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Chapter 1

Introduction

1.1 Optical lattices

In 1992 Jessen et al. [1] proved that the motion of atoms in a standing light
field is quantized, thus creating what is known now as a one-dimensional
optical lattice. In more detail, this was achieved by collecting rubidium
atoms in a magneto-optical trap (MOT) and switching on the laser light
of the standing wave. Due to the light shift the atoms are trapped at the
(anti-)nodes of the standing wave [2]. Subsequently, Grynberg et al. [3]
showed that atoms could also be trapped in two- and three-dimensional
optical lattices. As the density of lattice sites in the two- and three-
dimensional case is high compared to the density of atoms, only a small
fraction of the lattice sites is occupied. However, since the achievement

Figure 1.1: Graphical representation of the atomic density in a one-
dimensional optical lattice.

of Bose-Einstein condensation [4, 5, 6], optical lattices have also been used
to split a harmonically trapped condensate into an one-dimensional array
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Chapter 1

of disk-shaped condensates [7], as illustrated in Fig. 1.1. In this situation,
the average occupation number is a few hundred atoms per lattice site.
The aspect ratio of the disks is large, as the thickness of the disks is of the
order of the wave length of the laser light and the diameter is of the order
of the width of the laser beams. In a two-dimensional lattice the atoms
are confined in cigar-shaped traps. When such a lattice is loaded from a
MOT, the average occupation number is now a few percent, but loaded
from a condensate, the average occupation number is on the order of 10-20
atoms per site. This situation is illustrated in Fig. 1.2. Loading a three-

Figure 1.2: Graphical respresentation of the atomic density in a two-
dimensional (left figure) and a three-dimensional (right figure) optical lat-
tice.

dimensional optical lattice is only feasible starting from a Bose-Einstein
condensate, as even with such a high density, at maximum a few atoms per
site can be loaded into the lattice. It should be noted that although the
average occupation number per site is much lower in the three-dimensional
case than in the one-dimensional case, the number of lattice sites that is
occupied increases dramatically. This means that in practice, one-, two-
and three-dimensional lattice can be loaded with the same total number
of atoms. Besides the simple square and cubic lattices shown in Fig. 1.2
it is also possible to create other structures, such as face-centered-cubic,
body-centered-cubic and two-dimensional hexagonal lattices.
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1.2 Quantum phase transitions

In the three-dimensional periodic potential mentioned in the previous sec-
tion, it is experimentally possible to confine a few atoms per lattice site.
This offers the possibility of performing molecular spectroscopy experiments
using, for instance, photo-association. Besides these spectroscopic mea-
surements, atoms in an optical lattice are an excellent model system for
solid-state-like physics. For instance, cesium atoms in a one-dimensional
optical lattice have been used to measure Bloch oscillations by Dahan et al.
[8]. These oscillations cannot be measured in natural crystals, because of
the impurities that are always present in such a crystal. Bloch oscillations
have been observed only very indirectly in superlattice structures that have
been grown especially for this purpose. With optical lattices, the Bloch os-
cillations can be measured directly using time-of-flight measurements.

The fact that these measurements are more easily done in optical lat-
tices than in true solid-state systems is due to a number of reasons, but most
importantly because the energy scales, such as the lattice depth and the
temperature of the atoms, are easily accesible to the experimentalist. Fur-
thermore, as all neccesary microscopic details about the lattice and about
the atoms are known, a theoretical description of the system can be given
from first principles. As a result it is much easier to make predictions and
to make a good analyses of experimental results. In short, the methods of
solid-state physics are more easily applied to atoms in optical lattices than
to true solid-state systems.

An example of this is the application of the so-called Bose-Hubbard
model to atoms in an optical lattice, as was done in 1998 by Jaksch et al.
[9]. This model had been very well studied by Fisher et al. [10], who used
it to predict the behaviour of superfluid helium in porous media such as
Vycor. Jaksch et al. calculated that, when a sufficiently deep optical lattice
is applied to an harmonically trapped gas of bosonic atoms, a phase tran-
sition can be achieved from a superfluid phase to an insulating phase. The
reason that this phase transition occurs can be qualitatively understood as
follows. When an optical lattice is loaded from a Bose-Einstein condensate,
the density of the atoms can be chosen such that there is on average exactly
one particle at each lattice sites. When the lattice potential is relatively
weak, the atoms can tunnel between the lattice sites and it can be shown
that in this case, the atoms are still in a superfluid phase. However, when
the lattice potential is very large, two atoms on the same lattice site have
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a very large interaction energy, as their relative distance is on average very
small. This means that tunneling between the lattice sites is strongly sup-
pressed, because an atom that tunnels to a neighbouring site has a high
probability of encountering another atom. As shown by Fisher et al. this
phase transition is a quantum phase transition, which means it occurs only
at zero temperature and is driven by competing terms in the ground-state
energy of the system, as opposed to competing terms in the free energy.
This so-called superfluid to Mott insulator phase transition will be the fo-
cus of this thesis. An in-depth description of quantum phase transitions in
general is given in Ref. [11].

1.3 Outlook

In this thesis, both experimental and theoretical work is presented. Chapter
2 contains an overview of the atomic physics and solid-state physics neces-
sary to understand the behaviour of atoms in an optical lattice. Further-
more, a derivation of the Bose-Hubbard model is given. The experimental
work is described in Chapter 3 and consists mainly of an introduction to
the experimental setup that is presently being built in the lab and of the
absorption-imaging setup that is used to analyse the atom cloud. A discus-
sion is given of as many intermediate results as were available at the time
this thesis was written. A more thorough description of the experimental
setup will ultimately be given in Ref. [12].

The remainder of this thesis consists of theoretical work. In Chapters 4
and 5 theoretical techniques are developed to describe both the superfluid
phase and the Mott-insulating phase of atoms in an optical lattice. In Chap-
ter 4 the theory to describe the properties of the phase transition is derived
and in Chapter 5 it is generalized to lower-dimensional lattices, where there
are no longer a few atoms on every site, but rather a Bose-Einstein conden-
sate containing hundreds of atoms. In Chapter 6 the theory developed in
Chapter 4 is used to calculate the light-scattering properties of the Mott-
insulating state and it is shown that these properties can be used as a probe
for the behaviour of the particle-hole gap of the Mott insulator. Spectra
are calculated for the two-photon scattering rate in a Bragg-spectroscopy
experiment. Chapter 7 elaborates on the subject of Chapter 6, by giving
derivations for the more technical parts of the calculations involved.
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Chapter 2

Optical lattices and the

Bose-Hubbard model

Abstract
We present some theoretical aspects of optical lattices and discuss their

practical implications. First, the solid-state physics, such as the band

structure and crystallography is discussed, assuming non-interacting

atoms. Second, the effects of interactions between the atoms are in-

corporated, which leads to a description in terms of the Bose-Hubbard

model.

2.1 Atomic physics

The force that light exerts on atoms can be split into two catagories, the
radiation force and the dipole force. The radiation force is the force due to
the scattering of photons from a laser beam. Photons are absorbed from
the laser beam and subsequently emitted symmetrically, resulting in an
average force in the direction of the laser beam. Because this force depends
on the process of spontaneous emission, it is necessarily non-conservative,
which means one cannot associate a potential to this force. Although the
radiation force is an important tool in laser cooling, it will not be discussed
in more detail here.

The dipole force is caused by the fact that the ground and excited-state
energies of the atom shift due to the presence of the light. This force does
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not require spontaneous emission, but it does require a gradient in the in-
tensity of the light. By using a large light intensity and a frequency that is
far from the atomic resonance, it is possible to obtain a large force, while si-
multaneously making the contribution of spontaneous emission small. This
means that this force is to a good approximation conservative and a poten-
tial energy can be associated with it. By using a standing wave of light that
obeys the criteria of high intensity and large detuning, one can thus create
a periodic potential for atoms with a lattice spacing equal to half the wave
length of the light used to create the standing wave and with potentially
large trapping frequencies as compared to magnetic traps.

2.1.1 Light shift and spontaneous emission

The optical potential of a standing wave is related to the light shift. For a
detuning δ, a natural line width Γ, and a position-dependent Rabi frequency
Ω(r), the light shift Els(r) can be written as [2]

Els(r) =
~δ

1 + 4(δ/Γ)2

(

Ω(r)

Γ

)2

=
1

2

~δs0(r)
1 + 4(δ/Γ)2

, (2.1)

where s0 is the on-resonance saturation parameter. The force acting on
the atom can be written as F(r) = −∇Els(r)/(1 + s(r)), where s(r) =
s0(r)/(1 + 4(δ/Γ)2) is the off-resonance saturation parameter. Note that
the factor 1/(1+s) accounts for the fact that in general the atom undergoes
cycles of absorption and spontaneous emission, which means that the force
on the atom is an average of the force in the ground state and in the excited
state. For a conservative force we can write F(r) = −∇U(r), which means
that in general the potential is given by U(r) = ~δ log(1+s(r))/2. However,
in experiments the saturation parameter is usually taken to be very small,
so we can write U(r) = Els(r) = ~δs(r)/2. The other important parameter
is the photon scattering rate, which is given by

Γsc =
1

2

sΓ

1 + s
, (2.2)

and which reduces to Γsc = sΓ/2 for low saturation. This implies that in
order to have a low rate of spontaneous emission, the saturation parameter
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must be reduced, while keeping the light shift large. For large detuning
δ and saturation s0 the light shift scales as Els ∝ s0/δ and the scattering
rate as Γsc ∝ s0/δ2. So in the limit of δ, s0 →∞ with s0/δ = const, a deep
lattice can be created with a negligible rate of spontaneous emission.

2.2 Crystalography of an optical lattice

The simplest optical lattice is a single standing wave of linearly polarized
light. A standing wave is only periodic in one direction. For light detuned to
the red of the atomic transition, confinement in the directions perpendicular
to the laser beams is provided by the waist of the laser beams. A graphical
representation of a one-dimensional lattice is shown in Fig. 2.1. Note that
the aspect ratio of the trap is understated in this figure. In a typical
experiment, the waist of the laser beam is on the order of 50µm and the
lattice spacing is half the wave length of the laser light, which corresponds to
roughly 300 nm for the case of sodium. Potentials such as the one illustrated

Figure 2.1: Graphical representation of a one-dimensional lattice.

in Fig. 2.1 have been used succesfully to trap cold atoms in several groups,
since it is relatively easy to reach an average occupation number of a few
particles per site, starting from atoms in a magneto-optical trap. Starting
from a Bose-Einstein condensate an average occupation number of up to
100 particles per site can be achieved [7].
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Figure 2.2: The intensity of the σ+ and σ− components of the standing
wave relative to the intensity of one laser beam.

2.2.1 Polarization

The simplest generalization of the above situation is to use a so-called
lin⊥lin configuration. In that configuration the polarization vectors of the
two lasers that form the optical lattice, are both linear, but perpendicular to
each other. In that case the polarization is not constant along the standing
wave. If near-resonant laser beams are used, this property gives rise to
polarization gradient cooling [2]. Here, only the case of large detuning
is discussed, since this is most relevant for our purposes. If we denote
the electric field due to one of the lasers by El and the field due to the
counterpropagating laser as Er and assume that the beams have the same
transverse profile E0(x, y), the electric-field components can be written as

El(r, t) = E0(x, y)exe
i(kz−ωt) + c.c.,

Er(r, t) = E0(x, y)eye
−i(kz+ωt) + c.c., (2.3)

where ex and ey are unit vector in the x and y direction, respectively. To
determine the polarization at every point along the standing wave, we define
circular polarization vectors e± = (ex ± iey)/

√
2 Using this definition we

find that the circularly polarized components of the electric field are given
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by

E±(r) =
E0(x, y)√

2

(

eikz ∓ ie−ikz
)

=
E0(x, y)√

2
eikz

(

1± e−2ikz′
)

, (2.4)

where z′ = z − π/4k. Using these equations we find that the intensities I±
of the circularly polarized components are given by

I±(r) = |E0(x, y)|2
(

1± cos 2kz′
)

. (2.5)

This means that the intensity maxima for the σ+ component of the light
are at kz′+ = 0, π, ... whereas for the σ− component the maxima are at
kz′− = π/2, 3π/2, ... . In Fig. 2.2 it is shown that the lattice spacing is still
λ/2 and that the potential well depth for both the circulair polarizations is
the same. However the maxima for σ+ and σ− are shifted by a distance λ/4
with respect to each other. This feature has been used to spin selectively
transport rubidium atoms through an optical lattice [13].

2.2.2 Two-dimensional lattices

The above discussion applies only to one-dimensional lattices, but there
are several ways of generalizing the laser configuration to two-dimensional
structures. The naive approach is to simply superimpose two standing
waves. However, such a configuration is not stable with respect to changes

Figure 2.3: Graphical representation of the trapping potential in a two-
dimensional optical lattice using four laser beams, where the phase of one
of the beams is varied from 0 (left), through π/2 (center) to π (right).
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in the relative phase of the laser beams, as is illustrated in Fig. 2.3. From
this figure it is evident that using this configuration can be very problematic
experimentally, as it takes for instance only the movement of one mirror by a
distance of half a wave length to cause the potential to change from the left-
most situation to the right-most situation. One way to solve this problem is
to measure the relative phase of the laser beams and using a feedback loop
to control them, as was achieved by Greiner et al. [14]. A second, much
simpler approach is to give the two standing waves a frequency offset. In
this way the standing waves are effectively decoupled, as the interference
patterns moves much to fast for the atoms to follow [15]. A third approach

Figure 2.4: Graphical representation of the trapping potential in a two-
dimensional optical lattice using three laser beams, where the phase of one
of the beams is varied from 0 (left), through π/2 (center) to π (right).

due to Petsas et al. [16] is to use only three laser beams. In that case there
are only two relative phases between the laser beams, which means that any
fluctuation in the phases results in a translation of the lattice and not in a
deformation. In Fig. 2.4 the potential is shown for the configuration where
there is a standing wave in one direction and a single travelling wave from
a direction perpendicular to the standing wave. It can be seen that there is
indeed no deformation of the lattice, and that there is only a translation.
This translation can also be a problem, as the atoms are shaken with the
same frequency as the mirror that generates the phase variation. However,
as long as the frequency of this vibration is far from the trapping frequency
of an atom in the lattice, this is not a serious problem. When the three
lasers beams are chosen in the xy-plane with an angle of 2π/3 between
them, a hexagonal structure is formed, as shown in Fig. 2.5. Lateron in
this chapter the band structure of this configuration is analysed, as well as
the band structure of the one-dimensional optical lattice.

14
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Figure 2.5: Graphical representation of the trapping potential in a two-
dimensional optical lattice using three beams, in the xy-plane, with an
angle of 2π/3 between them.

2.2.3 Three-dimensional lattices

In the case of a three-dimensional lattice, the situation is similar to the case
of two dimensions. If four laser beams are used, the lattice is inherently
stable against phase variations, but also three superimposed standing waves
with a frequency offset can be used. However, in three dimensions there
is an additional complexity. In the discussion of the previous paragraph,
the polarization of all the beams was taken equal and orthogonal to all the
laser-beam directions. In three dimensions, the laser beams are in all three
Cartesian directions, which means it is no longer possible to choose all the
polarization vectors in the same direction. Two possible configurations are
discussed in Ref. [16]. One of these configurations is presented in Fig. 2.6.
We call this the perpendicular-planes configuration, for the obvious rea-
son that there are two pairs of laser beams which span two perpendicular
planes. The small arrows indicate the polarization vectors, which in this
case point out of the plane spanned by each pair of laser beams. As this
configuration is a generalization of the lin⊥lin standing wave, it is expected
that the σ+ and σ− components have their maxima at different positions,
as was the case in one dimension. The actual crystallographic structure
strongly depends on the angle θ between the laser beams that form a pair.
If the angle is such that cos θ = 1/

√
5, the lattice exhibits a face-centered-

cubic structure as shown in Fig. 2.7(a). However, when the angle is chosen
such that cos θ = 1/

√
3, the lattice has a body-centered-cubic structure.
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Figure 2.6: Graphical representation of the perpendicular-planes configu-
ration

The other configuration discussed in Ref. [16] is shown in Fig. 2.8. This
configuration is known as the umbrella configuration, because it has an
umbrella-like appearance.

When three standing waves offset in frequency are used, the lattice
shape is stable with respect to the phase of the laser beams, but there re-
mains the problem of how to choose the polarization vectors. When three
standing waves with linear polarization are used, the polarization vectors
cannot all be chosen in the same direction. In the situation illustrated in
Fig. 2.9, two standing waves in the xy-plane are used with their polarization
vectors out of the plane and the third standing wave has a linear polariza-
tion in the direction of one of the other standing waves. The polarization
at every point in the lattice is determined by the interference between all
three standing waves. However, as the standing waves have a frequency
offset the interference pattern changes very rapidly over time. If the fre-
quency offset is large enough, the atom experiences only the time averaged
direction of the polarization, which in the case of Fig. 2.9 makes an angle
φ with the normal of the plane spanned by the first two standing waves,
where tanφ = 1/2.

16



Optical lattices and the Bose-Hubbard model

Figure 2.7: Schematic representation of a unit cells of the lattice for an
angle of cos θ = 1/

√
5 (left) and an angle of cos θ = 1/

√
3 (right). The dark

and light spheres represent the minima for the two circular polarizations of
the light.

Figure 2.8: Schematic representation of the umbrella configuration (left)
and the unit cell associated with this configuration (right).
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Figure 2.9: Schematic representation of the laser configuration for a three-
dimensional optical lattice (left) and the lattice structure associated with
this configuration (right).

2.3 Band structure

To understand the physics of an atom in a standing light field, we calculate
the band structure for three of the configurations described in the previous
sections. We first present the appropriate Hamiltonian and then numeri-
cally diagonalize it. We show how the eigenvalues of the Hamiltonian allow
us to construct the band structure of the lattice and we discuss its features.

2.3.1 Hamiltonian

When an atom is placed in a standing wave of far-detuned light, the atom
can absorb a photon from one beam and be stimulated to emit a photon
in the same beam, or in the other beam. This means that momenta of
either 0 or ±2~kph can be transfered, where ~kph is the momentum of the
photon. The zero-momentum transfer corresponds to the homogeneous
part of the light shift and the ±2~kph transfers cause the lattice potential,
as will become apparant in the following. If we assume the atom to be in a
box, we can write the Hamiltonian of the atom in the light field as a matrix
operating on a basis of the momentum states of the atom. In detail

Hk,k′ =
~2k2

2m
δk,k′ +

∑

ki

Vki
δk+ki,k′ . (2.6)
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In the case of a one-dimensional lattice {ki} = 0,±2kph as argued above,
but for two and three-dimensional lattices more terms have to be taken into
account. The zero-momentum term is the homogeneous light shift, given
by V0 = ~δs and the other terms, which determine the lattice depth, are
given by V±2kph = ~δs/2. As is conventional in solid-state physics, we can
now fold the momentum of the atom into the first Brillouin zone by defining
a quasimomentum q, such that −π/a < qx, qy, qz < π/a and k = q +K,
where K is a reciprocal lattice vector. Since the lattice spacing of the
standing wave is a = λ/2, the edge of the first Brillouin zone π/a exactly
equals the wavenumber of the lattice light, so −kph < qx, qy, qz < kph. The
light therefore only couples momentum states that correspond to the same
quasimomentum, which is called the family momentum in the field of laser
cooling. Using the fact that the different quasimomenta are uncoupled, we
can treat q as a parameter and write

HK,K′ =
~2(q+K)2

2m
δq+K,q+K′ +

∑

ki

Vki
δq+K+ki,q+K′ . (2.7)

This Hamiltonian can be diagonalized to find the spectrum εq for each q.
This procedure is completely analogous to techniques used in solid-state
physics, but there is an important difference. In solid-state physics much
more couplings have to be taken into account, as the couplings in that
case correspond to the spatial Fourier components of the Coulomb poten-
tials due to all the nuclëı in the lattice. In the case of optical lattices the
number of components is determined only by the number of laser beams
n. There are n2 combinations of absorbtion and stimulated emission, of
which n combinations transfer no momentum and thus only cause a light
shift. This means that in general, the zero momentum component is equal
to V0 = n~δs/2. The remaining n(n − 1) combinations can be written
as {ki} = ±k1, ...,±kn(n−1)/2. However, this is only true in the case of
low saturation, because only in that case is the optical potential exactly
proportional to the light shift. When the saturation is not low, the proba-
bility that an atom is in the excited state has to be taken into account. In
the above formalism, this is achieved by adding higher-order Fourier com-
ponents. Also, spontaneous emission would become non-neglegible. This
would have two further implications for the above procedure. First, an
imaginary term has to be added to account for the energy loss associated
with the spontaneous emission. Second, due to the fact that light is spon-
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taneously emitted in all directions, it couples all the quasimomenta, which
makes the parameterization in Eq. (2.7) invalid. Physically speaking, both
a dissipation and a fluctuation term would have to be added to account for
the competing effects of cooling and heating due to spontaneous emission.

2.3.2 Numerical results in one dimension
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Figure 2.10: The band structure of an atom in an one-dimensional optical
lattice for a Rabi frequency of .5, 1 and 5ER/~, respectively.

As mentioned above, the couplings are rather simple in one dimension.
The momenta are {ki} = 0,±2kph and the couplings are given by V0 = ~δs
and V±2kph = ~δs/2. We diagonalize the matrix in Eq. (2.7), with Rabi
frequencies of .5, 1 and 5ER/~, with ER = ~2k2ph/2m the recoil energy. In a
numerical calculation a truncation value for the momentum must be chosen
such that the calculation converges. In practice convergence is reached
when only a few states above the trapping threshold are taken into account.
The results of the calculation is shown in Fig. 2.10, where we plot the
eigenvalues as a functions of the quasimomentum q. Note that for a Rabi
frequency of .5ER/~ there is only one band-gap, while for 5ER/~ there are
three. Also note that for 5ER/~ the lowest band is very flat, which means
the atom is very tightly bound to a site.
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Figure 2.11: Laser-beam configuration for a two-dimensional hexagonal
lattice.

2.3.3 Numerical results in two dimensions

As an example of a two-dimensional lattice, we now analyse the band struc-
ture of the hexagonal lattice shown in Fig. 2.11. If the wave vectors of the
lattice laser beams are chosen as

k1 = eykph,

k2 = −eykph/2 + exkph
√
3/2,

k3 = −eykph/2− exkph
√
3/2, (2.8)

then the reciprocal lattice is generated by the vectors κ1 = exkph
√
3 and

κ2 = (
√
3exkph − 3eykph)/2. These correspond to the principal lattice

vectors a1 = (
√
3ex+ ey)2π/3kph and a2 = ey4π/3kph. The lattice spacing

is then given by a = 2λ/3, where λ is the wave length of the lattice lasers.
The band structure is visualized in Fig. 2.12, in which the quasimomentum
is scanned from q = M → Γ → K → M, where Γ = (0, 0, 0), M = (κ1 +
κ2)/2 and K = κ1. For each q in the graph, we have to diagonalize the
Hamiltonian on the basis

{k} = {k | q± nκ1 ±mκ2 ∀ n,m ∈ N}, (2.9)

using the couplings V0 = 3~δs/2 and V±{κi} = ~δs/2, where {κi} = κ1,κ2

and κ1−κ2. The band structure in two dimensions looks very complicated
compared to the one-dimensional case. However, this is mainly due to the
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Figure 2.12: Band structure for a two-dimensional hexagonal lattice plotted
along the principal directions M→ Γ→ K→ M for Rabi frequencies of .5,
1 and 5ER/~.

fact that even the band structure of a free atom looks rather complicated
when plotted along the same path through the Brillouin zone.

