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Solid–liquid interfacial free energy of small colloidal hard-sphere crystals
A. Cacciuto,a) S. Auer,b) and D. Frenkel
FOM Institute for Atomic and Molecular Physics, Kruislaan 407, 1098 SJ Amsterdam, The Netherlands

~Received 27 May 2003; accepted 17 July 2003!

Using free-energy calculations on small crystalline clusters, we estimate the free-energy densitygSL

for the solid–liquid equimolar interface of a system of hard-sphere colloids. By studying the
behavior of a crystallite at coexistence, we determine the dependence ofgSL on the radius of
curvature of the interface. An extrapolation to infinite radius of curvature~flat interface!, yields
gSL(R→`)50.616(3), in good agreement with recent numerical estimates. Subsequently, we
consider the dependence of the interfacial free-energy density on the degree of supersaturation. Our
simulations suggest that thegSL associated with the equimolar surface is fairly insensitive to
changes in supersaturation. ©2003 American Institute of Physics.@DOI: 10.1063/1.1607307#
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Work is needed to create an interface between two
tinct phases. The interfacial free-energy density,g, measures
the required amount of reversible work per unit of interfac
area. In the literature, most discussions ofg ~for fluid–fluid
interfaces: the surface tension! focus on interfaces betwee
thermodynamically stable phases~see, e.g., Ref. 1!. Yet, in
many cases we need to estimate the free energy of an i
face that separates two phases that are not in thermodyn
equilibrium. For example, knowledge of the interfacial fr
energy is required in classical nucleation theory~CNT! to
predict the free energy barrier for the formation of nucleus
a new phase from a metastable parent phase. Here, a
what follows, we consider crystal nucleation, but the analy
for liquid–vapor nucleation, should be similar.

According to CNT, the Gibbs free energy of a nucleus
N solid particles in a homogeneous, supersaturated liqui

DG5gSLA2NuDmu, ~1!

where A is the area dividing solid from liquid andDm
5msol2m liq is the difference in chemical potential betwe
the two phases. If we assume that the crystal nucleu
sphericaland incompressible, we can write

N5 4
3pR3rs , ~2!

wherers is the number density of the bulk solid phase at
coexistence pressure, andR is the radius of the sphere. Th
CNT approximation for the free energy associated with
formation of a spherical crystal nucleus of radiusR then
becomes

DG~R!54pR2gSL2
4p

3
R3rsuDmu. ~3!

We stress that Eq.~3! is an approximation of the more gen
eral form for the Gibbs free energy of a spherical crystallit2

Apart from the fact that the crystal nucleus is assumed to
incompressible, the dependence ofgSL on the size of the
nucleus and on the degree of supersaturation is often
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nored. In fact, it is not easy to disentangle the dependenc
gSL on R andDm. The reason is that, in experiments, info
mation about the surface free energy of a small nucleu
obtained by fitting measured crystal nucleation rates to
corresponding CNT expression.3,4 However, such experi-
ments only yield information about the value ofgSL for one
particular crystallite size, namely the critical nucleus. As t
supersaturation is varied, the size of the critical nucle
changes. Hence, any variation in the measured value ofgSL

may be due either to an intrinsic variation of the surface f
energy with supersaturation, or to a variation ofgSL with R,
the radius of the nucleus, or both. To complicate things e
further, we have to define what we mean by the radius of
crystal nucleus. In what follows, we takeR to be equal to
Re , the radius associated with the equimolar dividing s
face, i.e., wedefine Rthrough Eq.~2!.1 Of course, the physi-
cal properties of the~crystal! nucleus do not depend on ou
choice of the dividing surface.1 In fact, it is often more con-
venient to choose the radius of the droplet to be equal toRs ,
the radius of the ‘‘surface of tension.’’ However, in th
present case, there is a good reason to preferRe over Rs .
The equimolar dividing surface is defined such that, by c
struction, the number of particles adsorbed in the surfac
zero ~for a one-component system!. Therefore,

]g

]m
50. ~4!

This suggests that, for an incompressible nucleus, the sur
free-energy density does not depend on the supersatura
If this is true, then it should be possible to superimpose
curves ofgSL versusN that are determined at different su
persaturations.

