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The Lippman-Schwinger equation is generalized so as to include the description of 
multiparticle production. Unitarity is thereby automatically satisfied. Inelastic diffrac- 
tion is found to be a general consequence of non-decreasing cross sections and a certain 
smoothness of the potential in going from the inelastic to the elastic case. 

1. Introduction 

It is well established that unitary plays a crucial role in high-energy hadron-hadron 
scattering. It is therefore desirable, even if one constructs only phenomenological 
models to incorporate unitarity from the outset. In this context it then becomes 
important to find the simplest scheme which meets this requirement. In this spirit we 
propose an explicitly covariant Lippman-hchwinger (IS) equation [l-3] generalized 
for many-particle production. Some of the advantages of such an equation are: 

(i) the equation is linear but the solution nevertheless obeys the non-linear uni- 
tarity equation; 

(ii) the interaction is described by a potential on which no other restrictions are 
a priori imposed than that it be Hermitian and covariant; 

(iii) the equation can actually be solved at high energy under some simplifying, 
but not unrealistic, assumptions on the potential. As we will show ln this paper, 
the formalism is particularly well suited for studying the effect of the uncorrelated 
production of cluster or mesons on the leading particle spectrum. In fact, under 
quite general conditions such as non-decreasing cross-sections and smootheness of 
the potential in going from the inelastic to the elastic case, it can be proved that 
there should be inelastic diffraction at high energy. 

In sect. 2 we give a description of the LS formalism generalized to many particle 
production. In sect. 3 we apply this to nucleon-nucleon scattering for the special 
case that the only correlations between the initial and final state are by way of the 
nucleons under the above assumption on the smoothness of the potential. In sect. 4 
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the longitudinal momentum distribution of the final nucleons and produced parti- 
cles are then calculated resulting, for the nucleon case, in a singularity in the ex- 
treme forward direction. It turns out that both distributions can be expressed in 
terms of the Koba-Nielsen-Olesen (KNO) [4] multiplicity distribution function 

which can be calculated explicitly in this model and is found to be in excellent 
agreement with experiment [5]. 

2. The Lippmann-Schwinger equation for many-particle systems 

In this section we will develop a formalism which appears to be the simplest 

scheme to guarantee unitarity and some basic analytic properties of the scattering 
amplitude. Let us indicate our many-particle states by (Y, 6, y, . . . . where, for ex- 

ample, 7 = (kl, . . . . k,). Only the four-momenta are witten, but other quantum 

numbers such as spin and isospin could easily be included; however, such complica- 
tions will be ignored here. 

The requirement of unitary of the S-matrix implies that the scattering amplitude 
ikf@ describing the transition 4 + fi satisfies the condition 

Mpo, -M$ = 2ni~M$MrolS4(PT -Pa) for all p, =pfl 2 (2.1) 
7 

where Pa is the total four-momentum of the state a! and J7 implies the summation 
over all intermediate states y, which will be defined later. We now regard MN as 
the limit of a function M&P) for P + Pa, such that P2 + Pz t ie, and we pos- 
tulate the following Lippmann-Schwinger equation for M&P): 

(2.2) 

where Vpo(P) is a Hermitian interaction potential [V@(P)] * = V,(P), and where 
as stated above, 

MPff 3 *:F 
M&9. (2.3) 

P’+Pf+ir 

To facilitate the notation we now write eq. (2.2) in operator form: 

with V(P) = p(P) and L(P) diagonal. 

To see what condition unitary puts upon L(P) we observe that (we sometimes 
omit the index P): 
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M-M+ = VLM-M+L+ V = (M+-M+L+ V)LM-M+L+(M- VLM) = M+(L-L+)M, 

which leads, by eq. (2. l), to the condition 

Im L,(p) = 71 &4(py- p) . (2.5) 

The choice of Re LJP) is in fact arbitrary, as a different choice merely implies 
a change in the potential V as we can see by observing that eq. (2.4) is equivalent 
to the following set of two equations [ 1,2] : 

M= Wt W(L-L’)M 

L’ = L’t ) 

with w= w+; L, L’ diagonal; 

(2.6) 

W=VtVL’W. (2.7) 

So, we can always add a Hermitian operator L’ to L, corresponding to a different 
Re L,(P), and this results in a different Hermitian potential W which is the solu- 
tion of eq. (2.7). 