2.3.4 Numerical results in three dimensions

As an example of a three-dimensional lattice, we calculate the band struc-
ture of the configuration of three standing waves offset in frequency. Due
to the frequency offset the problem is somewhat simplified, because absorp-
tion from one standing wave followed by stimulated emission into another
standing wave is neglegible in the rotating wave approximation. This re-
duces the number of couplings from n(n−1) = 30 to 12. If the wave vectors
of the laser beams are chosen as

k1,2 = ±exkph,
k3,4 = ±eykph,
k5,6 = ±ezkph, (2.10)

then the reciprocal lattice is generated by the vectors κ1 = 2exkph, κ2 =
2eykph and κ3 = 2ezkph, which means we have to diagonalize the Hamil-
tonian on the basis

{k} = {k | q± nκ1 ±mκ2 ± oκ3 ∀ n,m, o ∈ N}, (2.11)
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Figure 2.13: Band structure for a three-dimensional simple cubic lattice
plotted along the principal directions M → Γ → X → R → M for Rabi
frequencies of .5, 1 and 5ER/~ .

using the couplings V0 = 3~δs and V±{κi} = ~δs/2. In Fig. 2.13 the band
structure is plotted along various points of symmetry in the lattice for
Rabi frequencies of .5, 1 and 5ER/~. The points of symmetry are labelled
Γ = (0, 0, 0), X = (π/a, 0, 0), R = (π/a, π/a, π/a) and M = (π/a, π/a, 0).
Note that there is a very interesting feature in Fig. 2.13. In the path
X → R → M the energy of the lowest two bands of the free atom are
degenerate. As the coupling is increased, this degeneracy is lifted. However,
as can be seen in Fig. 2.13, there is band overlap between the lowest band
and the band above that, for Rabi frequencies of .5ER/~ and 1ER/~. This
could lead to a loss mechanism when loading the lattice, but as soon as
the couplings are stronger that 2 or 3 recoil energies, the band overlap is
removed.

2.4 The Bose-Hubbard Model

In the previous paragraph, the band structure of a single atom in an op-
tical lattice was calculated for various lattice configurations. However, to
describe a gas of bosonic atoms in an optical lattice, the interaction be-
tween the atoms has to be taken into account. This is achieved using the
so-called Bose-Hubbard model. This model is a variation on the original
Hubbard model, which describes electrons in a crystal lattice. To arrive
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at the Bose-Hubbard model, we start by writing a general Hamiltonian for
a gas of spinless bosons with mass m in an external potential V ext(x), a
chemical potential µ and an interatomic potential V (x− x′)

H =

∫

dxa†(x)

{

−~2∇2

2m
+ V ext(x)− µ

}

a(x)

+
1

2

∫

dxdx′a†(x)a†(x′)V (x− x′)a(x′)a(x), (2.12)

where the field operators a†(x) and a(x) create and annihilate a particle
at position x, respectively. Note, that in contrast to the Hamiltonians in
the previous section, Eq. (2.12) is written in second-quantized form, which
means it does not operate on a single-particle wave function, but on a
many-particle Fock space. In order to simplify the above Hamiltonian, the
field operators are expanding in a basis that is diagonal with respect to
the external potential. Because the atoms are in a lattice, our choice is to
expand the field operators a†(x) and a(x) in terms of the Wannier states
χn(x) of the lattice, which are given by χn(x− xi) =

∑

k unk(x) exp(−ik ·
xi)/
√
V , where V is the volume and unk(x) are the Bloch wave functions

corresponding to the band structures presented in the previous section. The
expansions of the field operators a†(x) and a(x) are given by

a†(x) =
∑

n,i

a†niχ
∗
n(x− xi), a(x) =

∑

n,i

aniχn(x− xi). (2.13)

The operators a†ni and ani annihilate and create an atom in the n-th trap
state of site i, respectively. Next we assume the temperature is sufficiently
low and the interaction energy is sufficiently small, such that all the atoms
are in the lowest band of the lattice which means only the n = 0 terms in
Eq. (2.13) have to be taken into account. If Eq. (2.13) is substituted into

24



Optical lattices and the Bose-Hubbard model

Eq. (2.12), with the restriction n = 0, the Hamiltonian is given by

H = H0 +Hint

=
∑

ij

a†iaj

∫

dxχ∗0(x− xi)
{

−~2∇2

2m
+ V ext(x)− µ

}

χ0(x− xj)

+
1

2

∑

iji′j′

a†ia
†
i′ajaj′

×
∫

dxdx′χ∗0(x− xi)χ∗0(x′ − xi′)V (x− x′)χ0(x′ − xj)χ0(x− xj′).
(2.14)

Because the wave functions χ0(x) are known, the first term on the right-
hand side can be written as

H0 =
∑

i

a†iai {εi − µ} −
∑

〈i,j〉
a†iajtij , (2.15)

where the on-site energy εi corresponds to the energy of the lowest Wannier
state, which is given by

εi =

∫

dxχ∗0(x− xi)
{

−~2∇2

2m
+ V ext(x)

}

χ0(x− xi). (2.16)

However, we will only describe homogeneous lattices, so we can safely treat
εi as a shift in the chemical potential. Because the tunneling decays ex-
ponentially with distance we can restrict tunneling between sites to only
nearest-neighbour tunneling in Eq. (2.15). From Eq. (2.14) we derive that
the tunneling amplitude tij is given by

tij = −
∫

dxχ∗0(x− xi)
{

−~2∇2

2m
+ V ext(x)

}

χ0(x− xj), (2.17)

which corresponds to the tight-binding approximation.

The second term in Eq. (2.14) can be treated relatively easily if the full
interatomic potential is replaced by a delta-function pseudopotential

V (x− x′) = 4πas~2

m
δ(x− x′), (2.18)
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where as is the appropriate scattering length. In most cases, the range of
the interaction between the atoms is much smaller than the lattice spacing,
so we can restrict ourselves to on-site interactions. For small scattering
lengths, the interaction energy can then to a good approximation be written
as

Hint =
1

2

∑

iji′j′

a†ia
†
i′ajaj′

×
∫

dxdx′χ∗0(x− xi)χ∗0(x′ − x′i)V (x− x′)χ0(x′ − xj)χ0(x− x′j)

∼= 1

2

∑

i

a†ia
†
iaiai

4πas~2

m

∫

dx |χ0(x− xi)|4

≡ 1

2
U
∑

i

a†ia
†
iaiai, (2.19)

where we have introduced the symbol U as the on-site interaction energy.
From the above equation it can be seen that U ∝

∫

dr |χ0(x)|4, which is
easy to understand because the on-site particle density n(x) is given by
n(x) = |χ0(x)|2 and the interaction energy is expected to scale with the
square of the density. A more rigorous derivation of the interaction energy
will be given in the following section, as well as a discussion on the range
of scattering lengths for which Eq. (2.19) is valid.

Combining Eqs. (2.19) and (2.17), we arrive at our final form for the
single-band Bose-Hubbard Hamiltonian

H = −
∑

〈i,j〉
tija

†
iaj +

1

2
U
∑

i

a†ia
†
iaiai − µ

∑

i

a†iai. (2.20)

This Hamiltonian will be used throughout the remainder of this thesis. It
will be shown that it contains interesting features that are experimentally
accesible, because of the tunability of the parameters U and t.

2.5 Interaction energy

To better understand the interaction energy and to investigate the valid-
ity of Eq. (2.19), we perform an exact calculation of the energy of two
atoms in an harmonic potential with a delta-function interaction. A simi-
lar calculation was carried out by Busch et al. [17]. However, these authors
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did not use a true delta-function potential, but the so-called regularized
delta-function pseudopotential [18]. Using a true delta function yields an
expression, which has an ultra-violet (UV) divergence. Here we will show
that this UV divergence can be dealt with using standard renormalization
techniques.

We start by writing the Hamiltonian of two atoms in a harmonic trap
as

H = −~2∇2
1

2m
− ~2∇2

2

2m
+

1

2
kr21 +

1

2
kr22 + V0δ(r1 − r2), (2.21)

where m is the mass of the atoms, k is the spring constant of the trap
and V0 is the strength of the delta potential. Introducing a center-of-mass
coordinate R = (r1 + r2)/2 and a relative coordinate r = r1 − r2 we can
write

H = −~2∇2
R

2M
− ~2∇2

r

2µ
+ kR2 +

1

4
kr2 + V0δ(r)

= HCM +Hrel, (2.22)

where M = 2m is the total mass, µ = m/2 is the reduced mass and
HCM and Hrel denote the center-of-mass part and the relative part of the
Hamiltonian, respectively. The relative part is relevant here, since only
this part contains the interaction between the atoms. We can write Hrel =
H0 + V , where

H0 = −
~2∇2

r

2µ
+

1

2
κr2, (2.23a)

V = V0δ(r), (2.23b)

and κ = k/2. The above equations are simplified by writing the Hamil-
tonian in units of the energy ~ω = ~

√

κ/µ and the length scales in units
of the harmonic oscillation length l = (~2/µκ)1/4. The resulting dimen-
sionless quantities are denoted by a prime, so H ′

0 = −∇′2/2 + r′2/2 and
V ′ = V ′

0δ(r
′) with V ′

0 = V0/l
3~ω. The scaling of the interaction strength

by 1/l3 is necessary because δ(r) has the unit of (volume)−1 and δ(r′) does
not. Only states with an angular momentum ` = 0 have a nonzero value
at an interatomic distance r′ = 0. The ` = 0 eigenstates and eigenvalues of
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the noninteracting Hamiltonian H ′
0 are given by

φn(r
′) = π−3/4

[

L1/2
n (0)

]−1/2
e−r

′2/2L1/2
n (r′2), (2.24a)

En = 2n+ 3/2, (2.24b)

where L
1/2
n are the generalized Laguerre polynomials. Because the wave

functions φn(r
′) form a complete set, the solutions of the relative Hamil-

tonian can be written as ψ(r′) =
∑

m cmφm(r
′). With this expansion, the

Schrödinger equation (H ′
0 + V ′)ψ(r′) = Eψ(r′) reads

∑

m

cm (Em − E)φm(r
′) + V ′

0δ(r
′)
∑

m

cmφm(r
′) = 0. (2.25)

This equation can be simplified by multiplying by φ∗n(r
′) and integrating

over r′. The first term on the left-hand side then reduces to cn(En − E)
and the second term becomes V ′

0φn(0)
∑

m cmφm(0). However, the latter
term can be shown to be divergent. To determine the exact form of the
divergence, the limit r′ → 0 is taken after the summation. We thus arrive
at the following expression for the Schrödinger equation

0 = cn (En − E) + V ′
0φ

∗
n(0)

[

∑

m

cmφm(r
′)

]

r′→0

= φ∗n(0) + V ′
0φ

0
n(0)

[

∑

m

φ∗m(0)φm(r
′)

Em − E

]

r′→0

, (2.26)

where we have used cn ∝ φ∗n(0)/(En −E), with a proportionality constant
that is fixed by the normalization of the wave function. Substituting the
wave functions from Eq. (2.24a) into the above equation yields

− 1

V ′
0

=

[

∑

m

φ∗m(0)φm(r
′)

Em − E

]

r′→0

=
1

2π3/2

[

∑

m

L
1/2
m (r′2)
m− ν

]

r′→0

, (2.27)

where we have written E = 2ν + 3/2. Note that ν is in general not an
integer and can be both positive and negative. Following Busch et al. we
find

∑

m

L
1/2
m (r′2)
m− ν = Γ(−ν)U(−ν, 3/2, r′2), (2.28)
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with U(−ν, 3/2, r′2) a confluent hypergeometric function and Γ(−ν) is the
complete gamma function [19]. For small r′ this reduces to

∑

m

L
1/2
m (r′2)
m− ν = −

√
π

(

2Γ(−ν)
Γ(−ν − 1/2)

− 1

r′
+O(r′)

)

. (2.29)

Using this result, Eq. (2.27) can be written as

1

V ′
0

=
1

π

Γ(−E/2~ω + 3/4)

Γ(−E/2~ω + 1/4)
− lim
r′→0

1

2πr′
. (2.30)

By dividing both sides by l3~ω the above equation is restored to SI units,
yielding

1

V0
=

1

πl3~ω
Γ(−E/2~ω + 3/4)

Γ(−E/2~ω + 1/4)
− lim
r→0

1

2π~ωl2r

=
1

πl3~ω
Γ(−E/2~ω + 3/4)

Γ(−E/2~ω + 1/4)
− lim
r→0

m

4π~2r
, (2.31)

where we have used that the atomic massm = 2µ. This expression is indeed
divergent, but this can easily be dealt with by rewriting the interaction
strength V0 in terms of the two-body transition matrix T 2B, as is standard
in scattering theory. This is achieved by writing the Lippman-Schwinger
equation as

1

T 2B
=

1

V0
+

∫

dk

(2π)3
1

2εk
, (2.32)

where the dispersion εk is given by εk = ~2k2/2m. It is immediately obvious
that the above integral diverges in the case of three dimensions. To see how
it diverges, we multiply the integrant by exp(ik·r) and take the limit r → 0.
The integral then becomes the Fourier transform of a Coulomb potential
and we find

1

T 2B
=

1

V0
+ lim
r→0

m

4π~2r
, (2.33)

which exhibits exactly the same divergence as the left-hand side of Eq. (2.31),
which means we can write

1

T 2B
=

1

πl3~ω
Γ(−E/2~ω + 3/4)

Γ(−E/2~ω + 1/4)
=⇒ l

as
=

2Γ(−E/2~ω + 3/4)

Γ(−E/2~ω + 1/4)
, (2.34)
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Figure 2.14: The energy levels (in units of ~ω) of two particles in an har-
monic trap in an l = 0 state as a function of the s-wave scattering length
as (in units of the harmonic oscillator length l). The solid and dashed
lines give the energy levels, the dash-dotted lines indicate the asymptotic
solutions and the dotted line corresponds to the result using Eq. (2.19).

where we have used the well-known result T 2B = 4π~2as/m in the last step.
Note that although the solutions of the relative Hamiltonian are written as
an expansion in terms of the solutions of the noninteracting Hamiltonian,
the above result is exact because the summation in Eq. (2.28) is performed
exactly.

To find the energy E as a function of the scattering length as we have
to numerically solve Eq. (2.34). The result of this computation is shown in
Fig. 2.14. The real ground state of the system is the state that goes to E =
3~ω/2 when a = 0. This state is indicated by the solid curve in Fig. 2.14.
The shift of the ground-state energy with respect to the value 3~ω/2 gives
the interaction strength U in the Bose-Hubbard model. As a reference we
have added the dotted line, which is calculated using the approximation in
Eq. (2.19). The curves coincide as long as |as| . l/10. When the value of
the scattering length becomes larger than this length scale, the energy shift
saturates to ±~ω depending on the sign of the scattering length.

The wave functions corresponding to the energies in Fig. 2.14 can be
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Figure 2.15: The ground-state wave function for two atom in an harmonic
oscillator. The upper figure shows the wave function at energies E of
E/~ω = .5 (dotted line), 1.0 (dashed line) and 1.5 (solid line). The lower
figure shows the wave functions at energies E/~ω = 1.5 (solid line), 1.7
(dash-dotted line), 2.0 (dotted line) and 2.5 (dashed line).

written as

ψ(r′) ∝ 1

2π3/2
e−r

′2/2Γ(−ν)U(−ν, 3/2, r′2), (2.35)

where ν = E/2~ω − 3/4 and E is a solution of Eq. (2.34) as plotted in
Fig. 2.14. The ground-state wave function is plotted in Fig. 2.15 for different
values of the energy E. In the upper figure, the wave functions are plotted
for energies E < 3~ω/2, corresponding to a negative scattering length. In
the lower figure, the wave functions are plotted for energies E > 3~ω/2,
corresponding to a positive scattering length. Note that due to the change
in sign of the scattering length, the wave functions in the lower figure have
one more node as compared to the upper figure. Note also that when the
scattering length as 6= 0, the wave functions diverge as 1/r for r → 0.
In Fig. 2.16 the first excited-state wave functions are plotted. Again, the
upper figure corresponds to negative scattering lengths and the lower figure
corresponds to positive scattering lengths. Note that the dotted line in the
upper figure of Fig. 2.16 corresponds to the dashed curve in the lower figure
of Fig. 2.15.
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Figure 2.16: The first excited-state wave function for two atom in an har-
monic oscillator. The upper figure shows the wave function at energies E
of E/~ω = 2.5 (dotted line), 3.0 (dashed line) and 3.5 (solid line). The
lower figure shows the wave functions at energies E~ω = 3.5 (solid line),
3.7 (dash-dotted line), 4 (dotted line) and 4.5 (dashed line).

The lowest state on the right-hand side of Fig 2.14 is suspicious. Because
this state is not present for a negative scattering length, it appears that
the system acquires an extra state for positive scattering length. However,
this is unphysical, as the wave functions in Eq. (2.24a) form a complete
set. This argument can be understood better by considering perturbation
theory. In perturbation theory the corrections should always go to zero
when the perturbation is taken to zero. This is illustrated by the dotted
line in Fig 2.14, which is the result of perturbation theory. The energy of
the lowest state on the right-hand side of Fig 2.14 goes to minus infinity
as the perturbation is taken to zero. This behaviour cannot be understood
in perturbation theory, so we have to take a more careful look at the state
associated with this curve, which we will denote with ψ∞(r). By taking
the limit E → −∞ in Eq. (2.34), it can be shown that the energy E∞ of
this state is given by E∞ = −~2/ma2 in the limit a ↓ 0. For small values
of r, the Schrödinger equation for this state in the limit a ↓ 0 is thus given

(

−1

2
∇′2 + V ′

0δ(r
′)

)

ψ∞(r′) = − l2

2a2
ψ∞(r′). (2.36)
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For r′ > 0 this equation has the form of a Poisson equation with screening,
which means that the solution has the form of a Yukawa potential, i.e.,
ψ∞(r′) = l exp(−lr′/a)/2a√πr′. However, for r′ → 0 this leads to a prob-
lem, since in this limit the kinetic energy term becomes −∇′2ψ∞(r′)/2 =√
πlδ(r′)/a. As a result, this delta function is not cancelled by the inter-

action V ′
0δ(r

′), which means that this state is indeed not a solution to the
total Schrödinger equation. This is an important difference with the results
of Busch et al., who find that in their case, the state is a true bound state
in the regularized delta-function potential.

2.6 Quantum phases

To understand the properties of the Bose-Hubbard Hamiltonian, let us
first examine the limiting case of U → 0. In this limit the atoms are ideal
bosons, so all the atoms will Bose condense in the single-particle ground
state, which in this case is the k = 0 state of the lowest Bloch band of the
lattice. This means that the atoms are essentialy delocalized in the lattice.
This situation is illustrated on the left in Fig. 2.17. When the parameter U
is slightly increased, the interaction energy can be treated in perturbation
theory. As is shown in Chapter 4, this leads to a quantum depletion of the
condensate. In other words, if the interaction energy becomes large, it be-
comes energetically favourable for the system to move part of the atoms out
of the single-particle ground state into states with nonzero quasimomen-
tum, even though the temperature is still zero. In the limiting case that the

Figure 2.17: Schematic representation of the superfluid (left) and insulating
(right) state in an optical lattice.

interaction U →∞, or equivalently t→ 0, the configuration illustrated by
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the figure on the left is clearly energetically unfavourable, as there multiply
occupied sites occur. It would be more favourable to distribute the atoms
homogeneously with one atom at each site, as illustrated on the right in
Fig. 2.17. This state is an insulator, because moving an atom from one site
to the next results in a double occupation, which is energetically expensive.
However, this insulator only exists when there is exactly an integer number
of atoms on every site. If we add one atom to the system, this atom can
be placed anywhere in the lattice, since the energy penalty on every site is
equal. Fig. 2.18 shows a graphical respresentation of the momentum-space

Figure 2.18: Graphical respresentation of the momentum-space distribution
of the superfluid (left) and insulating (right) state in an optical lattice.

distribution of the superfluid and insulating states in an optical lattice. In
the superfluid state the atoms are all Bose condensed at the minimum of
the lowest Bloch band, in the center of the first Brillouin zone. Because all
the atoms have quasimomentum q = 0 the complex phase at each site is
the same. Due to Heisenberg’s uncertainty relation, this implies that the
spatial particle-number distribution must be disordered. Conversely, in the
insulating state this particle-number distribution is ordered, which means
the complex phase has to be disordered. As a result of this, the atoms must
all occupy a different momentum state, as represented in Fig. 2.18. This
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qualitative argument shows that the system can be in two qualitatively
different states. The most interesting question is how the system goes from
one states to the other, if the parameters U and t are varied. If the system
only reaches the insulating states asymptotically for U → ∞, the change
is called a crossover. However, if the change happens abruptly for a finite
value of U , the change is called a quantum phase transition. This question
is experimentally relevant, because by increasing the intensity of the laser
beams, the on-site wave function gets narrower. This means that the inter-
action energy U goes up and the tunneling t goes down. In this way, the
ratio of U/t can be tuned experimentally over a large range. In Chapter 4
it will be shown that the system indeed undergoes a quantum phase tran-
sition. This phase transition has been observed recently by Greiner et al.
[15].
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The experimental setup

Abstract
We describe the experimental setup for obtaining Bose-Einstein conden-

sation in an optical lattice. The technique of near-resonant absorption

imaging is explained and used to analyse the density of atoms in the

magneto-optical trap and the magnetic trap. Furthermore, a discussion

about the sequencing system for the experiment is presented.

3.1 Introduction

The density required to obtain a filling fraction of unity in a three-dimensio-
nal lattice is large compared to the density of a magneto-optical trap
(MOT). In a simple cubic optical lattice created by three standing waves,
the density of lattice sites is equal to (λ/2)−3, which in the case of the visual
and near-infrared wave lengths appropriate for alkali atoms is of the order
of 1014 cm−3. Since the typical density reached in a MOT is on the order of
109 − 1011 cm−3, it is clear that loading a three-dimensional optical lattice
directly from a MOT does not yield a sufficiently high filling fraction. If
the atoms are compressed by three orders of magnitude, the temperature
rises by two orders of magnitude, since there is no way of extracting heat
from the atoms at these high densities. This increase in temperature invali-
dates the assumptions made in the previous chapter in the derivation of the
single-band Bose-Hubbard model. A more realistic approach for reaching
the required conditions is to load the optical lattice from a Bose-Einstein
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condensate [7, 15]. In that case the atoms from the MOT are only slightly
compressed when they are transfered to the magnetic trap and the largest
increase in density and decrease in temperature is subsequently reached
during evaporative cooling. Therefore a setup is being developed to reach
Bose-Einstein condensation of sodium in a magnetic trap.

In order to reach Bose-Einstein condensation, the magnetic trap has to
be loaded with a large number of atoms (> 109) at a reasonably low tem-
perature (< 500µK). If these conditions are not met, runaway evaporation
is not reached. Because the magnetic trap is conservative, it cannot be
loaded continously. This means that the atoms have to be collected in a
MOT and then transfered to the magnetic trap. To control the experiment
with the required timing accuracy, a sequencing system has been developed.
This system is discussed in detail in Sec. 3.6.

To determine the temperature and density of the atoms trapped with
the different techniques used in the experiment, a setup for absorption
imaging was constructed. The theory of absorption imaging, the imaging
setup and some result obtained using this imaging techniques are presented
in Secs. 3.2 to 3.5.

First, the laser cooling and trapping stages of the experiment are intro-
duced, but details are only given insofar as they are necessary to understand
the results of the imaging experiments. All the details of the implementa-
tion and testing of the laser cooling and trapping stages will be thoroughly
described in a PhD thesis that is currently under preparation [12].

3.1.1 A source of cold atoms

To achieve the necessary loading rates, a slowed and focussed beam of
sodium atoms is used. Here the slowing and focussing stages are briefly
sketched.

