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LETTER TO THE EDITOR 

On the theory of trans i t ions  in s o m e  molecu lar  crysta ls  II 

In  a previous  le t te r  1) (to be referred to as I) a suggestion was made  about  the  
charac ter  of the  t ransi t ions  which are found in the  crystals  of N 2 and CO at  low tem-  
pera tures  and a possible way  to calculate  the t empera tu res  and heats  of t rans i t ion  
was proposed. These transit ions,  t ak ing  place be tween  a face centered  cubic (f.c.c.) 
s t ruc ture  (~-form; stable a t  the  lowest  tempera tures)  and a s t ruc ture  of hexagona l  
close packing (h.c.p.) (fl-form; stable above the  t ransi t ion tempera ture )  were ascribed 
to differences in or ienta t ional  order  be tween  the two crystal  s t ructures .  

The  main  contr ibut ions  to the  or ien ta t ional  pa r t  of the  in terac t ion  field of bo th  the  
N 2 and CO molecules are due to quadrupole  or ien ta t ion  effects and to an iso t ropy  in 
the  dispersion forces. 

Calculations were proposed to be carried ou t  on the  basis of the  centra l  field ap- 
p rox imat ion  (c.f. ref. 2). This  approx ima t ion  is based on the  fol lowing assumpt ions :  

a) each molecule takes  on its or ienta t ions  in the  average  field of its neighbors.  
b) the  probabi l i ty  t ha t  the i-th molecule has its axis or iented wi th in  the  solid 

angle dto i about  the  direct ion (0 i, ~0i) is g iven by / (cos 0i)dmi; 0 i is measured  with  
respect  to a f ixed direct ion character is t ic  for the  i-th la t t ice  site, being the  di rect ion 
o f  the  molecular  axis a t  absolute  zero. 

c) [ (cos 0i) is the  same for all the  molecules.  
The  analysis leads to a consis tency equa t ion  f rom which / (cos 0i) can be found as a 
funct ion of t empera ture .  F r o m  [ all the  t h e r m o d y n a m i c  quant i t i es  of the  crys ta l  can 
be derived.  This  calculat ion thus  requires knowledge of wha t  we will call the  "ze ropo in t  
conf igura t ion"  i.e. the  or ienta t ions  of the  molecular  axes a t  absolute  zero. 

In  the  central  field approx imat ion  no clear dis t inct ion can be made be tween  the  
f.c.c, and h.c.p, lat t ices because I. each molecule in bo th  lat t ices is sur rounded by  the  
same number  of nearest  neighbors and 2. the specific s t ruc ture  of the  la t t ice  is only  
used to a l imited ex ten t  in the analysis. Therefore,  the  main  dis t inct ion be tween 
crystal  s t ructures  having  f.c.c, or h.c.p, s y m m e t r y  is, in this approximat ion ,  conta ined  
in the  difference in zeropoint  conf igurat ion exhib i ted  by  these s t ructures .  On the  
o ther  hand, however ,  there  may  be var ious  stable zeropoint  configurat ions  compat ib le  
wi th  one and the same lat t ice s t ructure.  Al though the conf igurat ion hav ing  the  lowest 
energy,  will cons t i tu te  the  stable phase in the  v ic in i ty  of absolute  zero, i t  is by  no 
means  impossible t ha t  at  a higher  t empera tu re  the  crystal ,  while preserving the la t t ice  
symmet ry ,  will make  a t ransi t ion to a phase corresponding to a different  zeropoint  
conf igurat ion or to a disordered mix tu re  of or ienta t ions  of the molecular  axes. Since 
measurements  have  in general  been made at  a few fixed t empera tu res  only, the  ex- 
istence of such t ransi t ions cannot  be excluded on exper imenta l  grounds.  This  s ta te  of 
affairs makes  a complete  t r e a t m e n t  of the problem pract ica l ly  impossible since a lmost  
noth ing  is known about  the  possible zeropoint  configurat ions.  I t  thus  follows, t h a t  
the  internal  field me thod  does not  make  a clear dis t inct ion be tween t ransi t ions  which 
t ake  place under  preservat ion  of e i ther  tl~e f.c.c, or  h.c.p, s y m m e t r y  and t ransi t ions  
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in which  t he  la t t i ce  s t r u c t u r e  changes  also, as is the  case w i th  t h e  obse rved  t r ans i t i ons  
in t he  c rys ta l s  of N 2 a n d  CO. 

