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A model of vesicles and droplet type microemulsions is presented. It is shown that the size distribution of the
droplets (either vesicles or microemulsions) coexisting with excess fluid is determined in general by only two
terms: the free energy of the interface between the drops and the continuous phase, and a size dependent entropic
factor commonly referred to as 'the entropy of mixing'. The last mentioned term arises from translational con-
figurations of the droplets. In this work we use an estimate of the translational contribution as derived in earlier
work. A conjecture of the finite size effects coupled to the entropy of the interfacial layer is made based on ex-
perimental data.

We treat the summation over the size distribution as an 'effective partition function' from which all relevant
measurable properties are calculated. The necessity of invoking a curvature dependence of the interfacial tension
is proved. For vesicles, their average size is shown to scale as the volume fraction raised to a universal power,
whereas their polydispersity is fully determined by a universal coefficient.

Because of the existence of a finite preferred curvature, no such universal behavior is found for microemulsions.
Approximate analytical expressions for their size, interfacial tension of the planar oil-water interface, and
polydispersity are obtained. A limit (though not a physical one) is found at which universal behavior is recovered.

The model is compared to experimental data found in the literature. Quantitative comparison reveals full agree-
ment at a consistency level. Good agreement is found even when using only a single free parameter in the theory.

However, this comparison points to an additional size independent term in the size distribution.

1. Introduction

Mixtures of water (with or without salt), oil and one or
more surfactants may order themselves into a variety of
more or less complex structures. One of the simplest possi-
ble structures are droplets of water in oil or vice versa,
covered with a monolayer of surfactant molecules. The in-
terfacial area is determined by the amount of surfactant,
and the size of the droplets by the ratio of the dispersed
volume and the interfacial area. If the surfactant concentra-
tion falls below a certain limit, part of the dispersed phase
is expelled as an excess phase [1]. These kind of systems are
particularly interesting as the average size of the droplets is
now 'chosen' by the system, i.e. the interfacial area is fixed,
but the system is free to choose the dispersed volume and
the number of droplets. Moreover the interfacial tension of
the planar interface between the microemulsion- and the ex-
cess phase is expected to reflect properties of the micro-
emulsion droplets. A lot of experimental evidence exist that
microemulsion droplets are polydisperse [2 5] and theories
describing it either assume a Gaussian size distribution
[6, 7] or let it follow from a free energy [8 10, 5]. In this
work the latter approach is taken.

Vesicles are analogous to droplet type microemulsions in
equilibrium with an excess phase in many ways, the most
important difference being that the droplet interface con-
sists of a bilayer instead of a monolayer. A schematic view
of a microemulsion and a vesicle system is presented in
Fig. 1.

We define droplet categories j, referring to the number of
surfactant molecules in a droplet, i.e. a category has a fixed
average interfacial area. Every category corresponds to an
average spherical shape and an average volume. The
droplets are in equilibrium with a reservoir of the internal
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Fig. 1
Schematic representation of (left) a droplet type microemulsion coex-
isting with an excess phase of the same composition as the droplets
(Winsor II), and (right) a system of vesicles. The dashed line represents
a membrane that is permeable for all components except the surfactant

phase (i.e. in case of water droplets in oil, the system is in
equilibrium with excess water). Finite size effects (due to
undulations of the droplet interface and fluctuations
around an average molecular area of the surfactant mole-
cules) are taken into account by a single logarithmic term in
the interfacial free energy the coefficient of which is univer-
sal and should follow from a more microscopic theory. We
make a conjecture of this coefficient based on experimental
data.

In Sect. 2, the free energy is calculated from the semi-
exact partition function of the system. In calculating the
size distribution that minimizes the free energy we follow
Overbeek [11] by using the law of mass action. It is shown
that this size distribution is determined by the interfacial
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free energy (counted as being part of the droplets), and an
entropic factor which is directly related to the lengthscale
associated with translational configurations of the droplets.
We use an estimate for this factor made in our earlier work
[12].

In Sect. 3 we proof, based on experimental information,
the necessity of invoking a curvature dependence of the in-
terfacial tension within the treatment presented here.

In Sect. 4, macroscopic, measurable properties of vesicles
and microemulsions are calculated by using the size distri-
bution as an effective partition function. For vesicles it is
shown that their size depends on the volume fraction raised
to a universal power that is partly determined by the length
scale associated with the translational free energy. The
polydispersity is fully determined by a universal coefficient.

Because of the existence of a finite preferred curvature,
no such universal behavior is found for microemulsions.
Approximate analytical expressions for their size, inter-
facial tension of the planar oil-water interface, and poly-
dispersity are obtained. A limit (though not physical) is
found where universal behavior is recovered.

The model is compared to experimental data found in the
literature in Sect. 5. Although a full quantitative compari-
son is not possible at this stage, good agreement is found
even when using only only a single free parameter in the
theory. This comparison, however, points to an additional
size independent term in the size distribution.

2. The Size Distribution

2.1 The free Energy of Model

In this section we derive the free energy of a system of
vesicles or microemulsion droplets in equilibrium with an
excess phase. The situation is as depicted in Fig. 1 . The
setup for the vesicle system, i.e. forcing it to be in equilib-
rium with 'excess' liquid at outer pressure p, may look a lit-
tle awkward, but it is chosen this way in order to make the
following derivation valid for both vesicle and microemul-
sion systems. The results are assumed to be valid also for a
vesicle system without the constraint of it being in equilib-
rium with an excess phase, the pressure differences being
only very small. This is not the case for microemulsions, as
the continuous phase cannot be taken up by the droplets
and vice versa. In the following, we refer to an 'outer phase'
(subscript o) and a 'droplet phase' (subscript d). In case of
vesicles, the outer phase is the same component as the bulk
droplet phase; there is only a small pressure difference. For
microemulsions, we consider the outer phase as 'oil' and the
bulk inner phase as 'water'.

