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The Bethe-Sa lpe te r  equation for  the ~N sys tem in the ladder  approximation with N exchange is solved in 
the e las t ic  region us ing  Pad6 approximants .  It is shown that  the lowest o rde r  diagonal approximant  [1, 1] 
is a bad approximation for this  case.  

R e c e n t l y  t h e r e  h a s  b e e n  i n t e r e s t  in  t h e  a p p l i c a -  
t i o n  of Pad~  a p p r o x i m a n t s  w i t h i n  t h e  d o m a i n  of 
p a r t i c l e  p h y s i c s  [1,2] .  In t h i s  m e t h o d  t h e  s c a t t e r -  
i ng  a m p l i t u d e  T(g)  f o r  a g i v e n  v a l u e  of t h e  c o u p -  g7 
l i n g  c o n s t a n t  g i s  a p p r o x i m a t e d  b y  a q u o t i e n t  of 
two  p o l y n o m i a l s  PM(g) a n d  QN(g) of o r d e r  M a n d  100 
N r e s p e c t i v e l y ;  t h e i r  c o e f f i c i e n t s  a r e  d e t e r m i n e d  
f r o m  t h e  p o w e r  s e r i e s  e x p a n s i o n  of T(g) a t  g = 0 
[3]. R e s u l t s  o b t a i n e d  in  n o n - r e l a t i v i s t i c  p o t e n t i a l  

80 s c a t t e r i n g  f o r  c e r t a i n  p o t e n t i a l s  s h o w e d  t h a t  t he  
s e q u e n c e  of d i a g o n a l  a p p r o x i m a n t s  (M = N) ,  u s u -  
a l l y  d e n o t e d  b y  IN, N], c o n v e r g e s  r a p i d l y  w i t h  
i n c r e a s i n g  N [4]. M o r e o v e r ,  t h e  f i r s t  a p p r o x i -  60 
m a n t  [1,1] t u r n e d  ou t  to  b e  a l r e a d y  a r e a s o n a b l e  
a p p r o x i m a t i o n  to  t h e  e x a c t  s o l u t i o n ,  e v e n  f o r  
r a t h e r  l a r g e  c o u p l i n g  c o n s t a n t s .  In  v i e w  of t h e  
p o s s i b l e  a p p l i c a t i o n s  of t h i s  m e t h o d  to t he  s tudy  ~0 
of t h e  d y n a m i c s  of s t r o n g l y  i n t e r a c t i n g  p a r t i c l e s  
i t  i s  of s o m e  i n t e r e s t  to  s t u d y  in a s y s t e m a t i c  
way  i t s  u s e f u l n e s s  in  an  a c t u a l  f i e l d  t h e o r e t i c a l  
m o d e l .  20 

In t h i s  no t e  we p r e s e n t  s o m e  r e s u l t s  on  t h e  
s o l u t i o n s  of t h e  B e t h e - S a l p e t e r  e q u a t i o n  f o r  uN 
s c a t t e r i n g  in t h e  l a d d e r  a p p r o x i m a t i o n  w i th  N 
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P+p P ' -P-k ~'-P z 

Fig. 1. The Bethe-Salpe te r  equation in d iagrammat ic  
form.  P is the total  4 -momentum:  in the c.m. sys tem 

P =  (o,0, 0, ~ )  
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Fig. 2. g2 ve r sus  A at e last ic  threshold s = 61.6 for 
some approximants .  On this  scale [3,3] and [4,4] coin- 

cide with [5, 5]. 

e x c h a n g e  a n d  p s e u d o s c a l a r  i n t e r a c t i o n .  T h e  equa-  
t i o n  in  d i a g r a m m a t i c  f o r m  i s  s h o w n  in  f ig.  1. 
T h e  c o r r e s p o n d i n g  i n t e g r a l  e q u a t i o n  f o r  t he  
s c a t t e r i n g  a m p l i t u d e  T in m o m e n t u m  s p a c e  i s  

