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The usual derivation of classical nucleation theory is inappropriate for crystal nucleation. In particular, it
leads to a seriously flawed estimate of the pressure inside a critical nucleus. This has consequences for the
prediction of possible metastable phases during the nucleation process. In this paper, we reanalyze the theory
for crystal nucleation based on the thermodynamics of small crystals suspended in a liquid, due to Mullins
(J. Chem. Phys.1984, 81, 1436). As an illustration of the difference between the classical picture and the
present approach, we consider a numerical study of crystal nucleation in binary mixtures of hard spherical
colloids with a size ratio of 1:10. The stable crystal phase of this system can be either dense or expanded. We
find that, in the vicinity of the solid-solid critical point where the crystallites are highly compressible, small
crystal nuclei are less dense than large nuclei. This phenomenon cannot be accounted for by either classical
nucleation theory or by the Gibbsian droplet model.

The experimental determination of crystal nucleation rates
is one of the prime sources of information on the free energy
of solid-liquid interfaces (see, e.g., ref 2). The link between
the observable quantity (number of crystal nuclei formed per
unit time per unit volume) and the surface free energy is usually
given by classical nucleation theory (CNT). CNT contains two
ingredients: the first is a thermodynamic estimate of the
reversible work needed to make a critical nucleus (i.e., a nucleus
that is equally likely to dissolve as it is to grow to macroscopic
size). This reversible work defines the free energy of a critical
nucleus. A system that contains a critical nucleus is at a local
free-energy maximum. This is important for what follows,
because it means that the free energy is invariant under
infinitesimal exchanges of mass or volume between the nucleus
and the parent phase. In particular, it means that chemical
potentials of all species are constant throughout the system.3

The second ingredient of CNT is an estimate of the rate at which
critical nuclei transform into macroscopic crystallites. In what
follows, we focus on the equilibrium properties of critical crystal
nuclei.

According to CNT, the free energy of a spherical nucleus
that forms in a supersaturated solution contains two terms. The
first term accounts for the fact that the solid phase is more stable
than the liquid. This term is negative and proportional to the
volume of the nucleus. The second term is a surface term. It
describes the free energy needed to create a solid/liquid interface.
This term is positive and proportional to the surface area of the
nucleus. The (Gibbs) free energy of a spherical nucleus of radius
R has the following form:

where Fs is the number density of the bulk solid,∆µ the
difference in chemical potential between the solid and the liquid,
andγ is the solid/liquid surface free energy density. The function
∆G has a maximum atR ) 2γ/(Fs|∆µ|) and the corresponding

height of the nucleation barrier is given by

One of the assumptions that is made in classical nucleation
theory is that the crystal nucleus is incompressible. This
assumption is not really necessary. It is not made in the so-
called droplet model. In the Gibbsian droplet model of (liquid-
vapor) nucleation, the free energy barrier for nucleation is
computed by considering the effect of the Laplace pressure on
the chemical potential of the critical nucleus. As the critical
nucleus is in (unstable) equilibrium with the parent phase, it
must have the same chemical potential. This is possible if the
pressure inside the nucleus (Pn) is higher than the pressurePp

of the parent phase, such thatµn(Pn) ) µp(Pp). This constraint
on the chemical potential implies that

whereµn denotes the chemical potential inside the nucleus and
µp is the chemical potential of the surrounding metastable parent
phase at a pressurePout ≡ Pp.

In the droplet model, the pressures difference∆P ) Pn - Pp

is assumed to be equal to the Laplace pressure 2γ/rs, wherers

is the radius of the surface of tension. Assuming that we know
γ and the pressure dependence of the chemical potential of both
phases, one can then computer, the radius of the surface of
tension of the critical nucleus, and the nucleation barrier itself
(4πγr2/3). In contrast to CNT, the droplet model allows for the
compressibility of the phase that nucleates. As the Laplace
pressure is always positive, the droplet model predicts that small
nuclei are necessarily denser than the corresponding bulk phase.
However, as Gibbs already realized,4 the droplet model cannot
be applied to crystallites as the excess pressure of crystals is
not equal to 2γ/rs. The reason is that, for solid surfaces (or,
more generally, surfaces of phases that have some degree of
translational order) one should distinguish between the surface
tension and the surface stress.