Oven

The beam of sodium atoms is created in an oven, which consists of two
chambers, an aperture and a cooling screen. The first chamber is used to
create a vapor from solid sodium. In order to shape the velocity distribution
of the beam, the vapor is heated to a slightly higher temperature in the
second chamber. This produces a well-defined thermal beam. The diameter
of the nozzle of this chamber is 3mm. The next stage is an aperture, which
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is kept at an even higher temperature to prevent deposition of sodium,
which could block the aperture. The diameter of this aperture is 3.5mm.
The whole oven is encased in a cooled screen, which has an aperture of
5mm. When the beam exits the oven, it has an average velocity of about
900 m/s. Since this velocity is much to high to be trapped in a MOT, the
atoms are first slowed in the Zeeman slower.

Zeeman slower

The Zeeman slower has been developed by Molenaar [20]. It features sep-
arate windings for the bias field and the profile field. The separately con-
trollable bias field makes it possible to operate the Zeeman slower in a wide
range of laser detunings. However, due to the fact that the field tends
to zero rather slowly at the end of the Zeeman slower, the decoupling of
atoms from the light is rather problematic compared to slowers that have
a zero crossing in the middle of the solenoid. This means that the atoms
still scatter photons from the slowing laser after they have left the slower,
which causes significant heating. To reduce this effect a set of extraction
coils is used. These coils are configured in such a way that the magnetic
field is lifted to a higher value at the end of the slower and then peaks
sharply, after which it drops to a negative value, as illustrated in Fig. 3.1.
The cooling of the extraction coils is sufficient to run the coils continuously
at 20A, but as they are only needed during loading of the MOT, they can
also be pulsed for a few seconds at 40A.

Figure 3.1: The magnetic field inside the Zeeman slower for typical settings
of the currents, together with a graphical representation of the solenoid and
the extraction coils.
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Magneto-optical lens

Because the Zeeman slower only cools in the longitudinal direction, the
atomic beam becomes very divergent as it is slowed down. To increase
the flux of atoms going into the capture volume of the MOT, the beam is
focussed with a magneto-optical lens. In this device, a quadrupole field is
generated using a pair of anti-Helmholtz coils. In combination with laser
beams from four directions perpendicular to the atomic beam, the atoms
are cooled in the transverse directions, but are also focussed in a point a
few centimeters behind the MOT.

3.1.2 Atom traps

In the following, a brief introduction is given to the techniques used to trap
the beam of atoms. All these techniques are analysed using the imaging
setup discussed lateron in this chapter.

Bright MOT

In the bright MOT, a pair of anti-Helmholtz coils is used to produce a
quadrupole field in three dimensions. The gradient of the field in the center
is 10G/cm in the plane between the coils and 20G/cm in the direction per-
pendicular to that plane. The trapping lasers have a detuning of −30MHz
with respect to the F = 2 → F ′ = 3 transition, a saturation parameter of
s0 = 3 and a diameter of 25mm, which is the maximum diameter allowed
by the geometry of the vacuum chamber. The cooling transition is not a
closed transition, because atoms can also be excited to the F ′ = 2 state,
which can subsequently decay into the F = 1 state. Due to the fact that
this state is 1772MHz shifted with respect to the other hyperfine ground
state, these atoms are effectively lost from the cooling cycle. To circumvent
this, a repumping beam is spatially overlapped with the trapping beams
in the direction in the plane of the coils with a saturation of a few percent
and a detuning of −50MHz with respect to the F = 1→ F ′ = 2 transition.
This light pumps the atoms back into the cooling cycle.

The problem with a bright MOT is that as the density becomes higher,
the cloud of atoms becomes opaque. This limits the amount of cooling
light that enters the center of the trapping region and thus impedes the
cooling proces. Furthermore, the spontaneously emitted photons have a
high probability of being re-absorbed by the atoms, which causes extra
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heating. For this reason, the dark MOT has been invented by Ketterle et
al. [21].

Dark MOT

In the dark MOT a dark spot of a few millimeters in diameter is placed
in the center of the repumping beams, which causes a dark volume in the
center of the trap. Around this dark region is a shell of repumping light,
which enables efficient capture of atoms. However, as soon as the atoms are
forced into the dark region by the trapping light, the atoms are no longer
repumped and they decay into the F = 1 hyperfine state. This means
that the dark region becomes transparent for the trapping light, which can
thus pass unimpeded through the high-density cloud without any shadows
being cast that could interfere with the capture proces. Furthermore, as
the atoms are transparent for the trapping light, they also do not absorb
the photons that are spontaneously emitted by the atoms that are being
captured. This yields a higher density of atoms trapped in the dark MOT
than the density that can be achieved using a bright MOT.

3.1.3 Magnetic trapping

Figure 3.2: The Ioffe-Pritchard (left) and cloverleaf (right) configurations.

Optical-cooling techniques have so far failed to enable high enough phase-
space density to achieve Bose-Einstein condensation. This is not just be-
cause the temperature is not low enough, but primarily because at high den-
sities laser-cooling techniques break down. For this reason Bose-Einstein
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condensates are with a few notable exceptions [22, 23] produced in mag-
netic traps, using evaporative cooling. Because evaporative cooling takes a
long time (> 30 seconds) two requirements have to be met. The vacuum
has to be extremely good (10−11mbar) in order to suppress losses due to
collisions with background particles. Also, the magnitude of the magnetic
field cannot be zero anywhere in the trap. The reason for this last require-
ment is that when the magnetic field is zero, the spin state of the atom has
a high probability of changing to a non-trapped state. Also, these so-called
Majorana losses become more probable when the velocity of the atom be-
comes lower. To create a magnetic field that is nonzero everywhere in the
trap, a Ioffe-Pritchard trap is used, in our case in the so-called cloverleaf
configuration. These traps consist of four current carrying rods that pro-
duce a quadrupole field in the plane perpedicular to the rods. The two
coils that form the end-caps of the trap are run with the current in the
same direction, but they are placed too close together to form a Helmholtz
configuration. This produces a large curvature of the field, which results in
the axial trapping. Beside these coils there is also a set of Helmholtz coils
placed coaxially with the end-caps, which enable tuning of the bias field
in the center of the trap. If the bias field is chosen too large, the trap be-
comes weaker in the radial trapping direction. However, the bias field has
to be chosen large enough to prevent Majorana losses. The Ioffe-Pritchard
configuration is illustrated on the left in Fig. 3.2. In the cloverleaf config-
uration, the four rods are cut in half and folded open into the plane of the
end-caps. The wires are closed resulting in a cloverleaf-like configuration
as illustrated on the right in Fig. 3.2.

3.2 Imaging system

Since atoms trapped in a magnetic trap do not fluoresce, the atoms have
to be analysed using near-resonant absorption imaging. In fact, already
in a MOT fluorescence induced by the trapping laser beams is not a good
measure of the number of particles. As the density of atoms increases, the
cloud becomes opaque and the atoms in the center of the cloud are not
subjected to the same intensities as the atoms at the edge of the cloud.
For this reason, the atoms in the MOT should also be measured using
absorption imaging.
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3.2.1 Imaging techniques

Generally speaking imaging techniques can be divided into three classes.
The first class is the imaging of light sources, such as stars and fluoresence
of tracer molecules in biology. Fluoresence of atoms in a MOT is also in
this class of imaging techniques. The second class is absorption imaging,
which is the standard way of imaging cell structures in biology and also a
convenient way of imaging atoms in situations where fluoresence imaging
is not applicable. The third and most complex class are phase-contrast
imaging techniques. These techniques make use of the spatial variations in
the refractive index that are caused by the sample. The simplest example
of refractive imaging is the Schlieren method [24], which is often used to
image shockwaves in wind-tunnel experiments because it is so robust that
it even works with incoherent light sources such as stroboscopes and even
light from the sun.
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Figure 3.3: The transmission of light through the cloud of atoms as a
functions of detuning with respect to the F = 1→ F ′ = 2 transition. The
three traces corresponds to average optical densities of 1 (solid line), 10
(dashed line) and 100 (dotted line).

To analyse phase and absorption imaging, both the real and the imag-
inary part of the refractive index nr have to be considered. For a two-level
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system, we write

nr = 1 +
σ0ncλ

4π

[

i

1 + δ2
− δ

1 + δ2

]

, (3.1)

where σ0 is the resonant scattering cross section, λ is the wave length of
the light and nc is the column density of the sample. The column density
is defined as the density of the sample, integrated over the path of a light
beam through the sample. The detuning δ is given in units of Γ/2, where Γ
is the natural linewidth. For a two-level system, the cross-section is given
by σ0 = 3λ2/2π [25]. For a multi-level system an average has to be taken
to calculate σ0 and the expression between square brackets in the above
equation has to be replaced by a sum over all the appropriate transitions.
For the electric field component of the light, we can now write

E = E0e
i(nr−1)/2. (3.2)

If the detuning δ is small the phase shift can be neglected and the above
equation reduces to the Lambert-Beer equation.

In the case where a sodium atom is in the F = 1 hyperfine ground state,
there are three transitions that have to be considered, namely to the F ′ = 0,
1 and 2 states. The resonant cross section σ0 and the part between brackets
in Eq. (3.1) is then modified to take into account the three transitions and
their relative strengths. The result of this calculations is shown in Fig. 3.3.
In this figure we see that if the probe laser is tuned to the F = 1→ F ′ = 0
transition, the transmission is about 66% if the optical density is 1, and
about 2% if the optical density is 10. This means that this frequency is
suitable for the lower optical densities one obtains in time-of-flight images.
If the atoms are measured in-situ, higher optical densities can be expected.
In that case a larger detuning has to be chosen, because otherwise almost
all the light is absorbed in the center of the image. However, if a larger
detuning is chosen, the real part of the refractive index also has to be
taken into account. To estimate the imaging error due to diffraction we
describe the MOT as a homogeneous phase plate, with a phase step φ and
a diameter d. In a first-order approximation such a phase plate causes a
diffraction angle of 2λφ/πd. This means that if the phase shift φ is large
or the diameter d is small, the diffraction angle will be large. In that case
higher diffraction orders can miss the aperture of the imaging system, which
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will degrade the resolution of the image. In practice, this is only a problem
when a Bose-Einstein condensate is imaged in-situ. When time-of-flight
measurements are carried out, the size of the cloud is increased and the
optical density is decreased, which reduces both the diffraction angle and
the required spatial resolution.

3.2.2 Imaging setup

The imaging system used in the experiments is shown in Fig. 3.4. The light
is brought close to the vacuum chamber through a single-mode polarization-
maintaining fiber, collimated by a lens and sent through the cloud. The
diameter of the imaging laser beam is 15mm, to ensure that the light field is
sufficiently flat at the location of the atoms. The frequency of the imaging
light can be tuned to the F = 1 → F ′ = 0 transition or to 30MHz above
the F = 1 → F ′ = 2 transition be choosing a different diffraction order of
the acousto-optical modulator (AOM). After the light has passed through
the cloud, a second lens images the shadow onto a CCD camera. The focal
length of this lens is 200mm and the object distance is 300mm, which yields
a magnification of M = 0.5. The diameter of the imaging lens is 78mm,
which corresponds to a numerical aperture of 6.5 · 10−2. The resolution is
therefore limited to 5.5µm. As this number is smaller than the pixel size
of the CCD camera, the imaging system is not diffraction limited.

+ +

C
C

D

atoms fiber

Figure 3.4: The setup for near-resonant absorption imaging. The light is
brought to the chamber through a single-mode polarization-maintaining
fiber. It is collimated by a lens and sent through the cloud. A second lens
is used to image the shadow on a CCD camera.
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3.2.3 CCD camera

The CCD camera is an Apogee AP1E, which is equiped with a Kodak KAF-
0401E chip. The pixels on this chip have a full well electron depth of 100.000
electrons and a dynamic range of 14 bits. This means that one graylevel of
the camera corresponds to about 6 electrons. With a quantum efficiency
(QE) of 63%, 10 photons are needed to register a click, which corresponds
to a fluence of 0.4 pJ/cm2, given the energy of a photon at 589 nm and the
9µm pixel size. Making use if the fact that a pixel saturates at a fluence
of 6.8 nJ/cm2, and if we assume an exposure time of 100 microseconds, we
find that an intensity of 6.8 · 10−2mW/cm2 is needed to saturate a pixel,
which corresponds to 1% of the saturation intensity. This means that it is
safe to neglect power broadening of the imaging transition.

The CCD camera has a mechanical shutter, which can be externally
triggered. This shutter typically opens in a few milliseconds. However,
the camera lacks a continuous readout mode. This means that the CCD
starts accumulating dark counts as soon as it is armed. Because of the
latencies of the computer that controls the camera we do not want to make
any software calls during a shot of the experiment. This means that the
camera has to be armed during the entire cycle of evaporative cooling,
which can typically last 30 seconds. Because of this, the contribution of
the dark current to the resulting image has to be analysed. The manifac-
turer of the chip quotes a maximum dark current of 50 electrons per pixel
per second at a temperature of 25◦C. Assuming the camera is armed for
one minute, this leads to 3000 electrons per pixel, which corresponds to
500 graylevels. The manifacturer also quotes a dark signal doubling tem-
perature of 7.5◦C. The temperature of the camera can easily be lowered
to −15◦C using the onboard thermo-electric cooling, which yields a dark
current of 500 × (1/2)40/7.5 ≈ 15 graylevels. This corresponds to a signal
to noise ratio of about .1%, which is acceptable.

Besides taking absorption images the camera can also be used to mea-
sure fluorescence. However, because the camera is not calibrated, these
images cannot be used to measure the absolute density of particles. Only
the width of the cloud can be determined and relative changes in intensity
can be detected. Below we present results obtained by both fluorescence
and absorption images and make a quantative comparison between the im-
ages.
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Figure 3.5: In-situ fluorescence image of the bright MOT measured through
a neutral density filter with a 6% transmission. The figure on the right
shows the projections on the x and y axis. The dotted lines show fits,
which have been offset for clarity. The widths are ∆x = 0.72 ± 0.003mm
and ∆y = 0.87± 0.003mm.

3.3 Magneto-optical trapping

The first stage we analyse is the bright MOT. Our MOT is operated at a
saturation parameters of s0 = 2 − 3 and a detuning of 30MHz below the
F = 2→ F ′ = 3 transition. The cooling beams are brought to the chamber
through two single-mode polarization-maintaining fibers, one for the four
beams in the plane between the coils and one for the two beams in the
direction perpendicular to the coils. The repump light is overlapped with
the light from the first fiber. Due to the large amount of fluorescence from
the bright MOT, a neutral density filter has to be placed in front of the
camera when the atoms are imaged in-situ, because otherwise the camera
saturates even at the shortest setting for the shutter time. Fig. 3.5 is taken
with an exposure time of 100ms and a filter with 6% transmission. In this
image it can be seen that for high densities, it is very difficult to align a
bright MOT. This is due to the fact that the atoms absorb a large part
of the cooling light, which causes a power imbalance in the retro-reflected
beams. The figure on the right shows the projections on the x and y axis of
the image. The dashed lines are fits to a distribution consisting of a wide
and a narrow Gaussian profile. The wide Gaussian profile is present in all
the fluoresence images presented in this chapter. The widths corresponding
to this wide profile are in the order of 3mm, independent of the condition of
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Figure 3.6: Fluorescence image of the bright MOT after 4ms of expansion.
The figure on the right shows the projections on the x and y axis. The
dotted lines show fits, which have been offset for clarity. The widths are
∆x = 1.38± 0.013mm and ∆y = 1.31± 0.033mm.

the cloud of atoms, which indicates that this distribution is an artifact of the
imaging system. The narrow distribution corresponds to the distribution
of atoms.

It is also possible to make a fluorescence image of the atoms after bal-
listic expansion. To measure this, the MOT lasers and coils are switched
off and the CCD shutter is opened. After a delay of a few milliseconds, the
MOT lasers are shortly pulsed. In Fig. 3.6 the fluorescence image is shown,
as well as the projections on the x and y axis.

3.4 Dark MOT

For the dark MOT, a dark spot of 3mm in diameter is placed in the re-
pumping beam between the fiber and the collimating lens. The dark MOT
can be measured in-situ with absorption imaging, but also with fluores-
cence imaging. This is due to that fact that atoms in the dark region are
repumped by spontaneously-emitted repump photons that are scattered
into the region. There is also a contribution due to light scattered by the
atoms outside the dark region. As in the case of the bright MOT it is
not very useful to analyse the absolute signal. It is however important to
mention that the atoms that contribute to the fluoresence in this image are
only the atoms in the F = 2 ground state, which is typically in the order
of 1%. The profiles in the x and y directions can again be fitted using a
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Figure 3.7: In-situ fluorescence image of the dark MOT. The figure on the
right shows projection of the x and y axis. The dotted lines show fits, which
have been offset for clarity. The widths are ∆x = 0.722 ± 0.009mm and
∆y = 0.63± 0.008mm.

sum of two Gaussian shapes.

In order to image the atoms in the F = 1 state, absorption imaging is
used. By substracting the fluorescence image in Fig. 3.7 from the bright-
field image we can obtain a pure absorption image. The result of this
procedure is shown in Fig. 3.8. The absorption image has been taken with
a detuning of 30MHz above the F = 1 → F ′ = 2 transition instead of
on resonance with the F = 1 → F ′ = 0 transition in order not to black
out the image at the higher optical densities. Note, that this image is an
example of an absorption image as it appears on the camera. It has not
been divided by a flat-field image and converted to optical densities. To fit
this image, we assume Gaussian distribution for both the intensity of the
light and the density of the atoms. We then fit to the Lambert-Beer law,
which yields widths of ∆x = 1.63 ± 0.02mm and ∆y = 0.62 ± 0.01mm.
This result implies that the aspect ratio of the image is consistent with the
gradients of the magnetic field of the MOT. The peak optical density of the
cloud as determined by this method is OD = 35±5 which corresponds to a
number of trapped atoms of N = 5 · 108. It is also interesting to note that
the fluorescence image (Fig. 3.7) has an aspect ratio of one, which means
that the shape of the F = 2 cloud is determined by other factors than the
magnetic field.

To compare the dark MOT with the bright MOT we have taken an
absorption image of the dark MOT after the same expansion time as in
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Figure 3.8: Direct in-situ absorption image of the dark MOT. The figure
on the right shows projection of the x and y axis. This data has not
been converted to optical densities. The dotted lines show fits, which have
been offset for clarity. The widths are ∆x = 1.63 ± 0.02mm and ∆y =
0.62± 0.01mm.
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Figure 3.9: Absorption image of the dark MOT after 4ms of expansion. The
figure on the right shows projections of the x and y axis. The dotted lines
shows fits, which are offset for clarity. The widths are ∆x = 2.15±0.01mm
and ∆y = 1.80± 0.01mm.
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Fig. 3.6. This image is shown in Fig. 3.9. The fits to this images yield
widths of ∆x = 2.15 ± 0.01mm and ∆y = 1.80 ± 0.01mm and a peak
optical density of OD = 0.236 ± 0.002, which corresponds to a central
density of n0 = 9 · 108 cm−3. This in turn corresponds to a total number
of atoms of N = 4 · 107. The aspect ratio of the cloud in this image is
almost 1 due to the isotropic nature of the thermal expansion of the cloud.
The widths are consistent with a temperature of 200µK. A more thorough
analysis of the temperature of the atoms in the bright MOT and the dark
MOT, as well as an analysis of dark polarization-gradient cooling will be
given in Ref. [12].

3.5 Magnetic trapping

Atoms can be loaded into the magnetic trap by rapidly switching off the
dark MOT and then switching on the currents of the magnetic trap (MT).
The current in the MOT coils typically takes 3.5ms to extinguish and the
current in the MT coils take almost 10ms to stabilize at the maximum
value. Images of atoms in the magnetic trap can only be taken in-situ be-
cause the electronics to rapidly switch off the magnetic trap had not been
installed at the time these initial measurements were performed. Also, two
thirds of the atoms are lost due to the fact that in these measurements
no spin-polarization stage has been employed. The maximum gradient of
the magnetic field due to the cloverleaf coils is 100G/cm, the maximum
curvature is 80G/cm2 and the bias field is approximately zero. It is more
convenient to write these values in units of temperature instead of magnetic
field, which gives a gradient of 3.4mK/cm and a curvature of 2.7mK/cm2.
The trapping frequency associated with the curvature is 16Hz, but at zero
bias field no frequency can be associated with the quadrupole directions,
as the potential exhibits a cusp in those directions. In the following the
trap was operated at 60% of the maximum currents. Note that the weak
trapping direction of the magnetic trap corresponds to the strong trapping
direction in the magneto-optical trap. The distribution in the radial direc-
tion is expected not to be Gaussian, but of the form exp(−|x|/∆x). The
image in Fig. 3.10 is taken 11ms after the MOT is turned off, which is
more than sufficient to allow non-trapped atoms to escape from the view.
As the image clearly shows the presence of atoms, it is safe to assume that
these atoms are in fact trapped. Furthermore, the spatial distribution of
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Figure 3.10: In-situ absorption image of atoms in the magnetic trap. The
figure on the right shows the projections of the x and y axis. The fits,
represented by the dotted line, have been offset for clarity. The widths are
∆x = 1.57± 0.02mm and ∆y = 2.92± 0.03mm.

the atoms fits very well to the expected distribution. The width in the
quadrupole direction ∆x = 1.57± 0.02mm and the width of the Gaussian
in the curvature direction is given by ∆y = 2.92± 0.03mm. Using the trap
parameters, this yields a temperature of Tx = 320±4µK in the quadrupole
direction and a temperature of Ty = 138± 3µK in the curvature direction.
This suggests that the atoms in the trap are not yet in thermal equilib-
rium. However, as these temperatures can not be verified by time-of-flight
measurements at this point, this result is not conclusive. Using the peak
positions, we can also obtain the peak optical density of the cloud, which
equals OD = 0.061 ± 0.001. Extracting a density from this quantity is
difficult since the relatively high temperature of the gas requires that the
presence of the inhomogeneous magnetic field is taken into account. It is
more convenient to measure the number of atoms in a time-of-flight exper-
iment and calculating the peak optical density in the trap using the results
of that measurement. However, as mentioned, the fast switches required to
extinguish the magnetic fields are not yet installed.

3.6 Sequencer

In order to generate the complex sequence of events that is required to
perform the above experiments, all of these events should be placed under
computer control. The problem with modern computers is that they are
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Figure 3.11: Functional diagram of the sequencing system. The upper
layer and the middle layer are the client and the server, respectively. The
client interacts with the user and the server interacts with the hardware.
These layers are implemented on separate computers. The lower layer is the
experimental apparatus. The arrows with solid lines indicate flow through
software, the arrows with dash-dotted lines indicate hardware trigger lines
between the cards in the server. The thick gray lines indicate twisted pair
multicables that run throughout the lab.
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optimized for average performance and not for absolute timing. This is
achieved by delegating tasks to dedicated hardware such as direct mem-
ory access controllers. As a result of this, the programmer does not have
fine-grained control over the timing on the various busses in the computer
and does not have guarantees about when certain memory transfers are
performed. To add to this problem modern operating systems are also
optimized in the same way, giving the average user smooth performance
but giving the demanding programmer no options to control the hardware
directly.

To overcome these problems, the timing of the experiment is generated
using dedicated hardware on PCI cards inside the computer. The com-
puter is therefore reduced to a means of transfering data to this dedicated
hardware on behalf of the user and storing the resulting measurements.

To make the sequencing system more robust, the actual sequencer and
the user interface are installed on separate computers. The sequencer is
implemented as a server and the user interface is a client to this server. By
choosing such an architecture, the actual sequencer cannot be disrupted by
bugs in the user interface. As user interfaces are generally considered to
be more prone to bugs, this offers a significant improvement in stability.
In short, we consider the sequencing system to consist of three layers: the
client pc, the server pc and the experiment. This architecture is illustrated
in Fig. 3.11. In the following, this functional diagram is used to explain the
most important features of the sequencing system.

