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ABSTRACT 

We study the expressive power of different algebraic specification methods. 

In contrast to (nonhierarchical) initial and terminal algebra specifications which 

correspond to semicomputable and cosemicomputable algebras, hierarchical 

specifications - as e.g. in the specification language CLEAR - allow to specify 

hyperarithmetical algebras and are characterized by them. For partial abstract 

types we prove that every computable partial algebra has an equational hidden 

enrichment specification and discuss the power of hierarchical partial algebras. 

Finally we give an example of the specification of a simple nondeterministic 

programming language. 
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INTRODUCTION 

In the past years several algebraic specification methods have been developed. Initial specifications 

(of. [ADJ 78, BG 77, EL 80, EKTWW 80, VP 80]) can be seen as term rewrite systems and so have an immediate 

implementation; terminal algebras (of. [GGM 76, Ka 80, HR 80, Wa 77]) describe the behaviour system; hierarchical 

specifications (of. [BaW 81, G 75, BG 80, LO 80]) support the modularization, and partial algebras seem well- 

suited to specify semantics of programming languages (of. [Ga 80, Pa 80, KP 81]). In order to understand all 

these different specification methods it seems interesting to compare their expressive power and to analyse the 

computability of their models (of. also [BMM 79, BM~ 79, MJ 79] ). Let US always consider abstract types with 

conditional equations as axioms, i.e. axioms of the form ui=vl ^ . ..^ Un=V n ~ u=v, and suppose first we have the 

usual heterogeneous total algebras as models. Then every (nonhierarchical) initial algebra I is semicomputable 

i.e. the equality in Z is recursively enumerable. Similarly for every terminal algebra Z it is recursively 

enumerable whether any two terms are different in Z [BT 80]. Thus Z is cosemicomputable. 

On the other hand e~ry cosemlcomputable algebra A has a terminal (hidden) enrichment specification T 

[BT 80] i.e. A together with some (hidden) functions is a terminal algebra of T. Every semicomputable algebra A 

has an initial implementation specification I [BT 79] i.e. A can be seen as a subalgebra of an initial algebra of 

I (of. [EL 80, EKTWW 80]). It is still an open problem whether every semicomputable algebra has an initial 

hidden enrichment specification. The different problems for implementation and enrichment specifications can be 

seen by comparing the implementation specification Of finite data structures in [AK 80] which needs only 6 

eq3/ations whereas the hidden erarichment specification in IBM 80] contaiiLs more tha~ 80 aerations. But computable 

algebras have terminal as well as initial e~richment specifications. 

A hierarchical type T - as it is possible to define in CLEAR (of. [BG 80] ), by the CANON specification method 

(of. [R 80]), or in CIP-L (of. [CIP 81] ) - is a type together with a (primitive) subtype S. In every model of T 

a term the sort of which is a sort of S has to be i~terpreted by an ("old") term of S (of. [BDPPW 79]). AS long 

as hierarchical types are sufficiently complete [ [G 75] ) this extra condition does not change anything: initial 

models are semicomputable and terminal ones cosemicomputable. 

But for types which are not sufficiently complete we will show that oqer computable algebras universal and 

existential quantifiers and even hyperarithmetical functions are definable~ Every computably hyperanithmetical 

algebra, i.e. an algebra with a rec~rsive domain and hyperKrithmetical functions, has an (initlal as well as a 

terminal) hierarchical enrichment specification. This implies that every hyperarithmetical algebra, i.e. an 

algebra where the domain may be hyperarithmetical as well, with a computable [hyperarithmetical) subtype has a 

hierarchical enrichment specification,too. Conversely every initial and terminal algebra of a hierarchical type 

is hyperarithmetical. 

Although partial functions occur everywhere in program specification and partial types allow to specify prograu~ning 

languages independently from fixed point theory [BW 80,81] , not so much work has been done in this field (apart 

from the deep studies of Reichel [R 79] and Andreka et al [ABN 80] ). There are different possibilities to 

extend the equality relation to undefined terms [BW 80b]. We consider here the "existential equality" which 

holds for two terms if both are defined and denmte the same object. Then terminal algebras are no longer cosemi- 
0 co~utable, hut A 2. EVery initial partial algebra of a (nonhierarchical) type, however, is semicomputable and 

every semicomputable partial algebra has a partial initial implementation specification - as announced in [H 80]. 

We will show that - as in the case of total algebras - e~ery computable partial algebra has an equational 

partial initial (and terminal) enrichment specification. The results for arithmetical and hyperarithmetical 

algebras carry over, too. 

Finally we consider a simple nondeterminlstlc programmlnq language. The equality for this language is 

neither recursi~ely enumerable nor corecursively enumerable but A 2. We gi~e first a "natural" terminal 

enrichment specification by partial abstract types and derive then a hierarchical enrichment specification by 

total abstract types. 
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I. TOTAL ABSTRACT TYPES 

i. Specifications and their Semantics 

For the definitions of S-sorted signature Z, [-homomorphism, term algebra w(~) and the class ALG(Z) of all 

E-algebras we refer e.g. to [ADJ 78] or [BDPPW 79]; for the definitions concerning formal logic and recursiveness 

we refer to /Sh 67/ and /Ro 67/. 