∆G ) 4
3
πR3Fs∆µ + 4πR2γ (1)

∆G* ) 16π
3

γ3

(Fs|∆µ|)2
(2)

µn(Pp + ∆P) ) µp(Pp) (3)
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Mullins1 has given a consistent thermodynamical description
of small crystallites. Below, we briefly review the key results
of Mullins’ paper and then consider the implications for crystal
nucleation.

Thermodynamics of Crystal Nuclei

The nucleation barrier is defined as the difference in grand
potential between a system of (arbitrary) volumeV containing
a critical nucleus and a system withe the sameV, T, and µ
containing only the metastable parent phase. For a liquid droplet,
this barrier (that we denote by∆G*) is equal to

This expression is valid for any choice ofr. If we choose forr
the radius of the surface of tension, then we can use the Laplace
equation for∆P and we find

As we shall see later, eq 5 also holds for crystal nucleation,
but most of the other equations do not.

Let us next consider the case that the nucleus is not a liquid.
We still assume a spherical nucleus. This is not essential, but it
makes life easier. We consider a nucleus with radiusr and
volume Vn ) 4πr3/3, inside a system with total volumeVT,
temperatureT, and chemical potentialµ (again, for convenience,
I consider a one-component system). The choice ofr is, at this
stage, still arbitrary. The volume of the parent phase isVp )
VT - Vn. The grand potentialΩ of the system is given by

whereΩn is the grand potential of the bulk phase inside the
nucleus of volumeV - n, Ωp is the grand potential of the parent
phase in volumeVp andΩs defines the grand potential of the
surface. In equilibrium, the grand potential is a minimum and
hence

If the parent is a liquid, we have

wherePp is the ambient pressure in the liquid. The expression
for δΩn is more subtle. We start from

The energy of the nucleus can be written asNne, whereNn is
the number of unit cells ande the energy per unit cell. Hence

This equation expresses the fact that, for crystals, the number
of unit cells is an independent thermodynamic variable. Similar
expressions can be written for the other extensive properties of
the nucleus (S, V, N, andΩ). The variation de can be written
as

whereν is the number of particles per unit cell (this number is
not fixed, to allow for vacancies and interstitials).

We can then write eq 10 as

where we have defined the grand potential per unit cell as

With this expression for dEn, we can write eq 9 as

The basic variational eq 7 then becomes

We now consider separately two cases. First we consider the
situation thatV is constant and then the case whereNn is
constant.

Variation at Constant W. If V is constant, dVn ) V dNn and
the variational equation becomes

where we have definedωs ) Ωs/A, with A being the surface
area of the nucleus. Similarly, we defineωp ) Ωp/Vp andωn )
Ωn/Vn ) ω/V. As the parent phase is a liquid,ωp ) - Pp

depends only onT andµ, but as the nucleating phase is a solid,
ωn depends onT, µ, andV. At fixed T, µ, andV, the variation
in ΩT is therefore

As this must hold for arbitraryδVn, we obtain

This equation can be integrated to yield (after rearrangement)

where the integration constantW is (of course) independent of
r. As ΩT ) ωnVn + ωpVp + Aωs, it follows that

i.e., it is the difference if grand potential between a system of
volume VT containing a critical nucleus and a system of the
same volume containing the parent phase. In other wordsW
corresponds to the reversible work needed to make a critical
nucleus.

Thus far, we have not specifiedr. The physical properties of
the crystal (nucleus) do not depend on the particular choice of
the dividing surface. As in the case of a liquid nucleus (eq 5),

∆G* ) 4πr2γ - 4π
3

r3∆P (4)

∆G* ) 4π
3

r2γ (5)

ΩT ) Ωn + Ωp + Ωs (6)

δΩn + δΩp + δΩs ) 0 (7)

δΩp ) - PpδVp (8)

dΩn ) dEn - TdSn - µdNn (9)

dEn ) edNn + Nnde (10)

de ) T ds - Pn dV + µ dν (11)

dEn ) Nn(T ds - Pn dV + µdν) + edNn

) (TdS- Ts dNn) - (Pn dV - PnV dNn) +
(µ dN - µν dNn) + edNn

) T dS- Pn dV + µ dN + (ω + PnV) dNn (12)

ω ) e - Ts- µν (13)

dΩn ) -Pn dVn + (ω + PnV) dNn (14)

- Pn dVn - Pp dVp + (ω + PnV) dNn + dΩs ) 0 (15)

