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Abstract

The accuracy of the Derjaguin expressions for the depletion potential of large spheres due
to small spheres, discs, and rods is analysed. To that end, we subdivide the generalised Gibbs
adsorption equation into three contributions. We determine these contributions both in first order
of curvature of the large spheres as well as exact for small spheres, discs, and rods up to first
order in the number density of the depletion agents. The gain of volume in the bulk when the
depletion zones of the large spheres overlap is the same for spheres, discs, and rods of equally
characteristic sizes. The Derjaguin approximation underestimates the exact solution because of
the neglected curvature. The number of particles that fit in the gap between the two large spheres
as well as the amount that can enter a single depletion zone, are both underestimated by the
Derjaguin approximation for discs and rods to relatively the same extent. Due to the intermediate
excluded volume of the discs, the correction of the last two contributions just cancels the error
in the first one. Small spheres only exhibit the first contribution, whereas for rods the other parts
overcompensate the first. We can thus explain why the depletion potential of large spheres due
to small spheres is underestimated by the Derjaguin approximation, is surprisingly accurate for
discs, and is overestimated for rod-like depletion agents.
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1. Introduction

It is generally believed that in mixed colloidal suspensions containing colloids that
differ in size or shape, the mutual asymmetry may bring about a nett attraction by
the so-called depletion effect. This depletion effect has been established for bimodal
mixtures hard spheres both experimentally [1-6] and theoretically [7-14]. When two
large spheres of diameter ¢ approach each other up to a distance /# smaller than the
diameter of a smaller sphere, a, the latter is expelled from the gap. Consequently, there
is an unbalanced osmotic pressure inside and outside the gap which gives rise to a nett
attraction. The resulting depletion potential for a <o up to first order in the number
density of the smaller spheres, ny, follows from the Derjaguin approximation as [15,16]
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Up to first order in the number density of small spheres the exact depletion potential
can also be calculated analytically [17]. From which it is established that the Derjaguin
approximation underestimates the depth of the potential.

An entropically driven phase-separation is also expected to be found for colloidal
mixtures of hard spheres with platelets. The orientation of platelets is restricted when
confined between two spheres. Approximating the platelets by discs, i.e., infinitely thin
of diameter D, the depletion potential for such systems up to first order in the number
density of discs, n,, reads by applying the Derjaguin approximation [18]
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We have previously shown from calculations [19] that this potential is remarkably
accurate, slightly overestimating the true potential. Going to platelets of finite thickness,
e.g., oblate ellipsoids, the deviation from the Derjaguin approximation may change sign
[18].

Analogous to platelets, the orientational entropy of infinitely thin hard rods of length
L decreases when placed between two spheres. This has been established both by ex-
periments [20-22] and theory [23-25]. The decreased number of conformations results
a pressure deficit which leads to a depletion potential that, by using the Derjaguin
approximation, up to first order in the number density, n,, is given by [26-28]

3
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The error introduced by the Derjaguin approximation for the depletion of large spheres
due to rods has been calculated [29]. It now turns out that the Derjaguin approxima-

tion overestimates the potential. Within the appropriate limits the Derjaguin potential,
Eq. (3) turns out to be quite accurate from experiments [30-32].
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Although the Derjaguin approximation has been applied in the same way to small
spheres, rods, and platelets between two large spheres, the accuracy of the approxima-
tion differs with the shape of the depletion agent. In this paper we will show where
this difference stems from.

The ‘classic’ Derjaguin approach [33] is to determine the interaction per unit area
between two parallel planar walls first. Subsequently, this interaction w(#) is integrated
in order to account for the curvature of the two large spheres. For spheres of diameter
o this procedure yields

Wperj(h) = % no /hoO w(h'ydn' . (4)

In spite of the fact that this method provides us with the depletion potentials as quoted
earlier, it does not give a clue on what determines the accuracy of the potential for
different shapes. To make progress, we subdivide the depletion potential that arises
from the generalised Gibbs adsorption equation into three contributions. Subsequently,
we derive the above Derjaguin equations as well as exact expressions for these contri-
butions. Upon comparison of the three contributions we finally show how the error in
the depletion potentials from Derjaguin’s approximation is introduced.