For the sake of notational simplicity only we restrict OUr attention to single and two-sorted structures; no 

difficulty at all is encountered in extending the given definitions and results. 

1.1 Data Structures and Abstract Types 

A (data) structure is defined to be a heteraqeneous algebra finitely generated by elements named in its 

signature Z, a so-called (finitely generated) prime algebra. An abstract type consists of a signature Z and a 

(finite) set E of conditional equations of the form 

u1=v I A ... a Un=Vn ~ U=V 

where ui,vi,u,v are E-terms containing free variables, i.e. they are in W(Z,X I ..... Xk). The class of all algebras 

of signature Z satisfying the axioms E is denoted by ALG(Z,E). 

1.2 Initial and Terminal Algebras 

An initial algebra I im a class C of algebras is characterized by the fact that for every structure B ~ C 

there exists a (unique) hom~morphism ~: I ~ B. Let I(Z,E) denote an initial algebra in ALG(Z,E); this I(Z,E) 

always exists and is ~nique up to isomorphism. On the other hand, terminal algebras for ALG(Z,E) would always 

be the trivial one-point, or unit, E-algebra I 6 ALG(Z,E), where every carrier set consists of exactly one object. 

Instead, terminal algebra semantics turns to ALG0(Z,E) with the unit algebra removed. Z E ~is called terminal 

in C, if for every B 6 C O there exists (at least) one homomorphism ~: B ~ Z. Terminal data structures of 

ALG 0 ([,E) are denoted by Z(Z,E). Unfortunately, ALGo(Z,E) need not always possess a terminal data structure, 

but when it exists it is unique (of. [Wa 77, WB 80]). 

Given any data structure A of signature Z there is a semantic mapping VA: W(Z) ~ A which evaluates the formal 

expressions over Z as data belonging to A. v A induces a congruence m A on W(Z), defined by t mAt' iff VA(~ = vA(t' 

Often we write t A for VA(t) , WI(Z,E) for W(Z)/mI(Z,E) and analogously WZ(Z,E). For I(Z,E) t ~I(Z,E)t' iff 

E ~ t=t' is always true, whereas the terminal algebras satisfy 

t mZ(Z,E)t' iff t=t ' is consistent with E. 

Consistency simply means that there is some non-unit model B ~ ALGo(Z,E) where B ~ t=t ' . Hence ~f ~ is one 

sorted) for t,t' & W(Z) Z(Z,E) ~ t#t' iff E U {t=t'} ~ Vx,y: x=y. 

1.3 Hierarchical Types 

A hierarchical abstract type T = (Z,E,P) is a type in which the type P = (Z',E') is designated as primitive 

where Z' ~ Z and E' ~ E. A term t 6 W~Z~x I ..... x m) is called primitive; if t=f(tl, .... tn) where 

f: SlX.o.xs n ~ s,s • S' then t is called of primitive sort. In general, there exist terms of primitive sort 

which are not primitive. Let A be an algebra of signature Z and let Z' be a signature Z' ~ Z. We mean by 

A!Z , the Z'-algebra whose domain is that of A and operators are those Of A named in Z', and by <A>z, the 

Z'-subalgebra of A generated by the consta/Its and operators named in Z' viz. the smallest Z'-subalgebra of AIZ , . 

Then a Z-algebra A is hierarchical wrt Z' iff AIZ , = <A>z, , i.e. the Z'-reduct AIZ , of A is a Z'-data 

structure. The carrier sets s A of A where s is a primitive sort are finitely generated by the primitive 

constants and operations only. The class of all E-algebras which are hierarchical wrt Z' is denoted by 

ALG(Z,E,p) (and by ALG0(Z,E,p ) if all algebras the Z'-reducts of which are the unit algebras are removed). 

Initial and terminal algebras in the category of hierarchical algebras are denoted by I(Z,E,P) and Z(Z,E,P). 

These initial and terminal algebras do not always exist, but if they exist, they are unique up to iso~rphism. 

AS before we denote W(Z)/m I(Z,E,P) by WI(Z,E,P) and W(Z)/~ Z(X,E,P) by WZ(Z,E,P). 

!.4 Specifications with Bidden Operators 

A hierarchical abstract type (Z,E,P) where Z = (S,F) is said ~ he an(1) initial or (2) terminal conditional 

hierarchical (hidden) implementation specification of the algebra A with signat%ire Z A = (~,FA) , if ~ = S, 

PA ~ F, and E is a finite set of conditional equations over the finite signature X such that 
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(I) <WI (Z,E,P) >~ • A 

or 

(2) <Wz(X,E,P)>ZA ~ A 

~us an implementation specification does not introduce new sorts but allows that A is £somorphic to a (proper) 

subalgebra of WI(Z,E,P) or WZ~,E,P). If A is isomorphic to W~(~,E,P) or WZ(~,E,P) itself, then (Z,E,P) is an 

enrichment specification: (~,E,P) is called (1) in/tlal or (2) terminal conditional hierarchical Chidden) 

en/ichmsnt specification of A if it is a (I) £nitial or (2) terminal conditional hierarchical (hidden) implemen- 

tation specification and if 

(1) WI(Z,E,P)I~A--~Aor (21 Wz(Z,e,~llZ ----A. 

