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Synopsis 

The 'mas te r  equa t ion '  describes the  behaviour  of a macroscopic sys tem in terms 
of a t ime  dependen t  probabi l i ty  distr ibution.  I t  is here shown that ,  if the  ini t ial  
d is t r ibut ion  is concent ra ted  in a small  region, i t  moves  toward  equi l ibr ium wi thou t  
spreading. Thus  the  stochastic process described by  the  mas te r  equa t ion  is observed 
as a determinis t ic  process by  an observer  whose observat ions  are too coarse to observe 
the  f luctuat ions.  This  is the  process t;o which the  usual phenomenological  equat ions  
refer. W i t h  the  aid of appropr ia te  approximat ions  one finds in this way  the  well-known 
l inear regression equations,  including Onsager 's  reciprocal relations. 

1. Introduction. Thermodynamics of irreversible processes is concerned 
with the phenomenological laws that  govern the behaviour of macroscopic 
systems in non-equilibrium states. Statistical mechanics of irreversible 
processes at tempts to explain these laws as a consequence of the mechanics 
of a very large number of microscopic particles. In classical mechanics the 
3N coordinates and 3N momenta of these particles are fully determined by  
the equations of motion, as soon as their initial values are known. This 
microscopic determinism, however, does not show up in experiments, 
because the 6N microscopic variables cannot be observed separately. In 
quantum mechanics, the motion of the particles is described by  the Schr/J- 
dinger equation for the wave function ~0; this equation determines ~0 at any 
time, as soon as it is known at an initial time. In this case there are two 
reasons why this determinism does not appear in experiments. The first 
reason is again that  the large number of particles prevents anything like 
a complete knowledge of the initial state. The second reason is that, even 
for small systems, ~0 is not directly connected with observable quantities, 
but  only in terms of the standard probability interpretation of quantum 
mechanics. 

Yet the phenomenological laws concerning large systems are fully deter- 
ministic: it is empirically known, that  a set of macroscopically observable 
variables can be selected in such a way that, if their values are known at 
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t ---- 0, they are uniquely determined at later times. Indeed, this fact is the 
basis of all phenomenological theories of heat conduction, diffusion, etc. 
The purpose of this paper is to study the connection between this determin- 
istic behaviour of macroscopic phenomena and the deterministic character 
of the mechanical laws for the microscopic particles. That  this connection 
is by no means trivial is of course well-known, but  may  be further emphasized 
by  two remarks. Firstly the macroscopic determinism only applies to the 
future, not to the past, whereas the mechanical laws are determinist ic in 
both time directions. Secondly, the macroscopic determinism breaks down 
for phenomena on a very small scale, where the separation between macro- 
scppic and microscopic tends to disappear, as for instance the movement of 
Brownian particles. (In these cases it can be restored by considering aver- 
ages over a large collection of similar phenomena, because these averages 
are again truly macroscopic quantities.) 

The passage from the equations of motion for the microscopic particles, 
to the phenomenological laws for macroscopic systems, breaks up into two 
steps. The first step 1) ~.) leads from the microscopic equations to the so- 
called master equation 

d P j / d t  = ~ j , ( W j j , P j ,  - -  W j ,  j P j ) .  (1)  

The subscript J labels the phase cells, which are defined as those regions 
of phase space in which the macroscopic variables A Cr~ have given values 
A~ I with a possible error AA ~r~. The (non-negative) numbers P j  are the 
probabilities of finding the system in the corresponding phase cells. Of 
course, one must have 

F, j P j  = 1, (2) 

which is indeed easily seen to be compatible with (1). The average or ex- 
pectation value of each A cr~ is 

<ACre> = X j A ~ p j .  (3) 

The transition probabilities W j j ,  (from cell J '  into J) are also non-negative 
and satisfy the symmetry relation 

WJJ,  GJ, = W j ,  j G j ,  (4 )  

where Gj denotes the phase volume of cell J.  Actually, the symmetry 
relation only takes the simple form (4) if all the macroscopic variables A cr~ 
are even functions of the particle velocities, and if the same is true of the 
Hamiltonian of the total system; that  will be assumed throughout this 
paper. The symmetry  property (4) is also called 'principle of detailed 
balancing' *). 

