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Chapter 1

Introduction

What happens to a Bose gas when it is cooled down close to zero temperature
is an old question in physics. A first step towards the answer of this question
was made in 1920 by Satyendra Nath Bose [1]. By introducing a different
way of counting states than in classical statistical mechanics, he was able to
reproduce Planks law for the energy spectrum of black-body radiation. Albert
Einstein generalized this in 1924 to the case of indistinguishable noninteracting
bosons, by introducing what is now called the Bose-Einstein distribution [2].
The remarkable consequence of the Bose-Einstein distribution is that it predicts
that below a certain critical temperature a macroscopic fraction of the bosons
in the gas occupies the same one-particle quantum state. This gives rise to a
new state of matter with superfluid properties, which means that it can flow
without resistance. Superfluidity was observed in liquid 4He in 1938 by Pyotr
Kapitsa, John Allen and Don Misener. In liquid helium, the density is high
and the interaction between the helium atoms is strong. Therefore, Einstein’s
theory had to be strongly modified to describe the physics of liquid helium.
In particular, it is very hard to analytically calculate the properties of liquid
helium.

The breakthrough in the investigation of Bose-Einstein condensates came
with the creation of Bose-Einstein condensates in alkali gases in 1995 [3, 4, 5].
These alkali gases are very dilute and have only weak interactions. This makes
them a very good model system in which everything can be calculated from first
principles. Moreover, experimentally these systems can be controlled with a very
high accuracy. The temperature can be made as low as a few nano-Kelvins. The
applied trapping potential is adjustable and can also be dynamically changed.
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Chapter 1. Introduction

The Bose-Einstein condensates can be set into rotation, in which case quantized
vortices appear [6, 7, 8]. By using interfering laser beams, it is possible to make
a periodic potential for the Bose-Einstein condensate, of which the lattice period
and the intensity can be controlled. Finally, also the interaction between the
atoms in the gas can be tuned by making use of Feshbach resonances. These
possibilities enrich the phase diagram of ultracold bosons considerably. Apart
from the superfluid phase, it is also possible to realize a Mott-insulator state
by applying an optical lattice and localizing the particles on the lattice sites
[9, 10]. In the Mott-insulator state the Bose-Einstein condensate is therefore
completely depleted. Rotation as such does not break up the superfluid. The
fact that quantized vortices appear is a clear sign of superfluidity, and can
be used to define the concept of superfluidity. For faster rotation, more and
more vortices appear [11, 12, 13, 14, 15], which order themselves in hexagonal
lattices [16, 17, 18, 19, 20, 21, 22]. It is predicted that for ultrahigh rotation
these vortex lattices melt because of quantum fluctuations and new, highly
correlated quantum liquids appear [23, 24, 25, 26]. However, the size of the
quantum fluctuations is inversely proportional to the number of particles in
the Bose-Einstein condensate, which for normal Bose-Einstein condensates is
far too large to give any observable effect. One of the ways to overcome this
problem is to use a cigar-shaped Bose-Einstein condensate combined with a one-
dimensional optical lattice. The one-dimensional optical lattice splits the Bose-
Einstein condensate into an array of pancake Bose-Einstein condensates that are
weakly coupled by tunneling processes. The number of particles in each pancake
Bose-Einstein condensate is now much smaller and quantum fluctuations are
strongly enhanced. Moreover, this gives the tunneling strength as an extra
degree of freedom.

This thesis is devoted to the study of this setup in which a rotating Bose-
Einstein condensate is combined with a one-dimensional optical lattice to form
a stack of pancake Bose-Einstein condensates. Chapter 2 forms a review of
the main features associated with optical lattices that are important for our
analysis. In chapter 3 the same is achieved for rotation and vortices. In the
chapters 4 and 5 the physics of a single vortex line in a one-dimensional optical
lattice is investigated. In particular, the possibility of putting fermions in the
core of the vortices is studied. By tuning the parameters of the optical lattice
this system can be made supersymmetric. Moreover, there is a close analogy
with superstring theory in this case. Both the experimental implications of
supersymmetry and the connection with superstring theory are investigated.
Chapter 4 summarizes the main results, whereas chapter 5 gives a more detailed
analysis. In the chapters 6 and 7 the melting of a vortex lattice in a one-
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1. Introduction

Figure 1.1: Setup that is studied in this thesis. The combination of a rotating
cigar-shaped Bose-Einstein condensate and a one-dimensional optical lattice along the
rotation axis produces pancake condensates which are penetrated by one or more
vortex lines.

dimensional optical lattice is studied. The modes of the vortex lattice form
Bloch bands in this configuration and we pay in particular attention to the
so-called Tkachenko modes, which for an infinite system are the lowest-lying
transverse phonon modes of the vortex lattice. Because of the small number
of particles in each pancake Bose-Einstein condensate, finite-size effects become
important. The main effect is an inhomogeneous density profile. This causes
the melting of the vortex lattice to occur inhomogeneously as well, starting at
the outside, and moving inwards as the rotation frequency increases. Also the
effect of tunneling, which decreases the fluctuations, and of temperature, which
increases the fluctuations, is investigated. Again a summary of the main results
is given in chapter 6, after which the details are presented in chapter 7.
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Chapter 2

Optical lattices

Lasers are very accurate means to manipulate Bose-Einstein condensates. Both
the wavelength and the intensity of the laser beam can be controlled and ad-
justed with high precision. A laser with wavelength λ emits photons with energy
2π�c/λ. Although the photons are quantized entities, it is possible to treat the
laser beam and the corresponding electromagnetic field classically [27]. We,
however, will treat the photons fully quantum-mechanically here. We consider
a laser beam in the z direction, which we call the axial direction. The xy plane
perpendicular to it is called the radial direction. A single laser beam in the z
direction produces a running wave and the electric field is classically given by:

E(x, t) = ε̂E0 cos(kz − ωt)e−
x2+y2

2w(z)2 . (2.1)

The frequency is given by ω = 2πc/λ and the wave number by k = 2π/λ. The
polarization of the laser beam is ε̂, which is a unit vector in the xy plane. It can
be constant, in which case the light is linearly polarized, or rotating along the
z axis, which means that the light is circularly polarized. The quantity w(z)
is the waist of the laser beam and defines its extention in the radial direction.
In principle the waist can depend on the z coordinate and this is used experi-
mentally to create an optical trap for atoms. However, for our purpose we can
take it to be a constant. As we will see, a single laser beam then gives rise to
a potential which is constant in the axial direction and gaussian in the radial
direction. This potential can be both repulsive and attractive depending on the
frequency of the laser. In the latter case atoms can be trapped in the laser beam
and form a (quasi) one-dimensional gas. A single laser beam can also be used
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Chapter 2. Optical lattices

as a spoon to disturb and rotate the atoms.
We now superimpose two counterpropagating laser beams of the same laser,

such that the wavelength and frequency are the same. For our purpose it is
appropriate to consider laser beams with the same linear polarization. The
electric field is then given by

E(x, t) = 2ε̂E0 cos(ωt) cos(kz)e−
x2+y2

2w2 . (2.2)

Writing this as

E(x, t) = ε̂E(x)
(

eiωt + e−iωt

2

)
, (2.3)

we can easily quantize the laser field by replacing eiωt by the creation operator
of a photon a�. The electric field operator is then given by

E(x) = ε̂E(x)
(

a + a�

2
√

n̄

)
, (2.4)

where n̄ = 〈a�a〉 is the average number of photons present in the standing wave.
As appropriate for laser beams, this number is assumed to be much larger than
one in the following. In addition, the hamiltonian for the photons is

Hphotons = �ωa�a. (2.5)

Note that the polarization of the laser beam can also be different. This gives rise
to a position-dependent polarization. Because the different spin states of the
atoms couple differently to the gradient of the polarization, this can be used to
provide a spin-dependent potential. It is also easy to generalize this to an electric
field that is periodic in two or three directions. By having two counterpropa-
gating laser beams in the x direction and two in the y direction it is possible
to make a two-dimensional optical lattice, where Bose-Einstein condensates are
confined in one-dimensional tubes. If in addition two counterpropagating laser
beams are placed along the z axis, this forms a three-dimensional optical lattice.

2.1 Coupling atoms and light

Alkali atoms couple to the electromagnetic field through the quadratic Stark
effect, which means via an induced electric dipole moment. Because the atoms
do not carry an electric dipole moment in the groundstate, in which case the
interaction would be linear in the electric field, the interaction is quadratic in
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2.1 Coupling atoms and light

the electromagnetic field. Classically this can be understood by using that the
induced dipole moment d is equal to d(x) = α(ω)E(x), where α(ω) is the
polarizability, which in principle depends also on the frequency of the electric
field. It is then easy to calculate the resulting potential:

VOL(x) = −d · E(x) = −α(ω)E2(x). (2.6)

This results in a space-dependent potential, which can be attractive or repulsive,
depending on the sign of the polarizability.

Quantum-mechanically the same expression is obtained through laser-indu-
ced virtual excitations to an excited state. We first give the detailed derivation
of this effect in the case of a single excited state. After that we take correctly
into account the fine structure of the atom, for which we have to consider two
excited states with a different electronic orbital angular momentum.

2.1.1 Two-level approximation

We consider the groundstate of the atom |g〉 with energy Eg, and only one
excited state |e〉 with energy Ee. The interaction between the atoms and the
electric field is described by the hamiltonian

HOL = −d · E(x). (2.7)

Here d is the quantum-mechanical dipole operator, which is given by

d = −e
∑

i

ri, (2.8)

where e is the electron charge and ri are the positions of the electrons relative
to the nucleus. Usually, only the electrons in the outer shell are important. For
the alkali gases there is only one electron in the outer shell, such that we can
neglect the sum over the index i.

We treat this interaction hamiltonian in perturbation theory. Since for the
groundstate the electronic orbital angular momentum is zero, the first-order
correction is zero, i.e.,

〈g, n̄|HOL|g, n̄〉 = 0. (2.9)

The orbital angular momentum of the excited state is one, such that the second
order correction gives a nonzero contribution. This results in a potential for the
atoms, given by

VOL(x) =
|〈g|d · ε̂|e〉|2

4

(
1

Eg − Ee + �ω
+

1
Eg − Ee − �ω

)
E2(x). (2.10)
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Chapter 2. Optical lattices

The first term has the physical interpretation of the stimulated absorption of a
photon in the groundstate of the atom, whereas the second term corresponds
to the stimulated emission of a photon in the excited state of the atom. The
expectation value 〈g|d · ε̂|e〉 depends on the details of the atom and the pola-
rization of the light. This is put into the so-called Rabi frequency. The Rabi
frequency for a single laser is defined as

�Ω = 〈g|d · ε̂|e〉E0, (2.11)

where E0 is the amplitude of the electric field. Moreover, we can define the
so-called detuning δ, which is given by

δ = ω − (Ee − Eg)/�. (2.12)

When the detuning is small the first term in Eq. (2.10) is much larger than the
second and the latter can thus be neglected. The potential is then given by

VOL(x) =
�Ω2

δ
cos2(2πz/λ)e−(x2+y2)/w2

. (2.13)

This is called the rotating-wave approximation. Depending on the sign of the
detuning the potential can be either positive or negative. When the detuning is
negative, the laser light attracts the atoms. The light is then red-detuned with
respect to the atomic transition. Since the atoms are attracted to the maxima of
the optical lattice, the gaussian profile of the laser beam can in this case be used
to trap the atoms in the radial direction. In the opposite case the potential is
repulsive and the atoms are attracted towards the minima of the optical lattice.
The laser light is then blue-detuned with respect to the atomic transition. In
this case the atoms are untrapped in the radial and additional trapping should
be provided. This can be achieved either by a magnetic potential or by adding
a second red-detuned running laser beam.

To also take into account the finite life-time of the excited state due to
spontaneous absorption of photons, we should add an imaginary part i�Γe/2 to
the energy of the excited state in Eq. (2.10). Experimentally Γe corresponds to
the line width of the excited state. The real part of the expression in Eq. (2.10)
corresponds then to the potential, which is only slightly modified, because the
line width is generally very small. The imaginary part can be written as

�Γeff =
|�Ω|2�Γe

2

(
1

(�δ)2 + �2Γ2
e/4

+
1

(Eg − Ee − �ω)2 + �2Γ2
e/4

)
, (2.14)
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2.1 Coupling atoms and light

where Γeff is the effective rate of photon emission. The inverse 1/Γeff is the
average time it takes to absorb one photon. This results in heating of the
gas and eventually losing the atom. The life-time of the gas can therefore be
estimated to be in the order of 1/Γeff .

2.1.2 Fine structure

The laser light couples to the orbital angular momentum L of the atoms. How-
ever, the atoms are not in an eigenstate of the orbital angular momentum.
This is because the electronic orbital angular momentum L and the electronic
spin angular momentum S are coupled by the spin-orbit coupling hamiltonian
proportional to L · S. As a result the two couple to form the total electronic
angular momentum J = S + L. The spectrum associated with this is called the
fine structure of the atom. In addition, this total electronic angular momentum
is coupled to the nuclear spin I via a term proportional I · J and the total an-
gular momentum F = I+J has to be considered. This means that we take also
into account the hyperfine structure of the atoms. The coupling to the nuclear
spin is much smaller than the spin-orbit coupling. It depends on the size of the
detuning whether or not the hyperfine and fine structure should be taken into
account. We assume that the laser is always far enough detuned such that the
hyperfine structure is not resolved, but we do take into account the fine struc-
ture. The groundstate of the alkali atoms has a total angular momentum equal
to J = 1/2, and there is an excited state with J = 1/2, associated with the
so-called D1 line, and an excited state with J = 3/2, which is associated with
the D2 line. In order to calculate the coupling with the light, we have to rewrite
the total electronic angular momentum in terms of the electronic orbital angular
momentum and the electron spin angular momentum using the Clebsch-Gordan
coefficients. This means that we write

|JMJ〉 =
∑

L,ML

∑
S,MS

〈LML;SMS |JMJ 〉|LML〉 ⊗ |SMS〉. (2.15)

The Clebsch-Gordan coefficients relevant for us are given by

〈0, 0; 1/2, 1/2|1/2, 1/2〉 = 1, (2.16)

〈1, 0; 1/2, 1/2|1/2, 1/2〉 = 1/
√

3, (2.17)

〈1, 0; 1/2, 1/2|3/2, 1/2〉 =
√

2/3, (2.18)

〈1, 1; 1/2,−1/2|1/2, 1/2〉 = −
√

2/3, (2.19)

〈1, 1; 1/2,−1/2|3/2, 1/2〉 = 1/
√

3. (2.20)
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Chapter 2. Optical lattices

Neglecting life-time effects we then find for the situation of two laser beams with
linearly polarized light of the same polarization

VOL(x) =
|�Ω|2

3
cos2(2πz/λ)e−(x2+y2)/W 2

(
1

Eg − ED1 + �ω
(2.21)

+
1

Eg − ED1 − �ω
+

2
Eg − ED2 + �ω

+
2

Eg − ED2 − �ω

)
.

The D2 line contributes twice as much as the D1 line. When �ω � |ED1 −ED2 |
the two contributions add up to the old situation of Eq. (2.10). This means
that then also the fine structure is not resolved and can be neglected. In the
same manner the neglect of the hyperfine structure can be understood.

2.2 Hubbard model

As a result of a one-dimensional optical lattice in the z direction the atoms
experience the potential

VOL(x) = Vz cos2(2πz/λ) +
1
2
mω2

⊥(x2 + y2) +
1
2
mω2

zz2. (2.22)

The amplitude Vz can be expressed in terms of the intensity and the wavelength
of the laser as shown in the previous section. The trapping potential in the radial
direction can in the case of red-detuned laser light be provided by the gaussian
fall-off of the laser. Alternatively, it can also be a result of magnetic trapping.
This is also true for the trapping in the axial direction. Using end-cap lasers
the harmonic trapping in the axial direction can also be replaced by a box-like
potential, such that the inhomogeneity in this direction is diminished [28].

The hamiltonian that describes the atoms in this potential is in second quan-
tized form given by

H =
∫

d3xψ�(x)
(
−�

2∇2

2m
− µ + VOL(x)

)
ψ(x) (2.23)

+
1
2

∫
d3x

∫
d3x′ψ�(x)ψ�(x′)V (x − x′)ψ(x′)ψ(x), (2.24)

where ψ(�)(x) is the annihilation (creation) operator of a particle at the position
x, µ is the chemical potential and m is the atomic mass. The potential V (x−x′)
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2.2 Hubbard model

describes the interaction between the atoms, which is very short-ranged and is
in T-matrix approximation given by

V (x − x′) = gδ(x − x′) =
4π�

2a

m
δ(x − x′), (2.25)

where a is the scattering length. Neglecting the weak harmonic potential in the
axial direction, this direction becomes periodic and we can use Bloch’s theorem.
This implies that we use the Wannier states wn(z) to rewrite

ψ(x) =
∑
n,i

wn(z − zi)ψi,n(x, y), (2.26)

where zi is the coordinate of the ith lattice site. For low temperatures and small
interaction only the lowest band will be occupied. That means that the sum
over the band indices n is reduced to n = 0 and we can drop the band index.
The hamiltonian becomes then

H =
∑

i

∫
d2xψ�(x, y)

(
−�

2∇2

2m
− µ +

mω2
⊥

2
(x2 + y2)

)
ψ(x, y) (2.27)

+
∑

i

U2D

2

∫
d2x

∫
d2x′ψ�

i (x, y)ψ�
i (x

′, y′)ψi(x′, y′)ψi(x, y)

−t
∑
〈ij〉

∫
d2xψ�

i (x, y)ψj(x, y).

The coefficients are given by

t = −
∫

dzw(z − zi)
{
− �

2

2m
+ Vz cos2(2πz/λ)

}
(z − zi+1), (2.28)

U =
4π�

2a

m

∫
dz|w(z − zi)|4. (2.29)

When the lattice is very deep, the Wannier function can be approximated by a
gaussian that is the groundstate of the harmonic potential that approximates
the optical lattice close to its minimum. This gives a very accurate result for
the interaction coefficient U , namely,

U =
8
√

π�
2

m

a

�z
, (2.30)
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Chapter 2. Optical lattices

where �z is the harmonic length associated with the optical lattice. However,
it underestimates the tunneling strength t. Throughout this thesis we therefore
use the result

t =
4V

3/4
z E

1/4
z√

π
exp[−2

√
Vz/Ez], (2.31)

which is exact in the limit of a deep optical lattice [29]. Here we introduced
the recoil energy Ez of an atom after absorbing a photon from the laser beam,
which is given by

Ez =
(2π�/λ)2

2m
. (2.32)
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Chapter 3

Rotation and vortices

One of the most striking properties of a superfluid is the appearance of quantized
vortices when it is rotated. Vortices were already observed in rotating liquid
4He [30]. In this case the condensate can be set into rotation by rotating the
bucket in which the liquid helium is contained. Because of this setup, the
density profile is rather homogeneous and because of the strong interactions
the healing length is always very small. This is all different for the case of
a Bose-Einstein condensate of one of the alkali gases. In this case the Bose-
Einstein condensates only form at very low temperatures. Therefore they cannot
be contained in a bucket, because the bucket itself cannot be cooled down to
such low temperatures. Instead, magnetic and optical trapping is used and
the gas is usually in a good approximation harmonically confined. The density
profile is therefore inhomogeneous. Interactions can be weak, such that for
low densities the healing length becomes comparable to, or even larger than
the harmonic length resulting from the trapping potential. Also the way the
condensate is set into rotation is different. Since there is no friction, rotating a
perfect rotationally symmetric trap does not set the Bose-Einstein condensate
into rotation. Therefore, two techniques have been developed to rotate the
gas. Either the trap is made slightly elliptic, or one or more laser beams is
used as a spoon. The rotation frequency Ω should always be smaller than the
radial trapping frequency ω⊥, to provide a radial potential that prohibits the
Bose-Einstein condensate to fly off the trap. The interesting limit is to let Ω
be very close to ω⊥. In that case the effective radial trapping is very small,
and very large Bose-Einstein condensates appear that are almost homogeneous
and contain many vortices. The maximum rotation frequency achieved in this
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Chapter 3. Rotation and vortices

setup is higher than Ω = .99ω⊥ [21]. A further increase of the rotation frequency,
however, is limited by the inhomogeneity due to the presence of the stirring lasers
or the ellipticity of the trap. To improve on this, a quartic potential has been
added to make it possible to rotate faster than the radial trapping frequency
[22]. If the rotation frequency is very high, the effective trapping potential
acquires a maximum in the center. This results in giant vortex formation, i.e.,
a region of zero density appears in the center, and all the vortices are in this
region, either forming a small lattice or higher quantized vortices [31, 32].

3.1 Appearance of vortices

The reason that a superfluid responds to rotation by forming vortices, can be
understood from the following argument. The Bose-Einstein condensate wave
function can be written as

Ψ(x) =
√

ρ(x)eiS(x), (3.1)

where ρ(x) is the density and S(x) is the phase. The superfluid velocity is then
given by

vs(x) =
�

m
∇S(x). (3.2)

Since

∇× vs(x) =
�

m
∇×∇S(x) = 0, (3.3)

the superfluid velocity cannot support rigid body rotation. So the only way
the Bose-Einstein condensate can rotate is by forming singular points, around
which the phase winds by a multiple of 2π to make the wavefunction single-
valued. These points correspond to the location of the vortices. Due to the
singularity in the phase, the density of the Bose-Einstein condensate always
drops to zero at the position of a vortex, since otherwise the kinetic energy
diverges. Experimentally this provides an easy way of detecting vortices in
the system: by looking for holes in the observed density profile vortices can
be identified. The core size of the vortices depends on the strength of the
interaction. If the interaction is strong and the system is in the Thomas-Fermi
limit, the core size is given by the healing length ξ. If the system is weakly
interacting, however, the core size becomes of the order of the radial harmonic
length �⊥. When there is a vortex lattice, the distance between the vortices is
in this case also determined by �⊥.
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3.2 Rotating frame

3.2 Rotating frame

For temperatures much smaller than the critical temperature Tc for Bose-Einstein
condensation, the Bose-Einstein condensate is well-described by the Gross-
Pitaevskii equation

i�
d

dt
Ψ(x, t) =

(
−�

2∇2

2m
− µ + V (x) +

g

2
|Ψ(x, t)|2

)
Ψ(x, t). (3.4)

When the system is rotated, it is very convenient to go to the rotating frame.
If the system is rotated along the z axis with frequency Ω, this means that we
write x(t) = cos(Ωt)x − sin(Ωt)y and y(t) = cos(Ωt)y + sin(Ωt)x. Writing now
Ψ = Ψ(x(t), y(t), z, t), we obtain

i�
d

dt
Ψ = i�Ω

(
x(t)

∂

∂y(t)
− y(t)

∂

∂x(t)

)
Ψ + i�

∂

∂t
Ψ (3.5)

∇2Ψ =
(

∂2

∂x(t)2
+

∂2

∂y(t)2
+

∂2

∂z2

)
Ψ. (3.6)

To go to the rotating frame we replace x(t) by x and y(t) by y. We recognize
the angular momentum operator Lz = i�(x∂y − y∂x). The Gross-Pitaevskii
equation in the rotating frame is thus given by

i�
d

dt
Ψ(x, t) =

(
−�

2∇2

2m
− ΩLz − µ + V (x) +

g

2
|Ψ(x, t)|2

)
Ψ(x, t). (3.7)

3.3 Vortex lattices

The number of vortices in the Bose-Einstein condensate depends on the rota-
tion frequency. For small rotation frequencies the condensate remains invariant.
When rotating faster than a critical rotation frequency Ωc it is energetically
favorable to have a vortex in the center of the trap. Since there is a poten-
tial barrier, however, the experimentally observed critical rotation frequency is
somewhat higher than the one that is theoretically predicted. The appearance
of the vortex in the Bose-Einstein condensate is mediated by quadrupole modes
of the condensate, which result in elliptic shape deformations [33, 34, 35, 36, 37].