First consider the free energy of a droplet of category j,
where j denotes the number of surfactant molecules in such
a droplet. Gibbs [13] derived the reversible work of forma-
tion of a second phase into a bulk phase. If the Gibbs
dividing surface is considered as part of the droplet, this
leads to the following general expression of the Helmholtz
free energy (i.e. independent of assumptions concerning the
compressibily) of a droplet

(idj)fixed= E !you P Vdj = E NA;

(p+ vdj+ ajaj , (2.1)

where Ni; is the number of molecules i in a droplet of
category j and, because of our definition of droplet
categories, Nsj = j, where the subscript 's' denotes the sur-
factant. au 'iKj is the chemical potential of i at the pressure in-
side the droplet j, p + Api, where p is the outer pressure and
Api will be related to properties of the surfactant loaded in-
terface later. vdj is the volume of a droplet j and ajaj is the
interfacial free energy being interfacial tension times area of
such a droplet. We have used the subscript 'fixed' for the
droplet free energy as we are considering a droplet that is
'fixed in a laboratory frame' [10, 11]. As a second step, the
droplets are allowed to move freely in the medium, thus
releasing the 'free energy of mixing'. From now on we con-
sider water droplets in oil, but the description is equally
valid for oil in water and, of course, for vesicles. The parti-
tion function of the system may be written as

= 42.42d (2.2)

where Q0 is the partition function of the outer phase,

Q0 = exp E pVm))
kT

(2.3)

with k and T Boltzmann's constant and the absolute tem-
perature, respectively, and Vm is the volume of the con-
tinuous phase. The ,u7m are the chemical potentials of the
components making up the outer phase at the pressure in-
side this phase. This pressure is raised once the droplets are
allowed to move freely (and the entropy of mixing is 'swit-
ched on' which affects the chemical potential of the com-
ponents in the outer phase, cf. Eq. (2.13)). Qd is the parti-
tion function of the water droplets or vesicles (containing a
surfactant layer) in the full volume V. The factorization in
Eq. (2.2) is based on the idea that the interaction between
oil, water and surfactant is accounted for by the interfacial
free energy a A which forms part of Qd. In case of infinite-
ly diluted droplets

11Qd = (qcu)tdi 9

j ndj!
(2.4)

with ndj the number of droplets of category j and qdj the
partition function of a droplet of category j being

V
qdj = qdf (trans)*qdi(fixed) = *exp [ )fixedik TI . (2.5)

Where / denotes the length scale for configurational entropy
that is consistent with the model. As shown in [12], this
lengthscale is typically of a molecular size and is, in situa-
tions as considered in this work, virtually independent of
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the thermodynamic state, i.e., among other things, of the
average droplet size and the interfacial free energy. Com-
bining Eqs. (2.1 2.5) using G=F+pV=kTln(Q)+pV
leads to the Gibbs free energy

G=EN,m+ E E E AR/ Vdj E ajilf
i

+kT E (In Of 1 In /vd.///3)) ,

The chemical potentials of the components in the con-
tinuous medium follow from Eq. (2.6) with Eqs. (2.7 2.9)

11i=(OG

111

(2.6) so that

E Nimpi= E N1mp7 E
where the interfacial area of all droplets of category j

A = a =n 47E2Rj dj j di j ,

their volume

4
ndj TC

3
Vdj = ndj Vdj = R = E Nut); ,

(2.7)

E ndj
= p k T

1/ "v- (2.13)

(2.14)

where we have dropped a term linear in 0. From Eqs. (2.6)
and (2.14)

( 8G 4 2 2 c)
Pclj = = E + 7ER.,

(2.8) Otidj i ndj 3

+kT(ln 01 In (vd/13)) .

with vi the molecular volume of component i. The volume
fraction of all droplets j is

4 3

Of = Tt "xi ndji V = Vdj/ E Vdj E Nimvi .

For the droplet components we have

p+ Apj

(2.9) = Ai; + S (8p1/8p)dp = p + Api vi = it;

Eq. (2.6) leads to the size distribution of vesicles or micro-
emulsion drops in equilibrium with an excess phase (Fig. 1)
if appropriately minimized. This is done in the next Sect.
(2.2). The last term on the rhs of Eq. (2.6) defines the 'en-
tropy of mixing' Smix = k E ndj (In Ø 1 In (vd/13)).

This term takes into account the number of translational
configurations of the droplets. It depends on the number of
droplets of all categories and their number densities, but not
on their size.

2.2 Size Distribution

In order to find the size distribution that minimizes
Eq. (2.6) we follow Overbeek [10] and write the Gibbs free
energy in equivalent ways as

G = E = E NimPi+ E ndjkiclj

2 o-i 2 c

R-

)
J J

(2.15)

(2.16)

where we used Eq. (2.11). p: is the chemical potential of
the droplet components at pressure p. In a microemulsion
(or vesicle system) coexisting with an excess phase of the
same composition as the droplets we have for the droplet
components

(2.17)

Substituting Eqs. (2.16) with (2.17) into (2.15) using, for the
water components

N. 4 3
E ,

ndj 3

(2.10) and writing the law of mass action as

By combining Eqs. (2.6) and (2.10) we get an expression for
pd./. Then Aidi is eliminated using mass action. This gives the
size distribution.

Now droplets of average size R., have the properties

2a- 2c-Ap
j RJ R2

kiclj
ndj

we get the size distribution

Vd

(2.11) 0
J

= exp ( 41tRi2 a.//k T) ./3

which is the generalized Laplace equation where the bend-
ing moment

J
( 8a

c-
8 (2/R ) R

(2.12)

(2.18)

(2.19)

(2.20)

It is interesting to note that the exponential factor in this ex-
pression is equal to the one obtained by Volmer as early as
in 1927 [14] and by Eriksson and Ljunggren [9]. The dif-
ference between the models is reflected in different pre-ex-
ponential factors. As indicated earlier, the length 1 in
Eq. (2.20) is typically of a molecular size. Therefore the pre-

Nup7j
pi =

nd;

3

Nup,7* (aj

= Ali

=

= L

=R.