309 



Volume 27B, number 5 P H Y S I C S  L E T T E R S  5 August 1968 

5 

2.0 

1.5 

1.0 

3,3 ~ 

05 

I i i i I 

0.0 20 ~0 60 8'0 g 2 

Fig. 3. The phase shift versus g2 at s = 70 and A = 15. 

given by 

T(p,p ' )  = - 4vg2 [i 7(p + p ' )  + M] A(p + p ' )  + 

- i 4 ~ g  2 /" d4k [ i y ( p + k ) + M ] A ( p + k ) x  
3(2n)4 (1) 

x [iT(½P + k) -M]G(k)  T(k,p')  

with 

A(k) =[k 2 + M  2 -i~]-i 
G(k) [(½p+ k)2 + M2 _ iE] - I  i p  + . = [(2 -k)  2 1 - iE ]  -1 

We have set  he re  rn~ = 1. F u r t h e r m o r e  the coup- 
ling constant  is defined in such a way that the ex -  
p e r i m e n t a l  value of g2 is  given by 14.5. 

Each t e r m  in the per turba t ion  s e r i e s  solution 
of eq. (1) is finite as  can eas i ly  be i n f e r r e d  f r o m  
power counting a rguments .  However ,  the in tegra l  
equation i t se l f  is  marg ina l ly  s ingular .  F o r  this  
r ea son  a r e l a t i v i s t i c  cutoff is  in t roduced in the 
in te rac t ion  by making in eq. (1) the substi tut ion 

A(k) ~ AA(k):[k2+M 2 - i E ]  -1 - [k2+  A 2 - i  c] -1. 

Introduction of a comple te  set of he l ic i ty  sp inors  

in eq. (1) leads a f t e r  pa r t i a l  wave decomposi t ion  
to a pa i r  of coupled in teg ra l  equations in spinor 
space which a re  of the f o r m  

2 o o  + c O  

Tm(P'P°)=Vm(P'P°)+ n = l  ~ fodkfoo_ d k ° x  

(z) 

XKmn (P, Do[ k, ko) Tn(k, ko). 

In eq. (2) only the in tegra t ion  and spinor  va r i ab l e s  
a r e  wri t ten  out expl ic i t ly .  

In o rde r  to solve these  equat ions numer i ca l l y  
a Wick rotation has been p e r f o r m e d  in the k o 
va r i ab le  f rom the rea l  to the imag ina ry  axis ,  a 
p rocedure  a l ready  used  in the case  of sca la r  
p a r t i c l e s  [5]. The r ema in ing  s ingu la r i t i e s  can be 
handled numer ica l ly .  No ex t r a  compl ica t ions  
a r i s e  as long as  A > M. The resu l t ing  equations 
have been i t e ra ted  on a IBM 360-50 using an in-  
t egra t ion  with 8 Gauss ian  points  in each var iab le .  
The accuracy  of the coef f ic ien ts  obtained in this  
way has been t e s t ed  to be be t t e r  than 1% by in-  
c r e a s i n g  the number  of in tegra t ion  points.  An in-  
dependent check was a lso  made on the box d ia-  
g r a m  contribution by ca lcu la t ing  it in a different  
way. The solution of B e t h e - S a l p e t e r  equation was 
obtained by cons t ruc t ing  diagonal Pad~ approxi -  
mants  f rom the coef f ic ien ts  of this  per turba t ion  
s e r i e s  expansion in g2. One of the main advantages  
of these  diagonal approx imants  i s  that  e las t ic  
uni ta r i ty  is  au tomat ica l ly  sat isf ied.  