(Pp + ω/V) dVn + dA ωs ) 0 (16)

δΩT ) ωnδVn - ωpδVn +
∂Aωs

∂Vn
δVn ) 0 (17)

ωp - ωn ) 1

r2

∂r2ωs

∂r

) 2
r(ωs + r

2

∂ωs

∂r ) (18)

Aωs + Vn(ωn - ωp) ) W (19)

W ) ΩT - ωpVT (20)
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we now chooser to be the radius of the surface of tension,
such that

This is possible forωn < ωp (i.e., if n is the stable phase) as
can be seen by differentiating eq 19. The solution of eq 21 is

We now defineγ asωs(r*). For r ) r*, we then have

and

Note that eqs 23 and 24 are essentially the same as for liquid
nuclei. It is interesting that, whereas almost all thermodynamic
properties of crystal nuclei differ from the expression given by
CNT, the expression for the barrier height is exactly the one
given by Gibbs (ref 4, p 258, eq 560salthough, as we shall
see, the second part of this equation does not hold for crystal
nuclei).

Variation at Constant Nn. All results obtained thus far still
depend onV, the volume per unit cell that was held constant.
Now we consider variations inV at constantNn. Then

For any value ofV, we can chooser such that∂ωs/∂r ) 0.
Denoting (as before)ωs(r*) as γ, we then get

Then, using eq 15 at constantNn, we get

Using da/dV ) 2/r anda/V ) 3/r, we can write

where the last equality defines the surface stressf. Note that
the expression for the barrier height (eq 24) involves the surface
free-energy densityγ, but the expression for “Laplace” pressure
of the crystal nucleus involves the surface stressf. This is a
crucial departure from CNT and the droplet model. Combining
eq 28 with eq 23 and using the fact thatωp ) - Pp we get

This equation will be used in the next section. There we will
use it in the form

or

Consequences for Nucleation

To study the effect of surface stress on nucleation, we start
from eq 31 above and eq 23 written as

For a bulk solid at coexistence,ωn is equal to-Pp. However,
in a small nucleus,ωn changes due to elastic deformation. We
can write:

whereε ≡ (V - V0)/V0 is a measure for the elastic strain (for
convenience, we have assumed that the crystal nucleus is
elastically isotropic) andPn

0 is the pressure where the chemical
potential of the bulk solid would be equal to that of the parent
phase. The linear term inε is absent becauseω is at a minimum
for a bulk solid in equilibrium. We can also expandγ in powers
of ε:

Using eqs 32 and 31, we can write

We can write this explicitly in terms of the strainε. To second
order, we get

or

Equating the terms to lowest order inε, we find:

or

Using eq 32, we then find (to linear order inε)

∂ωs

∂r
) 0 (21)

r* ) ( 3W
2π(ωp - ωn))

1/3
(22)

ωp - ωn ) 2γ
r*

(23)

W ) γA*/3 (24)

dωs )
∂ωs

∂r
dr +

∂ωs

∂V
dV (25)

dωs ) dγ
dV

dV (26)

Pn - Pp ) γda
dV

+ a
dγ
dV

(27)

Pn - Pp ) γda
dV

+ a
dγ
dV

) (γ + 3
2
Vdγ
dV)2r ≡ 2f

r
(28)

Pn + ωn ) 3V
r

∂γ
∂V

(29)

V
∂ωn

∂V
) - 3V

r
∂γ
∂V

(30)

∂ωn

∂V
) - 3

r
∂γ
∂V

(31)

Pp + ωn ) -2γ
r*

(32)

ωn ) -Pn
0 + 1

2
Bε

2 + O(ε3) (33)

γ ) γ0 + γ1ε +
γ2

2
ε

2 + O(ε3) (34)

(2/3)γ
∂ωn

∂V
) (Pp + ωn)

∂γ
∂V

(35)

(2/3)(γ0 + γ1ε)
∂(1/2)Bε

2

V0∂ε
) (Pp - Pn

0 +

(1/2)Bε
2)

(∂γ1ε + (1/2)γ2ε
2)

V0∂ε
(36)

(2/3)(γ0 + γ1ε)Bε ) (Pp - Pn
0 + (1/2)Bε

2)(γ1 + γ2ε) (37)

(2/3)γ0Bε ) (Pp - Pn
0)γ1 (38)