If the type is not hierarchical, i.e. P=~, we speak of initial and terminal enrichment s~ecifications. A 

specification being both ~itial and terminal is called monomoz~hic. 

2. Computability of Algebras 

A countable algebra A is said to have a presentation when it is given an effective coordinatisation 

consisting of a recursive set R ~ N,a surJectlo~ ~.- R ÷ A, and,for each k-ary operation f of A, a tracking 

function f which commutes the following diagram 

f 
A k ~ A 

where ~k[x t ..... x k) = [~x l) .... ,a{~)). 

We classify the complexity of A according to the complexity of f and the complexity of the relation i 

on ~ which is defined by 

n m s m iff a(n) = aim) in A. 

A is said to be Computable, (se~com~utable, cosemico~utable) if there exists a presentation of A such that m 

is recursi~ (r.e., co-r.e.) and f is recursi~e (in all three cases). 

A relation p c N~N is arith~tical if it has a~ explicit definition 

P(n,m) <~ Qlxl...Qk~R(n,m,xl ..... ~) 

where R is a recursi~e relation and each Qi is a quantifier Y or ~ . 

1 1 
P is ~i(Xl) if it is defined by 

Pin,m) ~=> Vs~yR(n,m,a,y) (P(n,m) ~ 3sVyR(n,m,u,y)) 

where s is a variable for functions from N ta N and R is recursi~e. P is h~erarit~etical iff it is ~th 

~ii and ~i I. A functio~ f is arithmetical (hyperarithmetical) iff its graph Gf is so. 

Now, an algebra A is arithmetical (h~erarithmetical) if it has a presentation such that ma and all 

are arithmetical (hyperarithmetical). A is com~utabl[ arithmetical (com~utably hyperarithmetlcal), if it has 

an arithmetical (hyperarithmetical) presentation for which -~ is recursive. 

For any of the above algebras we have the following 

Bepresenuation ~n~a 

A is isomorphic to the factor algebra R/a where R is an algebra with dc~nain N. If ~ is recursive then 

i~ is isomorphic to an algebza with do,in N provided A is infinite. 

3. Characterization Results 

For nonhierarchical types we o~ly have to put together well-known results= 

Let (Z,E) be an abstract type with conditional equations as axio~s. We assume for the rest of the paper that 

every algebra is infinite. In [BT 80a] it is proved that every finite algebra possesses an initial hidden 

enrichment specification wh/ch is also a fir~ specifi~tion. 
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ACcording to the characterization ~/i ~.2 the equality i~ the ir_it~al algebras is recursively enumerable as 

well as the inequality in terminal algebras. Therefore the definitions of (co-) semVcomputahility imply 

Proposition 1 

Every initial algebra of (~,E) is semlcomputeble ~nd every tezmlnal algebra is oosemico~utable. 

If initial and terminal algebras of a type are isomorphic than their equality is recursive and we can apply the 

theorems in [BT 80] and [BMMW 79]. 

Proposition 2 

For an algebra~Ajfinltely generated by elements named in £ts signature, the following statements are equivalent : 

( I ) A is computable, 

[2) A possesses a~ equational enrichment specification being both initial a~d terminal. 

(3) A possesses an. isoL~itial equational enrichment spocificatin~ 

The algebraic notion of Isoinltial algebra was introduced By IBm4 Y9] in order to capture the recursiveness 

of abstract typesz an algebra A in ALG0(~,E) is isoirLitial iff for all B q ALG0(~,E) there exists an isomorphic 

embedding ~: A ~ B. 

Proof of Proposition 2 

(3) ~ (1) : According to Proposition I the equality between terms without free variables of the specification 

type is recursive. Proposition 9 of [B~T~ 791 says that the isoinltial model £s computable. 

(I) ~ (2) : B~ the second characterization theorem of [BT 80] we obtai~ an equational initial specification for 

A over the natural numbers N with an arithmetic containing a constant 0 : ~ N and the successor operator S : N ~ N. 

In order to obtain a terminal specification we have to ensure that in all non-umit msdels Sin(0) ~ sn(0) holds for 

all m,n 6 N with m # n. This is equivalent to 

(*') Sm(0) = Sn(0) ~ X = ¥ (m ~ n) 

Now (*') can be simulated by 

(*) X = COND(DIST(0,S(X)),X,Y) 

where COND: N 3 ~ N and DIST: N 2 ~ N are two hidden functions defined by 

COND(0,y,z) = Z, COND(S(X),Y,Z) = Y 

(**) DIST(S(X),S(Y)) = DIST(X,¥) DIST(0,X) = X 

DIST(O,X) = DIeT(X,0) 

Then the initial specification turns over in a specification, being both initial and terminal. 

(2) ~ (3): Apply Proposition 5 and 7 of [BMMW 79]. U 

For the (co-) semicumputabillty we apply the characterizations of (BT 79,80]. 

Proposition 3 

Let A be an algebra finitely generated by elements named in its signature. Then the following holds: 

(i) A is seminomputable iffA Possesses an equational initial implementation specification. 

(2) A is cosemicomputable iff A possesses a conditional terminal enrichment specification. 