*) Or ig ina l ly  i t  was  cal led 'microscopic  r eve r s ib i l i t y '  8), b u t  th is  n a m e  is s o m e w h a t  confusing,  
because  (4) does no t  invo lve  microscopic  quan t i t i e s ,  nor  is i t  i den t i ca l  w i t h  - a l t h o u g h  a conse- 
quence  of - the t i m e  r eve r s ib i l i t y  of the  microscopic  equa t ions  of mot ion.  
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Although (1)fully determines the P j  from their initial values, it does not 
furnish a deterministic description of the system, because the P j  are only 
probabilities. The second step consists therefore in deriving phenomenologic- 
ally deterministic equations from (1), i.e., equations which determine the 
future values of actually observed quantities from their initial values. This 
is the object of the present paper. It  clearly applies to both classical and 
quantum statistics, because these have already merged in the master 
equation (1). 

In section 9. the rather elementary step is taken of replacing the discrete 
label J by a set of continuous coordinates at .  This transforms (1)intothe 
same integral equation that  was recently used by de G r o o t  and M a z u r  4). 
Next, in section 3, this integral equation is turned into a Fokker-Planck 
differential equation. This equation was first used to describe the 'diffusion 
in a-space' by M. S. G r e e n  5). The application in the present paper, however, 
is much simpler, since we can start from the master equation rather than 
from the microscopic equations themselves. In section 3 it is shown that  
by inserting for the  unspecified functions in the Fokker-Planck equation 
plausible approximations, one finds immediately the usual linear form of 
the phenomenological equations. 

In the case of a Brownian particle the stochastic character of the motion 
is caused by a randomly fluctuating external force on the particle. Some 
authors s) have argued that  even for large systems some external force is 
responsible for the stochastic behaviour. This, of course, is incorrect: the 
stochastic nature comes in through the coarseness of the macroscopic 
observations. Yet it is possible to employ, like O n s a g e r  and M a c h l u p  7), 
a random force term, as an artifice to obtain a stochastic description of the 
behaviour of the system without going into the details o5 the microscopic 
processes that  are responsible for the randomness. It  is shown in section 4 
that  this artifice leads indeed to correct results, provided the necessary 
stochastic properties of the random force term are assumed. 

The symmetry  property (4) of the transition probabilities gives rise to 
certain relations among the coefficients in the Fokker-Planck equation. 
These relations are shown in section 5 to be generalisations of the well- 
known Einstein relation for Brownian motion. Finally, in section 6 the 
various assumptions and approximations in the preceding work are discussed. 

2. Definition o[ a-space. In each phase cell J the values of the whole set 
of variables A cr~ are fixed. These values may be represented by a point in 
'a-space', the coordinates ar corresponding to the values A~ I. Actually this 
a-space consists of discrete points, each of which corresponds to one phase 
cell. The differences between the coordinates of neighbouring points are 
Aal, Aa2 . . . .  ; they are identical to the sizes AA ~1~, AAC~ . . . .  of the phase 
cells. However, provided only smoothly varying functions of the a's are taken 
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into consideration, the a ' s  may be regarded as continuously varying. One 
then gets the following transcription of the quantities mentioned in the 
-introduction. 

P j  --+ P(al,  a2, ...) Aal Aag. . . . .  P(a) Aa; 

WJJ,  -"> W(a,a') Aa; 

Gj --+ G(a) Aa. 

Equations (2) and (3) take the form 

f P(a) da = 1 

(A cry) = f a r  P(a) da. 

More generally one has, for an arbitrary smooth funct ion/(al ,  a2 . . . .  ) --](a), 

<](ACid, A~2,, ...)) = f /(al, a2, . . .)P(a) da. (5) 

Equations (1) and (4) become 

P(a) = f W(a, a') P(a') da' - f W(a', a) d a ' .  P(a), (6) 

w(a, a'} G(a') = W(a', a} C(a). (7) 

In order to fix the origin in a-space, it should first be noted that  the 
total energy need not be included among the ar, although it is certainly a 
macroscopic variable. For, as no transitions between energy shells are possible, 
one may  confine the whole consideration to one shell, so that  the energy 
value only appears as a constant in the equations. Thus there are a number 
of disconnected a-spaces, one for each energy shell. Now, for each fixed 
energy value the function G(a) has a maximum. This will be taken as origin 
in the a-space belonging to this energy value. 