ε ) -
3(Pn

0 - Pp)γ1

2γ0B
(39)

r* ) 2
(γ0 + γ1ε)

Pn
0 - Pp

(40)
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and the expression for the nucleation barrier (24) becomes (to
the same order):

Note that all these equations are different from the expression
for vapor-liquid nucleation except Gibbs’s expression for the
barrier height. Why is the pressure inside a nucleus important?
One reason is that the pathway for crystal nucleation can be
strongly influenced by the presence of metastable phases. This
observation dates back to Ostwald, who formulated his famous
“step” rule stating that the crystal phase that nucleates from
the supersaturated parent phase need not be the one that is
thermodynamically most stable, but the one that is closest in
free energy to the parent phase.5 Why would a solid phase that
is metastable in the bulk become the most stable in a small
nucleus? There are two simplesnot necessarily exclusives
mechanisms by which this could happen. The first scenario is
that the surface free energy of the metastable solid phase is less
than that of the stable phase. Then, according to eq 1, small
crystallites of the metastable will always be more stable than
those of the stable phase. A second scenario is that the relative
stability of the stable and metastable solid phases is reversed
inside the nucleus, due to the Laplace pressure (see Figure 2).
As we have shown above, the pressure inside the nucleus can
be both higher and lower than the ambient pressure (depending
on the sign of the surface stress).

As an illustration of the effect of surface stress on the structure
of the critical nucleus, we consider crystal nucleation in the
vicinity of a (isostructural) solid-solid critical point.6 Isostruc-
tural solid-solid transitions are expected to occur in crystalline
alloys near a substitutional order-disorder transition or in
systems of hard colloidal particles with a short-ranged
attraction.7-10 Here, we consider the latter case. Depending on
the range of attraction, the solid-solid critical point may either
be located in a stable or in a metastable part of the phase
diagram. Simulations by Dijkstra indicate that this is the case
for mixtures of large and small hard colloids.10 The small
colloids (diameterσs) induce an effective attraction between
the large colloids (diameterσl). The range of the attraction is
determined by the size of the small colloids. For a size ratioq

≡ (σs/σl) ) 0.05, the phase diagram exhibits a stable isostruc-
tural critical point. Forq ) 0.1 the range of attraction is longer
and the isotructural critical point moves to the metastable region
beyond the melting curve (see Figure 3). We performed Monte
Carlo simulations to investigate how the presence of a metastable
critical point in the crystal phase affects the early stages of the
nucleation process. The direct numerical simulation of a highly
asymmetric hard-sphere mixture is computationally demand-
ing.11 However, forq sufficiently small, we can account for
the effect of the small spheres by using an effective potential.10,12

The range and strength of this interaction depend on the size
and concentration of the small spheres. The effective pair
interaction between a pair of large colloids in contact with a
reservoir of small spheres at volume fractionηs

r is approxi-
mately given by10,12

whereR is the distance between the large colloids,λ ≡ R/σs -

Figure 1. Critical nucleus in an (unstable) equilibrium with the parent
phase. This implies that the chemical potential is constant throughout
the system. The figure shows a schematic drawing of the chemical
potential of the stable and metastable phases of a system close to a
first-order phase transition, as a function of pressure. At coexistence,
the curves cross. If one phase is supersaturated (Pm > Pcoex), then the
pressurePs of the stable phase inside the critical nucleus must be such
that its chemical potential is equal to that of the metastable phase.

W ) 4π
3

(γ0 + γ1ε)(2(γ0 + γ1ε)

Pn
0 - Pp

)2

(41)

Figure 2. Schematic drawing of the relative stability of two crystal
phases, as a function of the pressure inside the nucleus. At coexistence,
solid A is stable and B is metastable. However, at the pressure where
the chemical potential inside the nucleus is equal to that of the
supersaturated parent phase, solid B is more stable than solid A.

Figure 3. Sketch of the phase diagram of a binary hard sphere mixture
of volume fractionη for q ) 0.1 andq ) 0.05 (inset) obtained from
data reported in ref 10.ηs

r is the volume fraction of a reservoir of
small spheres in contact with the system. The dashed curves indicate
the metastable solid-solid phase. Horizontal lines mark the values of
ηs

r where we performed simulations.