3

,

vi
l

P;

v,

i

=



W.K. Kegel and H. Reiss: Theory of Vesicles and Droplet Type Microemulsions 303

exponential factor increases with R, while the exponential
factor decreases as (neglecting for a while logarithmic con-
tributions in the interfacial free energy) exp ( 47c./q af/
kT). In principle, this competition leads to a size distribu-
tion. However, as will be shown in the next section, in order
for the size distribution to be peaked at a considerable value
of Ri (say at least several nanometers as found in ex-
periments) and within a physical range of the volume frac-
tion, it is necessary either to invoke a curvature dependence
of the interfacial tension or to introduce an entropic factor
(with an enormous magnitude) that effectively stabilizes
large drops.

We note that the length 1 coupled to configurational en-
tropy was the subject of a separate study [12]. From
Eq. (2.20) it is clear that its magnitude appears in a constant
that scales the whole size distribution, while the way it
depends upon the thermodynamic state defines (at least in
part) the power with which R./ (in front of the exponent)
rises.

3. Proof that Interfacial Tension Depends on Curvature

In this section we assume that the interfacial tension does
not depend on curvature, and investigate the consequences
of this assumption. These consequences are then compared
to experimental results on microemulsions.

We take into account finite size effects coupled to un-
dulations of the surfactant layer and fluctuations around
the average molecular area of the surfactant molecules by
writing

47tRjai = 47cR3y+z'kTIn(j) , (3.1)

where y is the interfacial tension of the macroscopic oil-
water interface (the planar interface between the micro-
emulsion and the excess phase) and the second factor takes
into account the finite size effects as mentioned above. It
has its origin in the exclusion of long wavelength fluctua-
tions (e.g. undulations of the monolayer or bilayer, fluctua-
tions around the average area per surfactant molecule) due
to the finite size of the microemulsion droplets or vesicles.
Note that in the limit that Rj (and thus j) goes to infinity,
a becomes equal to y. For several estimates of z' based on
different models and assumptions is referred to [9, 15, 16].
It is found to be in the range of order ± 1. We should be
careful with any comparison here as in some recent theories
(see for example [16] and references therein) the coefficient
is directly related to the so-called renormalization of the
bending elastic moduli. We will make a conjecture for the
value of z' later, using our full model. It is sufficient to note
here that the calculation of z' from a model is far from
trivial. For example, the problem of 'gauge fixing', which
is required for such a calculation, is a very subtle matter,
even for 'simple' on the average flat interfaces, as pointed
out in [17].

We now derive relations between the volume fraction of
droplets 0, the interfacial tension of the planar oil-water in-
terface y, and the average size of the droplets expressed by

(R3)
Rw=

<R2)
(3.2)

where the <Ri> represent the i-th moment of the size distri-
bution. Combination of Eq. (2.20) with Eq. (3.1) and using
that

47cR. = asj , (3.3)

in which a, is the molceular area of a surfactant molecule,
leads to

(3.4)= Alfe- Pi

In this equation,

4TC ( as "2

Al= 313 41.c)

= ya,/kT

3
z = z' .

2

The total volume fraction of the drops follows from a sum-
mation over all categories j

CO

0 =A1 E (3.9)
j = 1

and moments of it are

(Ri)= Ai jz + (i/2)e -Pi (3.10)

from which it is clear that 0 acts as an effective partition
function. Now iff the size distribution has its maximum at

1, we may replace the summations in Eqs. (3.9) and
(3.10) by integrations and obtain

fe-Yidj=A11-(z+1))7-(Z±1) ,

0

i/2 or

(RI> _A1 I jz+0/2)e-iii
0 4 it 0

=
1

At F (z + 1 + -.(z I + i/2)

0 4 ic 2

r(Z+( i/2
1 + i/2) , - 72

Y i ,
4 it r(z+ I)

(3.11)

(3.12)

with F(y) the gamma function with argument y:

F(y) = I e'dx which is of order 1 for y in between 1

.

(3.6)

, (3.7)
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and 4, but then increases steeply. Combining Eq. (3.12)
with (3.2) leads to

1/(ashr) + 4-) 1/2
Y

2F(z+ 2)
(3.13)

which clearly shows the dimensional behavior of the
macroscopic interfacial tension y k T/(size)2. Writing p in
Eq. (3.11) as a function of 0 and substituting this expres-
sion into Eq. (3.13) gives

1/2(z+ 1)
Rw =

with

(X = (A l rtz+ 0)-1/21) 2 1/Was) r (z + 2)
F (z +

(3.14)

(3.15)

We will now compare the model described above to ex-
perimental results. First, it follows from experiments (see
e.g. [5, 11, 18, 19]) that a typical set of values for the
volume fraction, average droplet radius (Rw is actually ob-
tained from the amount of water and the amount of surfac-
tant in the microemulsion phase) and the interfacial tension
are 0 = 0.05, Rw = 2 10 nm, y = 0.001 0.1 mN/m. Can
these values be recovered to the same order of magnitude by
using Eqs. (3.4) and (3.10)? We require 0 = 0.05 and vary
y in such a way that this requirement is fulfilled. This leads
to y = 15 mN/rn and droplets of typically a molecular size
(Rw = 0.28 nm when using I = 0.1 nm) for z = 3/2; even a
larger interfacial tension and smaller 'droplets' if z is
decreased, and only values in the neighborhood of the ex-
perimental ones for z > 25. Even when z = 25, y = 4 mN/m
and Rw = 1.4 nm. On the other hand, if we lift the con-
straint of a physical volume fraction, we get Rw of order
1 nm and y of order 0.1 mN/m, but only with 0 *. 1 . A sec-
ond consequence of the assumption that the interfacial ten-
sion does not depend on curvature is the prediction that Rw
grows with 0 raised to a universal power, Eq. (3.14).
Therefore, plotting ln Rw versus In 0 should lead to a
system independent slope with a value smaller than
1/2(z + 1) = 1/52. Fig. 2 shows ln R, versus ln 0 of 3 dif-
ferent systems.
It is clear from Fig. 2 that the slopes are not universal, and
not smaller than 1/52 (they correspond, going from the up-
per to the lower curve, to z = 1.5, 5.2, and 6.6, respective-
ly). We will return to this figure in the next section. This
analysis shows that the model presented in this section
clearly fails to explain the experimental data shown in
Fig. 2.

