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In this seminar we study geometric properties of algebraic curves� or of Riemann surfaces�
with the help of an algebraic object attached� the fundamental group� either the algebraic
fundamental group� as introduced by Grothendieck� or the topological fundamental group�

Here is the central idea of the seminar� To an algebraic curve X over a �eld K we can
attach the fundamental group �either in the algebraic context or in the topological vein�� This
algebraic object gives information about the geometry of X � Commuting between topology
and algebraic geometry we can determine rather precisely the structure of this group �at least
in characteristic zero� or the prime�to�p�part in characteristic p�� This tool enables us to prove
theorems� �nd structures in arithmetic geometry and in algebraic geometry�

Please do not consider these notes as containing complete information on the topics introduced�
but rather as a guide�line through the literature mentioned� We hope and expect students
to work themselves through this beautiful material� and� of course both of us are available
whenever you have questions� in case you want to talk about this material� or whatever�

In the �rst sections we gather together some basic information� connecting topological concepts
with de�nitions and theorems in algebraic geometry� These are meant as an introduction to�
and a basis for studying the following topics� fundamental ideas and theorems�

I� Good reduction Given a family �of algebraic curves� of Riemann surfaces� of abelian va�
rieties� or whatever� over a punctured disc� or over the �eld of fractions of a discrete
valuation ring� try to �nd a criterion which ensures that this family can be extended
in such a way that the central �ber has �good reduction	� it turns out that the Ga�
lois representation obtained enables us to formulate precisely this property� In case of
abelian varieties this was given by Serre and Tate� in that case the Galois representation�
obtained from �co�homology� or from the Tate���group� provides the tool necessary� We
discuss the case of algebraic curves� where the Galois representation �or the monodromy
representation� on the fundamental group of the algebraic curve �sitting over the generic
point� provides the necessary information� as Takayuki Oda explained to us� see Section
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These notes provide material for topic �I�� The rest of the theory in these notes will be worked
out in a later version of these notes�

II� Correspondences The fundamental group of a hyperbolic Riemann Surface� can be con�
sidered as an abstract group� in this consideration� as abstract groups� two complete�
non�singular curves of the same genus have isomorphic topological fundamental groups�
But in fact �top� �X�C�� should be considered as a subgroup of SL���R�� up to conjuga�
tion� in this way of looking at fundamental groups dierent curves may very well produce
totally dierent fundamental groups� in this way we can study correspondences between
algebraic curves in characteristic zero� as shown by S� Mochizuki� see Section 

�

III� The Anabelian Grothendieck Conjecture Is the �algebraic� concept of the funda�
mental group strong enough to tell the isomorphism type of a geometric object� This
seems at �rst sight a surprising question� Grothendieck formulated around 
��� a conjec�
ture� see �
��� �
��� �
��� Several cases of the �Grothendieck anabelian conjectures	 have
been proved by now� � Analogy with number theory �the Neukirch � Uchida theorem� is
striking� This topic will be of great importance in the future� we think�

Advice� Please try to understand the prerequisites as formulated in the �rst nine sections
of these notes� You need not follow our references� in many cases there are many books and
papers containing descriptions of these concepts� � Probably we will use some of the �rst
sessions of the seminar to discuss aspects of these prerequisites�

Please contact us if you have questions� if you feel you need more explanation� don�t
hesitate�

Then� please study the paper ����� or ���� and �read backwards	� i�e� try to digest material�
and look up references whenever necessary� �nd de�nitions and theory� or ask us whenever
necessary�

If time permits we can discuss some of the prerequisites of �II� and of �III��

� Topology

����� Classi�cation of real surfaces� References� �
��� ����� Chapter 
� �����
Exercise� �This holds for all sections of these notes�� Find better references�

Formulate the theory of real surfaces� Understand the theory which describes connected�
compact real surfaces� This classi�cation gives that a connected� compact� orientable real
surface is determined up to isomorphism by its genus g � Z��� For g � � we have the
�Riemann sphere	� for g � 
 we have the �torus	� e�g� de�ned as the topological space
C ��Z�� � Zi�� Understand well the way a connected� compact� orientable real surface can
be de�ned by �glue and sciccors	 method� i�e� such a surface can be cut by �g circles� and
conversely a �g�gon with appropriate identi�cation of sides gives a a connected� compact�
orientable real surface of genus g � �� see ������ Please work out and understand this theory
very well� This kind of �easy topology	 will be a fundamental tool in understanding and in
proving facts in �di�cult� algebraic geometry�
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����� The topological fundamental group� See ����� �
��� ����� �����

We use topological spaces with �reasonable properties	� For the de�nition of the topological
fundamental group this is not necessary� however for the connection with universal covering
spaces such conditions are needed� Without further mention we suppose that a topological
space S is connected� locally pathwise connected and locally simply connected�

Remark Note that if V�C is an �irreducible� variety over the complex numbers then the
complex space V �C � satis�es the properties just mentioned� see �

�� II���� �Local structure
of analytic varieties�� We will often encounter regular varieties �non�singular varieties�� and
these give �over C � locally Euclidean topological spaces� even better�

����� Note that if V�C is a regular �irreducible� variety over the complex numbers then the
complex space V �C � satis�es the properties just mentioned�

�V is irreducible� � �V �C � is connected��

for example� see ����� Vol� �� page 
��� Th� 
� and�

�V is regular� � �V �C � is locally Euclidean��

hence in this case V �C � is locally pathwise connected and locally simply connected�

����� The topological fundamental group� Let S be a topological space� and let s� � S
be a chosen �base� point� We de�ne �top� �S� s�� to be the topological fundamental group of
�S� s��� this is the set of homotopy classes of loops in �S� s�� with composition as group law�
Note �we supposed S to be connected� that two choices s�� s� � S yield isomorphic groups
�
top
� �S� s�� �� �

top
� �S� s���

Exercices� Formulate well the notion of �homotopy equivalence	� �a� Show that we obtain
a group�
�b� What is the topological fundamental group of S�� the circle� Formulate the Brouwer �x�
point�theorem� and give a proof of this theorem using the structure of ���S�� 
�� and using the
functorial properties of the topological fundamental group�
�c� What is the fundamental group of the torus C ��Z�� �Z�i��

���	� Warning� In what follows� either on topological fundamental groups� or on algebraic
fundamental groups �see below� we should mention and write the notion of the base points�
but often we will assume and then ignore the choice and the notation of the base point�
Exercise� Let S be a connected topological space� and s�� s� � S� Show that there exists an
isomorphism ���S� s�� �� ���S� s�� �choose a path in S from s � � to s � 
� and �conjugate�
with this��
Remark 
 Exercise� Let f � �S� s� � �T� t� be a continuous map of pointed topological
spaces	 this induces f� � ���S� s� � ���T� t� �covariant behavior�� Mind the choice of base
points


����� The Universal covering space� Let S be a topological space �with properties men�
tioned above ��� There exits a �universal covering	 S� � S� this is a covering� S� is connected
and simply connected� these properties characterize this covering up to S�homeomorphism�
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Moreover � �� �top� �S� s�� acts on S
� � S and the orbit space of S� under the fundamental

group � is S�
S� � �nS� � S�

Exercise� De�ne well the notion of the category of coverings of S�

����� Warning� Let f � V � W be a covering in the sense of algebraic geometry� this is a
�nite morphism between algebraic varieties� suppose these are de�ned over C and consider the
induced map V �C � � W �C �� This need not be a topological covering� in case the morphism
f is rami�ed the related topological map is not a topological covering� Sometimes a warning is
given by saying something like �consider a �rami�ed� cover	 in order to distinguish the habits
of algebraic geometers on the one hand� and the usage in topology on the other hand�

� The topology of complex varieties�

����� Notation� Let X be an algebraic variety over C � We write X�C � for the topological
space obtained from C �with the �classical topology	� do you know how to de�ne this ��� We
write �top� �X�C�� for its topological fundamental group �you see already the bad habit� we
did choose a base point� used it� and then suppress it in the notation��

����� Riemann Surfaces� A Riemann surface is a connected complex manifold of dimension
one �surface� it two�dimensional as real toplogical space� please note the possible confusion��
Sometimes the complex manifold and the underlying toplogical space are denoted by the
same letter� if you say �Riemann Surface	� please make clear whether you mean the complex
manifold� to the topological space�

For a variety V over C we can de�ne the complex variety V an� this is the underlying topological
space V �C � with the sheaf of holomorphic functions derived from the structure of the C �variety
V � We have functorial correspondences�

V �� V an �� V �C ��

����� Theorem� The category of connected� irreducible regular algebraic curves over C and
the category of connected Riemann surfaces �as complex manifolds� are equivalent�
The di�cult point� to show that on a Riemann surface there exists a meromorphic function
which is non�constant� once you have that theorem� the rest of the proof is a good exercise�

����� GAGA Let V and W be complete varieties over C � The natural map

Mor�V�W �
��� Mor�V an�W an�

is bijective� See ����� This theorem� for projective varieties� was �rst proved by Chow� Later�
Grothendieck generalized this to schemes with an ample line bundle� Literature� ����� �����
��
�� �

��
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���	� Example� For a complex manifold of dimension one �a Riemann surface� there does
exist an algebraic structure and it is uniquely determined by the complex structure�

However� there do exist �many� complex manifolds which are not �algebraizable	� For exam�
ple� see ����� II�VIII�
��� page 
��� choose a� bC algebraically independent over Q� De�ne the
lattice � � C � generated as a free abelian group by the vectors �
� ��� �i� ��� ��� 
�� �a� b�� let T
be the �complex torus	 T �� C ���� Clearly it is a compact complex manifold of dimension
two� It can be showed that T is not algebraizable�

Moreover� if a complex manifold �which is non�compact� of dimension at least two� is alge�
braizable� this structure need not be unique� For an example� see ����� page 
��� an extension
V of an elliptic curve by Ga � i�e� V�Ga � E and W � Gm � Gm � clearly V 	�� W as algebraic
varieties �exercise 
� de�ning isomorphic analytic manifolds V an �� W an�

For another example� see� ����� II�VIII�����

����� Let X�C be an algebraic curve� and S �� X�C � the related Riemann surface�


 Suppose X �� P�
C
� the case g � � � r� then � � f
g is trivial� and S� � S � X�C �� the

Riemann sphere�


 Suppose X �� P�
C
� f�g� the case g � �� r � 
� then � � f
g is trivial� and S� � S �

X�C� � C �


 Consider the case g � � and r � � or the case g � 
 and r � �� in these cases �top� �S� is
commutative �free of rank one� respectively two�� and S� � X�C� � C �


 In case X�C is hyperbolic� the fundamental group �top� �X�C�� is non�abelian� and the
corresponding universal covering space is homeomorphic with the upper half plane�

X�C �� � H �� fz � C j �z� � �g�

����� Suppose X is an algebraic curve over C � Let S � X�C� be the related Riemann
surface� As a real manifold� S is orientable� and classi�cation of real surfaces shows that S is
completely described by g and r� a Riemann surface of genus g with r punctures� see �
��� see
�
��� Chapter 
�� In this case the fundamental group

�top� �S� �� �g�r�

where �g�r is the group de�ned by� it is generated by

��� ��� � � � � �g� �g� ��� � � � � �r
satisfying

����������� ����� �� � � � ���g��g����g ����g ����� � � � ��r�
Note� If r � �� i�e� if X�C � is not compact� then �g�r �� F�g�r��� the free group on �g� r� 

generators�
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���� Write out the �word	

W � ���� ��� � � � ��g� �g� � ����������� ����� �� � � � ���g��g����g ����g ��

Choose a �g�gon D in the real plane �the lengths of the sides are not important� we are
doing topology�� Choose your way to walk along D �counter�clockwise� or clockwise�� Choose
your way to read W �from right to left� or from left to right�� Give in this way the sides of
D appropriate names and orientations� Identify sides of D with the same name� respecting
orientations� Shows this produces a topological space �the identi�cations give a well�de�ned
process�� it is compact� and this is a topological compact real surface of genus g�

����� Exercise� Let X be a complete algebraic curve over C �non�singular� irreducible� of
genus g� Let � � �top� �X�C��� Describe �ab � ���� �� ����� ���

De�nition� For a group G we de�ne the �lower central series	 by�

���G� �� G� and by induction �n���G� �� ��n�G�� G��

������ Exercise� Let Let X be a complete algebraic curve over C �non�singular� irreducible�
of genus g � �� Let � �� �top� �X�C ��� Describe the abelian groups �i�G���i���G� for i � 
� �� �
by generators �and relations ���

Apology
warning� Please do not confuse the �standard� notations �g�r and �n�G� de�ned
above �they have totally dierent meanings ���

� Algebraic curves and Riemann surfaces

����� Riemann�Zeuthen�Hurwitz�Hasse� Literature�
�
��� IV��� see page ��
�
��
�� Chapter ��
�
��� Chapter �� in particular pp� �
���
��

This theorem considers a �nite morphism f � Y � X of complete� nonsingular� irreducible
algebraic curves� and it expresses invariants de�ned by X � by Y and by f in one formula�
The three references give three dierent proofs� Please understand each of these proofs� A
di�culty which you will encounter in this study is that you might end up in circular reasonings
if you do not have a clear idea what is de�ned and what is a theorem�

e�g� you could de�ne the genus of an algebraic curve X�C as the topological genus of the
Riemann surface X�C � and then prove the Riemann�Zeuthen�Hurwitz theorem using topolog�
ical considerations�

or� you can de�ne the genus of X � the topological genus of X�C �� prove theorems on
coverings� and then prove that the genus of X and the topological genus of X�C � are equal�
Just choose your way of doing this �we prefer the second way��

Then having the Riemann�Zeuthen�Hurwitz you can moreover consider the case of positive
characteristic� study wild rami�cation� and using ����� ��
�� describe �rami�ed� coverings in
positive characteristic�

�



Notations�
g�X� � g �� dimK H

��X�OX�� the genus of a complete� absolutely irreducible regular
curve X over a �eld K�

eP � e�P �� Q�� the rami�cation index of a morphism f � Y � X of algebraic curves
over an algebraically closed �eld k at P � Y � where P �� f�P � � Q � X � This is de�ned as
vP �f

��t��� where t � OX�Q is a uniformizer at Q � X � if f is separable� and eP is divisible by
the characteristic of k� we say that f is wildly rami�ed at P �� Q�

	P � 	�P �� Q�� the degree of the dierent at P is de�ned as vP ��
�
s��f
��t���� where

s � OY�P is a uniformizer at P � Y � the dierent 	�f� is de�ned as

	�f� �
X
P�Y

	P �P�

Note this is a �nite sum if f is separable�

����� Theorem �Riemann�Zeuthen�Hurwitz�� Let f � Y � X be a separable� �nite mor�
phism of complete� absolutely irreducible regular curves over an algebraically closed �eld k�
Then

�gY � � � deg�f���gX � �� � deg�	�f���

����� Hyperbolic curves� We consider algebraic curves X over a �eld K� We assume
X to be regular and absolutely irreducible �unless otherwise speci�ed�� We write Xc for the
unique complete curve over K containing X as dense subscheme �the �compacti�cation of
X	��

De�nition 
 Notation� Consider an algebraic curve X over K� and an algebraically closed
�eld k � K� We write�
the geometric genus�

g � dimK H��Xc�OXc��

the number of holes�
r � ���Xc �X��k���

the �Euler number	�
� � ��g � �� r�

De�nition� An algebraic curve X�K is called hyperbolic if ���X� � ��
I�e� �g � �  r � ���

or �g � 
  r � 
��
or g � ��

����� Exercise� Let X�C be a complete curve �regular and irreducible� over C � Show
that g�X� equals the topological genus of X�C �� �Hint� show it for P�� then produce a
covering X � P�� and compare Th� ����� with the topological equivalent for the covering
X�C � � P��C ���

���	� Exercise� Let X�K be an algebraic curve� and k � K� Then�

X is a hyperbolic curve �� Aut�Xk� is a �nite group�

�



����� Exercise� �
� Let X�K and Y�K be regular algebraic curves over a �eld K� Let
f � Y � X be a quasi��nite morphism� Then

X is a hyperbolic curve �� Y is a hyperbolic curve�

��� If moreover f is �nite and �etale and K is of characteristic zero� or X is complete� then

X is a hyperbolic curve �� Y is a hyperbolic curve�

��� Give an example of a �nite� �etale morphism of regular algebraic curves f � Y � X such
that Y is hyperbolic and X is not hyperbolic�

� Some easy facts in group theory�

Let G be a group� N � G a normal subgroup� write � �� G�N for the factor group� and
consider the �exact sequence	


� N �� G
p�� �� 
� ���

For any group N we de�ne
Out�N� �� Aut�N��Inn�N��

note that the group Inn�N� of inner automorphisms of N indeed is a normal subgroup of
Aut�N��

The exact sequence de�nes a homomorphism

R � � �� Out�N� by� R����x� �� x���

for � � ��  � G with p�� � � and x � N � Note that indeed x�� � N � because N is
normal in G� and the de�nition of R��� � Out�N� does not depend on the choice of  � G�

If moreover N is an abelian group� the exact sequence de�nes a homomorphism

R � � �� Aut�N� by� R����x� �� x���

for � � ��  � G with p�� � � and x � N �

����� Here is one of the fundamental examples� Let X be a scheme �or a variety� if you
wish� over a �eld K� The we obtain an exact sequence


� N � ���X �K Ks� �� G � ���X�
p�� �K � Gal�K

s��K�� 


as will see� Hence we obtain
R � �K �� Out�N��

This representation will play a fundamental role�

�



����� Suppose given an exact sequence G�N � � ��� as above� in particular N is normal
in G� We have seen that this exact sequence de�nes the representation R � � � Out�N��
Conversely�

Lemma� Suppose � and N are given� and suppose that the center of N is trivial� Z�N� � f
g�
From �� N and R we can reconstruct G and G�N � �� If G and N are topological groups�
and R is continuous� the G�N � � thus constructed can be equipped with the structure of an
exact sequence of topological groups� �See ���� page 
����
The essential step� As N has trivial center� N �� Inn�N� is injective� hence the square

G �� Aut�N� g �� �x �� g�x�g���
� �
�

R�� Aut�N��Inn�N�

is cartesian� this shows we can reconstruct the left hand upper corner from the rest of the
data� �

����� Exercise� In the vein of the lemma� use the square in the diagram in order to de�ne
R �for this you need not assume the center of N to be trivial��

� The algebraic fundamental group

The notion of a pro��nite group� Let fGig be a projective system of �nite groups� Let
� � lim�Gi be the projective limit� Equip all of the �nite groups with the discrete topology
�every subset is closed and is open�� Equip � with the limit topology� i�e� the coarsest which
make all projections � � Gi continuous� Or� a subbasis for the topology on � is given by the
inverse images of subsets in Gi under all � � Gi�

�	��� Examples� 
� Let G be a group� and consider the projective system of all fG�Ng
where N � G is a �nite index normal subgroup� The pro��nite group � � lim�G�N is called
the pro��nite completion of G� Notation� � � G��
Warning� There is a natural map G � � � G�� this map need not be injective �e�g� take
G � Q���
Show that the pro��nite completion Z� is isomorphic with the product !pZp� the product taken
over all natural prime numbers p�

�� Let K be a �eld� and let Ks be a separable closure� Then Gal�Ks�K� is a pro��nite group�
take the projective limit over the Galois groups of all �nite separable� normal extension of K�
The group Gal�Ks�K�� sometimes denoted by �K is called the absolute Galois group of K�
Reminder� Every closed subgroup H � Gal�Ks�K� de�nes a �eld extension K � �Ks�H �
invariants under H � and the main theorem of �in�nite� Galois theory tells you that this is an
inclusion inverting� bijection map between the set of closed subgroups of Gal�Ks�K� and the
set of intermediate �elds of K � Ks�

Show that for any �nite �eld K � Fq its absolute Galois group Gal�K�K� is isomorphic with
the pro��nite completion Z�� with topological generator x �� xq�
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�� Exercise� Show that in a pro��nite group �open	 is the same as �closed � �nite index	�
Show that in a pro��nite group every closed subset is the intersection of open subgroups�

�	��� Study the notions of a morphism being �at� unrami�ed� or �etale � �at � un�
rami�ed� See �SGA
� � �
��� see �HAG� � �
��� see ����

�	��� Exercise� Let X be a projective scheme� Let G be a �nite group� Suppose given
an injective homomorphism G � Aut�X�� Show the quotient GnX exists �give appropriate
de�nitions of �the quotient	�� see ����� III�
��

We say that a �nite morphism Y � X is Galois with group G� if there exists G � AutX�Y �
such that Y � GnY � X �

�	��� Theorem 
 De�nition �Grothendieck 
���� the fundamental group�� Let X be a
connected scheme	 let s � Spec�"� � S be a geometric point� There exists a pro��nite group
� � ���S� s� called the fundamental group of �S� s� and an equivalence between�

�i� the category of �nite �etale covers Y � X with Y connected� and
�ii� the category of �nite sets �with discrete topology� with continuous ��action�

The fundamental group as de�ned by Grothendieck is sometimes called the �algebraic funda�
mental group	 or the �#etale fundamental group	 in case we want to emphasize a distinction
with the topological fundamental group�

In practice this group ���S� s� can be constructed by taking a projective system of all �nite�
#etale Galois covers Yi � G�inYi � X � with Yi connected� and constructing � as the projective
limits of these �nite groups Gi� � Make all de�nitions and notions used precise� � We will
see that the fundamental group is a disguise of both the Galois group and of the topological
fundamental group�

�	�	� Example� Let K be a �eld� There is an isomorphism� uniquely de�ned up to inner
conjugations�

���Spec�K�� �� �K � Gal�K
s�K��

�	��� Theorem� Here is one of the fundamental facts� Let K be a �eld� let k � K be an
algebraic closure� let X � Spec�K� be a scheme over K� which is algebraic and geometrically
connected over K �e�g� this is the case if we consider a variety V�K�� Let a be a base point
for X � X�K k� i�e� a morphism a � Spec�"�� X where " is an algebraically closed �eld	 let
a � Spec�"�� X and b � Spec�"�� Spec�K� the induced base points �obtained by composition
of morphisms�� Hence we obtain morphisms of pointed schemes�

�X� a� �� �X� a� �� �Spec�K�� b��

these induce an exact sequence


� ���X� a� �� ���X� a� �� ���Spec�K�� b��� Gal�Ks�K�� 
�

See SGA
� Th� IX���
�
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�	��� Notation� Let � � lim�fGi j i � Ig be a pro��nite group� Let � be a prime number�
Let I��� be the set of indices such that ��Gi� is a power of �� De�ne

���� � lim
�
fGi j i � I���g�

Let p be a prime number� De�ne I�p� as the set of indices such that ��Gi� is not divisible by
p� De�ne

��p� � lim
�
fGi j i � I�p�g�

�Sometimes the notations ���� and ��p� are confused $ interchanged� or whatever� please be
systematic in this notation� please be careful when reading literature with other notations��

�	�� Exercise� Show these pro��nite groups are well�de�ned� Show the existence of natural
maps � � ���� and � � ��p�� Show the kernels of these maps to be characteristic in � �a
characteristic subgroup H � � is by de�nition invariant under all automorphisms of �	 here
we mean invariant under all continuous automorphisms of ���

Let G�� � � be an exact sequence of pro��nite groups� This de�nes R � �� Out���� Show
that this naturally de�nes exact sequence of pro��nte groups G������ � � and G�����p� � �
and naturally de�nes

R��� � �� Out������ and R�p� � �� Out���p��

�write out the relevant de�nitions and diagrams��

�	��� Remark� The following facts enable us to obtain information on algebraic fundamen�
tal group via topological considerations� to have more precise information about fundamental
groups�

Let X be a scheme proper over an algebraically closed �eld k and let k � " be an inclusion�
with " algebraically closed� Then

���X�
��� ���X � "��

Let X be an algebraic curve over an algebraically closed �eld k � Fp � Then there exists
an isomorphism

��g�r���
��� ���X�����

here g is the genus of X � and r is �the number of holes	 and � is a prime number dierent
from p�

Let X be a complete algebraic curve of genus g over an algebraically closed �eld k � Fp �
There exists a surjection

��g���p�
��� ���X��p��

Let X be an algebraic curve over an algebraically closed �eld k � Fp� Write �
tame
� �X� for

the pro��nte group classifying all �nite� #etale covers of X which extend to covers of Xc which
are at most tamely rami�ed �rami�cation indices not divisible by p�� There exists a surjection

��g�r�p�
��� �tame

� �X��p��

For all these facts� see �
���







� The algebraic and topological fundamental group

����� Comparison Theorems for �etale morphisms� see SGA
 XII��� Let X be a C �
scheme� locally of �nite type� and let Xan � X�C � be the corresponding analytic space �in our
case� we will often consider an algebraic curve over C � and Xan � X�C � � S will be a Riemann
surface�� EGA
� Th� XII���
 says that the category of �nite �etale morphisms above X and the
same above Xan are equivalent�

Note that this theorem is not so very di�cult for algebraic curves� or for complete varieties�

����� From this we conclude� see EGA
 Cor� XII���� that for a connected� locally of �nite
type C �scheme X�C we have the following comparison�

�top� �X�C �� ��
�
�top� �X�

�� ��� ���X��

i�e� the pro��nite completion of the topological fundamental group of X�C � is equal to the
fundamental group of X �

����� Here is a corollary of this comparison theorem� using the extension theorem of mor�
phisms� Let k be an algebraically closed �eld of characteristic zero� Let X�k be an algebraic
curve of genus g with r�X� � r �the number of �punctures� the number of geometric points
needed to �compactify	 X�� Then

���X� �� ��g�r�
� �

for the notation �g�r� see ������

����� Remark
Example� Note that we use topological considerations in order to describe
the structure of an algebraic�geometric object like the algebraic fundamental group of a curve�
As far as I know there is proof of the previous fact directly� For example� we now know that

���P
�
C � f�� 
��g��� �Z�Z��

but we do not know a proof of this without topological considerations �and� as Gabber told me�
one can prove that this isomorphism su�ces to determine the structure of the fundamental
group of any algebraic curve along �algebraic	 lines��

���	� Open Problem� Can we determine the fundamental group of any algebraic curve
along algebraic lines�

����� Remark� Let char�K� � p � �� Suppose X � A �K � P�K � f�g� The fundamental
group �i�X� is �very large	� in fact the precise structure of this group is still �unknown	�

� Monodromy

����� Exercise� Let K � Q�t�	 let n � Z��� Let f �� Xn � t � K�X �� Let L � Ln �� "
f
K

be the splitting �eld of f over K� Show�


 There is a primitive n�th root of unity � � �n contained in L�


�




 De�ne C � Cn � K��� � L� Show that C � Q����t�� Show C�K is Galois� Show that a
choice of � gives an isomorphism Gal�C�K� �� � �� �Z�n��� Here R� denotes the group
of units in R��


 Show that a choice of a zero of f in L�and a choice of � gives an isomorphism
Gal�L�C� �� N ��Z�n�


 Consider the exact sequence


� N ��Z�n�� G �� Gal�L�K�
p�� � �� �Z�n��� 
�

Use the same � for the two isomorphisms� and determine the representation R � � ��
�Z�n��� Aut�N ��Z�n� determined by this exact sequence �what could it be ������

����� Fact �see ��
�� IV������ the algebraic closure of Q��t�� equals�

�Q��t��� � �n Q��t���
n

p
t��

����� Exercise �Grothendieck�� Let K � Q��t��� and let

k �� K � C �� Q��t� � K�

We have
N �� Gal�k�C� �� bZ� �K �� Gal�C�K� �� Gal�Q�Q��

and we have an exact sequence


� N �� G �� Gal�k�K�
p�� �K � 
�

Let N �Z��� suppose � is a prime number� and suppose

� � Gal�k�K� � G �� GL�N�Z��

is a homomorphism of groups into the multiplicative group of invertible N �N �matrices over
Z�� Let 
 �Z� bZ� N � Prove that every eigenvalue of ��
� is a root of unity�

For a more general form of this fact� see ����� the Proposition on page �
��

� Geometric class 	eld theory

���� Motivation 
 topological formulation� Exercise� Suppose X is a complete curve
over C of genus g� let X � J � Jac�X� be its Jacobian�
�
� Show that we have isomorphisms�

�
�
top
� �X�C��

�
ab

��� �
top
� �J�C �� �� H��X�C��Z� �� Z�g�

��� Let � � Y � X be a �nite abelian Galois cover of complete algebraic curves over C � Show
there exists an isogeny � � B � J of abelian varieties and a pull�back diagram�

Y �� B

� � � �
X �� J�


�



���� Discussion� Albanese versus Picard� For a regular� complete variety V over a
�eld K� and the choice of P � V �K� we can de�ne the Albanese variety of V �

� � V �� Alb�V � � AV �

this is the universal solution of mapping V into an abelian variety� see ����� II��

For a complete variety V over a �eld K one can de�ne its Picard variety �the connected
component of a �universal solution to the problem of parameterizing divisor classes on V 	��
see ����� II��� VI�
 and VI�� for the case V is complete and regular �much more general theorems
about the existence of Picard schemes exist� we will not go into those details here�� In case V
is regular� we obtain an abelian variety PicV � PV � and a divisor class �the Poincar#e bundle�
on the product V � PV describing the parameterization of divisor classes�

For a regular� complete variety V over a �eld K� with V �K� 	� � both notions are de�ned�
and in fact the abelian variety AV is isomorphic with the dual abelian variety of PV �

AV
�� �PV �

t�

see ����� Th� 
 on page 
��� As �PV �
tt �� PV we also obtain �AV �

t �� PV �double duality on
abelian varieties is the identity� Cartier and Nishi� for references� see ��
�� Section ����

Suppose AV admits a principal polarization� in that case AV
�� �AV �

t �� PV � in this case�
sometimes we �identify	 the Albanese and the Picard variety� however we should realize that
AV comes with � � V � AV � and PV comes with the Poincar#e class� For a complete� nonsin�
gular algebraic curve X these abelian varieties have a principal polarization� �the canonical
polarization	� we write AX � Jac�X� � PX � and we call this �the Jacobian variety	� however�
in applications� please realize well which aspect of the Jacobian is used� In the exercise above�
and in the application below we use the Albanese property X � J � Alb�X��

���� Class �eld theory for algebraic curves� In �GA��
J�P� Serre % Groupes alg�ebriques et corps de classes�
we �nd a formulation of class �eld theory of curves over an arbitrary algebraically closed
ground �eld k � k�

Let C be a complete �regular� irreducible� algebraic curve over k� and let X � C be an open
part� Let D � C be a �nite separable morphism� which is a �nite Galois cover with abelian
Galois group !� and which is unrami�ed over X
�note� conversely an #etale cover of X can be extended to a �nite cover C � Xc��

Then� see �GA� Chapter V� Chapter VI� especially see VI�

� Proposition � on page 
���
% there exists an eective divisor m on C with support on C � X � a �module	 in the

terminology of �GA��
% we can de�ne a curve Cm �which is singular if the degree of m is at least two�� and

