
Smith, Philip B. Physica XXIV 
1958 1085-1091 

THE RESONANT SCATTERING INTEGRAL; 
APPLICATION TO THE ANALYSIS OF ELASTIC 

PROTON SCATTERING 

by PHILIP B. SMITH 

Fysisch Laboratorium der Rijksuniversiteit, Utrecht, Nederland 

A relationship is presented which permits a determination of the quanti ty 
F~2/F, where F~ and F are the particle (proton) and total widths, respective- 
ly, of an isolated reso,ance of which the total spin and channel spin mixing 
parameter  are known. The analysis depends upon observation at a zero of 
the relevant Legendre polynomial, and hence only resonances for which 
l :# 0 can be analysed. Since the relationship is independent of instrumental 
resolution, it can be expected to yield better values of the parameters than 
the usual curve fitting procedure. The results are independent of target 
thickness, counter efficiency and solid angle, and current integrator pre- 
cision. The formula given is valid if there is no appreciable /-mixing, no 
overlap of resonances, and if the "hard-sphere" correction to the Ruther- 
ford scattering is negligible. Tables are given showing where the latter 
approximation may  be expected to break down. The restriction on/-mixing 
can be removed if the parity allowed l's are odd, since observation at 90 ° 
(C.M.) makes all interference terms vanish. If the allowed l's are even it is 
still possible to apply the formula given if an angle of observation can be 
found where the interference terms vanish. In both cases difficulty will be 
encountered in evaluating the results since the/-mixing parameter must be 
known. It  is also shown that  if the off-resonant scattering can be quantita- 
tively compared to the Rutherford scattering, the range of apphcation of 
the formula can be extended to cover all well-separated resonances. The 
extended formula depends, however, on the constancy (not the absolute 
value) of target thickness, counter efficiency and solid angle, and current 
integrator calibration. The analysis is apphed to pubhshed data on the elastic 
scattering at a bombarding energy of 1.286 MeV in the ~~Na (p, p) reaction. 

1. Introduction. Elastic scattering of protons has proven to be one of the 
most fruitful means of investigating resonance levels. The analysis of results 
is tedious, in general 1) 2) and is especially so where the level width and the 
instrumental resolution are comparable. In such cases the purely instru- 
mental  parameters are crucial in the analysis and cannot be rigorously 
known and taken into account without a great deal of work. It  is shown that  
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the resonant scattering integral provides a simple means of making maximum 
use of the data  to determine the combination of parameters,  Fv~/F. This is 
not all, of course, that  may  be obtained from elastic proton scattering data. 
The conventional methods of analysis 9.) are not supplanted,  but  merely 
supplemented,  by this formula. As will become clear in the following expo- 
sition, in cases where two channel spins may  participate in the formation of 
the compound state, the mixing parameter  must  be determined by curve 
fitt ing or by another type of experiment.  The resonant scattering integral 
is derived under  restrictive conditions in Section 2. The range of validity of 
the simple formula is t reated in Section 3. The conditions under  which the 
restrictions may  be removed are discussed in Section 4, and an example of the 
application of the simple formula is given in Section 5. 

2. The resonant scattering integral. Under the conditions of no /-mixing 
and negligible hard-sphere correction to the Rutherford scattering, the 
differential cross section for elastic proton scattering in the neighbourhood 
of an isolated resonance is given by B l a t t  and B i e d e n h a r n  3) as: 

~I~ 9' 1 
a ~ d Q =  8 ( 2 I +  1) ( E - - E 0 )  2 +  (½F) ~ 

• Zl,~ EL (--)*J-~ ['~,jI~,k Z(lJolfo,slL) Z(lJolJo,s~L) PL(cos O)+ 

~z(2J0 + 1) /'~ 
+ cosec2(½0). 