âφeff(R) )

{- 1 + q
2q

[3λ2ηs
r + (9λ + 12λ2)(ηs

r)2 +

(36λ + 30λ2)(ηs
r)3] (σl < R < σl + σs)

0 (R > σl + σs)

(42)
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1/q - 1 andâ ≡ 1/kBT. We focus on small values ofηs
r, where

it is permissible to ignore higher order corrections to this
expansion.12

We performed constant-pressure Monte Carlo simulations of
binary hard-sphere mixture with a size ratioq ) 0.1 at two
different values ofηs

r. For ηs
r ) 0.05, there is only one crystal

phase. Forηs
r ) 0.1, a metastable crystal phase exists between

the fluid phase and the equilibrium crystal phase (see Figure
3). We started from a stable liquid suspension ofN ) 3375
large colloids and compressed it beyond the freezing density.
We then computed∆G, the free-energy barrier for crystal
nucleation, as a function of the sizen of the crystal nucleus
(see ref 13 for technical details). This calculation was repeated
at different super-saturations∆µ ) |µsol - µliq| (whereµsol (µliq)
are the chemical potentials of the solid and liquid phases
respectively). Figure 4 shows the computed crystal-nucleation
barriers as a function of nucleus sizen for different values of
∆µ.

It is instructive to compare the shape of the computed
nucleation barriers with the functional form predicted by
classical nucleation theory (CNT)2):

whereSis the surface area of the crystal nucleus,V is its volume,
andFs is the density of the crystal at coexistence. Figure 4 shows
that there is a striking difference in behavior between the
systems with and without a metastable solid phase: in the
absence of a metastable solid phase (Figure 4a), classical
nucleation theory accounts well for the shape of the nucleation
barrier. However, in the presence of a metastable solid phase
(Figure 4b), CNT cannot reproduce the shape of the nucleation
barrier.

One of the central assumptions of CNT is that the structure
of the crystal nucleus is that of the stable bulk phase at
coexistence. In the presence of a metastable solid phase, this
assumption is violated. This is most easily seen by considering
the density of crystal nuclei as a function of their size. As there
is some ambiguity in the definition ofFc, the number density
of a small crystallite, we computed this quantity in three different
ways. A rough estimate can be obtained by locating the center
of mass of the cluster and then counting the number of particles
inside spheres of increasing radius. A second estimate is
obtained by matching the distribution of the nearest-neighbors
distances inside a nucleus to that of a bulk crystal. The density
of the bulk crystal that gives the best match definesFs. A third
approach was to perform a Voronoi construction around each
particle inside the cluster. The density was then defined as the

number of particles inside the nucleus divided by the sum of
the volumes of the Voronoi polyhedra. Figure 5 shows the
density of crystal nuclei of increasing size atηs

r ) 0.1 and
∆µ ) 0.65. The densities were computed using the three
methods described above and the difference between the results
for different methods falls within the error bars. For each size,
we considered a sample of 100 different clusters.

The figure shows that the density of clusters increases with
size. To rule out that the observed density change is a trivial
finite-size effect, we repeated the same calculation for crystal
nuclei atηs

r ) 0.05 where no metastable solid phase is present.
The inset of Figure 5 shows that, in that case, the density of
the crystal nuclei is effectively independent of size. Moreover,
for mixtures with a size ratioq ) 0.05 (short-ranged effective
interaction) the low-density solid-phase becomes stable10 near
ηs

r ) 0.05, while the high-density solid phase is metastable
(see Figure 3). In that case, we always found that the crystal
nuclei had densities corresponding to the low-density phase.
Figure 5 only gives information about the average density of
the nucleus. We tested whether the density of the solid was
constant throughout the nucleus. To this end, we generated 100
well-equilibrated configurations of a 280-particle crystal nucleus.
The overall density of the crystallite follows from Figure 5. To
probe the local density, we computed the distribution of
interparticle distancesP(d) in this cluster for different spherical
shells around the center of mass of the cluster. If the density or
structure varies as a function of radius, we should expect to see

Figure 4. Free energy crystal nucleation barriers∆G(n) as a function of the nucleus size forq ) 0.1 at (a)ηs
r ) 0.05 and (b)ηs

r ) 0.1 for different
values of the chemical potential. Error-bars on∆G are of the order of 1kBT. The inset shows a comparison between the highest computed barrier
and form predicted by CNT.