So, we are free to make a choice for ReL,(P) without changing the content of 
the formalism at all. We will of course use this freedom to satisfy some basic anal- 
ytic properties in s = P* of M&P), like branch points at every energy where a new 
channel opens up, in the hope that we can then give a good description of many- 
particle processes with a comparatively simple potential. 

To this end we require L,(P) to satisfy a dispersion relation in s = P*: 

ImL$P) with sI = p’2.; S=P*) (2.8) 

which ifs approaches the real axis from above is equivalent to 

L,(P)= s lzxdx 
o x*-l-if 

S4(Py-XP). (2.9) 

In order to see the implications of the choice (2.8) we perform the integration 
over s’ in eq. (2.8) which results in: 

L,(P) = J * 
2P;* 

0 

- S4(P7-P’) = - 
s’- s 

p2_ s (l-$(1-U*)s3(u,--u) , 

Y 

(2.10) 

where u is the total three-velocity of the intermediate state y [ur = P,/Po& 
0 = (PIP,)] . It should also be noted that the expression (1 -$)( 1 - u*)S3(u,-U) 
is an explicitly covariant quantity so that L,(P) is Lorentz invariant. So we see 
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that there is conservation of total three-velocity in the intermediate states which 

contribute to eq. (2.2);s, the square of the total energy can be off shell. As in the 
total c.m.s., conservation of total three-velocity is equivalent to conservation of 
total three-momentum, it is clear that eq. (2.10) is nothing but the covariant gen- 

eralization of conservation of total three-momentum in the conventional LS for- 
malism (in this connection it is interesting to note that in the non-relativistic limit 
eq. (2.2) with L,(P) as in eq. (2.8) reduces to the conventional LS equation). 

Concerning the choice for L,(P) in eq. (2.8) we remark that we can actually 
introduce a cut-off in the dispersion integral in eq. (2.9) by the transformation; 

and similarly for M, which leaves V and M unchanged in the physical region 
(P = Pa = Z’,), but results in the same equation i.e. eq. (2.2), but with 

Lr(P)= J 2X dx 
f-j x2-1-ic 

e2’(lmx) s”cpY-xP) , 

instead of eq. (2.9). 
To conclude: We have to solve eq. (2.2) with L,(P) as in eq. (2.9) for some 

reasonable potential V, taking P = P, = Pa, where P,(P& is the total four-momen- 
tum of the initial (final) state. In the next section we will give an example of how 

to treat eq. (2.2) in the case of multiparticle production from the scattering of two 
nucleons. 

3. An application to multiparticle production 

For multiparticle production the question arises, How does one choose the poten- 

tial Vfla when both /3 and (Y contain an arbitrary number of particles? In making 
such a choice we must strike a balance between what is realistic and what can still 
be calculated. Let the initial state with two nucleons and n mesons (or clusters) be 

a = (PI, P2, k,, -.., k,) and let the final state be p = @;, pi, k’,, . . . . kk), then we take: 

~pol<p> = KPl+P2)2(P;+P;)21 1’2w(P;P; I PlP2lP) 

X ~;(P,P;,P;, k;,..., k~)fn(P,P1,p2,kl,...,kn), (3.1) 

where for n = 0 fo(P, pl, p2) = 1 by definition. 
We see that Vaol is chosensuch that the only correlations between initial and 

final state arise from the nucleon-nucleon potential W and the dependence on the 
total four-momentum P. In particular, as the functionf,(P, pi, p)2, k;, . . . . kk) does 
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not depend on PI and p2 separately, the only correlation between the outgoing 
direction of the mesons and the incoming direction is by way of the correlation be- 
tween initial and final nucleons. In this way, as we will see later, the phases of the 
functions./-, do not enter into the equations at all, which is a rather satisfactory fea- 
ture as we have next to no guide of how to construct such a phase [6,7]. 