2(21 + 1) E(E - E0) 2 + (½r)z]½ 

sin [2 7 in sin(½0) + 2,~v~ + fl] Pz(cos 0) + z2 coseO(½0) } d~2. (1) 

The notat ion is the same as in reference 3), except that  the total  particle 
width is given here by F~sl + ff~,~ = Fp, where Sl and s~. are the two 
possible channel spins, summed over the indices ~' and k in the second line 
of Eq. (1). The second, interference, term (third and fourth lines of Eq. (1)) 
vanishes at the zeros of Pt  (cos 0). We consider the counting rate vs. energy 
data  at one such angle (preferably the largest) over a fractionally small 
energy region near the isolated resonance under  consideration. The region 
is assumed to be small enough so tha t  the Rutherford scattering may  be 
considered constant throughout.  If we express the instrumental  resolution 
function as / ( E -  E'), where E is the mean bombarding energy and the 
function [ is assumed normalized to unity, the observed counting rate is: 

C(E) = ~ t 8(21 + 1) (E' ~ E0) = + (½F) 2 

• ~L[ZZ(lJo IJo, Sl L) -- 2xZ(lJo lJo, Sl L)Z(IJo lJo, szL) + 

+ x2ZZ(lJo lJo,s~.L)]PL(cos O) + z z cosec4(½0)!, 
% 

(2) 
J 
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where the sum over L arises from the second line of Eq. (1) by  defining the 
channel spin mixing parameter x by  F~8, = xF.psl. The cross term is'always 
negative since the two channel spins differ by  one unit. The expression used 
for the instrumental function is legitimate insofar as the absolute width and 
shape do not change, but  merely dislocate, as the energy is changed. Under 
the conditions of narrow resonances and thin targets this is certainly an 
excellent approximation. The factor s contains the counter efficiency and 
solid angle, the proton flux, and the target thickness. If C(E) is divided by  
the counting rate off resonance, sz 2 cosec 4 (½0), and unity subtracted from 
the result, one obtains: 

S(E) --= I~p2 sin4(½0) f l  ~' /(E -- E') dE' 
2~2(2I + 1) H (E' - -  E0) 2 + (½/")2 ' (3) 

where H is given by  the sum over L in Eq. (2), divided by  (1 + ~¢)2. 
The curve S(E) is now integrated over all energy, E (in practice only over 

the narrow range where the integrand differs appreciably from zero). Since 
the fractional change of E is small, we are justified in taking the slowly 
varying function of energy, ~/2, outside the integral. The result is the re- 
sonant scattering integral: 

f ~ a sin4(~;O) F~ 2 
Rs = S(E) dE -- " H (4) 

0 ~2(2I + 1) F 

This formula makes use of all experimental data in an objective manner, and 
hence should yield the best obtainable value of F~2/F from a given set of 
data. The result depends on the value of l, J0, and x. The value of l is assumed 
known from the outset, since this determines the angle of observation. The 
values of J0 and x are supposed determined by  the conventional curve 
fitting procedure, or from another type of experiment. 

3. Range o/validity.  In writing Eq. (1) three terms of Eq. (7.12) of refer- 
ence 3) were neglected. These will now be considered so as to set limits to 
the range of vahdi ty  of Eq. (4) and also to point to the extension of this 
formula to quite general conditions. Of the three neglected terms, the 
easiest to treat is that  corresponding to the interference of hard-sphere and 
resonant scattering. This term contains P~(cos 0) as a factor, just as the 
interference term between resonant and Rutherford scattering (Eq. (1)), 
and hence is identically zero at the angle of observation. Next we consider 
the interference term between hard-sphere and Rutherford scattering. This 
contains the parameters Cz, the hard-sphere phase shifts. In the region of 
energy in which isolated resonances usually occur, only ¢0 is important, 
and the correction to Eq. (4) resulting from this phase shift is calculated 
below. The last term to be considered is the pure hard-sphere scattering. 
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Since the leading t e rm  in this correction is of second order in ¢0 it will be 
entirely negligible as long as the correction above is small. 

