
Volume 26A, number 7 PHYSICS L E T T E R S  26 February 1968 

ON T H E  M A C R O S C O P I C  T H E O R Y  O F  V A N  D E R  W A A L S  F O R C E S  

N.G.VAN KAMPEN, B .R.A.NMBOER and K. SCHRAM 
Instituut voor theoretische fysica, Riflesuniversitei~ Utrecht, The Netherlands 

Received 24 January 1968 

A simple macroscopic derivation is given o f  t h e  non-retarded Van der Waals interaction between two 
semi-infinite dielectric media. 

Neutra l  macroscop ic  bodies,  when placed at a d is tance  of the order  of 1000 A, a t t rac t  each other 
as a r e su l t  of the Van der  Waals  forces  between the i r  a toms.  Lifshitz [1] has developed a macroscopic  
theory for this phenomenon by introducing fluctuating t e r m s  in the Maxwell equations for a d ie lec t r ic  
medium.  For  the in te rac t ion  energy per  unit  a r ea  at  T = 0 between two semi - in f in i t e  media  a d is tance  
d apar t  IAfshitz finds in the case  that d << k (;~ is  the pr inc ipa l  absorpt ion  wave length of the mate r ia l )  

; ; 1 U(d) = - R dco dx x 2 e x - 1 , (1) 
321r2d2 o o 

where E(co) is  the frequency dependent d ie lec t r ic  constant  of the medium.  
Star t ing f rom the Drude-Loren tz  model of an atom (harmonic osc i l la tor  model) Renne and Nijboer  

[2] gave an a tomis t ic  der ivat ion of the non - r e t a rded  in te rac t ion  between one atom and a s emi - in f in i t e  
medium by summing  two-par t ic le ,  t h r ee -pa r t i c l e ,  etc.,  in te rac t ions .  The i r  der ivat ion can be extended 
to the case of two s emi - i n f i n i t e  media  and for a r b i t r a r y  a toms [3]. In this note we will give a s imple  a l -  
t e rna t ive  macroscop ic  der iva t ion  of eq. (1), which can eas i ly  be genera l ized  to more  complicated con-  
f igurat ions .  

Consider  two semi - in f in i t e  d ie lec t r ic  media  a d is tance  d apar t .  We look for those solut ions of the 
equations of e lec t ros ta t ics :  div D = 0, c u r l / ~  = 0, which osci l la te  harmonica l ly  in t ime.  It will  be ob-  
vious that these  equations can be sa t is f ied by: 1°: cur l  E = O, ~(¢o) = 0 (longitudinal bulk modes);  
20: div D = 0, e(c0) = co ( t r ansve r se  bulk modes);  30: d i v ~  = 0, cur l  E = 0 (surface modes).  At T = 0 
the in te rac t ion  between the media  may be found f rom the sum of the zero point energ ies  ~ k  ½~wk of a l l  
modes evaluated at a d is tance  d minus  the corresponding sum for inf ini te  d. This procedure ,  due to 
Cas imi r  [4], who applied i t  to the case  of ideal  conductors  in vacuo, can be just i f ied in our  case by 
consider ing  a macroscopic  Hamil tonian of the sys tem which is  equivalent  to a sum of harmonic  o s c i l -  
la tor  Hamil tonians  with the f requenc ies  ¢o k as  e igenfrequencies .  A s i m i l a r  Hamil tonian was used by 
Hopfield [5]. 

Now the f requenc ies  of the bulk modes 1 ° and 2 ° a r e  evidently independent  of the d is tance  d. Hence 
for the evaluation of the Van der  Waals  in te rac t ion  only the sur face  modes 3 ° need be considered.  

Int roducing the e lec t ros ta t ic  potent ial  ~(x ,y ,z , t )  by E = - grad ~ we have to solve the equation 
V2~ = 0, subject  to the boundary conditions q~ and ~(w)a~/Sz continuous at z = 0 and z = d (the z -ax is  is  
chosen perpendicu la r  to the p l ane -pa ra l l e l  boundar ies  of the media).  