2. Contributions to the depletion potential

Consider two hard objects at a nearest face-to-face-separation / that are in equilib-
rium with a reservoir of depletion agents with chemical potential u. For fixed volume
and temperature, the mentioned variables completely describe the system. Hence, the
appropriate thermodynamic potential is given by

d¥=—fdh—Ndu. (5)

Here N is the (ensemble averaged) number of depletion agents in the system. The
depletion force f is related to the depletion potential W by

ow

From the total differential equation (5) we obtain, using Eq. (6), the Maxwell relation

(&), (&), G (&) %
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Since the depletion potential /' vanishes at infinite separation for all values of the
chemical potential, it is found after integration with respect to 4 that [34-37]

- (aW) — N(h) — N(s0). (8)
o/,

This is the generalised Gibbs-equation.
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Fig. 1. Schematic representation of the three contributions to the depletion potential between two spheres. Two
situations must be distinguished: one where the overlap volumes also coincides with the spheres themselves
(top) and one that the depletion zones only overlap each other (bottom).

In the following we will only consider dilute suspensions, so we can write for the
chemical potential

p=pu° +kgTInny ,

where 7, is the bulk number density of the depletion agents that coexists with the
reservoir. Moreover, the number of particles NV is up to first order linear in n,. Conse-
quently, integration of Eq. (8) with respect to the chemical potential finally yields for
the depletion potential of two objects due to depletion agents
W(h)
kgT

Eq. (9) is exact up to first order in the density and allows us to connect it to the
depletion effect in the following way. The characteristic size //2 is the largest distance
a depletion agent can just touch one of the objects. Here, ¢ is the diameter a of a small
sphere, the length L of a rod, or the diameter D of a disc. At distances less than //2
the depletion agent is hindered in its conformational freedom. That region is therefore
called the taboo or depletion zone. When depletion zones of the two objects start to
overlap, i.e., h </, extra accessible volume is gained in bulk. Moreover, particles in
the depletion zone that already were hindered by one of the objects, may be hindered
extra by the other object. Hence, the contribution to the depletion potential is threefold.

The first contribution, &V, represents the number of particles that access the volume
in the bulk that has become available by the overlap of depletion zones. A second
part of the depletion potential, Ny, is the number of particles that still fit into the
overlapping zones when the two objects are a distance / apart. Finally, N;; accounts
for the number of particles that would have been in the overlap volume when the two
objects are infinitely apart, i.e., 2 > /, so the depletion agent is only hindered by one
object. The three contributions are displayed schematically in Fig. 1 for large spheres.

Clearly, Ny contributes to N(#) in Eq. (9), whereas Ny has its share in N(o0).
However, N; participates in both terms. We therefore may rewrite Eq. (9) as

w

m:—(M + Ny — Nmr) . (10)

The explicit face-to-face-distance dependence / has been dropped for convenience.

= —(N(h) = N(c0)) . )
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In the remainder of this paper we will consider the two depleted objects to be large
hard spheres. We determine for small spherical, plate-like, and rod-like depletion agents
the three contributions exactly as well as by means of the Derjaguin approximation.
We can thus resolve what term determines the error of the latter.

3. Depletion potential for bimodal mixtures of spheres

Let us first consider small hard spheres of diameter / =a to be the depletion agents
of the two large hard spheres with a size ¢ each.

3.1. Derjaguin approximation

The first contribution to the depletion potential is the number of particles that can
freely move in bulk in the volume that has become available as soon as the depletion
zones start to overlap. Hence,

N; = nbV;)verlap 5 (11)

where n; is the bulk number density and Voyerap i the volume of the overlapping
depletion zones. The volume of a cap of height H of a sphere of radius R is given by
§H2(3R — H). Using H = %(/ —h)and R= %(( + @), as can be seen on the left of
Fig. 1, we obtain for 0 < h </

2 (¢ K\ (30 h

Rearranging terms in Eq. (12) yields

2 2
N,_nbza/2{<1;>+§ii(l”ﬂ)}. (13)

