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Some ideas, principles of thought and proof:

• Study abelian varieties over finite fields, but also abelian varieties varying in a family
number theory ánd geometry.

• A well-know technique in algebraic geometry: study structures by degenerations. For
abelian varieties in characteristic p we do not degenerate the abelian variety, but spe-
cialize the p-structure, “go to the boundary”, and draw conclusions for the starting
position.

• Supersingular abelian varieties show a totally different behavior in contrast with non-
supersingular abelian varieties.

1 Sufficiently many Complex Multiplications, smCM.

(1.1) Definition. An abelian variety A of dimension g over a field K is said to admit
sufficiently many Complex Multiplications, abbreviated smCM, iff End0(A) contains a com-
mutative semi-simple algebra of rank 2g over Q. An abelian variety which admits smCM we
will call a CM abelian variety. If confusion could arise we will say ”sufficiently many Complex
Multiplications over K”.

Equivalently: write A ∼ ∑
Bi up to isogeny as a direct sum of K-simple abelian varieties; A

is said to admit smCM iff every End0(Bi) contains a number field of degree 2·dimBi over Q.

(1.2) Remarks. For an elliptic curve E smCM is equivalent with End(E) �= Z.
Confusion might arise when we say “A has complex multiplications” because it might mean

smCM, or it might mean End(A) �= Z, different concepts for dimA > 1.
For a simple abelian variety A over C the notion smCM is equivalent with the fact that

End0(A) = L is a field of degree 2·dimA over Q. In this case the field L is a CM-field. The
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field L together with the action ι : L → End(tA,0) on the tangent space is called a CM-type.
The notions smCM and CM-type are related, but not the same.

In general End0(A) is not a field; for example the endomorphism algebra of a supersingular
elliptic curve E over m := Fp equals Qp,∞, the quaternion algebra over Q ramified precisely
at p and ∞. If A (is simple and) has smCM, and E = End0(A) is a field, then E/Q is a
CM-field, and the Rosati involution is complex conjugation.

For an abelian variety over a field K, and an extension K ⊂ L of fields it can happen that
End(A) � End(A ⊗K L). It can happen that A does not admit smCM (over K) and A ⊗K L
does admit smCM (over L). Be careful, e.g. some people say “E is an elliptic curve over
Q with complex multiplications” meaning that E is defined over Q, and that there exists an
extension K ⊂ L such that End(E ⊗K L) is an imaginary quadratic field.

An abelian variety over C has smCM, is of CM-type, iff its Mumford-Tate group is com-
mutative; see [3], page 63, [21], page 347.

2 (1966) J. Tate: A over Fq.

(2.1) Theorem (1966, Tate). An abelian variety over a finite field admits smCM.
See [45]. For elliptic curves this was proved earlier by M.Deuring.

(2.2) Definition. Let q = pn be a prime power. An algebraic integer λ is called a q-Weil
number if for every embedding ϕ : Q(λ) → C we have |ϕ(λ)| =

√
q. We say that λ and λ′ are

conjugate if there exists an isomorphism Q(λ) ∼= Q(λ′) sending λ �→ λ′

(2.3) Let K = Fq, let A be an abelian variety over K and let πA := Fn : A → A(q) = A be
its K-Frobenius endomorphism. A. Weil proved that πA is a q-Weil number.

(2.4) Let K be a finite field, let A and B be K-simple abelian varieties. Suppose πA and πB

are conjugate. Then A and B are K-isogenous.
This follows from [45]: see [46], page 99.

3 (1967-1968) Abelian varieties over finite fields: Honda-
Serre-Tate theory.

(3.1) Theorem (Honda - Serre - Tate). Let K = Fq. There is a bijection between the set
of K-isogeny classes of K-simple abelian varieties and the set of conjugacy classes of q-Weil
numbers given by A �→ πA.

For every abelian variety A over m := Fp there exists an m-isogeny A ∼ B0, and an abelian
variety B in characteristic zero which is a lift of B0, such that B has smCM.

For details and references, see [46]; also see [43].