By further increasing the rotation, it is possible to initiate more and more
vortices. When the number of vortices is higher than six, a distorted hexagonal
lattice forms. Experimentally it has been possible to form vortex lattices of
more than 100 vortices [16, 21]. In the center these vortices form a very regular
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Chapter 3. Rotation and vortices

hexagonal lattice. Only very close to the edge of the Bose-Einstein condensate
distortions could be observed. Until now, the interaction is still rather strong in
the experiments. Although it was claimed that the region of weak interactions
was already reached [21], this claim turned out to be preliminary. This regime
of small interactions is interesting, because this is a necessary condition for the
melting of the vortex lattice.

3.4 Kelvin waves

The Gross-Pitaevskii equation gives a purely classical description of the Bose-
Einstein condensate and the vortex lattice. However, the vortices are quantum-
mechanical objects and their fluctuations form the lowest excitations of a ro-
tating Bose-Einstein condensate. The fluctuations of a single vortex line in an
elongated condensate are called Kelvin waves. Already in 1880 William Thom-
son found that for long wavelengths the angular precession frequency of the
circularly polarized normal modes of a classical vortex for long wavelengths is
given by ω(k) = (κk2/4π) log(1/|kξ|), where κ is the circulation and ξ is the
core size of the vortex [38]. In the quantum-mechanical version, the Kelvin
modes are known as kelvons and are characterized by an angular momentum
m = −1 relative to the angular momentum of the vortex. For a superfluid that
is homogenous along the vortex axis, the kelvon dispersion has a very similar
form as the classical counterpart and is for long wavelengths given by

�ω(k) =
�

2k2

2m
log

1
|kξ| , (3.8)

where ξ is now the healing length and m is the atomic mass [39, 40, 41, 42,
43]. The appearance of the logarithm can physically be understood from the
argument that the effect of the vortex fluctuations is only visibele within a
distance 1/k form the vortex. Thus 1/k serves as the long-distance cut-off to
the integral over 1/r that comes from the kinetic enery associated with the
phase-winding of the vortex, which ends up in the logarithm. More precisely
it is possible to reproduce the dispersion by in the following manner. We start
from the action for the condensate wavefunction Ψ(x)

S =
∫

dt

∫
d3xΨ∗(x)

(
i�∂t +

�
2∇2

2m
− V (x) + µ − g|Ψ(x)|2

)
Ψ(x),

where we have taken the rotation frequency Ω to be zero. We write the conden-
sate wavefunction again as Ψ(x) =

√
ρ(x)eiS(x) and introduce the superfluid
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3.4 Kelvin waves

velocity vs(x) = (�/m)∇S(x). When the vortex core size ξ is assumed to be
small compared to the radial size of the Bose-Einstein condensate, the contri-
bution from the vortex to the action mainly comes from the gradient terms in
the action. The energy of a vortex can therefore be written as

E =
∫

d3x ρ(x)
mv2

s

2
. (3.9)

The local superfluid velocity can be obtained from the analog of the Biot-Savart
law

vs(x) =
�

2m

∫
dζ

xk(ζ)
∂ζ × (x − xk(ζ))

|x − xk(ζ)|3 , (3.10)

where xk(ζ) is the parametrization of the vortex line that oscillates with wavenum-
ber k, which we choose as

xk(ζ, t) =

⎛
⎝ xk cos(ωt − kζ)

yk sin(ωt − kζ)
ζ

⎞
⎠ . (3.11)

We expand the energy up to second order in xk and yk and in order to evaluate
the integrals, we use the following results for odd integers n:

∫ ∞

−∞
dζ

cos(kζ)
(ζ2 + r2)n/2

=
2

(n − 2)!!

(
k

r

)n−1
2

Kn−1
2

(kr),

∫ ∞

−∞
dζ

ζ sin(kζ)
(ζ2 + r2)n/2

= k
2

(n − 2)!!

(
k

r

)n−3
2

Kn−3
2

(kr),

where Kn(z) is the modified Bessel function of the second kind. Since these are
all rapidly decaying functions for large z, the details of the density profile at
large distances do not matter. Therefore, we use a constant density ρ0 outside
the region that is within a distance ξ around the vortex core, where the density
is taken to be zero, and extend the radial integral to infinity. The integral over
a product of Bessel functions yields an analytical expression in terms of the
Meijer G function. In this way we find that the energy of the Kelvin wave for
long wavelengths is given by ρ0(�2k2/2m) log(1/|kξ|)(x2

k + y2
k). The easiest way

to derive the time-dependent part is to use an explicit form of the density profile.
Choosing the Thomas-Fermi profile ρ(x) = ρ0(1−r2/R2

TF), it is straightforward
to derive that we obtain the usual term 2ωρ0xkyk, such that the dispersion
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Chapter 3. Rotation and vortices

is indeed given by �ω(k) = (�2k2/2m) log(1/|kξ|). When a one-dimensional
optical lattice is applied along the axis of rotation, the dispersion becomes tight-
binding like [44, 45]. This happens because the superfluid flow is now purely in
the xy plane, so that only the Josephson effect determines the kelvon dispersion.

3.5 Vortex-lattice melting

In the case of a vortex lattice the lowest branch of vortex excitations is called
the Tkachenko mode [46], which is an almost transversal mode of the vortex
lattice. The Tkachenko mode has a gapless dispersion, which is linear for the
incompressible regime, but changes to quadratic for a compressible fluid [47, 48].
In the cylindrically symmetric configuration of a Bose-Einstein condensate in a
harmonic trap, these modes become almost angular. These modes have been
observed experimentally [20].

Ultimately, quantum fluctuations melt the vortex lattice. For an infinite,
homogeneous vortex lattice, the point where this happens has been identified
theoretically in two ways. In both cases it was shown to depend on the filling
factor ν = N/Nv, which is the ratio between the number of atoms and the
number of vortices in the system. The first way was to use the Lindemann
criterion that the lattice melts if the magnitude of the fluctuations in the vortex
displacement divided by the intervortex spacing is larger than a critical value.
The critical filling factor was found to be νc = 8 [49]. The second method
was to perform exact diagonalization studies for small numbers of particles and
vortices. By looking at the energy gap as a function of the filling factor, it was
possible to distinguish incompressible quantum liquid states from compressible
vortex lattice states. The critical filling factor was in this case found to be equal
to νc = 6 [26].

The states that appear after the vortex lattice has been melted, bear some
analogy with fractional quantum Hall states. Several of these have been identi-
fied. At ν = 1/2 it can be shown that the Laughlin state is the exact groundstate
of the system in the limit that Ω approaches ω⊥. To describe these states we
use the complex notation wn = xn + iyn for the position of the nth atom. Using
this, the Laughlin state is given by [50]

ΨLaughlin =
∏
i<j

(wi − wj)2 exp

(∑
i

|wi|2
2�2

)
. (3.12)

It is possible to generalize these states to form the Read-Rezayi states, which
describe incompressible states at ν = k/2, where k is an integer [51]. These
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3.5 Vortex-lattice melting

states can be shown to be the groundstates in the case of a (k+1)-body contact
interaction. Nevertheless it is numerically shown, that also for the case of a
two-body contact interaction, these states have large overlap with the exact
groundstate. The state for k = 2 and ν = 1 is called the Moore-Read state [52].
This state is given by

ΨMR = S[
∏

i<j∈A

(wi − wj)2
∏

k<l∈B

(wi − wj)2] exp

(∑
i

|wi|2
2�2

)
, (3.13)

where A end B are collections that each contain half of the atom positions and
S is the symmetry operator that indicates that we have to symmetrize over the
ways the atoms are distributed over the collections A and B. Also for filling
factors p/(p + 1) with p integer, incompressible states are proposed [25, 53].
For p = 2, 3, 4 this is numerically confirmed. These states are found from a
composite fermion analysis, where a flux quantum and a boson form a bound
state with fermionic statistics. When these composite fermions fill p Landau
levels, incompressible states appear, which correspond to the incompressible
state at ν = p/(p + 1) for the bosonic atoms. What makes all these states
especially interesting, is that their excitations carry non-Abelian statistics.

Experimentally, the formed vortex lattices are at present still far from the
quantum Hall regime. Filling factors reached are at best still much beyond
one hundred. The limiting factors are both the rotation frequencies, which
cannot be further increased without causing the atoms to fly out of the trap,
and the number of particles, which has to stay rather high in order not to lose
experimental signal. Because rotation causes the Bose-Einstein condensate to
expand radially, the density becomes very small for rotation rates close to the
frequency of the radial harmonic confinement.

Several proposals have been made to overcome this problem. Among these
is the possibility of adiabatically bringing the system in the desired state by ma-
king careful use of optical lattices and rotation [54]. Another proposal is to use
either a very complicated laser configuration [55] or a two-dimensional optical
lattice with time-dependent hopping parameters combined with a quadrupole
oscillation of the potential [56], to mimic the effect of a magnetic field on the
atoms. The route towards vortex-lattice melting we pursue in the chapters 6 and
7 of this thesis is to use a one-dimensional optical lattice in the same direction as
the axis of rotation. When a cigar-shaped Bose-Einstein condensate is loaded
in such a lattice, it will be divided into small pancake condensates, in which
the condition of small filling factors is realized. The advantage of this proposal
is that it preserves the experimental signal, because the signal from all the
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Chapter 3. Rotation and vortices

pancake condensates can be added. Because these pancake condensates are
small, the inhomogeneity has to be taken into account and finite-size effects
play an important role, which enhances the interest of this system even further.
In particular, also the melting of the vortex lattice will occur inhomogeneously
and a vortex liquid and vortex crystal can be in coexistence. This brings up
questions about pinning of the liquid by the crystal. It is also not clear that the
quantum liquids formed belong to the incompressible states discussed in this
chapter. However, these questions are beyond the scope of this thesis.
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Chapter 4

Ultracold superstrings

Abstract

We propose a setup with ultracold atomic gases that can be used to make
a nonrelativistic superstring in four spacetime dimensions. In particular, we
consider for the creation of the superstring a fermionic atomic gas that is
trapped in the core of a vortex in a Bose-Einstein condensate. We explain the
required tuning of experimental parameters to achieve supersymmetry between
the fermionic atoms and the bosonic modes describing the oscillations in the
vortex position. Furthermore, we discuss the experimental consequences of
supersymmetry.

This chapter has been published as “Ultracold superstrings in atomic boson-fermion

mixtures”, M. Snoek, M. Haque, S. Vandoren, and H. T. C. Stoof, Phys. Rev. Lett.

95, 250401 (2005).

In recent years, three topics have in particular attracted a lot of attention in
the area of ultracold atomic gases. These topics are vortices [6, 7, 57, 12, 8],
boson-fermion mixtures [58, 59, 60, 61, 62], and optical lattices [10, 63]. In this
chapter we propose to combine these three topics to engineer a superstring in the
laboratory, i.e., a line-like quantum object with both bosonic and fermionic exci-
tations and a supersymmetric hamiltonian that is invariant under interchanges
of these excitations. The physics of a vortex line in a one-dimensional optical
lattice has been studied recently [64, 45, 65]. Because of the optical lattice, the
transverse quantum fluctuations of the vortex line are greatly enhanced in this
configuration. The vortex can therefore be viewed as a quantum mechanical
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Chapter 4. Ultracold superstrings

string and it forms the bosonic part of our superstring. In addition, we propose
to trap fermionic atoms in the vortex core, to make a nonrelativistic version of
a so-called Green-Schwarz superstring in four spacetime dimensions. Because
our ultracold superstring is nonrelativistic, it is not constrained to the ten-
dimensional spacetimes in which superstrings are usually studied in high-energy
physics. The precise mathematical connection with string theory is currently
under investigation.

Apart from the connection to string theory, our ultracold superstring is
also of interest in its own right. To the best of our knowledge, it is the first
condensed-matter system proposed, where supersymmetry can be studied ex-
perimentally. The intruiging possibility of observing effects of supersymmetry
is common in high-energy physics, but novel in a condensed-matter setting. In
this particular case, the supersymmetry protects the superstring from spiraling
out of the gas. This can be understood from the fact that the dissipation re-
sulting in this motion has two sources, namely the creation of two additional
bosons in the transverse oscillations of the vortex, and the production of an
additional particle-hole pair of fermions. At the supersymmetric point these
two contributions interfere destructively and the stability of the superstring is
greatly enhanced. Moreover, the ultracold superstring allows for the study of a
quantum phase transition that spontaneously breaks supersymmetry. Experi-
mentally this will be directly visible by observing the superstring spiraling out
of the center of the gas. Note that supersymmetry can only be realized at zero
temperature and we consider only this case from now on.

To form the superstring we start with a cigar-shaped Bose-Einstein conden-
sate. The symmetry axis will be called the z axis from now on. Rotation of the
condensate along the z axis creates a vortex. Above a critical external rotation
frequency Ωc a vortex in the center of the condensate is stable. For Ω < Ωc the
vortex is unstable, but because of its Euler dynamics, it takes a relatively long
time before it spirals out of the gas [57, 66, 67]. We analyze in detail the case of
Ω = 0, i.e., the situation in which the condensate is no longer rotated externally
after a vortex is created. However, the physics is very similar for all Ω < Ωc,
where supersymmetry is possible.

Next a one-dimensional optical lattice is imposed. Such an optical lattice
consists of two identical counter-propagating laser beams and provides a pe-
riodic potential for atoms. When applied along the z axis of the condensate,
the optical lattice divides the condensate into weakly-coupled pancake-shaped
condensates, each containing typically of the order of NB � 103 bosonic atoms.
Moreover, in the case of a red-detuned lattice, the gaussian profile of the laser
beam provides also the desired trapping in the radial direction. In the one-
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4. Ultracold superstrings

dimensional optical lattice the vortex line becomes a chain of so-called pancake
vortices. Since the quantum fluctuations of the vortex position are proportional
to 1/NB [45], they are greatly enhanced in this configuration as compared to
the bulk situation. An added advantage of the stacked-pancake configuration
is the particle-like dispersion of the vortex oscillations, which ultimately allows
for supersymmetry with the fermionic atoms in the mixture. Nearest-neighbor
pancake vortices attract each other due to the Josephson effect that is a result
of the hopping of atoms between neighboring wells of the optical lattice. The
stiffness of the vortex line is therefore determined by the hopping amplitude.
The vortex oscillations are bosonic excitations with a tight-binding dispersion
[45]. These excitations are known as Kelvin modes and provide the bosonic part
of the superstring. Without the optical lattice Kelvin modes have already been
observed experimentally [68, 69].

For the fermionic degrees of freedom of the superstring, we need to place
a fermionic atomic species in the vortex core. If the interspecies interaction
between fermionic and bosonic atoms is repulsive, the fermions can be made
to populate bound states in the vortex core where the boson density is lowest.
More precisely, the ratio aBF /aBB of the boson-fermion scattering length and
the boson-boson scattering length needs to be sufficiently large. The trapping
of atoms in bound states within a vortex core has already been achieved for
atoms in a different hyperfine state [6, 57]. The presence of fermions within the
vortex core in principle provides a mass to the vortex. This modifies the Euler
dynamics, but this effect can safely be ignored under all conditions of interest to
us, because the ratio NF /NB of the number of fermionic atoms and the number
of bosonic atoms per site turns out to be very small. The general properties of
our proposed system are summarized in Fig. 4.1.

A convenient choice for the boson-fermion pair is 87Rb and 40K, since such
boson-fermion mixtures have recently been realized in the laboratory [58, 59, 60,
61] and because the resonance lines in these two atomic species lie very nearby.
In this case, for typical bosonic densities, the ratio aBF /aBB needs to be larger
than 2 to have a bound state in the vortex core. This is calculated by using
the condensate density profile as an effective potential for the fermions. The
interspecies scattering length can be made positive and large either by choosing
the appropriate spin states or by means of various broad Feshbach resonances
that can make the interaction repulsive while keeping the probability to create
molecules negligible [70]. The calculations presented in this chapter are for the
87Rb - 40K mixture, but in principle it is also possible to use other mixtures.
Another boson-fermion mixture that has been realized in the laboratory con-
sists of 23Na and 6Li atoms [62]. This mixture is less convenient because the
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Figure 4.1: (a) Artist’s impression of the setup. The disks represent the bosonic
condensate density and the balls in the vortex core represent the fermionic density. The
black line is a guide to the eye to see the wiggling of the vortex line that corresponds
to a Kelvin mode. (b) Schematic of the setup. Here r is the radial distance in the
xy plane. The light and dark blobs represent the bosonic and fermionic densities,
respectively. Moreover, λ is the wavelength of the laser. The dark and light solid
lines indicate the strength of the optical potential for the bosons and fermions as a
function of the z coordinate. (c) Schematic fine structure level scheme of the bosonic
and fermionic atomic species. Because we consider only sufficiently large detunings
the hyperfine level structure is not resolved.
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resonance lines are widely separated, so that the two species feel very different
optical potentials and it is hard to trap both with a single laser. In addition,
6Li is relatively hard to trap in an optical lattice because of its small mass.
For these reasons, the 23Na-6Li mixture can only be used in a very restricted
parameter regime, as shown later on in Fig. 4.2.

The laser intensity needs to be strong enough that there is a bound state
for the atoms at each site, but not strong enough to drive the system into a
Mott insulator state [10, 63, 71], in which case the pancake vortices no longer
bind together. Given the frequencies of the D1 and D2 resonance lines ωD1

and ωD2 , respectively, the optical potential for the atoms is given by VB,F (z) =
VB,F cos2[2πz/λ], where the well depths obey

VB,F = −
�Ω2

B,F

3

[(
1

ωB,F
D1

− ω
+

1

ωB,F
D1

+ ω

)
+ 2

(
1

ωB,F
D2

− ω
+

1

ωB,F
D2

+ ω

)]
,

ω = 2πc/λ is the laser frequency, and ΩB,F are the Rabi frequencies for the
bosonic and fermionic atoms in the mixture, respectively.

Because of the use of a single laser the fermionic and bosonic atoms experi-
ence lattice potentials with the same periodicity, but with different well depths
(cf. Fig. 4.1(b)). Ignoring their interactions, the fermionic atoms and the
kelvon excitations now both have a tight-binding dispersion 2J [1 − cos(kλ/2)],
with hopping amplitudes JF and JK , respectively. Therefore, by making the
hopping amplitudes of the kelvons and the fermionic atoms equal, the lattice
laser can be tuned in such a way that the kelvon and fermion dispersions co-
incide, which is a first requirement for supersymmetry. For a sufficiently deep
potential the atomic hopping amplitudes are given by the exact result JB,F =

4(VB,F )3/4(EB,F )1/4 exp
[
−2

√
VB,F /EB,F

]
/
√

π, where EB,F = 2π2
�

2/mB,F λ2

are the recoil energies and mB,F are the atomic masses. The kelvon hopping
amplitude is given by JK = Γ[0, (�/R)4]JB , where � is the radial harmonic-
oscillator length for the bosonic atoms, R is the Thomas-Fermi radius of every
pancake, and Γ[0, z] is the incomplete gamma function [45]. The ratio �/R is
determined by the number of bosonic atoms per site NB and the strength of
their repulsive interaction. One criterion for supersymmetry is, therefore,

Γ[0, (�/R)4]JB = JF ≡ t. (4.1)

In Fig. 4.2 is indicated how to tune the wavelength and Rabi frequency of the
lattice laser to achieve this. Note that we implicitly assumed that the fermionic
hopping parameter is independent of the presence of kelvons, which is justified
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Figure 4.2: Tuning of the lattice laser to obtain supersymmetry for 1000 bosonic
atoms per lattice site: Rabi frequency for the bosonic atoms versus wavelength for
87Rb-40K (full line) and 23Na-6Li (dotted line). Note that for the blue-detuned part,
i.e., λ < 760 nm for the 87Rb-40K mixture extra radial trapping is needed, either
magnetically, or by using an extra running laser as discussed later in the text and
shown in Fig. 4.3. In Fig. 4.3 we display how to tune the running laser to obtain
also supersymmetric interactions. The numbers (1)-(4) indicate the parameters for
which this is calculated. The inset shows the average number of fermions per lattice
site. This depends linearly on the ratio of the harmonic lengths in the axial and radial
directions. This ratio should be sufficiently small to be radially in the Thomas-Fermi
limit. For this plot a ratio of 1/5 is chosen.

for the long wavelengths of interest, because then the difference between the
positions of the nearest-neighbor pancake vortices is negligible with respect to
the core size.

A second requirement is that the chemical potential of the kelvons is equal
to the chemical potential of the fermions. Therefore, the filling factor of the
fermions has to be adjusted accordingly. Equating the chemical potential of the
kelvons and fermions we get

µK = µF =
�

2

2mBR2
(1 − Γ[0, (�/R)4]) ≡ µ. (4.2)

From this we can derive that the average number of fermions per lattice site
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Figure 4.3: Tuning of the additional laser to obtain supersymmetric interactions for
1000 bosonic atoms per lattice site. The Rabi frequency versus the wavelength of the
running laser for different wavelengths of the lattice laser beam: (1) 400 nm, (2) 740
nm, (3) 850 nm, and (4) 1200 nm. See Fig. 4.2 for the corresponding Rabi frequencies
of the lattice laser beam.

is given by NF = 2arcsin[
√

µF /4JF ]/π. For typical parameters the number of
fermions per lattice site turns out to be of the order of 0.1, as shown in the
inset of Fig. 4.2. Tuning the system parameters to lie on the curves in Fig. 4.2
makes the string supersymmetric. The system is then invariant under unitary
transformations of the bosonic and fermionic excitations among each other.

In our superstring realization there are also boson-boson and boson-fermion
interactions. The kelvons interact repulsively among each other when Ω < Ωc

[65]. In addition, a repulsive interaction between the kelvons and the fermionic
atoms is generated by the fact that physically the presence of a kelvon means
that the vortex core moves off center, together with the fermions trapped in it.
Because of the confinement experienced by the trapped fermions in the radial
direction, this increases the energy of the vortex. The kelvon-kelvon interaction
coefficient is given by VKK = (Γ[0, (�/R)4]− 3

2 )�2/2NBmBR2 ≡ U [65], and the
kelvon-fermion interaction coefficient is found to be VKF = CF R2/2NB . Setting
these coefficients equal to each other gives the third condition for supersymme-
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try, i.e.,
CF

CB
=
(

�

R

)4 (
Γ[0, (�/R)4] − 3

2

)
, (4.3)

where CB,F are the spring constants associated with the radial confinement of
the bosonic and fermionic atoms, respectively.

For the 87Rb-40K mixture, supersymmetric interactions require the ratio of
the radial trapping potentials for the bosonic and fermionic atoms to be large,
of the order of 100. This cannot be achieved by a magnetic potential, since
the magnetic moment of the two species is almost the same. To overcome
this problem, we propose to apply an extra running laser beam along the z
direction. The new laser beam does not influence the one-dimensional potential
wells, but it does change the radial confinement and can therefore be used to
tune the interaction terms equal. In principle this second laser also introduces
interference terms, but they turn out to be negligible, since they oscillate faster
than the atoms are able to follow. Hence, the intensities of the two lasers can
simply be added. The detuning of the second laser has to be opposite to the
detuning of the first laser. For the second laser, we can again independently
choose both the wavelength and the Rabi frequency as shown in Fig. 4.3. This
can be used to minimize the atom loss due to the red-detuned laser, but it
turns out that atom loss is always quite small anyway for reasonable system
parameters: at worst the lifetime of the system is already 3 seconds.

Combining all these effects, our superstring is described by the supersym-
metric hamiltonian

Ĥ = −t
∑
〈ij〉

(b�ibj + c�icj) +
∑

i

(−µb�ibi − µc�ici +
U

2
b�ib

�
ibibi + Ub�ibic

�
ici). (4.4)

Here bi is the annihilation operator of a kelvon at site i, ci is the annihila-
tion operator of a fermion at site i, and 〈ij〉 means that the summation runs
over neighboring sites. Note that supersymmetry means that [Q̂, Ĥ] = 0, with
Q̂ =

∑
i bic

�
i . For Ω < Ωc, the chemical potential is positive and the kelvons

are thus unstable towards Bose-Einstein condensation, which physically corre-
sponds to the tendency of the superstring to spiral out of the center of the gas.
The metastable superstring at the center can be regarded as a system that is
quenched deep into an ordered phase, but is yet to move to equilibrium. The
Bose-Einstein condensation of kelvons corresponds to a quantum phase tran-
sition that spontaneously breaks supersymmetry, which manifests itself by the
kelvon dispersion becoming linear at long wavelengths. Thus our proposed sys-
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(a) (b)

Figure 4.4: The second-order Feynman diagrams describing the dissipation processes
due to the creation of (a) additional pairs of bosonic and (b) fermionic excitations.
The solid lines correspond to bosons and the dotted lines to fermions. Because the
right diagram contains a fermionic loop, it comes with an additional minus sign and
the two diagrams thus cancel exactly in the supersymmetric case.

tem naturally allows for a detailed study of the nonequilibrium dynamics of
supersymmetry breaking by monitoring the dynamics of the superstring.