In most textbooks (see, e.g., [38—40]) the Derjaguin expression, Eq. (4), is derived
by expanding the curvature of the large sphere to second order. Hence, the Derjaguin
approach becomes exact for infinitely large spheres and is thought to be a good approx-
imation when the spheres are significantly larger than the depletion agents, i.e., 6>7.
In the remainder we take the last-mentioned property for the Derjaguin approximation.
Since 0 < & </, we may also take & <. That is, the second and third term in braces
of Eq. (13) vanish. We now find

T n\
lenbzofz (1—/> . (14)
Since we are considering hard spheres, the small spheres are not able to enter the
gap between two large spheres that are 0 < & < a apart. Moreover, the small spheres
cannot come closer to a single sphere than its radius a/2. Consequently, the two other
contributions to the depletion potential are found trivially as

Ny=Ny=0. (15)
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Insertion of Egs. (14) and (15) into Eq. (10) using /=a finally yields for the depletion
potential of a bimodal mixture of spheres

Wspheres T 5 h 2
= —ng — 1——=] . 16
kBT s 4 o a ( )

This is indeed the Derjaguin expression for the depletion potential as already given by
Eq. (1).

3.2. Exact solution

The exact solution for the depletion potential for bimodal mixtures of hard spheres
up to first order in density can be found straightforwardly from the previous results.
The first contribution to the depletion potential, Ny, is given by Eq. (13). The other two
contributions, Ny and Ny, are found from the same reasoning that lead to Eq. (15),
that is, they are both equal to zero. We therefore find

Wspheres T 5 h2 2a h 1 h2
= —n = -2y +22 212 |2 . 1
kgT Ty ot {( a>+30 o 3 |a a7)

It is readily seen that this is the same expression for the depletion potential as previously
has been found for the depletion of spheres due to penetrable hard spheres by means
of a force method [17]. Indeed, up to first order in the density hard spherical depletion
agents give the same results as hard penetrable hard spheres [41-43].

4. Depletion potential for mixtures of spheres and discs

In this section we will study the depletion potential of two hard spheres of diameter
¢ due to infinitely thin hard platelets, i.e., discs of diameter / = D.

4.1. Derjaguin approximation

The number of discs that can freely move in the available volume in the bulk follows
again from Eq. (11). In our Derjaguin approximation, this contribution is therefore
given by Eq. (14) with /=D

2
T 5, 3 h
N[:I’ZPEO'D XZ(I_D) . (18)
In contrast to small hard spheres, the discs are able to enter the gap between the two
large spheres for distances 0 < & < D. The number of discs that still fit into the gap
can formally be written as

D2
Ny =2 / A(x)n(x)dx . (19)
Jmax(0.h— 3 D)

Here A(x) is the area of a spherical cap of the overlap volume at a distance x from the
surface of the depleted large sphere. The local number density at that distance is given
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Fig. 2. The area between the horizontal symmetry axis and the surface of the overlap volume at a distance
x is given by 4;(x) (max(0, & — %D) <x < %h), whereas A(x) is bounded by the vertical symmetry axis
and the outer shell of that volume (%h < x < D/2). The initial and final opening angle of those areas are
denoted as ;(x) and y(x), respectively.

by n(x). The factor 2 comes in since it applies for both spheres symmetrically. The
lower limit of the integral depends on whether the overlap volume overlaps the adjacent
sphere (upper line in Fig. 1, 0 < & < D/2) or not (lower line in Fig. 1, D/2 < h < D).
In the former case the overlap volume starts at the surface of the sphere (x = 0),
whereas in the latter it begins at x =/ — %D.

The area A(x) can mathematically be determined from

2 )
A(x)—2n<;0+x) /w/ siny dy

i(x)
2
=2r <; o+ x) (cosy(x) — cosr(x)), (20)

where 1J;(x) is the initial angle relative to the horizontal symmetry axis and //(x) is
the final opening angle, as it can be seen from Fig. 2. As it can also be seen from
Fig. 2, we have to distinguish between two regions for the area 4(x). That is, one area
is bounded on one side by the horizontal symmetry axis (max(0, # — %D) <x < %h)
and another area by the vertical axis (%h < x < D/2). Both areas are bounded on the
other side by the outer surface of the overlap volume.