(3.2) Remark. In this theory we find a proof of a conjecture by Manin, see [19], page 76:
For every prime number p and every symmetric Newton polygon there exists an abelian variety
A over a finite field K of characteristic p with this Newton polygon.
See [46], page 98. For a pure characteristic p proof, see [17], Section 5.
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(3.3) Remark / Question. As Mumford-Norman-FO proved, see [25], see [24], every
abelian variety can be lifted from characteristic p to characteristic zero.

Can we lift every abelian variety defined over a finite field to a CM abelian variety in
characteristic zero? See (6.2).

4 (1968 - 1973) Grothendieck’s theorem on smCM.

(4.1) It is not difficult to show: An abelian variety with smCM over C is defined over a
finite extension of Q (i.e. over a number field).

It is easy to see: There are abelian varieties in positive characteristic with smCM which
cannot be defined over a finite field.

Keeping these in mind we can appreciate:

(4.2) Theorem (Grothendieck). Let K be a field, let A be an abelian variety over K with
smCM. We write k = K. There exists a finite extension L of the prime field of K, an abelian
variety B over L, and an isogeny A ⊗ k ∼ B ⊗ k
See [22], Th. on page 220; see [29].

I.e. “the isogeny class of A with smCM can be defined over a finite extension L of the prime
field P of K: either P = Q, with [L : Q] < ∞, and L is a number field, or P = Fp, and L = Fq

is a finite field.

(4.3) Remark. Here is an ingredient of the proof. Suppose that k is an algebraically closed
field, S an irreducible scheme, algebraic and smooth over k. Let A → S an abelian scheme.
Let η ∈ S be the generic point. Let � be a prime number different from the characteristic of
k. We obtain a representation

ρA,� = ρ : π1(S, η) → Aut(T�(Aη)).

Suppose that the image of ρA,� is finite. Then there exists a finite surjective morphism T → S,
an abelian variety B over k and an isogeny B×Spec(k) T → A×S T ; moreover, in characteristic
zero this isogeny can be chosen to be an isomorphism, and in positive characteristic it can be
chosen to be purely inseparable.

5 (1974) H. W. Lenstra & FO: CM can be a field.

In general the endomorphism algebra of an abelian variety is not a field, even not in case
of a simple CM abelian variety. Clearly, a supersingular abelian variety over m has a non-
commutative endomorphism ring. However:

(5.1) Theorem (H. W. Lenstra jr & FO). Suppose given a prime number p and a symmetric
Newton polygon ξ. Assume ξ �= σ; i.e. ξ has at least one slope not equal to 1

2 . There exist
“many” CM-fields L and abelian varieties A over m := Fp such that End0(A) ∼= L.
See [17].

We can easily see that for a given ξ �= σ all fields L satisfying the theorem above have an
intersection which equals Q. Hence:
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(5.2) Corollary. For every ξ �= σ there exists an abelian variety A over an algebraically
closed field k of characteristic p with End(A) = Z such that the Newton polygon of A equals
ξ.

(5.3) Remark. Why is this interesting? We can determine the number of geometrically
irreducible components of Wσ using the endomorphism algebra of a supersingular abelian
variety, see [18], 4.9. Then, I had the vague hope that, using the fact recorded in the corollary
might give access tot the irreducibility of Wξ of ξ �= σ; up to now, this attempt failed.

(5.4) Remark. A non-trivial deformation of a CM abelian variety in characteristic zero
produces a non-CM abelian variety; this can be seen by using the complex theory describing
a complex torus by a lattice; the analogous statement is false in positive characteristic (many
examples can be given). I would like to show the result of the corollary above via a general
method which would enable us to determine the endomorphism algebra of the generic fiber of
a deformation; up to now, I do not know such a theory.

6 (1992) CM-liftings.