Now, let (~,E,P) be a hierarchical specification. 

if the specification is sufficient1[ co, lets, i.e. for every term t ~ W(~) of primitive sort there exists a primitive 

term p such that E ~ t=p holds, then any hierarchical initial (or terminal) specification is also a nonhier- 

archical initial (or terminal, resp.) specification since then ALG(Z,E,P) = ALG(Z,E,@). Therefore sufficiently 

complete hierarchical s~eoifications are nothing other than the usual ~nitial and terminal specifications. But 

the situation changes substantially for those t~es which are not sufficiently complete and admit initial or terminal 

extensions. Suddenly, as for optimal fixed points (of. [MS 76] ), we can specify quantifiers over the natural 

numbers : 

Proposition 4 

Let f,g: N n ~ N be total recursive functions. Then there exist equational monomorphic hierarchical enrichment 

specifications of the natural numbers enriched by the following functions : 
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(a) ~x I 6 N: f(Xl,...,Xn)>0, i.e. of the function, exf: N n-I ~ N, defined by 

= Ii if ~x I 6 N: f(xl,...,Xn)>0 

exf(x2,. • -,x n ) 

[0 if VX 1 E N: f(xl,...,Xn)=0 

(b) If(xl, ... ,Xn)>0, i.e. of the function, not: N n ~ N, defined by 

= 11 if f(x1,°..,x n) = 0 

not (xl,- - .,x n ) 

[0 if f(Xl,... ,xn) >0 

(c) f(xl,...,Xn]>0 ^ g(Xl,...,Xn)>0 i~e. of the function, and: N n ~ N, defined by 

~and(x1'''''Xn) = II if f(xl,...,Xa)>0 and g(xl,...,Xn)>0 

[0 otherwise. 

Proof 

Since f is total recursive the algebra Nf of the natural numbers together with the functions 0, successor, 

addition, multiplication, and f is computable. According to Proposition 2 Nf has an equational monomorphic 

enrichment specification FNAT with sort nat and the function symbols 0, S, ADD, MULT, COND, and E. We define 

a hierarchical type EXNAT with primitive type FNAT by introducing two new fttnction symbols EXF: nat__ n-I ~ nat 

and EX~: nat n ~ nat which are specified by 

E~(X 2 ..... X n) = COND(EX~(0,X 2 ..... X n) ,I,0) 

(***7 

• X~ (X I .... ,X n) = COND (F (X 1 .... ,X n) , i, MULT (2, EX~ (S (X t ), X 2 ..... X n) ) ) 

EX~ can be seen as embedding function of the function E~ which specifies the existential fo~ula. We show 

that the unique solution of the recursive equations implies: 

(i) EXp(X2'''''Xn) = I 0 if ~X I £ N: F(Xl, .... Xn)=0 

! if3X I E N: P(Xl, .... X n) > 0 

0 if YX>_Xl." F(X I .... ,Xn)=0 

(27 EX~(XI,. • • ,X n ) = 

2 X0-xl if X0 = ~X: X>X 1 A F(X,X2,...,Xn)>0 

where "~X" means "the least X such that". 

Consider a natural number N. Then (since F is a total function) EX~(M,X2,...,Xn)=I for the least M>_N 

such that F(M,X2, .... Xn)>0. If such an M exists then EX~(N,X2,...,Xn) is 2 to the power of M0-N , where M 0 is 

the first such M found. 

If no such M 0 can be found then 0 is the unique possible value of a fixed point for EX~(N,X2,...,X n) . The 

fact that 0 is a posslble value can he seen by direct evaluation. Suppose that there is some other possible 

value V. Then v should satisfy V=MDLT(2X-N,Ex~(s(x),x2, .... Xn)) for every X>N. ~f V>0, this cannot hold, 

whatever the value of EX~ (S (X) ,X2, .... X n) is o 

Thus (i) and (27 is the unique solution of (***) for (every standard model of) the natural numbers. The 

hierarchical type EXNAT has (up to isomorphism) exactly one hierarchical model. Hence by definition this model 

is initial as well as terminal. 

Analogously, NOT: nat n ~ nat and AND: nat ~ nat can be specified by 

NOT(Xl,...,Xn) = COND(F(X 1 .... ,Xn),0,1) 

~.ND (XI, .... X n) = COND~MULT (F (X I ..... X n) ,~ (X I .... ,X n) ) , 1,0) 

Proposition 5 

Any computably arithmetical algebra has an equational mono~orphic hierarchical enrichment specification. 

Proof 

Every infinite computably arithmetical algebra is by the representation lemma isomorphic to a number 

algebra R with carrier set N. Every function f in R has its graph g in the arithmetical hierarchy, i.e. 

g(x,y) <=~ ]xlQ2x 2. . .Qixi: h(xl, .... Xn,X,y)>0 

or g(x,y) <=> VxIQ2X2...Qixi : h(x I ..... Xn,X,y)>O 
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where 0<ifn and h is a total recursive function. Due to Proposition 4 a little induction proves that R has the 

property we want. U 

An application of a theorem of Specter (cf. IRe 67, p.421-425] ) yields the following generalization of 

Proposition 5 replacing computably arithmetical by computably hyperarithmetical. 

Pro~osition 6 

Any computably hyperarithmetical algebra has an equational monomorphic hierarchical enrichment specification. 