Using Fig. 2, elementary trigonometry provides us with

1, max(0, & — %D) <x < %h

cos i(x) = h (21)
TN h<x<liD,
o+x

(6+hy+(3o+x)?—Ho+D)y

08 () = (o + o+ 20)

(22)
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(a) (b)

Fig. 3. (a) In the bulk the director & of a disc with diameter D can describe a full unit sphere (right),
whereas a disc at a distance x < D/2 to a wall only describes part of it (left). (b) The azimuth ) between
the director @ and the normal on a planar wall 7 follows from sin 0y = x/(D/2).

Insertion of Egs. (21) and (22) into Eq. (20) gives after some algebra
1 2 2
5 1 h — D
Ai(x) =m0 27+ % (<Xh+2D)( *) + ),
a

oy T
max(0, h — D) <x < 1h, (23)
1 lo4x D> X

Az(x)zirco— 20’—|—h ((D—Zx)—i—‘w—a), %h <x<%D. (24)

In our approach of the Derjaguin approximation, D <¢ and therefore {x,h}<a, we
find

Ay(x)~ ino (x —h+ D), max(0,h—iD)<x< ih, (25)

Ax(x) ~ tno(D—2x), 1h<x<iD. (26)

We also require the number density profile n(x) in order to solve Eq. (19). We will
henceforth assume that the density profile between two planar walls also applies for
spherical interfaces within the aforementioned limit, i.e., D <o. The director & of a
disc can rotate freely in bulk and can assume all polar angles. However, in the vicinity
of the wall the angle of the director is limited to 0 < 0 < 6y, where 0 is the angle
between the normal of the disc and that of the wall. As it follows from Fig. 3, the
azimuth follows from sin 6y = DL/Z' Hence, the number density compared to that in the
bulk is to first order given by

n(x) Oo x O\
np:/o sinfdf=1—cosfy=1—1/1— Di/z . (27)

If we put Eq. (27) for the number density and Egs. (25) and (26) for the area
into Eq. (19), we finally obtain after integration for the two situations of the lower
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integration limit

Ny = 28
T mser {3 0-F -dmr @B (-5 =) .

X arcsin(%) — % (2% — l) arcsin(Z% — l)}, Ip<h<D.

The number of discs that can enter the depletion zone of two single free spheres is
formally given by the same equation as between two spheres, Eq. (19). However, the
vertical symmetry line is no longer present, so the area is only given by 4;(x) from
Fig. 2. Hence,

DJ2

Ny = 2/ | Aij(x)n(x)dx . (29)
max(O,hfiD)

Although the exact number density profile differs from that between two spheres, within

the Derjaguin approximation we take it again to be that of a planar wall. So, by taking

Eq. (23) for the area and Eq. (27) for the number density profile, we find for the two

different overlap situations

27 3 3 h 1
npgoD {G—3n+ (Gm—=3) 5}, 0<h<3D

2
np 3D {3(1- Y +in (25 -1)
N = 2h (1 Ay _3 hi(1- L (30)
+25(-5)-3)V5(1-5)

%(2% — 1) arcsin(2% — 1)},

Before inserting Egs. (28) and (30) into Eq. (10), we notice that N; is, unlike Ny
and Ny, independent on the two different overlap situations. Moreover, the depletion
potential Eq. (2) is neither subjected to such parting. The difference Ny — Ny, therefore
should not hinge on this distinction. We indeed find from both Egs. (28) and (30)

3 Y3
Ny — N = 13 npD2 -5 (1 - D) i

(@6

Upon insertion of Eqgs. (18) and (31) into Eq. (10), we straightforwardly retrieve the
Derjaguin expression for the depletion potential of spheres due to discs, Eq. (2).

D<h<D.