It is important to realize that if supersymmetry is unbroken, i.e., the su-
perstring is in a supersymmetric quantum state, the kelvon and fermion modes
should have the same average occupation number, i.e., 〈b�ibi〉 = 〈c�ici〉. Since
the total number of fermions is conserved, the supersymmetry in this case pro-
tects the superstring against dissipation, because the spiraling out of the super-
string would imply the creation of extra kelvons. This results in a very long
lifetime of the ultracold superstring, which can also be understood theoreti-
cally as an exact cancellation of the second-order Feynman diagrams describ-
ing the dissipation processes due to the creation of additional pairs of bosonic
and fermionic excitations, respectively, which are shown in Fig. 4.4. In addi-
tion, the equality of the average kelvon and fermion number allows us to devise
an experimental measure for the proximity to the supersymmetric point. The
number of kelvons 〈b�ibi〉 can be obtained from the number of bosonic atoms
NB and the mean-square displacement 〈r2〉 of the pancake vortices, which can
be measured by imaging along the z direction the size of the circle within
which the vortex positions are concentrated [65]. The average fermion num-
ber 〈c�ici〉 = NF can be determined by absorption measurements. Hence also
the quantity (〈b�ibi〉 − 〈c�ici〉)2 = (NB〈r2〉/R2 − 1/2 − NF )2 can be measured.
This quantity has an absolute minimum of zero at the supersymmetric point,
so that its magnitude is a measure of the deviation from supersymmetry. The
experimental precision that can be reached in approaching the supersymmetric
point will mainly be limited by the uncertainty in the total number of fermions
in the system. Nevertheless, the observation of the effects of supersymmetry in
our setup should be in experimental reach with the existing technology.
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Chapter 5

Theory of ultracold
superstrings

Abstract

The combination of a vortex line in a one-dimensional optical lattice with
fermions bound to the vortex core makes up an ultracold superstring. We give
a detailed derivation of the way to make this supersymmetric string in the
laboratory. In particular, we discuss the presence of a fermionic bound state
in the vortex core and the tuning of the laser beams needed to achieve super-
symmetry. Moreover, we discuss experimental consequences of supersymmetry
and identify the precise supersymmetry in the problem. Finally, we make the
mathematical connection with string theory.

This chapter is based on “Theory of ultracold superstrings”, M. Snoek, S. Vandoren,

and H. T. C. Stoof, submitted to Physical Review A.

5.1 Introduction

Ultracold quantum gases provide a very exciting branch of physics. Besides the
interesting physics that the gases offer by themselves, it has also been possible
in the last few years to model with quantum gases systems from other branches
of physics, and by doing so to provide answers to long-standing questions. The
latter is mainly due to the amazing accuracy by which their properties can
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be tuned and manipulated. This involves the trapping potential, the dimen-
sionality, the interaction between the atoms, and the statistics. By using a
three-dimensional optical lattice the superfluid-Mott insulator transition in the
Bose-Hubbard model has been observed [10]. Bosonic atoms confined in one-
dimensional tubes by means of a two-dimensional optical lattice were shown to
realize the Lieb-Liniger gas [72, 73]. The unitarity regime of strong interac-
tions was reached by using Feshbach resonances to control the scattering length
[74, 75, 76, 77, 78].

To this shortlist of examples from condensed-matter theory, also examples
from high-energy physics can be added. In a spinor Bose-Einstein conden-
sate with ferromagnetic interactions skyrmion physics has been studied [79,
80], whereas an antiferromagnetic spinor Bose-Einstein condensate allows for
monopole or hedgehog solutions [81, 82]. There is also a proposal for studying
charge fractionalization in one dimension [83], and for creating (static) non-
abelian gauge fields [84, 85]. In recent work [86] we have added another pro-
posal to model a system from high-energy physics. By combining a vortex line
in a one-dimensional optical lattice with a fermionic gas bound to the vortex
core, it is possible to tune the laser parameters such that a nonrelativistic su-
persymmetric string is created. This we called the ultracold superstring. This
proposal combines three topics that have attracted a lot of attention in the
area of ultracold atomic gases. These topics are vortices [6, 7, 57, 12, 8], Bose-
Fermi mixtures [87, 58, 60, 59, 61, 62, 88], and optical lattices [10, 63]. Apart
from its potential to experimentally probe certain aspects of superstring theory,
this proposal is also very interesting because it brings supersymmetry within
experimental reach.

Supersymmetry is a very special symmetry, that relates fermions and bosons
with each other. It plays an important role in string theory, where supersym-
metry is an essential ingredient to make a consistent theory without the so-
called tachyon, i.e., a particle that has a negative mass squared. In the physics
of the minimally extended standard model, supersymmetry is used to remove
quadratic divergences. This results in a super partner for each of the known
particles of the standard model. However, supersymmetry is manifestly bro-
ken in our world and none of these superpartners have been observed. A third
field where supersymmetry plays a role is in modeling disorder and chaos [89].
Here supersymmetry is introduced artificially to properly perform the average
over disorder. Finally, supersymmetry plays an important role in the field of
supersymmetric quantum mechanics, where the formal structure of a super-
symmetric theory is applied to derive exact results. In particular this means
that a supersymmetry generator Q is defined, such that the hamiltonian can be
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written as H = {Q,Q�}, which is one of the basic relations in the relativistic
superalgebra. It is important for our purposes to note, that this relation is no
longer enforced by the superalgebra in the nonrelativistic limit. Careful analysis
[90, 91] shows that in this limit the hamiltonian is replaced by the number oper-
ator, i.e., N = {Q,Q�}. It may sometimes be possible to write a nonrelativistic
hamiltonian as the anticommutator of the supersymmetry generators, but this
does not correspond to the nonrelativistic limit of a relativistic theory.

In our proposal, a physical effect of supersymmetry is that the stability of the
superstring against spiraling out of the gas is exceptionally large, because the
damping of the center-of-mass motion is dramatically reduced by a destructive
interference between processes that create two additional bosonic excitations
of the superstring and processes that produce an additional particle-hole pair
of fermions. Moreover, this system allows for the study of a quantum phase
transition that spontaneously breaks supersymmetry as we will show.

Another very interesting aspect of the ultracold superstring is the close rela-
tion with string-bit models [92]. These are models that discretize the string in
the spatial direction, either to perturbatively solve string theory, or, more rad-
ically, to reveal a more fundamental theory that underlies superstring theory.
String-bit models describe the transverse degrees of freedom of the string in a
very similar fashion as in our theory of the ultracold superstring.

In this chapter we investigate in detail the physics of ultracold superstrings,
expanding on our previous work [86]. The chapter is organized as follows. In
Sec. 5.2 we give the detailed derivation of the conditions for the ultracold su-
perstring to be created. In particular, we pay attention to the presence of the
fermionic bound state in the vortex core and the tuning of the lasers to reach
supersymmetry. In Sec. 5.3 we investigate the experimental consequences of the
supersymmetry. Sec. 5.4 contains a detailed description of the supersymme-
try by studying the superalgebra. In Sec. 5.5 we make connection with string
theory. Finally, we end with our conclusions in Sec. 5.6.

5.2 Ultracold superstrings

Our proposal makes use of the fact that a vortex line through a Bose-Einstein
condensate in a one-dimensional optical lattice can behave according to the laws
of quantum mechanics [64]. Such an optical lattice consists of two identical
counter-propagating laser beams and provides a periodic potential for atoms.
When applied along the symmetry axis of a cigar-shaped condensate, which
we call the z axis from now on, the optical lattice divides the condensate into
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Figure 5.1: Artist’s impression of the setup. The disks represent the bosonic con-
densate density and the balls in the vortex core represent the fermionic density. The
black line is a guide to the eye to see the wiggling of the vortex line that corresponds
to a Kelvin mode.

weakly-coupled pancake-shaped condensates. In the case of a red-detuned lat-
tice, the gaussian profile of the laser beam provides also the desired trapping in
the radial direction. Rotation of the Bose-Einstein condensate along the z axis
creates a vortex line that passes through each pancake. Quantum fluctuations
of the vortex position are greatly enhanced in this configuration because of the
small number of atoms NB in each pancake, which can be as low as NB = 10,
but is typically around NB = 1000. An added advantage of the stacked-pancake
configuration, as opposed to the bulk situation, is that the dispersion of the vor-
tex oscillations is particle-like. This ultimately allows for supersymmetry with
the fermionic atoms in the mixture. In the one-dimensional optical lattice the
vortex line becomes a chain of so-called pancake vortices. This produces a setup
which is pictured schematically in Fig 5.1. There is a critical external rotation
frequency Ωc above which a vortex in the center of the condensate is stable.
For Ω < Ωc the vortex is unstable, but because of its Euler dynamics, it takes
a relatively long time before it spirals out of the gas [57, 66, 67]. We analyze in
detail the case of Ω = 0, i.e., the situation in which the condensate is no longer
rotated externally after a vortex is created. However, the physics is very similar
for all Ω < Ωc, where supersymmetry is possible. The temperature is taken
to be well below the Bose-Einstein condensation temperature, so that thermal
fluctuations are strongly suppressed. We only consider the zero-temperature
limit, because supersymmetry is formally broken for nonzero temperatures.
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5.2 Ultracold superstrings

5.2.1 Atomic species

A convenient choice for the boson-fermion mixture is 87Rb and 40K, since such
Bose-Fermi mixtures have recently been realized in the laboratory [58, 60, 59,
61], and because the resonance lines in these two atomic species lie very nearby.
The mostly used |f,mf 〉 hyperfine spin states are |9/2,±9/2〉 and |9/2,±7/2〉
for 40K, and |2,±2〉, |1,±1〉, and |1, 0〉 for 87Rb [70]. They all have a negative
interspecies scattering length aBF , which is not desirable for our purposes as
we show below. It could be possible to use other spin states, which have a pos-
itive interspecies scattering length. Another possiblity is to tune the scattering
length, using one of the various broad Feshbach resonances that can make the
interaction repulsive while keeping the probability to create molecules negligible
[70].

In principle it is also possible to use other mixtures. Another Bose-Fermi
mixture that has been realized in the laboratory consists of 23Na and 6Li atoms
[87, 62]. This mixture is less convenient because the resonance lines are widely
separated, so that the two species feel very different optical potentials and it is
hard to trap both with a single laser. In addition, 6Li is relatively hard to trap
in an optical lattice because of its small mass. For these reasons, the 23Na-6Li
mixture can only be used in a very restricted parameter regime, as will be shown
lateron in Fig. 5.5. For the same reasons, the mixture 87Rb - 6Li [88] does not
work well either. The mixture 7Li-6Li [93, 94] cannot be used at all, because
the resonance lines of the species are the same, so it is impossible to tune the
physical properties of the mixture.

5.2.2 Optical lattice

Because the excited states of the bosonic and fermionic atoms have different
transition frequencies, the optical lattice produces for the two species a periodic
potential with the same lattice spacing, but with a different height, as schemati-
cally shown in Fig. 5.2. This is very crucial, because it allows to tune the optical
lattice for the bosonic and fermionic atoms separately, by careful adjustement
of the wavelength and the Rabi frequency, i.e., the intensity of the laser. This
is required to be able to tune the system to become supersymmetric lateron.

For the 86Rb-40K mixture the Rabi frequencies are in a good approximation
the same. For other mixtures the Rabi frequencies are different and we then
take the bosonic Rabi frequency as a reference. We take into account the fine-
structure level scheme of the atoms, but, assuming that we are sufficiently far
from resonance, we neglect the hyperfine structure. As a result, the optical
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Figure 5.2: (a) Schematic picture of the setup. Here r is the radial distance in the
xy plane. The light and dark blobs represent the bosonic and fermionic densities,
respectively. Moreover, λ is the wavelength of the laser. The dark and light solid
lines indicate the strength of the optical potential for the bosons and fermions as a
function of the z coordinate. (b) Schematic fine structure level scheme of the bosonic
and fermionic atomic species. Because we consider only sufficiently large detunings
the hyperfine level structure is not resolved.

potential is given by
VB,F (z) = VB,F cos2(2πz/λ), (5.1)

where the well depths obey

VB,F = −
�Ω2

B,F

3

[(
1

ωB,F
D1

− ω
+

1

ωB,F
D1

+ ω

)
+ 2

(
1

ωB,F
D2

− ω
+

1

ωB,F
D2

+ ω

)]
,

ω = 2πc/λ is the laser frequency, and ωD1 and ωD2 are the frequencies of the D1

and D2 resonance lines. Here we neglected spontaneous emission of photons.
This effect slightly modifies the trapping potential, but gives a finite lifetime
to the atoms. Using the rotating-wave approximation and neglecting the fine
structure, the effective rate of photon absorption can for red-detuned laser light
be estimated as

Γeff
B,F = −

�Ω2
B,F

2
ΓB,F

(�ωB,F − �ω)2 + (�ΓB,F )2
, (5.2)

where ΓB,F is the linewidth of the bosonic or fermionic excited state, respec-
tively. For blue-detuned laser light, the atoms are trapped in the regions of low
laser intensity and spontaneous emission is strongly reduced.

The optical potential should be sufficiently deep to have a bound state for
the bosonic and fermionic atoms. To make sure that this is the case we impose
the condition

VB,F

EB,F
>

3
2
, (5.3)
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where we have used the recoil-energy

EB,F =
2π2

mB,F λ2
, (5.4)

which is the energy associated with the absorption of a photon. On the other
hand, the optical lattice should not be so strong to drive the system in the Mott-
insulator state [10, 63, 71]. In one dimension with many atoms per site, this
requires an exceptionally deep lattice, which only occurs if the laser frequency
is very close to the resonance frequency of the atomic species. Since we stay
away from resonance, this situation does not occur in our calculations.

The wavefunctions in the z direction are assumed to be the groundstate
wavefunctions of the harmonic oscillator associated with the optical lattice and
thus given by

ψB,F (z) =
1

π1/4
√

�z
B,F

exp

(
− z2

2�z
B,F

)
, (5.5)

where

�z
B,F =

(
EB,F

VB,F

)1/4
λ

2π
. (5.6)

For the tunneling amplitude, we use the expression [29]

JB,F = 4
(V 3

B,F EB,F )1/4

√
π

exp
[
−2

√
VB,F /EB,F

]
, (5.7)

which becomes exact for a deep lattice. Therefore, the atomic dispersions along
the z axis are given by

εB,F (k) = 2JB,F [1 − cos(kλ/2)]. (5.8)

Lateron we need for the fermions the relation between the average number of
particle per site and the chemical potential µF . From the above dispersion we
derive at zero temperature that

NF =
2
π

arcsin
[√

µF

4Jf

]
, (5.9)

where we neglect also interaction effects.
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5.2.3 Kelvons

The wavefunction in the (axial) z direction is fully specified by the optical
lattice and all the dynamics thus takes place in the radial direction, i.e., in the
xy plane. Since the vortex-fluctuations form the lowest-lying modes, we restrict
the dynamics to the vortex motion. We follow the derivations in earlier work
[64, 45], where a specific ansatz for the wavefunction was used, to achieve this. In
this work the condensate density was described by a gaussian wavefunction with
size RTF and the vortex core was approximated by a step function. Furthermore,
it was assumed that the vortex is close to the center. The motion of the vortices
results in kelvons, i.e., quantized oscillations of the vortex, described by the
creation and annihilation operators

b̂ =
√

Nb

RTF
(x̂ + iŷ), b̂� =

√
Nb

RTF
(x̂ − iŷ), (5.10)

which obey [b̂, b̂�] = 1. Without the optical lattice Kelvin waves have already
been observed [68, 69]. The kelvons have the dispersion

�ωK(k) =
�ω�2

2R2
TF

(
1 − Γ

[
0,

(
l

RTF

)4
])

+ �Ω + 2JK [1 − cos(kλ/2)], (5.11)

where
JK = Γ[0, (�/RTF)4]JB , (5.12)

Γ[0, z] is the incomplete Gamma function, RTF is the Thomas-Fermi radius in
the radial direction, � is the bosonic harmonic length in the radial direction,
and ω is the associated frequency. Using another ansatz for the condensate
wavefunction can slightly change the constant of proportionality in the definition
of the kelvon operators and in the details of the dispersion, but the dispersion
always stays tight-binding-like.

For the calculation of the bound state in the vortex core, we need to go
beyond the description of the core by a step function. This change of the
calculation could improve the value of JK , but not the functional form of the
kelvon dispersion. Since the corrections on the value of JK are small, we just
use the result in Eq. (5.12). Besides the bandwidth JK we derive from Eq.
(5.11) also the chemical potential for the kelvons, which gives

µK ≡ −�ωK(k = 0) (5.13)

=
�ω�2

2R2
TF

(
Γ

[
0,

(
l

RTF

)4
]
− 1

)
− �Ω.
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Note that the chemical potential is positive only for sufficiently small rotations,
which is due to the fact that the vortex is in principle unstable for these values
of the rotation and wants to spiral out of the center of the gas cloud.

5.2.4 Bound states in the vortex core

By treating the interaction between the bosonic and fermionic atoms in mean-
field approximation, we have to solve the Gross-Pitaevskii equation for the con-
densate wavefunction Ψ(r) coupled to the Schrödinger equation for the fermion
wavefunction ψ(r)

(−�
2∇2

r

2mB
+

1
2
mBω2

Br2 − µB +
UBB

2
|Ψ(r)|2 + UBF |ψ(r)|2 − �ΩL̂z)Ψ(r) = 0,

(−�
2∇2

r

2mF
− E +

1
2
mF ω2

F r2 + UBF |Ψ(r)|2)ψ(r) = 0,

which we investigate for the case that Ω = 0. The interaction parameters are
related to the scattering lengths according to

UBB =
4π�

2

√
2πmB

aBB

�z
B

, (5.14)

UBF =
2π�

2

√
πmR

aBF√
(�z

B)2 + (�z
F )2

, (5.15)

with aBB the boson-boson scattering length and aBF the boson-fermion scat-
tering length and mR the reduced mass mBmF /(mB + mF ). Although it is
very well possible to solve these equations numerically, we prefer an analytic
treatment, to gain more insight into the problem. To proceed we make the ap-
proximation that the condensate wavefunction is not affected by the presence
of the fermions. This is justified, because the contribution of the fermions is
NF /NB smaller than the contribution of the bosons, where NB,F is the average
number of bosons and fermions at a lattice site. This ratio will be smaller than
10−3 as it turns out. Taking into account the interaction with the fermions leads
to a slightly wider vortex core, which enhances the possiblity of a bound state.
So we first solve the Gross-Pitaevskii equation for the condensate density ne-
glecting the presence of the fermions and then use the condensate density as an
effective potential for the fermions. Since we only want to estimate when there
is a bound state and we do not need the details of this bound state, we make the
following approximations. First, we assume the vortex to be in the center such
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that the problem is rotationally symmetric and we only have to solve the radial
equation. Because of the quantum uncertainty the vortex position in principle
fluctuates around the center of the trap, but these fluctuations are small. Sec-
ond, we assume the envelope condensate wavefunction to be Thomas-Fermi-like,
i.e.,

|Ψ(r)|2 = nTF (r) =
µB − mB

2 ω2
Br2

UBB
= n0

(
1 − r2

R2
TF

)
. (5.16)

Third, we describe the vortex core by r2/(r2 + 2ξ2) [48], such that the total
bosonic density is given by

nB(r) =
(

r2

r2 + 2ξ2

)
nTF (r). (5.17)

If we take for the healing length ξ the usual expression in the center of the trap,
i.e.,

ξ =
�√

2mBnTF (0)UBB

, (5.18)

we obtain the relation
ξ

�
=

�

RTF
. (5.19)

By expressing the energy in terms of µBmB/mF we can write the Schrödinger
equation for the fermions as[

−ξ2∇2
r

2
− ε +

r2ξ2

(�r
F )4

+
mF

mB

UBF

UBB

r2

2ξ2 + r2

(
1 − r2ξ2

�4

)]
ψ(r) = 0, (5.20)

where ε = mF E/µBmB and the dimensionless parameter

Γ =
mF

mB

UBF

UBB
=

1
2

√√√√ 2

1 +
√

VB

VF

EF

EB

(
1 +

mF

mB

)
aBF

aBB
(5.21)

determines whether or not there is a bound state in the core of the vortex.
If we assume that ξ 	 � and ξ 	 �F

r , we can neglect the harmonic con-
finement and the Thomas-Fermi profile of the Bose-Einstein condensate. The
effective potential for the fermionic atoms is then given by Γr2/(r2 +2ξ2). This
potential has a bound state for each value of Γ, because for large distances from
the core, it behaves as Γ(1− 2ξ2/r2). However, the size of the wavefunction de-
scribing the bound state becomes extremely large for small values of Γ. Hence
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5.2 Ultracold superstrings

it is necessary to take into account the exact form of the potential to make
a quantitative estimate of the existence of the bound state. The potential is
determined by the values of the radial bosonic and fermionic harmonic length �
and �r

F . Since �r
F determines the potential outside the condensate, it determines

whether or not the fermions can tunnel out of the core to this region. For the
existence of the bound state we can neglect this contribution, which is always
justified, because it enhances the possibility of having a bound state.

The radial bosonic harmonic length � is fixed by the normalization of the
condensate wavefunction∫

d2r|Ψ(r)|2 =
∫

d2r
r2

r2 + 2ξ2
nTF (r) = NB . (5.22)

Neglecting the presence of the core we find the usual expression for the Thomas-
Fermi profile

�4

ξ4
=

R4
TF

�4
=

4mBNBUBB

π�2
=

16
√

2πNBaBB

λ

[
VB

EB

]1/4

. (5.23)

Using that∫
d2r

(
r2

r2 + 2ξ2

)(
1 − r2

R2
TF

)
=

π

2
R2

TF + 2πξ2

(
1 −

[
1 +

2ξ2

R2
TF

]
log

(
R2

TF + 2ξ2

2ξ2

))
,

we see that taking into account the core implies that we have to solve the
equation

�4

ξ4
=

4mBNBUBB

π�2
+ 4

(
1 +

2ξ4

�4

)
log

(
1 +

�4

2ξ4

)
− 4, (5.24)

where the last two terms come from the presence of the core. Since the core
is small in this approximation, this results in a radial harmonic length that is
only slightly modified. The requirement that the wavefunction should vanish
well within the condensate can then be quantified to yield the expression

Γ
σ2

σ2 + 2ξ2

(
1 − σ2ξ2

�4

)
< ε, (5.25)

where σ is the radial size of the fermionic wavefunction. In this way we obtain
that for typical densities there is a bound state for Γ > 1.5 which means that
aBB/aBF > 2.
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Figure 5.3: Setup with the additional laser to manipulate the radial trapping poten-
tial.

In contrast to the radial bosonic length �, the fermionic radial harmonic
length �r

F is not fixed. When the optical lattice is red-detuned, the lattice can
be used to trap the atoms also in the radial direction. As a consequence, the
total confining potential for the fermions is a multiple of the confining potential
of the bosons, i.e.,

r2

�2
+

z2

(�z
B)2

∝ r2

(�r
F )2

+
z2

(�z
F )2

.

