
PHYSICAL REVIEW D 72, 064014 (2005)
Reconstructing the Universe
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We provide detailed evidence for the claim that nonperturbative quantum gravity, defined through state
sums of causal triangulated geometries, possesses a large-scale limit in which the dimension of spacetime
is four and the dynamics of the volume of the universe behaves semiclassically. This is a first step in
reconstructing the universe from a dynamical principle at the Planck scale, and at the same time provides a
nontrivial consistency check of the method of causal dynamical triangulations. A closer look at the
quantum geometry reveals a number of highly nonclassical aspects, including a dynamical reduction of
spacetime to two dimensions on short scales and a fractal structure of slices of constant time.
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2These are the analogues of the piecewise straight paths of
Feynman’s approach. However, note that the geometric configu-
rations of the quantum-gravitational path integral are not im-
I. INTRODUCTION

Nonperturbative quantum gravity can be defined as the
quest for uncovering the true dynamical degrees of free-
dom of spacetime geometry at the very shortest scales.
Because of the enormous quantum fluctuations predicted
by the uncertainty relations, geometry near the Planck
scale will be extremely rugged and nonclassical. Al-
though different approaches to quantizing gravity do not
agree on the precise nature of these fundamental excita-
tions, or on how they can be determined, most of the
popular formulations1 agree that they are neither the
smooth metrics g���x� (or equivalent classical field varia-
bles) of general relativity nor straightforward quantum
analogues thereof. In such scenarios, one expects the met-
ric to re-emerge as an appropriate description of spacetime
geometry only at larger scales.

Giving up the spacetime metric at the Planck scale
does not mean discarding geometry altogether, since
geometric properties such as the presence of a distance
function pertain to much more general structures than
differential manifolds with smooth metric assignments.
One could hope that quantum gravity, when formulated
in terms of the conjectured new microscopic degrees
of freedom, was better behaved in the ultraviolet regime
than standard perturbative approaches based on the space-
time metric. At the same time, it becomes a nontrivial test
for such nonperturbative theories of quantum gravity
whether they can reproduce the correct classical limit at
sufficiently large scales. However, using this as a consis-
tency check to discriminate between good and bad candi-
ress: ambjorn@nbi.dk
ress: jurkiewicz@th.if.uj.edu.pl
ress: r.loll@phys.uu.nl
ion are renormalization group approaches which
ivial ultraviolet fixed points in a metric formulation
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date theories is in practice complicated by the fact that
some explicit results about the quantum dynamics of
the proposed quantum gravity theory must be known.
For example, this is not yet the case in loop quantum
gravity [4–6] or in four-dimensional spin foam models
for gravity [7].

In the method of Causal Dynamical Triangulations one
tries to construct a theory of quantum gravity as a suitable
continuum limit of a superposition of spacetime geome-
tries [8–10]. In close analogy with Feynman’s famous path
integral for the nonrelativistic particle, one works with an
intermediate regularization in which the geometries are
piecewise flat2. The primary object of interest in this ap-
proach is the propagator between two boundary configu-
rations (in the form of an initial and final spatial geometry),
which contains the complete dynamical information about
the quantum theory. Because of the calculational complex-
ity of the full, nonperturbative sum over geometries (the
‘‘path integral’’), an analytical evaluation is at this stage
out of reach. Nevertheless, powerful computational tools,
developed in Euclidean quantum gravity [11–17] and other
theories of random geometry (see [18] for a review), can be
brought to bear on the problem.

This paper describes in detail how Monte Carlo simula-
tions have been used to extract information about the
quantum theory, and, in particular, the geometry of the
quantum ground state3 dynamically generated by super-
bedded into a higher-dimensional space, and therefore their
geometric properties such as piecewise flatness are intrinsic,
unlike in the case of the particle paths.

3Here and in the following, by ‘‘ground state’’ we will always
mean the state selected by Monte Carlo simulations, performed
under the constraint that the volume of spacetime is (approxi-
mately) kept fixed, a constraint we have to impose for
simulation-technical reasons.
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posing causal triangulations. It follows the announcement
of several key results in this approach to quantum
gravity, first, a ‘‘quantum derivation’’ of the fact that space-
time is macroscopically four-dimensional [19], second, a
demonstration that the large-scale dynamics of the
spatial volume of the universe (the so-called ‘‘scale fac-
tor’’) observed in causal dynamical triangulations can be
described by an effective action closely related to standard
quantum cosmology [20], and third, the discovery that
in the limit of short distances, spacetime becomes effec-
tively two-dimensional, indicating the presence of a dy-
namically generated ultraviolet cutoff [21]. They do not
provide conclusive proof that our construction from first
principles does lead to a viable theory of quantum gravity,
but go some way in establishing the existence of a
physically meaningful classical limit. In addition, our
detailed geometric analysis throws some light on the
highly nonclassical microscopic properties of the space-
times dominating the gravitational path integral, which
after all are higher-dimensional analogues of the
nowhere-differentiable paths that provide the support of
Feynman’s path integral.

Our presentation will proceed as follows. After recol-
lecting some basic properties of the geometric set-up of the
regularized path integral over causal triangulations in
Sec. II, we explain in Sec. III how the path integral is
implemented numerically. The statistical model underlying
our construction possesses three phases, which are distin-
guished by the geometric nature of their ground states, as
described in Sec. IV. From this point on, we concentrate on
the phase which yields a ground state which is extended in
time and space. In Sec. V we provide the detailed numeri-
cal evidence for why this state is four-dimensional at large
scales and why its shape can be described by a minisuper-
space action. We then embark on a detailed investigation of
substructures of the spacetime universe, namely, spatial
slices (of fixed integer time �) in Sec. VI and in Sec. VII
‘‘thick spatial slices’’, which are geometries of finite time
extension �� � 1. We measure both their Hausdorff and
spectral dimensions, the latter from a discrete diffusion
process. Interestingly, the geometry of the ‘‘thin’’ spatial
slices shares some characteristics with a class of branched
polymers which has already appeared in areas as diverse as
noncritical string theory, econophysics and network theory.
A summary of our results and an outlook are presented in
Sec. VIII.
4We choose the name ‘‘proper time’’ because the a priori
integer-valued variable � can be extended continuously to the
entire space-time [22]. Within each simplex one can choose a
coordinate system whose time variable coincides with � and also
with the proper time of a freely falling observer in the simplex.
Note that our setting here is that of piecewise flat and not of
smooth geometries.
II. GEOMETRIC SET-UP AND SIMPLICIAL
ACTION

We briefly remind the reader of the structure of the
spacetime geometries which contribute to the regularized
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path integral [10]. The fundamental building blocks are
two types of four-simplices ‘‘cut out of’’ four-dimensional
flat Minkowski space. A flat four-simplex of type (4,1)
has six spacelike edges of length-squared l2space � a2 and
four timelike edges of length-squared l2time � ��a

2.
Similarly, a flat four-simplex of type (3,2) has four space-
like edges of length-squared l2space � a2 and six timelike
ones of length-squared l2time � ��a

2. Each spacetime has
a well-defined global foliation by a ‘‘proper time’’ �.4

Fig. 1 illustrates how the simplicial building blocks are
situated between consecutive spatial slices of constant
integer �. The (4,1)-simplex consists of a spatial tetrahe-
dron at time � whose four vertices are connected by four
timelike edges to the single vertex at time �� 1. Similarly,
the (3,2)-simplex consists of a spatial triangle at time �
whose vertices are connected to the two vertices at �� 1
which form the end points of the fourth spatial edge of the
simplex.

The way in which these building blocks, together with
their counterparts with inversed time orientation, can form
a spacetime slice of height �� � 1 is by gluing them
pairwise along a shared timelike boundary tetrahedron.
In order to get a spacetime of time duration � � t, one
glues together t such slices in succession, which is of
course only possible whenever their spatial boundary ge-
ometries at integer-� match pairwise. We require the glu-
ings to be such that the resulting discretized spacetime is a
simplicial manifold. The spacetime topology is fixed to
�0; 1� � �3��, where for our investigations we have chosen
as constant-� surfaces the three-spheres �3�� � S3. For
convenience in the computer simulations, we also some-
times identify time periodically, leading to a spacetime
topology S1 � S3.

From the edge-length assignments one can compute
volumes and interior angles of the simplices which are
needed because they appear in the Regge form of the
Einstein action, from which the weight of each triangulated
spacetime T in the sum over geometries will be computed
(see [10] for calculational details). The gravitational action
becomes then a simple function of a number of positive
integers, which count the overall numbers of simplices or
subsimplices of a certain type. For completeness, we give
the explicit form of the action after analytic continuation to
the Euclidean sector, as a function of the number N0 of
vertices (zero-simplices), and the numbers N�3;2�4 and N�4;1�4
of four-simplices of types (3,2) and (4,1) of either time
orientation,
-2
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FIG. 1 (color online). The two fundamental building blocks of causal dynamically triangulated gravity. The flat four-simplex of type
(4,1) on the left has four of its vertices at time � and one at time �� 1, and analogously for the (3,2)-simplex on the right. The ‘‘gap’’
between two consecutive spatial slices of constant integer time is filled by copies of these simplicial building blocks and their time-
reversed counterparts, the (1,4)- and the (2,3)-simplices.
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In this expression, � is the Euler characteristic of the
piecewise flat four-manifold and ~� 	 �� denotes the
positive ratio between the two types of squared edge
lengths after the Euclideanization. In order to satisfy the
triangle inequalities, we need ~�> 7=12 [10]. For simplic-
ity, we have assumed that the manifold is compact without
boundaries. In the presence of boundaries, appropriate
boundary terms must be added to the action.

For the simulations, a convenient alternative parametri-
zation of the action is given by
SE � ���0 � 6��N0 � �4�N
�4;1�
4 � N�3;2�4 �

� ��2N�4;1�4 � N�3;2�4 �; (2)
where the functional dependence of the �i and � on the
bare inverse Newton constant k�b�, the bare cosmological
constant ��b� and ~� can be computed from (1). We have
dropped the constant term proportional to �, because it will
be irrelevant for the quantum dynamics. Note that � � 0
corresponds to ~� � 1, and � is therefore a measure of the
asymmetry between the lengths of the spatial and timelike
edges of the simplicial geometry. As we shall see, the
physically interesting region of the phase diagram of
four-dimensional causal dynamical triangulations has posi-
tive �, which translates into values of ~� smaller than 1.
064014
III. NUMERICAL IMPLEMENTATION

We have investigated the infinite-volume limit of the
ensemble of causal triangulated four-dimensional geome-
tries with the help of Monte Carlo simulations at finite
four-volumes N4 � N�4;1�4 � N�3;2�4 of up to 362.000 four-
simplices. A simplicial geometry is stored in the computer
as a set of lists, where the lists consist of dynamic sequen-
ces of labels for simplices of dimension n, 0 
 n 
 4,
together with their position and orientation with respect
to the time direction. Additional list data include informa-
tion about nearest neighbors, i.e. how the triangulation
‘‘hangs together’’, and other discrete data (for example,
how many four-simplices meet at a given edge) which help
improve the acceptance rate of Monte Carlo moves.