In the present paper, we analyze the shape of the f
energy barrier for crystal nucleation of a system of hard c
loids at various degrees of supersaturation. We compu
DG(N), the Gibbs free energy of a crystal nucleus conta
ing N particles, as a function ofN, using the techniques
described in Ref. 5. From Eq.~1! it follows that we can
define the surface free energyDG(N) of a cluster of sizeN
as

s-
7 © 2003 American Institute of Physics
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DG[DG2NDm. ~5!

Using Eq.~2!, we can then express the interfacial free-ene
densitygSL as6

gSL5
DG

~4p!1/3 S rs

3 D 2/3

N22/3. ~6!

Before computing the surface free energy of a crys
nucleus in a supersaturated solution, we studied the free
ergy of a crystallite in a liquid at coexistence. Under tho
conditions, the free energy is exclusively due to surfa
terms. We computedDG for clusters containing up toN
5220 solid particles.

Figures 1 and 2 illustrate the result of these calculatio
Specifically, Fig. 1 depicts the nucleation barrier itself, a
Fig. 2 shows howgSL depends on the nucleus size. Curv
ture corrections can be incorporated into the theory by
suming the functional form

gSL~R!5g`1
g1

R
1

g2

R2 ~7!

or equivalently

FIG. 1. Crystal nucleation barrier (DG) as a function of the number o
particles in the nucleus~N! for a hard-sphere colloids at coexistenceP
511.56@KBT/s3#.

FIG. 2. Interfacial free energy density (gSL) vs crystal nucleus size~N! as
obtained from Eq.~6!.
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gSL~N!5g`1
a

N1/31
b

N2/3. ~8!

We stress that small crystalline clusters fluctuate wild
~see, e.g., Fig. 3!. But this does not exclude the use of E
~8!, as long as the average shape of the particle does
depend on its size. In the present simulations, we find t
on average, the crystal nuclei are spherical~a similar struc-
ture has also been observed in a Lennard-Jones syste7!.
Yet, to give a simple, intuitive interpretation of Eq.~8!, it is
convenient to consider a faceted crystallite. In that case,
1/R term in the surface free-energy density is associated w
the presence of edges between different crystal faces.
1/R2 term is associated with the presence of the~fixed num-
ber of! vertices where three facets meet. Fluctuations in
cluster shape will lead to quantitative changes in the e
and vertex free energy, but qualitatively, the terms rem
similar.

Fitting the numerical data in Fig. 2 with Eq.~8! we ob-
tain g`50.616(3), a520.18(3) andb51.48(4). We note
that g` is in good agreement with recent numeric
estimates.8 It is interesting to notice that for clusters of a fe
hundred particles, the 1/R2 term is larger than the 1/R cor-
rection. This indicates that ‘‘vertex’’ effects dominate,
least for small clusters.

Next, we consider the dependence ofgSL(N) on super-
saturation. In Ref. 5, we reported nucleation barriers for d
ferent supersaturations:Dm520.34, Dm520.44, andDm
520.54.

In this case, we should use Eq.~5! to deduce the surface
free energy from the computed nucleation barrier. Howev
this procedure requires some care. The reason is that, in
simulations, we use a geometric criterion~see Refs. 5 and 9!
to identify the particles that belong to the crystal nucle
However, the number of crystalline particles thus determin
need not be equal to the number of particles that belong
the cluster in the thermodynamic sense. This is not impor

FIG. 3. Snapshot of a typical thermalized crystalline cluster made of;100
solid particles.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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FIG. 4. DG* and the relativegSL* as a function of nucleus size for two different values of the corrective parametera.
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for the calculation of nucleation rates, as these are indep
dent of the precise definition of crystallinity. It is also n
important for the computation ofgSL for the critical nucleus
as, in this case, we can expressgSL in terms of the barrier
height and the Laplace pressure.10 However, for arbitrary
cluster sizes, the computation ofgSL does depend on th
definition ofN. In principle, the definition of the ‘‘thermody
namic’’ N is straightforward: it is simply the coefficient o
Dm in Eq. ~1!. Once this term has been subtracted fro
DG(N), the remainder can no longer contain terms of or
N and the estimated value ofgSL(N) should be independen
of N for large clusters.11 However, if we assume that th
geometric and thermodynamic definitions ofN are equiva-
lent, then we find that, for largeN, the apparentgSL depends
noticeably onN. In what follows, we make the assumptio
that the thermodynamic cluster size (NT) is proportional to
the geometrical cluster size (Ng):12