This substitution of a set of variables ar for the single label J is not just  
a matter  of convenience. In doing so, one arranges the phase cells according 
to the values of the macroscopic variables. As a result, it is not unreasonable 
to take for P(a) a more or less smoothly varying function, whereas smoothness 
of P a  with respect to J would be meaningless (since it depends on the arbi- 
t rary choice of the label J) .  In fact, if at some instant P(a) were not smooth, 
then it would only need a short transient period to smooth out through the 
transitions between cells. The question why W(a, a') may be expected to 
be smooth (in an appropriate sense, see the first paragraph of the next 
section) is much harder, and will not be discussed here. That G(a) varies 
smoothly from one phase cell in the next - although steeply varying on a 
larger scale - i s  of course known from ordinary statistical mechanics of 
equilibrium states. 

This a-space or 'phenomenological space' or 'macrophase space' has been 
used by  M. S. G r e e n  ~), H a s h i t ' s u m e  s), Y a m a m o t o  9) and De G r o o t  
and M a z u r  4). 
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3 .  Di//erential/orm o/the master equation. Let it be supposed that  the 
transition probability W(a, a') is only appreciabl% for small values of Yr 
= ar -- a:; that  is, if the distance between the starting point and the end 
point of the transition is small. I t  is convenient to write W(a'; y), so that  
this function is peaked with respect to y, but may still be smooth with 
respect to the first argument a'. One may then. write for (1) the corresponding 
multivariate Fokker-Planck equation 10) 

where 
P = O#s(~rsP) + Or(nrP), (8) 

•r(a) = f W(a; y) Yr dy, 

*r.(a) = ½ f W(a ; y)yry, dy. (9) 

(Or stands for O/Oar and summation over double indices is implied). I t  will 
be suitable to write (8) in the slightly different form 

P = Or {~rnG Os(P/G)) -4- Or(ClrP), (10) 

where 0r is connected with ~/r, ~rs and G by 

Or -= ~lr + G -1 On ~rsG. (11) 
I t  should be noted that  ~rs in (10) is the same as in (8), so that  it is still a 
symmetric tensor: 

 rs(a) =  sr(a). (12) 

In order to find the properties of ~r8 and ~r that  correspond to the symme- 
t ry relation (7), we employ an artifice, which was previously used in a 
slightly different connection n). It  is easily checked that  a necessary and 
sufficient condition for (7) is that  for any two solutions P(a, t) and P*(a, t) 
of (6) the identity 

f P*P da/G -- f P*P da/G = 0 (.13) 

is satisfied. This formulation of the symmetry property can readily be applied 
to (1O). Substitute for P and P* in (13) their values according to (10). By 
partial integration both terms involving ~rs cancel, so that  one is left with 

f {(P*/G) Or(OP) -- (P/G) Or(~P*)} da = O. 

As this must hold for every function P*, 

(l/G) Or(i'lP ) + Or Or(P/G) = O, 
o r  

(2@rlG) OrP + (...) P = O. 

As this must hold for every function P, the coefficient of each derivative 
arP must vanish. Hence @r = O, so that  (10) reduces to: 

.P..-= Or #r~ G a~(PIG). (14) 
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From this one finds for the expectation value of a function I(A ~1~, A ~2~, ...) 
of the macroscopic observables, using partial integration, 

(d/dr) ( / (A) )  = f /(a) P(a, t) da 

=- f (P/G) Os ~rs G Or/(a) da 

= <a-1 os ~rs a Or/>. (lS) 
This result is simpler than that  of M. S. G r e e n  5) and H a s h i t s u m e  s) 

owing to the application of the symmetry  property. In the next section (I 5) 
will be reduced by the use of certain approximations. 