Now we turn to a fundamental question concerning our approach, i.e. What can 
we learn from such an LS equation which cannot be learned from unitarity alone? 
Why introduce such an equation and with it the concept of a potential? The answer 
is that the requirement of simple properties for the potential implies important con- 
sequences for the scattering and production amplitudes. We require, in particular, 
that the potential V in eq. (3.1) should vary smoothly when one goes from the in- 
elastic case to the elastic one; we will specify this condition later, but loosely speak- 
ing it means that there are no drastic changes in the potential V if we change the 
number of produced particles (especially to n = 0) or if we go from pl + p2 #pi +p; 

to pl + p2 = pi + pi. Inserting the potential of eq. (3.1) into our LS equation 
[eq. (2.2)] reduces the complexity considerably. 

Defining anlogously to eq. (3.1): 

qJp> = (3.2) 

KP~+P~)~@;+P;)~I “‘T(P;P;IP~P~IP)~;V’, P;, P;. k;, . . . . k~)f,(P,pl,p,,k,,...,k,) 

Eq. (2.2) reduces to a similar equation, but now for the two-nucleon amplitude 
T only: 

(3.3) 

where c(qIq2(p) has no longer the simple form L,(P) of eq. (2.9) but now contains 
the sum over all possible intermediate states with two fixed nucleon momenta 

4142: 

C(4,42 p) = c&?192 ]P) + C,,,($9, ]P) > (3.4) 

Lm C&f142 Ip> = 71(ql tqz)2s4(91 +42-P) ) (3.5) 

Im cjn&?14p) = (3.6) 

and where Re C is obtained from (see eq. (2.8)): 
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Im C(qlq2 BP), (3.7) 

where the variable XP should only be inserted into the 64 function in eq. (3.6). 
We indeed observe, by looking at eq. (3.6), that the phase of the functionsf, 

does not play any role at all. For further use we mention some other formulae. Full 
elastic and inelastic unitarity is automatically guaranteed and expressed by 

T&P; I PIP2 IPj - T*@,P, kg IPj (3.8j 

d3ql d3q2 =2iJ----- 
2410 2920 

T*(s1q2 Ip;p;lP) Im c(q,q, IP)T(q1q2 lPlP2 IP) . 

In the case of elastic two-nucleon scattering (that is, P = p1 t p2 = pi + pi) in 
the forward direction (t = 0 or pi = PI), eq. (3.8) reduces to the optical theorem, 
the normalization being such that 

cr&) = ( 27r)3 ( ) -L-- 
l/2 

s- 4m2 
Im %,P, IPIP lP1 + P2) (3.9) 

Another quantity of interst is the twonucleon momentum distribution function: 

da 
= (27r)31T(p; P; Ip1p2 lP)12 h C<p;p; IQ . (3.10) 

(d3p;/2~;o)(d3p;/2~‘o) 

For elastic scattering we take instead of Im C only Im Ccl in eq. (3. lo), and for in- 
elastic scattering only Im &cl. If there are only two nucleons in the initial state, as 
we will assume henceforth, we have 

Now we will deal with the condition of smoothness on the potential V. The physical 
idea behind this is very simple: we assume that on the level of the potential nothing 
drastic happens if we go from the case where we produce n particles to the case 
where we produce n- 1 particles; and this is supposed to be true for all n up to n = 0, 

i.e. elastic scattering The singular behaviour we finally find in the actual distribu- 
tions (the peak near x = 1 in the leading particle distribution) is solely due to con- 
servation of four-momentum, as we will’show. 

As V in eq. (3.1) is written in the form of a product, we have to specify the con- 
dition for the two-nucleon potential W and the function f separately. We require, in 
particular: 

(i) For the two-nucleon potential w(p;p~1p1p2 lpl tp2): if we define 
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@lo 
x1 =- & 2 

2p;o and 
x2=-&- s = (P, + P212 9 (3.11) 

in the total c.m.s., then W is such that we can interchange the limits x1,x2 + 1 and 
s + m. 

(ii) For the functions I f,(Z’, pi, pi, k,, . . . . k,) 12: The functions 

(3.12) 

(and ho s 1) exist, have the smoothness property (3.11) and are such that, written 
in terms ofxl, x2, the ratio h,r/hn+l varies at most as a power of In s for all n > 0 
and s large. 

Now we return to our master equation (3.3) for the two-nucleon amplitude T. 