The simulation is set up to generate a random walk in the
ensemble of causal geometries of a fixed time extension t.
The local updating algorithm consists of a set of moves that
change the geometry of the simplicial manifold locally,
without altering its topological properties. These can be
understood as a Lorentzian variant of (a simplified version
of) the so-called Alexander moves [23–25], in the sense
that they are compatible with the discrete time slicing of
our causal geometries. For example, the subdivision of a
four-simplex into five four-simplices by placing a new
vertex at its center is not allowed, because vertices can
only be located at integer times �. Details of the local
moves can be found in [10]. As usual, each suggested local
change of triangulation is accepted or rejected according to
-3
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FIG. 2 (color online). Unnormalized distribution of the num-
ber N�3;2�4 of four-dimensional simplices of type (3,2), at fixed
numbers of four-simplices of type (4,1), for N�4;1�4 � 40; 80 and
160 k (left to right) at �0 � 2:2 and � � 0:6.

TABLE I. Translation table between the two types of discrete
four-volume, ~N4 and N4, at which the numerical simulations
reported in this article were performed, in units of 1000 building
blocks (phase C only).

‘‘four-volume’’ ~N4 � N�4;1�4 10 20 40 80 160

actual four-volume
N4 � N�4;1�4 � N�3;2�4 22.25 45.5 91 181 362
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certain probabilities depending on the change in the action
and the local geometry. (Note that a move will always be
rejected if the resulting triangulation violates the simplicial
manifold property.) The moves are called in random order,
with probabilities chosen in such a way as to ensure that the
numbers of actually performed moves of each type are
approximately equal. We attained a rather high average
acceptance rate of about 12:5%, which was made possible
by keeping track of subsimplex structures relevant for the
performance of certain moves, as mentioned earlier. The
attempted moves were performed in units of 106 (one
‘‘sweep’’), with the time for one sweep approximately
independent of the system volume in the region �0 � 2:2
and � � 0:4 . . . 0:6 where most of our measurements were
taken.

In order to obtain an efficient sampling of geometries of
large four-volume (the larger the four-volume, the better
the computer-generated geometries describe the contin-
uum limit), we have performed the simulations at (approxi-
mately) constant four-volume. This means that instead of
the standard gravitational path integral (after
Euclideanization)

ZE��;G� �
Z

D�g�e�SE�g�;

SE�g� � �
1

G

Z
d4x

�������������
j detgj

q
�R� 2��

(3)

we simulate a discretized version of the path integral at
fixed four-volume V4,

~ZE�V4; G� �
Z

D�g�e�~SE�g�	
�Z

d4x
���������
detg

p
� V4

�
;

~SE�g� � �
1

G

Z
d4x

���������
detg

p
R;

(4)

which is related to (3) by a Laplace transformation,

ZE��;G� �
Z 1

0
dV4e

��2=G��V4 ~ZE�V4; G�: (5)

However, the local moves do not in general preserve the
numbers N�4;1�4 and N�3;2�4 of four-simplices, or indeed their
sum. We deal with this in a standard way which was
developed for dynamically triangulated models in dimen-
sions three and four [11,26] to ensure that the system
volume is peaked at a prescribed value, with a well-defined
range of fluctuations. Adapting it to the current situation of
causal triangulations with nonvanishing asymmetry �, we
implement an approximate four-volume constraint by add-
ing a term

	S � 
jN�4;1�4 � ~N4j; (6)

to the Euclidean action, with typical values of 
 lying in the
range of 0.01 to 0.02, except during thermalization where
we set 
 � 0:05. The reason for fixing N�4;1�4 instead of
N4 � N�4;1�4 � N�3;2�4 in Eq. (6) is mere technical conve-
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nience. We have checked in the phase-space region rele-
vant to four-dimensional quantum gravity (phase C, see
below) that for N�4;1�4 fixed according to (6), the number
N�3;2�4 of four-simplices of type (3,2) is likewise very
sharply peaked, see Fig. 2. The ‘‘four-volumes’’ ~N4 and
the corresponding ‘‘true’’ discrete four-volumes N4 used in
the simulations are listed in Table I. In order to stabilize the
total volume after thermalization, �4 has to be fine-tuned to
its pseudocritical value (which depends weakly on the
volume) with accuracy smaller than 
, in practice to about
0:2
. The measurements reported in this paper were taken
at ~N4 � 10; 20; 40; 80 and 160 k, and the runs were per-
formed on individual PCs or a PC farm for the smaller
systems and a cluster of work stations for the larger
systems.

Before measurements can be performed, one needs a
well thermalized configuration of a given volume. In order
to double-check the quality of the thermalization, we used
two different methods to produce starting configurations
for the measurement runs. In the first method, we evolved
from an initial minimal four-dimensional triangulation of
prescribed topology and of a given time extension t, ob-
tained by repeated gluing of a particular triangulated
space-time slice of �� � 1 and topology �0; 1� � S3,
which consists of 30 four-simplices. The spatial in- and
-4
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out-geometries of the slice are minimal spheres S3, made
of five tetrahedra. The two types of spatial boundary con-
ditions used are (i) periodic identification of the geometries
at initial and final integer times, and (ii) free boundary
conditions, where all vertices contained in the initial slice
at time �0 are connected by timelike edges to a single
vertex at time �0 � 1, and similarly for the vertices con-
tained in the final spatial slice. From this initial configura-
tion, the geometry evolves to its target volume ~N4 as
specified through 	S. During the evolution the volume-
volume correlator (see Eq. (7) below) changes from a very
broad distribution to the stable narrow shape seen in Fig. 7.
The number of sweeps to reach the thermalized configura-
tion changes linearly with ~N4 and ranged from 105 to 108

sweeps for the largest volumes, the latter of which took
several weeks on a work station.

In the second method, we started instead from a ther-
malized configuration of smaller volume, which we let
evolve towards the target volume. In this case the final
volume-volume distribution is reached from a narrower
distribution, namely, that of the smaller volume. During
thermalization, this width grows very slowly. The timing of
the entire process is similar to that of the first method.
IV. PHASE STRUCTURE OF THE MODEL

Like always in dynamically triangulated models, the
bare cosmological constant ��b� (equivalently, �4) is tuned
to its (pseudo-)critical value in the simulations, tantamount
to approaching the infinite-volume limit. Depending on the
values of the two remaining parameters �0 and � in the
discretized action (2), we have identified three different
phases, A, B and C, mutually separated by lines of first-
order transitions. We have not yet measured their location
κ
0

Α

B

C

∆

FIG. 3 (color online). A qualitative sketch of the phase dia-
gram of four-dimensional causal dynamical triangulations as
function of the gravitational coupling �0 and the asymmetry
parameter �.
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in detail; Fig. 3 is a qualitative sketch of the phase diagram.
We describe each of the three phases in turn:
(a) T
FIG. 4
verse
N4 � 4
In this
integer
three-v
betwee
4d con

-5
his phase prevails for sufficiently large �0 (recall
�0 is proportional to the bare inverse Newton’s
constant k�b�). When plotting the volume of the
spatial slices � � const as a function of �, we ob-
serve an irregular sequence of maxima and minima,
where the minimal size is of the order of the cutoff,
and the sizes of the maxima vary, see Fig. 4. The
time intervals during which the spacetime has a
macroscopic spatial extension are small and of the
order of �� � 3.
(b) T
his phase occurs for sufficiently small �0 and for
small asymmetry �, including � � 0. In it, space-
time undergoes a ‘‘spontaneous dimensional reduc-
tion’’ in the sense that all four-simplices are
concentrated in a slice of minimal time extension
�� � 2, and the three-volume N3��� remains close
to its kinematic minimum everywhere else (Fig. 5).
We believe that these two phases can be understood
essentially from the dynamics of the (Euclidean)
geometries of the slices of constant � alone. The
spatial slices in phase A are presumably realizations
of branched polymers which dominate the path in-
tegral of three-dimensional Euclidean quantum
gravity for large �0, whereas the extended part of
(color online). Monte Carlo snapshot of a typical uni-
in phase A (�0 � 5:0, � � 0), of discrete volume
5:5 k and total time extent (vertical direction) t � 20.
and the following two figures, the circumference at
proper time � is chosen proportional to the spatial

olume V3���. The surface represents an interpolation
n adjacent spatial volumes, without capturing the actual
nectivity between neighboring spatial slices.



FIG. 5 (color online). Monte Carlo snapshot of a typical uni-
verse in phase B (�0 � 1:6), of discrete volume N4 � 22:25 k
and total time extent t � 20. The entire universe has collapsed
into a slice of minimal time extension.
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the geometry in phase B corresponds to a Euclidean
geometry in the so-called crumpled phase, which is
characterized by the presence of very few vertices
with extremely high coordination number
[15,16,26,27]. We will not elaborate here on our
detailed measurements which quantify these state-
ments, because we view phases A and B as lattice
artifacts. However, there is yet another phase where
the dynamics is not reduced to just the spatial direc-
tions but is genuinely four-dimensional.
(c) T
his phase occurs for sufficiently small �0 and non-
vanishing asymmetry �. In this phase, where �> 0
and ~�< 1 ( ~� was defined below Eq. (1)), there
seems to be a sufficiently strong coupling between
successive spatial slices to induce a change in the
spatial structure itself. We will discuss this new
geometrical structure in detail in Sec. VI.
FIG. 6 (color online). Monte Carlo snapshot of a typical uni-
verse in phase C (�0 � 2:2) of discrete volume N4 � 91:1 k and
total time extent t � 40.
Of course, the presence of the asymmetry parameter � is
only possible because of the Lorentzian character of the
model, and the resulting distinction between spatial and
time directions. Since we implemented this distinction in
the discretization by setting up a particular proper-time
foliation and choosing arbitrary discrete length and time
scales, it should not be surprising that in order to make
contact with continuum physics, the ratio of these two
scales cannot be chosen completely arbitrarily. This merely
implies a restriction on the way the discretization is set up,
and does not lead to any new parameters in the continuum
064014
theory. We have checked that the physical results derived
within phase C do not depend on the numerical value of �,
within the allowed range. As we will see later, any such
choice leads to the large-scale geometry of a homogeneous
and isotropic universe.

The hallmark of this phase is the presence of a stable
extended four-geometry, as first reported in [19], and illus-
trated in Fig. 6. Not only does the macroscopic dimension-
ality of spacetime emerge with the correct classical value,
but, equally remarkably, the global shape of the universe
has been shown to be related to a simple minisuperspace
action similar to those used in standard quantum cosmol-
ogy [20]. Details of the computer measurements in this
phase are the subject of Secs. V, VI, and VII below.

Looking at the phase diagram of Fig. 3, it may at first be
surprising that one does not obtain a continuum limit when
the bare gravitational coupling constant (or Newton’s con-
stant) vanishes, G�b� � 1=k�b� ! 0. However, one should
bear in mind that the method of dynamical triangulation is
a way of defining the path integral, rather than a regulari-
zation method which has nice smooth continuum mani-
folds as its dominant configurations as G�b� ! 0.