Jm �� Jac�Cm� � Pic
�
Cm
�

the �generalized Jacobian of Cm	�


�



% a choice of P� � X gives i � X � J �
% and there exists an isogeny of group schemes G� J � G�! and a commutative diagram

D � Y �� G

� �
C � X �� J�

We see that ! is a quotient of ���Jm�� the pull�back by X � J of G � X gives a Galois
cover Y � !nY � X � which after going to the regular compacti�cations� gives the �possibly
rami�ed� cover D � !nD � C�

���� For higher dimensional class �eld theory see ����� Lemma � on page ����


 Properties of good reduction for abelian varieties�

Situation� K is a �eld� v is a discrete valuation on K� we consider Ks� a perfect closure of K�
and an extension v of v to Ks� Let I�v� � �K �� Gal�Ks�K� be the inertia subgroup de�ned
by v�

We �x a prime number � dierent from the residue characteristic of v �and hence dierent
from the characteristic of K��

Let A be an abelian variety over K� We consider

T��A� �� lim�A��
i��Ks��

the Tate���group of A�
Exercise� Show that T��A� � ���A�Ks�����
This is a pro��nite group� isomorphic to T��A� �� �Z���g� where g � dimA� with a continuous
action � � �A�� � �K �� Gal�Ks�K� �� Aut�T��A��� �Give two proofs for the existence
of this representation��

����� Theorem �Criterion of Ogg�N#eron�Shafarevich� see ����� Theorem 
 on page �����
The abelian variety A has good reduction at v i� �A���I�v�� � f
g�

See ����� see �
�� for further properties�

�� I� Properties of good reduction following Takayuki Oda�

We will discuss a criterion of good reduction for curves as formulated by Takayuki Oda� see
���� also see ����� �����

These papers contain a lot of results� and some notations are complicated� We propose to do
the �easiest case	� �In the seminar we will �rst consider the case of equal�characteristic zero�
And the case of complete curves��

������ Exercise� Construct an example of K� v as above� and a complete� regular algebraic
curve X over K with Jacobian Jac�X� � J � such that J has good reduction at v and X has
bad reduction at v�


�



������ Here is the central result�
Theorem �Takayuki Oda�� Suppose K is a �eld with a discrete valuation v� and residue
class �eld k� Let X be a complete curve over K �proper over Spec�K�� regular and absolutely
irreducible� of genus g � �� Choose a prime number � di�erent from the characteristic of k�
Then we obtain a representation

�X�v�� � � � I�v� � I �� Out����X �K������

We have�
X has good reductions at v �� ��I� � f
g�

In fact�
X has good reductions at v �� �X�v�����I� � f
g�

where
�X�v���n � I �� Out�!��n�!���

Here ! � ���X � K����� and �n�!� is the n�th step in the lower central series� de�ned by�
���!� � ! and the next steps are de�ned inductively as commutator subgroups� �n���!� ��
��n�!��!��

������ Exercise� Show that the kernel ���X � K� � ���X � K���� is a characteristic
subgroup �i�e� invariant under automorphisms�� Show the � in the theorem is well�de�ned�

������ Suggestion� Follow �rst the paper ����� In that paper it is assumed that we work
over a number �eld� show that is an unnecessary assumption� The crucial case is the case
g � �� Make a careful study of the geometric fundamental group of a complete curve over
genus g � �� Study its fundamental group either topological or #etale� Study the �lower
central series	 in this group� Make a careful analysis as in ����� pp� 
�
�� If you understand
this completely� this is the �computation part	� then as later will be proved� the rest of the
theorem is more of a general�nonsense�proof�

�� II� Correspondences on algebraic curves following S�
Mochizuki�

We will discuss the contents of the paper ����� In this section all base �elds are supposed to
be of characteristic zero�

������ Exercise� Let f � X � Y be an �etale� �nite covering of algebraic curves �mind� over
a �eld of characteristic zero�� Then�

X is hyperbolic �� Y is hyperbolic�

Here is an interesting question� Consider algebraic curves over C � Say that Y� and Y� are
�isogenous	 if there exist #etale� �nite coverings f� � X � Y� and f� � X � Y�� Show this is
an equivalence relation� What can be said about the curves in one equivalence class having
a �xed Euler characteristic �having a �xed genus if we consider complete curves�� Mochizuki


�



proves that for hyperbolic curves this set is �nite in every isogeny�equivalence class for every
choice of an Euler characteristic�

The paper ���� is not so di�cult te read� except for the fact that a result by Margulis� see
����� Theorem �� on page ���� Lemma ��
�
�v� on page ��� and a result by Takeuchi� see �����
Theorem ��
� are used�

We could accept these results as �black boxes	 and then try to onderstand the arguments
and results of ����� Beautiful ideas�

�� Anabelian groups

Material of this section will be expanded� Probably we will write a proof of �
�����

������ De�nition� A topological group G is called �anabelian	 if for every closed� �nite
index subgroup H � G has trivial center� Cent�H� � f
g� �A group G is called �anabelian	
if for every �nite index subgroup H � G has trivial center��

������ An example� For every number �eld �K � Q� � � the absolute Galois group
Gal�K�K� is anabelian� ����� 
��
���

Here is another example�

������ Exercise� Let k be an algebraically closed �eld� and let X be a hyperbolic curve
over k� The fundamental group ���X� is anabelian�
For the case that X is complete� see ���� Lemma 
 on page 
���
As an appetizer� you might �rst try the case k � C and X is a complete curve of genus g � ��

������ Exercise� Let k be an algebraically closed �eld of characteristic zero� and k � C �
Let X be an algebraic curve over k� of genus g and r holes� i�e� r � ��Xc�k� � X�k��� We
write � �� ���X�� Show�
�a� � � f
g i� �g� r� � ��� ��� ��� 
��
�b� � is non�trivial abelian i� �g� r� � ��� ��� �
� ���
�c� the following are equivalent�

�c
� � is non�abelian�
�c�� � is anabelian�
�c�� X is hyperbolic�

Suggestion� formulate the previous exercise for � �� �top� �X�C ��� and prove the new version
to be correct�

����	� Exercise� Let k be an algebraically closed �eld of characteristic p � �� Let X be an
algebraic curve over k� of genus g and r holes� i�e� r � ��Xc�k��X�k��� We write � �� ���X��
Show�
�a� � � f
g i� �g� r� � ��� ���
�b� � is non�trivial abelian i� �g� r� � �
� ���


�



�c� Show that � is non�abelian in the following cases� ��� 
� and ��� ���
�d� the following are equivalent �� mind� char�k� � p � ���

�c
� � non�abelian�
�c�� � is anabelian�
�c�� �g� r� � ��� 
� or �g� r� � ��� �� or X is hyperbolic�

������ Remark� we have shown that for an algebraic curve X over an algebraicallly closed
�eld k and � �� ���X� we have�

� is non�abelian �� � is anabelian�

������ Exercise� Let k be an algebraically closed �eld� Let X be an algebraic curve over k�
We write � �� ���X�� Let � be a prime number dierent from the characteristic of k� Show�

X is hyperbolic �� ���X���� is anabelian�

�� III� The anabelian Grothendieck conjectures following
Nakamura� Tamagawa and Mochizuki�

Here we have a choice which form of the anabelian Grothendieck conjectures we are going to
study� For the case of algebraic curves over �nite �elds� over number �eld� or over sub�p�adic
�elds there are four options�
III�a Rational hyperbolic curves� following Nakamura� see �����
III�b A�ne curves over �nite �elds and over number �elds� following Tamaga� see �����
III�c Complete curves over number �elds following Mochizuki� see ���� �this paper uses the
paper by Tamagawa in III�b��
III�d Hyperbolic curves over sub�p�adic �elds following Mochizuki� see ���� �this paper reproves
te main result of III�c��
None of these papers is elementary����

������ Possible confusion� Grothendieck de�nes�
	anabelian schemes	� �Schemata �von endlichem Typ� &uber K� die Geometrie von X

vollsta&ndig durch die �pro�nite� Fundamentalgruppe ���X� �� bestimmt ist��� 	 �Letter to
Faltings� June 
���� see �
����

We de�ned a group to be anabelian� see �
��
��
One might expect �the anabelian Grothendieck conjectures� that a scheme over a �eld of

�nite type over its prime �eld with an anabelian geometric fundamental group is determined
by its fundamental group� This is true for algebraic curves� here �hyperbolic	� �geometric ��
is anabelian	� However for higher dimensions it is not clear that the condition the geometric
fundamental group being anabelian is the right condition�

Therefore it seems wise to distinguish�
The Grothendieck anabelian philosophy� Try to �nd a class of schemes �varieties� �elds�
���� such that these are determined by their fundamental groups� Such objects can be called
�anabelian objects in the Grothendieck philosophy	�
And�


�



Anabelian geometric fundamental groups�
And ask�
Question� Which varieties should be baptized � anabelian in the Grothendieck philosophy��

References

�
� D� Abramovich  F� Oort % Alterations and resolution of singularities� In� Resolution of
Singularities� A research textbook in tribute to Oscar Zariski� Eds� H� Hauser� J� Lipman�
F� Oort� A� Quir#os� Progress in Math� Vol� 
�
� Birkh&auser ����� pp� �� � 
���

��� A� Altman  S� Kleiman % Introduction to Grothendieck duality� Lect� Notes Math� 
���
Springer � Verlag 
����

��� M� Artin  G� Winters % Degenerate �bres and reduction of curves� Topology �� �
��
��
��� � ����

��� M� Asada� M� Matsumoto  T� Oda % Local monodromy on the fundamental groups of
algebraic curves along a degenerated stable curve� Journ� Pure Appl� Algebra ��� �
�����
��� � ����

��� E� Ballico et al % Classi�cation of irregular varieties� Minimal models and abelian vari�
eties� Proceedings� Trento 
���� Lect� Notes Math� 
�
�� Springer � Verlag 
����

��� G� V� Belyi % On the Galois extension of the maximal cyclotomic �eld �in Russian�� Izv�
Akad� Nauk� SSSR �� �
������ ��� � ����

��� P� Deligne  D� Mumford % Te irreducibility of the space of curves of a given genus� IHES
Publ� Math� �� �
����� �� � 
���

��� G� Faltings % Endlichkeitss�atze f�ur Abelsche Variet�aten �uber Zahlk�orpern� Invent� Math�
�� �
����� ��� � ����

��� G� Faltings % Curves and their fundamental groups following Grothendieck� Tamagawa
and Mochizuki�� S#em� Bourbaki 	� �
���$���� Exp� ���� Ast#erisque ���� Soc� Math�
France 
���� pp� 
�
 � 
���

�
�� W� Fulton % Algebraic topology� a �rst course� Grad� Texts Math� 
��� Springer � Verlag

����

�

� M� Goresky  R� D� MacPherson % Strati�ed Morse theory� Ergeb� Math� Folge � � Bd�

�� Springer 
����

�
�� A� Gramain % Topologie des surfaces� Collection SUP� Presses Univ� France 
��
�

�
�� Ph� Gri�ths  J� Harris % Principles of algebraic geometry� Wiley�Interscience� 
����

�
�� A� Grothendieck et al % Rev�etements �etales et groupes fondamental� S#em� G#eom� Alge�
brique 
���$
��
� Lect� Notes Math� ���� Springer � Verlag 
��
� Cited as �SGA
�

�
�� A� Grothendieck et al % Groupes de monodromie en g�eom�etrie alg�ebrique� S#em� G#eom�
Alg#ebrique 
����
���� Lect� Notes Math� ���� Springer � Verlag 
���� Cited as �SGAD�


�



�
�� A� Grothendieck % Esquisse d�un programme� �manuscript in French�� �� pp�� January

����
This is reproduced in the original language� and in translation in ����� pp� � � �� �trans�
lation pp� ��� � �����

�
�� Letter �in German� of A� Grothendieck to G� Faltings� � pp�� �� � VI � 
����
This is reproduced in the original language� and in translation in ����� pp� �� � �� �trans�
lation pp� ��� � �����

�
�� A� Grothendieck % La longue marche �a travers la t�eorie de Galois� Manuscript� 
��
�
Tome 
� xx
 � �� has been edited by J� Malgoire� Univ� Montpellier II� 
����

�
�� R� Hartshorne % Algebraic geometry� Grad� Texts Math� 	�� Springer � Verlag� 
���� Cited
as �HAG��

���� H� Hasse % Theorie der relativ�zyklischen algebraischen Funktionenk�orper� insbesondere
bei endlichem Konstantenk�orper� Crelle ��� �
����� �� � ���

��
� H� Hasse % Theorie der Di�erentiale in algebraischen Funktionenk�orpern mit vollkomme�
nen Konstantenk�orper� Crelle ��� �
����� �� � ���

���� Y� Ihara  H� Nakamura % Some illustrative examples of anabelian geometry in high
dimensions� In ����� pp� 
�� � 
���

���� N� Katz  S� Lang % Finiteness theorems in geometric class�eld theory� l�Enseign� Math�
�� �
����� ��� % �
��

���� S� Lang % Abelian varieties� Intersc� Tracts Number �� Intersc� Publ� 
����

���� S� Lang % Algebra� Addison�Wesley 
����

���� G� A� Margulis % Discrete subgroups of semisimple Lie groups� Ergebnisse Math� Grens�
geb� Vol� 
�� Springer � Verlag� 
����

���� S� Mochizuki % The pro��nite Grothendieck conjecture for closed hyperbolic curves over
number �elds� Journ� Fac� Sci� Univ� Tokyo � �
����� ��
 � ����

���� S� Mochizuki % Correspondences on hyperbolic curves� Journ� Pure Appl� Algebra ���
�
����� ��� � ����

���� S� Mochizuki % The local pro�p anabelian geometry of curves� Invent� Math� �� �
�����
�
� � ����

���� S� Mochizuki % Topics surrounding the anabelian geometry of hyperbolic curves� Preprint
RIMS 
���� July �����
http�$$www�kurims�kyoto�u�ac�jp$ kenkyubu$paper$all�html

��
� D� Mumford % Algebraic geometry I� Complex projective varieties� Grundl� ��
� Springer
� Verlag 
����

���� D� Mumford % The red book of varieties and schemes� Lect� Notes Math� 
���� Springer
� Verlag 
����

��



���� H� Nakamura % Galois rigidity of the �etale fundamental groups of punctured projective
lines� Journ� reine angew� Math �Crelle� ��� �
����� ��� � �
��

���� H� Nakamura % On Galois automorphisms of the fundamental group of the projective line
minus three points� Math� Zeitschr� ��� �
��
�� �
� � ����

���� H� Nakamura % Galois rigidity of algebraic mappings into some hyperbolic varieties� In�
ternat� Journ� Math� � �
����� ��
 � ����

���� H� Nakamura % Galois rigidity of pro��nite fundamental groups� Sugaku �� �
����� 
�
��
�Translation� Sugaku Expos� �� �
����� 
�� � �
��

���� H� Nakamura� A Tamagawa  S� Mochizuki % The Grothendieck conjecture of the fun�
damental groups of algebraic curves� English translation in� Sugaku Expos� �AMS� ��
���
�� �
 � ��� See� http�$$www�comp�metro�u�ac�jp$ h�naka$preprint�html

���� J� Neukirch� A� Schmidt  K� Wingberg % % Cohomology of Number �elds� Grundl� Vol�
���� Springer �����

���� T� Oda % A note on rami�cation of the Galois representation on the fundamental group
of an algebraic curve� Journ� Number Theory �� �
����� ��� � ����

���� T� Oda % A note on rami�cation of the Galois representation on the fundamental group
of an algebraic curve� II� Journ� Number Theory 	� �
����� ��� � ����

��
� F� Oort % Commutative group schemes� Lect� Notes Math� 
�� Springer � Verlag 
����

���� F� Oort % Good and stable reduction of abelian varieties� Manuscr� Math� �� �
����� 
�

� 
���

���� L� Schneps  P� Lochak % Geometric Galois actions� �� Around Grothendieck�s Esquisse
d�un programme� London Math� Soc� Lect� N� Series ���� Cambridge Univ� Press� 
����

���� J�P� Serre % Groupes alg�ebriques et corps de classes� Act� sc� ind� 
���� Hermann 
����

���� J�P� Serre % G�eom�etrie alg�ebrique et g�eom�etrie analitique� Ann� Inst� Fourier � �
����� 

� ��� 'I����

���� J�P� Serre % Rigidit�e du foncteur de Jacobi d�echelon n � �� Appendix of Exp� 
� of
S#eminaire Cartan 
���$�
�

���� J�P� Serre  J� Tate % Good reduction of abelian varieties� Ann� Math�  �
����� ��� �
�
��

���� I� R� Shafarevich % Algebraic number �elds� Proceed� ICM Stockholm 
���� 
�� � 
��
�Amer� Math� Soc� Translat� �� �
����� �� � ����

���� I� R� Shafarevich % Basic algebraic geometry� Second edition� Two volumes� Springer �
Verlag 
����

���� E� H� Spanier % Algebraic topology� McGraw�Hill� 
����

��
� I� Stewart % Galois theory� Chapman  Hall 
����

�




���� J� Stillwell % Classical topology and combinatorial group theory� Grad� Texts Math� ���
Springer � Verlag 
����

���� J� Stillwell % Geometry of surfaces� Springer � Verlag 
����

���� K� Takeuchi % A characterization of arithmetic Fuchsian groups� Journ� Math� Soc� Japan
�� �
����� ��� � �
��

���� K� Takeuchi % Arithmetic triangle groups� Journ� Math� Soc� Japan �� �
����� �
 � 
���

���� K� Takeuchi % Commensurability classes of arithemtic triangle groups� Journ� Fac� Sc�
Univ� Tokyp �� �
����� ��
 � �
�� Journ� Math� Soc� Japan �	 �
����� ��
 � ����

���� K� Takeuchi % Arithmetic Fuchsian groups with signature ��	e�� Journ� Math� Soc� Japan
�	 �
����� ��
 � ����

���� A� Tamagawa % The Grothendieck conjecture for a�ne curves� Compos� Math� ���
�
����� 
���
���

���� J� Tate % Endomorphisms of abelian varieties over �nite �elds� Invent� Math� � �
�����

�� � 
���

���� J� Tate % p�divisible groups In� Proc� of a conference on local �elds �Driebergen�� Editor
T� Springer� Springer � Verlag 
���� pp� 
�� � 
���

��
� A� Weil � Vari�et�es ab�eliennes et courbes alg�ebriques� Act� sc� ind�� Hermann 
����

Johan de Jong Frans Oort
Department of Mathematics Mathematisch Instituut
Massachusetts Institute of Technology Budapestlaan �
Cambridge MA ��
������� NL � ���� TA Utrecht
U�S�A� The Netherlands
email� dejong(math�mit�edu email� oort(math�uu�nl

��



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