This gives the relation
�r
F

�
=

�z
F

�z
B

, (5.26)

from which we derive(
�r
F

ξ

)4

=
(

�z
F

�z
B

�

ξ

)4

=
(

�

ξ

)4
EF

EB

VB

VF
. (5.27)

However, if the lattice is blue-detuned or if the radial trapping is tuned
independently, this relation is not true. The radial trapping can be tuned by
introducing a second running laser in the same direction as the optical lattice, as
shown in Fig 5.3. The new laser beam has a constant intensity along the z axis,
and does not influence the one-dimensional potential wells, but it does change
the radial confinement. In principle this second laser also introduces interference
terms, but they are much faster than the atoms can follow for the frequencies of
interest to us. Therefore, the intensities of the two lasers can simply be added.
In particular, as we show lateron, adjusting the radial trapping potentials is
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needed to get supersymmetric interaction terms. The condition imposed by
this requirement is(

�

�r
F

)4

=
mB

mF

(
ξ

�

)4
(

Γ

[
0,

(
ξ

�

)4
]
− 3

2

)
, (5.28)

which gives the following expression for the fermionic radial harmonic length(
�r
F

ξ

)4

=
mF

mB

(
�

ξ

)8 1

Γ
[
0,
(

ξ
�

)4
]
− 3

2

. (5.29)

In this last case, the harmonic radial potential for the fermions is very small.
In principle this allows the fermionic atoms to tunnel out of the vortex core,
to the region where the condensate density vanishes. However, the tunneling
is suppressed by increasing the parameter Γ. A WKB estimate gives that for
Γ > 5 the lifetime of the fermion in the core is larger than a second. This
means that aBB/aBF > 8. Further increasing this ratio increases this lifetime
dramatically. Since adjusting the radial trapping potentials is only needed close
to the center of the trap, it is also a possibility to use a second laser with a much
smaller waist, such that higher-order contributions from the potential prevent
the fermion from tunneling out of the core. For various situations, the effective
potential for the fermions is shown in Fig 5.4.

5.2.5 Interactions

In our superstring realization there are also boson-boson and boson-fermion
interactions. The kelvons interact repulsively among each other when Ω < Ωc.
For Ω = 0 the kelvon-kelvon interaction coefficient is given by [65]

VKK =
�

2

2NBmBR2
TF

(
Γ[0, (�/RTF)4] − 3

2

)
. (5.30)

In addition, a repulsive interaction between the kelvons and the fermionic atoms
is generated by the fact that physically the presence of a kelvon means that
the vortex core is shifted off center, together with the fermions trapped in it.
Because of the radial confinement experienced by the trapped fermions, this
increases the energy of the vortex. When the vortex core is shifted from 0 to r,
the fermion hamiltonian is extended by a term

HKF =
mF (ωr

F )2

2
r2c�c, (5.31)
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Figure 5.4: Effective potential for the fermions. Lengths are measured in units of ξ
and energies in units of µBmB/mF . (a) Γ = .5, �r

F � �: No bound state, since the
potential is too small. (b) Γ = 2.6, �r

F � �: Bound state in the core, but possibility
to tunnel outside. (c) Γ = 2.6, �r

F � �: Bound state in the core, no tunneling possible.
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where c�c is the number operator for the fermions in the core. Defining CB,F as
the spring constants associated with the radial confinement of the bosonic and
fermionic atoms, respectively, and using the definition of the kelvon operators,
this translates into

HKF =
CF R2

TF

2NB
c�cb�b. (5.32)

So the kelvon-fermion interaction coefficient is found to be

VKF =
CF R2

TF

2NB
. (5.33)

5.2.6 Supersymmetry

To obtain a supersymmetric situation we have three requirements. In the first
place the hopping amplitudes have to be the same

JF = JK ≡ t. (5.34)

This can be done by adjusting the laser parameters λ and ΩB , as shown in
Fig 5.5. The freedom in choosing the wavelength of the laser can be used to
minimize the atom loss. In Fig. 5.6, we plot the atom loss as a function of the
wavelength of the laser.

Secondly, the chemical potentials have to be the same

µF = µK ≡ µ. (5.35)

This can be achieved by adjusting the fermion filling fraction NF , as shown
in Fig 5.7. Using the result from Eq. (5.9) and using the requirements for
supersymmetry we obtain

NF =
2
π

arcsin

⎛
⎜⎝
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Γ
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]
⎞
⎟⎟⎟⎠.
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Figure 5.5: Tuning of the lattice laser to obtain supersymmetry. Plotted is the Rabi
frequency for the bosonic atoms versus wavelength for 87Rb-40K for 10.000 (solid line),
1000 (dashed line) and 500 (dotted line) bosonic atoms per site. Note that for the
blue-detuned part, i.e., λ < 760 nm for the 87Rb-40K mixture extra radial trapping
is needed, either magnetically, or by using an extra running laser as discussed in the
text and shown in Fig. 5.3. In Fig. 5.8 we display how to tune the running laser to
obtain also supersymmetric interactions. In the inset we plotted the Rabi frequency
that is required for the 23Na-6Li mixture to obtain supersymmetry, again for 10.000
(solid line), 1000 (dashed line) and 500 (dotted line) bosonic atoms per site. Note that
this can only be obtained in a very limited range of wavelengths.

The ratio �/�z
B is undetermined by supersymmetry constraints. In order for

the Thomas-Fermi approximation to apply in the radial direction, versus the
gaussian wavefunction in z direction, this ratio needs to be sufficiently small.
In the figure a ratio of 1/5 is chosen.

Finally, the interaction terms have to be the same. This implies

VKK = VKF ≡ U. (5.36)

Setting these coefficients equal to each other gives a condition on the radial
trapping given by

CF

CB
=
(

�

RTF

)4 (
Γ[0, (�/RTF)4] − 3

2

)
. (5.37)
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Figure 5.6: Effective rate of photon absorption as a function of the wavelength of the
optical lattice for 1000 bosonic atoms per site. The solid line is for the bosonic atoms,
whereas the dashed line is for the fermionic atoms in the 87Rb-40K mixture.

The radial trapping can be tuned by introducing a second running laser, as
explained before. For the second laser, we can again independently choose both
the wavelength and the Rabi frequency as shown in Fig. 5.8. This can again be
used to minimize the atom loss due to the red-detuned laser, but it turns out
that atom loss is always quite small anyway for reasonable system parameters.
Only for very small detunings, the lifetime is less than a second.

5.2.7 Hamiltonian

Combining everything, our superstring is described by the supersymmetric hamil-
tonian

H = −t
∑
〈ij〉

[b�ibj + c�icj ] +
∑

i

[
−µ′(b�ibi + c�ici)+

U

2
b�ib

�
ibibi +Ub�ibic

�
ici

]
. (5.38)

Here bi is the annihilation operator of a kelvon at site i, ci is the annihila-
tion operator of a fermion at site i, 〈ij〉 means that the summation runs over
neighboring sites, and µ′ = µ − 2t. We used the convention for the Fourier
transformation fk = (1/

√
Ns)

∑
n eikznfn, where Ns is the number of lattice

sites. We define a = λ/2 as the lattice spacing and L = Nsa as the length of the
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Figure 5.7: Tuning of the average number of fermions per lattice site to obtain su-
persymmetry for 10.000 (solid line), 1000 (dashed line) and 500 (dotted line) bosonic
atoms per lattice site. The result depends on the ratio of the bosonic harmonic lengths
in the axial and radial directions �/�z

B . This ratio should be sufficiently small to be
radially in the Thomas-Fermi limit. For this plot a ratio of 1/5 is chosen.

system. Assuming that Ns � 1, such that L � a, we can perform a continuum
approximation to obtain for the hamiltonian

H =
∫

dz

{
b�(z)

(
− �

2

2m∗
∂2

∂z2
− µ

)
b(z) + c�(z)

(
− �

2

2m∗
∂2

∂z2
− µ

)
c(z)

}

+
U

2

∫
dz

{
b�(z)b�(z)b(z)b(z) + 2b�(z)b(z)c�(z)c(z)

}
, (5.39)

where we introduced the effective mass m∗ = �
2/2a2t. This continuum hamilto-

nian turns out to be exactly solvable [95, 96] by a straightforward generalization
of the Bethe-Ansatz solution of the one-dimensional Bose gas [97, 98]. However,
the exact solutions spontaneously break supersymmetry and do not give much
insight in the role of supersymmetry in the problem.

Using that the lagrangian is given by

L =
∑

i

(
b�i i�

∂

∂t
bi + c�i i�

∂

∂t
ci

)
−H[b�, b; c�, c], (5.40)
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Figure 5.8: Tuning of the additional laser to obtain supersymmetric interactions
for 1000 bosonic atoms per lattice site. The Rabi frequency is plotted versus the
wavelength of the running laser for different wavelengths of the lattice laser beam:
1000 nm for the left curve and 600 nm for the right curve. In the inset the effective
rate of photon absorption originating from the additional laser is plotted, again the
left curves are for a lattice laser of 1000 nm and the right curves are for a lattice laser
of 1000 nm. The solid lines indicate the rate of photon absorption for the bosonic
atoms, whereas the dashed lines are the rates of photon absorption for the fermionic
atoms.

the action in the continuum limit is obtained as

S =
∫

dt

∫
dz

{
b∗
(
i�

∂

∂t
+

�
2

2m∗
∂2

∂z2
+ µ

)
b + c∗

(
i�

∂

∂t
+

�
2

2m∗
∂2

∂z2
+ µ

)
c

− U

2
(
|b|2 + |c|2

)2}
,

which now explicitly shows the supersymmetry of the problem, because it re-
mains invariant when b and c are rotated into each other. If we neglect the
interaction terms, which are rather small anyway, the fermions fill a Fermi sea
and the low-energy excitations are particle-hole excitations around the Fermi
surface. Therefore, the low-energy part of the theory is properly described by
linearizing the fermionic dispersion around the Fermi level. To preserve super-
symmetry we do the same for the bosons and obtain at the quadratic level the
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action

S =
∑
σ=±

∫
dt

∫
dk
{

b∗σ(k, t)(i�∂t − �vF (σk − kF ))bσ(k, t)

+c∗σ(k, t)(i�∂t − �vF (σk − kF ))cσ(k, t)
}

,

where σ indicates whether the particles are right movers or left movers and
vF = �kF /m∗ is the Fermi velocity. We used that µ = �

2k2
F /2m∗. We identify

the Fermi velocity with the velocity of light c and perform the transformation
cσ(z, t) = (1/

√
L)

∑
k eikzcσ(k+σkF , t). We introduce the Dirac spinor ψ(z, t) =

(c+(z, t), c−(z, t)) and ψ̄(z, t) = ψ�(z, t)γ0, with γ0 = σy. The other Dirac
matrices are γ1 = iσx and γ5 = σz. The two bosonic fields can be captured in
a single Klein-Gordon field

X(z, t) =
1√
L

∑
k

eikz
√

�/k (b+(k + kF , t) + b−(k − kF , t)) ,

such that ∂µ∂µX = (∂2
t /c2−∂2

z )X = 0. This enables us to rewrite the linearized
action as

S =
∫

d2x
{

∂µX∗∂µX + i�ψ̄γµ∂µψ
}

, (5.41)

which is the action for the transverse modes of a free relativistic N = 1 su-
perstring in 3 + 1 dimensions [99]. In modern language, the Lorentz invariance
of this action appears here as an emergent phenomenon at long wavelengths,
because the underlying theory is not Lorentz invariant. This is very similar
with the way in which Lorentz invariance appears in string-bit models [92]. A
second property of this action is, that the fermionic part has classically chiral
symmetry, but quantum-mechanically suffers from a chiral anomaly. Whereas
in string theory this is an unwanted feature, in our case it has a physical origin,
because it comes about from the fact that the underlying microscopic theory
does not conserve the chiral current iψ̄γµγ5ψ, and only conserves the current
ψ̄γµψ associated with the conservation of the total number of fermions.

5.2.8 Nonlocal interaction

The presence of a kelvon implies that neighboring vortex cores are slightly
shifted with respect to each other. This effect decreases the fermionic hop-
ping amplitude and results in an interaction term that couples fermions on
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neighboring sites of the form

H′ = t
∑
kk′

A(k′) cos(k)c�kckb�k′bk′ . (5.42)

Since this term breaks supersymmetry, we want to investigate the system pa-
rameters for which it can be neglected, i.e., for which A(k′) 	 1. To do so we
consider a kelvon with a certain wavenumber k. The relative distance between
neighboring cores can then be estimated to be

δr =
RTF√
NB

kλ

2
. (5.43)

From Eq. (5.17) we know that for small distances the vortex core can be mod-
elled as a harmonic potential with width ξ. Hence, the fermionic wavefunctions
are gaussians with the same width. So we have to compute

A(k) = 1 −
∫

d2re−
r2

2ξ2 e
− (r−δr0)2

2ξ2∫
d2re

r2

ξ2

(5.44)

= 1 − e
− δr2

0
4ξ2 � δr2

0

4ξ2
=

k2λ2R4
TF

16Nb�4
,

where we used the relation from Eq. (5.23). From this same relation we see
that (RTF/�)4 scales with the number of bosonic atoms NB , such that A(k) is
independent of NB . We can estimate R4

TF/NB�4 to be of order unity, such that
the requirement for A(k) to be small only depends on the wavenumber k. If we
identify this wavenumber with the Fermi momentum, i.e.,

k2
F λ2

16
	 1, (5.45)

we obtain a restriction on the fermionic filling fraction which can be estimated
to be

NF < 0.1. (5.46)

From Fig. 5.7 we see that for most of the parameter space this condition is
fulfilled.

5.3 Experimental signal

It is an important question how the supersymmetry can be observed. Therefore
we need to distinguish between the question whether the hamiltonian is tuned to
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be supersymmetric and whether the quantum ground state is supersymmetric,
since it is possible that the ground state can spontaneously break supersymme-
try. We are primarely interested in the situation that both the hamiltonian and
the quantum ground state are supersymmetric.

5.3.1 Density measurements

The two observables that are most easy to measure experimentally are the aver-
age number of fermion at a site NF and the average number of kelvons NK . The
average fermion number can be determined by usual absorpsion measurements.
The number of kelvons can be obtained from the mean-square displacement
〈r2〉 = (1/Ns)

∑
i〈x2

i + y2
i 〉 of the pancake vortices, which can be measured by

imaging along the z direction the size of the circle within which the vortex
positions are concentrated [45]. Because

b�ibi = NB
x2

i + y2
i

R2
TF

− 1
2
, (5.47)

this can directly be translated to the number of kelvons at a site. It is clear that
in order to have a supersymmetric state, the kelvon and fermion modes should
have the same average occupation number, i.e.,

〈b�ibi〉 = 〈c�ici〉. (5.48)

This allows us to devise an experimental measure for the proximity to the su-
persymmetric point, which can be directly measured, namely(

NB
〈r2〉
R2

TF

− NF − 1/2
)2

.

This quantity has an absolute minimum of zero at the supersymmetric point,
so that its magnitude is a measure of the deviation from supersymmetry. We
can extend this to higher order correlation functions. The condition that

〈(b�ibi)2〉 = 〈(c�ici)2〉 = 〈c�ici〉, (5.49)

can be used to prove that in order to have supersymmetry also the condition

N2
B

〈r4〉
R4

TF

= 2NF +
1
4

(5.50)

should hold. The quantity 〈r4〉 can again be measured from the distribution of
the measured vortex postions.
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Figure 5.9: Diagrams that contribute to the dissipation of the vortex line. The solid
lines represent bosonic propagators, the dashed lines represent fermionic propagators.
The left diagram is denoted by ΠKK(k, ω), the right diagram is denoted by ΠKF (k, ω).

5.3.2 Dissipation

Another consequence of supersymmetry that can be measured directly is the
reduced dissipation. Dissipation in this context results in the vortex spiraling
out of the gas. [66, 67]. The dominant part of the dissipation is given by
the coupling to the kelvon modes and the fermionic modes. The lowest order
diagrams are given in Fig. 5.9 and denoted by ΠKK(k, ω) for the coupling to the
kelvon modes and ΠKF (k, ω) when there is also coupling to the fermionic modes.
The imaginary part of these diagrams measures the dissipation. In order to be
able to know the dissipation away from the supersymmetric point we perform
the calculation for unequal dispersions εK,F (k) and unequal coupling constant
UKK and UKF . We introduce the usual notation for the Bose-Einstein and
Fermi-Dirac distribution functions

NB [ε(k)] =
1

eε(k)/kBT − 1
, NF [ε(k)] =

1
eε(k)/kBT + 1

.

The diagrams are then given by

ΠKK(k, iω) = U2
KK

∫
dp

2π

∫
dp′

2π
(5.51)(

1 + NB [εK(p)] + NB [εK(p′)]
)
NB [εK(p + p′ − k)] − NB [εK(p)]NB [εK(p′)]

i�ω − εK(p) − εK(p′) + εK(p + p′ − k)

ΠKF (k, iω) = −U2
KF

∫
dp

2π

∫
dp′

2π
(5.52)(

−1 − NB [εK(p)] + NF [εF (p′)]
)
NF [εF (p + p′ − k)] + NB [εK(p)]NF [εF (p′)]

i�ω − εK(p) − εF (p′) + εF (p + p′ − k)
,

where the minus sign in front of the expression for ΠKF (k, iω) comes from the
presence of the fermion loop. The imaginary part of these diagrams gives the
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following expressions

Im[ΠKK(k, ω)] = U2
KK

∫
dp

2π

∫
dp′

2π

{
δ(�ω − εK(p) − εK(p′) + εK(p + p′ − k)) ×((

1 + NB [εK(p)] + NB [εK(p′)]
)
NB [εK(p + p′ − k)] − NB [εK(p)]NB [εK(p′)]

)}
,

Im[ΠKF (k, ω)] = −U2
KF

∫
dp

2π

∫
dp′

2π

{
δ(�ω − εK(p) − εF (p′) + εF (p + p′ − k)) ×((

−1 − NB [εK(p)] + NF [εF (p′)]
)
NF [εF (p + p′ − k)] + NB [εK(p)]NF [εF (p′)]

)
.

At zero temperature we have that NF [ε(k)] = θ(ε(k)), and NB [ε(k)] = −θ(ε(k)) =
−NF [ε(k)]. Using this, we see that if there is supersymmetry, i.e., if εK(k) =
εF (k) and UKK = UKF , we have that

ΠKK(k, ω) = −ΠKF (k, ω),

and in particular that

Im[ΠKK(k, ω) + ΠKF (k, ω)] = 0,

such that at zero temperature supersymmetry indeed protects against dissi-
pation. Using these expressions, it is also possible to calculate the quantum
dissipation at nonzero temperature, or when supersymmetry is broken.

5.3.3 Spontaneous supersymmetry breaking

When the hamiltonian is supersymmetric, the ground state still can break su-
persymmetry. This is the phenomenon of spontaneous supersymmetry breaking.
For Ω < Ωc, the ultracold superstring is unstable against Bose-Einstein conden-
sation of kelvons. This breaks supersymmetry, because the fermionic modes
cannot Bose-Einstein condense. Bose-Einstein condensation implies that the
kelvon annihilation operator obtains an expectation value

〈bi〉 �= 0. (5.53)

From the definition of the kelvon operator we conclude that as a consequence

〈x〉2 + 〈y〉2 > 0. (5.54)

This means that the vortex moves out of the center of the trap. Experimentally
this is easy to measure. Moreover, by monitoring the vortex position when
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it moves out of the center of the trap, this also allows for the experimental
investigation of the dynamics of supersymmetry breaking. As a consequence of
the breaking of the U(1) symmetry because of the Bose-Einstein condensation,
the dispersion of the kelvon modes becomes gapless. The dispersion becomes
the usual Bogoliubov dispersion, which reads

�ωB(k) =
√

ε(k)2 + 2µε(k), (5.55)

with ε(k) = �
2k2/2m∗. For long wavelengths this yields a linear behaviour.

Also the fermionic modes become gapless. This is a result of the breaking of
supersymmetry and this mode is called the goldstino. Because 〈b〉 =

√
µ/U ,

the dispersion for the goldstino is given by

�ωF (k) = ε(k) − µ + |〈b〉|2 = ε(k), (5.56)

which results in a quadratic dispersion. Clearly the bosonic and fermionic dis-
persion in Eqs. (5.55) and (5.56) are now different, which signals a nonsuper-
symmetric situation.

5.4 Supersymmetry

In this section we review the algebra associated with supersymmetric field the-
ories both in the relativistic (super Poincaré algebra) and the non-relativistic
limit (super Galilei algebra). We give an explicit representation of the super
Galilei algebra in terms of the bosonic and fermionic operators.

5.4.1 Super Poincaré algebra

Associated with a relativistic field theory in D = d+1 dimensions is the Poincaré
algebra, whose generators consist of a vector Pµ, that generates translations and
an antisymmetric tensor Jµν , that generates Lorenz transformations. The greek
indices run from 0 to d = D − 1, such that P 0 should be identified with the
hamiltonian H, up to a constant. The algebra is then given by

[Pµ, P ν ] = 0 (5.57)
[Jµν , P ρ] = i(ηµρP ν − ηνρPµ)

[Jµν , Jρσ] = i(ηµρJνσ + ηµσJρν − ηνρJµσ − ηνσJρµ),

where ηµν is the flat space Minkowski metric. When there is supersymmetry
we can extend this to the super Poincaré algebra. For N = 1 supersymmetry in
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1+1 dimensions this involves the two-component Majorana spinor Qα, α = 1, 2,
which is the generator of supersymmetry transformations. The algebra is then
extended to include also

[Pµ, Qα] = 0 (5.58)
[Pµ, Q̄α] = 0 (5.59)

[Jµν , Qα] = − i

4
[σµ, σν ]αβQβ (5.60)

{Qα, Q̄β} = 2σµ
αβPµ, (5.61)

where σµ are the Pauli matrices. We use conventions such that Qα has two
real components. To make connection with the supersymmetry in the ultracold
superstring we combine these two components in one complex supersymmetry
operator

Q =
Q1 + iQ2

2
. (5.62)

This decomposition breaks manifest Lorentz symmetry, but since we are ulti-
mately interested in the nonrelativistic limit, this is of no concern to us here.
As a result we obtain the following algebra

[Pµ, Q] = 0 (5.63)
[Jµν , Q] = 0 (5.64)
{Q,Q�} = P 0. (5.65)

In particular, we see that the hamiltonian P 0 is fixed by the supersymmetry
generator. This is a very peculiar restriction on the hamiltonian, which is only
true for relativistic theories. In the nonrelativistic limit, the supersymmetry
decouples from the space-time translation symmetry as we show now.

5.4.2 Super Galilei algebra

The Galilei algebra can be derived as a limit of the Poincaré algebra by per-
forming a Inönü-Wigner contraction [100] in the following way [90, 91]. We
write

P 0 =
1
c
(m∗N c2 + H) (5.66)

J0i = cKi (5.67)
Q =

√
cQ, (5.68)
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where c is the speed of light and m∗ denotes the mass, which is the same for the
bosonic and fermionic degrees of freedom. We also defined a number operator
N , which counts all the particles in the system, and boost operators Ki. Fur-
thermore, we still have the space translation generators P i and the hamiltonian
H. We can now take the limit c → ∞ to obtain the super Galilei algebra. The
Galilei algebra obtained in this manner has nonvanishing commutators

[P i,Kj ] = iδijNm∗ (5.69)
[H,Ki] = iP i. (5.70)

The part involving the supersymmetry becomes only

{Q,Q�} = N . (5.71)

This defines the algebra S1G [92]. As is clear, in this case the hamiltonian
is decoupled form the supersymmetry. In 1 + 1 and 2 + 1 dimensions, it is
sometimes possible to define an extended superalgebra S2G, which again involves
the hamiltonian [92, 101, 102]. In d = 1 this amounts to introducing an extra
scalar supersymmetry generator R with the algebra:

{Q,R�} = −P (5.72)
{R,R�} = H/2. (5.73)

5.4.3 Representation

The representation for the S1G algebra in terms of the bosonic and fermionic
operators b and c, can easily be found to be

N =
∫

dz{b�(z)b(z) + c�(z)c(z)}, (5.74)

P = − i�

m∗

∫
dz{b�(z)∂zb(z) + c�(z)∂zc(z)}, (5.75)

Q =
∫

dz c�(z)b(z), (5.76)

Q� =
∫

dz b�(z)c(z). (5.77)

(5.78)
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In addition, we can thus also define

R =
�√
m∗

∫
dz c�(z)∂zb(z), (5.79)

R� = − �√
m∗

∫
dz b�(z)∂zb(z). (5.80)

This produces

{R,R�} =
∫

dz

{
−b�(z)

�
2

m∗
∂2

∂z2
b(z) − c�(z)

�
2

m∗
∂2

∂z2
c(z)

}
, (5.81)

which indeed is the kinetic energy part of the hamiltonian. The full quadratic
part of the hamiltonian can be expressed as

H =
1
2
{R,R�} − µ{Q,Q�}. (5.82)

For completeness, we mention that we can also use superspace techniques
to write the hamiltonian in a manifest supersymmetric way. This involves the
introduction of a complex superfield

Ψ(z, θ) = e−θ∗θ/2(b(z) + θ∗c(z)) (5.83)
Ψ∗(z, θ) = e−θ∗θ∗/2(b∗(z) + c∗(z)θ), (5.84)

where θ is a Grassman variable such that {θ, θ} = {θ∗, θ∗} = 0 and {θ, θ∗} = 0.
The hamiltonian is in terms of the superfield given by

H =
∫

dθ∗dθ

∫
dz
{

�
2

2m∗ |∂zΨ(z, θ)|2 − µ|Ψ(z, θ)|2

+
U

2
|Ψ(z, θ)|4

}
. (5.85)

In this formulation the spontaneous breaking of supersymmetry is particularly
elegant, because the hamiltonian has the form of a standard Landau theory of
a second-order phase transition with 〈Ψ(z, θ)〉 as the order parameter.