A helpful analogy is the example of the (Euclidean) path
integral for the relativistic particle, whose propagator
G�x; y� can be represented as a sum over all random paths
from x to y, whose action S�P� � m�b�L�P� is given by the
length L of the path P in target space, multiplied by a
dimensionless bare mass parameter m�b�. If this path inte-
gral is regularized on a hypercubic lattice in Rd, the pos-
sible paths are by definition along the lattice links. Now
-6
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consider R2 and a path from �0; 0� to the lattice point
�x; y� � �a  n; a  n�. No matter how small the lattice spac-
ing a and how large the number n of lattice steps, the lattice
paths between the two points will never approach smooth
continuum paths and their lengths will always be larger

than
���
2
p ����������������

x2 � y2
p

. To define a continuum limit for the
lattice random walk one looks for critical points of the
corresponding statistical system and studies the long-
distance properties of suitable observables, in this case,
of the propagator. The critical point is determined by the
value of m�b�, but this bare coupling constant is usually not
related to the physical parameter (given here by the mass
term in the continuum propagator) in a straightforward
way (see [18,28]) for details). In the case of dynamical
triangulations we follow a similar strategy. We do not a
priori associate a continuum limit with certain values of
the bare coupling constants. Rather, we look for points or
regions in coupling-constant space where interesting scal-
ing limits may exist. In the case of four-dimensional grav-
ity, it is natural to look for regions where some desirable
features of macroscopic spacetime are reproduced, and this
is precisely the case for the phase-space region (C).

Let us also comment on how the continuum limit is
taken in our approach. According to the standard,
Wilsonian understanding of the relation between the theory
of critical phenomena in statistical mechanics and quantum
field theory, in order to obtain a continuum quantum field
theory from an underlying regularized statistical system
one needs to fine-tune a few coupling constants (corre-
sponding to the relevant directions in coupling-constant
space) to reach the infinite-dimensional critical surface
where a suitably defined correlation length is infinite.
Directions along the critical surface correspond to the
infinitely many irrelevant (nonrenormalizable) directions
in coupling-constant space. Weinberg conjectured that this
picture, which is usually believed to define ordinary re-
normalizable quantum field theories, may generalize to
quantum gravity, in the sense that it may have an associ-
ated, nonperturbatively defined critical surface [29].
Several groups have since tried to substantiate this idea
using either a �2� 
�-expansion [30] or refined renormal-
ization group techniques [3]. Various lattice approaches to
quantum gravity like quantum Regge calculus [31],
Euclidean dynamical triangulations [11,12,32] and the
causal dynamical triangulation of quantum gravity
[10,19,20] used by us presently also endorse this picture.

In the latter, Lorentzian approach, the bare cosmological
constant must be fine-tuned to obtain an infinite spacetime
volume. Formally, we are not performing an analogous
fine-tuning of the bare gravitational coupling constant in
phase C, which is nonstandard from a Wilsonian point of
view. There are indeed lattice theories where no fine-
tuning is needed, and where an infinite-volume limit is
sufficient to identify a continuum limit, for example, the
Coulomb phase of U�1�-lattice gauge theory. However, the
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situation in gravity could be more involved, and subtleties
may be buried in the identification of more complicated
observables than the global ones we have considered so far.
For a related discussion in three-dimensional causal dy-
namically triangulated quantum gravity, we refer to
[33,34]. What is important from our present point of
view is the fact that the universes emerging from phase C
satisfy the first nontrivial tests of being viable candidates
for quantum universes, as we will now turn to describe.
Encouraged by these results, we are in the process of
developing new and more refined methods to probe the
geometry of the model further, and which eventually
should allow us to test aspects related to its local ‘‘trans-
verse’’ degrees of freedom, the gravitons. We invite and
challenge our readers to find such tests in a truly
background-independent formalism of quantum gravity.
V. MEASURING GEOMETRY

Having generated a ground state of quantum geometry
nonperturbatively, we would like to understand its geomet-
ric properties, in the sense of expectation values, which can
be done in various ways. We will currently concentrate on
the purely geometric observables, leaving the coupling to
test particles and matter fields to a later investigation. We
will proceed by first determining a number of ‘‘rough’’
properties of the quantum geometry such as its dimension-
ality and its global scaling properties. These properties of
quantum spacetime play an important role, because for any
viable candidate theory of quantum gravity, they must be
shown to reproduce the correct classical limit at suffi-
ciently large scales, namely, geometry as described by
Einstein’s general theory of relativity.

As we have emphasized in [19], in nonperturbative
models of quantum gravity, where by definition geometry
fluctuates very strongly at short scales, there is absolutely
no guarantee that any sensible classical limit is obtained
even for very basic quantities like the dimension of space-
time. This is at first rather surprising: how can a superpo-
sition of locally d-dimensional geometries (made from
d-dimensional simplicial building blocks) give anything
that is not again d-dimensional? The resolution to this
seeming paradox is that the statements about dimension-
ality always have to be understood in the limit where the
lattice spacing a (measuring the edge lengths of the sim-
plices) goes to zero, while the total d-volume, defined as
the number of d-simplices times ad, stays constant.

As an explicit example consider a triangulation of a
three-dimensional manifold with topology �0; 1� � S2.
Represent the two-sphere by a minimal triangulation of
just four triangles (which can be thought of as forming the
surface of a tetrahedron), and connect two such spheres
with a minimal number of three-simplices (i.e. ten tetrahe-
dra) to obtain a three-dimensional simplicial manifold of
the desired topology. Extend this space into a long chain by
adjoining more S2’s, each connected to the previous one by
-7
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a set of ten tetrahedra. Clearly, if we shrink the lattice
spacing a to zero while extending the chain such that the
three-volume N3a

3 is constant (where N3 denotes the total
number of tetrahedra), we effectively create a one-
dimensional structure although our starting point was per-
fectly three-dimensional. By an analogous construction
one can obtain a one-dimensional space using building
blocks of any dimensionality d. The opposite extreme,
namely, a geometry which is effectively infinite-
dimensional, can be constructed as a limit of triangulations
where almost all simplices share a common vertex. In these
triangulations one can move between any two vertices in
just a few steps (moving along the edges of simplices), no
matter how many d-simplices they contain. Applying then
a standard definition of Hausdorff dimension, such geome-
tries will be assigned an infinite dimension in the limit.

These examples show that there are spaces with ‘‘ex-
otic’’ dimensionality which can be obtained as limiting
cases of regular simplicial manifolds. Of course, the rele-
vant question for the gravitational path integral is whether
geometries of this nature indeed dominate the path integral
in the continuum limit when the lattice spacing a goes to
zero. This is a genuinely dynamical question which cannot
be decided a priori. It depends on the relative weight of
‘‘energy’’ and ‘‘entropy’’, that is to say, the Boltzmann
weight of a given geometry (which in turn is a function of
the values of the bare coupling constants) and the number
of geometries with a given, fixed Boltzmann weight. Thus
it may happen that a class of highly degenerate geometries
dominates over more ‘‘normal’’ geometries either because
they are energetically favored or because they are more
numerous. Indeed, previous formulations which can probe
the dimensionality of geometry numerically through the
scaling behavior of suitable observables, for example,
dynamically triangulated models of Euclidean quantum
gravity, have not come up with evidence for the value 4.
Instead such models seem to run generically into highly
degenerate geometries of one type or other [12,14,16,35],
which at large scales have nothing to do with four-
dimensional spacetime as we know it. From this it seems
likely that the condition of obtaining the correct classical
limit imposes strong constraints on any attempt to quantize
gravity nonperturbatively and background-independently.
Of course, proposals of quantizing gravity are often not
sufficiently developed to decide whether they can repro-
duce classical geometry from first principles, without put-
ting in a preferred background structure along the way.

In the following, we will present a detailed discussion of
a number of geometric properties of the extended ground
state of phase C above. Several main results were already
announced in our previous publications [19–21]. The pic-
ture emerging so far is that of a geometry whose large-scale
properties are classical, but whose detailed microscopic
structure is highly complicated and nonclassical. We will
proceed by first presenting the evidence for the macro-
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scopic four-dimensionality of spacetime, and then describ-
ing the insights into the geometric structure obtained from
measuring quantities associated with slices of constant
time.

A. The evidence for spacetime dimension four:
Global scaling

As illustrated by Fig. 6, the total four-volume is distrib-
uted over the t time steps (we are working with a periodic
identification in the time direction) in a characteristic way.
At a given discrete four-volume, for sufficiently large t the
configuration separates out into a thin ‘‘stalk’’ whose four-
volume at each time step fluctuates little and is close to the
kinematically allowed minimum for the topology �0; 1� �
S3, and an extended, blob-shaped structure, the ‘‘uni-
verse’’. The average volume s per time step �� � 1 of
the stalk is practically independent of the total volume of
the system, with s � 25:5 for the range of coupling con-
stants we used. As explained in Sec. III, we measure the
spacetime volume by ~N4, that is, in units of four-simplices
of type (4,1). Since every spatial tetrahedron is contained
in exactly two (4,1)-simplices, the average three-volume
N3��� at integer time � in the stalk is therefore given by
s=2.

A suitable observable for studying the large-scale struc-
ture of the universe is the volume-volume correlator5

C ~N4
�	� 	 hN3�0�N3�	�i

�
Xt
��1

4h�N3��� � s=2��N3��� 	� � s=2�i

� ~N4 � ts�2
; (7)

which satisfies the normalization condition

Xt�1

	�0

C ~N4
�	� � 1; (8)

where a periodic identification of the time variable has
been assumed. Because of the subtraction of the cutoff
volume s=2, the volume-volume correlator is only sensitive
to the extended part of the geometry, and measures the
distribution of the ‘‘effective’’ four-volume

~N eff
4 �

~N4 � ts (9)

contained in it. We have measured the distribution (7) for
system sizes ~N4 � 10; 20; 40; 80 and 160 k, at �0 � 2:2,
� � 0:6 and t � 80. We expect the distribution to scale as
a function of ~N4, with an underlying universal distribution

c ~N4
�x�: � � ~Neff

4 �
1=DHC ~N4

�� ~Neff
4 �

1=DHx� (10)
-8



3 3.25 3.5 3.75 4 4.25 4.5 4.75
0

0.0005

0.001

0.0015

0.002

DH

er
ro

r

FIG. 8. Estimating the best scaling dimension DH from opti-
mal overlaps of rescaled volume-volume distributions. The plot
variable is the average error of the overlap as function of DH.
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FIG. 7 (color online). The scaling of the volume-volume dis-
tribution, as function of the rescaled time variable x �
	=� ~Neff

4 �
1=4. Data points come from system sizes ~N4 �

10; 20; 40; 80 and 160 k at �0 � 2:2, � � 0:6 and t � 80.