NT'aNg , ~9!

where the constanta is to be adjusted to makegSL(NT)
independent ofNT , for large NT . Then our expression fo
the surface free energy becomes

DG* 5DG2NaDm. ~10!

The corresponding interfacial free-energy density is

gSL* 5
DG*

4pR2 . ~11!

Figure 4 showsDG* and gSL* as a function of the nucleu
size at different supersaturations for two different choic
of a.
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As can be seen from Fig. 4, small variations ina have a
pronounced effect on the effective surface free energy. Vis
inspection shows that a choice ofa near 0.87 effectively
eliminates any linear dependence of the surface free en
densitygSL* on N.

We note that the accuracy of our analysis is limited
the statistical errors in the computed free energy barr
(;1KBT). Moreover, our simulations were limited to rela
tively small clusters. Hence, we cannot probe the tr
asymptotic large-N behavior. Surprisingly, fora.0.87 all
the corrected surface free energiesDG* (N) seem to overlap
@Fig. 4~b!#. No such collapse is observed if we choose,
instance,a51.2 @see Fig. 4~a!#. This finding suggests that, a
least in the largeN limit, the surface free energy hardly de
pends on the degree of supersaturation. We stress that
result is nota priori obvious because we made no assum
tion about the surface free-energy densities. In fact, eve
slight inconsistency in the analysis of the data—for instan
by making the assumption that the solid is incompressible
Eq. ~1!, but not in Eq.~2!—results in a failure of thegSL* (N)
curves to collapse.

To extract some more information on the asymptotic
gime, we plottedgSL* (N) as a function ofN21/3 ~Fig. 5!. If
theN dependence of the surface free-energy density is of
form given by Eq.~8!, then all curves should be paraboli
Moreover, ifgSL is truly independent ofDm, then the curves
should collapse onto a single master curve. As can be s
from Fig. 5, the collapse of thegSL(N) curves is far from
perfect. To be more precise: the curves do converge in
largeN limit, but there the statistical inaccuracy in the barri
calculation makes it difficult to analyze the functional for
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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of gSL* (N). In contrast, for smallN, clear differences be
tween the different curves are observed. But this is in a
gime where the clusters are so small~less than 30 particles!
that any ‘‘thermodynamic’’ analysis is questionable.

Nevertheless, a general trend can be detected. Note
at fixedDm, gSL decreases withN. The dependence ofgSL on
supersaturation, at fixedN, is less clear. For small clusters
appears to decrease with increasing supersaturation. Ye
simulations of Ref. 5 showed that, for the critical nucleu
gSL increaseswith Dm. The present results therefore sugg
that this effect is, most likely, dominated by the increase
gSL with decreasing critical nucleus size, rather than by
intrinsic variation ofgSL with Dm.

To summarize, we have computed the interfacial~solid/
liquid! free energy of a system of hard sphere colloids us
nucleation barrier calculations and classical nucleat
theory. The curvature dependence and the flat interface l
of equilibrium and supersaturated solutions are extracted

FIG. 5. gSL* (N) as a function ofN21/3.
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compared. Our estimate of the equilibrium interfacial fr
energy density isgSL50.616(3), in good agreement with
previous numerical works. We discuss how the simulat
data can be used to estimate the ‘‘thermodynamic’’ num
of solid particles in the nucleus. Using this procedure,
find that the interfacial free energiesDG(N) of systems at
different supersaturations can be made collapse to a un
curve. Our findings suggest that, within the classical nuc
ation theory framework, for sufficiently large nuclei the in
terfacial free energy density is independent of supersat
tion; however, more accurate barrier calculations and lar
nuclei must be considered in order to have a more comp
understanding of this last point.
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