∆G ) γlsS- |∆µ|FsV (43)

Figure 5. Crystal clusters volume fraction as a function of their size
for a binary mixture withq ) 0.1 andηs

r ) 0.1 at∆µ ) 0.65. The
dashed lines indicate the location of the metastable solid-solid phase.
The critical nucleus contains approximatelyn ∼ 290 particles. The inset
graphs the quantities forηs

r ) 0.05 at∆µ ) 0.31. Error bars are large
enough to include the estimate obtained with the three methods
described in the text.
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the positions of the peaks inP(d) vary from one shell to the
next. In fact, as can be seen from the left-hand side of Figure
6, the positions of the peaks inP(d) are the same throughout
the nucleus. For the sake of comparison, the right-hand side of
Figure 6 shows that theP(d)’s for the high- and low-density
crystals are clearly different.

At the pressures for which we performed the simulations,
the dense solid is, in the bulk, always more stable than the
metastable expanded solid. If the pressure of the nucleus were
determined by the usual Laplace expression, it would be hard
to understand how small crystal nuclei can have a lower density
than large nuclei. To illustrate this, Figure 7 shows the free
energy densityf of the solid and liquid phases of the binary
mixture atq ) 0.1 andηs

r ) 0.1. In the figure, we show the
common tangent constructions to obtain equilibrium densities
and pressures of stable (Liquid-Solid) and metastable (solid-
solid) states. In addition, the figure shows that the bulk expanded
solid is mechanically unstable for reduced pressures larger than
P ≈ 6.76. Yet, in our simulations of crystal nucleation, the
reduced pressure was never less thanP ) 9. If crystal nucleation
were similar to droplet nucleation, then we would have to add
the Laplace pressure to the ambient pressure to get the pressure
inside the nucleus. Clearly, this would make the expanded phase
even less stable and hence we must conclude that the usual

Laplace-pressure argument does not hold for crystal nucleation.
However, the observed behavior is precisely what we should
expect in a crystallite with negative surface stress.

Analysis of Simulation Results

In our simulations, we can measure the density of the nucleus
and this allows us to compute the elastic strainε. We know the
pressurePp of the parent phase. In addition, using the Gibbs-
Duhem equation, we can computePn

0, the pressure where the
chemical potential of the bulk solid would be equal to that of
the parent phase. From the equation of state of the solid, we
can compute the bulk modulusB at the pressurePn

0. In
addition, the simulations yield the barrier heightW. From these
numbers, we first obtain the ratioγ1/γ0

and this then allows us to compute

We then write

or

This equation then allows us to computeγ, and then, using eq
44, we obtainγ0 andγ1. Finally, using eq 48

we can compute the actual pressure inside the nucleus. To lowest
order, the presence of surface stress lowers the pressure in the
critical nucleus by an amount

Figure 6. Left-hand side: interparticle distance distributionsP(d) for three different spherical shell inside a 280-particle crystalline nucleus. Stars:
0 < r < 2.3σ. Squares: 1.5σ < r < 2.5σ. Triangles: 2.4σ < r < 4.5σ. Right-hand side:P(d) for an expanded (F ) 0.56, squares) and a condensed
(F ) 0.70, circles) bulk crystal. This figure shows that the positions of the peaks ofP(d) depend clearly on density.

Figure 7. Density dependence of the free-energy density of a binary
colloidal mixture with q ) 0.1 andηs

r ) 0.1. Using the common
tangent construction, we can derive the densities of the coexisting
phases, and the pressures at which this coexistence occurs. From the
figure we deduce that there is solid-liquid equilibrium forFliq ≈ 0.46,
Fsol ≈ 0.706, and reduced pressureP ≈ 5.9 (common tangent: dash-
dot). Metastable solid-solid coexistence occurs forFexp ≈ 0.556,Fdense

≈ 0.705, andP ≈ 3.6 (common tangent: dotted line). The maximum
pressure that the expanded metastable solid can withstand can be
estimated from the drawn line in the figure:P ≈ 6.76.

γ1

γ0
) - 2εB

3(Pn
0 - Pp)

(44)

r*
γ

) 2

Pn
0 - Pp

(45)

W ) 16π
3

γ3(Pn
0 - Pp)

-2 (46)

γ3 ) 3W
16π

(Pn
0 - Pp)

2 (47)

Pn - Pp ) (γ0 + εγ1 + 3
2
(1 + ε))(γ1 + γ2ε)

2
r*

(48)

Pn - Pn
0

Pn
0 - Pp

)
3γ1

2γ0
) - Bε

Pn
0 - Pp

(49)
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As we can determineγ from the (experimentally accessible)
barrier height, we can then obtainr* and hence the volumeVc

of the critical nucleus. Using the nucleation theorem, we can
obtain∆N ≡ Vc(Fc - FL) from experiments. AsFL is known,
we can then deriveFc. This makes possible to determine the
density of the nucleus from experiments.