7Of course, we will never be able to show by computer
simulations alone that the effective dimension is exactly equal
to four. What we are assuming here is that this dimension is
indeed an integer, because there are no classical theories describ-
ing the dynamics of geometries of dimensionality 3.9, say. Also,
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depending on the rescaled time variable6

x �
	

� ~Neff
4 �

1=DH
: (11)

The value of the scaling dimension DH is then determined
by the method of ‘‘best overlap’’. In it, we compare each
measured distribution with that of the 40k system. In order
to provide a comparison point for each value of x and to
quantify the overlap, we first performed a spline interpo-
lation of the discrete distribution at 40 k. Figure 7 shows a
combined plot of the rescaled distributions, using DH � 4
as a scaling dimension, and with a plot range symmetrized
around x � 0. The overlap is nearly perfect. As can be read
off Fig. 8, which shows the average error of the overlap as a
6We are employing standard finite-size scaling methods famil-
iar from the theory of critical phenomena (see [36] for a textbook
exposition), adjusted to our problem.
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function of DH, the best overlap corresponds to DH �
3:8� 0:25. We take this outcome as strong evidence that
our spacetimes are genuinely four-dimensional at large
scales.7

B. The evidence for spacetime dimension four:
Spectral dimension

Another way of obtaining an effective dimension of the
nonperturbative ground state, its so-called spectral dimen-
sion DS, is from studying a diffusion process on the under-
lying geometric ensemble. On a d-dimensional manifold
with a fixed, smooth Riemannian metric gab���, the diffu-
sion equation has the form

@
@�

Kg��; �0;�� � �gKg��; �0;��; (12)

where � is a fictitious diffusion time, �g the Laplace
operator of the metric gab��� and Kg��; �0;�� the proba-
bility density of diffusion from � to �0 in diffusion time �.
We will consider diffusion processes which initially are
peaked at some point �0,

Kg��; �0;� � 0� �
1����������������

detg���
p 	d��� �0�: (13)

For the special case of a flat Euclidean metric, we have

Kg��; �0;�� �
e�d

2
g��;�0�=4�

�4���d=2
; gab��� � 	ab: (14)

For general curved spaces Kg has the well-known asymp-
totic expansion

Kg��; �0;�� �
e�d

2
g��;�0�=4�

�d=2

X1
r�0

ar��; �0��r (15)

for small �, where dg��; �0� denotes the geodesic distance
between � and �0. Note the appearance of the power ��d=2

in this relation, reflecting the dimension d of the manifold,
just like in the formula (14) for flat space. This happens
because small�’s correspond to short distances and for any
given smooth metric short distances imply approximate
flatness.

A quantity that is easier to measure in numerical simu-
lations is the average return probability Pg���, which
possesses an analogous expansion for small �,
it is known from the measurement of Hausdorff dimensions in
two-dimensional Euclidean quantum gravity (where it can be
proven that the Hausdorff dimension is four (!) [37,38]) that the
computer simulations tend to slightly underestimate the actual
values [39,40].
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Pg��� 	
1

V

Z
dd�

����������������
detg���

q
Kg��; �;�� �

1

�d=2

X1
r�0

Ar�r;

(16)

where V is the spacetime volume V �
R
dd�

����������������
detg���

p
and

the expansion coefficients Ar are given by

Ar �
1

V

Z
dd�

����������������
detg���

q
ar��; ��: (17)

For an infinite flat space, we have Pg��� � 1=�4���d=2

and thus can extract the dimension d by taking the loga-
rithmic derivative,

�2
d logPg���

d log�
� d; (18)

independent of �. For nonflat spaces and/or finite volume
V, one can still use Eq. (18) to extract the dimension, but
there will be corrections for sufficiently large �. For finite
volume, in particular, Pg��� goes to 1=V for �� V2=d

since the zero mode of the Laplacian ��g will dominate
the diffusion in this region. For a given diffusion time � the
behavior of Pg��� is determined by eigenvalues �n of��g

with �n 
 1=�, and the contribution from higher eigen-
values is exponentially suppressed. Like in the flat case,
where diffusion over a time � probes the geometry at a
linear scale

����
�
p

, large � corresponds to large distances
away from the origin �0 of the diffusion process, and small
� to short distances.

The construction above can be illustrated by the simplest
example of diffusion in one dimension. The solution to the
diffusion equation on the real axis is

K��;�� �
e��

2=4�����������
4��
p ; K�k;�� � e�k

2�; (19)

where K�k;�� denotes the Fourier transform of K��;��.
The eigenvalues of the Laplace operator are of course just
given by k2. In order to illustrate the finite-volume effect,
let us compactify the real line to a circle of length L. The
return probability is now given by

PL��� �
1

L

X1
n��1

e�k
2
n� �

1����������
4��
p

X1
m��1

e�L
2m2=4�;

kn �
2�n
L

;
(20)

where in the second step we have performed a Poisson
resummation to highlight the ��1=2-dependence for small
�. In line with the discussion above, the associated spectral
dimension DS��� is constant (and equal to one) up to
�-values of the order L2=4�2, and then goes to zero
monotonically.

In applying this set-up to four-dimensional quantum
gravity in a path-integral formulation, we are interested
in measuring the expectation value of the return probability
064014
Pg���. Since Pg��� defined in (16) is invariant under
reparametrizations, it makes sense to take its quantum
average over all geometries of a given spacetime volume
V4,

PV4
��� �

1
~ZE�V4�

Z
D�gab�e�

~SE�gab�	
�Z

d4x
���������
detg

p
� V4

�

� Pg���; (21)

where the partition function ~ZE and the corresponding
gravitational action ~SE were defined in (4). Since the
small-� behavior of Pg��� is the same for each smooth
geometry, it might seem obvious that the same is true for
their integral PV4

���, but this need not be so. Firstly, the
scale � in (21) is held fixed, independent of the geometry
gab, while the expansion (16) contains reference to higher
powers of the curvature of gab. Secondly, one should keep
in mind that a typical geometry which contributes to the
path integral—although continuous—is unlikely to be
smooth. This does not invalidate our treatment, since dif-
fusion processes can be meaningfully defined on much
more general objects than smooth manifolds. For example,
the return probability for diffusion on fractal structures is
well studied in statistical physics and takes the form

PN��� � ��DS=2F
�

�

N2=DS

�
; (22)

where N is the ‘‘volume’’ associated with the fractal struc-
ture and DS the so-called spectral dimension, which is not
necessarily an integer. An example of fractal structures are
branched polymers (which will play a role in Sec. VI below
when we analyze the geometry of spatial slices), which
generically have DS � 4=3 [41,42]. Extensive numerical
simulations [43,44,65] have shown that in 2d quantum
gravity the only effect of integrating over geometries is
to replace the asymptotic expansion (16), which contains
reference to powers of the curvature related to a specific
metric, by the simpler form (22).

Our next task is to define diffusion on the class of metric
spaces under consideration, the piecewise linear structures
defined by the causal triangulations T. We start from an
initial probability distribution

KT�i; i0;� � 0� � 	i;i0 ; (23)

which vanishes everywhere except at a randomly chosen
(4,1)-simplex i0, and define the diffusion process by the
evolution rule

KT�j; i0;�� 1� �
1

5

X
k!j

KT�k; i0;��: (24)

These equations are the simplicial analogues of (13) and
(12), with the triangulation (together with its
Euclideanized edge-length assignments) playing the role
of gab, and k! j denoting the five nearest neighbors of the
four-simplex j. In this process, the total probability
-10
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FIG. 9 (color online). The spectral dimension DS��� of causal
dynamical triangulations as a function of the diffusion time �,
which is a direct measure of the distance scale probed. The
measurements were taken at volumes ~N4 � 20 k (bottom curve),
40 k and 80 k (top curve), and for �0 � 2:2, � � 0:6 and t � 80.

8In both Figs. 9 and 10 we have only plotted the region where
the curves for odd and even� coincide, in order to exclude short-
distance lattice artifacts. The two curves merge at about � � 40.
Since the diffusion distance grows as

����
�
p

, a return diffusion time
of 40 corresponds to just a few steps away from the initial four-
simplex.
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X
j

KT�j; i0;�� � 1 (25)

is conserved. The return probability to a simplex i0 is then
defined as PT�i0;�� � KT�i0; i0;�� and the quantum aver-
age as

PN4
��� �

1
~ZE�N4�

X
TN4

e�
~SE�TN4

� 1

N4

X
i02TN4

KTN4
�i0; i0;��;

(26)

where TN4
denotes a triangulation with N4 four-simplices,

and ~SE�TN4
� and ~ZE�N4� are the obvious simplicial ana-

logues of the continuum quantities (4) at fixed four-
volume. Assuming that the return probability behaves
according to (22), with N � N4, we can extract the value
of the fractal dimension DS by measuring the logarithmic
derivative as in (18) above, as long as the diffusion time is
not much larger than N2=DS

4 ,

DS��� � �2
d logPN4

���

d log�
� finite-size corrections: (27)

From the experience with numerical simulations of 2d
Euclidean quantum gravity in terms of dynamical triangu-
lations [40,43,44,65], we expect some irregularities in the
behavior of the return probability for the smallest �, i.e.
close to the cut-off scale. Typically, the behavior of PN���
for odd and even diffusion steps � will be quite different
for small � and merge only for � � 20� 30. After the
merger, the curve enters a long and stable regime where the
right-hand side of (27) is independent of �, before finite-
size effects start to dominate which force it to go to zero.
(Also the 3d Euclidean hypersurfaces of constant time in
our current set-up show a very similar behavior, as can be
seen in Fig. 15.)

The origin of the odd-even asymmetry can again be
illustrated by the simple case of diffusion on a one-
dimensional circle, whose solution is the discretized ver-
sion of the solution (20). In this case the asymmetry of the
return probability between odd and even time steps is
extreme: if we use the two-dimensional version of the
simple evolution Eq. (24), we obtain

PL��� �

8<
:

0 for � odd;
1

2�
�
�=2

� �
for � even; (28)

as long as �< L=2, where L is the discrete volume of the
circle (i.e. the number of its edges). It is of course possible
to eliminate this asymmetry by using an ‘‘improved’’ dis-
cretized diffusion equation, but in the case of higher-
dimensional random geometries like the ones used in 4d
causal dynamical triangulations this is not really necessary.
The random connectivity will eliminate the asymmetry
after a number of steps as exemplified by Fig. 15.
064014
The results of measuring the spacetime spectral dimen-
sion DS were first reported in [21]. We work with system
sizes of up to ~N4 � 80k with �0 � 2:2, � � 0:6 and t �
80. Since we are interested in the bulk properties of quan-
tum spacetime and since the volume is not distributed
evenly in the time direction (cf. Figure 6), we always start
the diffusion process from a four-simplex adjacent to the
slice of maximal three-volume. When this is done the
variations in the curve DS��� for different generic choices
of TN and starting simplices i0 are small. The data curves
presented in Fig. 9 were obtained by averaging over 400
different diffusion processes performed on independent
configurations. Because following the diffusion out to a
time � � 400 is rather time-consuming and the variation
in PT�i0;�� as a function of T and i0 (with the initial
conditions specified above) is small, we have not per-
formed a more extensive average over configurations. We
have omitted error bars from Fig. 9 to illustrate how the
curves converge to a shape that represents DS��� in the
infinite-volume limit, and which is given by the envelope
of the data curves for finite volume. For the two lower
volumes, ~N4 � 20 k and ~N4 � 40 k, there still are clear
finite-volume effects for large diffusion times �.