5.5 Connection with string theory

In this section, we discuss the similarities and differences with superstring the-
ory. For some textbooks on the subject, we refer to Refs. [99, 103, 104]. In
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string theory, one usually starts with the Polyakov action [105], describing the
coordinates Xµ(σ, τ), with µ = 0, 1, ...,D − 1, of the string propagating in a
D-dimensional curved space-time with metric Gµν(X),

S = −T

2

∫
d2σ

√
hhαβ∂αXµ∂βXνGµν(X) . (5.86)

Here σα = {σ, τ} are coordinates on the worldsheet swept out by the string, τ
is the worldsheet time, and σ runs longitudinally over the string. Furthermore,
T is the string tension, and hαβ is a two-dimensional metric on the worldsheet
with h = −Det[hαβ ]. In agreement with the standard practice in high-energy
physics we are momentarily using units such that � = c = 1. We restore
units when we come to the precise connection with our ultracold superstring.
In fully quantized string theory, one also performs a path integral over these
metrics, and this leads to the string loop expansion where one sums over all
two-dimensional surfaces containing an arbitrary number of holes. In our setup,
the worldsheet of the string is completely fixed, and contains no holes, i.e., it
is just the two-dimensional plane. On the plane, we can then make use of the
local symmetries of the Polyakov action, that are the reparameterizations of the
worldsheet coordinates and the Weyl rescalings of the metric. Doing so, we can
make the gauge choice

hαβ =
(

1 0
0 −1

)
. (5.87)

This gauge choice is referred to as the conformal gauge.
The space-time in which the string propagates is coordinatized by Xµ, µ =

0, ...,D − 1. In quantized superstring theory one has that D = 10, but at the
classical level one can have D = 4 as well. We come back to this issue below.
It is useful to introduce light-cone variables

X± =
1√
2
(X0 ± XD−1) , (5.88)

and Xi, i = 1, . . . , D − 2. Then X± and Xi describe the longitudinal and
transversal degrees of freedom of the string, respectively. String theory has the
special feature that there are only transversal physical degrees of freedom. This
is because string theory has an additional constraint that can be understood
as the equation of motion of the worldsheet metric hαβ . Defining σ± = τ ± σ,
these constraints read in conformal gauge

∂±Xµ∂±XνGµν(X) = 0 , (5.89)
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and are sometimes called the Virasoro constraints. In practice, solving the
constraints is difficult, but in the so-called light-cone gauge

X+ = 2α′p+τ, (5.90)

where α′ ≡ (2πT )−1 and p+ is the center-of-mass momentum in the X+ di-
rection, the longitudinal modes X± can be eliminated explicitly, at least for
certain space-time metrics Gµν . The light-cone gauge can always be taken as a
consequence of the residual gauge symmetry after the gauge choice of Eq. (5.87)
has been imposed [99, 103, 104].

The implementation of the constraints in Eq. (5.89) in the quantum theory
leads to the critical dimension, namely D = 26 for the bosonic string and
D = 10 for the superstring. In our condensed-matter setup, these constraints
are not present. There are physical longitudinal degrees of freedom, so this
makes it different from the superstring. However, the longitudinal modes are
suppressed and at the energy scales we are looking at, it suffices to study only
the transversal degrees. It is in this transversal sector that we connect to string
theory. To make this connection, we have to specify the space-time metric Gµν .
A class of backgrounds that has been intensely studied in the string literature is
that of plane wave metrics [106, 107]. The simplest of these backgrounds, and
also the one relevant for our case, is given by

ds2 ≡ Gµν(X)dXµdXν (5.91)
= −2dX+dX− + H(Xi)(dX+)2 + dXidXi,

where H(Xi) is a function of the transverse coordinates only. In light-cone
gauge, the lagrangian for the string propagating in this background now becomes

T−1L =
1
2

D−2∑
i=1

[(
∂Xi

∂τ

)2

−
(

∂Xi

∂σ

)2
]
− V (Xi) , (5.92)

where V (X) = −2(α′p+)2H(X). To derive this result, we simply substitute the
background in Eq. (5.91) into Eq. (5.86), and use the light-cone gauge from Eq.
(5.90) to produce the potential V (X) term in the lagrangian.1 Furthermore, this
produces a term proportional to X− that is decoupled from the Xi. Therefore
this term can be dropped. In fact X− is fixed by the Virasoro constraints in
Eq. (5.89), so we only need a lagrangian for the transverse degrees of freedom.

1That the light-cone gauge can be imposed simultaneously with the conformal gauge from
Eq. (5.87) was shown in Ref. [108]. In fact, the only space-times in which this can be done
are flat space and the plane-wave backgrounds.
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One of the remarkable facts of string theory is that its conformal symmetry
at the quantum level forces the metric to satisfy Einstein’s equations in general
relativity. This is the way in which gravity emerges from string theory. When
there are no other background fields present, as in our case, Einstein’s equations
reduce to a single constraint on the function H given by

∆H ≡
D−2∑
i=1

∂2

(∂Xi)2
H = 0 . (5.93)

In other words, H has to satisfy the Laplace equation in the transverse space.
This constraint has to be understood on an equal footing as the constraint on
the space-time dimension. They both follow from a consistent implementation
of the conformal symmetry at the quantum level. Since we are not taking
into account the Virasoro constraints in our system, and hence the conformal
symmetry, we therefore also ignore the constraint in Eq. (5.93). Doing so, we
can work with arbitrary potentials V (X). When we take D = 4, as we shall do
below, the scalar potential depends on two real fields.

We now include the fermions, and discuss supersymmetry. To make a super-
string we have to add additional terms to the lagrangian in Eq. (5.86) containing
the fermions in such a way that there is supersymmetry. We can then impose
the conformal or light-cone gauges to arrive at a supersymmetric generalization
of the lagrangian in Eq. (5.92). Alternatively, we can directly study supersym-
metric extensions of Eq. (5.92) as two-dimensional field theories. The general
construction of supersymmetric two-dimensional field theories with scalar po-
tentials V (X) was given in Ref. [109]. Not all potentials lead to lagrangians
that can be supersymmetrized. For the case of minimal supersymmetry with
two supercharges, sometimes denoted by (1,1) SUSY, the potential needs to be
of the following type

V (Xi) =
D−2∑
i=1

(
(∂iW )2 + G2

i (X)
)

, (5.94)

where W is a real function, ∂i stands for the derivative with respect to Xi,
and the quantities Gi(X) satisfy ∂iGj + ∂jGi = 0 together with

∑
i Gi∂iW =

constant. The supersymmetric lagrangian can then be written as

2T−1L = ∂αXi∂αXi + iψ̄iγα∂αψi − V (X) (5.95)

−Wij(X)ψ̄iψj − W
(5)
ij (X) ψ̄iγ5ψj ,
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with
Wij = ∂i∂jW , W

(5)
ij = ∂iGj . (5.96)

The supersymmetry variations are

δXi = ε̄ψi, (5.97)
δψi = −iγα∂αXiε − ∂iWε − Giγ5ε, (5.98)

and leave the lagrangian invariant, up to a total derivative. Here ψi and ε are
two-component Majorana spinors, and in our model we thus have two Majorana
spinors. The γ-matrices are related to the Pauli matrices as γ0 = σy, γ1 = iσx

and γ5 = σz as before. For more details on the spinor conventions, see Ref.
[109].

Examples of supersymmetric models are given by

Gi = αεijX
j , W (r) = βR + γR3 , (5.99)

where R ≡
√

(X1)2 + (X2)2 and α, β, γ are arbitrary parameters. Plugging this
into Eq. (5.94) leads to 2

V (R) =
(
β + 3γR2

)2
+ α2R2. (5.100)

Up to an irrelevant additive constant, the coefficients α, β, γ can be chosen such
that the potential is as in our condensed-matter setup. Furthermore, we have
that W

(5)
ij = αεji which leads to mass terms for the fermions, and supersymme-

try variations of the fermions of the form

δψi = · · · + αεijXjγ
5ε . (5.101)

This term rotates the fermions into the bosons, just like for the ultracold su-
perstring. If we compute Wij to determine the interactions between bosons and
fermions, it produces complicated interaction terms,

Wij = δij

(
β

R
+ 3γR

)
+ XiXj

(
− β

R3
+

3γ

R

)
, (5.102)

as a result of the supersymmetry constraints.

2One could also add a term proportional to R2 to W . This leads, however, to terms in the
potential V with odd powers in R, which is not what we are looking for.
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5.5.1 Nonrelativistic limit

To connect to our condensed-matter setup, we have to take the nonrelativistic
limit in which only particle excitations of the two-dimensional field theory sur-
vive, and the anti-particle excitations are absent. To illustrate this procedure,
we start with the bosonic part of the lagrangian in Eq. (5.95), based on two real
scalar fields. In terms of the complex field

X = X1 + iX2 , X∗ = X1 − iX2 , R2 = |X|2, (5.103)

the lagrangian reads

T−1L =
1
c2

|∂τX|2 − |∂σX|2 − V (|X|) , (5.104)

where we have reinserted the speed of light c in order to take the nonrelativistic
limit c → ∞ below, and we further used that the potential is a function of R
only since this is the case of interest.

Using now the mass m∗, we decompose the complex scalar field in terms of
positive and negative frequency modes

X(σ, τ) =
1√

2m∗T

(
e−im∗c2τ b(σ, τ) + eim∗c2τa(σ, τ)

)
, (5.105)

and call b the particle field and a the antiparticle field. Both b and a are
complex. We now substitute Eq. (5.105) into Eq. (5.104) and send c → ∞. In
this limit, the lagrangian becomes first order in time derivatives, and particles
and antiparticles decouple from each other such that we can effectively set a = 0.
The remaining terms in the nonrelativistic limit are

L = i�b∗∂τ b − �
2

2m∗ |∂σb|2 − V (|b|), (5.106)

where we have reinserted the various factors of �. Moreover, we have absorbed a
mass term proportional to |b|2 into the potential. Remind that we have chosen
a potential of the form given in Eq. (5.100), so this mass term can easily be
absorbed into a change of the coefficients α or βγ. Notice that this lagrangian
precisely coincides with the bosonic sector of the lagrangian of the ultracold
superstring given in Eq. (5.40). The fermionic sector can be obtained in a
similar way.
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5.6 Conclusions

In this chapter we presented a detailed account of the conditions under which the
ultracold superstring can be created. The requirements for the laser parameters
and the atomic interactions were given. Moreover we paid attention to the
experimental signatures of supersymmetry. The supersymmetry in the problem
was investigated by studying the appropriate super algebra. Finally, a precise
mathematical connection with string theory in 3 + 1 dimensions was made.

The discussions in this chapter were limited to the case of a single string. It
is left for future investigation to extend the analysis to involve more strings. A
complication in this case is that for parallel vortex lines, supersymmetry is not
possible, because of the different way vortices and fermions interact with each
other. A proposal to overcome this problem is to study the interaction of two
superstrings that are both in the center of the condensate, but are separated
on the z axis. This would correspond to merging and splitting of ultracold
superstrings.

The typical fermionic number of particles that is needed to obtain super-
symmetry is typically around 0.1 per site. This is rather low, both to control
and to observe. However, the density is rather high and can be estimated to
be at least 1013 cm−3. Moreover, a disadvantage of a higher fermionic atomic
density is that this makes also the contribution of the kelvon-fermion hopping
interaction more important. It remains to be investigated, whether a change of
the various parameters can improve on this situation.

Apart from the other possibilities mentioned in this chapter, it is also possible
to gain experimental insight in the system by coupling the vortex motion to
resonant quadrupole modes [45]. This gives the possibility to measure the kelvon
dispersion directly. If the system is brought out of equilibrium by populating
a high-lying kelvon mode, it also opens up the exciting possibility to study
collapse and revival phenomena between the bosonic and fermionic modes.
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Chapter 6

Vortex-lattice melting

Abstract

We investigate quantum fluctuations of a vortex lattice in a one-dimensional
optical lattice for realistic numbers of particles and vortices. Our method gives
full access to all the modes of the vortex lattice and we discuss in particular
the Bloch bands of the Tkachenko modes. Because of the small number of
particles in the pancake Bose-Einstein condensates at every site of the optical
lattice, finite-size effects become very important. Therefore, the fluctuations
in the vortex positions are inhomogeneous and the melting of the lattice occurs
from the outside inwards. By looking into correlations between neighboring
vortices, we identify new solid and liquid phases. Tunneling between neigh-
boring pancakes substantially reduces the inhomogeneity as well as the size of
the fluctuations.

This chapter is based on “Vortex-lattice melting in a one-dimensional optical lattice”,

M. Snoek, and H. T. C. Stoof, accepted for publication in Physical Review Letters.

6.1 Introduction

Very rapidly rotating ultracold bosonic gases have been predicted to form highly-
correlated quantum states [23, 26, 110]. In these states, the Bose-Einstein con-
densate has been completely depleted by quantum fluctuations, and quantum
liquids appear with excitations that can carry fractional statistics. Some of
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these states have been identified with (bosonic) fractional quantum Hall states
[26, 111, 53]. It is by now a long-standing goal to observe the experimental
signatures of these very interesting states in the context of ultracold quantum
gases. The conditions for these states to form have been expressed in the re-
quirement that the ratio ν = N/Nv of the number of atoms N and the number
of vortices Nv, should be smaller than some critical value νc. The ratio ν plays
the role of the filling factor and estimates for the critical νc are typically around
8 [26, 49]. These estimates are made for infinitely large systems.

However, observed filling factors are up till now always greater than 100,
where almost perfect hexagonal lattices form and no sign of melting can be seen
[21]. These experiments are carried out with Bose-Einstein condensates consist-
ing of typically 105 particles, whereas the maximum number of vortices observed
is around 300. Decreasing the number of particles results in loss of experimental
signal, whereas the number of vortices is limited by the rotation frequency that
has to be smaller than the transverse trapping frequency. Adding a quartic po-
tential, which stabilizes the condensate also for rotation frequencies higher than
the transverse trap frequency, has until now not improved this situation [22],
although it has opened up the possibility of forming a giant vortex in the center
of the cloud [31, 32]. In recent work, however, it was realized that quantum
fluctuations of the vortices can be greatly enhanced, without losing experimen-
tal signal, by using a one-dimensional optical lattice [64]. The optical lattice
divides the Bose-Einstein condensate into a stack of two-dimensional pancake
condensates that are weakly coupled by tunneling as schematically shown in
Fig. 6.1. The number of particles in a single pancake is much smaller than in a
Bose-Einstein condensate in a harmonic trap, and therefore the fluctuations are
much greater. Moreover, by varying the coupling between the pancakes, it is
possible to study the dimensional crossover between decoupled two-dimensional
melting, and the strong-coupling limit where the three-dimensional situation is
recovered. Recently, the density profiles for quantum Hall liquids in such a ge-
ometry have also been calculated [112]. Because of the small number of particles
in each pancake shaped Bose-Einstein condensate, finite-size effects become very
pronounced in this setup. In particular, the critical filling factor for the melting
of the lattice νc changes compared to the homogeneous situation. Moreover,
melting is not expected to occur homogeneously but starts at the outside and
then gradually moves inwards as the rotation speed increases [113]. Therefore,
phase coexistence is expected, where a vortex crystal is surrounded by a vor-
tex liquid. In this chapter we study this interesting physics by investigating
the quantum fluctuations of the vortex lattice for realistic numbers of particles
and vortices. To decide whether or not the vortex lattice is melted we use the
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y

x

z

Figure 6.1: Setup in which the melting of the vortex lattice is studied. An optical
lattice along the z direction divides the condensate into pancake condensate which are
coupled by tunneling processes.

Lindemann criterion, which in this case has to be applied locally.
Besides the possibility of observing highly-correlated quantum states after

the vortex lattice has melted, also the vortices themselves have very interesting
properties. For moderately rotating gases, the vortices are observed to order
in an Abrikosov lattice [16, 7]. The lowest mode of the lattice is the so-called
Tkachenko mode [46], which recently has been investigated experimentally [21,
20] and theoretically [114, 134, 135]. Since the study of the fluctuations of
the vortex lattice requires full information on all the modes of the lattice, we
also can identify this mode. Because of the optical lattice, this mode actually
becomes a Bloch band and we also determine the dispersion of the Tkachenko
modes in the axial direction of the optical lattice.

6.2 Lattice vibrations

The action describing the system is given by S =
∫

dt
∫

d3x L(x, t), with the
Lagrange density in the rotating frame given by

L = Ψ∗
(

i�∂t +
�

2∇2

2m
− V (x) + ΩLz − g

2
|Ψ|2

)
Ψ, (6.1)

where Ψ(x, t) is the Bose-Einstein condensate wavefunction, m is the mass of
the atoms, Ω is the rotation frequency, Lz = i�(y∂x − x∂y) is the angular
momentum operator, and g = 4π�

2a/m is the interaction strength, with a the
three-dimensional scattering length. The combination of an optical lattice in
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the axial direction and harmonic confinement in the radial direction gives an
external potential V (x) = Vz cos2(2πz/λ) + 1

2mω2
⊥(x2 + y2), where λ is the

wavelength of the laser producing the optical lattice. Assuming that the optical
lattice is deep enough we can perform a tight-binding approximation and write
Ψ(x, t) =

∑
i Ψ(z−zi)Ψi(x, y, t), where Ψ(z) is chosen to be the lowest Wannier

function of the optical lattice. Hence the Lagrange density can be written as
L = t

∑
〈ij〉 Ψ∗

i Ψj +
∑

i Li, with the on-site terms

Li =Ψ∗
i

(
i�∂t +

�
2∇2

2m
− mω2

⊥r2

2
+ ΩLz − g′

2
|Ψi|2

)
Ψi, (6.2)

and 〈ij〉 denotes that the sum is taken over nearest neighboring sites. Moreover,
we have defined the interaction coefficient g′ = 4π�

2a/
√

2π�zm and hopping
amplitude t = 4V

3/4
z E

1/4
z exp[−2

√
Vz/Ez]/

√
π, where Ez = 2π2

�
2/λ2m is the

recoil energy associated with the optical lattice and lz = λ/2π(Vz/Ez)1/4 is the
harmonic length associated with the optical lattice.

Melting is only expected for a Bose-Einstein condensate that is rotating
very fast. The wavefunction can then be taken to be part of the lowest Landau
level, implying that we describe the condensate as a compressible fluid. Thus
we consider wavefunctions of the form

∏
n(w − wn) exp[−|w|2/2], where w =

(x+iy)/�, wn = (xn +iyn)/� and (xn, yn) is the position of the nth vortex. Here
� is the “magnetic length”. To increase the validity of this study, we use � as
a variational parameter instead of fixed it to the radial harmonic length [115].
The associated frequency is ω = �/m�2. From now on distances are rescaled by
�, frequencies are scaled by the radial trapping frequency ω⊥, and we define a
dimensionless interaction strength by means of U = Nmg′/4π�

2 = Na/
√

2π�z.
In the calculations we take the scattering length of 87Rb, λ = 700 nm and
Vz/Ez = 16, which gives U = 25N . The on-site energy part of the Lagrange
density depends in this approximation only on the particle density and becomes
(ω + 1/ω − 2Ω)r2n(r)/2 + 2πωUn2(r). The lowest Landau level wavefunctions
and, therefore also the atomic density, are fully determined by the location
of the vortices. Hence, we replace the functional integral over the condensate
wavefunctions by a path integral over the vortex positions.

To determine the quadratic fluctuations around the Abrikosov lattice, we
first have to find the classical groundstate, which we calculated for up to 37
vortices. For small numbers of vortices, the groundstate is distorted from the
hexagonal lattice [116]. In general, there are also vortices far outside the con-
densate. The coarse-grained atomic density is well approximated by a Thomas-
Fermi profile [118]. For fixed interaction U and different rotation frequencies
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0.95 0.97

0.8 0.9

Figure 6.2: Classical vortex lattice and density profile for rotation frequencies Ω/ω⊥ =
0.8, 0.9, 0.95 and 0.97. Here U = 10, which corresponds to N = 250. White means
high density, black low density. The vortex positions are indicated by a dot, such that
also the vortices outside the condensate are visible.

pictures of the classical groundstate are given in Fig 6.2. Then we study the
quadratic fluctuations by expanding the action up to second order in the fluc-
tuations [119]. This yields an action of the form

S =
∑

i

ui · (Ti∂t − E) · ui − t
∑
〈ij〉

ui · J · uj , (6.3)

where ui = (δx1,i, δy2,i, δx2,i, δy2,i, . . .) ≡ (. . . ,uni, . . .) is the total displacement
vector of all the point vortices in the pancake condensate at site i, and T, E
and J are matrices depending on Ω, U , and the classical lattice positions. To
diagonalize this action along the z axis, we perform a Fourier transformation to
obtain

S =
∑

k

u∗
k ·

(
Ti∂t − E − t[1 − cos(kλ/2)J]

)
· uk. (6.4)

Finally, we completely diagonalize this action by the transformation vk = Pkuk
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Chapter 6. Vortex-lattice melting

such that the action becomes S =
∑

k,α v∗
kα(i∂t−ωα(k))vkα where ωα(k) are the

mode frequencies of the vortex lattice. This means that the vkα, where k labels
the momentum in the z direction and α labels the mode, correspond to bosonic
operators with commutation relation [vkα, vk′α′�] = δkk′δαα′ . This allows us to
calculate the expectation value for the fluctuations in the vortex positions, but
also for the correlations between the various point vortices.

6.3 Tkachenko modes

The Tkachenko modes are almost transverse modes of the vortex lattice. In
a harmonic trap with cylindrical symmetry they become modes which are al-
most angular. In the radial direction their spectrum is discretized, because
of the finite lattice size. For 37 vortices 6 Tkachenko modes can be identi-
fied. A close comparison with continuum theory for a finite-size system, where
also a discrete spectrum was found [120], is possible but beyond the scope of
this thesis. Moreover, the Tkachenko modes also have a dispersion in the z
direction. Without the optical lattice some aspects of these modes were re-
cently investigated [121]. For typical parameters this dispersion is plotted in
Fig. 6.3. As is clearly visible, there is one gapless mode, which is linear at long
wavelengths, while the other modes are roughly just tight-binding like. More-
over, various avoided crossings between these modes are clearly visible. The
gapless mode is the Goldstone mode associated with the spontaneously broken
rotational O(2)-symmetry due to the presence of the vortex lattice. When the
tunneling rate is very small, the gapped modes have exactly a tight-binding
dispersion and the gapless mode gets a dispersion proportional to sin(kλ/2).
This can be understood by observing that in this case the modes are decoupled
and the hamiltonian for the gapless mode reduces to the Josephson hamiltonian
H = −Ec

∑
i ∂2/∂φ2

i + EJ

∑
cos2(φi − φj), which indeed has this dispersion

upon quadratic expansion.