Proof 

According to p.425 of [Re 67] for every h~erarithmetical relation g there exists another hyperarithmetical 

relation h such that the p~ir <g,h> is impliciuly definable by an arithmetical relation r, which, due to 

Proposition 5, has a monomorphic hierarchical specification. Implicitly definable means that there is a first 

order formula over the natural number involving (apart from logical symbols 3,~,A) only the functions 0, 

successor, addition, multiplication, r, and g,h (as free variables) such that the graph of <g,h> is the only 

solution of this formula. Proposition 5 then implies the existence of the specification we want. e 

Conversely, hyperarithmeticity is an upper bound for the complexity of hierarchical types: 

Proposition 7 

Every initial and every terminal hierarchical algebra is hyperarithmetical. 

Proof 

Let T be a hierarchical type with a nonprimitive sort s, a primitiqe sort p, function symbols fl'""" 'fk' 

and axioms e1,...,e 1. Consider a two-sorted presentation of the initial algebra of T such that for every 

tracking function f: N m ~ N with range in -i (p_) and all ~ E Nm,y,z q N 

f(x)- ~ = y A y mp Z~ y~<z (where ~p denotes the congruence in the primitive type) 

holds. Then the graph gf of f and its complement have explicit definitions of the form 

^...^ - z ~ y<z)] gf(x,y) <~> vfl...vf k v~[("eq i~ coherence" ^ v~: ~{ e{~- eq(~(~),y) ^ vz(y =p _ 

(~)$ -- where e i denotes the substitution _of = in e i by eq. 

{Igf(~,y) <=> Bz(z ~p y ^ gf(x,z)) 

The usual quantifier negation and quantifier contraction rules (of. IRe 67, p. 375]) imply that f is 

hyperarithmetlcal in -= . The congruence =- between terms of primitive sort can similarly be defined (using 
P- ~ ~,P 

eq(~,~') instead of eq(f(x),y) A .,~ ) and is thus hyperarithmetical in rap, too. Two terms of nonprimitive 

sort are congruent wrt ~ if their congruence is provable relative to the ccngz~/ence m ,p. Thus this congruence 

is r.e relative to m ,p and therefore hyperarithmetical in -=p, too. Using (*) with m every tracking function 

(with range s) is hyperarithmetical in = and thus in =-p. In a hierarchy of types there exists at least one type 

which is annh£erar~hical end therefore its initial ~del is r.e~,Thus an induction mhows the hyperarit/%u~ticity of 
every initial hierarchic~l algebra. A similar argument using ~gf(~,y) <=> V% ...Vf, Yeq[ ("eq is congruence" A 
Vw:ei^...^e~ ^~(x) =y AVz(y ~p z ~ y < z))~ YX' ,y' : eq(x' ,y' ) ) ] works for terminal h~erarchical algehras, 

Propositions 6 and 7 then give the following general characterization theorem: 

Theorem 8 

Let A be a hierarchical structure which is computab~hyperarithmetical for its primitive signature. Then the 

following two conditions are equivalent: 

I. A is hyperarithmetical. 

2. A has a conditional monomorphic hierarchical enrichment specification. 

Proof 

(2) ~ (I): Proposition 7. 

(I) ~ (2): If A is single-sorted it suffices to apply Proposition 6. 

If A is two-sorted we can assume that A has two sorts A' and N. since A is hyperarithmetical we have the 

following co,minuting diagram: 

A'xN ~ A' + i 

NxN -.. ) N + N 

where f is in the signature of A, u induces a hypera/ithmetical congruence = on N~N and f is a hyperarithmetical 

function. Due to Propositio~ 6 we can specify =s and f by a monomorphic hierarchical enrichment of N where m 
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is simulated by EQ: N~N ÷ { 0,i} ~ N and f is named by F. Now we can extend this enrichment by a new sort A", 

two new functions F~ A" xN ÷ A" + N and WIDE: N ÷ A" , and the axiomS: 

EQ(X,Y) = I <=> WIDE(X)=WIDE(Y) 

~F(WIDE(X))=WIDE(Y) if the range of f is A' 

~(x)=Y <=> ) 
[ F (WIDE (X)) -Y otherwise. 

This extension is the monomorphic enrichment we want. O 

Since practical examples of n~ncomputable algebras such as programming languages have at least one computable 

primitive sort like natural numbers or strings the assumption of theorem 8 is not a serious restriction. If one 

is only interested in i~plementations one can remove this assumption ~by a similar construction as in the previous 

theorem) : 

Corollary 9 

For a hierarchical structure A the following two statements are equivalent : 

I. A is hyperarithmetical 

2. A possesses a conditiDnal monom~rphic hierarchical implementation specification. 

II. PARTIAL ABSTRACT TYPES 

4. Partial Algebras 

Partial algebras are defined as total algebras except that partial functions instead of total ones may 

occur. The same holds for partial data structures and hierarchical partial structures. The only difference 

between computable (arithmetical etc.) partial algebras and computable (arithmetical etc.) total algebras is the 

possible use of partial tracking functions. The mapping e is total as before. The graph g of a partial 

function is total: 

g(x,y) = I true if f(x) = y 

L false otherwise. 