Summarizing this section, the stability of large droplets
(say several nm in size) with a positive interfacial tension
may be explained in two ways. First, there could be a factor
coupled to configurational or interfacial entropy that effec-
tively stabilizes large droplets (explicit in the value of z),
and second, there may be a preferred curvature with an as-
sociated stiffness that prevents the droplets from shrinking

3.0

§ 2.0

1.0
-7.0 -5.0

In(1)
Fig. 2
Log-log plot of experimentally determined average droplet size versus
volume fraction. The upper set of data are from [5] and correspond to
a system composed of SDS (Sodium dodecyl Sulfate), pentanol,
cyclohexane, and 0.2 M NaCI (Sample series II in [5]). The SDS con-
centration and the pentanol concentration necessary to compensate for
the uptake in the monolayers was varied in this system. The middle set
was obtained from [19] and is essentially the same system as above ex-
cept for a somewhat higher pentanol concentration. The lower set is
from [30] and correspond to a system composed of deuterated water,
AOT and deuterated n-decane at emulsification failure. The apparent
values of z (as defined in the text) are 3/2, 5.2 and 6.6, respectively

-3.0

down to a molecular size. The results of this section rules
out the first possibility. If it were true, a universal slope in
Fig. 2 would have been found that corresponds to z > 25 (see
Eq. (3.14)). Instead, the experimental results shown in
Fig. 2 show a significantly varying slope that corresponds to
values of z in between 3/2 and 6.6. Therefore, if there was
not interfacial tension penalty upon shrinking the droplets,
microemulsions and vesicles cannot be stable. In other
words: in that case the system would maximize its entropy
associated with translational configurations by forming
many droplets.

The only way to understand why Rw apparently grows
with 0 in a manner that depends on the system, is to assume
that the systems shown in Fig. 2 all have different preferred
curvatures with an associated stiffness. This statement will
be made more quantitative in the next section.

4. Size Distribution and Measurable Properties of
Vesicles and Microemulsions

4.1 General Expression for the Size Distribution

Since experiments indicate that 'large' droplets are not
stabilized by an entropic factor, we now take into account
the curvature dependence of the interfacial tension. The in-
terfacial tension is easily related to Helfrich's [20] curvature
free energy, which, for a sphere, reads

2

(4.1)

nw = ,

(

1

dFc = (2K(-- +R/R2)dA ,

x
0

0

*-4a-*
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where K is the bending elastic modulus, co the preferred
curvature, and K denotes the modulus associated with
Gaussian curvature. This expression allows us to relate the
interfacial tension of the droplets to the macroscopic inter-
facial tension between the microemulsion (or vesicle system)
and the excess liquid phase, y (which is measurable in case
of microemulsions; in vesicle systems such an interface is
simply not present)

80.

a
d(2/R)+z,k Tln (j 2)/47tR

o (2/R)

a2FC
d(2/R)+z'k Tln U)/47ER2

o

y+ (2K+ I?) 4Kc0
+ Tln (j)/47tR2 .

R'' R
(4.2)

Combining Eq. (4.2) with Eqs. (2.20) and (3.3) we find the
size distribution

with

4TC /a. 3/2

A2 = exp (4.4)

(4.3)

and

16 n Kco ( us )1/2

kT 47E

kT

(4.5)

The size distribution Eq. (4.3) with (4.4 4.5) is plotted for
3 different values of y corresponding to 3 different surfac-
tant concentrations where co = 0 and co = 0.05, and z = 3/2
and z = 1.0 are used (it will be shown later that z is indeed,
roughly, in this range). Since vesicles consist of bilayers in-
stead of monolayers, vesicle categories are distinguished by
different numbers of surfactant pairs instead of single sur-
factant molecules. The surfactant concentrations were
calculated via

Ns j n c°
cs = =

V j=1 V j=1 Vdj
(4.6)

where Ns denotes the number of surfactant molecules at the
droplet interface in case of microemulsions, and the number
of surfactant pairs in case of vesicles. A more convenient
expression for cs will be derived later.

In ending this section we note that perturbation methods
and renormalization group theory on tensionless surfaces
without preferred curvature predict that the bending elastic
moduli logarithmically vary with j [21 23]. This renor-
malization effectively accounts for surface entropy coupled
to thermal undulations. In the treatment presented here,
most of the interfacial entropy is already accounted for by

a

0.4

0.3

0.1

0.0

2.0

1.5

0.5

0.0

Fig. 3
Size distributions calculated with Eq. (4.3 4.5) in the 01-Ri plane
for co = 0 (Fig. 3a) and co = 0.05 nm -1 (Fig. 3 b). The solid curves
were calculated using z = 3/2, while for the dashed ones z = 1 was
used. Going from the upper to the lower curve, the surfactant concen-
tration was fixed at 0.03, 0.01 and 0.005 nm -3, respectively. For all
size distributions we used /3 = 0.1 nm3 = 1 nm2, K = kT, and
K = k T/2

5
R1(nm)

10

the macroscopic interfacial tension y. Therefore, taking in-
to account an additional size dependency of the bending
elastic moduli would introduce redundancies in the inter-
facial entropy.

We will now consider two special cases: one for vesicles
(e0 = 0), and one for microemulsions (J0*0), but from
which the 'vesicle case' can be recovered.