As the potential Win eq. (3.3) is supposed to change smoothly from the inelastic 
to the elastic case, the same will in general be true for amplitude T. This follows 
from the appearance of T in the left-hand side of eq. (3.3). So, by looking at eq. 
(3. lo), it is clear that any possible singular behaviour of the inelastic two-nucleon 
distribution at the edge of phase space, such as single and double inelastic diffrac- 

tion, necessarily has to come from the factor Im Cinel in eq. (3.10). Generally 

speaking, as we will show, such singular behaviour should indeed be expected as 
long as we demand that the potential is such that 

0 < Co < uel, Dine1 Q Cl (In s>~ as s+=. (3.13) 

Before we do this, however, we will first discuss which kinematical situation of 
the final nucleons will contribute dominantly to our equation, and so to the scat- 
tering. First we notice that, as according to eq. (3.13) the cross sections are assumed 
not go to 0 at high energy, higher partial waves will increasingly contribute, and as 
a result the scattering will be dominantly along the incoming direction in the total 
c.m.s. or, in other words, the potential W should damp high transverse momentum 
transfers to the final nucleons. As a result, the final nucleons will tend to come out 
in opposite hemispheres, along the incoming axis. So if we define the incoming di- 
rection as the direction p1 - p2 in the total c.m.s. and the outgoing direction as 
pi - pi in the c.m.s. of the final nucleons, we can state that the angle 0 between 
these two directions in any of the two systems will be small. Looking at the two- 
nucleon distribution in eq. (3.10) we see that this information is solely contained 
in the factor I T12 as the factor Im C&l(p’p)21p1 + p2) is independent of this angle 
as it does not depend on pl, p2 separately. 
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4. Momentum and multiplicity distributions 

In order to demonstrate that Im Ctiel indeed develops a singularity at the edge 
of phase space, we will now calculate Im Cinel in the independent emission model 
(IEM), in which we will adjust the weights of the different channels so as to fulfil 

the smoothness condition (3.12) and such that uel/uinel will only weakly depend 
on s as in eq. (3.13) (by “depending weakly on s” we always mean “varies at most 
as a power of In s for large s”). We choose the IEM, as we can then easily calculate 
all quantities involved. This choice is in fact no limitation as we are only interested 

in the “global” quantity Im Cinel. We could in fact have taken any short-range (in 
the exclusiue sense, i.e. for a fixed number of produced particles) correlation model, 

as long as we adjust the weights as to fulfil our smoothness condition. 
So we choose in the c.m.s. of the final nucleons pip;: 

(4.1) 

where go(s) = 1, s = P2 = (PI + p2)2, and the symbol 1 stands for “transverse to 
the outgoing direction pi - pi”. The factor e -c@&*Pls) has been included because 

otherwise the function h, in (3.12) would not exist and the dispersion integral in 
eq. (3.7) would diverge owing to the fact that the virtual mesons in the intermediate 
state would be able to carry away an arbitrary amount of energy (see also the discus- 
sion at the end of sect. 1). In appendix A it is now shown that in the dominant 
kinematical region, where pi and pi are in opposite hemispheres in the total c.m.s. 
we can write 

Im chcl@;p; 1 p1 + p,) = 20 e-20p*Qb@; + p;j2 

x g,(s) VQ2-/J2) + (Q2P / [q;+pl)l 2 ti(Ps s) ($)” 
[ 

2 (4.2) 

where Q =pl tp2 - p’, -p;, so Q2 is the missing mass squared to the nucleon% s = 

(~1 + ~2)~ = P2 is the total energy squared, and where g,(s) is written in the form: 

and go(s) = 1 . 

ii2 z e2’&: + p2) is the average of the square of the transversal mass (7 = 0.5772 is 
Euler’s constant). We observe that in eq. (4.2) we still have the as yet unknown 
function r#@, s) (corresponding tog,(s)) which has to be chosen such that u,,/uinel 
depends only weakly on s (see eq. (3.13)). This last condition tells us that @((p, s) 
can only weakly depend on s as we can see as follows. 