The representation le~ma is exactly as before. 

The evaluation functipn VA: W(~) ~ A is a partial functlon. If vA(t) is defined we write D(t) A and for vA(t) 

we write t A . 

Partial homon~Drphisms will be total functions which preserve structure (for other notions of homomorphisms 

see [BW 80,8Cb] ). A total mapping ~: A ~ B between two X-structures is called partial (Z-) ho~omorphism if 

Ak= for every operation f 6 Z and every argument (al,...,%) 6 

D~f(al ..... ~))A ~ D(f(~0(al) ..... %0(~)~B ^ ~0(~(a I ..... ~)) = fB(q0(al ) ..... ~(~)) 

q0 is said to be a strong homomorphism if it is a homomorphism and, in addition, for all operations f 6"~ and all 

arguments (a I ..... ~) 

D (f (t0(a I) ..... ~(~) ))B ~ D (f (a I ..... ak ) )A. 

A partial homcmorphism %9 which is bij~ctlve and for which q0 -I is a partial hom~morphism as well is called an 

isomorphism. A bijective partial homomorphism does not need to be an isomorphism but if q0 is strong then ~ is an 

isomorphism. 

5. Equality 

The equality symbol in for~mllas is interpreted in a two-valued classical way (of. [R 79, ABN 80] ). There are 

at least two possibilities to define a two-valued equality sign for partially defined terms (of. [BW SOb] ). 

Following here [ABN 80] we choose the "existential equality": 

We define for a part£al algebra A 

A ~ t=t' iff D(t) A ^ D(t') A ^ tA=t 'A 

If one or both terms are undefined, then A does not satisfy t=t'. D(t) can be expressed by t=t and is 

used as an abbreviation for that. 

"=' is not a congruence relation in the usual sense; it is not reflexive and satisfies only a weak substitution 

property. 
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~'=" is characterized by the symmetry, transitivity and the properties that for all f £ Z and all terms tl,...,~ x 

of appropriate sorts 

XI=YI ^ ..... ^ ~=Yk ^ D(f(Xl ..... ~))" f(X1 ..... ~) = f(Y1 ..... Yk ) 

D(f(h I ..... ~)) -- D(~) A -..^ D(~) 

i.e. if XffiY and f(X) is defined then f(x)=f(Y) and f(Y) is defined; aund if f(t) is defined then t is it, too. 

Thus the pro~ability relation ~ is as for total algebras except that we have to take the a/Dove axioms for "=". 

Partial abstract t~es are defined analogously to total ones. P~G(~,E) denotes the class of all partial 

E-algebras satisfying a set of axioms E. PALG(Z,E,P) is analogously defined. Clearly the total algebras in 

pALG(Z) form an equational subclass PALG(Z,E) where E = {D(f~xI+...,~)): f £ Z}. 

6. Initial and Weakl[ Terminal Partial Al@ebras 

An initial (hierarchical) paxtial algebra is a~ algebra which is initial in pALG([,E) (or PALG(Z,E,P), resp.) 

wrt partial ho~morphisms. 

For every (Z,E) an initial partial algebra I(Z,E) exists and is unique up to isomorphism (of. [R 79]). The 

equality is defined by 

I(Z,E) ~ t=t ' <=> E ~ D(t) ^ D(t') ^ t=t' 

Therefore a term is defined in I (Z,E) iff its definedness is provable. The initial algebras are minimally. 

defined algebras. 

Furthermore, the definedness relation and equality relation of I (Z,E) is recnlrsively enumerable: Every 

initial partial algebra is semioomputable. 

For the semantics of progra~ng languages we are particularly interested in the class MDEF(Z,E,P) of all 

minimally defined algebras which is specified by 

A 6 bU)EF(Z,E,P) <=> [ Vt £ W(Z): A ~ D(t) <ffi> VB E pALG[~,E,P) : B ~ D(t)] 

Every partial homomorphism between two minimally defined algebras is strong. A partial data structure 5 

in ~EF0(Z,E,P) is called weakl Z terminal if z is terminal in MDEF0(Z,E,P) wrt strong homomorphisms [BW 80b]. 

Unfortunately neither equality nor inequality of weakly terminal algebras need to be r.e.. They are 
,, 0, 
A 2 which means that = (and ~) can he specified by a formula of the form Vx ~yP as well as by Bx VyQ where p and 

Q are recursive relations. 

Finally, initial and weakly terminal partial enrichments and implementations differ from total ones only by 

the use of PALG and M/)EF. 

7. Characterization Results fQr Partial Al@ebra__~s 

Let (Z,E) be a partial abstract type with conditional equations as axioms. 

Proposition 10 

0 
Every initial algebra of (Z,E) is seu~icomputable and every weakly terminal algebra is A 2 . 

Proof 

0 0 
then the equality is ~2' We only have to show that the inequality of a weakly termlnal algebra Z is ~2; 

too. Now Z ~ t~t' <=> (E ~ D(t) v (E ~ D(t')) v (E U {t=t'} ~ x--y) 

Each of these three ... ~ ... is r.e. and therefore can be written as BzP with P rec~trsive. Thus 

Z ~ t~t' <=> ~ZP I v1~zP 2 V "3ZP 3 <=> (VZVZ': ~PIZ v ~P2 z' ) v ~ZP 3 

<=> VzP' v Bz'~' (by q~la/%tifier contraction) 

I VzBz"(P' v Q') as well as 

<=>[~zJVz(P ' v Q') 

0 
The nondeter~nistic language in III shows that ~2 formulas are really needed to describe weakly ter~inal 

algebras. 