Equation (14) may  be visualised as a 'diffusion in a-space'. P(a) is then 
to be regarded as a density of a-points, satisfying the generalised diffusion 
equation (I 4). The quantities one is physically interested in are expectation 
values of the form (/(A cl}, A {9.~, ...) ) ; according to (5) this is just the average 
of [(al, a2 . . . .  ) with the density P(a). I t  is therefore convenient to use as 
an alternative notation </(al, a2 . . . .  )). We shall be particularly interested in 
averages (at) ,  and the second moments (aras). 

Alternatively, (14) may be visualised as an equation for 'heat conduction 
in a-space', which has the advantage that  the weight factor G can be more 
easily be brought into the picture. Indeed, if P is the heat content per unit 
volume in a-space and G the specific heat, then P/G is the temperature and 
~rsG the conduction tensor. 

In the case of two variables al, a2, a third, even more concrete, picture can 
be made. Take a thin sheet in the (al, a2)-plane whose thickness is G(al, a2). 
If the specific heat is now constant, and if one takes for the conduction tensor 
~rs, the flow of heat in the sheet is again described by (14). This picture can, 
of course, also be formulated in the language of diffusion. 

3. Linear approximation. According to the usual approximation 12) one 
may put in some neighbourhood of the origin in a-space 

G(a) = G(0) e -½°'°a'a'. (16) 

(The ultimate ground for the validity of this formula is the the law of great 
numbers: the value of each A {r~ is made up by a great number of microscopic 
variables.) Moreover, it is reasonable to replace ~rs(a) by ~rs(O), if it is a 
slowly varying function of a. We call this the linear approximation, because 
it entails linearity of the phenomenological equations. 

In this approximation (15) becomes 

ae (/(a)) = ~rs <arad) - #rs gs~o (a~oad). (17) 

First take [(a) --  am: 

Ot (am> = --  ~msgs~ (a~). (18) 
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These equations have the apperance of the well-known phenomenological 
¢ 

regression equations, which are usually written in the form 12) 

g~n = LmsXs  = - -  Lmsgs~o~. • (19) 

Thus the coefficients ~ms = ~ras(O) are nothing but  the usual Lms. Onsager's 
reciprocal relations 13) 12) are automatically satisfied owing to (12). 

Ye t  the equations (18) are not identical wi th  (19), because they involve 
averages, whereas phenomenological equations - like the laws of Fourier 
and Fick - are formulated in terms of measurable quantities with sharply 
defined unique values. Of course, their values are only sharply defined as 
long as no precision is required of the order of magnitude of the fluctuations. 
The phenomenological equations (19) tacitly presuppose that  the fluctu- 
ations remain small during the approach toward, equilibrium and do not 
grow at the same rate as the £ s  decrease. This is not implied in (18), because 
(18) does not exclude the possibility that  the averages satisfy these equations, 
but  that  at the same time P(a)  spreads out over such a broad region in 
a-space, that  the averages occurring in (18) have no practical significance. 
We shall now show that this contingency is not materialised. 

Taking/(a)  = aman in (17), 

Ot (aman)  = 2~mn - -  ~ems gsp (a2oan) - -  ~ns gs~ (apam) .  (20) 

This set of linear differential equations for the (aman) c a n  readily be solved. 
Here only the case Of one variable is treated explicitly, because that  suffices 
to demonstrate why P(a)  does not spread out. Besides, the case of more 
variables can be reduced to it by  transforming the a's linearly in such a way 
that both grs and ~rs reduce to diagonal matrices. 

For one variable a, (I 8) reads 

Ot (a> = - -  ~g(a>, 

with the solution 

(a)t  = <a>0 e -~°t. (21) 

This result exhibits the usual exponential decay, with relaxation time ling. 
Similarly (20) reduces to 

Ot (a 9") = 2~ - -  2~g(a2),  

with the solution 

( a 2 ) t  = <a2>0 e-2*ot + g-1 (1 - -  e - ~ o t ) .  (22) 

For the mean square deviation as(t) =-- (a2) t  - -  (a)~ one finds 

a2(t) = ~2(0) e - ~ g  t + g -1  (1 - e-2~t ) .  

The first term on the right shows that the mean square deviation present 
in the initial situation decreases exponentially at the same rate as (a> itself. 
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The second term on the right shows an exponential approach to the final 
value g-l, which is the equilibrium value known from ordinary statistical 
mechanics. 