N—

. h
E 7 aresin o
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4.2. Exact solution

We recently published the exact solution of the depletion potential of spheres due to
discs elsewhere [19]. Here we give a brief summary of those results up to first order
in the density.

The gain in the bulk due to the overlap of the depletion zones is again reflected by
Eq. (13) using /=D

2
a1y (2P L
N[—6npDa<l D) <2+0+20_ . (32)

The number of particles Ny that fits in the gap between the two spheres, is like Eq. (19)
given by the volume integral over the number density of particles that fit in the gap

Dj2 v /1 2
Ny =4 o+ ) (o) sin y dy dox . (33)
it n/ /1// ( o+ x| n(x,¥)sin X

max(0,h—30) Jyio) \2

Here, the angles  are again given by Egs. (21) and (22). The actual number of
conformations n(x,y)/n, a disc can assume at a given position x,y follows from the
cones the directors can describe in the vicinity of a sphere, analogously as depicted in
Fig. 3

0p _
nx.y) - 1 / sin 0 arccos (COS 04 — cos O cos ﬁ) do . (34)

fp T Jp_o, sin sin f8

Here 04 and 0 give the width of the cones around the normals 7 on both spheres.
Moreover, f§ is the angle between these normals. If 4+ 04 > n — 0z complementary
conformations can be assumed, which adds an extra term similar to Eq. (34) with the
lower limit set to # — § — 04. The angles 0 can be found from

g

ot YSW
cosO(x) = N (%)z—l—x(a—&—x) 2 . (35)
c+an(2) (> 77

Here we distinguished between the case for x < xy, when the face of the disc touches
the sphere first, from x > x; when the edge of the disc touches the spheres, where
xo = 3(VD* + 6> — o).

The actual number of discs in the vicinity of the surfaces of two single spheres is
like Eq. (29) given by

D/2
Ny =2n,, / b A(x){1 — cosO(x)} dx . (36)
max(O,hfi)

Here, the area A(x) is given by Eq. (23), whereas the cosine is given by Eq. (35).
The full potential up to first order in density can now be calculated from Eq. (10)
using Egs. (32), (33) and (36).
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5. Depletion potential for mixtures of spheres and rods

Finally we consider the depletion potential of two hard spheres of diameter ¢ sur-
rounded by infinitely thin hard rods of length / = L.

5.1. Derjaguin approximation
Like before, the number of rods attained in the bulk by the overlap of depletion
zones is given by Eq. (14) using / =L

2
_ . T 52 _h
N, =n, 12aL ><3<1 L) ) (37)

The amount of rods that are still able to access the gap between two large spheres,
is formally given by Eq. (19). The areas for the two respective overlap situations are
given by Egs. (25) and (26), where the characteristic size D is replaced by the length
L. However, the director of the rod points along the rod, whereas it is perpendicular
to discs. This affects the expression for the number density, since now the azimuth is
given by cos 0y = LXW and hence

90 X
n(x):n,/;7I mn@d@zn,m . (38)

From the aforementioned equations we now find after integration

N ol {L- (40}, o<n<is
" n 7201 1 (yh 3 (ny 1 (3)
ny 1;0L {E""E(Zi_l)_(Z)}’ l<h<L.

The number of rods near two individual spheres is formally offered by Eq. (29). As
before, the area 4;(x) follows from Eq. (25) with D replaced by L. The number density
n(x) is now given by Eq. (38). Integrating provides us with

25 h 1
m= x 725 h 1 (nh 3 1

As with the discs, the difference between Nj; and Ny, is independent on the two overlap
situations

n AN
— — R 2 ) — — —
Nu Nu[ n, 2 oL { 2 (L) +3L} . (41)

Inserting Eqgs. (37) and (41) into Eq. (10) straightforwardly yields the potential of mean
force of two spheres in the presence of rods according to the Derjaguin approximation,

Eq. (3).
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5.2. Exact solution

The exact solution for the depletion potential of spheres in the presence of rods has
been scrutinized by Yaman et al. [29]. We benefit from the numerical results of their
method [44,45].