4.2 Vesicles

In the case of vesicles we assume ë0 = 0. This is probably
a good approximation for relatively large vesicles so that
concentration- and pressure differences between the inside
and the outside become negligible. Eq. (4.3) then becomes

Oj =A2jze- (4.7)

2/R

=y+

2/R

= Y +

=

Of = A2.izee0llne-Pj ,

)

Co =

E =

1.0

a

S
OA 8 (2/R )

47C

3P 4n

621

o

(

(

,
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with A2 given by Eq. (4.4). Interestingly, preferred cur-
vature does not appear explicitly here, but the presence of
the bending elastic moduli in Eq. (4.7) (via Eq. (4.4)) being
of order k T provide a 'weighting factor' for the whole set
of [Of} that leads to 0 << 1 where otherwise one would have
found 0 1. It leads to size distributions corresponding to
slightly positive interfacial tensions and still with sizes of
order 10 nm, see Fig. 3 a. The absence of the preferred cur-
vature in Eq. (4.7) leads to several intriguing results.

We calculate the volume fraction and R in the same
way as in the previous section (i.e. by replacing the summa-
tion over the 0, by an integration) and find

= )(IV-1/(z" = x2R;2

with

X1 = as 1(242F(z+ 1 ))1/(z+ I)

X2 =
r(z+ 2

2 lf(/(Trs) F (z + 2))

(4.8)

(4.9)

showing that the interfacial tension of a planar bilayer, if
such layer was present, is finite and depends upon the ther-
modynamic state! From Eq. (4.8) we find how the average
size of the vesicles grows with the volume fraction

R = 2(10
1/2(z+ 1)

w (4.10)

which is analogous to Eq. (3.14), but now with the propor-
tionality factor given by

X = (A2F (z+ 1)) -1/2(z + 1) 2 -11(7c/as) F (z + 2)
. (4.11)

F(z+1)

So in case of vesicles, the theory clearly predicts that the av-
erage size grows with the volume fraction raised to a univer-
sal power. Such a result was also found by Simons and
Cates [24] using an ansatz for the grand potential that con-
sists of the sum of the (renormalized) curvature free energy,
Eq. (4.1) but with size dependent bending elastic moduli,
and some 'entropy of mixing'. Clearly their chemical poten-
tial p/kT of the surfactant is completely analogous to our
interfacial tension )7.

Another interesting quantity is the polydispersity defined
by

a 2 =
(R2>

,
(RY'

(4.12)

which can be calculated by again using the volume fraction
as a partition function (as in Eq. (3.12))

CO

1A2(as/4n) Liz+ I
0

2(1 A A 701/2
0,92ku , 9

0

F(z+ 1)F(z+ 2)=
1-2(z + 3/2)

where we have used the relation between the macroscopic
interfacial tension and the volume fraction, Eq. (4.8) with
(4.9). Eq. (4.13) shows the very interesting (and new) result
that the polydispersity of vesicles only depends upon a
universal coefficient. It is independent of the bending elastic
moduli, the macroscopic interfacial tension and the volume
fraction. So although it is necessary to introduce bending
elastic moduli in order to explain the stability of vesicles,
the polydispersity doesn't depend on them and nor does the
coefficient that determines how their size grows with the
volume fraction.

4.3 Microemulsions

In this section, we study how measurable properties of
microemulsions are interrelated. First we show that a finite
preferred curvature breaks down the universal behavior as
discovered in the previous section. In the second part we
derive approximate analytical solutions for the quantities of
interest in Winsor II microemulsions. We show that a limit
(though unphysical) exists where this behavior is recovered.

As a general purpose, we substitute x = j1/2 in Eq. (4.3),
and obtain for the total volume fraction, replacing the sum-
mation by an integration

CO

0 = 2A2 x2z+ eebx e Px2dx (4.14)

Now in order to study how a finite preferred curvature in-
fluences the quantities mentioned above relative to the
situation with zero preferred curvature, we expand the ex-
ponent of the preferred curvature in Eq. (4.14) and find

0/2A2= x2z + 1 (e- e_fx2dxz + E
0 i=0 i!

CO

0 f x2z+ 2E ,e_yx dx)
i=0 i! o

co

(
,

= E --Pc I- (z + 1 + i/2) )7 (z + 1+ i/2)

i = 0 i!
(4.15)

Because of the separation of universal and non-universal
quantities, Eq. (4.15) clearly describes how the 'partition
function' Ø(Y) starts deviating from universal behavior.
Since R, still goes to leading order as Eq. (4.8), we get

00

i= 0 !)
0 (z+ 1 + 1/ z+"E (4.16)

This equation shows that if co increases, 0 (R) increases
faster and therefore 14(0 starts leveling off. How does
this relate to experimental results? The upper two lines in
Fig. (2) correspond to systems in which the preferred cur-
vature is significantly different (i.e. the systems are equal

(4.13) except for the cosurfactant concentration which alters co)
and the lower one of the two has the largest preferred cur-

,
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CP./ dj
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vature. Clearly its slope is smaller which is indeed in agree-
ment with the trend inferred from Eq. (4.16). We will return
to a more quantitative interpretation of these data in the
next section.

An approximate analytical solution of Eq. (4.14) is ob-
tained by using a saddle point method known as steepest
descent. This leads to

0 = A2ef"1/(n/2) (1 + Erf (u/2 157))

+ (slowly varying functions of "do and 2) , (4.17)

where we will further neglect the slowly varying functions
of eo and p. In this equation,

= 2(x*)2 + Jox* +(2z+ 1)1n (x*) , (4.18)

in which x* is the value of x where the size distribution has
its maximum

x* = (Jo+ (eo + 82(2z+ 1))1/2)/42 ,

and

u = 2jix*

(4.19)

(4.20)

(Note the importance of the macroscopic interfacial tension
in determining the peak in the size distribution!). In the case
that Jo> 0 (even very slightly), the error function in
Eq. (4.17) equals 1 so that

0=21/77-(A2efix*)P -1/2 (4.21)

In the same way as in Sect. 3, the i-th moments of the aver-
age globule size of a microemulsion system is found to be

2 ViTA). ( -f(x7)
y
- -1/2(1V) = e

0 4 n

i/2

= exp (f(x*) f (.4)) ,
4 n

with

f(x7)= (.4 )2 + 634 + (2z + 1 + i)ln (x7) ,

and

= (e0+ + 8 2(2z 1 0)112"

(4.22)

(4.23)

(4.24)

The only conserved quantity in the microemulsion phase is
(to a very good approximation) the surfactant concentra-
tion, which can be obtained by starting with Eq. (4.6) and
making use of the results above, leading to

A3cf (4) 1/2 (4.25)

with

A3
2 Irir- exp ( 4n (2K+1?)/kT)

/3

f(xl) =

= (4+ (4+ 16z "2)/4

(4.26)

(4.27)

(4.28)

The approximate expressions above were all checked by
numerical integrations and the agreement was always better
than 1% difference.