Now /or an observer whose measurements  are too coarse to observe these 

/ luctuat ions,  the ar wil l  appear  as sharp ly  def ined quantit ies,  each of which 
may  be .denoted by a single symbol, say ar. These =r are defined with an 
indeterminacy or 'margin' of the size of the fluctuations, and satisfy with 

= 2 <a~r>, O~rO~8 <aras>. this same margin such equations as mr <at>, % = = 
Also, with the same margin they obey the deterministic equation (19). 

4. Compar i son  wi th  B r o w n i a n  motion.  The motion of a Brownian particle 
satisfies of course Newton's equation of motion 

= K, (23) 

where the mass is taken unity and K is the force exerted by the surrounding 
medium. One then assumes  14) 

K = - -  #v  + ,~(t), (24)  

where K(t) is a rapidly fluctuating force with zero time average. In order 
to deal with such a fluctuating force it is convenient to introduce an en- 
semble of Brownian particles, and to study only ensemble averages (to be 
denoted by a bar). The statistical properties of K(t) are futher specified by 
assuming 

, ,(t) , , ( t ' )  = c ,~(t - t ' ) ,  (25)  

with a certain constant C. On solving the Langevin equation 

= - #v  + ~(t), (26) 

one then obtains without difficulty IO) 

v(t) = v(o) e-St,  

v(t) z = v(O) 2 e -2~' + (C/2fl)(1 - -  e-2at). 

These equations are identical with (21) and (22) if one puts 

# = ~ g ,  C----2~. (27) 

The fact that  these results are identical suggests the following alternative 
procedure for obtaining the results of section 3. One imagines a fictitious 
system that  mimics the real one inasmuch as its state is described by the 
same set of variables at. However, it mus t  be borne in mind that  for the real 
system the a's on13~ served as coordinates in a space, in which a diffusion 
process took place governed by (14); for the fictitious system the ar are to 
be regarded as rigorously defined variables satisfying an equation of motion. 
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This equation of motion is chosen to be identica~ to (19) but for a set of 
additional fluctuating 'random forces' ~m(t): 

Subsequently an averaging process is introduced to deal with the random 
character of the Kin, and appropriate statistical properties are prescribed 
for them. It  is readily seen that  in order to obtain (21) and (22) one must 
prescribe 

~ ( t )  --- o,  (28) 

Kin(t) Kn(t') = Lmn 6(t - -  t'). (29) 

The higher moments of the Kr(t) can likewise be obtained from a comparison 
with (17); for the case of one variable one finds for instance 

K(t) K(t') ~(t") ~ ( t ' )  - -  L"  E~(t - -  t') ~(t" - -  t") + ~(t - -  t") ~(t' - -  t") + 

+ ~(t - -  t")  ~(t '  - -  t ' ) ! .  (So) 

I t  should be borne in  m i n d  that in  this case the Km are no actual physical  
/orces. 

This was the procedure employed by H a s h i t s u m e  s) and by O n s a g e r  
and M a c h 1 u p ~) in order to obtain a stochastic process for which (18) holds. 
Apparently this description is equivalent with the general equation (17); 
hence it is valid even for quantummechanical systems, provided it is 
regarded only as a formal way to describe a Markov process. The limitations 
of this procedure are firstly, that  the phenomenological coefficients Lr8 
have to be introduced ad hoc, without any connection with the underlying 
microscopic mechanism; and secondly that  the statistical properties of the 
Kin(t) have to be guessed. 

Actually the possibilities for the Kin(t) are severely restricted by the 
genera,1 features that  are postulated. In the first place one wants the resulting 
phenomenological equations to be l inear;  this entails (28). Secondly t h e  
6-function in (29) is necessitated by the requirement that  the stochastic 
process be Markovian. Thirdly, the precise form of the coefficient (Lm~) 
in front of the delta function is determined by the condition that  the fluctu- 
ations must approach their equilibrium values, which are known from the 
ordinary statistical mechanics of equilibrium states. (This amounts to an 
Einstein relation, as explained in the next section.) The higher moments of 
the Kra(t), for example (30), are also determined by the Markovian character. 
This is the way in which one usually arrives at a characterisation of the 
stochastic properties of the force ~(t) in the theory of Brownian motion 10). 