The real number of rods that profit in bulk from the overlap of the depletion zones
once more follows from Eq. (13) with /=L

2
T h L h
=n —ol?*(1—= 2542 . 42
Ni=n150 ( L) (3+ 0+0> (42)

The actual amount of rods that approach the two separated large spheres is now for-
mally given by

L2
Nmzzn,./ A](X)COSGdX. (43)
max(0, h— L)

The different cosine term as compared to Eq. (36) is due to the fact that the director
of a rod is along the rod instead of perpendicular to it as with discs. Its trigonometric
expression should change accordingly. Again we distinguish the case that the face of
the rod touches the sphere first (x < x¢) from the case that the edge of the rod touches
the spheres (x > xg)

2
o .
- <
1 (J n 2x> if x < xp
cos O(x) = (44)

(3o +x) +32 =)
(%0' —|—x) L

Here xg = %(\/L2 + 0?2 —o0).

The number of rods in the gap between two large spheres, Ny, can in principle
be given by the same procedure as with discs, Eq. (33). In order to avoid a lengthy
calculation and accompanying numerical error, we use the results for the depletion
potential of Yaman et al. [29] together with Eqgs. (42) and (43) to extract Nj from
Eq. (10).

, ifx>xp.

6. Results and discussion

The first contribution to the depletion potential, N;, stems from the gain of volume
in the bulk when the two depletion zones large spheres overlap each other. Since this
only depends on the typical size / of the depletion agent, these are the same for the
small spheres (/=a), discs (/=D), and rods (/£ =L). The Derjaguin approximation of
this contribution is given by Eq. (14). It is drawn by the line in Fig. 4 for small spheres
and in Fig. 5(a) and (b) for discs and rods as depletion agents, respectively. We scaled
the vertical axis in such a way that the potential equals unity at contact. Moreover, on
the horizontal axis the face-to-face separation 4 is weighted by the characteristic size /
of the depletion agent such that the reduced distance runs from O to 1. Here we have
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Fig. 4. The reduced number of small spheres of diameter a that gains accessible volume when two depletion
zones of the big spheres of diameter ¢ overlap. The line gives the Derjaguin prediction, Eq. (14), the
symbols the actual number from Eq. (13) as a function of the size ratio ¢ = a/o.

derived the Derjaguin approximation by neglecting higher order terms in the curvature
of the exact overlap volume. As a consequence, the size of the overlap volume is
underestimated which gives rise to a lower estimate of N; than in the exact solution,
Eq. (13). The exact solutions are given by the symbols in Fig. 4 and Fig. 5(a) and
(b) as a function of the size ratio g = //o.

As expected, the deviation of the Derjaguin approximation from the exact solution
increases with increasing size ratio. The error introduced by the Derjaguin approxima-
tion is straightforwardly found from Eqgs. (13) and (14). At contact (A =0), where the
deviation from the exact solution is the largest, the error is given by

NDerjaguin 1

 Q—— = . 45
N]exact %%_’_1 ( )

For 0>/ we indeed find that the Derjaguin approximation goes to the exact solution.

The number of discs or rods that still fit in the gap between two spheres, Ny, is given
in Fig. 5(c) and (d), respectively. Like N;, the curvature of the actual volume provides
more particles to fit in the edges than accounted for in the Derjaguin approximation.
Hence, it again underestimates the real number of particles that still fit in the gap. Since
the excluded volume of a disc is larger than that of a rod at the same characteristic size
¢, the number of conformations a disc can assume when confined between two spheres
is much lower than that of rods. This is basically why the Nj;’s of either shapes differ
with one order of magnitude.