It is interesting to note that for a small rotation frequency, which implies
a small vortex lattice, the Tkachenko modes are not the lowest-lying modes.
For U = 10, a Tkachenko mode becomes the lowest-lying gapped mode when
Ω > 0.978, but there are many modes in between the second and the third
Tkachenko mode. This confirms the expectation that increasing the vortex
lattice will bring down the Tkachenko spectrum.
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Figure 6.3: Dispersion of the Tkachenko modes along the direction of the optical
lattice. For this plot the parameters were chosen as: U = 10, t = 1/10, and Ω = 0.97.
One gapless linear mode and five gapped tight-binding-like modes can be identified.
Note that these results were obtained in the lowest Landau level approximation, which
corresponds to the compressible limit.

6.4 Vortex-lattice melting

Quantum fluctuations of the vortices ultimately result in melting of the vortex
lattice. To decide whether or not the lattice is melted, we use the Lindemann
criterion. We use the definition that the melting transition takes place if 〈(uni−
umi)2〉/2∆2

nm > c2
L, where n and m are neighboring vortices at site i, ∆nm is the

distance between them, and cL is the Lindemann parameter. We use the value
c2
L = 0.01, which is appropriate for hexagonal vortex lattices [122]. Looking

at correlations between vortices is a more precise way to define the melting
transition than only considering the square of the displacement of individual
vortices. Moreover, the study of the correlations between vortices also allows
to give a more precise description of the crystal and the melted phase. The
vortices arrange themselves in shells with almost equal radial distance. Within
the crystal phase the radial position of the shells is well-defined. However, the
angular fluctuations of the shells can be locked together or not. The former
phase we call the solid (S), the latter the solid of solid shells (SS). Within the
melted phase the radial positions of the shells are no longer well-defined, but
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Chapter 6. Vortex-lattice melting

there can still be long-range order in the angle between vortices on the same
shell. This we call a hexatic liquid (HL). When this order is destroyed, we call
this the liquid (L). The SS and the HL phase can only be defined in the presence
of a harmonic trapping potential and are absent in the homogeneous situation.

Because the coarse-grained particle density decreases with the distance to the
origin, the melting criterion has to be applied locally. For a range of parameters,
vortices on the outside are already melted, while the inner part of the vortex
lattice remains crystalline, and a crystal phase in the inside coexists with a liquid
phase on the outside. In Fig. 6.4 we compute the radius of the crystal phase Rcr

normalized to the condensate radius R, as a function of the rotation frequency
for a fixed number of particles N and an interaction strength U , and for various
hopping strengths t. Here we define the condensate radius R as the radius for
which the angularly averaged density drops below 0.003. The crystal radius Rcr

is defined as the radius of the innermost ring of vortices that is melted according
to the Lindemann criterion. When according to this definition Rcr > R, we
set the crystal radius equal to the condensate radius, i.e., Rcr = R. Phase
boundaries between the solid, the solid of solid shells, and the hexatic liquid
are defined in analogy with the phase boundary between the crystalline and
the melted phase above. The phase boundaries show discrete steps because of
the shell structure in which the vortices order themselves. For isolated pancake
condensates, it turns out that for our choice of parameters the crystal is always
a solid of solid shells, whereas the melted phase is always a hexatic liquid.
When the tunneling between pancakes is turned on, the fluctuations are also
coupled in the axial direction. This decreases the fluctuations in the vortex
displacements because the stiffness of the vortices increases. As a result, melting
occurs for higher rotation frequencies, as is visible in Fig. 6.4. A second result
is that now part of the crystal becomes a solid. This possibility to adjust
the tunneling parameter is a unique consequence of the one-dimensional optical
lattice. By comparing the result to the result of the local-density approximation
in Fig. 6.4 we see that the total melting of the system occurs for significantly
lower rotation frequencies than the local-density approximation predicts, which
implies a higher critical filling factor than in the homogeneous situation.

The liquid surrounding the crystal has rotational symmetry. Experimentally
this can be observed, by noting that in the liquid the vortices are no longer
individually visible, while in the crystal they are still visible, although their
positions are broadened by the fluctuations. Theoretically it is a challenging
problem to describe the coexisting crystal-liquid. This will allow to decide
on the occurrence of melting based on energy considerations and thus shed
more light on the accuracy of the application of the Lindemann criterion in this
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Figure 6.4: Phase boundaries between crystalline and melted phases as a function of
the rotation frequency for N = 250 and U = 10. The solid and dashed lines are for
t = 0 and t = 1/100, respectively. For t = 0 there exist only the solid of solid shells
(SS) and the hexatic liquid (HL) phases, whereas for t = 1/100 also a solid phase (S)
appears. The dotted line is the phase boundary between the crystal and the liquid
resulting from a local-density approximation, where the criterion N/Nv = 6 [49] is
applied locally. In the inset the number of vortices Nv that is within the condensate
is plotted as a function of the rotation frequency.

inhomogeneous situation. In the future we also want to investigate the melting
at nonzero temperatures, which is experimentally relevant, because it appears
to be difficult to reach very low temperatures [123].
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Chapter 7

Theory of vortex-lattice
melting

Abstract

We investigate quantum and temperature fluctuations of a vortex lattice in
a one-dimensional optical lattice. We discuss in particular the Bloch bands
of the Tkachenko modes and calculate the correlation function of the vor-
tex positions along the direction of the optical lattice. Because of the small
number of particles in the pancake Bose-Einstein condensates at every site of
the optical lattice, finite-size effects become very important. Moreover, the
fluctuations in the vortex positions are inhomogeneous due to the inhomoge-
neous density. As a result, the melting of the lattice occurs from the outside
inwards. However, tunneling between neighboring pancakes substantially re-
duces the inhomogeneity as well as the size of the fluctuations. On the other
hand, nonzero temperatures increase the size of the fluctuations dramatically.
We calculate the crossover temperature from quantum melting to classical
melting. We also investigate melting in the presence of a quartic radial poten-
tial, where a liquid can form in the center instead of at the outer edge of the
pancake Bose-Einstein condensates.

This chapter is based on “Theory of vortex-lattice melting in a one-dimensional optical

lattice”, M. Snoek, and H. T. C. Stoof, submitted to Physical Review A.
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Chapter 7. Theory of vortex-lattice melting

7.1 Introduction

Since the onset of experiments on Bose-Einstein condensates, vortices have at-
tracted a lot of attention. When the Bose-Einstein condensate is rotated faster
than some critical rotation frequency Ωc, a vortex appears in the gas [6, 7, 8].
Upon increasing the rotation frequency further, the number of vortices increases
[11, 12, 13, 14, 15], and the vortices order themselves in a hexagonal Abrikosov
lattice [16, 17, 18, 19, 20, 21, 22]. If the rotation frequency is increased even
further, the very rapidly rotating ultracold bosonic gases have been predicted
to form highly-correlated quantum states [23, 24, 25, 26, 110]. In these states,
the Bose-Einstein condensate has been completely depleted by quantum fluctu-
ations, and quantum liquids appear with excitations that can carry fractional
statistics. Some of these states have been identified with (bosonic) fractional
quantum Hall states [26, 111, 53], such as the Laughlin state [50], the Moore-
Read state [52] and various Read-Rezayi states [51, 124].

In this chapter we study the quantum fluctuations of vortices in a one-
dimensional optical lattice. Optical lattices provide a powerful tool in manipu-
lating a Bose-Einstein condensate. By using a three-dimensional optical lattice,
the Bose-Hubbard model [9] was experimentally realized and the superfluid-
Mott insulator transition was observed [10]. Moreover, a two-dimensional op-
tical lattice was used to create one-dimensional Bose-gases and to study the
crossover between a superfluid Bose gas and the “fermionized” Tonks gas [72,
73]. Theoretically, the combination of a two-dimensional optical lattice and a
single vortex was predicted to give interesting effects around the superfluid-Mott
insulator transition [125]. Optical lattices can also be used to provide a pinning
potential for vortices [126, 127, 128, 129, 130], and experiments on this topic
are ongoing [131]. The physics of a single vortex line in a one-dimensional opti-
cal lattice is recently extensively studied [64, 44, 45, 65, 132, 133]. By putting
fermions in the vortex core, this system can even be used to create a superstring
in the laboratory [86].

A one-dimensional optical lattice divides the Bose-Einstein condensate into
a stack of two-dimensional pancake condensates that are weakly coupled by
tunneling as schematically shown in Fig. 7.1. An important consequence of this
setup is that the modes of the on-site two-dimensional vortex lattice form Bloch
bands as a function of the axial momentum. In this chapter we pay special
attention to the Tkachenko modes [46], which are the lowest-lying modes of
the vortex lattice. Recently, these modes have been investigated for a single
two-dimensional vortex lattice both experimentally [21, 20] and theoretically
[114, 134, 135, 48, 119, 136, 120, 137].
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The number of particles in a single pancake is much smaller than in a Bose-
Einstein condensate in a harmonic trap, and hence the fluctuations are much
larger. Therefore, this system is a promising candidate to reach the quantum
Hall regime. The requirement for that is that the ratio ν = N/Nv of the
number of atoms N and the number of vortices Nv is smaller than a critical
value νc. The ratio ν plays the role of the filling factor and estimates for the
critical νc are typically around 8 [26, 49]. However, observed filling factors are
up till now always greater than 100, where almost perfect hexagonal lattices
form and no sign of melting can be seen [21]. These experiments are carried out
with Bose-Einstein condensates consisting of typically 105 particles, whereas the
maximum number of vortices observed is around 300. Decreasing the number
of particles results in loss of signal, whereas the number of vortices is limited
by the rotation frequency that has to be smaller than the transverse trapping
frequency. Adding a quartic potential, which stabilizes the condensate also for
rotation frequencies higher than the transverse trap frequency, has until now
not improved this situation [22], although it has opened up the possibility of
forming a giant vortex in the center of the cloud [31, 32, 138]. Applying a
one-dimensional optical lattice produces pancake condensates each containing
typically 1000 particles, such that quantum fluctuations are strongly enhanced.
Experimental signal is still conserved because of the combined signal of all the
pancake. Moreover, because of the small number of particles in each pancake
shaped Bose-Einstein condensate, finite-size effects become very pronounced in
this setup. In particular, the critical filling factor for the melting of the lattice
νc changes compared to the homogeneous situation. As a further consequence,
melting is not expected to occur homogeneously but starts at the outside and
then gradually moves inwards as the rotation speed increases [113]. Therefore,
phase coexistence is expected, where a vortex crystal is surrounded by a vortex
liquid.

The optical lattice gives also the exciting possibility to study the dimensional
crossover between two-dimensional melting and three-dimensional melting, by
varying the coupling between the pancakes. This system also exhibits an intruig-
ing similarity to the layered structure of the high-Tc superconductors [139, 140].
Recently, the density profiles for quantum Hall liquids in this geometry have
been calculated [112]. Also the static properties of the lattice in a double and
multilayer geometry have been investigated [141, 142]. Finally, classical melting
between shells of vortices in a single two-dimensional Bose-Einstein condensate
has also been studied recently [143].

In this chapter we study this interesting physics by expanding on our previ-
ous work [144]. This chapter is organized as follows. In Sec. 7.2 we present the
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Figure 7.1: Setup in which the melting of the vortex lattice is studied. An optical
lattice along the z direction divides the condensate into pancake condensate which are
coupled by tunneling processes.

theoretical foundations of our work and derive the effective lagrangian for the
vortex fluctuations. In Sec. 7.3 we discuss the excitation spectrum and we pay
in particular attention to the Bloch bands of the Tkachenko modes. In Sec. 7.4
we present result on the quantum melting, and in Sec. 7.5 we take into account
the effects of a nonzero temperature. We calculate the crossover temperature
from quantum melting to classical melting. In Sec. 7.6 we present results on
the addition of a quartic potential. We end up with conclusions in Sec. 7.7.

7.2 Effective Lagrangian

In this section we derive the effective lagrangian for the vortex fluctuations.
Using the ansatz that the condensates wavefunctions are part of the lowest
Landau level, we find the classical groundstates and expand the action up to
second order in the fluctuations.

7.2.1 Tight-binding approximation

We closely follow the approach in Ref. [45] for a single vortex, extending it to
the case of a vortex lattice. Our starting point is a cigar-shaped Bose-Einstein
condensate trapped by the potential

V (r) =
m

2
(ω2

⊥r2 + ω2
zz2), (7.1)
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where m is the atomic mass and ωr and ωz are the radial and axial trapping
frequencies, respectively. Since we assume a cigar-shaped trap, we have that
ωz 	 ω⊥ and we neglect the axial trapping in the rest of this work. Exper-
imentally this can also be realized by using end-cap lasers, which results in a
box-like trapping potential in axial direction [28]. In addition, the Bose-Einstein
condensate experiences a one-dimensional optical lattice

Vz(r) = Vz sin2

(
2πz

λ

)
, (7.2)

where Vz is the lattice depth and λ is the wavelength of the laser light. The
lattice potential splits the condensate into Ns two-dimensional condensates with
a pancake shape. Each of the pancake Bose-Einstein condensates contains on
average N atoms, so the total number of atoms is NsN . We consider a deep
optical lattice, such that its depth is larger than the chemical potential of the
two-dimensional condensate, but still we assume that there is full coherence
across the condensate array. This means in particular that the lattice potential
should not be so deep as to induce a superfluid-Mott insulator transition. Typi-
cally the required lattice depth to reach the superfluid-Mott insulator transition
in a three-dimensional lattice with one particle per lattice site is of the order of
10Ez, where Ez is the recoil energy of an atom after absorbing a photon from
the laser beam and given by

Ez =
(2π�/λ)2

2m
. (7.3)

In a one-dimensional lattice the number of atoms in each lattice site is typically
much larger than in a three-dimensional lattice and the transition into the insu-
lating state requires a much deeper lattice [71]. The superfluid-Mott insulator
transition in a one-dimensional optical lattice has recently been observed [63],
but also in that case the number of particles per lattice site is of the order of
one.

The action describing the system in the rotating frame is given by S =∫
dt
∫

d3x L(x, t), where the Lagrange density is given by

L = Ψ∗
(

i�∂t +
�

2∇2

2m
− Vex(x) + ΩLz − g

2
|Ψ|2

)
Ψ. (7.4)

Here Ψ(x, t) is the Bose-Einstein condensate wavefunction, and Ω is the rotation
frequency. Moreover,

Lz = i�(y∂x − x∂y) (7.5)
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is the angular momentum operator, and g = 4π�
2a/m is the interaction strength,

with a the three-dimensional scattering length.
Since we assume a deep optical lattice potential, we can perform a tight-

binding approximation and write

Ψ(x, t) =
∑

i

Φ(z − zi)Φi(x, y, t), (7.6)

where i labels the lattice sites and zi = iλ/2 is the position of the ith site. The
wavefunction in the z direction Φ(z) is chosen to be the lowest Wannier function
of the optical lattice. Because of the deep optical lattice this wavefunction is well
approximated by the ground-state wavefunction of the harmonic approximation
to the lattice potential near the lattice minimum. The frequency associated
with this harmonic trap is

ωL =
2π

λ

√
2Vz/m, (7.7)

and the wavefunction Φ(z) is given by

Φ(z) = (π�2L)1/4 exp
(
− z2

2�2L

)
, (7.8)

where �L =
√

�/mωL.
Writing the Lagrange density as L = T − E , the time-derivative part of the

Langrage density becomes

T =
∑

i

Ti =
∑

i

i�

2
(Ψ∗

i ∂tΨi − Ψi∂tΨ∗
i ) . (7.9)

Terms coupling wavefunctions on neighboring sites do not appear in this kinetic
part of the lagrangian, because of the orthogonality of the Wannier functions
on different sites. The energy part of the Lagrange density can be written as

E =
∑

i

Ei +
∑
〈ij〉

Jij , (7.10)

with

Ei = Ψ∗
i

(
−�

2∇2

2m
+

mω2
⊥

2
r2 − ΩLz −

g′

2
|Ψi|2

)
Ψi,

Jij = −t
(
Ψ∗

i Ψj + Ψ∗
jΨi

)
, (7.11)
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and 〈ij〉 denotes that the sum is taken over nearest-neighboring sites. We have
defined the effective two-dimensional coupling strength

g′ = g

∫
dz|Φ(z)|4 =

4π�
2a√

2π�Lm
(7.12)

and the hopping amplitude

t = −
∫

dzΨ(z)
[
−�

2∂2
z

2m
+ Vz(z)

]
Ψ(z + λ/2). (7.13)

Using the Gaussian wavefunction from Eq. (7.8) to calculate this hopping am-
plitude underestimates the hopping amplitude, since this approximation is only
good in the vicinity of the center of the wells of the optical lattice, and not
in the classically forbidden regions where the overlap between the neighboring
wavefunctions is maximal. Therefore, we use the result

t = 4V 3/4
z E1/4

z exp[−2
√

Vz/Ez]/
√

π (7.14)

which is exact for a deep optical lattice [29]. The parameters g′ and t are both
fully determined by the microscopic details of the atoms and the optical lattice.

7.2.2 Lowest Landau level approximation

Melting is only expected for a Bose-Einstein condensate that is weakly inter-
acting. The transverse wavefunction can then be taken to be part of the lowest
Landau level [145, 146]. This implies that we describe the Bose-Eintein conden-
sate as a compressible fluid. Thus we consider wavefunctions of the form

Φi(x, y, t) ∝
∏
n

(w − wni(t)) exp[−|w|2/2], (7.15)

where w = (x + iy)/�, wni(t) = (xni(t) + iyni(t))/� and xni(t) = (xni(t), yni(t))
is the position of the nth vortex at site i. The vortex positions are the dynamical
variables and are therefore time dependent. Here � is the “magnetic length”,
which is normally identified with the radial harmonic length �⊥ =

√
�/mω⊥.

The validity of the lowest Landau level approximation can then in mean-field
theory be estimated to be limited by the condition [147]

√
8πN

a

�L
< (1 − Ω/ω⊥), (7.16)

85



Chapter 7. Theory of vortex-lattice melting

0.8 .91 .93 .95 .97

Figure 7.2: Classical vortex lattice and density profile for rotation frequencies Ω/ω⊥ =
.8, .91, .93 .95 and .97. Here U = 10, which corresponds to N = 250. White means
high density, black low density. The vortex positions are indicated by a dot, such that
also the vortices outside the condensate are visible.

which is recently compared with exact diagonalization results for small numbers
of particles [148]. To increase the validity of this study, we use � as a variational
parameter instead of fixed it to the radial harmonic length, such that our results
are also valid for stronger interactions and slower rotation [115]. The associ-
ated frequency is ω = �/m�2. In practice, it turns out that ω is always well
approximated by the rotation frequency Ω.

Making use of the fact that the wavefunctions φn(w) = wne−|w|2/2/
√

π�2n!
form a complete and orthonormal basis for the lowest Landau level wavefunc-
tions, it is easy to derive that within these approximations we have that∫

d2r Φ∗
i

(
−�

2∇2

2m

)
Φi=

�ω

2�2

∫
d2rr2ni(r), (7.17)

where the density ni(r) is a function of the vortex positions xni(t).
From now on distances are rescaled by �, frequencies are scaled by the radial

trapping frequency ω⊥, and we define a dimensionless interaction strength by
means of

U = N
mg′

4π�2
= N

a√
2π�L

. (7.18)

The on-site part of the energy functional can then be written as:

Ei

�ω⊥N
=

1
2

(
ω +

1
ω
− 2Ω

)
r2ni(r) + 2πωUn2

i (r). (7.19)

The lowest Landau level wavefunctions and, therefore, also the atomic density,
are fully determined by the location of the vortices. To consider the quantum
mechanics of the vortex lattice we, therefore, replace the functional integral over
the condensate wavefunctions by a path integral over the vortex positions. This
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involves a non-trivial Jacobian, which does not change the results presented
here, because we always consider the case that N � 1. In the calculations we
take the scattering length of 87Rb, λ = 700 nm and Vz/Ez = 16, which gives
U = 25N . The qualitative features, however, do not depend on the value of U .

7.2.3 Classical Abrikosov lattice

To determine the quadratic fluctuations around the Abrikosov lattice, we first
have to find the classical groundstate. We calculated this groundstate for up to
37 vortices. The number of vortices in the condensate increases with the rotation
frequency. For small numbers of vortices, the groundstate is distorted from the
hexagonal lattice [116, 117]. In general, there are also vortices far outside the
condensate. When there are more than 18 vortices in the condensate, there is
generally one vortex in the center, while the other vortices order themselves in
rings of multiples of six vortices. However, when a new ring of vortices enters
the condensate, there is an instability towards an elliptic shape deformation.
This is related to the elliptic shape deformation that occurs before a single
vortex enters the condensate, and that has been investigated before theoretically
[33, 34, 35, 36] and has also been observed [37]. This shape instability plays an
important role in the classical melting of the vortex lattice, as we show lateron.
Pictures of the classical groundstate are given in Fig. 7.2 for fixed interaction U
and different rotation frequencies. The number of vortices within the condensate
as a function of rotation frequency is plotted in Fig. 7.3, where we limited our
study to vortex lattices that exhibit hexagonal symmetry around the origin.
In the fluctuation calculation we only consider the regime where configurations
consisting of one vortex in the center surrounded by rings of six vortices are
stable. In that case, the coarse-grained atomic density is well approximated by
a Thomas-Fermi profile [118].

7.2.4 Fluctuations

Next we study the quadratic fluctuations by expanding the action up to second
order in the fluctuations uni = xni − 〈xni〉. This yields an action of the form

S =
∑

i

ui · (Ti∂t − E) · ui − t
∑
〈ij〉

ui · J · uj , (7.20)

where ui ≡ (. . . ,uni, . . .) is the total displacement vector of all the point vortices
on site i. The matrices T, E and J depend on Ω, U , and the classical lattice
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Figure 7.3: The number of vortices Nv that is within the condensate as a function
of the rotation frequency Ω. Depending on the rotation frequency, the groundstate is
either a vortex lattice with a vortex in the center surrounded by rings of a multiple of six
vortices such that the number of vortices can be written as 1+6nr, or a configuration
where there is no vortex in the center and the vortices order themselves in rings of
multiples of three vortices, such that the total number of vortices in the condensate is
a multiple of three. For Ω/ω⊥ > .9, the first situation is the groundstate (except for a
small region, where the Bose-Einstein condensate becomes elliptically deformed) and
we only calculate the fluctuations for this case. For this plot the condensate radius
was defined as the radius where the angular averaged density drops below 0.003.

positions 〈xni〉, and are formally given by

Enm =
(

Exnixmi
Exniymi

Eynixmi
Eyniymi

)

=
∫

d2r
∂

∂xni

∂

∂xmi
Ei,

Tnm =
∫

d2r
∂

∂xni

∂

∂xmi
Ti, (7.21)

Jnm =
∫

d2r
∂

∂xni

∂

∂xmj
Jij .
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We also expand the density in the fluctuations by means of

ni(r) =
n0(r) +

∑
n uni · nn(r) +

∑
nm uni · nnm(r) · umi

1 +
∑

n uni · nni +
∑

nm uni · nnm · umi
, (7.22)

where n0(r) is the equilibrium particle density associated with the classical
lattice. We have defined the vectors

nn(r) =
(

nxn
(r)

nyn
(r)

)
, (7.23)

which form the dipole densities and are associated with linear variations around
the classical solution, and the tensors

nnm(r) =
(

nxnxm
(r) nxnym

(r)
nynxm

(r) nynym
(r)

)
, (7.24)

which form the quadrupole densities and are associated with the quadratic vari-
ations around the classical solution. Moreover,

nn =
∫

d2r nn(r) (7.25)

and

nnm =
∫

d2r nnm(r), (7.26)

such that ni(r) is always normalized to 1. The density n0(r), and the tensors
nn(r), nnm(r) are independent of time and the layer index i, since only the
fluctuations in the vortex positions ui(t) are taken as the dynamic variables.
Making use of the fact that

ni(r) ∝
∏

i

|w − wi|2 exp[−|w|2], (7.27)

the following expressions can be derived for the dipole density

nxn
(r) =

−2(x − 〈xni〉)
|r − 〈xni〉|2

n0(r), (7.28)

nyn
(r) =

−2(y − 〈yni〉)
|r − 〈xni〉|2

n0(r).
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For the quadrupole density for a single vortex we get

nxnxn
(r) =

1
|r − 〈xni〉|2

n0(r), (7.29)

nxnyn
(r) = 0,

nynxn
(r) = 0,

nynyn
(r) =

1
|r − 〈xni〉|2

n0(r),

whereas for two different vortices we find

nxnxm
(r) =

2(x − 〈xni〉)(x − 〈xmi〉)
|r − 〈xni〉|2|r − 〈xmi〉|2

n0(r), (7.30)

nxnym
(r) =

2(x − 〈xni〉)(y − 〈ymi〉)
|r − 〈xni〉|2|r − 〈xmi〉|2

n0(r),

nynxm
(r) =

2(y − 〈yni〉)(x − 〈xmi〉)
|r − 〈xni〉|2|r − 〈xmi〉|2

n0(r),

nynym
(r) =

2(y − 〈yni〉)(y − 〈ymi〉)
|r − 〈xni〉|2|r − 〈xmi〉|2

n0(r).