For computable partial algebras we obtain the following specification theorem. 

Theorem 11 

Let A be an (infinite) computable partial [-algabra. Then (I) has an equational initial partial enrichment 
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specification ~0,E0] involving at most If+IX j equations and at most 5 auxiliary Chidden) functions. (2) A has 

an equational weakly terminal partial enrichment specification involving two more functions ~und five more axioms. 

proof 

The first step cf the proof is to find a structure A0, with domain N, and signat~Lre ~0 ~ ~ such that 

A01 ~ ~ <A0> ~ ~ A which contains besides the functions named in [ the following functions, na~d in Z 0 - Z: 

x+1 named S, x+y n~u~ed ADD, x×y named MULT and t~ ftulctions g and h, named G and H, and defined respectively by: 

g(x,y) = Px(y), where (Pi) , i C N, is an effective enumeration of the primitive recursi?e functions. 

h(x,y,z) = z, if x=y, and h(x,y,z) = 0, othez~ise. Finally ~0 contains a constant O for 0. 

Then we list all equations E 0 that provide an is/tial algebra specification (~0,E0) of A0, thus obtaining 

a hidden function specification of A. Simultaneously we present some comment that should replace a formal proof 

of WI(Z0,E 0) ~ A 0. Such a proof could be given usin~ traversals like in Bergstra and Tucker [BT 80b]. 

(I) 0 = D this equations ensures D(O). (8) H(X,Y,Z) = H(Y,X,Z) 

(2) S(X) = S(X) this ensures D(sn(~)) for n ~ N. (9) H(X,X,Z) = Z 

(3) - (7): ADD(X,0) = X; ~DD(X,S(Y)) = S(ADD(X,Y)). (I0) H(X,ADD(X,S(Y)),Z) = 

MULT(X,0 ) = 0; MULT(X,S(Y)) = ADD (X,MULT(X,Y)) 

Equations (3) - (10) ensure that ADD, MULT and H work correctly on all arguments of the form sn(~). 

For G(X,Y), choose, using the diopha~tine theorem of Y. Matijase~ic (of. [Ma 77]) two polynomials, in 0,i,+, • 

and indeterminates X,Y,Z,ZI,...,Zt, ~ and q such that for all a,b,c 

q(a,b) = c <=> ~dl...d t £ N: p(a,b,c,dl,...,d t) = q(a,b,C,dl,...,d t) 

Let P,Q be the formal versions of these polynomials over Z 0. Then equation (II) is as follows: 

H(P(X,Y,Z,Z I .... ,Zt),Q(X,Y,Z,ZI,...,Zt),Z) = H(P(X,Y,Z,Zl,...,Zt),Q(X,Y,Z,ZI ..... Zt),G(X,Y)). 

This equation is valid in A~. Now suppose g(a,b)=c, then for some d T, .. .,d (I) .... (10) imply 

p(sa(0),Sh(0),sC(0),sd1(0],...,sdt(0)) = Q(Sa(0l,sh(,0),sC(0},sd1(0),...sdt~0~}. 

Thus, one finds fro~ (11) (of. a sim/lar argument in [BT 80hi): S c (~) = G(sa(~),sb(~)). 

Finally, for each f 6 X let Wf be { (a I .... ,~+I ) ~61~k+I: A 0 ~ f(sal(o), .... S~(~)) = Sak+l(~)} 

If Wf = @ the~ no equation for f is added. If it is nonempty then, because Wf is rec-/rsively enumerable there 

are primitive recursive functions ql,...,gk, gk*} such that Wf = {(gl(b),...,gk+1(b)): b £ N}° Now choose 

numbers nl..~+ [ such that for all m, i~k g(ni,m) = gi (m) and define equation (12 f] for f as follows: 

(12) f(s(sn1(£),x) ..... G(Snk(£),X)) = G(Snk÷l(O),X) 

The same construction as in the proof of Fropositio~ 2, (i) ~ (2), gives an equational weakly terminal specific- 

ation with two further hidden functions andfi~other equations. 

According to Kaphengst's result (announced in [H 80]) semicomputable partial structures can be exactly character- 

izedbyimplementations: 

A partial structure A is semic~mputable iff A possesses an initial partial implementation specification. 

AS in the case of total algebras a hierarchical partial specification (~,E,P) is nothing other than a partial 

specification if (Z,E,P) is partially sufficiently complete, i.e. for e~er~rte~t ~ W~)of prin. sort such that 

D(t) is pro~able there exists a primitive term p with E ~ t=p ([BW 80,80b]). For partial types not being 

partially sufficiently complete we can go up in the (hyper)arithmetical hierarchy as before. We only note 
i 

1 and that e~ery weakly terminal algebra is ~2" Since the that every hierarchical initial partial algebra is ~i 

graph of a partial function is total, Proposition 6 of 1.3 applies directly to partial types. 

corollary 12 

Any computably hyperarithmetical partial algebra has an equational hierarchical partial enrichment specification 

which is both initial and weakly ter~Linal. 