5. The  E ins te in  relation. Langevin's treatment of the Brownian motion 
involves two constants,/5 and C, which are connected by (27) with the con- 



716 N.G. VAN KAMPEN 

stants ~ and g occurring in the microscopic treatment.  Now ~ is actually 
connected with the irreversible process, whereas g belongs to the statistical 
mechanics of equilibrium processes, and may  therefore be considered known. 
Consequently there is a relation between fl and C, viz., 

C/fl = 2/g = 2<V2>eq = 2kT. (31) 

Thus our knowledge o~ the equilibrium yields a connection between the two 
constants fl and C, which occur in the/irst and second moments o~ the fluctuating 
/orce K. This connection is closely related to Einstein's equation; we shall 
therefore refer to (31), and other equations of the same type, as 'Einstein 
relations' *). 

I t  is of interest to note that  this connection between first and second 
moments is essentially due to the symmetry  property (7). Indeed, from (8) 
would follow 

a~ < a m >  = - -  O ] r a ( a ) ) ~  

O~ <aman> = <~mn(a)> --  <am~ln) -- <an~m>. 

Clearly, if the ~/'s and the ~'s were unrelated there would be no relationship 
between these two lines. However, the symmetry  property tells that  (I 1) 
must vanish, so that,  in linear approximation, 

Thus the symmetry o~ the transition probabilities permits to express the Ur 
in terms o/the ~r,, by means of relations involving the gr,. 

Equation (32) also shows that  the symmetry  property is responsible for 
the identity of the Lrs with the ~r,. This identity was used in section 3 to 
prove the symmetry  of the matrix Lrs. It  can also be used to show that  the 
matrix Lr, is positive definite, i.e., that  

LrsArAs >~ 0 

for any set of real numbers hr. (This must be true in order that  the regression 
equations (19) cannot give rise to a decrease in entropy.) Indeed, one has 
with the aid of (9) 

Lrs~r~s = f W(O; y) ~rYr~,Ys dy 

= f w(0; y) { ry }2 dy > 0. 

*) The actual  equation of E i n s t e i n  15) expresses the mean square displacement of the particle 
in terms of C. However, a t  the bot tom of his equation lies (31); indeed, his equation can readily 
be derived from (26) when (31) is used. I t  may also be noted tha t  every derivat ion of Einstein 's  
equat ion 10) is based on a comparison between the stochastic process and the known properties of 
equil ibrium states. N y q u i s t ' s  equation x6) is another example of what  we generally call 'Eins te in  
relations' .  
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6. Discussion. In the previous sections it has been shown that the applica- 
tion of the Fokker-Planck approximation to the integral equations (6) leads 
to the conclusion that  the macroscopic observables obey a deterministic set 
of equations; at least for an observer whose measurements are sufficiently 
inaccurate to disregard the fluctuations. In terms of the diffusion picture 
this means that  the cloud of a-points does not spread out, but  remains 
condensed while moving toward the origin. This somewhat unfamiliar 
behaviour for a diffusion process is caused by  the weight factor G(a). This 
factor increases so strongly in the direction toward the origin that  each 
a-point has a much greater probabili ty to move in this direction than in 
any other. 

In order to make this argument stick, however, it is necessary to make 
plausible that  the gradient of the ~rs(a) in a-space is negligible compared to 
that  of G(a). For convenience the following discussion is based on classical 
mechanics. I t  has to be remembered that W j j, is the average probabili ty 
per unit time for a transition ]rom one particular unit volume in cell J'  
to anywhere inside cell f (see section 7 of reference 2). Now the definition (9) 
of ~rs(a) may also be written as 

~rs(J) = ½ ZJ, Wj, j(A~) -- A~ )) (A!~) -- A~)). (33) 

Hence ~rs(J) describes how an ensemble that  is initially concentrated in 
one unit volume expands into an ellipsoidal cloud in a-space. The size and 
shape of this cloud depend,  of course, somewhat on the position of the 
initial unit volume, but  (33) does not involve the steeply increasing function 
G. It  is therefore not unreasonable to assume that the ~rs(a) vary much more 
slowly than G(a). Of course the final justification can only be found in an 
actual computation of ~rs(a) and G(a) for each specific system one wants to 
s tudy *). The replacement of ~rs(a) by the constant ~rs(0) is based on the 
same argument. 

