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For a general system of isotropic harmonic oscillators with non-retarded dipole interaction a formuk 
for the interatomic forces is derived. It is used to give an atomistic derivation of macroscopic Van der 
Weals forces in terms of the dielectric constant. 

1. INTRODUCTION 

It is well-known that neutral macroscopic bodies, when placed at a distance of the order of 1000 A, 
attract each other as a result of the Van der Waals forces between their atoms. However, the resulring 
force is not just the sum of the Van der Waals forces between pairs of atoms, but there are deviations 
due to many-body effects. A macroscopic theory for this phenomenon has been developed by Lifshik [L] 
by introducing fluctuating terms in the Maxwell-equations for a dielectric medium. For the force per 
unit area between two semi-infinite media a distance cl apart Lifshitz finds in the case that d << X (A is 
the principal absorption wave length of the material) 

K(d) = - dw.j=dxs2 
0 

where E(W) is the frequency-dependent dielectric constant of the medium. 
In this note we will give an atomistic derivation of the Van der Waals interaction between macros- 

copic bodies, starting from the Lorentz-model of an atom (also known as tine Drude-model), i.e. we 
suppose that the atom is represented by an electron oscillating harmonically around a positively charged 
equilibrium position. 

2. INTERATOMIC FORCES FOR AN ARBITRARY SYSTEM OF HARXONIC OSCTl;LATORS WITH DI- 
POLE INTERACTION 

Consider a system of 1V isotropic oscillators, the equilibrium positions of which are fixed at II, 
rZ,...,rN. The deviation of the ith oscillator from its equilibrium is called ui. The “atoms” are sup- 
posed to interact with the non-retarded dipole-dipole interaction. The Hamiltonian of the system is 
given by 

(2) 

where 

T$ = {V~V~~ri-r-~I-*}@= fri-r’lm3 (6ep - 3(e-q?) ($-?‘$j/~~-r=~/-2} ifi #j; q;=o; (3) 

cy and P number the Cartesian coordinates. The quadratic hamiltonian can be diagonalized by an orthogo- 
nal transformation. Let the eigenfrequencies be wk (k = 1,2,. . . , 3N) and let hk be the eigenvalues of the 
3N X 3N matrix 7, which is built up from the Tij- Then 
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with 

Ok = w. (1 - gl +a#+) (5) 

(272)! 

a72 = (2n-1)(?2!)2 22n - 
(6) 

The interaction energy between the atoms when the system in its electronic ground state (Born-Oppen- 
heimer approximation) is given by 

3N 
Hq,q..-., r~) = $fi c (wk-wo) = - $fiwo E CZ~(-CY~)~ Tr(75, 

k=l n=2 

where use has been made of the weil-known theorem that 

(7) 

NOW Tr@) can again be expressed in terms of the 3 X 3 matrices Tii according to 

Tr(Yn) = c” 
il 9 *. . ,b- - -1 

Tr{ Tili2’ Tizi3’ a . - Tinil}; (9) 

in particular 

Tr(Y) = 0 

(10) 

We find therefore 

T&‘22) = i fcl Tr{ Tij - Tji} = g ’ 
, i#j=l I’j-#’ 

E(rl, r2,. - -, 
23 1 qJ = - ~fiwocr, 
i+j=l I ri-rji6 

(11) 

- f.liwo E a&Yo)n 55 
n=3 il,.._,i,=l 

Tr{ Tili2. Tizig. . . - T4pl } . 

This result gives a very general answer to a problem discussed by Sparnaay [Z], i.e. the deviations 
from additivity of Van der Waals forces. The first term of (11) represents the familiar non-retarded 
Van der Waals interaction between the atoms taken pairwise, *he term with ?z = 3 describes the Y-part- 
icle interactions, etc, The successive terms of (11) can be visualized by means of diagrams in such a 
way that each factor T is represented bj a line. For a macroscopic system (gas, liquid, crystal) these 
contributions may in principle be expressed in terms of many-particle distribution functions and their 
relative importance estimated *. 