As uel and uinel should have approximately the same energy dependence and as 
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they are the integrated distributions in eq. (3.10) for the elastic case and the inelas- 
tic case, respectively, it is clear that as the factor 1 Tl* in eq. (3.10) is smooth and 
damping in the transverse directions, the integrals over longitudinal phase space of 
the Im C&.1 and Im Gel should have approximately the same energy dependence. 
Another way of saying the same thing is that in eq. (3.3) the elastic and inelastic 
intermediate states have to contribute both at high energy, i.e. Gel and Chel 

(C = Gel + Cinel in eq. (3.3)) have to have approximately the same energy dependence 
when integrated over the dominant region of phase space, which is the longitudinal 
direction. As Im Gel = rr(p; t pi)* S4@, t p2 - pi - p>) is s-independent when 

integrated over the longitudinal directions, it follows that Im Cinel has to depend 
weakly on s if integrated over the longitudinal directions, which by inspection of 

eq. (4.2) means that &I, s) can only weakly depend on s, or in other words: Im C,, 
in eq. (4.2) approximately scales in the Feynman sense. So now we have the fol- 
lowing conditions: 

(a) @(p, s) depends weakly on s, 

(b)g,(s)-~~ 1 Wn-l (;)-pti~~4 with g()(s) = 1 (4.3) 
0 

is such that g,(s)/g,+I(s) depends only weakly on s. 
The last condition arises from eq. (3.12) as h,(s) 21 g,(s) (ln s)“. Let us now first 
see what happens in the standard treatment of the IEM [&lo]. There one chooses 
g,(s) = (l/n!)A’ independent of s (the factor l/n! arises from Bose statistics) SO 

that we obtain @((p, s 
act like (In s)-’ 2 

= (s/ji2)” 8(h - p) (which in the integrand of eq. (4.2) would 
(s/ii )h 6(h - p)). Clearly $((p, s) is strongly s-dependent and thus 

violates condition (a) in eq. (4.3) leading to vanishing cross sections at high energy. 
In order to avoid this, one then introduces a factors-’ in lTi,,,112 in eq. (3.10) but 
nor in 191el12, resulting in a highly non-smooth amplitude T, and so a highly non- 
smooth W; alternatively, which is completely equivalent to the above procedure, 
one defines g,(s) = smh( l/n!)h’r for n > 1 but go(s) = 1, which clearly violates con- 
dition (b) in eq. (4.3). So we see that, if we accept our smoothness condition on 
the potential, we have to discard the standard IEM (for identical mesons at least) as 
the sole mechanism of production, as it would lead to asymptotically vanishing 
cross sections. Therefore we try the more general ansatz: 

g,(s) = a,W) with g,(s) = 1 and so a0 = 1 . (4.4) 

It is now shown in appendix B that such an ansatz in combination with the con- 
ditions in eq. (4.3) leads to the following conditions on X(s) and the a,: 

(4.5) 

This result was also obtained by BiaTas and Kotanski [lo] in their unitarization 
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scheme for the IEM, where they used non-diffractive uncorrelated production as an 
input, while in our approach it arises in a self-consistent way. 

In appendix B it is also shown that the coefficients n, in eq. (4.4) are such that 
the series 

c (I~ xn has a radius of convergence R = 1 , (4.6) 

and that as a consequence $((p, s) will act in eq. (4.2) as 

for some r . (4.7) 

Actually the coefficient c in eq. (4.7) could still depend very weakly on p ln(s/so), 

i.e. like In (pln (s/so)) or weaker, but this we ignore as it would only change some 
very minor details which are unobservable anyhow, such as In In s terms in the cross 
sections. Looking at property (4.6) we observe again that coefficients a, of the 
type l/n!, as in the standard IEM, are not allowed; it follows that Bose statistics 
for the secondary particles suppress the cross sections too much. Interpreting this 
result we see that, as the factor l/n! in the standard IEM arose from Bose statistics 
and as by eq. (4.6) such a strong n-dependent factor is not allowed, it looks as if 
Bose statistics are not allowed to have much influence. In this spirit we are then 
led to the following speculation. Suppose that one actually produces clusters with 
a variable mass so that two clusters of a different mass are non-identical, then, as 
there would be so many quantum states available we would expect Bose statistics 
to play virtually no role, and we would in fact have some modified Boltzmann 
statistics, implying coefficients a, which would only weakly depend on n, in ac- 
cordance with property (4.6). We should mention that if we introduce variable 
masses, nothing in the previous formulae would change except that ji2 in eq. (4.3) 
should also have to be averaged over the cluster mass spectrum. It should also be 
noted that nothing in the above statements prevents us from adding a component 
g:, = (l/n!) X$-h 0 to the g,(s) = a,h’l(s), as prescribed by (4.5) and (4.6), normaliz 
ing to go(s) = 1 of course, resulting in a two-component model; in the following we 
will omit such a component. The point we have made above is that there has to ex- 
ist a component of the form (4.5) and (4.6). Later we will see that this is what is 