By contrast, the top curve—corresponding to the maxi-
mal volume ~N4 � 80 k—continues to rise for increasing
�, which makes it plausible that we can ignore any finite-
size effects and that it is a good representative of the
infinite-volume limit in the �-range considered.8 We will
therefore concentrate on analysing the shape of this curve,
-11



0 100 200 300 400

2.8

3

3.2

3.4

3.6

3.8

σ

D
S

FIG. 10 (color online). The spectral dimension DS of the
universe as function of the diffusion time �, measured for �0 �
2:2, � � 0:6 and t � 80, and a spacetime volume N4 � 181 k.
The averaged measurements lie along the central curve, together
with a superimposed best fit DS��� � 4:02� 119=�54� ��.
The two outer curves represent error bars.

9We work with Euclidean signature in order to facilitate
comparison with the simulation data, which also describe
Euclidean, Wick-rotated geometries.
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which is presented separately in Fig. 10, now with error
bars included. (More precisely, the two outer curves rep-
resent the envelopes to the tops and bottoms of the error
bars.) The error grows linearly with �, due to the occur-
rence of the log� in (27).

The remarkable feature of the curve DS��� is its slow
approach to the asymptotic value of DS��� for large �. As
emphasized in [21], this type of behavior has never been
observed previously in systems of random geometry, and
again underlines that causal dynamical triangulations in
four dimensions behave qualitatively differently, and that
the quantum geometry produced is in general richer. The
new phenomenon we observe here is a scale dependence of
the spectral dimension, which has emerged dynamically.
This is to be contrasted with fractal structures which show
a self-similar behavior at all scales, and which lead to
DS���-curves like that shown in Fig. 15.

As explained in [21], the best three-parameter fit which
asymptotically approaches a constant is of the form

DS��� � a�
b

�� c
� 4:02�

119

54� �
: (29)

The constants a, b and c have been determined by using the
full data range � 2 �40 400� and the curve shape agrees
well with the measurements, as can be seen from Fig. 10.
Integrating (29) we obtain

P��� �
1

�a=2�1� c=��b=2c
; (30)

from which we deduce the limiting cases

P��� �
�

��a=2 for large �;
���a�b=c�=2 for small �:

(31)

We conclude that the quantum geometry generated by
causal dynamical triangulations has a scale-dependent
064014
spectral dimension which increases continuously from a�
b=c to a with increasing distance. Substituting the values
for a, b and c obtained from the fit (29), and taking into
account their variation as we vary the �-range ��min; �max�
and use different weightings for the errors, we obtained the
asymptotic values [21]

DS�� � 1� � 4:02� 0:1 (32)

for the ‘‘long-distance spectral dimension’’ and

DS�� � 0� � 1:80� 0:25 (33)

for the ‘‘short-distance spectral dimension’’. A dynami-
cally generated scale-dependent dimension with this be-
havior is truly exciting news, because it signals the
existence of an effective ultraviolet cut-off for theories of
gravity with and without matter coupling, brought about by
the (highly nonperturbative) behavior of the quantum-
geometric degrees of freedom on the very smallest scale.

C. The effective action

In order to get a more detailed understanding of the
geometric properties of our universe, we next attempt to
reproduce the overall shape of the universe of Fig. 6 (in
other words, the behavior of its three-volume V3 as a
function of time) from an effective action for the single
variable V3���, valid at sufficiently large scales V3 � 1.
This will enable us to compare our results with those from
so-called minisuperspace models. The simplest such mod-
els also take the form of dynamical systems of a single
variable, namely, the scale factor a���, describing the linear
spatial extension of the universe and related to the three-
volume by

V3��� / a3���: (34)

Despite the resemblance, the status of our derivation is
very different from that of a minisuperspace model. In the
latter, one works from the outset in a drastically truncated
framework, where the classical dynamics of the entire
universe is described by the variable a��� instead of the
full metric data gij��; x�. For closed universes, and in
(Euclidean) proper-time coordinates, this corresponds to
considering line elements of the form

ds2 � d�2 � a2���d�2
3; (35)

where d�2
3 denotes the metric on the three-sphere. The

corresponding Einstein-Hilbert action9 is

Smini �
1

G

Z
d�
�
�a���

�
da���
d�

�
2
� a��� � �a3���

�
;

(36)
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FIG. 11. Extracting the scaling dimension D2 by finite-size
scaling, in order to determine the kinetic term in the effective
action of the scale factor.
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FIG. 12 (color online). The distribution PN3
�z� of rescaled

volume differences z between adjacent spatial slices, for three-
volumes N3 � 20; 40; 80 and 160 k.
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including a cosmological constant �. These minisuper-
space models are often taken as starting point for a path-
integral quantization, leading to quantum cosmologies like
those used by Hartle and Hawking in their semiclassical
evaluation of the wave function of the universe [45] (see
also [46–53] for related work). The hope is that such a
truncated version of quantum gravity still describes some
features of the full theory correctly.

By contrast, the central feature of dynamical triangula-
tions is a bona fide path integration over all geometric
degrees of freedom (which, in particular, will have a non-
trivial spatial dependence), without appealing to any sym-
metry reduction, either classical or quantum-mechanical.
In the final result, one may then decide to keep track only
of the three-volume (equivalently, the scale factor) as a
dynamical variable and try to extract its effective large-
scale behavior. It is an interesting question whether the two
approaches (that is, truncating the degrees of freedom
before or after the quantization) are equivalent. In view
of the severe difficulties in making quantum-cosmological
path integrals well-defined and convergent [51], one might
hope that they are not. This is indeed the conclusion from
the findings in causal dynamical triangulations we are
about to describe. As we will see, the collective effect of
the full quantum-gravitational degrees of freedom changes
the dynamical description in terms of the single scale
factor in a drastic way.

Our first step is to determine the kinetic term in the
effective action of the dynamically triangulated model,
and compare it to the term �a _a2 of the minisuperspace
model (36). We obtain this term by measuring the distri-
bution of differences of adjacent spatial volumes

z �
jN3��� 1� � N3���j

N1=D2
3

; N3 � N3��� � N3��� 1�:

(37)

for different values of the discrete three-volume N3. Again,
the information we extract is two-fold: we first determine
the exponent D2 from best overlap, and subsequently the
overall shape of the universal distribution. In order to
maximize the sampled three-volumes, we employ the
free boundary conditions described in Sec. III above.
That is, all configurations extend over three time steps,
�� � 3, with only a single vertex each at the initial time
� � 0 and the final time � � 3, and the relevant volume
difference given by (37), with � � 1. From taking mea-
surements at system volumes ~N4 � 10; 20; 40; 80 and
160 k, we extracted a best value for D2 by minimizing
the failure of the curves to overlap for different volumes,
using the same method described earlier for the determi-
nation of the scaling dimension DH. The result is illus-
trated by the curve of Fig. 11 which has its minimum at
about 2.12, which we interpret as evidence forD2 � 2. The
overlapping curves for the volume distributions PN3

�z� at
D2 � 2 are depicted in Fig. 12. Apart from z-values near
064014
zero, the overlap is clearly good. Moreover, the curve is
fitted very well by a Gaussian e�cz

2
, with a positive con-

stant c independent of N3.
From estimating the entropy of spatial geometries, that

is, the number N �N3� of three-dimensional configurations
at given three-volume N3, one expects [27] corrections of
the form �c0N�

3 , with 0 
 �< 1, c0 > 0, to the exponent
�cz2 	 �c��N3=���2=N3 in the distribution PN3

�z�. This
leads us to the following form for the Euclidean effective
action, valid for large three-volume N3���,

Seff
N4
/
Xt
��0

�
c1

N3���

�
�N3���

��

�
2
� c2N

�
3 ��� � �N3���

�
;

(38)

with 0 
 �< 1, and c1, c2 > 0. In (38), � is a Lagrange
multiplier to be determined such that

Xt
��0

N3��� � N4: (39)
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4
(x

)

FIG. 13 (color online). The scaling of the volume-volume
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Unfortunately it is impossible to measure the precise form
of the correction term c2N

�
3 directly in a reliable way.

However, it is clear from a general scaling of the above
action that the only possibility for obtaining the observed
scaling law, expressed in terms of the variable �=N1=4

4 , is by
setting � � 1=3.10

Reverting back to a formulation in terms of the scale
factor a���, and by suitable rescaling of � and a���), we can
now write the effective action of causal dynamical trian-
gulations at fixed continuum four-volume V4 as

Seff
V4
�

1

G

Z t

0
d�
�
a���

�
da���
d�

�
2
� a��� � �a3���

�
: (40)

Again, this expression is valid for sufficiently large-scale
factor, since we have explicitly dropped any reference to
the quantum corrections at small a. Comparing now with
(36), the startling conclusion is that we have indeed reder-
ived the Euclidean minisuperspace action. However, here
we have done it from first principles, and up to an overall
sign. The strongest evidence so far that the effective action
is indeed given by (40) comes from using it as input to
create an artificial distribution of three-volumes N3���
[20]. We then evaluate the volume-volume correlator
c ~N4
�x� of Eq. (10) on this ensemble in the same way as

we would do for genuine Monte Carlo data. As illustrated
in Fig. 13, the matching of this new curve with the previous
Monte Carlo results (c.f. Fig. 7) is impressive.

One immediate conclusion is that the collective effect of
the dynamical degrees of freedom other than a���, which
are ignored in minisuperspace models, is to change the sign
of the kinetic term for the scale factor (the ‘‘global con-
formal mode’’) from �a _a2 to �a _a2. This is the same
nonperturbative cure of the conformal divergence of the
Euclidean path integral already encountered in dimension
3 [54,55] and argued for from a continuum point of view in
[56]. It provides further evidence that the well-known
sicknesses and ambiguities of the Euclidean path-integral
approach are features of the semiclassical and symmetry-
reduced approximations, not shared by a full nonperturba-
tive treatment which is rooted in a causal, Lorentzian
formulation.

We have begun an exploration of the consequences of
our result for cosmology and quantum cosmology. When
searching for a physical interpretation, one must keep in
mind that the effective action (40) we extracted directly
from the computer simulations holds for fixed four-
volume. Translating between propagators of fixed four-
volume and fixed cosmological constant requires a further
Laplace transformation [20]. Moreover, we are still in the
10In order to correctly reproduce the dynamics for small three-
volume, namely, the stalk observed at large times �, the function
N1=3

3 in (38) with � � 1=3 must be replaced by a function of N3
whose derivative at 0 goes like N�

3 , � � 0, as explained in [20].
A simple choice is the replacement N1=3

3 ! �1� N3�
1=3 � 1.
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Euclidean sector of the theory, and must Wick-rotate back
to obtain physical, Lorentzian results.

Nevertheless, it is exciting to see that the computation of
some physical quantities is already within reach:, for ex-
ample, we showed in [20] how to derive the semiclassical
wave function of the universe without explicitly perform-
ing an inverse Wick rotation. The wave function can be
compared directly with those arising in standard minisu-
perspace treatments, like those of Vilenkin [47,53],
Hawking [45,46] and Linde [48]. To relate to the dynamics
of the real universe, especially at very early times, we will
need to couple matter to our causal geometries. These
issues are currently being investigated and will be reported
in the near future.