In consideration of the above, we may  write the off-resonant counting 
rate, or "base line", as : 

C(E) = e(1 -- 0) cosec 4 (½0), where 

= (4 sin2(½0)/~?) sin $0 cos(2~ In sin (½0) + ¢0). 

This term, 0, has been calculated for several 'target nuclides over the bom- 
barding energy range in which it changes from a negligible value up to ten to 
thir ty  percent. The correction is applied to Eq. (4) by  dividing the right-hand 
side by  (1 -- 0). The calculations were based on a nuclear radius of 1.15 × 
× 10-13At cm, which has been shown 4) to give excellent results in the deter- 
mination of mass differences between mirror nuclei in the mass region 20 
to 30 where the present formula is expected to be most useful. Over large 
regions of energy the correction is seen to be negligible. When it is no longer 
negligible it must be applied with caution, since it depends strongly on the 
nuclear radius. The table is given only as a general guide; the correction 
changes so fast with energy that  interpolation is not feasible. Once the cor- 
rection has reached five or ten percent it is probably a safer procedure to 
abandon Eq. (4) entirely and use the formula given in the next section. 

4. Extensions o] Eq. (4). In cases where isolated resonances occur, but  
the base line differs greatly from the Rutherford value, a formula analogous 
to Eq. (4) may  still be used if the off-resonant counting rate is measured 
in an absolute manner so that  it may  be compared to the Rutherford value. 
Defining this measured ratio as B, Eq. (4) is simply modified to: 

• Rs' -~ z~ sin4(½0) H F ~  (4') 
B~Z(2I + 1) F 

That this formula is still so simple is due to the fact that  the choice of the 
correct angle of observation eliminates all corrections to the resonant term 
itself, permitting changes only in the (relatively) energy independent base 
line. In order to apply Eq. (4') the data  should be divided by  the base line 
in the immediate neighbourhood of the resonance, the result diminished 
b y  one and integrated, exactly as in the case of Eq. (4). 

In practice B can be determined simply if a thin target is used. In this 
case it is only necessary to determine the f a c t o r ,  at low energies where the 
scattering between resonances is certainly given by  the Rutherford value. 
If the same target is used at high energies, and.if the counter efficiency and 
solid angle, and current integrator calibration are constant, the factor B is 
given directly by  the ratio of observed to calculated (Rutherford) off-reso- 
nant counting rate. There is no necessity of having the instrumental function, 
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/, constant• On the other hand, additional complications are introduced if 
the target is thick and the effective target thickness is determined by the 

TABLE I 

The "hard-s~)here" correction rerm, ~, defined in the text.  The 
energies are proton bombarding energies (in MeV) in the labora- 
tory system, and the angles are given in the center of mass system. 
The calculations are based on a nuclear radius of  1 .15  × 10-1sAils 
cm. The angles chosen are the zeros of Pj.(cos 0), Pz(cos 0), 

Ps(cos {9), and P4(eos 0), respectively. 

90 ° 
Proton 1o0 ~ONe Z4Mg sosi ssS 

energy 

0.6 
0.8 
1.0 
1.5 
2.0 
2.5 
3.0 
3.5 

.002 

.007 

.014 

.08 
• 002 

.015 

.06 

.17 

.007 

.03s 

.10 

.001 

.011 
•034 
.09 

•003 
•014 

.035 
•08 

125.3 ° 
Proton 160 ZONe S4Mg sosi asS 

energy 

•004 
.016 

•031 
.15 

.O02 
•005 
.03z 
.11 

.3s 

• .002 
.019 
.08 

.19 

.005 

.036 

.09 

.20 

0.6 
0•8 
1.0 
1.5" 
2.0 
2•5 
3.0 
3.5 

.013 

.04 

.09 

.18 

140.8 ° 
Proton 160 2ONe Z4Mg s6Si ssS 

energy 

•003 
.025 
.I0 

.24 

0.6 
0.8 
l.O 
1.5 
2.0 
2.5 
3.0 
3.5 

.006 

.04 
•11 

.25 

.002 

.007 

.04 

.14 

.005 

.021 

.036 

.18 
.018 
.05 
.12 

.23 

149 .5  ° 
Proton 180 ZONe S4Mg sosi zzS 

energy 

0•6 
0.8 
1.0 
1.5 
2.0 
2.5 
3•0 
3.5 

•006 

•02s 

.04 

.19 

•002 

.007 
•04 
•15 

.003 

.027 

.10 

.25 

.007 

.04 
• l l  
.2? 