3.6.1 User interface

The upper layer in Fig. 3.11 is the user interface. The user can specify a
sequence by writing a script in a language with a C-like syntaxis, that was
developed especially for this experiment. The client application is used to
compile the script into binary data. The compiler can be used to perform
sanity checks to ensure that the script is logically consistent. After the
binary data is generated, the client contacts the sequencer running on the
server pc over a TCP/IP connection. Because the server and client are
connected via a private local area network, this communication is fast and
secure.

As the communication protocol between the server and the client is very
well documented, it is relatively easy to write a completely different way
of generating the binary data without having to rethink the hardware and
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software of the actual sequencer.

3.6.2 Sequencer

The middle layer in Fig. 3.11 is the actual sequencer. This layer is by far
the most complex as it interacts with all the hardware. After the server
and the client have negotiated the transfer of data, the server interprets the
data according to a strict and well-documented protocol. The experiment
requires both analog and digital signals. The analog signals are generated
by a National Instruments PCI-6713, which has eight output channels with
12 bit accuracy. The digital signals are generated using a National In-
struments PCI-6534, which has 32 digital channels and an onboard buffer
of 32 megabytes. The server extracts both the analog and digital data
from the binary data and loads this data into the onboard buffers of these
cards. As it is demanded that the experiment runs without operating-
system intervention, the complete experimental sequence needs to fit into
these onboard buffers. Since the most fine-grained parts of the experiment
require at least a microsecond accuracy, the 32 megabytes of memory is not
enough memory for the entire digital sequence, which can typically last up
to 60 seconds. However, this accuracy is only required at the last stage of
the experiment. The largest part of the experiment is spent during load-
ing of the magneto-optical trap, the adiabatic compression of the magnetic
trap and the evaporative cooling. None of these stages require more than
a millisecond resolution. For that reason the experiment is split into two
parts. In the first part the master clock runs with a millisecond period.
After the evaporative cooling stage has finished, the clock is switched to a
microsecond period for the diagnostic part of the experiment. This switch-
ing of the clock rate is achieved using a National Instruments PCI-6602,
which contains eight general purpose counters. One of these counters is
used to scale the onboard 180MHz clock down to the update frequency
that is required for the experiment. By programming the counter to run
in frequency shift keying (FSK) mode, it is possible to choose the register
from which the counter reloads after expiring, by applying a voltage to its
gate. The hardware of the card allows us to connect this gate to the output
of another one of the onboard counters, which we program to switch state
after the appropriate number of clock pulses has been generated by the
first counter. This setup results in a master clock that seamlessly switches
from a low frequency to a high frequency after a time interval that can
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be chosen by the user. This master clock can then be distributed among
the other National Instruments cards using the real-time system interface
(RTSI), thus bypassing the PCI bus.

The PCI-6713 card has an onboard buffer of 2000 analog samples per
channel. The problem with this card is that the channels cannot be indi-
vidualy triggered, which means that if only one channel should be ramped,
all the other channels need to clock out a constant value. However, by
efficiently distributing the samples among the analog events, the buffer is
sufficient to prevent the requirement for memory updates during a run.
The update signal for the analog card is connected to an output line of the
digital card, which means the timing of the analog signals can be integrated
in the timing of the digital signals.

Finally, the server also initializes the card that interfaces to the CCD
camera. This card provides a rapid downloading of the image from the
CCD to the computer in less then 1 second. Furthermore, it has digital
input lines that, among other things, allow us to externally trigger the
CCD camera to take an exposure. This line is also connected to the digital
output card, thus integrating the CCD camera triggering into the rest of
the digital sequencing. When an image is acquired, the server writes the
image to a shared directory on the client pc.

3.6.3 Experiment

The lower layer of Fig. 3.11 represents the experimental setup. The analog
signal generated by the sequencer are used to control the currents of the
magnetic trap. The cloverleaf coils are powered by three Delta supplies
type SM 30-100D with option P031. These supply 100A at 30V and are
connected in parallel. The bias and pinch coils are connected in series and
are powered by two of these same supplies. The current through the bias
coils can be reduced by opening a high-current field-effect transistor (FET)
that is connected in parallel with the bias coils. This FET is referred to
as the shunt and can be controlled by applying a voltage between 0 and
5V to the input. The currents generated by the power supplies can also
be tuned from zero to full current by applying a programming voltage
to the appropriate input. These programming voltages are connected to
the analog output card via opto-couplers supplied by Delta as ISO AMP
modules. These opto-couplers also contain a channel to route a digital
signal to the power supplies, which is used to switch the supplies on and

56



The experimental setup

off. These lines are connected to the digital output card.
The digital card is also used to control shutters and AOMs in the ex-

periment. These are not opto-coupled, because the risks of ground loops
and interference due to back EMF is considered negligible for these digi-
tal lines. To avoid overshoots and reflections, the signals are coupled into
twisted pair cables using Schottky diodes to clamp the voltages between
TTL levels and coupled out of the cable into Schmidt triggered gates to
avoid false triggers due to jitter.

3.7 Conclusions and outlook

At the time of writing of the thesis, the number of atoms in the trap is
not sufficient to start evaporative cooling. However, as will be discussed in
Ref. [12], there are a number of steps that still require optimization. For
instance, the hardware to switch the extraction coils was not available at
the time the above experiments were carried out. Preliminary experiments
suggest that adding this feature will yield a factor of 3 in the number of
particles in the experiment. Furthermore, the magneto-optical lens has not
been used in combination with the dark MOT, but measurements with the
bright MOT prove that this will increase the loading rate by a factor of 3
as well. Furthermore, there were not enough AOMs available to generate a
spin-polarization pulse, which means we always load only 1/3 of the atoms
in the magnetic trap. This means we can expect to gain almost a factor of
30 in number of atoms once all these features have been implemented.

The most difficult step after that is the evaporative cooling. Work has
started on the implemention of a synthesizer for the required rf frequencies,
but coupling the rf power into the atoms will be difficult as the large amount
of stainless steel might cause unpredictable behaviour of the radiation inside
the vacuum chamber.

A laser system for the optical lattice is already present in the form of a
1 Watt Coherent 699 dye laser, pumped with a 5 Watt Coherent Verdi. If
the power of the dye laser proves to be insufficient, the choice can also be
made to make a blue-detuned lattice by using the Verdi directly.
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Quantum phases in an

optical lattice

Abstract
We present the zero-temperature phase diagram of bosonic atoms in

an optical lattice, using two different mean-field approaches. The phase

diagram consists of various insulating phases and a superfluid phase.

We explore the nature of the insulating phase by calculating both the

quasiparticle and quasihole dispersion relation. We also determine the

parameters of our single-band Bose-Hubbard model in terms of the mi-

croscopic parameters of the atoms in the optical lattice.

4.1 Introduction

Using the interference pattern of intersecting laser beams one can create a
periodic potential for atoms, which is known as an optical lattice [3, 26].
Because one can confine atoms at separate lattice sites, one can accurately
control the interaction between the atoms. This makes the optical lattice
an important tool in spectroscopy, laser cooling [27] and quantum com-
puting [28]. In the following we study some of the many-body aspects of
such a lattice and in particular Bose-Einstein condensation of atoms in an

This chapter has been previously published as Quantum phases in an optical lattice,
D. van Oosten, P. van der Straten, and H. T. C. Stoof, Phys. Rev. A 63, 053601 (2001).
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optical lattice. In contrast with the existing Bose-Einstein condensation
experiments in an harmonic trap, the quantum depletion of the condensate
in the case of Bose-Einstein condenstation in a lattice can be very large.
We can therefore expect interesting features.

If we assume that the atoms are cooled to within the lowest Bloch band
of the periodic potential, Jaksch et al. [9] have shown that we can describe
the behavior of the atoms in an optical lattice with the Bose-Hubbard
Hamiltonian

H = −t
∑

〈i,j〉
a†iaj +

1

2
U
∑

i

a†ia
†
iaiai − µ

∑

i

a†iai, (4.1)

where the sum in the first term on the right-hand side is restricted to nearest
neighbours and a†i and ai are the creation and annihilation operators of an
atom at site i respectively1. The parameter t is the hopping parameter and
U is the interaction strength, which we always assume to be positive in the
following. The term involving the chemical potential µ is added because
we perform our calculations in the grand-canonical ensemble.

Qualitatively we expect that when there is an integer number of par-
ticles at each site i and t ¿ U , the interaction between the particles will
make it energetically unfavourable for a particle to move from one site to
another. In this situation the gas is in what is known as the Mott-insulator
phase [29]. However, if we add in this phase a particle to the system, this
particle will only receive a small energetic penalty when it moves, because
its interaction energy is the same on each site. For this reason, a gas with
a non-integer number of bosons at each site will be in a superfluid phase
at zero-temperature. This expectation has been shown to be correct using
Quantum Monte Carlo calculations [30] and several mean-field approaches
[9, 31, 32]. In particular, Ref. [9] numerically determines interesting features
of cold bosonic atoms in an inhomogeneous optical lattice. In this paper,
we give a largely analytical means of understanding the results obtained by
these authors.

In order to describe the zero-temperature phase transition from the su-
perfluid to the Mott-insulating phase analytically, we need to make some
appropriate mean-field approximation to the Hamiltonian in Eq. (4.1). A

1 The operators a
†
i and ai were denoted c

†
i and ci, respectively, in the original publi-

cation.
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more or less standard approach would be to use the Bogoliubov approxi-
mation. In Sec. 4.2 we show that this approximation does not predict the
expected phase transition and we explain the absence of the phase tran-
sition. In Sec. 4.3 we analytically investigate an alternative mean-field
theory, proposed by Sheshadri et al. [32], and compare the analytical re-
sults with exact numerical results. In Sec. 4.4 we discuss the properties of
the Mott-insulating phases by calculating the quasiparticle and quasihole
dispersions and finally in Sec. 4.5 we relate the parameters t and U to
experimental parameters such as laser intensity and wave length.

4.2 Bogoliubov approximation

We first transform the Hamiltonian to momentum space by introducing
creation and annihilation operators a†k and ak respectively, such that

ai =
1√
Ns

∑

k

ake
−ik·ri , a†i =

1√
Ns

∑

k

a†ke
ik·ri , (4.2)

where Ns is the number of lattice site and ri is the coordinate of site i.
The wave vector k runs only over the first Brillouin zone. For mathemat-
ical convenience we take only a finite volume V , so that the momenta ~k
are discretized, which allows us to write sums instead of integrals in Eq.
(4.2). Later we will take the continuum limit V → ∞. Using the fact
that

∑

i e
−i(k−k′)·ri = Nsδk,k′ , it is easily shown that the prefactor 1/

√
Ns

ensures that the total number of particles obeys N =
∑

i a
†
iai =

∑

k a
†
kak.

If we limit our description to cubic lattices with lattice distance a and
substitute Eq. (4.2) into the Hamiltonian, we find

H =
∑

k

(εk − µ) a†kak

+
1

2

U

Ns

∑

k

∑

k′

∑

k′′

∑

k′′′

a†ka
†
k′ak′′ak′′′δk+k′,k′′+k′′′ , (4.3)

where we defined εk = −2t∑d
j=1 cos(kja), with d the number of dimen-

sions2. For a Bose condensed gas the average number of condensate atoms

2The dispersion εk was denoted −ε̄k in the original publication.
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Nc is a number much larger then one3, which means that Nc = 〈a†0a0〉 ≈
〈a0a†0〉 and we are allowed to take Nc = 〈a†0〉〈a0〉.

Since 〈a†0〉 and 〈a0〉 are complex conjugates, we conclude that 〈a†0〉 =
〈a0〉 =

√
Nc, where we have chosen these expectation values to be real. The

Bogoliubov approach consists of replacing the creation and annihilation
operators by their average

√
Nc plus a fluctuation

a†0 →
√

Nc + a†0,

(4.4)

a0 →
√

Nc + a0,

and minimizing the energy of the gas with respect to the number of con-
densate atoms Nc. At the minimum, the part of the Hamiltonian that is
linear in the fluctuations must therefore be zero. Performing the above
subsitution and selecting the linear terms yields

H(1) = (ε0 − µ+
U

Ns
Nc)
√

Nc(a
†
0 + a0), (4.5)

where the superscript denotes the order in the fluctuations. SinceH (1) must
be zero for all a†0 and a0 we conclude that in the lowest order approximation

µ = Un0 − zt, (4.6)

in terms of the condensate density n0 = Nc/Ns and the number of nearest
neighbours z = 2d. This expression can be easily understood since the
chemical potential is the energy needed to add one particle to the system.
Adding one particle results in an energy increase due to the interaction
with the n0 particles already at each site, and an energy decrease due to
the possible hopping to one of z nearest-neighbour sites.

Next we determine the effective Hamiltonian Heff , which contains only
the parts of zeroth and second order in the fluctuations. The zeroth-order
term is found by subtituting all creation and annihilation operators by√
Nc. To find the quadratic term, we substitute in the interaction term

two creation or annihilation operators at a time by
√
Nc and write down

3The number of condensate atoms Nc was denoted N0 in the original publication.
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all possible combinations. Performing the summation over one of the re-
maining momenta yields finally

Heff =

(

−2z − µ+
1

2
Un0

)

Nc +
∑

k

(εk − µ) a†kak

+
1

2
Un0

∑

k

(

aka−k + 4a†kak + a†−ka
†
k

)

. (4.7)

We can simplify this expression somewhat by using the commutation rela-
tion [ak, a

†
k] = 1. If we also substitute Eq. (4.6) and write ε̄k = 2zt + εk,

we find4

Heff = −1

2
Un0Nc −

1

2

∑

k

(ε̄k + Un0) (4.8)

+
1

2

∑

k

(

a†k, a−k

)

[

ε̄k + Un0 Un0
Un0 ε̄k + Un0

](

ak
a†−k

)

,

where the extra zeroth-order terms are generated by the commutation of
a†k and ak.

The effective Hamiltonian is diagonalized by a Bogoliubov transforma-
tion. This implies that we define new creation and annihilation operators
b†k and bk for which the effective Hamiltonian is diagonal, by means of

(

bk
b†−k

)

=

[

uk vk
v∗k u∗k

](

ak
a†−k

)

≡ B

(

ak
a†−k

)

. (4.9)

To ensure that the operators b†k and bk still obey the standard commuta-
tion relations for bosonic creation and annihilation operators, we have to
demand that the coefficients of matrix B obey

|uk|2 − |vk|2 = 1. (4.10)

If we now substitute Eq. (4.9) into Eq. (4.8) and demand that the result
reduces to the diagonal Hamiltonian

Heff = −1

2
Un0Nc +

1

2

∑

k

[~ωk − (ε̄k + Un0)] +
∑

k

~ωkb
†
kbk, (4.11)

4The dispersion ε̄k was denoted εk in the original publication.
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we find that uk and vk must be solutions of the following two equations:

(

(uk)
2 + (vk)

2
)

Un0 − 2ukvk(ε̄k + Un0) = 0,
(

|uk|2 + |vk|
)2

(ε̄k + Un0)− (u∗kvk + ukv
∗
k)Un0 = ~ωk. (4.12)

Using the normalization in Eq. (4.10), we can easily find the solution

~ωk =
√

ε̄2k + 2Un0ε̄k, (4.13)

|vk|2 = |uk|2 − 1 =
1

2

(

ε̄k + Un0
~ωk

− 1

)

. (4.14)

To also obtain the condensate density n0, which until now has been arbi-
trary, we now need to calculate the total density n as given by our effective
Hamiltonian. The total density is thus given by

n =
1

Ns

∑

k

〈a†kak〉Heff , (4.15)

where the brackets 〈〉Heff denote the expectation value as calculated with the
effective Hamiltonian Heff . For a Bose condensed gas, this density consists
of two parts: the density associated with the macroscopic occupation of the
one-particle ground-state, i.e., the condensate, and the density due to the
occupation of the higher lying one-particle states. In this case, the conden-
sate density equals the parameter n0 and the density of the non-condensate
part is determined by an average over the quadratic fluctuations, which will
be a function of n0. Calculating the average over the quadratic fluctuations
by means of Eq. (4.9) yields first of all

n = n0 +
1

Ns

∑

k6=0

[

(

|uk|2 + |vk|2
)

〈b†kbk〉Heff + |vk|2
]

. (4.16)

If we then use Eq. (4.14) and substitute the Bose distribution evaluated at

~ωk for 〈b†kbk〉Heff we find that

n = n0 +
1

Ns

∑

k6=0

(

ε̄k + Un0
~ωk

1

eβ~ωk − 1
+
ε̄k + Un0 − ~ωk

2~ωk

)

. (4.17)

In the zero-temperature limit, β → ∞, the first term in the summant

is zero. Taking the continuum limit by using
∑

k → V
∫ π/a
−π/a dk/(2π)

d,
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Figure 4.1: The condensate fraction n0/n (a) in a two-dimensional optical
lattice and (b) a three-dimensional optical lattice, both as a function of U/t
for n = 0.5 (dashed line) and n = 1.0 (dotted line).

changing from momenta k to k′ = 2πk/a, and realizing that Ns = V/ad,
we arrive at the expression

n = n0 +
1

2

∫ 1/2

−1/2
dk′
(

ε̄′k + Un0
~ω̄′

k

− 1

)

, (4.18)

with ε̄′k = 2t
∑d

j=1[1− cos(2πk′j)] and ~ω̄′ = (ε̄′2k +2Un0ε̄
′
k)

1/2. We can now
obtain the condensate density by solving Eq. (4.18) for n0 for a fixed value
of n. We expect that at integer n, for a fixed value of U/t there will be no
superfluid solution and this will mark the phase transition to the insulating
phase as predicted by [9, 30, 31, 32].

4.2.1 Numerical results

In Fig. 4.1(a) we plotted the result of this calculation for a two dimensional
lattice. We see from this figure, that there is only a marginal difference
between the case that n = 0.5 and n = 1.0. In Fig. 4.1(b) we plotted the
result for a three dimensional lattice. In this case the difference between
half filling and integer filling is somewhat larger, but there is clearly no
critical value of U/t for which the condensate density goes to zero.

These results lead to the suspicion that the phase transition to the
insulating phase is not present in this approximation. To verify this, we
investigate the limit of U/t→∞ in some detail.
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4.2.2 Asymptotic behavior

When U/t → ∞ we intuitively expect the system to become an insulator,
because it effectively means that the hopping parameter goes to zero. We
therefore expect that there are no superfluid solutions as U/t → ∞. We
can see that in this limit the integrand in the right hand side of Eq. (4.18)
behaves as (Un0/2ε̄

′
k)

1/2. One can also prove that ε̄′k ≤ 4π2|k′|2t. This
means that

∫ 1/2

−1/2
dk′

ε̄′k + Un0
√

ε̄′2k + 2Uε̄′kn0
≥ 1

2π

√

Un0
2t

∫ 1/2

−1/2

dk′

|k′| . (4.19)

The integral at the right hand side of Eq. (4.19) can be done analytically
in two dimensions and numerically in three dimensions. When we call the
result of the integration in d dimensions Id, we see that Eq. (4.18), for
U/t→∞, reduces to

n ≈ n0 +
1

4π

√

Un0
2t

Id −
1

2
, (4.20)

where I2 = 2.22322 and I3 = 2.38008. This is a quadratic equation in
√
n0

which always yields a positive solution for n0 given by

n0 =





1

2

√

Id
2

16π2
U

2t
+ 4n+ 2− Id

8π

√

U

2t





2

. (4.21)

We can correct for the error we made in Eq. (4.19) by using a higher value
for Id, but while this may change the value of n0, it will still yield a positive
solution. We see from Eq. (4.21) that limU/t→∞ n0 = 0 as expected, so we
can conclude that the Bogoliubov approximation as described above does
not predict the phase transition to the Mott-insulator phase in two and
three dimensions. The reason for this is that the Bogoliubov approach
only approximately treats the interactions. As a result, the Bogoliubov
approach cannot describe large depletions of the condensate.

We also see from Eq. (4.19) that in one dimension I1 diverges. Substi-
tuting this in Eq. (4.20), we see that there are no Bose-condensed solutions,
i.e., solutions with n0 6= 0, in one dimension. This is in accordance with
the Mermin-Wagner-Hohenberg theorem [33, 34, 35].
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As the Bogoliubov approximation fails to predict the phase transition
to the Mott-insulator phase, we now consider a different mean-field theory
that treats the interactions exactly and approximates the kinetic energy of
the atoms in the optical lattice.

4.3 Decoupling approximation

To arrive at a mean-field approach that is capable of describing the Mott-
insulating phase, we start again from Eq. (4.1). Analogous to the Bogoli-
ubov approach, we introduce the superfluid order parameter ψ =

√
ni =

〈a†i 〉 = 〈ai〉, where ni is the expectation value of the number of particles on
site i. Note that we take the expectation values to be real, as before. We
now, however, construct a consistent mean-field theory by substituting

a†iaj = 〈a
†
i 〉aj + a†i 〈aj〉 − 〈a

†
i 〉〈aj〉

= ψ
(

a†i + aj

)

− ψ2, (4.22)

into Eq. (4.1). Performing the substitution yields

Heff = −ztψ
∑

i

(

a†i + ai

)

+ ztψ2Ns

+
1

2
U
∑

i

a†ia
†
iaiai − µ

∑

i

a†iai, (4.23)

where z = 2d is again the number of nearest-neighbour sites and Ns is the
total number of lattice sites, as before. This Hamiltonian is diagonal with
respect to the site index i, so we can use an effective onsite Hamiltonian.
If we introduce Ū = U/zt, µ̄ = µ/zt and the number operator ni = a†iai,
we find

Heff
i =

1

2
Ūni (ni − 1)− µ̄ni − ψ

(

a†i + ai

)

+ ψ2, (4.24)

which is valid on each site i. We will therefore drop the subscript i in the
following. Note that we scaled all the energies by a factor 1/zt, making
this Hamiltonian a dimensionless operator.

After writing Eq. (4.24) in matrix form with respect to an occupation
number basis, we can solve the problem numerically by explicitely diag-
onalizing the part of the matrix with occupation number below a certain
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maximum value [32]. Later we also follow this procedure, but we first
determine the phase diagram analytically using second-order perturbation
theory.

4.3.1 Second-order perturbation theory

When we write Heff = H(0) + ψV , with

H(0) =
1

2
Ūn (n− 1)− µ̄n+ ψ2,

V = −
(

a† + a
)

, (4.25)

we see that in an occupation number basis the odd powers of the expansion
of the energy in ψ will always be zero. If we denote the unperturbed energy

of the state with exactly n particles by E
(0)
n , we find that the unperturbed

ground-state energy is given by

E
(0)
N0

=
{

E(0)
n |n = 0, 1, 2, ...

}

min
.

Comparing E
(0)
n and E

(0)
n+1 yields

E
(0)
N0

=

{

0 if µ̄ < 0,
1
2 ŪN0(N0 − 1)− µ̄N0 if Ū(N0 − 1) < µ̄ < ŪN0.

(4.26)

Next, we calculate the second-order correction to the energy with the well-
known expression

E
(2)
N0

= ψ2
∑

n6=N0

|〈N0|V |n〉|2

E
(0)
N0
− E(0)

n

, (4.27)

where |n〉 denotes the unperturbed wave function with n particles, of which
the state with n = N0 particles is the ground state5. Since the interaction
V couples only to states with one more or one less atom than in the ground-
state, we find

E
(2)
N0

=
N0

Ū(N0 − 1)− µ̄ +
N0 + 1

µ̄− ŪN0
. (4.28)

5The filling factor N0 was denoted g in the original publication
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Figure 4.2: Phase diagram of the Bose-Hubbard Hamiltonian as obtained
from second-order perturbation theory (solid lines). The dotted lines indi-
cate the zeroth-order phase diagram. Later on, Fig. 4.5 is taken along the
dashed line in this figure.