Assuming  ¢ to be of the form 

we find for f ( z )  the equation: 

with the solution 

f = Ae  rz  (z --< O) , 

~o(x,y ,z , t )  = f ( z )  exp ( iux + i v y - i w t )  , 

f "  - r 2 f  = O w i th  r 2  = u 2 + v  2 ,  

f = B e - r Z  (z >i d) , f = C e - r Z  + D e - r Z  (0 ~< z ~< d) . 
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T h e  b o u n d a r y  c o n d i t i o n s  l e a d  to  t he  e q u a t i o n  

e(co)+ 2 e 2rd  1 ~- 0 (2) 1 
e(co) - 1 / - ' 

t h e  p o s i t i v e  r o o t s  of w h i c h  ( for  r r a n g i n g  f r o m  0 to ~ )  d e t e r m i n e  t h e  f r e q u e n c i e s  of t he  s u r f a c e  m o d e s .  
One  c a n  now app ly  t h e  w e l l - k n o w n  t h e o r e m ,  t h a t  f o r  a m e r o m o r p h i c  f u n c t i o n  g(co) t h e  s u m  of t h e  

z e r o s  m i n u s  t he  s u m  of t he  p o l e s  w i t h i n  a c o n t o u r  in  t he  c o m p l e x  co-p lane  i s  g i v e n  by  t he  c o n t o u r  i n -  
t e g r a l  

1 d 
2-~ ~ co dco (ln g(co)) dco . 

A s  a c o n t o u r  one  t a k e s  a s e m i - c i r c l e  in  t h e  r i g h t  ha l f  of t h e  c o m p l e x  co-plane ,  t h e  r a d i u s  of w h i c h  i s  
a l l o w e d  to  go to  i n f i n i t y .  A f t e r  s o m e  s t r a i g h t f o r w a r d  a l g e b r a  one  i s  t h e n  l ed  to  L i f s h i t z '  f o r m u l a  (1). 

In t he  p a r t i c u l a r  c a s e  t h a t  E(co)- 1 = c o n s t / ( c o l "  ¢°2) one  can  s o l v e  eq.  (2) f o r  co e x p l i c i t l y  a n d  
e v a l u a t e  t h e  s u m  of e i g e n f r e q u e n c i e s  d i r e c t l y  w i thou t  c o n t o u r  i n t e g r a t i o n .  T h e  r e s u l t  i s  

1 a2n  , ~ o _  1 ) 2 n  

U(d)- 8 7rd 2 \ - - ~ /  n=1 

Here t o is the static dielectric constant and 

a m = (2m)' {(2m- i) m '2 22m} -I . 

This result may be of practical interest for the calculation of the Van der Waals interaction between 
media with only one resonance frequency. 

Finally it will be obvious that the above calculation can be readily generalized to the evaluation of 
the interaction between two semi-infinite media with dielectric constants ~l(co) and E2(co) respectively, 
s e p a r a t e d  by  a d i e l e c t r i c  of t h i c k n e s s  d a n d  d i e l e c t r i c  c o n s t a n t  ~3(co)" T h e  r e s u l t  i s  (d << )~): 

1-1 
327r2d2 o o {el(ico) - e3(iw)}{~2(ico) - ~3 ( iw)} ' 

w h i c h  c o i n c i d e s  w i th  an  e x p r e s s i o n  found  by D z y a l o s h i n s k i i  e t  a l .  [6] by a p p l y i n g  G r e e n  f u n c t i o n s  t e c h -  
n i q u e s .  A m o r e  d e t a i l e d  r e p o r t  w i l l  b e  p u b l i s h e d  e l s e w h e r e .  T h e  c a s e  of r e t a r d a t i o n  wi l l  a l s o  b e  c o n -  
s i d e r e d  t h e r e .  
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