.019 

.06 

.12 

•24 
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spectrometer resolution and the energy loss in the target. In this case the 
effective target thickness (which depends on energy loss) is a function of 
energy. 

If /-mixing occurs to an appreciable extent  the resonant scattering 
integral can still be applied if an angle is found where the interference terms 
vanish. Should the pari ty allowed l's be odd, observation at 90 ° (C.M.) will, 
of course, lead to the disappearance of all interference terms. If, however, 
the mixing were to be of l ---- 3 with l = 5, it would be bet ter  to seek an 
angle near the large-angle null of P3(cos 0), since the scattering anomaly 
will be more pronounced (relative to Rutherford) at larger angles. If there 
is a mixing of even l's (the only practical case is of l = 2 with l ----- 4) it 
seems likely that  an angle can be found near the null of the lower-I Legendre 
polynomial (P2(cos 0) in the case mentioned) at which the interference 
terms vanish. The expression given for the resonant term in Eq. (1) is 
incorrect if there is /-mixing 8). The correct formula is much more compli- 
cated and cannot be evaluated unless both of the channel spin mixing 
parameters, as well as the / -mixing parameter are known. 

5. An example. The formula of Eq. (4) has been applied to Fig. 7 of the 
article by  B a u m  a n n  et al.5), giving the elastic proton scattering data  at the 
resonance at E~ = 1.286 MeV in the reaction ~SNa + p. This is a p-resonance 
and the authors state that  the observed decays are well fit ted by  a 1- level 
assignment. Evaluation of Eq.(4) for this resonance yields: 

R8 ---- 0.077 HF~Z]F keV. 

In this case H varies from 2.25 for x ---- oo to 2.97 for x = 0, going through a 
broad maximum of 3.00 at x = ¼. Several values of the channel spin mixing 
parameter have been reported in the literature 5)6)7) but  fortunately the 
value of H is remarkably insensitive to this ratio. The data from two runs 
over the resonance are given in reference 2, and the numerical integrals 
(which can be read off, with some care, to 10% precision) agree within 8%. 
The final result, using the value x = 2 given in reference 5) is: 

F~9"/F = 5.6 keY. 

In Fig. 7 of reference 5) the value of F is given as 7 keV, and the value of 
F~, 4.8 keV. These figures lead to F~/F = 3.3 keV. These values were 
obtained from curve fitting. On the other hand, in Table I of the same 
reference, apparently obtained from different considerations, F~/F is given 
as greater than 0.9, leading to a value of F~2/F greater than 5.7 keV and 
less than 7 keV. 

A search of the literature revealed no other clearcut case in which the 
published data  and information on the level involved fulfilled the prere- 
quisites for the application of Eq. (4) of Eq. (4'). This appears to indicate 
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that  in fact the number of resonances which may  be so treated is small, but 
it is felt that  this is not the case, since in many cases found in the literature 
the data  had not been obtained at the correct angle, or the level spin and 
mixing parameter  had not been determined. 

6. Conclusion. It  is felt that  the formulas given here will aid in the 
analysis of elastic scattering data. The form of the integral is familiar in 
several fields of physics and has proved useful before. It  is perhaps worth 
mentioning that  in resonances where only capture and elastic scattering 
can occur, unique values of the radiation width and the particle~ width can 
be obtained from /'~2/F, together with the familiar radiation strength 
&,v4v. 
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