If we now follow the usual Landau procedure for second-order phase tran-
sitions by writing the ground-state energy as an expansion in ψ

EN0(ψ) = a0(N0, Ū , µ̄) + a2(N0, Ū , µ̄)ψ
2 +O(ψ4), (4.29)

and minimize it as a function of the superfluid order parameter ψ, we find
that ψ = 0 when a2(N0, Ū , µ̄) > 0 and that ψ 6= 0 when a2(N0, Ū , µ̄) <
0. This means that a2(N0, Ū , µ̄) = 0 signifies the boundary between the
superfluid and the insulator phases. Solving

a2(N0, Ū , µ̄) =
N0

Ū(N0 − 1)− µ̄ +
N0 + 1

µ̄− ŪN0
+ 1 = 0,

yields

µ̄± =
1

2

(

Ū(2N0 − 1)− 1
)

± 1

2

√

Ū2 − 2Ū(2N0 + 1) + 1, (4.30)
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where the subscript ± denotes the upper and lower halves of the Mott
insulating regions of phase space. Note that this result is exact within our
mean-field theory. Fig. 4.2 shows a plot of Eq. (4.30) for N0 = 1, 2, 3. By
equating µ̄+ and µ̄− we can find the point of smallest Ū for each lobe.
Denoting this critical value of Ū by Ūc we have

Ūc = 2N0 + 1 +
√

(2N0 + 1)2 − 1. (4.31)

which yields Ūc ≈ 5.83 for the N0 = 1 insulator, a value also found by [32].

4.3.2 Fourth-order perturbation theory
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Figure 4.3: Ground-state energy as a function of ψ for (a) Ū = 11 and
µ̄ = 8.9 and for (b) Ū = 11 and µ̄ = 7.8. The solid line represents fourth-
order perturbation theory whereas the dotted line represents a numerical
diagonalization of the effective Hamiltonian. The dashed line is the differ-
ence between the two (scale on the right).

To find out more about the phase transition, we now carry out fourth-
order perturbation theory to find the rate with which the particle density
increases as a function of µ̄. In Sec. 4.A, we present a way to calculate the
higher-order terms in the perturbation series. Using this procedure we can
write the ground-state energy as

EN0(ψ) = a0(N0, Ū , µ̄) + a2(N0, Ū , µ̄)ψ
2 + a4(N0, Ū , µ̄)ψ

4, (4.32)
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Figure 4.4: Ground-state energy as a function of ψ for Ū = µ̄ = 11, as ob-
tained from first-order perturbation theory (solid line) and from numerical
diagonalization of the effective Hamiltonian (dotted line).

with

a4(N0, Ū , µ̄) =
N0(N0 − 1)

(

Ū(N0 − 1)− µ̄
)2 (

Ū(2N0 − 3)− 2µ̄
)

+
(N0 + 1)(N0 + 2)

(

µ̄− ŪN0

)2 (
2µ̄− Ū(2N0 + 1)

)

−
(

N0

Ū(N0 − 1)− µ̄ +
N0 + 1

µ̄− ŪN0

)

×
(

N0
(

Ū(N0 − 1)− µ̄
)2 +

N0 + 1
(

µ̄− ŪN0

)2

)

. (4.33)

In Figs. 4.3(a) and (b) we show plots of Eq. (4.32) together with the result
of an exact numerical diagonalization of the effective Hamiltonian. As can
be seen, the overlap is very good near the boundary given by Eq. (4.30).
In Fig. 4.4 it can be seen that the numerical result exhibits a cusp when
Ū = µ̄, which is not predicted by Eq. (4.32). This is due to the fact that
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Figure 4.5: The density as a function of chemical potential µ̄ = µ/zt for an
interaction strength of Ū = U/zt = 11, i.e., along the dashed line in Fig.
4.2.

in this particular case we need to use first-order degenerate perturbation
theory, because at µ̄ = nŪ the states with n − 1 and n particles per site
form a doubly degenerate ground-state. The resulting expression for the
ground state energy is now nonanalytic and given by

EN0(ψ)|µ̄=nŪ = −1

2
Ūn(n+ 1) + ψ2 − |ψ|

√
n+ 1, (4.34)

which is the solid line in Fig. 4.4. Note that the occurence of a cusp is
analogous to the well-known Jahn-Teller effect in solid-state physics [36].

We now continue by calculating the average number of particles per site
in the grand-canonical ensemble by

n = −∂〈H
eff〉

∂µ
= −∂EN0(ψ = ψmin)

∂µ̄

= N0 −
∂

∂µ̄

(

a2(N0, Ū , µ̄)
2

4a4(N0, Ū , µ̄)

)

, (4.35)

where ψmin = [−a2(N0, Ū , µ̄)/2a4(N0, Ū , µ̄)]
1/2 is the minimum of Eq. (4.32).

Making use of the previous results, we can now plot the density as a func-
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tion of µ̄ for a fixed value of Ū . Between the edges µ̄±, the density will
remain constant because ψmin = 0 and the second term in the right-hand
side of Eq. (4.35) does not contribute. Outside that region, the density
will start to change with a nonzero slope. In Fig. 4.5 this is plotted for
Ū = 11. The solid line shows the result of the calculation described above
and the dash-dotted line is a numerical result obtained by exact diagonal-
ization. As can be seen, the analytical results are in good agreement with
the numerical calculation. We can now also qualitatively understand the
solution found numerically by Jaksch et al. [9] for an optical lattice in an
external harmonic trap. In a first approximation, we can describe the effect
of a slowly varying trapping potential by substituting µ̄ in Eq. (4.35) by
µ̄′ = µ̄ + V (r), where V (r) is the external trapping potential. Combining
this with Fig. 4.5 yields the density profile found in [9].

4.4 Dispersion relation

An important property of the Mott-insulating phase is that the fluctuation
in the average number of particles per site goes to zero at zero temperature.
Since these fluctuations can be described as quasiparticle and quasihole
excitations, we will study these now. We calculate the quasiparticle and
quasihole dispersions using a functional-integral formalism. We start by
deriving an expression for the effective action. Readers unfamiliar with
functional integrals may want to skip to subsection 4.4.2, where we discuss
the results of the calculation.

4.4.1 The effective action

We define complex functions a∗i (τ) and ai(τ), respectively, and write the
grand-canonical partition function as

Z = Tre−βH =

∫

Da∗Da exp {−S[a∗, a]/~}, (4.36)

where the action S[a∗, a] is given by

S[a∗, a] =
∫ ~β

0
dτ





∑

i

a∗i

(

~
∂

∂τ
− µ

)

ai −
∑

ij

tija
∗
i aj +

1

2
U
∑

i

a∗i a
∗
i aiai



 ,

(4.37)
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with β = 1/kBT , kB Boltzmann’s constant and T the temperature. To
decouple the hopping term, we perform a Hubbard-Stratonovich transfor-
mation by adding a complete square to the action, which then becomes

S[a∗, a, ψ∗, ψ] = S[a∗, a] +
∫ ~β

0
dτ
∑

ij

(ψ∗
i − a∗i ) tij (ψj − aj) . (4.38)

Here ψ∗ and ψ are the order parameter fields. To obtain an effective action
as a function of these fields, we rewrite Eq. (4.38) as

S[a∗, a, ψ∗, ψ] =
∫ ~β

0
dτ

[

∑

i

a∗i

(

~
∂

∂τ
− µ

)

ai (4.39)

+
1

2
U
∑

i

a∗i a
∗
i aiai −

∑

ij

tij (a
∗
iψj + ψ∗

i aj) +
∑

ij

tijψ
∗
i ψj



 ,

and integrate over the original fields a∗i and ai. If we denote by S(0)[a∗, a]
the action for tij = 0, we have explicitely that

exp
(

−Seff [ψ∗, ψ]/~
)

≡ exp



−1

~

∫ ~β

0
dτ
∑

ij

tijψ
∗
i ψj





×
∫

Da∗Da exp
{

−S(0)[a∗, a]/~
}

× exp



−1

~

∫ ~β

0
dτ



−
∑

ij

tij (a
∗
iψj + ψ∗

i aj)







. (4.40)

We can now calculate Seff perturbatively by Taylor expanding the expo-
nent in the integrant of Eq. (4.40) and evaluating the various correlation
functions of the field theory given by S(0). This yields for the quadratic
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part of the effective action

S(2)[ψ∗, ψ]

= − 1

2~

〈





∫ ~β

0
dτ
∑

ij

tij (a
∗
iψj + ψ∗

i aj)





2
〉

S(0)

+

∫ ~β

0
dτ
∑

ij

tijψ
∗
i ψj

= − 1

2~

〈

∫ ~β

0

∫ ~β

0
dτdτ ′

∑

iji′j′

tijti′j′ (a
∗
iψj + ψ∗

i aj)
(

a∗i′ψj′ + ψ∗
i′aj′

)

〉

S(0)

+

∫ ~β

0
dτ
∑

ij

tijψ
∗
i ψj . (4.41)

If we perform the multiplication in the first term in the right-hand side
and use the information we have about the correlations in the unperturbed
system, i.e.,

〈

a∗i a
∗
j

〉

S(0)
= 〈aiaj〉S(0) = 0, 〈a∗i aj〉S(0) =

〈

aia
∗
j

〉

S(0)
= 〈aia∗i 〉S(0) δi,j ,

(4.42)

we obtain in first instance

S(2)[ψ∗, ψ] =
∫ ~β

0
dτ







∑

ij

tijψ
∗
i (τ)ψj(τ) (4.43)

− 1

~

∫ ~β

0
dτ ′

∑

iji′j′

tijti′j′ψ
∗
j (τ)

〈

ai(τ)a
∗
i′(τ

′)
〉

S(0)
ψj′(τ

′)







,

where we have now shown the τ dependence of the fields explicitely for
clarity reasons. Because we will only consider nearest-neighbour hopping,
we write

tij = tji =

{

t for nearest neighbours
0 otherwise.

(4.44)

First we treat the part of Eq. (4.43) that is linear in tij . We have
∑

ij

tijψ
∗
i (τ)ψj(τ) =

∑

i

tψ∗
i (τ)ψi±{1}(τ), (4.45)

where ±{1} denotes all possible jumps to nearest neighbours. In the case
of one dimension this would simply be ±1. If we call the lattice spacing
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a and introduce Cartesian momentum components ki with i = 1, · · · , d,
where d is again the number of dimensions, we find

∑

ij

tijψ
∗
i (τ)ψj(τ) =

∑

k

2tψk(τ)ψ
∗
k(τ)

d
∑

j=1

cos (kja). (4.46)

Next we calculate the part that is quadratic in tij . We can treat this
part by looking at double jumps. The expectation value of

〈

aia
∗
i′
〉

S(0)
is

proportional δi,i′ and independent of the site i, according to Eq. (4.42).
This means that we find, with similar notation as before,

∑

ji′j′

tijti′j′ψ
∗
j (τ)

〈

ai(τ)a
∗
i′(τ

′)
〉

S(0)
ψj′(τ

′)

=
〈

ai(τ)a
∗
i (τ

′)
〉

S(0)

∑

jj′

tijtij′ψ
∗
j (τ)ψj′(τ

′)

= t2
〈

ai(τ)a
∗
i (τ

′)
〉

S(0)

∑

j

{

zψ∗
j (τ)ψj(τ

′)

+ ψ∗
j (τ)ψj±{2}(τ

′) + ψ∗
j (τ)ψj±{

√
2}(τ

′)
}

, (4.47)

with z again the number of nearest neighbours. The first term in the
summant is a jump in each direction, followed by a jump back. The second
term indicates two jumps in the same direction and the third term is a
jump in each direction followed by a jump in a perpendicular direction.
Note that the third term is absent in one dimension. It can be shown that
the complete double-jump term reduces to

∑

ji′j′

tijti′j′ψ
∗
j (τ)

〈

ai(τ)a
∗
i′(τ

′)
〉

S(0)
ψj′(τ

′)

=
〈

ai(τ)a
∗
i (τ

′)
〉

S(0)

∑

k

ψ∗
k(τ)ψk(τ

′)(εk)
2, (4.48)

where we again used εk = −2t∑d
j=1 cos(kja). To also treat the time depen-

dence of the fields, we introduce Matsubara frequencies ~ωn = π(2n)/~β
by

ψk(τ) =
∑

n

1√
~β
ψkne

−iωnτ , ψ∗
k(τ) =

∑

n

1√
~β
ψ∗

kne
+iωnτ . (4.49)
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To translate the expectation value of the fields into the expectation value
of operators, we introduce an (imaginary) time-ordering operator T. As a
result

〈

ai(τ)a
∗
i′(τ

′)
〉

S(0)
=
〈

T
[

ai(τ)a
†
i′(τ

′)
]〉

S(0)
. (4.50)

The time ordering can easily be expressed in Heavyside functions as
〈

T
[

ai(τ)a
†
i′(τ

′)
]〉

S(0)
= θ(τ − τ ′)

〈

ai(τ)a
†
i′(τ

′)
〉

S(0)

+ θ(τ ′ − τ)
〈

a†i′(τ
′)ai(τ)

〉

S(0)
. (4.51)

If we use the unperturbed energies as given by (4.26), we thus find
〈

ai(τ)a
∗
i′(τ

′)
〉

S(0)
= θ(τ − τ ′)(1 +N0) exp

{

−
(

E
(0)
N0+1 − E

(0)
N0

)

(τ − τ ′)/~
}

+ θ(τ ′ − τ)N0 exp
{(

E
(0)
N0−1 − E

(0)
N0

)

(τ − τ ′)/~
}

. (4.52)

Because N0 minimizes E
(0)
N0

we know that

E
(0)
N0+1 − E

(0)
N0

= −µ+N0U > 0,

E
(0)
N0
− E(0)

N0−1 = −µ+ (N0 − 1)U < 0. (4.53)

Note that we use parameters µ and U instead of µ̄ and Ū , because we have
not yet divided out the factor zt. Combining the above with Eq. (4.43) we
find

S(2)[ψ∗, ψ] = −
∑

n

∑

k

|ψkn|2εk

×
(

1 +
εk
~

∫ 0

−∞
dτ ′(1 +N0) exp

{

(−i~ωn − µ+N0U) τ ′/~
}

+
εk
~

∫ ∞

0
dτ ′N0 exp

{

− (i~ωn + µ− (N0 − 1)U) τ ′/~
}

)

.

(4.54)

Performing the τ ′ integration we then easily obtain

S(2)[ψ∗, ψ] = −
∑

n

∑

k

|ψkn|2εk

×
[

1 + εk

(

N0 + 1

−i~ωn − µ+N0U
+

N0

i~ωn + µ− (N0 − 1)U

)]

.

(4.55)
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Note that this result is exact within our mean-field theory. It contains all
powers of the frequencies and momenta and no gradient expansion has been
applied. This is important because the elementary excitation are gapped
as we will show in the next section.

We can find an equation for real energies ~ω by subtituting iωn → ω
and equating the remaining factor to zero. This gives

0 =

[

1 + εk

(

N0 + 1

−~ω − µ+N0U
+

N0

~ω + µ− (N0 − 1)U

)]

. (4.56)

Ultimately this yields the result Eq. (4.57) given below in subsection 4.4.2.

4.4.2 Results

Now we will explore the results of the calculation presented in the previous
subsection. The quasiparticle and quasihole dispersions are given by6

εqp,qhk = −µ+
U

2
(2N0 − 1) +

εk
2
± 1

2

√

ε2k + (4N0 + 2)Uεk + U2. (4.57)

In Fig. 4.6(a) we show for k = 0 a plot of the above equations. The dotted
lines indicate the asymptotes of Eq. (4.57), which are given by

lim
U→∞

εqp0 = −µ+N0U + (N0 + 1)ε0 = E
(0)
N0+1 − E

(0)
N0
− (N0 + 1)zt,

lim
U→∞

εqh0 = −µ+ (N0 − 1)U −N0ε0 = E
(0)
N0
− E(0)

N0−1 +N0zt, (4.58)

with E
(0)
N0+1 − E

(0)
N0

and E
(0)
N0
− E(0)

N0−1 given by Eq. (4.53). The difference
between Eq. (4.58) and Eq. (4.53) is caused by the fact that Eq. (4.53) is
calculated for t = 0. It can easily be understood that for t 6= 0, the first-
order correction is due to the hopping terms a†jait, where site j is one of the
nearest neighbours of site i. When we have N0 particles in all lattice sites
and we add one particle to site i, we have 〈a†jai〉 = N0 + 1, so the effective
hopping parameter for a particle is (N0 + 1)t. However, when we remove

a particle from site i, we have 〈a†iaj〉 = N0, which represents a particle
hopping to site i from one of its nearest neighbours. The effective hopping
parameter for a hole is therefore only N0t. In combination, we see that
in the limit of U → ∞, Eq. (4.57) indeed reduces to a physically intuitive
result.

6The dispersion ε
qp,qh
k was denoted ~ωqp,qh in the original publication.
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Figure 4.6: The quasiparticle and the quasihole energy for k = 0 in the
N0 = 1 insulator lobe. The dotted lines are the asymptotes of the curves.
The inset shows the resulting first-order approximation to the dispersion
of the density fluctuations.

As shown above, the slopes of the asymptotes differ exactly by U , so in
the limit of U/zt→∞ the gap for the creation of a quasiparticle-quasihole
pair is equal to U . We can find a first approximation for the dispersion of
the density fluctuations by substracting the two solutions, which yields7

~ωk = εqpk − ε
qh
k =

√

ε2k + (4N0 + 2)Uεk + U2. (4.59)

In Fig. 4.6(b) we show again for k = 0 a plot of the above equation as a
function of Ū = U/zt forN0 = 1. We can see that there is a band gap, which
proves that the MI phase is indeed an insulator and we also see that the
band gap disappears as we approach the critical value Ūc = Uc/zt ≈ 5.83
that was found earlier. For smaller values of Ū we are in the superfluid
phase, which according to the Hugenholtz-Pines theorem is expected to
always have gapless density fluctuations.

7The quantity ~ωk was denoted εk in the original publication
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Figure 4.7: Laser beam configuration for a three-dimensional optical lattice.

4.5 Microscopic parameters

To estimate the experimental feasibility of observing the described phase
transition, we now relate the parameters t and U to the microscopic param-
eters. Because we have an experimental interest in sodium, we will calculate
these parameters for sodium atoms trapped in a lattice constructed with
four laser beams. To calculate the hopping parameter t, we calculate the
overlap between single-particle ground-state wave functions in neighboring
sites. To calculate the interaction strength U , we use the pseudopotential
method.

First we calculate the optical potential experienced by the atoms, follow-
ing the approach of Petsas et al. [16]. We describe a J = 1/2 → J = 3/2
transition and choose a laser-beam configuration with two pairs of laser
beams. Each pair lies in a plane and the planes are perpendicular to each
other. All beams have the same angle θ with respect to the intersection of
the two planes. We choose the quantization axis along the intersection and
label it as the z-axis. Furthermore, we choose the polarization of the laser
beams linear and perpendicular to the plane spanned by the pairs of beams.
The configuration is illustrated in Fig. 4.7. It should be noted that it is also
possible to simply superimpose d standing waves to obtain a d dimensional
lattice, but this requires stabilization of the relative phases of the laser
beams. We define Ib as the sum of the intensity of the beams and if k is the
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magnitude of the k-vector, we define k⊥ = k sin θ and k‖ = k cos θ. If we
add the electric field components and express them in spherical components

E+ =
1√
2
(Ex + iEy),

E− =
1√
2
(Ex − iEy),

E0 = Ez, (4.60)

we find that the spatial dependence of the intensity of the resulting light
field is given by

I±/Ib =
1

2

(

cos2 (k⊥x) + cos2 (k⊥y)± 2 cos (k⊥x) cos (k⊥y) cos (2k//z)
)

,

I0/Ib = 0. (4.61)

Note that at the minima of I± the polarization is purely σ±. Also note
that since the linear component is always zero, the two ground-state levels
are not coupled.

Following Nienhuis et al. [37] we can now calculated the optical poten-
tial. Because of the fact that the ground-states are not coupled, we can
treat them seperately. With δ the detuning, Γ the rate of spontaneous de-
cay and Ω± the Rabi frequencies for the σ± components of the light field,
we can write the potential for the mj = ±1/2 level in the limit of low
saturation as:

V± =
1

2

~δ
1 + 4(δ/Γ)2

[

2|Ω±|2
Γ2

+
1

3

2|Ω∓|2
Γ2

]

, (4.62)

where the factor 1/3 arises because of the Clebsch-Gordan coefficients for
J = 1/2→ J = 3/2 transitions.

Now we define a convenient prefactor:

Vb =
1

2

~δs0
1 + 4(δ/Γ)2

=
~δs
2
, (4.63)

where s = s0/
(

1 + 4(δ/Γ)2
)

is the off-resonance saturation parameter and
s0 = 2|Ω|2/Γ2 is the on-resonance saturation parameter, which is usually
written as s0 = I/Is. The saturation intensity Is is a constant for a given
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transition. If we substitute Eq. (4.63) in Eq. (4.62), we find

V± = Vb

(

I±
Ib

+
1

3

I∓
Ib

)

=
2

3
Vb
(

cos2 (k⊥x) + cos2 (k⊥y)± cos (k⊥x) cos (k⊥y) cos (2k//z)
)

.

(4.64)

We now write the Hamiltonian of a particle in the potential as:

Hopt =
p2

2m
+ V±, (4.65)

and solve the time-independent Schrödinger equation variationally by as-
suming an isotropic Gaussian wave function and minimizing the energy as
a function of width of the Gaussian. If we call l the width of the wave
function, we can write the normalized wave function as

Ψ(r) = 〈r|Ψ〉 =
(

1

πl2

)3/4

e−|r|2/2l2 . (4.66)

We assume we have a spin polarized sample of atoms, so we can use either
the V+ or the V− potential.

For simplicity we now calculate the parameters for a one-dimensional
lattice. For the lattice configuration in Fig. 4.7 this gives approximate
results, but for a phase-stabilized superposition of three standing waves,
the results are immediately applicable. In this case, the potential reduces
to V± = 2Vb[2±cos (2kz)]/3+κ⊥(x2+y2)/2, where the transverse potential
is caused by the fact that the laser beam has a finite width. If we assume the
wave function is tightly localized in the center of the local potential well, we
can approximate the potential as an harmonic potential V+ = 2Vb + κr2/2
with κ = −8Vbk2/3, where we assume we can adjust the width of the laser
such that κ⊥ ≈ κ. These approximations yield the well-known equations
for the width and the level splitting in the potential

l =

(

~2

mκ

)1/4

, ω =
√

κ/m. (4.67)

Using the above width8 l we calculate the value of the interaction strength
U with the pseudopotential method. According to [38] this is valid for

8The length l was denoted β in the original publication.
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sodium even if the width of the trapping volume is of the order of the
scattering length. In general the interaction strength between two atoms
in the same one particle wave function is given by

U =

∫

dr

∫

dr′Ψ∗(r)Ψ∗(r′)Vint(r− r′)Ψ(r)Ψ(r′), (4.68)

where Vint(r − r′) is the interaction potential. If we approximate the po-
tential as

Vint(r− r′) =
4πas~2

m
δ(r− r′), (4.69)

we can write Eq. (4.68) as:

U =
4πas~2

m

∫

drΨ∗(r)Ψ∗(r)Ψ(r)Ψ(r)

=
4πas~2

m

∫

dr|Ψ(r)|4 = 4πas~2

ml3π3/2
=

2~ω√
2π

(as
l

)

, (4.70)

where as is the triplet s-wave scattering length. According to [39] the
value of the scattering length for a spin-polarized sodium-sodium collision
is as = (85± 3)a0. Note that the use of a one-band model is justified when
U ¿ ~ω, or lÀ 2as/(2π)

1/2 ≈ 3.5nm.
Next we calculate the value of the hopping parameter t. In the tight-

binding limit t is given by

t = −
∫

drΨ∗(r)

(

p2

2m
+ V±

)

Ψ(r+ aej), (4.71)

where ej is an axis vector along a lattice direction, so that when Ψ(r)
is the ground-state wave function, Ψ(r + aej) is the ground-state wave
function of an atom at a neighboring site. One can show that product of
two wave functions at neighbouring sites is a Gaussian function centered
around r+ aêj/2. We can therefore approximate the potential around the
maximum of the barrier by V± = 2Vb/3∓κr2/2. Substituting this into Eq.
(4.71) ultimately yields

t =
~ω
8

[

1−
(

2

π

)2
]

(a

l

)2
e−

1
4
(a/l)2 (4.72)

Figs. 4.8(a) and (b) show plots of U/ER and t/ER respectively, with ER =
~2k2/2m the recoil energy. Both are plotted as a function of the trap depth
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Figure 4.8: Plot of (a) U and (b) t as a function of the trap depth. All
quantities are in units of the recoil energy ER.