Some resu l t s  which a re  r e p r e s e n t a t i v e  for  the 
appl icabi l i ty  of th is  method a r e  given in figs. 2, 
3 and 4. Specif ical ly  the P33 pa r t i a l  wave is  con-  
s ide red  here.  In fig. 2 the coupling constant  for  
which the f i r s t  bound s ta te  occu r s  at e las t ic  t h r e s -  
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Fig. 4. The phase shift versus A at s = 70 and g2 = 
= 14.5. On this scale [3,3] and [4, 4] coincide with 

[5, 5]. 
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h o l d  i s  g i v e n  a s  a f u n c t i o n  of t h e  cu tof f  p a r a m -  
e t e r  A.  I t  s h o w s  a r a p i d  c o n v e r g e n c e  of t he  s e -  
q u e n c e  of IN,N] a p p r o x i m a n t s .  T h e  f i r s t  a p p r o x i -  
m a n t  [1, 1] h o w e v e r  g i v e s  r e s u l t s  w h i c h  d i f f e r  
c o n s i d e r a b l y  f r o m  t h e  e x a c t  v a l u e s .  In c o n t r a s t  
to  t he  f a c t  t h a t  t h e  [1, 1] a p p r o x i m a n t  c a n n o t  
p r o d u c e ,  e v e n  fo r  i n f i n i t e  cu to f f ,  a bound  s t a t e  
b e l o w g 2  ~ 66,  t h e  e x a c t  s o l u t i o n  a l r e a d y  g i v e s  
a b o u n d  s t a t e  f o r  A > 22 a t g 2  = 14.5. A s  a c o n -  
s e q u e n c e  t h e  N ; 3  c a n  e v e n  b e  r e a l i s e d  h e r e  in  
t h e  B e t h e - S a l p e t e r  e q u a t i o n  a s  a b o u n d  s t a t e .  Of 
c o u r s e  i t  c a n  b e  o b t a i n e d  a s  a r e s o n a n c e  by  
a d a p t i n g  t h e  cu to f f  p a r a m e t e r .  

F o r  a g i v e n  A t h e  s e q u e n c e  of IN, N] a p p r o x i -  
m a n t s  c o n v e r g e s  s l o w e r  f o r  i n c r e a s i n g  c o u p l i n g  
c o n s t a n t .  T h i s  i s  s h o w n  fig.  3 w h e r e  t he  p h a s e  
s h i f t  i s  p l o t t e d  a s  a f u n c t i o n  of g 2  a t  s = 70 and  
A = 15. F o r  t h i s  v a l u e  of t h e  cu tof f  a s e c o n d  
b o u n d  s t a t e  a p p e a r s  a t g  2 = 80. E v e n  in  t h i s  
r e g i o n  o f g  2 t he  [ 4 , 4 ]  a n d  [5, 5] a p p r o x i m a n t s  a r e  
s t i l l  v e r y  c l o s e  to e a c h  o t h e r .  F i n a l l y  in  fig.  4 
t h e  p h a s e  s h i f t  i s  g i v e n  a s  a f u n c t i o n  of A a t  s = 
= 70 a n d g  2 = 14.5.  H e r e  t oo  i t  i s  found t h a t  t h e  
[ 1 , 1 ]  a p p r o x i m a n t  i s  a v e r y  p o o r  a p p r o x i m a t i o n .  

To s u m m a r i z e ,  we  m a y  c o n c l u d e  t h a t  a l t h o u g h  
t h e  P a d 6  m e t h o d  c a n  b e  u s e d  to  s o l v e  t he  B e t h e -  
S a l p e t e r  e q u a t i o n  f o r  t h e  yN s y s t e m  f o r  i n t e r -  
m e d i a t e  s t r o n g  i n t e r a c t i o n  h i g h e r  o r d e r  a p p r o x i -  

m a n t s  t h a n  [1 ,1 ]  a r e  n e e d e d .  It  i s  in  c o n t r a s t  to  
t he  c a s e  of s c a l a r  p a r t i c l e s  w h e r e  t h e  [1 ,1 ]  a p -  
p r o x i m a n t  a l r e a d y  g i v e s  a r e a s o n a b l e  d e s c r i p t i o n  
[6]. T h i s  d i f f e r e n c e  m a y  b e  a s c r i b e d  to t h e  
s i n g u l a r  n a t u r e  of t h e  one  n u c l e o n  e x c h a n g e  f o r c e  
in  t h e  7rN c a s e .  
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