All matrices in the action for the fluctuations can be completely expressed in
terms of these functions. From Eq. (7.19) we read off that

Enm =
∫

d2r
{

1
2
(ω + 1/ω − 2Ω)r2

[
(nnnm − nnm)n0(r) (7.31)

−1
2
(nnnm(r) + nmnn(r)) + nnm(r)

]
+2πωU

[
(3nnnm − 2nnm)n2

0(r) + 2nnm(r)n0(r)

+nn(r)nm(r) − 2 (nnnm(r)n0(r) + nmnn(r)n0(r))
]}

.

From a straightforward derivation we obtain also

Txnxm
=

nyn
nxm

− nxn
nym

4
+

nynxm
− nxnym

2
, (7.32)

Txnym
=

nxn
nxm

+ nyn
nym

4
− nxnxm

+ nynym

2
,

Tynxm
= −Txnym

,

Tynym
= Txnxm

,
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and

Jxnxm
= −nxn

nxm

4
+

nxnxm
+ nynym

2
, (7.33)

Jxnym
= −nxn

nym

4
+

nxnym
− nynxm

2
,

Jynxm
= −nyn

nxm

4
+

nynxm
− nxnym

2
,

Jynym
= −nyn

nym

4
+

nxnxm
+ nynym

2
.

The calculation is simplified considerably by making use of the hexagonal sym-
metry of the vortex lattice. Because of this symmetry the number of matrix
elements to be calculated for each matrix is less then 12N2

v + 32Nv instead of
72N2

v , when all matrix elements are calculated independently.

7.2.5 Diagonalization

To diagonalize this action along the z axis, we perform a Fourier transformation
to obtain

S =
∑

k

u∗
k · (Ti∂t − E − t[1 − cos(kλ/2)J]) · uk. (7.34)

Finally, we completely diagonalize this action by a transformation

vk = Pkuk, (7.35)

that is normalized such that the action becomes

S =
∑
k,α

v∗
kα(i∂t − ωα(k))vkα, (7.36)

where ωα(k) are the mode frequencies of the vortex lattice. This means that
the vkα, where k labels the momentum in the z direction and α labels the
mode, correspond to bosonic operators with commutation relation [vkα, vk′α′�] =
δkk′δαα′ . This allows us to calculate the expectation value for the fluctuations
in the vortex positions, but also for the correlations between the various point
vortices.

7.3 Tkachenko modes

The Tkachenko modes are almost transverse modes of the vortex lattice. In a
harmonic trap with cylindrical symmetry they become modes which are almost
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Figure 7.4: Dispersion of the Tkachenko modes along the direction of the optical
lattice. For this plot the parameters were chosen as: U = 10, t = 1/10, and Ω = .97.
One gapless linear mode and five gapped tight-binding-like modes can be identified.
The gapless mode is the acoustic Goldstone mode associated with the broken O(2)-
symmetry due to the presence of the vortex lattice. Note that these results were
obtained in the lowest Landau level approximation, which corresponds to the com-
pressible limit.

angular. In the radial direction their spectrum is discretized, because of the
finite lattice size. The number of radial Tkachenko modes equals the number
of vortex rings. For 37 vortices 6 Tkachenko modes can be identified. A close
comparison with continuum theory for a finite-size system, where also a discrete
spectrum was found [120], is possible but beyond the scope of this work. More-
over, the Tkachenko modes also have a dispersion in the z direction. Without
the optical lattice some aspects of these modes were recently investigated [121].
For typical parameters this dispersion is plotted in Fig. 7.4, while the modes are
displayed in Fig. 7.5. As can be seen in the latter figure, some of the vortices
at the edge deviate from having a purely angular motion. As is clearly visible,
there is one gapless mode, which is linear at long wavelengths, while the other
modes are roughly just tight-binding-like. Moreover, various avoided crossings
between these modes are clearly visible. The gapless mode is the Goldstone
mode associated with the spontaneously broken rotational O(2)-symmetry due
to the presence of the vortex lattice. When the tunneling rate is very small, the
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5 6

3 4

1 2

Figure 7.5: Tkachenko modes. For this plot the parameters were chosen as: U = 10,
Ω = .97, and k = 0. Mode 1 is the Goldstone mode and corresponds to a pure
rotation, while the modes 2-6 are gapped and ordered along increasing gap. They
were previously called s-band modes in Ref. [20]. As is visible, some of the vortices
at the edge deviate from having a purely angular motion.
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Figure 7.6: Node structure of the Tkachenko modes. The modes are ordered in the
same way as in Fig. 7.5. Points are connected by straight lines to increase the visibility.
When a wavelength is associated with the position of the nodes, it can be seen that
for increasing gap the wavelength becomes shorter. This agrees qualitatively with the
continuum theory of Ref. [120].

gapped modes have exactly a tight-binding dispersion and the gapless mode gets
a dispersion proportional to sin(kλ/4). This can be understood by observing
that in this case the modes are decoupled and the hamiltonian for the gapless
mode reduces to the Josephson hamiltonian

H = −EC

∑
i

∂2

∂φ2
i

+ EJ

∑
〈ij〉

cos(φi − φj)2. (7.37)

Writing pφ = −i∂φ, the action in momentum space thus reads after a quadratic
expansion of the Josephson energy

S =
∑

k

∫
dω

(
φ
pφ

)(
2[1 − cos(kλ/2)]EJ −iω

iω EC

)(
φ
pφ

)
, (7.38)

from which we deduce the dispersion

ω2(k) = 2[1 − cos(kλ/2)]EJEC = 4 sin2(kλ/4)EJEC . (7.39)

It is interesting to note that for a small rotation frequency, which implies
a small vortex lattice, the Tkachenko modes are not the lowest-lying modes.
For U = 10, a Tkachenko mode becomes the lowest-lying gapped mode when
Ω > 0.978, but there are many modes in between the second and the third
Tkachenko mode. This confirms the expectation that increasing the vortex
lattice will bring down the Tkachenko spectrum more and more.
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7.4 Quantum melting

In this section we study vortex-lattice melting due to quantum fluctuations. We
apply the Lindemann criterion to estimate the position of the melting transition.
We study the influence of tunneling between the pancake condensates and com-
pare with a local-density approximation. By looking at correlations between the
vortices, we can distinguish between various phases, which are partially melted.

7.4.1 Single-layer geometry

Quantum fluctuations of the vortices ultimately result in melting of the vortex
lattice. To decide whether or not the lattice is melted, we use the Lindemann
criterion, which in this inhomogeneous situation has to be applied locally. The
Lindemann criterion means that the lattice is melted, when

〈u2
ni〉

∆2
ni

> c2
L, (7.40)

where ∆ni is average distance to the neighboring vortices. The critical value cL,
is known as the Lindemann parameter. This parameter is a priori unknown,
but values found from comparison with Monte Carlo simulations are typically in
the range cL = 0.1− 0.3. The value cL = 0.1 was recently found from elaborate
calculations for a triangular vortex lattice in high-Tc superconductors, which
also compared well to experiments in that case [122]. We, therefore, use this
value in our calculations. Note that the results we obtain depend quantitatively
on the value of the Lindemann parameter. Changing this value shifts the curves,
but the qualitative features remain the same.

Due to the inhomogeneity of our system, we have to apply this criterion
locally. Because the coarse-grained particle density decreases with the distance
to the origin, vortices on the outside are already melted, while the inner part of
the crystal remains solid. Therefore, a crystal phase in the inside coexists with
a liquid phase on the outside. In Fig. 7.7 we compute the radius of the crystal
phase Rcr normalized to the condensate radius R, as a function of the rotation
frequency for fixed a number of particles and a fixed interaction strength U , but
for various hopping strengths t. Also here we define the condensate radius R
as the radius for which the angularly averaged density drops below 0.003. The
crystal radius Rcr is defined as the radius of the innermost vortex ring that is
melted according to the Lindemann criterion. When according to this definition
Rcr > R, we set the crystal radius equal to the condensate radius, i.e., Rcr = R.
The ratio Rcr/R shows discrete steps because of the ring-like structure in which
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Figure 7.7: Crystal radius Rcr normalized to the condensate radius R as a function
of the rotation frequency for N = 250 and U = 10. The solid line is for t = 0 and
the dashed lines are for t = 1/1000 and 1/100 (from left to right). The dotted lines
are the result of the local-density approximation, where for the upper curve we took
the criterion N/Nv = 6 and for the lower curve N/Nv = 8. In all the figures in this
chapter we have connected the points by straight lines. Due to the finite numerical
resolution the jump between the plateau’s appears therefore not vertical.

the vortices order themselves.

7.4.2 Local-density approximation

We compare this with a simple local density calculation, where the criterion
N/Nv = n(r)/nv(r) = 6 [26] or N/Nv = n(r)/nv(r) = 8 [49] is applied locally,
by making use of a Thomas-Fermi density profile to describe the coarse-grained
atomic density. Substituting the Thomas-Fermi profile

nTF(r) =
2

πR2
TF

(
1 − r2

R2
TF

)
, (7.41)

where RTF is the Thomas-Fermi radius, in the on-site energy in Eq. (7.19), we
obtain (

ω +
1
ω

− 2Ω
)

R2
TF

6
+

β8ωU

3R2
TF

.
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We have introduced here also the Abrikosov parameter β =
∫

n2(r)/(
∫

n(r))2 �
1.1596 for the hexagonal lattice. Minimizing for RTF gives

R4
TF =

16βUω2

1 + ω2 − 2ωΩ
, (7.42)

which on substitution gives for the on-site energy

4
3

√
βU

√
1 + ω2 − 2ωΩ.

This is minimized for
ω = Ω, (7.43)

which sets the variational parameter �. The Thomas-Fermi radius is then given
by

R4
TF = 16

Ω2βU

1 − Ω2
. (7.44)

In lowest order the vortex density is given by

nv(r) =
1

π�2
. (7.45)

Solving now

ν(r) =
n(r)
nv(r)

= νc, (7.46)

we get for the crystal radius normalized to the Thomas Fermi radius the result

Rcr

RTF
=

√
1 − νcR2

2N
=

√√√√1 − 2νc

N

√
Ω2βU

(1 − Ω2)
. (7.47)

For comparison this line is plotted in Fig. 7.7. As can be seen there are impor-
tant finite-size corrections to the local-density approximation. The local-density
approximation fails to take into account the discrete nature of the vortex po-
sitions. Moreover, it predicts the total melting of the crystal at considerable
higher rotation frequencies than the exact answer.

In principle there are corrections to the vortex density due to the Thomas-
Fermi profile of the particle density. A better approximation near the center of
the trap is [145]

nv(r) =
1

π�2
− 1

πR2
TF

1
(1 − r2/R2

TF)2
. (7.48)
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However, this vortex density becomes zero well within the Thomas-Fermi radius.
As a result the ratio n(r)/nv(r) diverges and is always bigger than 8. Higher-
order contributes should be taken into account to solve this problem. Instead
we compare with the constant vortex density

nv(r) =
1

π�2
− 1

πR2
TF

, (7.49)

which corresponds to a Gaussian distribution of the atomic density with radius
RTF. Straightforward derivation gives then

Rcr

RTF
=

√
1 − νc(R2 − 1)

2N
(7.50)

=

√√√√1 − 2νc

N

(√
Ω2βU

(1 − Ω2)
− 1

)
. (7.51)

This shifts the curves for the local-density theory in Fig. 7.7 a little bit upwards,
and makes the comparison even less favourable.

7.4.3 Multi-layer geometry

When the tunneling between pancakes is turned on, the fluctuations are also
coupled in the axial direction. This decreases the fluctuations in the vortex
displacements because the stiffness of the vortices increases. Hence melting
occurs for higher rotation frequencies, as is visible in Fig. 7.7. In Fig. 7.8
we show the crystal radius for fixed rotation frequency and increasing hopping
amplitude. To determine the presence of crystalline order in the axial direction,
we calculate the correlation function

〈eiq·(uni−unj)〉,

which is related to the static structure factor. For our gaussian theory, this
reduces to

e−〈[q·(uni−unj)]
2〉/2.

For the central vortex the correlation function 〈u0iu0j〉 decays exponentially,
which signals long-range order. For the other vortices 〈[q · (uni − unj)]2〉 grows
as a logarithm, such that e−〈[q·(uni−unj)]

2〉 decays algebraically. This is in agree-
ment with the expectation for a one-dimensional system at zero temperature.
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Figure 7.8: Crystal radius Rcr normalized to the condensate radius R as a function
of the hopping amplitude t for N = 250, U = 10 and Ω = .96.

In Fig. 7.9 we show the axial correlation function for one of the vortices outside
the center.

Since the lattice spacing λ/2 is the only length scale in the z direction, it
also determines the axial correlation length. The power of the algebraic decay
scales with 1/

√
t. This can be understood when we assume that the gapless

Tkachenko mode gives the dominant contribution to the axial correlation. Using
the effective hamiltonian for this mode from Eq. (7.37), we obtain the following
expression:

〈(uin − ujn)2〉 � r2
n√

EJEC

× (7.52)

2
π

∫ π

0

dk sin2(k(i − j)/2))
(

EC

sin(k/2)
+ EJ sin(k/2)

)
,

where we rescaled k , in units of the lattice spacing λ/2, rn is the distance of the
vortex to the origin and we used that 1−cos(k(i−j)) = 2 sin2(k(i−j)/2). Only
the first term in the brackets is divergent for k → 0, so we neglect the second
term. We make the approximation sin(k/2) � k/2. When i − j is large we can
approximate the rapidly oscillating function sin2(k(i− j)/2) by its average 1/2,
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Figure 7.9: Axial correlation function e−〈(q·(uni−unj))2〉/2 as a function of the distance
along the axial direction for q = (1/�, 1/�), N = 250, U = 10, and Ω = 0.97. The
various curves have, from top to bottom, a hopping parameter t = 10−2, t = 10−3,
t = 10−4, t = 10−5, and t = 10−6, respectively. The correlation function decays as a
power law and in the inset the power is plotted as a function of the hopping amplitude
t. The power thus scales with 1/

√
t.

except for a region near k = 0. We obtain then

4r2
n

π

√
EC

EJ

∫ π

0

dk
sin2(k(i − j)/2)

k
(7.53)

=
4r2

n

π

√
EC

EK

⎛
⎝∫ 4π

i−j

0

dk
sin2(k(i − j)/2)

k
+

1
2

∫ π

4π
i−j

1
k

⎞
⎠

=
4r2

n

π

√
EC

EJ

(∫ 4π

0

dk
sin2

k
+

1
2

log 4(i − j)
)

=
2r2

n

π

√
EC

EJ
(log 4(i − j) + C1) ,

where the constant C1 = γ + log(8π) + Ci(8π) � 3.80296. Using now the
fact that EJ ∝ t, we conclude that indeed the power of the algebraic decay of
e−〈(q·(uni−unj))

2〉/2 scales with 1/
√

t.
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For nonzero temperatures we obtain a linear rise of the correlation function
〈(uni − unj)2〉, which can be understood from the same argument, since then
we have to add the Bose-Einstein distribution, which for very low temperatures
can be approximated by

1
eω(k)/kBT − 1

� kBT

ω(k)
=

kBT

2
√

EJEC sin(kλ/4)
. (7.54)

When we again rescale the momentum by the lattice constant λ/2 and approx-
imate sin k/2 � k/2, we observe that the 1/k-factor in the intergrand of Eq.
(7.53) is replaced by 1/k2. This gives that up to a constant 〈(uin−ujn)2〉 ∝ i−j

and e−〈(q·(uni−unj))
2〉/2 decays exponentially.

7.4.4 Correlations

Melting for small arrays of electrons in quantum dots that are composed of
two or three shells [149, 150, 151, 152], and of vortex lattice shells [153, 143] is
predicted to occur in two stages. First the oriental order between different shells
is destroyed, while after that the radial order is destroyed. We also find this
behavior for the vortex lattice. For that we compute the correlation function
between various vortices and decompose it in radial and angular fluctuations. A
shell structure is found, where vortices with almost (but not necessarily exactly)
the same distance group together. Between these shells angular fluctuations
dominate, while within the shell angular fluctuations are suppressed and radial
fluctuations dominate. This can be understood if we assume that the Tkachenko
modes dominate the fluctuations, because they leave the rings intact, but change
the relative angle between the rings. To quantify this, we introduce the following
order parameter to measure fluctuations in the relative angle of neighboring
shells

ΓSS
nm =

(
uang

ni

rn
− uang

mi

rm

)2

, (7.55)

for neighboring vortices n and m on different shells, where rn is the distance
of vortex n to the origin and only the angular part of the fluctuations in the
displacement field is considered. Let Nmax

v be the maximum number of vortices
on either of the two shells. The shells are decoupled with respect to each other
if

ΓSS
nm >

2π

Nmax
v

c2
L, (7.56)
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(c) (d)

(a) (b)

Figure 7.10: Phases that can be distinguished by looking to radial and angular cor-
relations between vortices on the same and on different shells: a) a solid, b) a solid of
solid shells, c) a hexatic liquid, d) a liquid.

with cL = 0.1 the same Lindemann parameter. Furthermore we introduce the
correlation function

Γnm =
〈(uni − umi)2〉

2∆2
mn

, (7.57)

where ∆mn is the distance between the neighboring vortices m and n and we split
this up in a radial and angular component. Moreover we distinguish between the
case when n and m are on the same shell, which we denote by Γrad

r and Γang
r ,

or on different shells, denoted by Γrad
rr′ and Γang

rr′ . We use the definition that
order is destroyed if the order parameters exceeds the Lindemann parameter,
i.e., Γ > c2

L = 0.01. When the fluctuations are small, the vortex lattice is in the
crystal phase. This phase is defined as Γnm = Γrad

nm +Γang
nm < c2

L, for n and m on
the same shell and on different shells. In particular, there is positional order of
the radii of the different shells. However, we can distinguish between the case
that there exists oriental order between the shells, in which case the relative
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Figure 7.11: Phase boundaries between the solid (S), the solid of solid shells (SS),
and the hexatic liquid (HL) as a function of radial distance and rotation frequency for
N = 250 and U = 10. The solid line is for t = 0 and the dashed line is for t = 1/100.

angle is locked and ΓSS
nm < 2π

Nmax
v

c2
L. This we call the solid phase (S). When

the oriental order between the shells is destroyed we call this phase the solid of
solid shells (SS). The melted phase is charactarized by Γnm = Γrad

nm + Γang
nm >

c2
L, and in particular the positional order in the radii of the different shells is

destroyed. Within this phase it is still possible to have a well-defined angle
between vortices on the same shell, i.e., Γang

r < c2
L. This we call the hexatic

liquid (HL), whereas when this order is destroyed we call it the liquid (L). These
phases are schematically indicated in Fig. 7.10.

These criteria should again be applied locally because of the inhomogeneous
density, and we define the phase boundaries in analogy to the previous definition
as the radius of the innermost ring that is partly melted. For our parameters it
turns out that the angle between neighboring vortices on the same ring is always
well-defined, but we can identify the transition between the solid, the solid of
solid shells, and the hexatic liquid. The result of this calculation is presented
in Fig. 7.11. In agreement with known theory for vortex lattices, the hexatic
symmetry is a very robust phenomenon.
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7.5 Classical melting

The Bose-Einstein temperature for a two-dimensional noninteracting Bose gas
in a harmonic trap is given by

kBTc = ω⊥
√

ζ(2)/N, (7.58)

where ζ(x) is the Riemann zeta function and ζ(2) � 1.28. When the tempera-
tures are much lower than this temperature, there is no thermal cloud present
in the gas and we can easily extend our analysis to this regime. This is experi-
mentally relevant, because the zero-temperature limit is difficult to reach [123].
However, according to the Mermin-Wagner theorem, a two-dimensional crystal
cannot exist for nonzero temperatures. For an infinite hexagonal vortex lattice
this can be seen as follows. Let u(x, t) be the displacement field of the vortex
lattice. We define

uL(q, t) = (qxux(q, t) + qyuy(q, t))/q, (7.59)
uT (q, t) = (qxuy(q, t) − qyux(q, t))/q, (7.60)

as the longitudinal and transverse fluctuations in the displacement field, re-
spectively. For long wavelengths the action for the vortex lattice is then given
by

S =
∫

dt

∫
d2q

(2π)2
(
n̄ uL�∂tuT − c1q

2|uL|2 − c66q
2|uT |2

)
, (7.61)

where n̄ is the average atomic density and c1 and c66 are the compressional
modulus and the shear modulus of the vortex lattice, respectively. We have used
that the vortex-vortex interaction decays faster than 1/r2, since the condensate
is assumed to be weakly interacting. From this action we read off that the
dispersion of the (almost transverse) Tkachenko mode is quadratic, i.e.,

ω(q) = 2
√

c1c66q
2/n̄. (7.62)

The fluctuations in the vortex positions can then be calculated as

〈u2〉 =
∫

d2q
(2π)2

1
2n̄

(√
c1

c66
+
√

c66

c1

)
, (7.63)

which is a converging integral if we realize that the integration is over the
first Brillouin zone. However, for nonzero temperature, we have to add the
Bose-Einstein distribution 1/(eβω(k) − 1), which for long wavelengths can be
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approximated by kBT/ω(k). The temperature fluctuations are therefore given
by

〈u2〉T = kBT

∫
d2q

(2π)2
1

2n̄q2

(
1
c1

+
1
c2

)
, (7.64)

which diverges logarithmically in the infrared. Therefore, the usual Lindemann
criterion always predicts melting for infinite isolated two-dimensional vortex
lattices. For a finite system there is a natural infrared cut-off of the divergence,
but still there are large contributions from low-lying modes. Any finite amount
of tunneling, however, will turn the system into a three-dimensional system,
where the Mermin-Wagner theorem does not apply any more. If k denotes the
momentum in the z direction, we can then define

uL(q, k, t) = (qxux(q, k, t) + qyuy(q, k, t)/q, (7.65)
uT (q, k, t) = (qxuy(q, k, t) − qyux(q, k, t))/q. (7.66)

Tunneling results in an additional term in the action that for long wavelengths
is given by ∫

dt

∫
dk

2π

∫
d2q

(2π)2
Jk2(|uL|2 + |uT |2),

where J is an effective hopping parameter. This still gives a quadratic disper-
sion, but with an anisotropic mass, i.e.,

ω(q, k) = 2
√

(c1q2 + Jk2)(c66q2 + Jk2)/n̄. (7.67)

Writing p = (qx, qy, k) and using spherical coordinates the dispersion becomes

ω(p) = 2p2
√

(c1 sin2 θ + J cos2 θ)(c66 sin2 θ + J cos2 θ)/n̄. (7.68)

The fluctuations can therefore be calculated as

〈u2〉T = kBT

∫
dpdφ

(2π)2
p2 sin θ

2n̄p2

⎧⎨
⎩ 1√

(c1 sin2 θ + J cos2 θ)(c66 sin2 θ + J cos2 θ)
×

⎛
⎝
√

c1 sin2 θ + J cos2 θ

c66 sin2 θ + J cos2 θ
+

√
c66 sin2 θ + J cos2 θ

c1 sin2 θ + J cos2 θ

⎞
⎠
⎫⎬
⎭ .

which clearly converges in the infrared and the fluctuations remain finite. For a
system of coupled pancake Bose-Einstein condensates we can therefore still use
the usual Lindemann criterion.
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Figure 7.12: Crystal radius Rcr normalized to the condensate radius R as a function
of the rotation frequency for N = 250, U = 10, t = 1/20, and T = Tc/40 (dotted line),
T = Tc/50 (dashed line), and T = Tc/100 (solid line). In the shaded region there is a
dynamical instability towards elleptic shape deformation. In the inset the frequency
of the unstable mode is plotted.