Suppose given a field A0 over a finite field (hence, by Tate, a CM abelian variety). Can we
lift this to a CM abelian variety in characteristic zero? In the Honda - Serre - Tate theory we
see that there exists an abelian variety B0 over m = Fp with B0 ∼ A0 ⊗m which can be lifted
to a CM abelian variety in characteristic zero: the isogeny class of A0 ⊗ m can be CM-lifted.
Can we construct CM-liftings up to isomorphism? As we shall see, in general the answer is
negative.

(6.1) It is easy to see: If A0 is an abelian variety over m of dimension g, with p-rank
f(A0) ≥ g − 1 then there exists a CM-lifting of A0 to characteristic zero. The case f(A0) = g
is called the ordinary case; I say A0 is almost ordinary if f(A0) = g − 1.

(6.2) Theorem. Let p be a prime number, and let ξ be a symmetric Newton polygon.
Assume that ξ �= σ and suppose that f(ξ) < g − 1. Then there exist infinitely many abelian
varieties over m with Newton polygon equal to ξ which cannot be CM-lifted to characteristic
zero.
See [33].

7 (2002) C.-L. Chai: Monodromy.

(7.1) Theorem (C.-L. Chai). Let Z ⊂ B := Ag,1,N ⊗ k be a locally closed subscheme,
smooth over Spec(k) where k = k ⊃ Fp, and N ∈ Z≥3 not divisible by p. Let � be a prime
number not dividing pN . Assume:

(i) Z is Hecke-�-stable, and
(ii) the Hecke-�-action on the set π0(Z) is transitive, and
(iii) η �∈ Wσ (equivalently: Z contains a non-supersingular point).

Consider an irreducible component Z0 of Z, with generic point η ∈ Z0. Then:

ρA,� : π1(Z0, η) −→ Sp(T�, <,>�) ∼= Sp2g(Z�)

is surjective, and
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Z is irreducible, i.e. Z = Z0.

See [2], 4.4.

(7.2) From this theorem by Chai we have another proof of Corollary (5.2).

8 (2002) Irreducibility of NP-strata.

(8.1) For the supersingular stratum Wσ ⊂ Ag,1 ⊗ Fp the number of components is given by
class numbers:

#(π0(Wσ)) = Hg(p, 1) if g is odd,

#(π0(Wσ)) = Hg(1, p) if g is even.

We see that (in general, i.e. for p large) the supersingular locus is reducible. See [18], 4.9. For
non-supersingular strata the situation is totally different:

(8.2) Theorem. For every ξ � σ the locus Wξ ⊂ A = Ag,1⊗Fp is geometrically irreducible.
I.e.

ξ �= σ ⇒ #(π0(Wξ)) = 1.

This was expected as Conjecture 8B in [34].

(8.3) Here are some of the ingredients in a proof of this theorem:
(i) For every symmetric Newton polygon ξ the inclusion

Wσ ⊂ Wξ ⊂ B := Ag,1,N ⊗ k

defines a well defined map π0(Wσ) → π0(Wξ) which is surjective (EO-strata, and much
more....);
(ii) the action of Hecke on π0(Wσ) is transitive (precise information on Wσ, see [18]);
(iii) hence the action of Hecke-� on π0(Wσ) � π0(Wξ) is transitive (use strong approximation);
(iv) then apply (7.1).

Epilogue. The Honda - Serre - Tate theory has provided us with strong tools. Geometric
aspects give additional methods. Combining these two aspects (arithmetic ánd geometry) we
obtain beautiful results. Here are some of such aspects as discussed above:

- a proof of the Manin conjecture: by the Honda-Serre-Tate theory, see [46], or by a
geometric proof, see [36];

- an answer to the question of CM-liftability: first use number theory, as in [17], then use
geometry: families of abelian varieties, and finish with CM-theory in characteristic zero, as in
[33];

- use representation theory, the RH for abelian varieties over finite fields (Weil) and
Grothendieck’s semi-simplicity theorem to arrive at (7.1), then use geometry and number
theory, see (8.3) to arrive at (8.2).

These are just a few examples of a rich and ever growing interaction between number theory
and geometry.
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Not all references below are needed for this talk, but I include relevant literature for complete-
ness sake.
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