commonly called the diffractive component (in the sense that all onticuve have 
the same energy dependence for s -+ - and n fwed). 

As a check on the consistency of our approach we will now ask under which 
condition the principal value part of the dispersion integral in eq. (3.7), describing 
the contribution of the virtual intermediate states, exists, i.e. When will the expres- 
sion Im Chel(q1q2 lxp> converge for x + =? As in’ the intermediate state the total 
energy is not conserved, the a4 function in eq. (3.6) will no longer provide any con- 
vergence and as Zza,x” has a convergence radius of 1 we obtain the condition (in 
fact otherwise the integrand in eq. (3.7) would diverge exponentially) 
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which leads us to 

(4.8) 

(4.9) 

This is entirely compatible with eq. (4.5) as long as 

so < c&* (a, p as in eq. (4.2)) . (4.10) 

We now return to the calculation of Im Cinel in eq. (4.2). Having obtained the ex- 

pression (4.7) for $((p, s) we can now write down Im Cinel explicitly at high energy: 

Im Cirrel(p;p; lpl + p2) = 20 e-2”pSQ~(p; + pi)* (4.11) 

.L( 1 
X al 1,s -l s(e*_p*)++_~(Q*)-l J dp4+’ (L!? !z)P, 

0 mw1* P2 s 

where 

Q=P, +p2-P;-P; andP=pl +P*. 

In order to see what happens in the diffractive limit, i.e., when Q* the square of 
the missing mass to the nucleons, is small compared to s, we take the limit (Q*/s),~ 
in eq. (4.11) and find 

ImC~el@;P;IP1 +P2) 3 Qz,sJ, 2JIc(ln~~($)-’ 1 ln($) I-(‘+*) . (4.12) 

So we observe that there appears a singularity at (Q*/s),~, resulting in single and 
double diffraction of the final nucleons, as by eq. (3.10) the two-nucleon momentum 
distribution is proportional to Im C+., and as the factor lZJ* in eq. (3.10) can never 
become 0 for (Q*/s)$~ because the smoothness property of T tells us that Im T = 

[1/CW31 utot > 0 in that limit. 
Now in order to calculate the complete two-nucleon distribution in the longi- 

tudinal direction we would have to solve eq. (3.3) for some potential IV. This we 
can actually do analytically if IV in the total c.m.s. is of the form 

W(p;p;l pIpzIp) = E(pll- piL, pz -P’~, s) e-Y@l+P2+P;+P;)‘Pis , (4.13) 

where s =_P*. 
So we can solve the nucleon-nucleon amplitude (elastic and inelastic) if the poten- 
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tial depends essentially on the total energy and the difference in the transverse 
momenta. It is now easy to see from eq. (3.3) as C’(q1q2 1 P) only acts in the longi- 
tudinal direction at high energy that, in that case, the amplitude Twill be of the 

same form (4.13), even with the same y (compare this with the discussion at the 
end of sect. 1). We will not give the solution here but will refer to a forthcoming 
paper dealing with the behaviour of the two-nucleon amplitude in the transverse 

direction and so in impact parameter space. Assuming then that IV and thus T is 
of the form (4.13), we obtain by integrating eq. (3.10) over the transverse momenta 
of the final nucleons, choosing y = (Y for a convenience and dropping the term for 
the production of exactly one particle 