Vtrap = −4Vb/3. The values were calculated for a laser wave length of 600
nm. The saturation parameter needed to reach these trap depths is in the
order of 105, which is not unrealistic experimentally.

Fig. 4.9 shows also U/zt as a function of the trap depth, for a wave length of
600 nm, in one, two and three dimensions. Again, the saturation parameter
is in the order of 105. As can been seen, the desired critical value is reached
in all three dimensions. The value of the width l lies between 12% and 8%
of the wave length in the range considered in the above plots. This implies
that both the harmonic approximation and the use of the one-band model
are justified.

4.6 Conclusion

Due to the absence of the superfluid-insulator phase transition in the Bo-
goliubov approach, we conclude that the interaction is the dominant com-
ponent in this phase transition. When the interaction energy is treated
exactly, the theory indeed predicts a phase transition. The mean-field the-
ory predicts a phase transition even in one dimension, which we expect to
survive as a Kosterlitz-Thouless transition when fluctuations are incorper-
ated. However a definite prove of this requires further study.

We analytically calculated the phase diagram and the particle and hole
dispersion relations in the insulator phase. A first-order approximation to
the dispersion of the density fluctuations shows that the system indeed goes
from a gapped to a gapless phase. A calculation of this dispersion below the
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Figure 4.9: The dimensionless parameter U/zt plotted as a function of the
trap depth for 1 (solid line), 2 (dotted line) and 3 dimensions (dashed line).
The dash-dotted line is the critical value Ū = 5.83.

critical value for U/zt will have to be done in order to check the presence
of linear dispersion that would verify the assumption that the phase with
ψ 6= 0 is indeed superfluid. The one-band model we used to calculate
the parameters for sodium gives optimistic results for future experiments,
within the range of parameters it allows.

4.A The perturbation series

A powerful approach to calculating higher-order terms in the perturbation
series is derived in [40]. Here we only give the result of that derivation. If

we denote by |n〉 the unperturbed wave functions and E
(0)
n the unperturbed

energies, we can define an operator

Ska =







−|a〉〈a| if k = 0
∑

n6=a
|n〉〈n|

(

E
(0)
a −E(0)n

)k+1 if k > 0 , (4.73)
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and one can prove that the n-th order correction on the energy E
(0)
a is given

by

E(n)
a = Tr





∑

{n−1}
Sk0a V̂ ...V̂ S

kn
a



 , (4.74)

where {n} = {k0, ..., kn|k0+ ...+kn = n}. In the case of n = 2, this quickly
gives the well-known result

E(2)
a = Tr





∑

{1}
Sk0a V̂ S

k1
a V̂ S

k2
a



 = 〈a|V̂ S1
aV̂ |a〉,

=
∑

n6=a

∣

∣

∣
〈n|V̂ |a〉

∣

∣

∣

2

(

E
(0)
a − E(0)

n

) . (4.75)

The same can be done for E
(1)
a , E

(3)
a and E

(4)
a . The first two can be shown

to involve only terms proportional to odd orders of V and with V ∝ (a†+a)
these are of course zero. The fourth-order term is in general given by

E(4)
a = Tr





∑

{3}
Sk0a V̂ S

k1
a V̂ S

k2
a V̂ S

k3
a V̂ S

k4
a





= 〈a|V̂ S1
aV̂ S

1
aV̂ S

1
aV̂ |a〉 − 〈a|V̂ S1

aV̂ |a〉〈a|V̂ S2
aV̂ |a〉

− 2〈a|V̂ |a〉〈a|V̂ S1
aV̂ S

2
aV̂ |a〉+ 〈a|V̂ |a〉2〈a|V̂ S3

aV̂ |a〉.
(4.76)

If we drop the terms containing expectation values of odd powers of V and
substitute Eq. (4.73), we find

E(4)
a = 〈a|V̂ S1

aV̂ S
1
aV̂ S

1
aV̂ |a〉 − 〈a|V̂ S1

aV̂ |a〉〈a|V̂ S2
aV̂ |a〉

=
∑

n,p,q 6=a
〈a|V̂ |n〉






−E(2)

a

〈n|V̂ |a〉
(

E
(0)
a − E(0)

n

)2

+
〈n|V̂ |p〉

(

E
(0)
a − E(0)

n

)

〈p|V̂ |q〉
(

E
(0)
a − E(0)

p

)

〈q|V̂ |a〉
(

E
(0)
a − E(0)

q

)



 ,

(4.77)

which we have used to derive Eq. (4.33).
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Mott insulators in an optical

lattice with high filling

factors

Abstract
We discuss the superfluid to Mott insulator transition of an atomic

Bose gas in an optical lattice with high filling factors. We show that in

this multi-band situation, the long-wavelength physics is described by a

single-band Bose-Hubbard model. We determine the many-body renor-

malization of the tunneling and interaction parameters in the effective

Bose-Hubbard Hamiltonian, and consider the resulting model at nonzero

temperatures. We show that in particular for a one or two-dimensional

optical lattice, the Mott-insulator phase is more difficult to realize than

anticipated previously.

5.1 Introduction

The behaviour of trapped Bose-Einstein condensates offers a large amount
of interesting features. Specifically, the phase coherence of a condensate
creates the prospect of various interference experiments, as shown for the

This chapter has been previously published as Mott insulators in an optical lattice

with high filling factors, D. van Oosten, P. van der Straten, and H. T. C. Stoof, Phys.
Rev. A 67, 033606 (2003)
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first time in an experiment performed by Andrews et al. [41]. In another
experiment a large number of condensates trapped in a periodic lattice
potential have been made to interfere [42]. Having shown experimentally
that in general condensates are phase coherent and thus show off-diagonal
long-range order, the question arises if this long-range order can also be
destroyed in a controllable way. This was only very recently achieved in a
beautiful experiment by Greiner et al. [15].

In this last experiment, a trapped Bose-Einstein condensate is put into
a three-dimensional optical lattice. The number of atoms in the condensate
is sufficiently large to obtain a filling factor of almost two atoms per site.
By increasing the intensity of the lattice light, a quantum phase transition
from a superfluid state to a Mott-insulating state is achieved. In the insu-
lating phase all phase coherence is lost due to quantum fluctuations. The
transition was predicted to occur in this system by Jaksch et al. [9], and
the observed critical conditions for the transition are in good agreement
with the results of an on-site mean-field theory [43]. This indicates that
the single-band Bose-Hubbard model used in Refs. [9, 43] can accurately
describe a gas of ultracold bosonic atoms in an optical lattice when the
filling factor of the lattice is of the order of one.

However, this model is no longer valid in the case of higher filling fac-
tors such as described in the experiments of [7, 44]. The theories mentioned
above use single-particle wave functions corresponding to the lowest band
of the lattice to calculate the microscopic parameters of the single-band
Bose-Hubbard model as a function of the lattice parameters. In the case of
high filling factors more than one band is generally populated, leading to
a multi-band Bose-Hubbard model. The interaction effects that occur un-
der these circumstances have not been considered previously. Furthermore,
the effects of thermal fluctuations are also not understood, even in the
single-band Bose-Hubbard model. There are studies that describe number
squeezing in an optical lattice at nonzero temperature [45, 46], but they are
not in the strongly-interacting limit that is relevant for the Mott insulator.
Our main objective here is to develop an effective theory that can deal with
these issues.
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5.2 Solving the multi-band Bose-Hubbard model

To solve the problems associated with high filling factors, we have to deal
with the many-body physics at every site. Since the high filling factors of
interest are experimentally most relevant in low-dimensional lattices [7, 44],
we discuss the energy scales involved in those systems. In a low-dimensional
lattice, we can approximate the on-site trapping potential by an anisotropic
harmonic potential. The oscillator frequencies ω‖ and ω⊥ correspond to
the trapping frequencies in the directions parallel and perpendicular to the
periodicity of the lattice, respectively. Because the typical size of a lattice
well in the parallel direction(s) is much smaller than in the perpendicular
direction(s), we immediately have that ~ω⊥ ¿ ~ω‖. Furthermore, for the
experimental conditions of interest [7, 44], the temperature is in between
the two trapping frequencies, i.e., ~ω⊥ ¿ kBT ¿ ~ω‖. This implies that
in every site the gas is in the parallel direction(s) in the ground state of the
potential, but that it occupies many states in the perpendicular direction(s).
In particular, this holds for the thermal cloud of the gas. As a consequence,
the effective dimensionality of the gas at every site is reduced and the
thermal excitations are only present in the perpendicular direction(s). It
is under these conditions that we are able to solve the relevant multi-band
Bose-Hubbard model by using the following two-step procedure.

First, we solve the many-body physics at every site. Due to the famous
infrared problems of a one or two-dimensional Bose gas this is not an easy
task, and an accurate equation of state for these gases was developed only
very recently in the weakly-interacting limit [47]. This equation of state
is found by treating phase fluctuations in the (quasi)condensate exactly
and we can in particular use it to determine at every temperature the
number of atoms in the (quasi)condensate N0(T ). Furthermore, it is shown
in Ref. [47] that even in the presence of phase fluctuations, the Gross-
Pitaevskii equation can still be used to calculate the density profile of the
(quasi)condensate.

Secondly, we consider the coupling between the sites. Since we have a
(quasi)condensate at every site, the coupling between sites will be domi-
nated by tunneling from (quasi)condensate to (quasi)condensate as opposed
to (quasi)condensate to thermal cloud. This means that we can describe
the coupling between sites by a single-band Bose-Hubbard model. The im-
portant parameters in the Bose-Hubbard model are the on-site interaction
energy U and the energy t associated with the tunneling of atoms between
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nearest-neighbor sites. Both energies can be calculated from the knowledge
of the (quasi)condensate wave function ψ0(x) =

√

n0(x)e
iϑ, where n0(x)

is the density profile and ϑ is the global phase of the (quasi)condensate.
The interaction energy U is proportional to

∫

dx|ψ0(x)|4, whereas the tun-
neling energy t requires the evaluation of an overlap integral between the
(quasi)condensate wave functions of two neighboring sites in the parallel
direction(s).

To describe the effect of the interatomic interaction, we thus need
to determine how the (quasi)condensate wave function changes as a re-
sult of the on-site interactions. Since the mean-field interaction obeys
~ω⊥ ¿ N0U ¿ ~ω‖ under the experimental conditions of interest, we can
write the three-dimensional wave function of the condensate as a product of
a single-particle ground-state wave function in the parallel direction(s) and
the (quasi)condensate wave function in the perpendicular direction(s). If
we substitute this product wave function into the Gross-Pitaevskii equation
and integrate out the parallel direction(s), we arrive at an effective equation
for the (quasi)condensate wave function. Because of the above mentioned
inequality, we can subsequently solve this equation using the Thomas-Fermi
or local-density approximation [48]. To quantify the differences between the
(quasi)condensate wave function and the single-particle ground-state wave
function, we define a dimensionless coupling constant g both in the nonin-
teracting and in the interacting case. The first parameter we call the bare
coupling constant gB = UB/tB and it is calculated with the single-particle
ground-state wave function in every site. The second parameter we call
the renormalized coupling constant gR = UR/tR and it is calculated using
the single-particle ground state in the parallel direction(s) and a Thomas-
Fermi density profile in the perpendicular direction(s). Because we have
already included the on-site interaction effects in this coupling constant, we
can now write down a renormalized single-band Bose-Hubbard model for
the total optical lattice, where the creation and annihilation operators a†i ,
and ai, respectively, and the number operator ni are not associated with
the Wannier states of atoms in the lattice, but with the macroscopic wave
function of the (quasi)condensate in each site. In particular, we have

H = −tR
∑

〈i,j〉
a†iaj +

UR

2

∑

i

ni (ni − 1)− µR
∑

i

ni, (5.1)

where µR is the effective chemical potential. The interaction parameter
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is given by UR = ∂2F os/∂N2
∣

∣

N=N0
≡ ∂µos/∂N |N=N0

, where F os is the
on-site free energy and µos is the on-site chemical potential. Formally, the
effective chemical potential is given by µR = µ−µos−UR/2, where the last
term is substracted from the interaction energy to make the analogy to the
single-band Bose-Hubbard model of Refs. [9, 43] complete.

It is important to understand that the hopping term only describes
hopping between the (quasi)condensates in neighbouring sites. While it
is clear that this is a very good approximation in the case of neighbour-
ing condensates, it may not be immediately obvious in the case of neigh-
bouring quasicondensates. However, it should be noted that the effect of
the hopping is only large when the system is in the superfluid phase, in
which case all the sites couple to form a true three-dimensional conden-
sate. The tunneling strength can be calculated in the tight-binding limit
and depends only on the overlap in the parallel direction(s). As a result
the bare and renormalized values of t are equal. However, the interaction
energy is strongly reduced due to the repulsive on-site interactions which
spread-out the (quasi)condensate wave function considerably. We find for
a two-dimensional gas that

gR = gB

(π

2

)1/4
(

`‖
N0a

)1/2

∝ gB
(

`⊥
RTF

)2

, (5.2)

and for a one-dimensional gas that

gR = gB

(π

2

)1/2
(

`2‖
3N0a`⊥

)1/3

∝ gB
(

`⊥
RTF

)

. (5.3)

Here a is the positive s-wave scattering length of the atoms, `‖ =
√

~/mω‖
and `⊥ =

√

~/mω⊥ are the harmonic oscillator lengths in the parallel and
perpendicular directions, respectively, and RTF is the Thomas-Fermi ra-
dius of the (quasi)condensate. The physical interpretation of Eqs. (5.2)
and (5.3) is that as a result of the repulsive interatomic interactions, the
(quasi)condensate reduces its total energy by increasing its size in the per-
pendicular direction(s). This can be seen from the fact that the decrease of
the coupling constant is inversely proportional to the increase in the surface
or length of the two or one-dimensional gas, respectively. Note that this
reduction is particularly important for the critical conditions, which can be
written as gR > 4zN0 for large N0 [43]. In order to verify the consistency of
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our two-step approach, we explicitly check the relevant energy scales using
our results of Eqs.(5.2) and (5.3). First, we assumed that the mean-field
interaction energy N0UR is much smaller than the trapping frequency in the
parallel direction(s) ~ω‖. This requires that for a one-dimensional lattice

N0 ¿
( ~ω‖

~ω⊥

)2√
2π
`‖
a
. (5.4)

Second, we also assumed that the crossover temperature for the formation
of a (quasi)condensate in two dimensions is much lower than ~ω‖. This
results in

~ω⊥
(

N

ζ(2)

)1/2

¿ ~ω‖, (5.5)

where N is the total number of atoms at every site. For typical num-
bers used in the experiments by Orzel et al. [7], we find the condition
N0 ≤ N ¿ 105, which means that our assumptions are valid for even the
largest filling factor reported. For the case of the two-dimensional lattice
of Greiner et al. [44], a similar inequality can be derived. It is found
that this experiment is also in the regime where our assumptions are valid.
Note that the use of the Thomas-Fermi approximation also imposes a lower
limit on the filling factor, namely, N0a À l⊥. However, when the filling
factor is below this limit, we are in the regime where we can safely use the
bare coupling constant. We thus conclude that depending on the filling
factor, either our renormalized or the bare theory is applicable to these
experiments.

5.3 Thermal effects

Besides the effect of thermal fluctuations on the number of (quasi)conden-
sate atoms per site N0(T ), which is accounted for by the equation of state of
the low-dimensional Bose gas [47], there is also the effect of thermal fluctu-
ations on the renormalized single-band Bose-Hubbard model itself. These
thermal fluctuations are also present in a lattice with low filling factor.
To study these thermal fluctuations, we use an on-site mean-field Hamil-
tonian that we can derive from Eq. (5.1), using the approach presented in
Ref. [43]. We decouple the tunneling term, by introducing a complex mean
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Figure 5.1: Phase diagram of the Bose-Hubbard model in terms of the
chemical potential µR/zt and the coupling constant UR/zt. The solid and
dotted lines correspond to T = 0 and T = 0.1Uc (where Uc is the critical
UR for the N0 = 100 lobe), respectively. The inset shows a qualitative
phase diagram in terms of the temperature T and the coupling constant
g. N, SF and MI indicate the normal gas phase, the superfluid and the
Mott-insulating phase, respectively.

field parameter ψ as follows a†iaj = ψaj + a†iψ
∗ − |ψ|2. Physically, ψ is

the superfluid order parameter which we choose to be real in the following.
Performing the above substitution, we find

H(ψ) = −ztψ(a† + a) +
UR

2
n(n− 1)− µRn+ ztψ2, (5.6)

with z the coordination number. Since this is an on-site Hamiltonian, we
have dropped the site indices for simplicity. Moreover, we assumed that the
chemical potential is chosen such that the expectation value of the number
operator n is equal to the number of quasi(condensate) particles N0(T ) in
every site.

The zero-temperature phase diagram of this mean-field theory can be
solved exactly [43, 11] and is shown in Fig. 5.1, where the Mott-insulator
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Figure 5.2: Condensate fraction (a) and particle number fluctuations (b) as
a function of the coupling constant, for kBT = 0, 0.08U and 0.145U (solid,
dashed and dotted lines respectively) . The coupling constant UR/zt = 440
(the dashed line in Fig 5.1).

phases correspond to the various lobes. For nonzero temperatures the
model can no longer be solved analytically and we have to resort to nu-
merical methods. If we put ψ = 0, we find that the eigenstates of Eq. (5.6)
are given by number states. Using a basis consisting of these number
states, running from a certain minimum filling factor Nmin to a certain
maximum Nmax, we can calculate the grand-canonical partition function
Z(ψ) = Tr[e−H(ψ)/kBT ] by diagonalizing the mean-field Hamiltonian given
in Eq. (5.6). Next we determine the thermodynamic potential Ω(ψ) =
−kBT lnZ(ψ) as a function of the order parameter ψ. For zero temperature
the calculation converges when Nmax ' N0 + 4 and Nmin ' N0 − 4, where
N0 is the filling factor of the relevant Mott-insulator lobe. For nonzero
temperatures, more states must be included.

To obtain the relevant thermodynamic quantities, we minimize the
grand potential Ω(ψ) and the value of ψ at the minimum of Ω(ψ) cor-
responds physically to the square root of the number of atoms that is su-
perfluid in the direction(s) parallel to the periodicity of the lattice. In the
Mott insulator the gas is only insulating in the direction(s) parallel to the
periodicity of the optical lattice, whereas it is always a superfluid in the
perpendicular direction(s). The other quantity of interest is the value of
the number fluctuations. This number is important because in the Mott-
insulator phase the number fluctuations are exactly zero.
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The final results of the calculations are shown in Fig. 5.2. In these fig-
ures, the longitudional superfluid fraction and the number fluctuations are
plotted along the dashed line in Fig. 5.1 for different temperatures. It can
clearly be seen from Fig. 5.2(a) that the superfluid part of the phase dia-
gram decreases with increasing temperature. In addition Fig. 5.2(b) shows
that at zero temperature the density fluctuations drop exactly to zero in the
Mott-insulating regions, but that this does not happen at nonzero tempera-
ture. This is a result of the fact that the superfluid to Mott-insulator transi-
tion is a quantum phase transition. The reason that there is still a reduction
in particle-number fluctuations at nonzero temperature is that the excita-
tion spectrum of a fluctuation is gapped in this region [43], which means
that the fluctuations are exponentially suppressed. Due to this strong sup-
pression of the number fluctuations, one will be able to observe a phase
which is formally not a Mott insulator, but experimentally has very similar
features. Another feature we can clearly see in Fig. 5.2(b) is that part of
the phase diagram where the number fluctuations are suppressed also de-
creases with increasing temperature, and shrinks in the opposite direction
of that of the superfluid part.

On the basis of the above calculations, we can draw the nonzero tem-
perature phase diagram shown in Fig. 5.1. In this figure, the solid lines
indicate the superfluid to Mott insulator transition at zero temperature
and the dotted lines indicate the superfluid to normal transition at nonzero
temperature. The inset shows the phase diagram in terms of the temper-
ature and the coupling constant. This diagram agrees very well with the
general description given by Sachdev [11].

5.4 Conclusion

We have shown that for low-dimensional lattices, which generally have a
filling factor much larger than one, we should in principle solve a many-
band Bose-Hubbard model. This can be achieved by first solving the on-site
many-body problem, and then deriving an effective theory that describes
the coupling between the sites in the optical lattice in terms of a renormal-
ized single-band Hubbard model. We have calculated the effects of thermal
excitations in this renormalized model and we have shown that the number
fluctuations in the above model can only drop to zero in the absence of
thermal fluctuations. However, if the temperature is sufficiently low, the
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number fluctuations are exponentially suppressed. This means that at a
certain nonzero temperature, the crossover to the Mott-insulator phase can
still be observed if the coupling constant is increased to a value larger than
the zero-temperature critical value (cf. Fig. 5.1). It is important to realize
that to experimentally obtain the Mott insulator with a large filling factor
N0, the coupling constant gR = UR/t must be larger than 4zN0. However,
Eqs. (5.2) and (5.3) show that the renormalized coupling constant is much
smaller than the bare coupling constant for a low-dimensional optical lat-
tice. We therefore conclude that in terms of the bare coupling constant,
which is the experimentally relevant control parameter, the Mott-insulator
phase is much more difficult to obtain than is naively anticipated on the
basis of a purely single-band Bose-Hubbard model.
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Inelastic light scattering

from a Mott insulator

Abstract
We propose to use Bragg spectroscopy to measure the excitation spec-

trum of the Mott-insulator state of an atomic Bose gas in an optical

lattice. We calculate the structure factor of the Mott insulator taking

into account both the self-energy corrections of the atoms and the cor-

responding dressing of the atom-photon interaction. We determine the

scattering rate of photons in the stimulated Raman transition and show

that by measuring this scattering rate in an experiment, in particular

the excitation gap of the Mott insulator can be determined.