A ca lcu la t ion  was m a d e  of t he  free energies  of r o t a t i o n  as func t ions  of t e m p e r a t u r e  
for  t he  f.c.c, s t r u c t u r e s  of b o t h  t he  N~ a n d  CO crysta ls ,  us ing  the  above  m e n t i o n e d  
in t e rac t ion .  In  th i s  ca lcu la t ion ,  t h e  ze ropo in t  conf igu ra t ion  g iven  by  V e g a r d 3), 
acco rd ing  to  which  t he  molecu la r  axes  are  o r i en ted  paral le l  to  the  b o d y  diagonals  of 
the  cube  ( s y m m e t r y  axes  of t he  la t t ice) ,  were used as a s t a r t i n g  poin t .  A l t h o u g h  
V e g a r d ' s  e x p e r i m e n t s  do no t  seem to  be comple te ly  conclus ive  in d e t e r m i n i n g  the  
ze ropo in t  conf igura t ion ,  t h e r e  is f u r t h e r  ev idence  which  suppor t s  his  result .  F i rs t ly ,  
his  con f igu ra t i on  is s t ab l e  a t  abso lu te  zero a n d  f u r t h e r m o r e  t h e  q u a d r u p o l e  m o m e n t s  
of N 2 a n d  CO, wh ich  h a v e  been  d e t e r m i n e d  b y  J a n s e n ,  M i c h e l s  a n d  L u p -  
t o n l) f rom c rys t a l  s u b l i m a t i o n  energies,  us ing  V e g a r d ' s  conf igura t ion ,  agree ve ry  
well  w i t h  va lues  found  b y  en t i r e ly  d i f fe ren t  m e t h o d s  5). 

A s imi la r  ca lcu la t ion  as was  m a d e  for  the  f.c.c, s t ruc tu res ,  could  n o t  be car r ied  o u t  
for  t he  h.c.p,  s t r u c t u r e s  of N 2 a n d  CO because  of the  lack of a n y  i n fo rma t i o n  a b o u t  the  
ze ropo in t  con f igu ra t ion  in these  s t ruc tu res .  For,  m e a s u r e m e n t s  above  the  t r a n s i t i o n  
t e m p e r a t u r e s  h a v e  shown  t h a t  t he  molecules  are e i t h e r  in a s t a t e  of (pract ical ly)  free 
r o t a t i o n  a t  these  t e m p e r a t u r e s  8), 7) s), or  o r i en t ed  disorder ly .  F u r t h e r m o r e ,  a l t h o u g h  
s y m m e t r y  suggests  a con f igu ra t i on  in which  the  molecu la r  axes  are o r i en ted  a long t h e  
s y m m e t r y  axes  of th i s  la t t ice ,  th i s  conf igu ra t ion  is found  to be  ins t ab le  a t  abso lu te  zero. 

The  re su l t  of t he  ca lcu la t ion  a b o u t  t h e  f.c.c, s t r u c t u r e s  is the  following. I t  was 
found  t h a t  these  s t r u c t u r e s  of b o t h  c ry s t a l s  show a t e m p e r a t u r e  above  which  t h e  
cons i s t ency  equa t ion ,  a p p e a r i n g  in the  ana lys i s ,  does h a v e  no  o t h e r  so lu t ion  t h a n  the  
t r iv i a l  one. The  l a t t e r  co r re sponds  to free r o t a t i o n  of the  molecules.  Th i s  would m e a n  
t h a t  if t he  f.c.c, s t r u c t u r e  w i th  the  same  ze ropo in t  conf igura t ion  were also s t ab le  
a b o v e  th i s  t e m p e r a t u r e ,  t he  c rys t a l  would  e x h i b i t  a t r a n s i t i o n  f rom h inde red  r o t a t i o n  
to  a f reer  f o rm of r o t a t i o n  a t  th i s  t e m p e r a t u r e ;  th i s  is essen t ia l ly  an  o rder -d i sorder  
t r ans i t i on .  The  a p p e a r a n c e  of such  a t r a n s i t i o n  is a consequence  of t h e  special  t y p e  
of m o l e c u l a r  i n t e r a c t i o n  on ly  and  is no t  a f fec ted  b y  the  c rys ta l  s y m m e t r y :  o t h e r  
ze ropo in t  con f igu ra t i ons  (also in a h .c .p . - s t ruc ture )  would  give t h e  same.  

I n  t he  fo l lowing t ab l e  the  ca lcu la ted  t r a n s i t i o n  t e m p e r a t u r e s  of these  o rde r -d i so rde r  
t r a n s i t i o n s  (Tit(o-a)) in the  f.c.c, l a t t i ce  are c o m p a r e d  w i t h  the  obse rved  t r a n s i t i o n  
t e m p e r a t u r e s  of t he  ~- - f l  t r a n s i t i o n s  (Tit(a-#)). The  ca lcu la t ions  were car r ied  o u t  w i th  
two  d i f fe ren t  va lues  for the  molecu la r  q u a d r u p o l e  m o m e n t s  Q: (a) those  ca lcu la ted  b y  
J a n s e n ,  M i c h e l s  a n d  L u p t o n 4 )  and  (b) va lues  der ived  f rom mic rowave  
collision d i a m e t e r s  ~). ~ is the  a n i s o t r o p y  fac to r  of the  polar izabi l i ty .  