%nel m ati+’ 
“0 

%&2 

“h(s) In2 r 
( )J SO ( 1 0 D-Q+ I>1 2 P2 

P (1 -xJ-l(I -*2)p-l , (4.14) 

where x1 = 2~!p;~Ids, x2 = 2pio/d s, and with the additional restriction that the 
final nucleons are in opposite hemispheres as otherwise the factor 
(pi tp>)2/s = O(s-‘) = 0 in eq. (4.11). The function h(s) is determined by the 
solution of eq. (3.3) but turns out to be such that, for any value of r, the cross 
sections are always < const X &i(s), where ho(s) is the range of the potential W 
in impact parameter space. So in this sense the Froissart bound is obeyed. If we 
demand that all the cross sections have the same energy dependence asymptotical- 
ly, then we have to choose r such that 

(In sy for r > 0 
b:(s) - In In s 

( 

for r = 0 
constant for r < 0 

and as a result all cross sections will behave like const. X r&s) and so the func- 
tion h(s) in eq. (4.14) will be a constant. Taking this to be the case, one obtains 
for the nucleon momentum distribution function from eq. (4.14) 

We observe that this distribution is flat for small x, but becomes singular 
near x = 1, which is qualitatively in agreement with experiment. The behaviour 
near x = 1 is given by 

%nel 
- N const. 1nS 
dx ( 1 

so r(l -x)_‘(ln(1 -x)1--(r+l). 
xt1 

(4.15) 

(4.16) 

We will now consider the multiplicity distribution in the so-called KNO limit [4], 
i.e. n + m, In s + =, n/In s fixed. In appendix C it is shown that we obtain 
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.r- 1 SO 

0 

n/In s 
an = const. 

[q&+1)]2 F . 

(4.17) 

Observe that the parameter p which we have been using in the foregoing text is, in 

this limit, nothing but ,o = n/In s. Eq. (4.17) then gives us for the average multi- 
plicity 

62)=p,lns with Po=s QP’ 
(“r/! ,;;;;, 2(3 (4.18) 

0 mP+l)l 2 r-r2 

(this is for r > 0, for r = 002) - In s,/lnln s, while for r< 0 it is constant as the lower 
limit of the p integration is really (ln s)-l). 

For the KNO scaling function [J/ = 02) (un/uinel)] we obtain from eq. (4.16) 

with z=& (4.19) 

which, owing to the conventional normalizations (J/(z) dz = j-z+(z) dz = 2, leaves 
us with only two constants, e.g. p. and r, where 0 < r G 2 as (7 < (ln s)2. Taking 
p. = 1 and r = 2 we then obtain an excellent fit to the data, for which we refer 
to ref. [S]. The fact that p. = 1, giving the averaged multiplicity of the produced 
particles as 01) N In s, by eq. (4.18), implies that we are really producing clusters 
which each decay into roughly 2-3 particles [ 1 l] . The value r = 2 would imply 
that the cross sections actually go like (In s)~ asymptotically. Another item of in- 
terest is that, as we can see by comparing eq. (4.15) with eq. (4.19), we have a di- 
rect connection between the KNO scaling function and the leading particle spec- 
trum: 

_!._ ti!.$!? =; [ dpp$,(;)(l_x)P-l , 
Se1 

(4.20) 

which is rather general, and has been extensively discussed by Benecke et al. [ 121. 
To conclude we will write down the inclusive one-cluster momentum distribution 
as a function of x = uCo/&in the total c.m.s.: 

1 %lel --=$,, [ GW($l -xl’. 
%el dx 

(4.21) 

Again we see that the distribution can be simply expressed in terms of the KNO 
function in eq. (4.19). We also observe the resulting relation between the leading 
particle and cluster spectrum: 
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X do =-- 

leading particles 0 ’ --x dX clusters 
(4.22) 

5. Summary 

It has been shown, in the context of a single-component model for independent 
cluster production, that the observed momentum distribution of the final particles 
as well as the multiplicity distribution may be regarded as consequences of a cer- 
tain smoothness property. This smoothness property, loosely speaking, says that 
the scattering of the leading particles in the particle production case connects 
smoothly to the elastic scattering. 

One of us (de Groot) is greatly indebted to Professor L. Van Hove for continuous 
interest and helpful criticism during the later stages of this work. 

Appendix A. 

We define the generating function 

We have not included the term for n = 1, as it is writ~~rt$“;;i; explicitly in eq. (4.2). 