Upon larger separation the number of conformations initially increases apparently
faster than the decrease of the overlap volume, since the exact Nj’s go through a
maximum. This feature is missed in the Derjaguin approximation since there the ini-
tial increase of conformations goes almost linearly with the decrease of volume (cf.
Eq. (27) and Egs. (25) and (26)). We established that a secondary minimum (larger
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Fig. 5. The three contributions to the depletion potential for discs (left column) and rods (right). The first
row shows the reduced number of (a) discs and (b) rods that gain accessible volume in the bulk due to the
overlap of depletion zones. The row in the middle gives the reduced number of particles that are between
the two large spheres for (c) discs and (d) rods. The last row presents the reduced number of particles
in the vicinity of two separated spheres for (e¢) discs and (f) rods. The drawn lines give the Derjaguin
approximation, Eq. (14), Egs. (28) and (39), and Egs. (30) and (40), respectively, whereas the symbols
give the exact solution for several size ratios ¢ = //o (O: ¢ =0.025, @: ¢=0.1,[]: ¢=05, B g=1.0).
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(b) Eq. (2), and (c) Eq. (3), respectively. The symbols denote the exact solutions as they follow from
(a) Vrij [17], (b) our previous work [19], and (c¢) Yaman et al. [29] for several size ratios ¢ = //o
(0: ¢=0.025 @:¢g=01,[1 g=05 0 ¢g=10).

than the numerical error) in Nj; of discs slowly enters for ¢ 2 0.75. This pronounced
secondary minimum is observed in Fig. 5(c) for g = 1.0.

A similar reasoning can be held for Ny, the number of particles that access the
overlap volume when the two large spheres are ‘inifinitely’ apart, i.e., & > /. Ny for
discs and rods are shown in Fig. 5(e) and (f), respectively. The number of particles
in the real overlap volume is once more higher than in the truncated volume of the
Derjaguin approximation. Because of the larger excluded volume of the discs, their
Ny is again lower than that of the rods. In the vicinity of a single sphere there are
more possible conformations then confined between two spheres, so Ny; is larger than
Nj; and of the same order magnitude as N;.

Having all three contributions, we obtain from Eq. (10) the depletion potential of
large spheres, as depicted in Fig. 6. As previously has been found, the Derjaguin
approximation for small spheres underestimates the true potential, whereas it overes-
timates the interaction due to rods. For discs the Derjaguin approach turns out to be
surprisingly accurate. With the three contributions at hand we now can argue where
the precision stems from.

For small hard spheres the Derjaguin approximation for N; and Ny are exact, i.e.,
no small sphere can enter the depletion zones of the large spheres, irrespective of their
mutual distance. Consequently, the error in the Derjaguin approach of the depletion
potential of large spheres due to small spheres follows from Eq. (45) and is always
underestimated by the Derjaguin approximation, as depicted in Fig. 6(a). Up to first
order in the density this is also valid for polymer coils.

For discs and rods Ny and Ny look qualitatively the same. The relative error of
the Derjaguin approximation in N; and Ny, for discs and rods are alike for the same
characteristic sizes. For either shapes this error increases up to about 66% of the exact
values for a unit size ratio. From this point of view it is far from obvious why the
Derjaguin approximation works out that well for discs. A disc looks from its topview
identical to a sphere of the same dimension, whereas from its sideview it is indis-
tinguishable from a like-sized infinitely thin rod. The intermediate excluded volume
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of a disc close to a sphere counterbalances the underestimation of the freely rotating
one in the bulk. Due to the relatively large excluded volume of rods near a sphere,
the number of rods in the edges of the overlap volume is severely underestimated by
the Derjaguin approximation which subsequently lead to an overestimation of the true
potential. Hence, the ‘sphere-like’ behaviour of a freely rotating disc is just compen-
sated by the ‘rod-like’ manner it conducts near a wall. Although from this point of
view it is not surprising the Derjaguin approximation for discs is most accurate, we
are astonished that it is that precise.

In this paper we have shown that the Derjaguin expressions for the depletion potential
can be recovered by considering three contributions to the depletion effect in the limit
of small depletion agents. Moreover, we also obtained three exact formulations up to
first order in the number density. By comparison of the contributions we grasp that
the excluded volume of the depletion agents determines the accuracy of the Derjaguin
approximation for the total potential. The separate contributions nevertheless show the
shortcomings of the Derjaguin approximation for increasing aspect ratios. From the
approach presented by Henderson [46] as well as ours, we conclude that one may rely
on the Derjaguin approach for depletion forces within the appropriate limits, i.e., dilute
suspensions of relatively small depletion agents.
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