4.4 Model Predictions

In Fig. 4a, b, and d we plot the macroscopic interfacial
tension, the average globule size R, and the polydispersity
as a function of the volume fraction for several values of co
and fixed z = 3/2, K and I?, respectively. Fig. 4c shows the
logarithm of Rw against the logarithm of 0. The value of z
does not influence the trends shown in these figures.
Although the interfacial tension slightly decreases with the
volume fraction for all values of co (Fig. 4a), it is clear
from Fig. 4 b that a significant (and measurable) increase of
the average droplet radius can only be obtained as long as
the preferred curvature is not too far from zero (at least for
the used values of the other parameters). Fig. 4c shows how
the apparent scaling coefficient decreases with the preferred
curvature, as predicted by Eq. (4.16). In Fig. (4d), all
polydispersities go to the value corresponding to the vesicle
case when 0 approaches zero. So, interestingly, at very
small volume fractions, universal behavior is recovered.
This can be understood as follows. For very small volume-
fractions, the value of x where the size distribution has its
maximum is much smaller than 1/c0, so that we may re-
place the upper integration limit in Eq. (4.14) by xmax with
xma such that c0x4 1 over the whole integration from 0 to
xmax. This allows us to put the exponential term with co
equal to one, and the results for the situation where co = 0
(vesicles) is recovered. Although the values of 0 where this
behavior is observed are unphysical (in the sence that we
don't expect a 'microemulsion' any more but at most
micelles and even more probable monomers of surfactant
molecules), this result is interesting as it illustrates the con-
nection between vesicles and microemulsion droplets: 'mi-
croemulsions lose their identity as their volume fraction
goes to zero' in the theory presented here.

From Fig. 4d it is clear that in the cases where eo 0, the
polydispersity decreases with the volume fraction of the
droplets. This trend has indeed recently been observed in
microemulsions made of nonionic surfactants [25]. It
follows from Fig. 4d that it also decreases with co. The fact
that the polydispersity is constant for the vesicle case im-
plies that the decrease in polydispersity as a function of 0
as observed in the microemulsions cannot simply be ex-
plained by a competition between mixing entropy and ben-
ding energy in general. It rather is a consequence of the fact
that the shape of the size distribution changes with 0 due to

.

P(4)2+44 + 2z In (4) ,

x'21` .

+ .
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Fig. 4
a) Interfacial tension of the planar interface y versus the volume fraction of the droplets 0 with fixed values of /3 = 0.1 nm3, a = 1 nm2, K = kT
and g= - k T/2. Different values of co (in nm I) were used: co = 0 (Eq. (4.8); solid line), co = 0.01 (dashed line), co = 0.05 (dotted line), and
co = 0.10 (dash-dotted line)
b) Squared polydispersities 2 as a function of the droplet volume fraction. Parameters and line symbols as in Fig. 4a
c) Droplet radius Rw as a function of the droplet volume fraction. Parameters and line symbols as in Fig. 4a
d) As Fig. 4c, but now in the log-log plane for the purpose of demonstrating how preferred curvature influences the apparent scaling of the average
droplet size with volume fraction

the interplay of two functions (a power and an exponential)
that increase with j. So in that respect, it indeed is an in-
terplay between mixing entropy and interfacial free energy,
but only that part of the interfacial free energy that contains
the preferred curvature and its associated stiffness is involv-
ed in this interplay.

5. Comparison with Experiments

5.1 Conjecture of the Finite Size Effect

The slopes in Fig. 2 are 1/2 (1 + Zapp), with Zapp the ap-
parent value of z which is determined mainly by z and e.-0.
This becomes clear when looking at Fig. 4c where it is

shown that the slope of In (Rw) versus In (0) clearly
decreases with ao if z is kept constant. Quantitatively, this
is most clear from Eq. (4.15). Now first we verify that it is

indeed e.c, that increases in these systems when going from
the upper to the lower line in Fig. 2.

e0 depends on both K and co, see Eq. (4.5), and only
slightly on a, which does not vary very much per system
anyway. Since K of all these systems is approximately equal
to kT [5, 26], where it is assumed that deuteration of water
and oil does not significantly influence the value of K, the
systems with smaller (average) Rw should have a larger
preferred curvature. Therefore the lower the lines in Fig. 2,
the smaller their slope and therefore the larger their zapp
should be. This is indeed (and significantly) observed (it is
even immediately clear that the system with more pentanol
should have a larger co, which is therefore consistent with
the reasoning above).

We immediately obtain an upper limit for z from the
slopes in Fig. 2. Since in these systems e."0> 0, and, as prov-
ed before, in that case zapp> z, and the smallest value of
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Zapp we get from Fig. 2 is zapp 3/2, we immediately find
z < 3/2. This implies that the coefficient related to the finite
size effects z'> O.

To obtain a lower bound is a little bit less straightfor-
ward. Using the results of Sect. 4.3 with varying z, co and
bending elastic moduli we found that R, is always much
smaller than 1/c0. In order to remain at the save side, we
assume for the radii in Fig. 2 1/2 co. Comparing the
slopes generated using the value of co = 1/2Rw (as in
Fig. (4c)), we estimate z > 3/4. This leads to our conjecture
of z based on experimental input

3/4<z<3/2 , (5.1)

so that 0 < z' <3/4. Experimentally, a more accurate value
of z can only be obtained by measuring some average radius
versus the volume fraction in a thermodynamically stable
vesicle system. Even then one has to be careful as very small
concentration differences between the inside and the outside
liquid or between the inner- and outer part of the surfactant
bilayer may lead to a significantly non-zero preferred cur-
vature.