6.1 Introduction

A Bose-Einstein condensate in an optical lattice is a powerful new tool
to investigate strongly-correlated Bose gases [49, 50]. In particular, the
experiment by Greiner et al. [15] has shown that it is possible to achieve a
quantum phase transition from a superfluid to a Mott-insulating phase by
starting from an atomic Bose-Einstein condensate and loading this system
into an optical lattice. This phase transition was predicted to occur in

This chapter has been submitted for publication in Phys. Rev. Lett. as Inelastic
light scattering from a Mott insulator, D. van Oosten, D. B. M. Dickerscheid, B. Farid,
P. van der Straten, and H. T. C. Stoof.
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the Bose-Hubbard model by Fisher et al. [10], and Jaksch et al. [9] were
the first to make the crucial observation that the Bose-Hubbard model can
be applied to bosonic atoms in an optical lattice. The mean-field phase
diagram at zero temperature was calculated by several authors [28, 31,
32], however, the Bogoliubov-like theory for the excitations in both the
superfluid and the Mott-insulator phases of the gas was developed more
recently by van Oosten et al. [43]

An important advantage of using atoms in an optical lattice to study
the Bose-Hubbard model, is that the system is free from disorder, which
makes it possible to make very accurate predictions and measurements. A
good example of such a high-precision measurement is Bragg spectroscopy.
This technique has already been used to coherently split a Bose-Einstein
condensate into two momentum components [51], to measure the excitation
spectrum of a trapped Bose-Einstein condensate [52], and to measure the
light-shifted energy levels of an atom in an optical lattice [53]. Here we pro-
pose to use Bragg spectroscopy to measure the excitation spectrum of the
Mott-insulator state. In particular, one can in this way determine the value
of the particle-hole gap in the excitation spectrum and study the behaviour
of this gap as the system approaches the quantum critical point. Note that
the excitation spectrum as obtained by using Bragg spectroscopy does not
yield what is generally referred to as the Mott gap, because this gap is
associated with single-particle excitations. The value of the particle-hole
gap can be obtained though and is a particularly interesting quantity in
the study of quantum critical phenomena. In addition, this gap is also very
important for the practical application of these systems to quantum infor-
mation processing, since the gap determines the fidelity of the Mott state.
It is important to realize that the system of a Bose-Einstein condensate in
an optical lattice is more complicated than the above-mentioned systems
where Bragg spectroscopy has already been applied, because in this case
many-body effects and strong correlations have to be taken into account.

In a Bragg-spectroscopy experiment, two laser beams are used to make
excitations in the system, as shown in Fig. 6.1(a). The two lasers both
have a large detuning with respect to an optical transition in the atoms so
that spontaneous emission is suppressed. However, the relative detuning
can be very small. When an atom absorbs a photon from beam two and is
stimulated to emit a photon into beam one, the atom undergoes a change
of momentum ~q = ~k2 − ~k1 and a change of energy ~ω = ~ω2 − ~ω1.
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Figure 6.1: (a) Setup for the proposed experiment. (b) Particle and hole
dispersions in units of the tunneling parameter in a one-dimensional lattice,
for U/zt = 6. The horizontal arrow indicates absorption of momentum, the
vertical arrow absorption of energy.

In principle any optical transition could be used, but here we use the same
transition that is employed to create the lattice potential. This means that
the magnitude of the momentum is given by ~q = 2~kph sin(θ/2), where to
a good approximation ~kph = 2π~/λ is the photon momentum of both the
lasers, λ is equal to the wavelength of the lattice laser light and θ is the angle
between the two laser beams. By varying the angle between the two laser
beams, any momentum between zero and 2~kph can be transferred and by
varying the relative detuning between the beams, the amount of energy that
is transferred to the system can be controlled. Note that in experiments,
there is always additional harmonic confinement present, which causes a
shell of superfluid atoms around a Mott-insulating core [9]. This means
that the momentum ~q has to be chosen such that the corresponding wave
length is smaller than the size of the core.

Calculating the scattering rate for a given momentum ~q and energy
~ω roughly speaking involves counting the number of ways in which the
requirements of momentum and energy conservation can be met. To illus-
trate this process, we draw in Fig. 6.1(b) the quasiparticle and quasihole
dispersions in the Mott insulator [43], as is common in solid-state physics.
The horizontal and vertical arrows in the figure indicate the transfer of
momentum and energy respectively. Since energy is deposited in the sys-
tem, this scattering rate can be measured in a traploss experiment, or by
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determining the increase in temperature of the atoms.

6.2 The scattering rate

To calculate the desired two-photon scattering rate we use Fermi’s Golden
Rule. In linear response, this can be expressed as

I(q, ω) = −2Im [Π(q, ω)] /~,

where Π(q, ω) is the polarizibility of the medium. The polarizibility can
be written as Π(q, ω) = (~Ω/2)2 χ(q, ω), with Ω the effective Rabi fre-
quency for the two-photon process and χ the susceptibility. The retarded
susceptibility is given by

χ(q, ω) = −V
~

∫

dx

∫ ∞

0
dt′e−i(q·x−ωt

′)〈
[

a†(x, t′)a(x, t′), a†(0, 0)a(0, 0)
]

〉,
(6.1)

with V the volume and a†(x, t′) and a(x, t′) creation and annihilation op-
erators of the atoms. Because the atoms are in an optical lattice, we can
expand the field operators in terms of the Wannier states of the lattice,
which yields an expression in terms of creation and annihilation opera-
tors for every lattice site. As mentioned previously, the Hamiltonian of the
system then equals the Bose-Hubbard Hamiltonian with a tunneling ampli-
tude t, an on-site interaction energy U and a chemical potential µ. Using
the decoupling approach described in Ref. [43], we can write the atomic
propagator in the Mott-insulator phase as

−1

~
G(k, ω) =

Z(k)

−~ω+ + εqp(k)
+

1− Z(k)
−~ω+ + εqh(k)

, (6.2)

where the probabilities Z(k) and 1 − Z(k) account for the fact that an
atomic excitation contains both quasiparticle and quasihole contributions.
The notation ~ω+ is shorthand for ~ω + iξ with ξ ↓ 0. The dispersions for
the quasiparticle and quasihole excitations are given by:

εqp,qh(k) = −µ+
U

2
(2N0 − 1) +

1

2
(ε(k)± ~ω(k)) , (6.3)

where N0 is the filling fraction of the lattice and the function ε(k) =
−t∑d

j=1 cos 2πkj corresponds to the lattice dispersion in the experimen-
tally relevant case of a regular square lattice. The momentum ~k is here
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and from now on always written in units of 2~kph, which means that the first
Brillioun zone runs from kj = −1/2 to 1/2. The energy ~ω(k) is given by
~ω(k) =

√

U2 + (4N0 + 2)Uε(k) + ε(k)2 and the probability Z(k) is given
by Z(k) = (U(2N0 + 1) + ε(k) + ~ω(k))/2~ω(k). Using the Greens func-
tion in Eq. (6.2), we find in first approximation χ(q, ω) = t(q)χ0(q, ω) =
t(q)

(

χ0+(q, ω)− χ0+(−q,−ω)
)

, where t(q) is a geometric factor that in-
volves the appropriate overlap integral of the relevant Wannier functions.
(This will be discussed in the next chapter.) Denoting integration over
the first Brillouin zone as

∫

1BZ, the contribution due to the creation of a
particle-hole pair is given by

χ0+(q, ω) =
1

2

∫

1BZ
dk

P (k,k+ q, ω)

−~ω+ + εqp(k+ q)− εqh(k) , (6.4)

and the time-reverse process can be written as χ0−(q, ω) = χ0+(−q,−ω).
Note that when evaluating the above integral, Umklapp processes have to
be taken into account. This equation contains the probability P (k,k +
q, ω) = (1− Z(k))Z(k + q) for the creation of a hole with momentum k

and a particle with momentum k + q, and an energy denominator that is
associated with the energy cost εqp(k + q) − εqh(k) of that process. This
can readily be verified by taking the imaginary part of the susceptibility,
which is proportional to

∫

1BZ dkP (k,k+ q, ω)δ(~ω − εqp(k+ q) + εqh(k))
and can be understood as Fermi’s Golden Rule. The actual computation
of the above integral is too complicated to do analytically, so that we have
resorted to numerical methods. We have achieved this by calculating the
imaginary part of Eq. (6.4), which roughly corresponds to integrating over
the surface in the Brillouin zone where the energy denominator vanishes. In
practice, this amounts to numerically finding the poles of the expression and
determining their residue. The real part is calculated from the imaginary
part using a Kramers-Kronig relation.

�����

���	�


���

�����

Figure 6.2: Schematic representation of (a) Eq. (6.4) and (b) Eq. (6.6)

However, the results that one would obtain in this manner do not obey
particle conservation. Physically, a Raman process with momentum q cou-
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Figure 6.3: Real (χ′0) and imaginary (χ′′0) parts of the susceptibility for
U/zt = 10 and q = 0.10, 0.14, 0.18, 0.20 along a lattice direction, in two
dimensions. The dotted line in the bottom figure is the result for q = 0.001
multiplied by 250 to show the behaviour for small q.

ples to a density fluctuation ρ(q). For zero-momentum transfer, ρ(0) cor-
responds to the total number of particles and fluctuations are impossible
due to particle-number conservation. If we compute the imaginary part of
Eq. (6.4) for q = 0 we find however a nonzero spectrum, which means that
this approach is not sufficiently accurate. The problem is due to the fact
that in Eq. (6.2) not the bare atomic propagator is used, but a dressed
propagator which contains a large self-energy correction given by

~Σ(k, ω) = 2N0U +
N0(N0 + 1)U2

~ω + U + µ
. (6.5)

The first term on the right-hand side is the Hartree-Fock contribution,
which is also present in a Bose-Einstein condensate. The second contribu-
tion is due to the correlations in the Mott insulator. Essentially this means
that an atom moving through the Mott-insulating background is dressed by
all the other atoms. As is known from quantum field theory [54], one has
to be careful when applying self-energy corrections to the calculation of the
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susceptibility, because in general these corrections do not obey the required
conservation laws (in this case particle-number conservation). Using field-
theoretical methods, we can derive so-called Ward identities, that show
that every self-energy correction requires a corresponding vertex correction
in order to restore the conservation laws. Physically this means, that if
the atom is dressed, we also have to dress the atom-photon coupling. Di-
agrammatically this is illustrated in Fig. 6.2. This situation is analogous
to the situation in a superconductor, where the naive BCS calculation of
the electro-magnetic response is not gauge invariant and a more involved
approach is needed [55]. Using the relevant Ward identity we can derive
that the intuitive probability function given above, has to be replaced by

P (k,k+ q, ω) =
2~ω − εqp(k+ q) + εqh(k)

~ω(k+ q) + ~ω(k)
× (Z(k+ q)− Z(k)) . (6.6)

Note that the probability now vanishes when q → 0, so that particle con-
servation is indeed no longer violated. In fact, we can show that for small q
and ~ω just above threshold P ∝ q2/∆2

0, where ∆0 is the gap for particle-
hole excitations.

6.3 Results

In Figs. 6.3 and 6.4 the result of a numerical integration is shown in two
and three dimensions, respectively. Both calculations have been carried out
for a regular square lattice and the momentum q is chosen along a principal
lattice direction. All energies in the following figures are given in units of
zt, where z is the coordination number of the lattice.

The imaginary part of Fig. 6.3 clearly shows singularities around ~ω =
U . These singularities are due to the fact that there are saddle points in
the dispersion and that a saddle point in the dispersion causes an inte-
grable singularity in the density of states. These are so-called van Hove
singularities [56]. It is interesting to see, that the van Hove singularities
split up as the momentum is increased, which is caused by the fact that the
saddle-point energy in the direction of q and the saddle-point energy in the
orthogonal direction(s) are shifted by different amounts. This is also visible
in Fig. 6.4. However, it is less clear in this case, because the van Hove sin-
gularities are more smeared out in three dimensions. Also, the opening of
the threshold for the two-photon absorption in the three-dimensional case is

103



Chapter 6

far less steep than in the two-dimensional case. Note that when additional
harmonic confinement is present, some background signal is expected due
to the superfluid shell around the Mott insulator. To investigate possible
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Figure 6.4: Real and imaginary parts of the susceptibility for U/zt = 10
and q = 0.10, 0.14, 0.18, 0.20 along a lattice direction, in three dimensions.
The dotted line in the bottom figure is the result for q = 0.001 multiplied
by 250 to show the behaviour for small q.

collective modes in this system, we determined higher-order corrections in
the random-phase approximation (RPA). It can be shown that in RPA the
susceptibility is given by χ(q, ω) = t(q)χ0(q, ω)/(1 − 2Uχ0(q, ω))). This
means that there is a resonance in the scattering rate when the real part of
χ0(q, ω) is equal to 1/U . However, as can be seen from Figs. 6.3 and 6.4, the
real parts in both cases are rather small compared to 1/U for experimen-
tally relevant values of U , which are typical on the order of U/zt ≈ 10 [15].
Therefore, including the RPA denominator does not qualitatively change
our previous results. Of course, for much larger values of U the RPA de-
nominator always becomes important. In Fig. 6.5 we plot the imaginary
part of χ0, for a range of values for the coupling constant U/zt, and for a
fixed momentum q = 0.10. We see, that the threshold behaviour becomes
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steeper as we approach the critical value of Uc/zt ≈ 5.83. This steepening
is caused by the fact that close to the quantum critical point, the disper-
sion stiffens and becomes almost linear, as illustrated in Fig. 6.1(b). We
also see that there remains a nonzero gap when U = Uc. This is due to
the fact that we are not considering a zero-momentum excitation, due to
the reasons given above. In the inset of Fig. 6.5, we plot this gap ∆q as
a function of U/zt. For large U the gap grows linearly with U and for U
close to Uc, the gap closes more rapidly. In the case of q = 0 the gap would
in our mean-field approximation close as

√
U − Uc when U ↓ Uc, but for

small nonzero q it closes as
√

U − Uc + ηq4, where the factor η is a positive
function of Uc and t.
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Figure 6.5: Imaginary part of the susceptibility in a three dimensional
lattice for q = 0.10 along a lattice direction and U/zt = 5.83, 7, 8, 9, 10

6.4 Discussion

In summary, we have proposed a means of studying Mott insulators in
optical lattices, using the relatively well-known technique of Bragg spec-
troscopy. We have presented spectra that can be measured directly by trap
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loss or heating measurements. In a recent experiment by Stöferle et al.
[57] the authors use a setup where the laser beams are perfectly counter-
propagating, which corresponds to a quasi-momentum transfer of zero. As
we have argued above, there should be no scattering in that case and the
signal can only be due to nonlinear response or due to the fact that the
system is inhomogeneous and of finite size. We have found that by mea-
suring the threshold behaviour of the two-photon scattering rate at various
quasimomenta, it is possible to determine the gap by extrapolation. We
have shown that for a theoretical description of Bragg spectroscopy on the
Mott insulator it is absolutely essential to dress the photon-atom coupling,
which is unexpected, as the same corrections are absent in the case of an
harmonically trapped gas. As a result it turns out that although it is com-
mon to use the language of solid-state physics to describe these systems,
the physics is quantitatively and even qualitatively very different due to
the many-body effects.
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Bragg spectroscopy and

atom-number conservation

Abstract
We calculate the structure factor of the Mott insulator. We show that

both self-energy corrections of the atoms and corrections to the atom-

photon coupling have to be taken into account. We derive the relevant

Ward identity to calculate the vertex corrections corresponding to the

self-energy corrections.

7.1 Introduction

In the previous chapter, a calculation was presented of the two-photon
scattering rate in an optical Bragg-spectroscopy experiment. It was shown
that such an experiment can be used to measure the particle-hole excitation
spectrum of the Mott-insulating state of atoms in an optical lattice. By
studying this excitation spectrum as a function of the critical parameter
U/t, where U is the interaction strength and t is the tunneling parameter,
insight is gained on the behaviour of the particle-hole gap as the system
approaches the quantum-critical point. An important conclusion of the
previous chapter is that it is vital to include vertex corrections to the cal-
culation of the two-photon scattering rate, in order to obtain the correct
results. In this chapter, a more thorough discussion of the technical parts
of that chapter is given.
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7.2 Inelastic light scattering

The quantity that is calculated in the previous chapter is the retarded
susceptibility χ(q, ω), where ~q and ~ω are the momentum and energy
transfered in the two-photon process, respectively. In the Heisenberg rep-
resentation, this susceptibility is given by

χ(q, ω) = −V
~

∫

dx

∫ ∞

0
dt′e−i(q·x−ωt

′)〈[a†(x, t′)a(x, t′), a†(0, 0)a(0, 0)]〉,
(7.1)

with V the volume and a†(x, t′) and a(x, t′) creation and annihilation op-
erators of the atoms. The polarizibility Π(q, ω) of the atoms can be writ-
ten as Π(q, ω) = (~Ω/2)2χ(q, ω) and the scattering rate as I(q, ω) =
−2Im [Π(q, ω)] /~. When expanding the above equation in terms of the
Wannier states of the lattice we have to be careful, since the light acts in
a simple manner on the momentum states of the atoms but not on the
Wannier states. We can see more this clearly when we write down the
Hamiltonian for the light-scattering process Hcoup in the Schödinger repre-
sentation:

Hcoup =
~Ω
2
eiωt

′

∫

dxe−iq·xa†(x)a(x)

=
~Ω
2
eiωt

′
∑

ij

a†iaj

∫

dxe−iq·xχ∗0(x− xi)χ0(x− xj), (7.2)

where xi is the position corresponding to site i and χ0(x) is the lowest

Wannier state of the lattice. The operator a†i and ai create and annihilate
a particle in the i-th site, respectively. For typical experimental parameters
the Wannier states can to a very good approximation be taken as Gaussian
functions. For the experimentally relevant case of a regular square or cubic
lattice with a lattice spacing of a = λ/2 we find

Hcoup =
~Ω
2
eiωt

′
∑

ij

a†iaje
−iq·xi/2e−iq·xj/2e−q

2l2/4e−|xj−xi|2/4l2 , (7.3)

where l is the width of the Gaussian wave function. Since the factor
exp

(

−|xj − xi|2/4l2
)

drops rapidly with distance, the summation can be
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restricted to nearest neighbours. In that case the coupling Hamiltonian
reads

Hcoup =
~Ω
2
eiωt

′
∑

k

a†k+qakf(q), (7.4)

where the geometric overlap function f(q) is given by

f(q) = 8e−q
2l2/4e−a

2/4l2
d
∏

j=1

cos(aqj), (7.5)

where there summation variable j runs over all cartesian directions in d
dimensions. Note, that this function is similar to the function ε(k) as used
in Chapters 4 and 6. If Eq. (7.1) is written on a Wannier basis by following
the above procedure, we find that without vertex corrections χ(q, ω)/t(q)
equals

χ0(q, ω) = −
1

~
1

Ns~β
∑

nk

G(k, ωn)G(k+ q, ωn + ω), (7.6)

whereNs is the number of sites in the lattice, ωn are the Matsubara frequen-
cies given by ~ωn = π(2n)/~β and t(q) = |f(q)|2. The atomic propagator
G(k, ωn) is an analytical continuation of the propagator presented in the
previous chapter. Because the atomic propagator contains both particle
and hole contributions, the above equation contains a contribution due to
the creation of a hole with momentum ~k and a particle with momentum
~k+ ~q, but also due to the reverse process. We therefore write

χ0(q, ω) = (χ+0 (q, ω) + χ−0 (q, ω))

However it can easily be shown that the second contribution is equal to
χ−0 (q, ω)) = −χ+0 (−q,−ω). We therefore only have to evaluate χ+0 (q, ω),
which is given by the following expression

χ+0 (q, ω) =
1

2

∫

1BZ
dk

P (k,k+ q, ω)

−~ω+ + εqp(k+ q)− εqh(k) . (7.7)

The momentum ~k is here and from now on always written in units of 2~kph,
which means that the first Brillioun zone runs from kj = −1/2 to 1/2. The
scattering rate of the two-photon process can be calculated by taking the
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imaginairy part of this expression. By calculating the scattering rate as
a function of frequency ω for a given momentum ~q, a spectrum can be
obtained. As described in the previous chapter, numerically evaluating this
integral for q→ 0 yields a nonzero spectrum. In the next section we argue
why this physically cannot be correct. After that we present a derivation
of the vertex corrections that are needed to solve this problem.

7.3 Sum rules

To understand why the two-photon spectrum should go to zero when the
momentum goes to zero, we now derive the relevant sum rule. The opera-
tors in Eq. (7.1) are expanded into plane waves as

a(x, t′) =
1√

~βV
∑

nk

ak(ωn)e
i(k·x−ωnt′),

a†(x, t′) =
1√

~βV

∑

nk

a†k(ωn)e
−i(k·x−ωnt′). (7.8)

The density operator is given by ρ(x, t′) = a†(x, t′)a(x, t′). The Fourier
transform of this operator can be written in terms of the above operators
a†k and ak as

ρq(ω) = (~βV )−1/2
∑

nk

a†k+q(ωn + ω)ak(ωn). (7.9)

Using this definition, Eq. (7.1) can be written as

χ(q, ω) =
V

~

〈[

ρ†q(ω), ρq(ω)
]〉

. (7.10)

We now calculate the total energy absorption, which is defined as E =
∫

dωI(q, ω)~ω. As I(q, ω) is proportional to the imaginary part of χ(q, ω),

we can write E = V (~Ω/2)2
∫

dωIm
[〈[

ωρ†q(ω), ρq(ω)
]〉]

. Since ρ†q(ω) is

defined by a Fourier expansion, the frequency ω can be replaced by a time
derivative −i∂/∂t. Because ρ is a density, it has to obey the continuity

equation, which means that ∂ρ†q(ω)/∂t = ∇ · Jq(ω), where Jq(ω) is the
current density. Using this result we find

E = V

(

~Ω
2

)2 ∫

dωIm [q · 〈[Jq(ω), ρq(ω)]〉] . (7.11)
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The expectation value 〈[Jq(ω), ρq(ω)]〉 is a vector, which is a function of q
only. In the simplest case, the expectation value is therefore proportional
to q, which means E ∝ q2. This shows that the spectrum vanishes when
q→ 0. This result can in fact be easily understood. As shown in Eq. (7.10),
a two-photon transition with an effective wave number of q couples to
density fluctuations with that same wave number. If the wave number
q is zero, the light couples to fluctuations in ρ0(ω), which corresponds
to fluctuations in the total number of particles in the system. Since the
total number of particles in the system is conserved, these fluctuations can
obviously not occur.

7.4 Gauge invariance

As argued in the previous section, Eq. (7.6) violates particle-number con-
servation. From a fundamental point of view this conservation law is due
to a so-called global U(1) symmetry. To explore the consequences of this
global symmetry we first increase the global symmetry to a local symmetry,
i.e., we make the theory locally invariant under a U(1) gauge symmetry.
From this gauge invariance we can then derive certain relations that have
to be fullfilled by the density-density correlation function of interest to us.
Finally, we take the appropriate limit to recover the corrections to the ab-
sorption spectrum that are required by the global symmetry of our original
problem.