Next  the use of the Fokker-Planck approximation must be justified. In 
order that  the integral equation (6) can be replaced by  the differential 
equation (8), it is necessary that P(a) varies smoothly. More precisely, it 
must be possible to approximate P(a') = P(a + y) by the first three terms 
of its expansion in y, in that  range of y in which W(a; y) differs appreciably 
from zero. On the other hand, in order that  the fluctuations shall not be 
excessive, P(a) must be confined to a narrow interval (of the order g-J). 
Hence it is necessary that  the peak of W(a; y) is so narrow that W(a; y) ,~ 0 
unless y ~ g-~. 

On the other hand, this peak must be broad enough to cover several phase 

*) A familiar application of this assumption occurs in the theory of beta-decay. The shape of 
the energy distribution of the emitted electron is determined from the known weight function G, 
while the unknown transition probability is taken constant. 
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cells. This is not only required for the use:cff continuously varying coordinates 
(section 2), but  is already implied in the assumptions tha t  had to be made 
to arrive at the master  equation (1) 1) 8). There a short t ime T was introduced; 
such tha t  the  number  of transitions from cell J' to J equals zWjj,.  Moreover, 
the phase points arriving in J from J' m u s t  be more ot less equally distrib- 
u ted through J ,  in order that ,  in calculating the transitions during t h e  
nex t  t ime interval 3, they may  be regarded as a homogeneous distribution. 
This could not be the case if W(a; y) would vary steeply within one cell. 

Summarising the various conditions mentioned, one arrives a f t h e  follow- 
ing hierarchy of orders of magni tude *). 

(i) The smallest quant i ty  in a-space is the size of the phase cells, i.e. the 
grain of a-space. 

(ii) Next  there is the width of the peak of W(a; y) as a function of y. This 
must  be large compared to the size of the grain in order that  the  master  
equation shall hold. 

(iii) The range covered by P(a), tha t  is, the'size of the fluctuations. This 
must  be large compared to the previous one in order that  the Fokker- 
Planck approximation shall hold. Unless the fluctuations were excessive 
in the initial state, they will be of the order g - t  that  is the width of the peak 
of G(a). - -  

(iv) The inaccuracy of the observations. This must  be larger than  the 
size of the fluctuations, in order tha t  all observed state variables have unique 
values satisfying deterministic equations of motion. 

(v) The range over which the ~rs(a) are almost constant and the approxi- 
mation (16) for G(a) holds. This must  be large compared to the experimental  
inaccuracy, in order tha t  the linear phenomenological equations (19) are 
valid. Of course, this is not a sine qua non, but  the s tudy of non-linear 
phenomenological equations will be left for a future paper. 

Received 9-4-57. 

*) In my original publication x) dealing with the derivation of (I), the size of the phase cells was 
supposed to be determined by the inaccuracy of the experimental observations. For the greater part  
of the work this was immaterial, but  in the last section it was essential. (There it was supposed 
that  the matrix A~ r), by which according to (3) the expectation values of the A (r) are linearly ex- 
pressed in the P j ,  could be inverted. That would mean that the P j  themselves are macroscopically 
observable, which can only be true if the phase ceils are not smaller than corresponds to experimental 
inaccuracy.) This point of view has to be abandoned, even if the validity of the Fokker-Planck 
approximation is not demanded. For the Pd must extend smoothly over several phase cells and yet 
be confined to a region in a-space of the order of the fluctuations, which is usually small compared 
to the experimental inaccuracy. The phase cells must still be sufficiently large to ensure the necessary 
randomness, but they must be small compared to the size of the fluctuations. G r o e n e w o l d  calls 
them 'sub-macro ceils'. The derivation of the Onsager relations in the last section of reference i) 
should therefore be replaced by the work in the present palSer. 
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