Solid-Solid Transition

Next, consider the situation where the solid under consider-
ation can undergo an isostructural solid-solid transition.

Let us assume that the expanded solid corresponds to a
deformationεe. In that case, we can approximate Using the

definition ∆ε ) ε - εe, eq 37 becomes

In the present case (hard spheres with short-ranged attraction),
the derivative (∂γ/∂F) is presumably large and positive. There
are two ways to reach this conclusion. One is based on a
thermodynamic perturbation theory estimate of the contribution
of an attractive interaction on the (hard-sphere) solid-liquid
interfacial free-energy density. As this correction has the form
∆γ ) c × (∆F)2, where∆F is the density difference between
solid and liquid andc is a positive constant, it is clear that (∂γ/
∂F) > 0. As perturbation theory works best for weak, long-
ranged attractive forces, the present estimate is less appropriate
for the binary colloid system. In that case, we can estimate the
surface free-energy density from the latent heat of fusion (using
Turnbulls’ rulessee, e.g, ref 2). The latent heat of fusion of
particles with short ranged interaction can be estimated using
the van der Waals theory for solids, due to Daanoun et al.8 This
route too leads to the conclusion that (∂γ/∂F) > 0. For
sufficiently strong, short ranged attractions, the surface stress
becomes negative and so does∆P. The theoretical analysis of
Mullins1 shows that, to lowest order in the crystal strain, the
density change of a crystalline nucleus is given by

whereB is the bulk modulus of the solid. In our simulations,
we compute the equation of state of the solid and, from this,
we can deriveB. To linear order in the strain, the radius of the
critical nucleus is related to the supersaturation through:

whereP0
S(µ) andPL(µ) are the pressures of the bulk solid and

of the metastable liquid at chemical potentialµ. γ is the surface
free-energy density of the strained nucleus. Note that∆F is
negative: hence the solid indeed expands. This expansion is
inversely proportional both to the radius of the nucleus and to
the bulk modulus of the crystal. AsB vanishes at the solid-
solid critical point, the value ofB in eq 52 can be small for
nuclei that form close to this critical point. The expansion of

the nucleus can therefore be large, in particular for smallr. This
is precisely what we observe in the simulations. The observed
expansion of small nuclei is in stark contrast with the predictions
of both CNT and the droplet model.

We can make a rough estimate of the effect of surface stress
on the excess pressure inside the nucleus. To lowest order in
the strain, the strain-induced pressure change∆P is given by

This is a large correction. For the small, expanded nuclei that
we observe,∆P/PL ∼ -20. However, this estimate is not
realistic. In the vicinity of a solid-solid transition, higher powers
of the strain should be included to obtain a more accurate
estimate of the strain-induced pressure change. We have not
attempted this here: our objective was simply to show that
surface stress has a large effect on the internal pressure of crystal
nuclei. The effect of surface stress on the density of crystal
nuclei should be experimentally observable in the nucleation
of compressible crystals, such as colloids with short-ranged
attraction and globular proteins. Such an expansion can be
determined by application of the nucleation theorem14,15 to the
temperature or (osmotic) pressure dependence of the nucleation
rate. In the case of protein crystallization, a better understanding
of the role of surface stress made be of practical importance.
Short-ranged attractions could, for instance, favor the nucleation
of a crystal form that is less dense than the one that is
thermodynamically stable. One can even speculate about the
effect of surface stress on single proteins. If we view the native
state of a protein as a single-chain crystal, then it is obvious
that the packing density of the crystal will be affected by surface
stress. To our knowledge, no systematic studies of this effect
exist. Even for vapor-liquid nucleation there may be residual
surface-stress effects in small droplets because such small system
may exhibit layering. This may explain the puzzling inconsis-
tencies between the thermodynamical surface of tension and
the mechanical surface of tension, as observed in simulations.16

It would be very interesting to have a systematic theoretical
analysis of the effect of surface stress in small dropletssfor
instance in the context of density-functional theory.
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