VI. NONCLASSICAL STRUCTURE OF THE
UNIVERSE: THE GEOMETRY OF SPATIAL

SLICES

Having established that our quantum universe possesses
certain classical features at sufficiently large scales, we are
interested in a more detailed characterization of its geome-
try. We report in this section on various measurements
associated with the geometry of spatial slices � � const,
and in the next section on that of ‘‘thick spatial slices’’, by
which we mean geometries of time extension �� � 1,
which are ‘‘sandwiched’’ between adjacent spatial slices
of integer-time �. Our measurements describe certain in-
variant geometric properties of the ground state of space-
time, but we make at this stage no attempt to relate them to
actual observables that one could go out and measure in the
real universe. They will merely serve to illustrate the
complexity of the geometric structure and highlight some
of its nonclassical features.

Because our universes have a well-defined global notion
of (proper) time �, it is relatively straightforward to per-
-14
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FIG. 14 (color online). Log-log plot of the average linear
geodesic size hriN3

versus the three-volume N3, measured for
� � 0:4. The straight line corresponds to a Hausdorff dimension
dh � 3. Similar measurements for � � 0:5 and 0:6 yield vir-
tually indistiguishable results.
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form measurements within a slice of constant �. We first
restrict ourselves to slices S of integer-�. Such slices
consist entirely of spatial tetrahedra (whose edges are all
spacelike). The slices are of the form of spatial interfaces
of topology S3 between adjacent sandwiches made out of
four-simplices. As we will see, the Hausdorff dimension of
the slices turns out to be three, as one would have naively
expected in a four-dimensional universe. However, the
slice does not behave three-dimensionally under diffusion,
and we will see that its structure is fractal in a precise sense
which will be described below.

A. Hausdorff dimension

Our algorithm for determining the Hausdorff dimension
dh of the spatial slices is as follows 11. From a given S of
discrete volume N3, we randomly pick a tetrahedron i0.
From i0, we move out by one step and obtain n�1� tetrahe-
dra at distance 1 from i0 (that is, its nearest neighbors).
Moving out by a further step, there will be n�2� tetrahedra
at distance 2, and so on until all tetrahedra have been
visited. The numbers n�r� recorded for each distance r
sum up to

Xrmax

r�0

n�r� � N3: (41)

Finally, we measure the average linear extension

hri �
1

N3

X
r

rn�r� (42)

of the spatial slice. For a slice of volume N3, this process is
repeated N3=50� 1 times with different randomly chosen
initial tetrahedra. The expectation value hri is then aver-
aged over these measurements. In this way, we obtain for
every slice a data pair

fhhrii; N3g; (43)

representing one ‘‘bare’’ measurement.
This process is performed for all t spatial slices of the

geometry, thus collecting t data pairs. We have typically
done this for about 1000 different spacetime geometries,
obtaining altogether 1000t measurement points. The final
results are sorted by their hhrii-value (in practice a con-
tinuous variable) and averaged over a sequence of 100
consecutive points. This reduces the number of data points
to 10t, which are then displayed on a log-log plot. In the
presence of finite-size scaling, we expect them to follow a
11In order to obtain good values for the Hausdorff dimension, as
defined below, it is important to use that space is isotropic. This
is the case for the spatial slices. However, it is obviously not
really the case for the whole spacetime, where we have a bulk
region and a stalk region. Thus for the measurement of the
macroscopic dimensionality DH of spacetime the scaling method
described above is superior to the use of the Hausdorff
dimension.
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curve

hN3i�r� / �hri � r0�
dh ; (44)

defining a spatial Hausdorff dimension dh. In relation (44),
we have included a finite shift r0 of the linear size r, based
on earlier experience with finite-size corrections in the
scaling relations [40,44]. Our results, which show universal
behavior and scaling, are presented in Fig. 14. The shift
value r0 � 1:75 gives the best linear fit. The resulting value
of dh � 3 is practically independent of r0.

B. Spectral dimension

Given the results of the previous sections, one might be
tempted to conclude that the geometry of our dynamically
generated ground state simply is that of a smooth four-
dimensional classical spacetime, up to Gaussian fluctua-
tions. A more detailed analysis of the geometry of spatial
slices makes explicit that this is not so. We start by mea-
suring the spectral dimension ds of the spatial slices by
studying diffusion on them. Analogous to the four-
dimensional case described in Sec. V B, we choose an
initial probability distribution

KT�i; i0;� � 0� � 	i;i0 (45)

on the three-dimensional triangulation T of the slice S,
which is zero everywhere except at a randomly chosen
tetrahedron i0, and define the evolution in discrete time �
by the rule

KT�j; i0;�� 1� �
1

4

X
k!j

KT�k; i0;��; (46)

where k! j labels the (four) nearest neighbors of the
tetrahedron j. We measure the return probability
PT�i0;�� � KT�i0; i0;��. The measurements of the return
-15
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FIG. 15 (color online). The logarithmic derivative of the return
probability for �0 � 2:2 and � � 0:4, and spatial volumes N3

between 500 and 2000. The measurement was performed for a
system with N4 � 91:1k and t � 40. The increasing and de-
creasing lines correspond to even and odd times, and illustrate
the different behavior for short diffusion times �.

12In the present context, a ‘‘baby universe’’ is a part of the
three-dimensional spatial triangulation which is connected to the
remainder by a ‘‘minimal neck’’. This means that the interface
between the triangulated baby universe and the ‘‘parent uni-
verse’’ is topologically a sphere and of minimal size.
Equivalently, it is given by the surface of a tetrahedron consist-
ing of four triangles. This is easier to visualize in a two-
dimensional simplicial manifold where the analogous minimal
neck is an S1 consisting of three edges.
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probabilities are repeated a number of times for each slice
S with different starting points i0, precisely as in the
measurement of the Hausdorff dimension of S. They are
then repeated for independent configurations (four-
dimensional triangulations generated by the Monte
Carlo-procedure), again with the same statistics as in the
measurement of the Hausdorff dimension of the three-
dimensional spatial slices. Results are stored for averaged
slices with volumes N3 � n� 500� 50, because we ex-
pect them to depend on the system volume. In this way we
define the average return probability PN3

��� and extract the
spectral dimension

ds��� � �2
d logPN3

���

d log�
(47)

from the logarithmic derivative exactly as in the four-
dimensional diffusion process.

The result is displayed in Fig. 15 for even and odd times
separately, because of the different behavior of PN3

��� for
short evolution times. As can be seen the result is very
stable for larger diffusion times and gives ds � 1:56� 0:1
for the spectral dimension, which is only about half the
expected ‘‘classical’’ value!

C. Critical exponents

The noncanonical value of the spatial spectral dimension
shows that the quantum geometry has a nontrivial micro-
structure, which definitely is not that of a smooth four-
dimensional manifold. In fact, we already have come
across further evidence of this fact in the measurement of
the spacetime spectral dimension which approached the
value four only at long distances. One way to obtain an
additional characterization of geometries at a fixed time is
through the functional form of their entropy or ‘‘number of
064014
states’’ N �N� as function of their discrete volume N. Two
different functional forms for the entropy have appeared in
previous studies of simplicial three-dimensional quantum
gravity [27], namely,

N �N3� / N
�3�str
3 e�0N3 ; (48)

N �N3� / e
�0N3�c1N�

3�; � < 1; (49)

with a nonuniversal constant �0 measuring the leading
exponential growth. The critical exponent str in (48)
characterizes the fractal structure of the geometry [57–
59]. The larger the value of str, the more pronounced
the tendency for a given three-geometry to develop so-
called baby universes12.

The functional form (49) on the other hand indicates a
suppression of baby universes and formally may be seen as
the limit str ! �1 of (48). Below we will meet both
functional forms. It is important to understand that the
entropy N �N3� in (48) and (49) does not merely count
the possible three-geometries, but also includes the weight
coming from the action: in counting geometries we are
making an importance sampling where the action defines
the probability weight of the geometry. We saw above that
the choice of bare coupling constants in the four-
dimensional theory determines in which of the different
phases of the lattice theory we end up. The entropy of the
spatial geometries at fixed time is different in the three
phases, even if the underlying geometries are identical, and
simply given by the space of all (abstract) triangulations of
S3.

If the functional form of the entropy is given by Eq. (48),
a convenient way of measuring the exponent str is through
the distribution of baby universes [58,59]. Calling B the
volume of the baby universe (the number of tetrahedra
contained in it) and N3 the total volume of the spatial
geometry, we expect a distribution of the form [58,59]

P�x� / x�2�str

�
1�

c�N3�

x
�   

�
; (50)

where

x �
B
N3

�
1�

B
N3

�
; 0< x< 1=4; (51)

and c�N3� / 1=N3 is a volume-dependent constant.
Relation (50) is expected to hold for sufficiently large B.
(It was derived under the assumption that the samples of
-16
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FIG. 17 (color online). Distribution P�n� of the coordination
numbers n of vertices in a three-dimensional spatial slice, for
�0 � 2:2 and � � 0:4. The straight line represents a numerical
fit to formula (53), with n0 � 2.
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FIG. 16 (color online). The distribution of the number of baby
universes with minimal neck as a function of their rescaled size
x, for �0 � 2:2 and � � 0:4. Distributions are normalized by the
total number of baby universes in constant-time slices with N3 >
400. This number grows with the total spacetime volume N4,
which is 45.5 k (bottom), 91 k (middle) and 181 k (top curve).
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both baby and parent universes have an asymptotic distri-
bution of the form (48).) Since it is very difficult in the
present set-up to collect data for any particular fixed value
of N3, we have performed ‘‘integrated’’ measurements to
determine str, by collecting the distribution of the number
of baby universes of a given x for various volumes N3 >
400. Also in this case we expect the distribution of baby
universes to follow

P�x� / x�2�str

�
1�

d
x
�   

�
; (52)

with a constant d depending now on the range of three-
volumes N3 over which we have averaged the distribution.
The resulting distributions for �0 � 2:2, � � 0:4 and total
system sizes N4 � 45:5; 91 and 181 k are shown in Fig. 16.
Although the measurement is of rather poor quality, and—
depending on which range of x is used for the fit—the
uncertainty in str rather big, the approximate linearity of
the plots strongly suggests that the distribution is indeed
dominated by a power law for x. Fitting str to formula
(52), we obtain str � 0:35� :09.

Another, seemingly independent, way of characterizing
the short-distance behavior of the spatial slices S is by
measuring the coordination number of vertices in S, i.e. the
number nv of spatial tetrahedra sharing a given vertex v.13

In the simulations, we observe vertices with relatively high
coordination numbers n, and a distribution of n which can
be approximated a simple power law

P�n� /
1

�n� n0�
1�� : (53)
13Note that for a 3d manifold there is a linear relation between
the coordination number of a vertex v and the number of links
emerging from v.
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As usual, we have included a finite shift n0 to take into
account finite-size effects. For a three-dimensional trian-
gulation, n � 4 and n may take only even values.