3. INTERACTION BETWEEN AN ATOM AND A SE?II-INFlNlTE MEDIUM. 

We will now apply (11) to the case of the interaction between one atom at a distance d from a semi- 
infinite homogeneous rnnat*- -..,,rn consisting of the same kind of atoms. We number the atoms of the medium 

* After this note had been written a pager by Lucas [3] appeared, where for the case of crystals formula (7) is de- 
&red and where numerical calculations of its successive terms are given. 



= 0 otherwise; 
cup and Vij = i 6io - 6i,o~ T$, 

(12) 

we find, applying (7) twice, for the interaction between atom 0 and the medium 

U(d) = % 3%1) 
k=l 

@Twk) = q-cu,P Tr{(g+v)n -q’“}. (13) 

One may show very simply that, when terms in v of order 4 and higher are neglected (because they de- 
crease with a higher power of the distance d than the terms in v2), (13) reduces to 

N 
U(d) = - ffi w. 5 It a&-cYo)‘~ c 

72=2 il, - - - ,&_I 
TrITili2- Ti2i3- - - - TfR_2,b_l- TiR_L o.Toirl . 

The first term of (14), i.e. the term with n = 2, is 

(14) 

F (15) 

where the summation is replaced by an integration over the medium and where p is the number density. 
It gives the additive part of the interaction, i.e. the sum of the Van der Waals interactions between the 
one atom and the atoms of the medium. The terms with n = 3,4 etc. give the correction to this elemen- 
tary result as a consequence of 3-particle, 4-particle, etc. interactions. They will be evaluated in the 
following. 

4. EVALUATION OF (14) IN TERMS OF TKE DIELECTRIC CONSTANT 

Let us consider the case of a dipole oscillator ro(t) = poeiwt at a distance d from our semi-infinite 
medium. We then have the equations (i = 1,2,. _ . ,N) 

/Ai(t) = -(u(W) Tioe ,Uo(t) - (Y(W) S Tije pj<t) = 

j=l 
(16) 

= -(y(W) Tjom r,(t) + a2(~) ~ Tij. Tj~ 6lo(t) -. . . 
j=l 

by iteration. Here (Y(W) = e2/,(w$-w2) is the polarisability at frequency w of the oscilIators. NOW 

from macroscopic electrostatics it is known that in such a situation the macroscopic electric field in- 
side the medium is given by 141 

Substituting now into (16) 
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one can show after some algebra that the interaction (14)’ between atom and medium can be written as 

U(d) = - --& ja o(iw) $&-- dw. 
o 

(19) 

This result also follows exactly from Lifshitz’ macroscopic formula (l), if it is applied to the case 
that one of both media is rarefied. For the case of one atom outside a dielectric medium (and for our 
particular atom mode;) we therefore have succeeded in giving an atomistic calculation of the Van der 
Waals interaction, taking into account many-particle interactions. 

5. A SIhIPLE APFROXIMATE FORMULA 

The formula (19) takes account of the complete series expansion (14). We will now derive an approxi- 
mate formula by evaluating only the term n = 3 of (14), that is the first correction to additivity (eq. (15)) 
due to 3-particle interactions. From (16), (17) and (18) it is easily found that 

where co is the static dielectric constant. Rence, introducing (20) into (14), we find the approximate re- 
sult (a-lines and 3-lines diagrams only) 

2 
%fiWopCYo 

V(dI = - 8d3 1 ( 

Eo+l 3 
1 - +ipffo- __ 

co-1 4 )I 
_ (21) 

The term which is to be ,subtracted from I gives the (approximate) correction to additivity. To estimate 
its order of magnitude let u= assume that the law of Clausius-Mossotti holds. Then the correction term is 

3 co-1 
-I&q * (22) 

If in the case of two semi-infinite media a distance d apart we again include in addition to the ele- 
mentary pair interaction the correction due to 3-line diagrams only, we find twice the correction calcu- 
lated above. That is, the force per unit area is in this case approximately 

ntiw p2c.Y2 
K(d) ---Lo Eoi-1 3 

8d3 
37ipffor__ 

.-l 2 
_ 

Assurning again the Clausius-Mossotti law the correction term is now 

3 Eo-1 
-4E0+2> 

(23) 

(24) 

i.e. for E. = 1.5 it is -ll%, for co = 2 it is -19%, for co = 3 it is -30%. A more detailed report will be 
published elsewhere. 
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