TABLE I 

N~_._ 0.187 

CO 0.168 

Q × lO~6e.s.u. 
(crystal) 

Q x 10 ~6 e.s.u. Ttr(a-O) °K Ttr(o-a) °K Ttr(o-a) °K 
(microwave) exp. theor.with(a) theor.with(b) 

1.27 1.49 35.61 ] 29 . 47 

1.71 1.58 61.57 I 71 59 

The  ca lcu la ted  Ttr(o_a) is seen to  be cr i t ica l ly  d e p e n d e n t  on  the  va lue  of t h e  qua-  
d rupo le  m o m e n t ,  showing  a s t rong  increase  w i th  inc reas ing  Q. A s imi la r  d e p e n d e n c e  
on  Q is e x h i b i t e d  b y  t he  obse rved  t r a n s i t i o n  t e m p e r a t u r e ,  w h e n  one compare s  t h e  
cases of N 2 a n d  CO. As was po in t ed  ou t  in I, th i s  b e h a v i o r  can  be  u n d e r s t o o d  w h e n  one 
c o m p a r e s  t he  c o n t r i b u t i o n s  to  the  s u b l i m a t i o n  ene rgy  of t h e  two types  of i n t e r ac t i o n  
involved .  The  a b o v e  m e n t i o n e d  resu l t  of the  ca lcu la t ion ,  therefore ,  is in a g r e e m e n t  
w i th  and  co r robo ra t e s  the  a r g u m e n t  g iven  in I. (The decrease  of t h e  t r a n s i t i o n  t e m -  
p e r a t u r e  w i t h  inc reas ing  y wh ich  could be u n d e r s t o o d  on t h e  basis  of t h e  same argu-  
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m e n t ,  also follows f rom these  ca lcula t ions .  Th i s  is no t  b r o u g h t  o u t  in t h e  t ab l e  b ecau s e  
on ly  one va lue  of ~ was used). 

The  a g r e e m e n t  be tween  the  obse rved  va lues  of Ttr(a-~) a n d  the  t h e  ca lcu la ted  va lues  
of T$r(o-d) is qu i t e  sugges t ive  w h e n  t a k i n g  in to  a c c o u n t  all t he  l im i t a t i ons  of t h e  m e t h o d  
of ca lcu la t ion  (e.g. t he  fac t  t h a t  on ly  one zero po in t  con f igu ra t ion  was used).  Since, 
f u r the rmore ,  R u h e m a n n e ) ,  V e g a r d T )  a n d  T a c o n i s S ) ,  h a v e  found  t h a t  
t he  molecules  are in a s t a t e  of (pract ical ly)  free r o t a t i o n  in t h e  h.c.p,  s t r u c t u r e s  of N 2 
a n d  CO, one m a y  conc lude  t h a t  t h e  t r a n s i t i o n s  t ake  place  f rom a s t a t e  of r e l a t i ve  
o r i e n t a t i o n a l  order  in de f.c.c, s t r u c t u r e  to  a s t a t e  of o r i e n t a t i o n a l  d i sorder  in t h e  
h.c.p,  s t ruc tu re ,  t he  l a t t e r  h a v i n g  a lower free ene rgy  t h a n  the  s t a t e  of d i sorder  in t h e  
f.c.c, s t ruc tu re .  

A compar i son  of t he  s t a t e s  of free r o t a t i o n  in t he  f.c.c, a n d  h.c.p,  s t ruc tu res ,  however ,  
c a n n o t  be car r ied  ou t  on the  basis  of t he  cen t r a l  field a p p r o x i m a t i o n .  I n  th i s  approx i -  
ma t i on ,  all d i f ferences  be tween  t he  e.c.c, and  h.c.p,  s t r u c t u r e s  d i s a p p e a r  as soon as 
free r o t a t i o n  sets  in. Hence  a comple t e  t r e a t m e n t  of t h e  t r a n s i t i o n s  u n d e r  cons ide ra t ion  
c a n n o t  be  g iven  w i th  t he  i n t e rna l  field m e t h o d .  On the  o t h e r  h a n d ,  no  desc r ip t ion  of 
t he  t r a n s i t i o n  m e c h a n i s m  for  t h e  la t t i ce  s t r u c t u r e  will be  comple t e  w i t h o u t  a consider-  
a t i on  of t he  s i t ua t i on  be low the  t r a n s i t i o n  t e m p e r a t u r e .  Such  a descr ip t ion ,  however ,  
will be  ser iously  h a m p e r e d  b y  t he  lack of i n f o r m a t i o n  a b o u t  the  possible  ze ropo in t  
conf igura t ions  in the  h.c.p,  s t ruc tu re .  

The  a u t h o r  wishes  to  t h a n k  professors  V a n  H o v e  a n d  N i j b o e r  for  t h e i r  
i n t e r e s t  in  th i s  work.  

F. W.  DE WETTE 
Instituut voor theoretische Fysica 

der Rijksuniversiteit, Utrecht, 
Received 5-6-56. Nederland. 
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