Ultimately, z' should follow from a theoretical model of
fluctuating bilayers and monolayers. At present, there is no
such model that is able to come up with a value of z' in the
range corresponding to Eq. (5.1).

5.2 Average Droplet Size and Macroscopic Interfacial
Tension as a Function of Droplet Volume Fraction

Experimental evidence that the average size of
microemulsion droplets and the macroscopic interfacial
tension depend on the droplet volume fraction was, for the
first time, shown by van Aken [19] (his data are also pub-
lished in [5]). Since the bending elastic modulus of this
system is known [5], the results of Sect. 4.3 imply that there
are still two unknown constants, the Gaussian bending
elastic modulus and the preferred curvature, in the theory.
Therefore we choose to test the theory on consistency, i.e.
we fix z, fit the (1?,0) data with Eqs. (4.21 4.24), and
subsequently compare the values of the interfacial tension
that were necessary to generate these data with the ex-
perimental values. Note that the last mentioned comparison
requires no adjustable parameters. Fig. 5 a shows some
'fitresults' of the average droplet size versus the volume
fraction for z = 3/2, and Fig. 5 b shows the set of values of
the interfacial tension that were used to generate these
curves.

We note that the agreement is excellent. Comparable
agreement is found over the whole range of z as given by
Eq. (5.1). The value of co obtained in this way increases
somewhat with z, and the value of K decreases. The signs
of both co and K are intuitively sound: the preferred cur-
vature should have the same sign as the droplet radius
whereas K is the negative second moment of the lateral
pressure profile [27] and is expected to be negative.

3.

0.06

0.04

0.02

0.00
0.00 0.01 0.02

Fig. 5
Experimental data of van Aken [19] together with theoretical lines
calculated from Eqs. (4.21 4.24) using K = kT [5], /3 = 0.1 nm3,
a, = 1 nm2, z = 3/2, co = 0.025 nm -1, and g/k = 0.07 (dotted
line), 0.09 (solid line), and 0.10 (dashed line). The 12,,,,(0) data in
Fig. 5a were 'fitted' using co and I? as free parameters. The variation
of the macroscopic interfacial tension y necessary to produce the lines
in Fig. (5 a) are plotted in Fig. (5 b), together with the experimental
points. There is no additional free parameter. Smaller values of z in the
range of Eq. (5.1) give comparable results, only slightly larger co (up to
a factor 2) and more negative K (down to approximately k T)

__o

0.03 0.04 0.05

5.3 The Macroscopic Interfacial Tension as a Function
of the Salt Concentration

The interfacial tension as a function of the salt concentra-
tion for systems composed of AOT (sodium diethylhex-
ylsulphosuccinate), brine and linear alkanes of varying
chainlength (C8, C10, C12 and C14) was presented by Binks
et al. [26]. In this work, the bending elastic moduli are
determined as well. In order to describe how the interfacial
tension varies with the salt concentration using the model in
the work presented here, we need to know how K, K, and
co vary with the salt concentration. These parameters (or at
least certain linear combinations of them) are in fact
moments of the lateral pressure profile [27] which, in case
of ionic surfactant systems, is in turn the sum of the lateral
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pressure profile due to the hydrocarbon chains and the one
due to the electrical double layer. The first one cannot be
obtained analytically [28], but the second was found using
the full (non-linear) Poisson-Boltzmann equation [29]. It
turns out that the influence of the salt concentration on the
bending elastic moduli is negligible in the salt concentration
range that is of interest here, but it significantly influences
the linear combination

kT
(Kco)ei= ((q + 1)/2) ,

It Q

= 0 ,

with

42) = 1/4)i ,

(5.6)

(5.7)

e 2 z
(5.2) -2zln o (5.8)

2P eo

where the subscript 'el' refers to the contribution of the
electrical double layer. Contrary to [29] a minus sign is used
here because of our definition of co (it should have the
same sign as the droplet radius). Q is the Bjerrum length be-
ing 0.714 nm in aqueous systems at T = 298 K and

02 01/2
, (5.3)

in which a denotes the absolute surface charge density, K
the inverse Debye length (K. = 3.3 (Csaii)1/2 with Csalt in mo1/1
and K in nm -1 for a 1 1 electrolyte at 298 K), and e the
unit charge. The surface charge density is related to the
(ionic) surfactant molecular area (reported in [18]) via
a = e/ as. So, to a good approximation we may write the
preferred curvature as

(CoK)chain+ (C0/06
Co = (5.4)

where the subscript 'chain' refers to the contribution of the
surfactant chains. The interfacial tension as reported in [26]
as a function of the salt concentration first decreases, goes
to a minimum and then increases. (Kco)chain can now be ob-
tained from the salt concentration where the interfacial ten-
sion has a minimum since in that case it is expected that
co = 0 and thus (Kco)chain = (KCO)ci is given by Eq. (5.2)
at this salt concentration. Now (Kco)chain may vary with the
salt concentration as well due to some variation of the pack-
ing density of the surfactant molecules in the monolayers
with the salt concentration. This effect, if present, is at least
very small as no significant variation of the surfactant mo-
lecular area was found in the salt concentration range where
the experiments reported in [26] were performed [18], so we
will neglect it here. This fixes all model parameters except
one, K.

The surfactant concentration in the systems mentioned
above is conserved and therefore we use Eqs. (4.25 4.28)
to obtain a relation betwen the macroscopic interfacial ten-
sion and the salt concentration. We may set (Co/P) 1 in
these systems (which is verified afterwards) to obtain

eo 2z
+ ,

2 jt Jo
(5.5)

substituting this equation into Eqs. (4.27) and (4.25) and
taking the logarithm on both sides we get

and

c()),z) = 4z2j3 . (5.9)

Eq. (5.6) was solved numerically and combined with Eqs.
(5.2) to (5.5) to obtain (real and positive) pairs of (j7, esalt).
The results together with the experimental data are shown
in Fig. 6. The fixed parameters that were used to calculate
these curves are summarized in Table 1. Varying z between
the limits Eq. (5.1) did not have any visible influence on the
theoretical lines in Fig. 6.