III. A NON-DETERMINISTIC PRCGR~NG LANGUAGE 

Finally we give an example of the specificanion of a Dijkstra-style nondeterministic programmlnq language 

(of. [Di 76]). AS semantics we choose the so-called "angelic nondeterminism" as it is used e.g. fur nondeter- 

ministic automata (for a comparison of different se~ntics of nondeter~ism cf. [HP79, BW 81]). We define a 

hierarchical partial abstract type comprising the following primitive sorts: 
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do__~, the sort of semantic objects including the truth values tt and ff 

id, the sort of identifiers for progrg~ng variables 

state, the sort of states. By ~[d/v] we denote the substitution of d £ dora in state ~ for the value of the 

variable v. 

ex__~p, the sort of expressions built by 0,S,ADD and identifiers of id together with a total evaluation function 

eval: exp × state + dom 

be_~, the sort of boolean expression with evaluation function be~al. 

The described type is computable. Hence we can assume a computable ~onomoxphic total enrichI~ent specification 

for it. 

As only nonprinLitive sort we introduce the sort nd together with the "constructor functions": 

NOP: ÷ nd ASSIGN: id × exp ~ nd written as ":=*' 

SEMI: nd × nd + nd written as ";" DO." (be~ × nd) 2 ÷ nd written as "DO... s . ..OD" 

As "semantic functions" we use stops: nd x state ~ {tt,ff} and exec: nd × state 2 ÷ {tt,ff} with the intended meaning 

stops(S,~) = tt iff at least one execution of S starting i~ state a leads to a result 

exec(S,0,o') = tt iff there exists a computation step sequence of S beginning in state ~ and ending in state o'. 

Hence in "angelic nondeterminism" the execution of a statement S in state ~ does not terminate only if exec(S,c,~') 

is false for all ~'. This makes the angelic ~ndetermin/sm noncontinuous wrt the Egli-Milner-orderibg which is 

used to describe least fixed points of nondeter~Linistic programs. We specify this variant of nondeter~Linism as 

follows: Let DO denote DO C ~ S s C' ~ S' OD 

(I) DO C ~ S ~ C, ~ S, OD = DO C, ~ H' ~C ~ S O D A D(S£S, ) 

(2) exec(NOP,~,~) = tt 

(3) e~al(E,e) = d ~ exec(V:=E,~,~[d/v~ ) = tt 

(4) beval(C,~) = tt A exec(S;DO,~:C') = tt ~ exec(DO,~,~') = tt 

(5) beval(C,~) = ff A beval(C' ,~) = ff ~ exec(DO,0,~) = tt 

(6) exec(S,~;~') = tt A exec(S',G',d") = tt~ exec(S~S',d,~") = tt 

(7) exec(S,G,~') = tt ~ stops(S,~) = tt 

Let us call this specification AN. According to (i) - (3) every nondetermln/stic statement is (syntactically) 

defined in every model whereas stops and exec may be partial function. AN is partially sufficiently complete. 

It has an initial partial algebra I the equality of which in nd is deter~ined hy I ~ S=S ' <=> (I) ~ S=S ' . AN 

has a weakly terminal algebra Z describing exactly the mathematical semantics of statements: 

Z ~ S=S' iff for all states u and ~': 

(AN ~ stops(S,~) = tt <=> AN ~ stops(S' ,~) = t~ and(AN ~ exec(H,~,c') = tt <=> AN ~ exec(S' ,e,~') = tt) 

Now, the relation "AN ~ ..." is r.e~ thus, there exist recursive relations T l and T 2 such that 

Z ~ S=S' iff V~,a' [(~z: Tl(Z,rstops...~,S,u) <=> ~z' : T 1 (z', ~stops...~ ,S,~) ) 

(~) A(~Z: T2(z,~exec...~,H,~,~') <=> ~Z': T2(z',~exec...~,S,d,~'lll 

By the methods of theorem 8 we codify "-=Z" into do__~ and //itroduc~ the functio~ WIDE: dora ~ nd and operations 

NOP, ASSIGN SEMI, and ~ which simulate the nondetermi~istic statements on dom. Finally the partial function 

stops is specified (using their graph over the functions NOP, ASSIGN,...:) such that stops{S,0) = tt, 

if Z ~ stops(S,~) = tt, and stops(S,G) = ff, otherwise. We proceed analogously for exec. The axioms mentioned 

at the end of the proof of theorem 8 conclude our specification by a hierarchical monomorphic total enrichment. 

(*) is not the best possible description of the equality in Z. Indeed, it is co-r.e since according to Proposition 

10 Z~ S@S' <=> EM D(S) v E~ D(S') v (E U~=S'} ~ x--y <=> E U~=S'} ~ x=y (because of E ~ D(Z) A E~ D(S')). 

However, if we change our type slightly by replacing axiom (I) by beval(C',d) = tt ^ exec(S';DO,u,u') ~ exec(DO,~,~') 

then nondeterministic statements without any term/mating execution sequence are undefined and the equality in the new 
0 

weakly terminal model is exactly A 2. 
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