =0, do*/d7 = 0 and du?/dr = 0.

The final equations obtained are unique. They differ somewhat from those
of Good'?), which were derived without explicit consideration of conservation
laws. The final equations agree with those of Suttorp and de Groot. There is,
however, an essential difference in the derivation, which was discussed at the
end of section 3.
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