Table I
Fixed parameters obtained from Ref. [26] and [18] used to calculate the
dependence of the interfacial tension on the salt concentration. A sur-
factant concentration of 7.5 mM in the microemulsion phase was used
in all cases 1261; z = 3/2; /3 = 0.1 nm3

System (oil phase) K/kT k T nm o-,/nm2

Octane (C8) 0.85 0.744 0.71
Decane (C10) 0.95 0.633 0.67
Dodecane (C12) 0.15 0.489 0.64

Fig. 6
Interfacial tension of the planar interface between the microemulsion
and the excess phase as a function of the salt concentration for systems
composed of AOT (sodium diethylhexylsulphosuccinate), brine and
linear alkanes of varying chainlength. Points are experimental data ob-
tained from [26]: C 8 (circles), CIO (squares), and C12 (diamonds).
Open symbols refer to Winsor II systems, while the corresponding fill-
ed symbols indicate the Winsor III region, where the theory is no longer
valid. The lines were calculated using Eqs. (5.2 5.9), the fixed param-
eters listed in Table 1, and well chosen values of R/kT = 1.0 (dodecane
system), 1.9 (decane system), and 4.0 (octane system)

In

; p =2nQa/Ke

r*-_2 =- -

h(53,eo,z,es,A3) = In (CO In (A3)+1 In (53)
2

,

I

.0.25

-125

-225

.325
0.00

°

0.10 0.20 0.30 0.40

4.04)

-

ameO b07,eo,z,cAod- z)

q =

ft



W.K. Kegel and H. Reiss: Theory of Vesicles and Droplet Type Microemulsions 311

The theoretical lines in Fig. 6 correspond to well chosen
values of K. Other values only translate the curves through
the (7, csait) plane without altering their shapes. It is em-
phasized that these curves are all unique. For example, there
exist no values of K that allows the C10 or the C12 data to
be described by the parameters corresponding to the C 8
data.

It is clear from Fig. 6 that all the relevant experimental
data are described very well by the theory. A worrysome
result is, however, the positive value of I? that is found.
There are roughly two possibilities that might explain this
counter-intuitive result.

First, is was shown experimentally [26] that the phase
behavior of these systems is very different from the
'classical' behavior as found by Winsor [1], i.e., as the mid-
dle phase is reached, the systems form structures that con-
sist of bilayers instead of monolayers. Therefore there
should be an attractive potential between the chain sides of
the monolayers that is not present (or to a smaller extend)
in other systems. This attractive potential should then also
be present between chains that are part of the same
monolayer and this may reduce the contribution of the
chains to the lateral pressure profile of the monolayers,
which will cause K to become at least less negative com-
pared to a system where such attraction is not present. It is
however questionable whether this effect will give rise to
values of I? of order + kT as found here.

A second explanation for the positive values of g. that are
found is that we may have looked over a term in the size dis-
tribution. Now any additional term in the size distribution
that is size dependent (e.g. powers or exponentials with j;
the first kind of terms arise if the bending elastic moduli are
assumed to depend logarithmically on size) will change the
shapes of the theoretical curves and therefore ruins the
agreement with experiments. This is immediately clear when
it is realized that all quantities coupled to the size dependent
terms are fixed as shown in Table 1. Therefore the only kind
of term that might have been overlooked is one that scales
the whole size distribution (or provides a size independent
weighting factor), just as I? does in Eq. (4.3) with (4.4). The
physical basis for such a term is however somewhat
obscure.

These results stress even more that the detailed expression
of the size distribution significantly influences measurable
properties of droplet type microemulsions.

6. Final Remarks

In the size distribution for vesicles and microemulsions as
derived here, Eq. (4.3 4.5), the exponents contain the
'macroscopic' interfacial free energy, i.e. the interfacial
area times the second order expansion of the interfacial ten-
sion in the inverse radius of the droplets, Eq. (4.2), without
finite size corrections. The entropic terms, i.e. the terms
following from the translational partition function, and the
finite size effects related to the entropy of the droplet inter-
face, are all in the pre-exponent. This is because they cause
a contribution to the free energy that is logarithmic in size.

As mentioned before, the pre exponential factor is always
determined by the model used. Approaches that are com-
parable to the one that is taken here all find different pre-
exponential factors in the size distribution [8 10]. We
choose to take a pragmatic approach and estimated the pre-
exponential factor from experiments. We emphasize the im-
portance of the use of a physically consistent length scale
coupled to translational configurations. With the estimate
made in [12], we were able to make a conjecture for the in-
terfacial contribution.

We showed (in Section 3) that microemulsion droplets in
equilibrium with excess fluid, or vesicle systems, with
positive (macroscopic) interfacial tension, can be stable
either due to a factor coupled to interfacial entropy of the
droplets or by a preferred curvature with an associated stiff-
ness that leads to a curvature dependence of the interfacial
tension. On experimental grounds we ruled out the first
possibility. We showed that the experimental trends are in-
deed consistent with the concept of a curvature dependence
of the interfacial tension.

The agreement between theory and experiments is rather
good. Not only at a consistency level (where it is actually ex-
cellent; Section 5.2), but also when all but one quantities in
the theory are fixed. This comparison, however, seems to
point to a size independent factor in the size distribution,
the physical origin of which is unknown for the time being.
We note that a full quantitative test of the theory is possible
if e.g. a set of Rw, 0, y data as a function of the salt con-
centration and the (ionic) surfactant concentration is avail-
able, and if the Gaussian bending elastic modulus is obtain-
ed, for example, from the full lateral pressure profile of the
surfactant monolayer at the oil-water interface [28].

WKK thanks Henk Lekkerkerker and David Morse for discussions
on microemulsions and vesicles. This work was supported by the
Petroleum Research Fund under grant No. ACS-PRF # 27507-AC9.
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