To obtain Im Clue1 in eq. (4.2) we have (the factor e ’ ’ arises directly from 

the factors e-a(2ki’p~s) in eq. (4.1)): 

Im Cinel = 2f3 e- 20p’@Cp; tp~)*S(Q*-p*) te-2”P*@Z,@;p;lP), (A.2) 

where 

Q=P-pi-p; (A-3) 

is the total meson four-momentum. 
Although we need ZY here only for y = 1, we take y arbitrary for future use. As 

we have 

(A-4) 

we can write (A. 1) as: 
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where F,(Q) has been calculated in ref. [9] : 

So we can write 

zy@;P’2 I n = 2P 
(4 w2 - &I _s_ --p s 0 r$(p,s) 

Q2 o P E2 DY_m)12 
(A.9 

which fory = 1 gives us eq. (4.2) if we include the term for n = 1 as given by (A.2). 

Appendix B 

In the following we mean by “&I, s) depends weakly on s” that c#J((P, s) for all 
p > 0 varies at most as a power of In s for large s. Let g,(s) be of the form a,X”(s) 
with a0 = 1, then by the definition of $+I, s) in (4.2) we have: 

0 

Q?(s)=& o d&-l 5 s 
G) 

-p %J, s) with h(s) > 0. (B. I) 

As a, is independent of s it follows that @J is of the form 

tJcP?S) =(A$)” h[$] * (B-2) 

As by property (4.3) (a); #((p, s) depends only weakly on s, it is clear that, in order 
to compensate the strong s-dependence of the factor (s/~Z~)~ for all p > 0, the func- 
tion h[p/X(s)] should asymptotically mainly depend exponentially on its argument: 

h p = e_cOPh~~ p 

[ 1 w> c 1 w for some co E (0, -) , (B.3) 
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where (i) (s/jIi2)” e-ce[P/h(s)] d epends weakly on s and (ii) $[p/h(s)] depends 
weakly on s. 

The first property gives us: 

lim A(s) In J- = co 
ii2 S--‘== 

and so 

where as co E (0,~) [co > 0 as A(s) > 01, we can, without loss of generality, take 
co = 1, absorbing the factor c; in (B.l) into the a,. So: 

( 1 
-1 

X(s) 2: Ink , 

A--‘- 

while the second property combined with (B.2)-(B.4) tells us that 4 is asymptoti- 
cally of the form: 

(B.5) 

where F[p In(s/so)J depends only weakly on s and SO-&J) varies at most as a power 
ofy for large y or, in other words, there exists an r such that for each E > 0 one can 
find aYo such that ify >yo: 

CJ+ Q-r&) < cy’ . (B.6) 

In order to see that the series ZZ~X” has a radius of convergence R = 1 we note 
that 

an=&), .I- dv y”- ’ e-y T(Y) , 

and thus 

5 
n=O 

unxn=l+x 
s 
m du e(x-l)y&Q) , 

0 
(B.7) 

and, as by property (B.6) @(j.~) cannot depend exponentially any for largey, we see that 
the integral can only exist for x Q 1. 

Appendix C 

For n 2 2 we can write with x1 = 2~;~/&, x2 = 2~)2~/,/s: 
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as(p; +P;)*= 1 2 x x sandQ2=(pl+p2-pi-p;)*=s(l-x1)(1-x2)we 

find with Z,, from appendix A: 

cc.11 

As we can prove that under suitable conditions on the analyticity of a general 
function fCy. p) we have 

lim - - 
n-t- 

In p- 
n/lns=x>O fixed 

dp felt P) s(~-')~ =f(l,x) , (C.2) 

we find that as &I, s) only depends weakly on s: 

y$) - 
1 d(dln 4 9 

n--‘- 

lnr- 
“[fin/Ins+ l)]* ’ 

nflns fixed 

(C.3) 

and as by eq. (4.7) #((p. s) $_‘_ (~~/jIi~)~ (p Ins)’ we obtain in this limit (n + 00, 
In s + 00, n/in s > 0 fwed): 

qs) - 
d-’ so nllns 

[l?(n/lns + l)] 2 2 ( 1 (C-4) 
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