Figure 17 illustrates the distribution of coordination
numbers for 4 
 n 
 200, measured for a system with
�0 � 2:2, � � 0:4, t � 40 and system size N4 � 181 k.
The data points have been collected from spatial slices with
three-volume N3 > 500, and can be seen to behave per-
fectly linearly on the log-log plot. The straight line in
Fig. 17 corresponds to a fit with � � 1:53. In theories of
random geometry, this type of power-law behavior of the
vertex coordination number was first observed in dynami-
cally triangulated bosonic string theory [60]. The value of
the exponent � extracted from the data by �2-fits depends
slightly on the choice of n0 and of the cut-off in the data.
Our estimate is � � 1:53� 0:05.

Another way to determine � is by studying the distribu-
tion of points with the largest coordination number as a
function of the spatial volume N3 (or the total number of
vertices N0�N3�, the two numbers being proportional for
the phase of four-dimensional gravity we are considering
here). One expects a behavior of the form

P�n > nmax�T�� /
1

N3�T�
; (54)

where nmax�T� denotes the maximal coordination number
for a particular three-dimensional triangulation T. The
proportionality (54) is expected to be valid if the distribu-
tion P�n� is such that a typical nmax�T� is so small that it is
not influenced by the fact that the volume N3�T� contains
only a finite number N0�T� of vertices. (Clearly, nmax�T�
cannot be larger than N0�T�=2.) Under this assumption the
orders nv of the N0�T� vertices v in T are representative of
the distribution P�n�. Since there are N0�T� of them, the
chance of ‘‘drawing’’ an (abstract) vertex from the distri-
bution P�n� with a coordination number n > nmax�T� is of
-17
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FIG. 18 (color online). Distribution of the largest coordination
number nmax as a function of the spatial volume N3, for �0 �
2:2, � � 0:4, t � 40 and N4 � 91:1 k.
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the order 1=N0�T�, which, given N0�N3� / N3, is equiva-
lent to (54). Consequently, using the scaling (53), we
obtain that

nmax�N3� / N
1=�
3 : (55)

To check this property, we measure for each spatial slice S
the largest coordination numbers in S. Since these fluctuate
considerably, we measure the average of the three largest
values for each S. We then follow a strategy similar to that
adopted for the measurement of the Hausdorff dimension.
Namely, we collect data pairs fN3; nmaxg, sort the resulting
set by volume N3 and average over a set of 1000 measure-
ments. Figure 18 shows the result in the form of a log-log
plot, confirming the expected linear behavior. The solid
line corresponds to the value

1

�
� 0:681; (56)

in fair agreement with the previous measurement from
smaller correlation numbers, and the fit gives 1=� �
0:681� :05, translating roughly into � � 1:468� 0:12.
The origin of the uncertainty is the chosen range in the
three-volume N3 taken into account in the fitting.

D. Relation to branched polymers

The above measurements lead to the intriguing conclu-
sion that all the geometric properties of the spatial slices
measured so far can be modeled by a particular kind of
branched polymers14, as we will now go on to explain.

A (planar) branched polymer is an (abstract) one-
dimensional polymer which admits arbitrary branching. It
is modeled by (abstract) connected planar graphs which
contain no loops. As a consequence, cutting any link of
14In combinatorics, branched polymers are conventionally
called rooted trees, where ‘‘rooted’’ means that one link or
vertex is marked, and therefore distinguished from the rest.
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such a graph will result in two disconnected graphs. At
each vertex an ‘‘incoming’’ link is allowed to ‘‘branch’’
into n� 1 ‘‘outgoing’’ links with probability pn. The
statistical model of (rooted) branched polymers is then
defined by the partition function

ZBP��� �
X
N

e��NZBP�N� (57)

ZBP�N� �
X
BPN

��BPN�; ��BPN� �
YN
n�1

pn; (58)

where the summation is over all branched polymers withN
vertices, and the weight ��BP� is the product of the
branching probabilities. One can also embed the abstract
branched polymers in a target space, either a lattice or Rd.
In the latter case, it is convenient to work with a quadratic
action �xu � xv�2 for pairs of nearest-neighbor vertices u
and v with coordinates xu and xv, and perform an addi-
tional integration over the target-space coordinates in the
partition function.

The fractal properties of branched polymers are well
understood. The leading behavior for large N is an ana-
logue15 of Eq. (48), namely,

ZBP�N� � N�2e�0N; (59)

where  can take a range of real values, depending on the
branching probability pn. The intrinsic Hausdorff dimen-
sion d�in�h of branched polymers with  > 0 is [61–63]

d�in�h �
1


; (60)

with spectral dimension given by [41,42]

ds �
2

1� 
: (61)

We note that formulas (60) and (61) already provide a
close match with our data if we identify  with the str of
the simulations. As we will see, there is indeed a concrete
branched-polymer model which has the -value we have
observed. In regularized bosonic string theory one is natu-
rally led to studying branched polymers with branching
weight [60]

pn �
1

n�
for n� 1: (62)

Generically, the value of  for a given � is

��� � 1=2 for � 
 1;
��� � 1� � for 1<�;

(63)

which does not cover the -range we are interested in.
15The difference between the power � 2 in Eq. (59) and �
3 of Eq. (48) arises because of the use of rooted branched
polymers, which gives rise to an extra factor of N.
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However, if the partition function satisfies a certain tech-
nical condition16, the relations (63) are changed to

��� � ��� 1�=� for 1<�< 2
��� � 1=2 for 2 
 �

(65)

([63], and see [18] for a detailed discussion). While the
associated condition (64) seems rather artificial from the
perspective of branched polymers, it appears in a natural
way if the branched polymers emerge as a limit of higher-
dimensional models like noncritical strings with central
charge c > 1. As a matter of fact, the generic value of  in
this case is 1/3 [62]. Summarizing the critical exponents
for this particular class of branched polymers,

 �
1

3
; d�in�h � 3; ds �

3

2
; � �

3

2
; (66)

we see that within the measuring accuracy, they are pre-
cisely the numbers characterizing the spatial geometries of
causal dynamical triangulations at constant time.
Although the vertex order nv of our three-dimensional
triangulations has a priori nothing to do with the branching
of polymers, the above results are a strong hint that there
effectively is such a connection. While this confirms our
earlier assertion that the geometry of the spatial slices
behaves very nonclassically, it opens the exciting possibil-
ity that quantum gravity as described by this model may be
amenable to analytic approximations, precisely as was the
case in the study of noncritical strings with c > 1 [62].
VII. NONCLASSICAL STRUCTURE OF THE
UNIVERSE: THE GEOMETRY OF ‘‘THICK’’

SPATIAL SLICES

Another substructure of spacetime whose geometry can
be investigated straightforwardly are what we shall call
thick spatial slices, namely, the sandwiches of geometry
contained in between two adjacent spatial slices of integer
times � and �� 1, with topology I � S3. As illustrated in
Fig. 1, they are made up of four-simplices of types (4,1)
and (3,2) and their time-reversed counterparts (1,4) and
(2,3). Because of their finite time extension, one might
expect the geometry of the thick slices to behave more
‘‘classically’’, and this is indeed corroborated by our simu-
lations, which include a measurement of the Hausdorff and
spectral dimension of the thick slices.
16For (65) to hold one needs

dZBP���
d�

< 0 for �>�0;
dZBP���
d�

�����������0

� 1; (64)

which is naturally satisfied for some branched-polymer models
coming from noncritical string theory [62].
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A convenient way to represent a sandwich geometry is
by considering the three-dimensional piecewise flat ge-
ometry that results by cutting the thick slice at time ��
1=2. The analogous procedure in one dimension less,
which is easier to visualize, gives a generalized two-
dimensional triangulation consisting of triangles and
squares [33,34,54]. The triangles are the intersection sur-
faces of (3,1)- and (1,3)-tetrahedra, and the squares those
of (2,2)-tetrahedra. In one dimension higher, the funda-
mental building blocks are no longer tetrahedra but four-
simplices. Consequently, the intersection patterns are
three-dimensional flat building blocks, namely, spatial tet-
rahedra from slicing the (4,1)- and (1,4)-simplices, and
spatial triangular prisms from slicing the (3,2)- and (2,3)-
simplices. In order to distinguish between a tetrahedron
that comes from cutting a (4,1)-simplex from one associ-
ated with an upside-down, (1,4)-simplex, one color-codes
the links of the intersection hypersurface into red and blue,
say. The red links are those that will be ‘‘shrunk away’’
when the constant-time surface approaches the integer-
time �� 1, and similarly the blue links will disappear as
the hypersurface is moved towards time �. As a result, the
tetrahedra have all links of one color, whereas the prisms
are always bi-coloured (see also [22]). Note that the aver-
age spatial volume in terms of counting three-dimensional
building blocks is larger (by a factor of about 2.5) at slices
of half-integer time, because—unlike at integer times—
all four-simplices between � and �� 1 contribute to the
counting.

A. The Hausdorff dimension

To determine the Hausdorff dimension dH of the thick
slices, we pick a random four-simplex from such a slice, or,
equivalently, a random three-dimensional building block
from the corresponding intersection pattern at half-integer
time. Continuing in this three-dimensional representation
of the slice geometry, we proceed exactly as we did when
measuring the Hausdorff dimension dh of the spatial slices
at integer-�. Starting from the randomly chosen initial
three-dimensional building block, we move out, one step
at a time, to the nearest neighbors at distance r, from the
previous set of building blocks at distance r� 1. In terms
of four-simplices, this means we never move out to sim-
plices earlier than � or later than �� 1, that is, by defini-
tion we never leave the thick slice. At each step, we keep
track of the number n�r� of building blocks, whose sum is
equal to the total slice volume N,

Xrmax

r�0

n�r� � N; (67)

and which enables us to compute the average linear size

hri �
1

N

X
r

rn�r� (68)
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FIG. 19 (color online). Log-log plot of the average linear
geodesic size hriN versus the volume N of a thick slice. The
straight line corresponds to a Hausdorff dimension dH � 4.
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FIG. 20 (color online). The logarithmic derivative of the return
probability for �0 � 2:2 and � � 0:6 and thick slices of volumes
N between 900 and 2000. The measurement was performed for a
system with N4 � 161 k and t � 80. Curves extrapolating be-
tween even evolution times decrease rapidly at small �, whereas
curves of odd times stay above dS � 2 at small times.
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of the thick slice. For a given slice of volume N, this
process is then repeated N4=100� 1 times with randomly
chosen initial building blocks. The average size hri is again
averaged over this set and the data pair fhhrii; Ng stored.
Using the same procedure as described following formula
(43) above, we extract the Hausdorff dimension dH from
the relation

N4 / �hri � r0�
dH ; (69)

with a finite constant r0 taking into account finite-size
corrections. The results are presented in Fig. 19 in the
form of a log-log plot. The straight line corresponds to
dH � 4, and the best fitted value is dH � 4:01� 0:05.
Measurements were performed on spacetimes with total
size ~N4 � 20; 40 and 80 k, at �0 � 2:2, � � 0:6 and t �
80. We conclude that the transition from a genuine
constant-time slice to a thick slice adds one extra dimen-
sion to the Hausdorff dimension – the thickened slice
already ‘‘feels’’ some aspects of the four-dimensionality
of the full spacetime. Note that this would not be true for a
thick slice of a classical, regular lattice, whose Hausdorff
dimension would be the same as that of a thin slice. The
likely mechanism for the dimensional increase in the tri-
angulations is the appearance of ‘‘short-cuts’’ between two
tetrahedral building blocks, say, once one moves slightly
away from a slice of integer-�.