As a first step, the consequences of gauge invariance will be determined
for a very general partition function of the form

Z[η, η∗, Jµ] =
∫

d[a∗]d[a]d[Aµ] exp

{

i

~
S[a∗, a, Aµ]

+ i

∫

dtdx (a∗(x, t)η(x, t) + a(x, t)η∗(x, t) + Jµ(x, t)Aµ(x, t))

}

,

(7.12)

were a∗ and a are the atomic fields and Aµ is the electro-magnetic field.
Note, that for the greek indices the Einstein summation convention applies.
The purpose of the source terms η, η∗ and Jµ becomes apparent later on.
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The action S[a∗, a, Aµ] is general, except that minimal coupling is assumed

i~
∂

∂t
→ i~

∂

∂t
+ φ(x, t)

−i~ ∂

∂x
→ −i~ ∂

∂x
+A(x, t), (7.13)

where φ is the electric potential and A is the vector potential. In four-
vector notation the vector potential is written as Aµ = (−φ/c,A) and
the position is written as xµ = (−ct,x). Using this notation we have
i~∂µ → i~∂µ + Aµ(x). Here c is the speed of light. It is clear that if we
replace in Eq. (7.12) all the instances of a∗, a and Aµ by dummy variables
a′∗, a′ and A′

µ, the value of the integral should not change. We then apply
the gauge transformations

a′(x)→ eiθ(x)a(x)

A′
µ(x)→ Aµ(x) + ~∂µθ(x), (7.14)

to these dummy integration variables and use the fact that the action is
gauge invariant. If the resulting expression is linearized with respect to θ,
we find Z ′ = Z + δZ, with

δZ[η, η∗, Jµ] =
∫

d[a∗]d[a]d[Aµ] (−iθa∗η + iθaη∗ + ~∂µθJµ)

× exp

{

i

~
S[a∗, a, Aµ] + i

∫

dx (a∗η + aη∗ + JµAµ)

}

, (7.15)

where we have dropped the argument x to simplify notation. The gauge
invariance of the system is now reflected in the fact that δZ = 0 ∀ θ(x, t).
By applying a partial integration to the current terms, we find

δZ[η, η∗, Jµ] =

{

−η δ
δη

+ η∗
δ

δη∗
− ~∂µJµ

}

Z[η, η∗, Jµ] = 0. (7.16)

Behind this seemingly mathematical exercise hides a very important phys-
ical conclusion. Any action that contains only minimal coupling to the
electro-magnetic fields has to satisfy Eq. (7.16) in order to obey gauge in-
variance. Since the partition function Z in principle contains all the possible
scattering processes, this result can be used to determine the consequences
of gauge invariance for all these processes. More specifically, we use it to
calculate corrections to Eq. (7.7).
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The next step is to write Z[η, η∗, Jµ] ≡ exp{iW [η, η∗, Jµ]}. The reason
behind this substitution is that Z is the generating function of all Greens
functions and W is the generating function of only the connected contribu-
tions. By differentiating Eq. (7.12) with respect to the source terms η, η∗

and Jµ and using the above definition for W [η, η∗, Jµ] we find

δW

δη
= 〈a∗〉 ≡ φ∗, δW

δη∗
= 〈a〉 ≡ φ, δW

δJµ
= Aµ. (7.17)

Note that for simplicity we have denoted the average 〈Aµ〉 by Aµ again. We
now define the functional Γ[φ∗, φ, Aµ] by introducing the following Legendre
transformation

Γ[φ∗, φ, Aµ] =
∫

dx (φ∗η + η∗φ+ JµAµ)−W [η, η∗, Jµ]. (7.18)

This equation is important, as Γ[φ∗, φ, Aµ] corresponds to the exact effective
action of the system in terms of the expectation values φ and φ∗, through

Seff [φ∗, φ, Aµ] = −~Γ[φ∗, φ, Aµ]. (7.19)

As we have already derived an expression for the effective action of the
atoms, we want to write Eq. (7.16) in terms of Γ[φ∗, φ, Aµ]. In order to
achieve this, we substitute Z[η, η∗, Jµ] = exp{iW [η, η∗, Jµ]} into Eq. (7.16),
which yields

(

−η δ
δη

+ η∗
δ

δη∗

)

W =
~
i
∂µJ

µ. (7.20)

From the Legendre transformation in Eq. (7.18) we find that

δΓ

δφ
= η,

δΓ

δφ∗
= η∗,

δΓ

δAµ
= Jµ, (7.21)

which allows us to rewrite Eq. (7.20) as

(

−φ∗ δ

δφ∗
+ φ

δ

δφ

)

Γ =
~
i
∂µ

δΓ

δAµ
. (7.22)

Physically this equation has the same interpretation as Eq. (7.16) except
that it contains only the one-particle irreducible Greens functions. In the
next section, the importance of this equation is made apparent.
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7.5 The Ward identity

As mentioned above, Γ [φ∗, φ, Aµ] is proportional to the exact effective ac-
tion. In the case of atoms in an electromagnetic field, the simplest form for
Γ [φ∗, φ, Aµ] can therefore be written as

Γ [φ∗, φ, Aµ] = −φ∗G−1φ+ φ∗φΓµAµ, (7.23)

where G is the exact propagator of the atoms and Γµ is the exact three-
point interaction vertex between the atoms and the photons. This means
that if we have an expression for Γ [φ∗, φ, Aµ], we can write

G−1(x, x′) = − δ2Γ

δφ∗(x)δφ(x′)
, (7.24a)

Γµ(x, x′, x′′) = − δ3Γ

δφ∗(x)δφ(x′)δAµ(x′′)
, (7.24b)

where we have shown the explicit position and time dependence of the fields
for clarity reasons. Applying δ2/δφ∗δφ to Eq. (7.22) and using Eqs (7.24a)
and (7.24b), yields

δ(x− x′′)G−1(x′′ − x′)− δ(x′ − x′′)G−1(x− x′′) = −i~∂µΓµ(x, x′, x′′).
(7.25)

Performing a Fourier transformation on the above equation, we find

~qµΓµ(k + q, k) = G−1(k)−G−1(k + q), (7.26)

where k is the momentum of the incoming atom and q is the momentum
of the photon. To find the vertex correction we write Γµ = γµ + ∆Γµ,
where γµ is the bare vertex. We can then obtain from the Dyson equation
G−1 = G−1

0 + ~Σ that

~qµγµ = G−1
0 (k)−G−1

0 (k + q), (7.27a)

~qµ∆Γµ = ~Σ(k)− ~Σ(k + q), (7.27b)

where G0 is the bare propagator of the atom and ~Σ is the self energy.
The above equation is the simplest Ward identity. By taking higher-order
derivatives, corrections to higher-order vertices can be derived. For our
purposes, the simplest case suffices.
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7.6 Vertex correction to the susceptibility

To determine the scattering rate of the two-photon proces, we have to calcu-
late the diagram in Fig. 7.1(b). The graph of the left shows the calculation
without vertex corrections. In order to calculate the vextex correction ∆Γµ

�����

���	�


���

�����

Figure 7.1: Schematic representation of the light scattering proces with a
bare vertex (a) and with a dressed vertex (b).

we first have to determine the self-energy correction ~Σ. From Eq. 6.2 we
have

−1

~
G(k, ω) =

Z(k)

−~ω + εqp(k)
+

1− Z(k)
−~ω + εqh(k)

≡ 1

−~ω − εk + ~Σ(k, ω)− µ, (7.28)

from which we can determine that the self energy is given by

~Σ(k, ω) = 2N0U +
N0(N0 + 1)U2

~ω + U + µ
. (7.29)

Here N0 is the filling fraction, U is the on-site interaction strength and µ
is the chemical potential. Because the self energy does not depend on mo-
mentum ∆Γi = 0 and we can use only the zeroth component of Eq. (7.27b).
We have explicitely that

−~ω∆Γ0 = ~Σ(k, ω0)− ~Σ(k+ q, ω0 + ω)

=
N0(N0 + 1)U2

~ω0 + U + µ
− N0(N0 + 1)U2

~ω0 + ~ω + U + µ

=
N0(N0 + 1)U2~ω

(~ω0 + U + µ)(~ω0 + ~ω + U + µ)
. (7.30)

To arrive at a correct expression for the susceptibility, the summant of
Eq. (7.6) is multiplied by (1 + ∆Γ0). After performing the Matsubara
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summation in Eq. (7.6), we find that the corrected expression has exactly
the same form as Eq. (7.7), only the probability P (k,k+ q, ω) is replaced
by

P (k,k+ q, ω) =
2~ω − εqp(k+ q) + εqh(k)

~ω(k+ q) + ~ω(k)
(Z(k+ q)− Z(k)) . (7.31)

As shown in the previous chapter, for small q and ~ω just above threshold
this probability scales as P ∝ q2/∆2

0, where ∆0 is the gap for particle-hole
excitations. This means that the absorption signal indeed vanishes when
q→ 0.

7.7 Random-phase approximation

To investigate the possibility of collective excitations in the system, we
now calculate corrections due to collisions between particles and holes. We
do this in the so-called random-phase approximation (RPA). We start by
writing down the action in momentum space

S[a∗, a] = −~
∑

nk

a∗nkG
−1(nk)ank + SI,

SI = −
U

2Ns~β
∑

n,n′,n′′,k,k′,k′′

a∗n+n′′k+k′′a∗n′−n′′k′−k′′ankan′k′ . (7.32)

To calculate the susceptibility for this system, a power expansion in terms
of the interaction part of the action SI must be made, which is roughly
speaking given by 〈a4〉 =∑α〈a4SαI 〉/~αα!. The RPA now amounts to tak-
ing into account only the terms that consist of a string of bubble diagrams
as illustrated in Fig. 7.2. This yields a geometric series in terms of the

+ + + · · ·

Figure 7.2: Feynman diagrams corresponding to the first three terms in the
bubble summation.

lowest-order susceptibility, which can be easily summed to find

χ(q, ω) =
t(q)χ0(q, ω)

1− 2Uχ0(q, ω)
. (7.33)
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In two and three dimensions, this correction does not qualitatively change
the spectrum due to the fact that the real part of χ0 is much smaller than
1/U for experimentally relevant values for U , as is shown in the previous
chapter. For very large values of U , poles can arise in χ(q, ω), which
will describe the collective modes due to density fluctuations in the Mott
insulator.

7.8 Discussion

A very simple argument shows that in order to satisfy particle-number
conservation, the two-photon scattering rate of atoms in a Mott-insulating
state has to vanish when zero momentum is being transfered in the Raman
process. In order to satisfy this requirement, a calculation of the scattering
rate has to include vertex corrections, which are derived here by using a so-
called Ward identity. It is relatively unexpected that a formal calculation
such as presented in Secs. 7.4-7.6 should be required to make predictions
for an experimental technique that is used throughout the field of Bose-
Einstein condensation. This is a good illustration of the richness of the
physics of a Bose-Einstein condensate in an optical lattice.

Furthermore, we have shown that there are no collective excitations in
the limit where our model is applicable. In agreement with other studies
we expect that in the limit of U → ∞ collective excitations do exist. A
comparison between our RPA approximation and the calculations presented
by Rey et al. [58] is beyond the scope of this thesis and requires further
study.
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Samenvatting

Abstract
In de studie naar de structuur van de materie sluiten fysici gassen en

zelfs individuele atomen op om hun eigenschappen te kunnen bestud-

eren. In dit proefschrift worden optische roosters beschreven, waarin

atomen in een periodieke structuur worden vastgehouden met behulp

van staande lichtgolven. Voor de beschrijving van optische roosters zijn

technieken uit de atoomfysica, de vaste-stof fysica en de fysica van de

gecondenseerde materie nodig.

Optische roosters

Een optisch rooster bestaat uit atomen die zijn opgesloten in een staande
golf, die gemaakt wordt met behulp van laserbundels. Door de wissel-
werking tussen het licht en de atomen worden zij aangetrokken naar de
maxima of de minima van de intensiteit van het licht, afhankelijk van de
verstemming van het licht ten opzichte van de resonantie frequentie van
het atoom. Door licht te gebruiken met een hoge intensiteit en een grote
verstemming, kan een situatie worden bereikt waarin de atomen een kracht
ten gevolge van de wisselwerking voelen, maar nagenoeg geen licht meer
verstrooien. In dit geval kunnen we spreken over een conservatieve kracht
en mogen we een potentiaal toekennen aan deze kracht. Dan spreken we
over een optisch rooster.

Door een geschikte configuratie van laserbundels te kiezen is het mo-
gelijk om één, twee en drie-dimensionale optische roosters te maken. In
een één-dimensionaal rooster ondervinden de atomen in één richting een
periodieke potentiaal met een rooster afstand ter grootte van de helft van
de golflengte van het licht. Als het laserlicht rood is verstemd, worden
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de atomen in de loodrechte richtingen opgesloten binnen een afstand ter
grootte van de diameter van de laserbundel. Als het laserlicht blauw is
verstemd moet ook een magneetval worden gebruikt om de atomen in de
loodrechte richting op te sluiten.

Een één-dimensionaal optisch rooster is relatief makkelijk te gebruiken.
Een wolk van thermische atomen, gevangen in een magneto-optische val,
heeft een dichtheid hoog genoeg om een één-dimensionaal optisch rooster
te laden met enkele atomen per roosterpunt. Zo’n één-dimensionaal roos-
ter heeft echter één nadeel: De opsluiting in de richtingen loodrecht op
de laserbundels is zwak. De sterkte van deze opsluiting wordt namelijk
bepaald door de diameter van de laserbundel, die typisch in de orde van
enkele tientallen micrometers is. Dat betekent dat atomen opgesloten op
een roosterpunt in de loodrechte richtingen een zeer grote afstand tot elkaar
kunnen hebben in vergelijking met de dracht van hun onderlinge interac-
tie, zodat dit systeem niet bijzonder geschikt is om de interactie tussen de
atomen te bestuderen. Dit kan worden verholpen door met behulp van meer
laserbundels een drie-dimensionaal rooster te maken. Dit brengt echter een
nieuw probleem met zich mee. Doordat het aantal roosterpuntten van een
drie-dimensional rooster veel hoger is dan voor een één-dimensionaal roos-
ter is het niet langer mogelijk om enkele atomen per roosterpunt op te
sluiten. Er wordt in dit geval slechts een klein deel van de roosterpunten
bezet door een atoom. Om dit probleem te verhelpen dient het rooster te
worden geladen uit een veel koudere en dichtere wolk van atomen dan die
in een magneto-optische val.

Bose-Einstein condensatie

In een experimentele opstelling kunnen atomen uit een magneto-optische
val worden geladen in een magnetische val, mits ze het juiste magnetische
moment hebben. De atomen kunnen vervolgens verder worden verdicht
door de sterkte van de magneetval te verhogen. Doordat hier sprake is
van een gesloten systeem, moet de temperatuur van de atomen daardoor
oplopen. Dit is een gevolg van de stelling van Liouville die stelt dat in
een gesloten systeem het aantal bezette toestanden niet kan veranderen.
Dat betekent, dat als de atomen in een kleinere ruimte worden opgesloten,
hun gemiddelde snelheid zal verhogen en een hogere gemiddelde snelheid
correspondeert met een hogere temperatuur. Er kunnen nu meer deeltjes
per roosterpunt worden geladen, maar doordat hun snelheid is verhoogd,
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kunnen ze nog steeds niet goed bestudeerd worden.

Echter in een magneetval is het mogelijk om zeer effectief te koelen met
behulp van verdampingskoelen. De atomen zijn in de magneetval opge-
sloten, omdat hun magnetisch moment in de juiste richting staat. Het is
echter mogelijk de atomen in een toestand te brengen, waarbij het mag-
netisch moment tegengesteld is en de atomen uit de magneetval worden
geduwd. Dit kan met een radio-frequent (rf) magnetisch veld, dat lood-
recht staat op het veld van de magneetval. Het proces zal plaatsvinden,
op een positie waar de frequentie van dit veld gelijk is aan de Zeeman ver-
schuiving die een atoom ondervindt. Omdat de Zeeman verschuiving aan de
rand van de val groter is dan in het centrum, is het mogelijk voornamelijk
de atomen aan de rand van de val te verwijderen zonder de atomen in het
centrum te bëınvloeden. Doordat de atomen aan de rand de atomen zijn
met de hoogste energie, kunnen we op deze manier de gemiddelde energie
per atoom laten afnemen. Als in de magneetval twee atomen met elkaar
botsen, is er een kans dat één van beide atomen bij die botsing een energie
krijgt die zo hoog is dat het atoom door het rf-veld wordt verwijderd. Als
de dichtheid van atomen hoog is, zodat er veel van deze botsingen tussen
atomen plaatsvinden, zal door de botsingen en de aanwezigheid van het
rf-veld de temperatuur van de atomen dalen. Dit proces staat bekent als
verdampingskoelen en is volstrekt analoog aan het proces waardoor een
kopje koffie afkoelt. In de praktijk duurt dit proces te lang en wordt tij-
dens het verdampingskoelen het rf-veld langzaam verlaagd om het proces
te versnellen.

De atomen die we hier beschrijven, hebben een zogenaamd bosonisch
karakter. Hierdoor geldt dat de kans, dat een atoom een bepaalde toe-
stand gaat bezetten, groter wordt naarmate er meer identieke atomen al
in die toestand zitten. In een thermisch gas is de bezettingsgraad van toe-
standen lager dan één deeltje per toestand, waardoor het bosonische karak-
ter nagenoeg geen rol speelt. Doordat bij verdampingskoeling de temper-
atuur echter steeds wordt verlaagd en de dichtheid wordt verhoogd, komt er
een moment dat er één deeltje in de grondtoestand terecht komt. Vanaf dat
moment wordt de kans aanzienlijk dat bij botsingen tussen warme atomen
in de val één van beide botsingspartners in de grondtoestand terecht zal
komen. Door dit proces zal een groot gedeelte van de atomen in de grond-
toestand van de val terecht komen. In dat geval spreken we van Bose-
Einstein condensatie.
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Als een Bose-Einstein condensaat in een één-dimensionaal optisch roos-
ter wordt geladen is de dichtheid hoog genoeg om honderden atomen per
roosterpunt te kunnen vangen. Dit betekent dat er in feite een hele verza-
meling van Bose-Einstein condensaten is gemaakt, waartussen een koppel-
ing is door middel van tunneling van atomen door de potentiaal-barrieres
van het rooster. Deze koppeling is instelbaar door de intensiteit van de
laserbundel te veranderen. Het is ook mogelijk om een drie-dimensionaal
rooster te laden met enkele atomen per roosterpunt.

Quantum fase overgangen

Het overgaan van een normaal gas naar een Bose-Einstein condensaat is
een zogenaamde tweede-orde fase overgang. Technisch gesproken betekent
dit dat de ordeparameter van de fase overgang, in dit geval de conden-
saatdichtheid, continu maar niet differentieerbaar veranderd. Deze fase
overgang kan worden gemaakt door de temperatuur te verlagen, of door bij
constante temperatuur de totale dichtheid te verhogen.

Als dit Bose-Einstein condensaat is overgeladen naar een optisch roos-
ter, kan er nog een fase overgang plaatsvinden. Als het rooster ondiep is,
kunnen de atomen vrij tunnelen van de ene roosterpunt naar de andere,
waardoor informatie over de complexe fase van de golffunctie van het con-
densaat kan worden uitgewisseld tussen alle roosterpunten. Hierdoor is er
in het rooster sprake van fase correlaties op lange afstanden. Dit betekent
dat de atomen in het rooster zich bevinden in een superflüıde toestand, zo-
dat de atomen wrijvingsloos door het rooster kunnen bewegen. Als echter
het rooster dieper wordt gemaakt, wordt het tunnelen moeilijker voor de
atomen. Daarnaast wordt de energie ten gevolge van de interactie tussen
deeltjes steeds hoger; de atomen worden immers in een roosterpunt dichter
op elkaar geperst. De combinatie van deze twee processen zorgt ervoor, dat
de atomen voor een bepaalde roosterdiepte vastvriezen in hun roosterpunt
en niet langer door het rooster bewegen. De atomen in het rooster zijn dan
in een isolerende toestand. Dit gebeurt al bij een eindige waarde van de
roosterdiepte: er is hier sprake is van een fase overgang. De fase overgang
wordt echter niet gedreven door extensieve grootheden als de temperatuur
en de dichtheid, maar door de diepte van de potentiaal. De fase overgang
vindt formeel alleen plaats als de temperatuur gelijk is aan het absolute
nulpunt. De fase overgang heeft daardoor een fundamenteel ander karakter
dan de fase overgang van een normaal gas naar een Bose-Einstein conden-
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saat: Bij de laatste vindt de fase overgang plaats door thermodynamische
processen, bij de eerste vindt de fase overgang juist alleen plaats op het
punt waar thermodynamische processen geen rol meer spelen. Dit type
fase overgang staat bekent als een quantum fase overgang.

Dit proefschrift

Bij de bestudering van de bovengenoemde fase overgang wordt gebruik
gemaakt van het zogenaamde Bose-Hubbard model. Dit model beschrijft
het gedrag van bosonen in een rooster in termen van de tunneling waar-
schijnlijkheid en de interactie-energie. In hoofdstuk 2 wordt beschreven hoe
deze parameters afhangen van experimentele parameters, zoals de golflengte
en intensiteit van het roosterlicht, en van microscopische parameters, zoals
de massa en de botsingseigenschappen van het atoom. Daarnaast wor-
den configuraties besproken, waarmee optische rooster met verschillende
kristallografische structuren kunnen worden gemaakt. Omdat wij deze sys-
temen experimenteel willen realiseren, wordt er hard gewerkt aan een op-
stelling om Bose-Einstein condensatie te bereiken in een damp van natrium
atomen. In deze opstelling worden de natrium atomen eerst gevangen in
een magneto-optische val, waarna ze worden overgeladen in een magnetis-
che val. Omdat deze wolk van atomen met het blote oog niet zichtbaar is,
beelden we de wolk af door er een korte laserpuls doorheen te schijnen. Met
behulp van een speciale camera kan de schaduw van de wolk worden geme-
ten. Op deze manier kunnen we meten dat we enkele honderden miljoenen
natrium atomen kunnen verzamelen. Nu kan worden begonnen aan de ver-
dampingskoeling van deze atomen, maar daar zijn bij het schrijven van dit
proefschrift nog geen resultaten over te melden.

Vanaf hoofdstuk 4 worden theoretische resultaten gepresenteerd. In
hoofdstuk 4 wordt een theorie opgesteld waarmee we voorspellen onder
welke experimentele omstandigheden de quantum fase overgang kan wor-
den waargenomen. Ook bekijken we hoe de energie van een deeltje in
de isolerende toestand wordt bëınvloed door de interactie met alle andere
deeltjes. In hoofdstuk 5 beschouwen we één- en twee-dimensionale roosters,
waarin een condensaat van vele honderden atomen op ieder roosterpunt is
opgesloten. We laten zien dat de fase overgang in dit geval veel moeilijker is
te realiseren, doordat de condensaten op ieder roosterpunt zich uitbreiden
in de richtingen loodrecht op het rooster. In hoofdstuk 6 stellen we een
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experiment voor om de energie van een deeltje in de isolerende toestand
te bepalen. Door twee laserbundels met een klein verschil in frequentie en
met een kleine onderlinge hoek op de atomen te laten vallen, kunnen we
een kleine hoeveelheid energie en impuls overdragen op de atomen. Door
te meten onder welke hoeken en bij welke frequentie verschillen er een in-
teractie plaatsvindt kunnen de eigenschappen van de isolerende toestand
met een hoge nauwkeurigheid worden bepaald. Bij de berekening in hoofd-
stuk, moeten bepaalde correctie termen worden uitgerekend. Een formele
afleiding van deze termen wordt gegeven in hoofdstuk 7.

Vooruitblik

Experimenten met atomen in een optisch rooster hebben laten zien dat het
mogelijk is om een quantum fase overgang waar te nemen in een laborato-
rium. Het zou dus ook mogelijk kunnen zijn om ook andere quantum fase
overgangen waar te nemen door bijvoorbeeld atomen met verschillende spin
toestanden in het rooster te vangen. Ook zijn er voorstellen om in één-
dimensionale optische roosters de excitaties van de condensaten op ieder
roosterpunt te meten en hun gedrag te onderzoeken als de koppeling tussen
de condensaten sterker of zwakker wordt gemaakt. Het wordt bijvoorbeeld
verwacht dat het gedrag van vortices in zo’n verzameling gekoppelde con-
densaten interessante verschijnselen zal opleveren, doordat de vortices in de
verschillende condensaten een effectieve koppeling ondervinden door tun-
neling van atomen van een condensaat naar naburige condensaten. Hier-
door kunnen deze vortices zich afhankelijk van de diepte van de roosterpo-
tentiaal al dan niet als één lange vortex gedragen. Daarnaast bieden optis-
che roosters de mogelijkheid om de botsingseigenschappen van de atomen te
bestuderen onder unieke omstandigheden. Met behulp van foto-associatie
kunnen quasi-moleculen worden gemaakt met grote interatomaire afstanden
in vergelijking met echte moleculen. Deze quasi-moleculen worden gemaakt
uit paren van atomen die door het rooster zeer dicht op elkaar zijn opge-
sloten in vergelijking met atomen in een Bose-Einstein condensaat. Hier-
door vervaagt in het rooster de grens tussen vrije atomen en moleculen.
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