B. The spectral dimension

Next, we turn to the spectral dimension dS of the thick
slices. When adapting our earlier measurement of the
spectral dimension ds of spatial slices, we have to take
into account that the tetrahedral building blocks in the
three-dimensional intersection pattern at half-integer �
have four neighbors, whereas the prisms have five. We
064014
start from an initial probability distribution

KT�i; i0; � � 0� � 	i;i0 (70)

concentrated at a randomly chosen three-dimensional
building block with label i0 in the three-dimensional ‘‘tri-
angulation’’ T (consisting of tetrahedra and triangular
prisms), and define the evolution process by

KT�j; i0;�� 1� �
X
k!j

1

gk
KT�k; i0;��; (71)

where gi denotes the number of neighbors of building
block i, and k! j are the nearest neighbors of the ‘‘sim-
plex’’ j (which can now also be a prism). By construction,
the total probability

X
i

KT�i; i0;�� � 1 (72)

is conserved. As before, we measure the return probability
KT�i0; i0;��. After the appropriate averaging over initial
points i0 and triangulations T we obtain the quantum return
probability PN��� as a function of the number of building
blocks N in the triangulations T (we keep the number N
approximately constant in the triangulations included in
the average). The expected behavior

PN��� / ��dS=2 � finite-size corrections (73)

defines a spectral dimension dS, which in general will be
different from the spectral dimension ds determined for the
constant-time slices. The value of dS is extracted by mea-
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suring the logarithmic derivative of PN��� as a function of
the evolution time �,

dS��� � �2
d logPN���
d log�

: (74)

The results of our measurements are displayed separately
for even and odd times in Fig. 20, since the behavior of
PN��� is different for very small � (as already observed in
our previous measurements of spectral dimensions). As
seen in the figure, beyond small � we do not find the
perfect constant logarithmic derivative observed earlier
for the thin slices at integer time. If we nevertheless treat
the output curves as constants and take their mean value as
representative of the logarithmic derivative dS (assuming it
is �-independent), we obtain dS � 2:0� 0:2. Although it
lies above the value ds for the spectral dimension of the
spatial slices, this dimensionality is still highly nonclass-
ical, and reflects the presence of some intermediate regime
between a purely spatial and a purely spacetime geometry.

C. Baby universes

To further characterize the geometry of thick slices, we
also looked into its baby universe structure. Minimal necks
can take the form of either four triangles, forming the
surface of a tetrahedron, or of two triangles and three
squares, forming the surface of a triangular prism (of
course, without an interior tetrahedron or prism being
located there). It turns out that the four-dimensional mani-
fold constraints, which ensure that the four-simplices are
glued in a way that results in a simplicial manifold, impose
severe restrictions on the types of baby universes with
minimal necks that can occur.17 For a tetrahedral minimal
neck, the baby universe which branches off there can only
contain building blocks which are tetrahedra of the same
color. Minimal necks of the form of a prism cannot occur
altogether. We attempted to measure the distribution of
‘‘monochrome’’ tetrahedral baby universes, but found
them to be small in size, within a range practically inde-
pendent of the slice volume N. We did not check for baby
universes with larger necks. Our tentative conclusion is
that the microscopic structure of the thick slices is more
regular than that of the genuine spatial slices of fixed
constant time.

It is tempting to conjecture that the absence of baby
universes means that the entropy function N �V� for the
thick spatial slices has the functional form (49) rather than
(48), which was the form observed for the thin spatial
slices at fixed integer time. As mentioned in Sec. VI C,
the entropy behavior (49) signals an almost complete
suppression of baby universes. Moreoever, if the exponent
17Analogous manifold conditions for intersection graphs in
three-dimensional simplicial spacetimes were formulated in
[34].
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� in Eq. (49) was equal to 1/3, it would fit neatly with the
observation that the effective macroscopic action (40),
which reproduces so well the macroscopic four-
dimensional features we observe in the simulations, does
contain the characteristic linear term in the scale factor
a��� (corresponding to a factor V1=3

3 ��� in terms of the
continuum three-volume). It would also be in line with
our expectation that the structure of the thick spatial slices,
rather than that of the thin slices at fixed time should relate
most directly to the global four-dimensional structure.

VIII. SUMMARY AND OUTLOOK

This paper describes the currently known geometric
properties of the quantum universe generated by the
method of causal dynamical triangulations, as well as the
general phase structure of the underlying statistical model
of four-dimensional random geometries. The main results
are as follows. An extended quantum universe exists in one
of the three observed phases of the model, which occurs for
sufficiently large values of the bare Newton’s constant G
and of the asymmetry �, which quantifies the finite relative
length scale between the time and spatial directions. In the
two other observed phases, the universe disintegrates into a
rapid succession of spatial slices of vanishing and non-
vanishing spatial volume (small G), or collapses in the time
direction to a universe that only exists for an infinitesimal
moment in time (large G, vanishing or small �). In either
of these two cases, no macroscopically extended spacetime
geometry is obtained.

By measuring the (Euclidean) geometry of the dynami-
cally generated quantum spacetime18 in the remaining
phase, in which the universe appears to be extended in
space and time, we collected strong evidence that it be-
haves as a four-dimensional quantity on large scales. First,
finite-size scaling of the volume-volume correlator for
spatial slices is observed when the time variable is rescaled
by the fourth root of the discrete four-volume, Eq. (11),
within measuring accuracy. Second, the large-scale spec-
tral dimension of the universe, determined from a diffusion
process on the quantum ensemble of geometries, is com-
patible with the value 4.

The dynamical derivation of the correct classical result
for the dimension from a completely nonperturbative path-
integral setting provides a considerable boost to our efforts
to construct a theory of quantum gravity by the method of
causal dynamical triangulations. Furthermore, we were
able to show that the universe possesses other features of
classical geometry at sufficiently large scales. Namely,
using the four-dimensionality at large scales, we derived
an effective Euclidean action for the scale factor of the
universe (equivalently, the volume of its spatial slices). For
18Since our universe is a weighted quantum superposition of
geometries, all ‘‘measurements’’ refer to expectation values of
geometric operators in the quantum ground state.
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the case of fixed spacetime volume, this action coincides
up to an overall sign with a simple minisuperspace action
frequently used in quantum cosmology. Again, we believe
that this is a highly nontrivial and very exciting result. It
has already enabled us to derive a ‘‘wave function of the
universe’’ from first principles [20]. The change in sign of
the action implies that the Euclidean sector of our quantum
gravity model is well-defined. This is a welcome result
since, unlike in standard quantum cosmology, no ad hoc
cure is needed to deal with a conformal kinetic term that
renders the action unbounded below. Some care is required
in interpreting it, since we still need to perform an inverse
Wick rotation to get back to the physical, Lorentzian sector
of the theory. A detailed discussion will appear elsewhere.

Returning to the analysis of the quantum geometry of
our universe, we gained further insights by performing
measurements of a more local nature by looking at the
intrinsic geometry of thin and thick spatial slices. A thin
slice is by definition a spatial geometry at fixed integer
time somewhere inside a universe, and a thick slice a piece
of spacetime contained between two adjacent thin slices.
We found that in general the measured observables exhibit
nonclassical behavior, in the sense that dynamically deter-
mined dimensionalities of the slices do not coincide with
the values one would have expected naively for the corre-
sponding submanifolds of a classical four-dimensional
spacetime. This result is not in contradiction with the
four-dimensional behavior of the universe at large scales,
but underscores the fact that the local geometry of the
quantum spacetime has highly nonclassical features.19

We found that the measured Hausdorff dimension of thin
slices comes out as 3 with good accuracy, but that the
spectral dimension is only around 1.5! By making addi-
tional measurements of the distributions of vertex coordi-
nation numbers and of baby universes in the thin slices we
were able to show that the entire set of parameters is
matched by the critical exponents of a particular class of
branched polymers, potentially opening a new window to
an analytic investigation of quantum spacetime.

The thick slices were found to have Hausdorff dimen-
sion 4 within measuring accuracy, and a spectral dimension
of around 2. This, and the apparent absence of baby uni-
verses of appreciable size indicate that the geometry of the
thick slices represents a genuinely intermediate case be-
tween that of the thin slices and of the full spacetime. In
19One should keep in mind that slices of constant time are in no
way physically distinguished in a theory of pure gravity, and
their geometric properties therefore not directly related to physi-
cal observables.
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particular, their geometry—although far from being clas-
sical—seems to be more regular than that of the thin slices.

The most local measurement of quantum geometry so
far is that of the spectral dimension of spacetime at short
distances, which provides another quantitative measure of
the nonclassicality of geometry. As we have seen, the
spectral dimension changes smoothly from about 4 on
large scales to about 2 on small scales. Not only does
this (to our knowledge) constitute the first dynamical deri-
vation of a scale-dependent dimension in full quantum
gravity, but it may also provide a natural short-distance
cut-off by which the nonperturbative formulation evades
the ultraviolet infinities of perturbative quantum gravity.
Remarkably, evidence for a dimensional reduction from
four to two has been found recently in the so-called exact
renormalization group approach to (Euclidean) quantum
gravity, truncated to a finite-dimensional parameter space
[2]. One could be particularly encouraged by the fact that
despite very different starting points and quantization
methods the two approaches nevertheless seem to lead to
compatible results.

In summary, what emerges from our formulation of
nonperturbative quantum gravity as a continuum limit of
causal dynamical triangulations is a compelling and rather
concrete geometric picture of quantum spacetime.
Quantum spacetime possesses a number of large-scale
properties expected of a four-dimensional classical uni-
verse, but at the same time exhibits a nonclassical and
nonsmooth behavior microscopically, due to large quan-
tum fluctuations of the geometry at small scales. These
fluctuations ‘‘conspire’’ to create a quantum geometry that
is effectively two-dimensional at short distances.

Of course, our large-scale measurements of geometry so
far do not characterize the classical properties of our
quantum spacetime completely, and further work is under
way to determine its large-scale curvature properties, and
check that Newton’s inverse square law can be recovered in
an appropriate limit (see [64] for related previous at-
tempts). Having established the existence of a meaningful
classical limit opens the door to the ultimate subject of our
interest, the quantum behavior of the local gravitational
degrees of freedom. On the one hand, together with appro-
priate matter degrees of freedom, they should be able to
describe the quantum behavior of the very early universe,
which may have left an imprint on the cosmic microwave
background radiation we observe today. On the other hand,
they will characterize the fluctuations around a large-scale
classical background, like that of our present universe,
leading to quantifiable deviations from the predictions of
classical relativity.
-22
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