In Fig. 7.12 the vortex-crystal radius is plotted as a function of the rotation
frequency for a fixed and strong tunneling and various temperatures. In the
regime Ω/ω⊥ ∈ [.938, .941] there is a dynamical instability towards elliptic shape
deformation. This is indicated by a shaded region in the plotted figures. We
did not calculate the fluctuations in this regime. This is related to the elliptic
shape deformation that occurs before a single vortex enters the condensate,
and that has been investigated before theoretically [33, 34, 35, 36] and has also
been observed [37]. Because the unstable mode crosses zero, this causes huge
fluctuations in the neighborhood of this instability. In Fig. 7.13 we calculate the
temperature for which quantum fluctuations of the vortex crystal are equal to
the temperature fluctuations, which defines the crossover temperature between
quantum and classical melting. The temperature should be chosen much lower
to observe the effects of quantum melting. In Fig. 7.14 the vortex-crystal radius
is plotted as a function of temperature for a fixed rotation frequency.

When tunneling between sites is suppressed, the correlation between neigh-
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Figure 7.13: Inverse of the crossover temperature Tcross a function of Ω/ω⊥ for N =
250 and U = 10. Lines are for t = 1/20 (solid line) and t = 0 (dashed line). As in Fig.
7.12, the shaded region is excluded because of the presence of a dynamical instability.
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Figure 7.14: Crystal radius Rcr normalized to the condensate radius R as a function
of Tc/T for N = 250, U = 10, and Ω/ω⊥ = 0.93. From left to right the lines have
hopping parameter t = 1, t = 0.1, t = 0.05, and t = 0.01, respectively.
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Figure 7.15: Phase boundaries between the solid of solid shells (SS), hexatic liquid
(HL) and liquid (L), as a function of radial distance and rotation frequency for N =
250, U = 10, and t = 0 (dashed line) and t = 1/20 (solid lines). The figures are for a)
T = Tc/20, b) T = Tc/35, and c) T = Tc/100.
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boring vortices
〈(uin − uim)2〉

2∆2
mn

, (7.69)

where ∆mn is the distance between the vortex n and m at site i, has been pro-
posed as an appropriate order parameter, with unchanged Lindemann parameter
[154, 48, 155, 156]. In this order parameter the diverging small momentum con-
tributions are subtracted. Nevertheless, it turns out that we have to go to low
temperatures to see any crystalline order. The same phases as in the case of
zero temperature can be distinguished. The result of this calculation is plotted
in Fig. 7.15. Note that a true solid phase of the vortex lattice is not observable
in these phase diagrams, not even for the lowest temperature of T = Tc/100.

7.6 Anharmonic radial confinement

The inclusion of a quartic potential, in addition to the usual harmonic potential,
has attracted interest for several reasons. The quartic potential plays an impor-
tant role in the understanding of vortex nucleation [157, 158]. For our purposes,
however, it is more important that in this way rotation frequencies larger than
the trap frequency can be applied. This causes the density to be lower in the cen-
ter of the trap, and eventually gives rise to the formation of giant vortices, i.e.,
multiple quantized vortices, in the center of the trap [31, 32, 138]. Experiments
in this setup were performed and it was observed that the vortex lattice became
disordered, but no giant vortex was observed [22]. Giant vortex formation was
observed by artificially removing the inner part of a fast rotating condensate by
means of a laser beam [18]. Shape oscillations of a vortex lattice in an anhar-
monic potential were also studied experimentally [159]. Theoretically, the phase
diagram of this system was studied intensively to identify the parameter space
where giant vortex formation can take place [160, 161, 162]. Other aspects that
are studied are the dynamics of forming the giant vortex [163, 164], oscillations
of the vortex lattice [165], aspects on observation [166, 167], and stability of
quantum fluctuations [168].

It is straightforward to extend our analysis to this case. We first of all add
the quartic potential

V4(r) = λ
r4

�4⊥
, (7.70)

where �⊥ is the harmonic length associated with the radial trapping. We again
use lowest Landau level wavefunctions and make the ansatz that there is one
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Figure 7.16: Classical vortex lattice and density profile for rotation frequencies
Ω/ω⊥ = 1.05, 1.1, . . . , 1.5 in the presence of a quartic potential. Parameters are chosen
as U = 10 and λ = 0.01. White means high density, black low density. The vortex
positions are indicated by a dot, such that also the vortices outside the condensate are
visible.
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Figure 7.17: Inner and outer radius of the condensate as a function of the rotation
frequency for N = 250, U = 10, λ = 0.01, and t = 0. The solid line is the result of
a calculation using the lowest Landau approximation and with 37 vortices taken into
account. The dashed line is the result of the approximation that the density profile is
described by a quartic polynomial.

vortex in the center and that the rest of the vortices order themselves in rings
of multiples of six. The resulting density profiles for 37 vortices are plotted in
Fig. 7.16 as a function of the rotation frequency. We compare these density
profiles with the Thomas-Fermi-like density profiles of the form

n(r) ∝
(

r2

R2
1

± 1
)(

r2

R2
2

− 1
)

, (7.71)

that come from minimizing the on-site energy functional without paying atten-
tion to the lowest Landau level constraint. When the minus sign is chosen there
appears a hole in the density, and the condensate shape is annular with inner
radius R1 and outer radius R2. We compare the values coming from this ansatz
with the inner and outer radius coming from the lowest Landau level densities
in Fig. 7.17. They agree quite well.

We also calculate the quantum fluctuations of the vortices. This is only
possible in a limited regime, where the ansatz of a central vortex surrounded
by rings of six vortices is dynamically stable. In this regime, the inner part of
the vortex crystal is melted, although the particle density is nonzero there. We
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define the liquid radius RL as the radius of the innermost vortex that is part
of the vortex crystal. In the region Ω/ω⊥ ∈ [1.155, 1.25] the ansatz is stable
against fluctuations. We find that the liquid radius in this region is almost
constant and given by RL/R � .58. There is a second radius which separates
the vortex crystal from the vortex liquid that is at the outside of the condensate,
which corresponds to the crystal radius Rcr defined before. In this region this
radius is always equal to the condensate radius or Rcr/R = 1.0.

7.7 Conclusions and outlook

In this chapter we derived the theory of vortex fluctuations in a one-dimensional
optical lattice. We showed that in this configuration the modes of the vortex
lattice get a dispersion in the axial direction. In particular we discussed the
Bloch bands of the Tkachenko modes. Based on the Lindemann criterion we
studied the melting of the vortex lattice. Because of the inhomogeneous density
the melting occurs from the outside inwards. Comparison with a local density-
approximation yields important finite-size corrections, because the local-density
theory does not take into account the discrete nature of the vortices and over-
estimates the rotation frequency that is needed for total melting of the vortex
lattice. Tunneling between the sites of the optical lattices decreases the fluc-
tuations and causes freezing of the vortex lattice. Temperatures on the other
hand increases the fluctuations considerably. The crossover temperature from
classical to thermal melting is very low, which makes it an experimentally dif-
ficult problem to see the effects of quantum fluctuations. By looking into the
correlations between the vortices, several phases can be distinguished, where
part of the order is destroyed by quantum fluctuations.

In the one-dimensional optical lattice there is a clear experimental signal for
both the fluctuations in the vortex position and the liquid. The fluctuations can
be measured in analogy with the situation of a single vortex in an optical lattice.
By imaging in axial direction one will see the vortex cores distributed themselves
in a gaussian distribution around their equilibrium position, from which the size
of the fluctuations can be extracted [45]. In the liquid the vortices are no longer
individually visible, which is a clear distinction from the vortex crystal. An
interesting question is whether the liquid will completely restore the rotation
symmetry that is broken by the presence of the vortex lattice, or the liquid
is partly pinned because of the interaction between the vortex liquid and the
vortex crystal.

It remains a challenging problem to describe the coexisting crystal-liquid.
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This will allow to decide on the occurrence of melting based on energy con-
siderations and thus shed more light on the accuracy of the application of the
Lindemann criterion in this inhomogeneous situation. This also applies to the
phases where partial melting takes place. It is not only important to find a good
description of these phases themselves, but also the predicted phase coexistence
between them raises interesting new questions.
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Samenvatting

Inleiding

In onze dagelijkse ervaring wordt de wereld om ons heen goed beschreven door
de klassieke mechanica die voornamelijk door Newton is ontwikkeld. Een van
de kenmerken hiervan is dat aan voorwerpen op hetzelfde moment zowel een
welbepaalde positie als een welbepaalde snelheid kan worden toegeschreven.
Echter, op een meer fundamenteel niveau is de quantum-mechanica de juiste
manier om de zichtbare werkelijkheid te beschrijven. In tegenstelling tot de
klassieke mechanica kan binnen de quantum-mechanica van een voorwerp niet
zowel de positie als de snelheid tegelijkertijd worden bepaald. Dit komt omdat
deeltjes worden beschreven als golven. Omdat in de dagelijkse ervaring de tem-
peratuur relatief hoog is en omdat macroscopische objecten uit heel veel deeltjes
bestaan, is dit quantum-mechanische gedrag niet zichtbaar. Dit wordt anders
als naar het gedrag van een enkel deeltje gekeken wordt; het golfkarakter kan
dan experimenteel worden aangetoond door bijvoorbeeld het zichtbaar worden
van interferentiepatronen als het deeltje een dubbele spleet passeert.

Quantum-mechanische effecten worden echter bijzonder belangrijk bij lage
temperaturen. Afhankelijk van het soort deeltjes kunnen er dan twee dingen
gebeuren. Wanneer er sprake is van bosonen, zullen bij extreem lage temper-
aturen alle deeltjes de laagste energietoestand innemen. Zo ontstaat een grote
wolk van ononderscheidbare deeltjes. Dit heet een Bose-Einstein-condensaat,
naar de natuurkundigen Satyendra Nath Bose en Albert Einstein. Een Bose-
Einstein-condensaat heeft supervloeibare eigenschappen, wat betekent dat het
kan stromen zonder weerstand. Wanneer we een Bose-Einstein-condensaat ro-
teren, ontstaan er wervels, die vortices genoemd worden. In dit proefschrift
beschouwen we voornamelijk dit systeem van koude, roterende bosonen en het
gedrag van de vortices. Daarnaast is er nog een andere deeltjessoort, de fermio-
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nen. Fermionen hebben als eigenschap dat ze niet dezelfde toestand kunnen
bezetten. Dit wordt het Pauli-principe genoemd, naar de natuurkundige Wolf-
gang Pauli. Daarom gedragen fermionen zich bij lagere temperaturen anders
dan bosonen.

Vortices en vortex fluctuaties

Het is een bijzondere eigenschap van een Bose-Einstein-condensaat dat bij het
roteren ervan een vortex ontstaat. Dit is eigen aan supervloeibare systemen
en kan zelfs gebruikt worden om supervloeibaarheid te definiëren. Een Bose-
Einstein-condensaat wordt theoretisch beschreven door de dichtheid en een
phase. De aanwezigheid van een vortex betekent dat de phase een veelvoud
van 2π toeneemt als een gesloten pad om de vortex heen wordt gevolgd. Op de
positie van de vortex is de phase daarom niet goed gedefinieerd en is er sprake
van een singulariteit. Een direct gevolg daarvan is dat de dichtheid op dit punt
nul is. Op de plaats van een vortex zijn er daarom geen deeltjes. Dit geeft
een eenvoudige manier om experimenteel de aanwezigheid van vortices vast te
stellen: op de plaats van vortices zijn er gaten in het waargenomen dichtheids-
profiel. Het aantal vortices dat in het Bose-Einstein-condensaat aanwezig is,
hangt sterk samen met de snelheid waarmee het geroteerd wordt: hoe sneller er
geroteerd wordt, hoe meer vortices er zijn. Wanneer er meerdere vortices aan-
wezig zijn, vormen ze een regelmatige structuur. Voor een groot aantal vortices
ontstaat een hexagonaal rooster, dat een Abrikosov rooster genoemd wordt,
naar de natuurkundige Alexei Alexeyevich Abrikosov.

Ook de vortices worden beschreven door de quantum-mechanica. Daarom
kan ook de snelheid en de positie van een vortex niet tegelijkertijd bepaald
worden en is er quantum-mechanische onzekerheid in de positie van de vor-
tex. Dit heeft interessante gevolgen. Als een enkele vortex gemaakt wordt
in een cigaarvormig Bose-Einstein-condensaat, ontstaat er een vortex-lijn. De
quantum-mechanische onzekerheid in de vortex-positie uit zich in vibraties van
deze vortex-lijn. Deze vibraties worden klassiek Kelvin-golven genoemd en
quantum-mechanisch kelvonen. Binnen snaartheorie worden de fundamentele
excitaties van een bosonische snaar op dezelfde manier beschreven als de kelvo-
nen. Dit biedt de mogelijkheid tot het maken van de ultrakoude supersnaar,
zoals hieronder verder uitgelegd zal worden.

Een ander interessant gevolg van de quantum-mechanische onzekerheid in
de vortex-posities heeft betrekking op het geval van het vortex-rooster. Als
gevolg van de quantum-mechanische fluctuaties kan het vortex-rooster smelten.
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In plaats van de kristalstructuur van het rooster ontstaat er dan een vloeistof.
Deze vortex-vloeistof heeft zeer speciale eigenschappen. Een daarvan is dat zich
in deze vloeistof nieuwe deeltjes kunnen vormen, die zich anders gedragen dan
de bovengenoemde bosonen of fermionen.

Het blijkt echter dat de grootte van de quantum-mechanische onzekerheid
in de vortexposities omgekeerd evenredig is met het aantal atomen in het Bose-
Einstein-condensaat. In normale gevallen is dit aantal zeer groot en zijn de
fluctuaties daarom verwaarloosbaar klein. Bovendien is dit grote aantal nodig
om experimenteel in staat te zijn waarnemingen te doen. Voor normale Bose-
Einstein-condensaten is daarom het bereiken van de vortex-vloeistof zeer moei-
lijk. Het gebruiken van een optisch rooster verbetert deze situatie aanzienlijk,
zoals we nu zullen zien.

Optische roosters

Een één-dimensionaal optisch rooster bestaat uit een staande golf van laserlicht,
die het resultaat is van twee laserstralen die tegengesteld van richting zijn. De
laser zorgt voor virtuele overgangen van de atomen naar een aangeslagen toe-
stand. Hoe preciezer de frequentie van de laserbundels afgestemd wordt op de
energie van de aangeslagen toestand van het atoom, hoe resonanter dit proces
verloopt, wat resulteert in een sterkere potentiaal voor de atomen. Omdat de
energie van de aangeslagen toestand verschillend is voor verschillende soorten
atomen, kan dit gebruikt worden om de verhouding tussen de potentiaal voor de
verschillende soorten atomen precies naar wens af te stemmen. Zoals hieronder
zal blijken, is dit nodig om de ultrakoude supersnaar te maken.

Het één-dimensionale optische rooster resulteert in een periodieke potenti-
aal voor de atomen. Wanneer dit toegepast wordt op een cigaar-vormig Bose-
Einstein-condensaat, wordt het Bose-Einstein-condensaat verdeeld in twee-di-
mensionale ‘pannenkoeken’. Deze pannenkoeken zijn gekoppeld, omdat atomen
van de ene pannenkoek naar de andere pannenkoek kunnen springen. Deze
koppeling is echter heel zwak.

Het aantal deeltjes in een pannenkoek is nu relatief klein en klein genoeg om
de quantum-mechanische vibraties van de vortex-lijn te observeren. Ook maakt
dit het mogelijk het smelten van het vortex-rooster experimenteel te bestuderen.
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Ultrakoude supersnaren

De ultrakoude supersnaar is opgebouwd uit een cigaar-vormig Bose-Einstein-
condensaat waarin zich één vortex-lijn bevindt. Door middel van een één-
dimensionaal optisch rooster wordt het Bose-Einstein-condensaat opgedeeld in
twee-dimensionale pannenkoek-Bose-Einstein-condensaten, waarin zich puntvor-
tices bevinden. De transversale vibraties van de vortex vormen de bosonische
vrijheidsgraden van de supersnaar. De fermionische vrijheidsgraden worden
gevormd door fermionische atomen die een gebonden toestand bezetten in de
kern van de vortex. Wanneer de bosonische en fermionische atomen elkaar
sterk genoeg afstoten is deze gebonden toestand inderdaad aanwezig, omdat de
dichtheid van de bosonische deeltjes in de kern van de vortex naar nul gaat.

De aanwezigheid van het één-dimensionale optische rooster is om verschil-
lende redenen essentieel voor het maken van de ultrakoude supersnaar. Aller-
eerst worden hierdoor de quantum-mechanische osscialaties in de vortex-posities
veel groter. Bovendien wordt de bandenstructuur ervan evenredig met die van
een deeltje in een periodieke potentiaal, wat de gewenste supersymmetrie mo-
gelijk maakt. Tenslotte biedt het afstemmen van de golflengte en de intensiteit
van de laser de mogelijkheid om de bandenstructuur van de Kelvin-golven en de
fermionische deeltjes te laten samenvallen, zodat er een supersymmetrische si-
tuatie ontstaat. In de praktijk blijkt dit vooral voor een mengsel van bosonische
rubidiumatomen en fermionische kaliumatomen mogelijk te zijn voor een groot
gebied aan golflengtes van de laser.

De kelvonen en fermionische atomen die samen de ultrakoude supersnaar
vormen hebben interacties met elkaar. Kelvin-golven stoten elkaar af. Kelvin-
golven en kaliumatomen stoten elkaar ook af, omdat de aanwezigheid van een
Kelvin-golf betekent dat de puntvortices zich uit het centrum bewegen. Door-
dat het kaliumatoom gevangen is in de kern van een puntvortex, moet hij mee-
bewegen. Vanwege de aanwezigheid van een valkuil die het gehele gaswolkje
gevangen houdt, krijgt het kaliumatoom dan echter een hogere energie. Dit
mechanisme resulteert dus in een afstotende kracht. Omdat fermionen vanwege
het Pauli-principe niet op dezelfde plaats kunnen zijn, bestaat er geen interac-
tie tussen de kaliumatomen onderling. In het algemeen is de interactie tussen
de Kelvin-golven veel kleiner dan de interactie tussen de kaliumatomen en de
Kelvin-golven. Hierdoor zou de supersymmetrie gebroken worden. Het blijkt
echter mogelijk te zijn om deze interactietermen supersymmetrisch te maken.
Daarvoor is het nodig om ook de valkuilpotentiaal in de richting loodrecht op
de laserbundels nauwkeurig af te stemmen. Het blijkt dat het nodig is dat de
kaliumatomen in deze richting een veel kleinere valkuilpotentiaal voelen dan
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de rubidiumatomen. Om dit te bereiken is een extra laser nodig. Deze laser
produceert een lopende golf met constante intensiteit in dezelfde richting als
de laserbundels van het optische rooster. Als ook van deze tweede laser de
golflengte en intensiteit nauwkeurig ingesteld worden, zijn ook de interactieter-
men van de supersnaar supersymmetrisch. Dat betekent dat ook als het effect
van de interacties wordt meegenomen, de energie van het systeem niet verandert
als Kelvin-golven en kaliumatomen met elkaar verwisseld worden.

Als de snaar zich in een supersymmetrische toestand bevindt, zijn de ver-
wachtingswaarden van fermionische grootheden gelijk aan de verwachtingswaar-
den van dezelfde bosonische grootheden. Dit betekent in ons geval dat het aan-
tal kaliumatomen in de supersnaar gerelateerd is aan de quantum-mechanische
onzekerheid in de positie van de supersnaar. Beide grootheden kunnen geme-
ten worden. Het aantal kaliumatomen kan gemeten worden door middel van
de gebruikelijke lichtabsorptie-experimenten en de onzekerheid in de positie van
de supersnaar kan gemeten worden door in de richting van de laserbundels te
kijken naar de posities van alle individuele puntvortices. Op deze manier krijgen
we een uniek experimenteel signaal voor de supersymmetrie van de supersnaar.
Een bijkomend gevolg van de supersymmetrie is dat, vergeleken met een vortex,
de supersnaar heel stabiel is. Dat wil zeggen dat de wrijving tijdens de beweging
van de supersnaar sterk gereduceerd is vanwege de supersymmetrie. De dyna-
mica van het systeem wordt dus zeer sterk bëınvloed door de supersymmetrie,
ondanks dat er slechts een relatief klein aantal kaliumatomen aanwezig is. Als
de supersnaar zich toch uit het centrum van het gas beweegt, dan betekent dit
fysisch dat de supersymmetrie gebroken wordt. Als gevolg hiervan biedt ons
voorstel dan ook de mogelijkheid om experimenteel de dynamica van spontane
supersymmetriebreking te bestuderen.

Vortex materie in een optisch rooster

De voorspelling dat een zeer snel roterend Bose-Einstein-condensaat uiteindelijk
een vortex-vloeistof zal opleveren, is al geruime tijd geleden gedaan. Tot nu toe
is het echter nog niet mogelijk gebleken om dit experimenteel te verifiëren. Dit
komt omdat daarvoor de verhouding tussen het aantal atomen en het aantal
vortices in het gas laag genoeg moet zijn. Dit is problematisch, omdat het
deeltjesaantal hoog moet blijven om experimenteel waarnemeningen te kunnen
verrichten. Het aanleggen van een één-dimensionaal optisch rooster zorgt er-
voor dat er pannenkoek-Bose-Einstein-condensaten ontstaan, waarin zich veel
minder deeltjes bevinden. Daarom biedt dit systeem de mogelijkheid dat in elke
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pannenkoek een vortex-vloeistof ontstaat, terwijl het gecombineerde signaal van
alle pannenkoeken samen sterk genoeg is om waarnemingen te kunnen doen.

Hoewel deze mogelijkheid om de vortex-vloeistof-fase te bereiken het belang-
rijkst is, heeft de aanwezigheid van het optische rooster ook andere gevolgen.
Allereerst krijgen de excitaties van het vortex-rooster ook een bandenstruc-
tuur in de richting van het optische rooster. Een tweede gevolg is, dat de
pannenkoek-Bose-Einstein-condensaten erg klein zijn. Daarom kan niet de be-
nadering gemaakt worden om de Bose-Einstein-condensaten te beschrijven als
oneindig groot en wordt het feit dat de dichtheid van het systeem niet homogeen
is erg belangrijk. Dit heeft tot gevolg dat het smelten van het vortex-rooster
ook niet homogeen plaatsvindt. In het bijzonder is het mogelijk dat er in het
centrum van het systeem nog een vortex-rooster is, terwijl aan de buitenkant het
rooster gesmolten is en er zich een vortex-vloeistof bevindt. Door de correlaties
tussen de vortices te bestuderen is het ook mogelijk om meer inzicht te krijgen
in de aard van de vortex-vloeistof en het vortex-rooster. In het bijzonder blijkt
dat de vortices zich ordenen in ringen. Binnen het vortex-rooster kunnen deze
ringen ten opzichte van elkaar wel of niet vrij ronddraaien. Binnen de vortex-
vloeistof is het mogelijk dat de hoek tussen twee vortices op de dezelfde ring nog
steeds welbepaald is. Op deze manier kunnen vier verschillende phases worden
onderscheiden, wat niet mogelijk is voor een oneindig groot systeem. Een laat-
ste gevolg van de aanwezigheid van het optische rooster is dat de sterkte van
het optische rooster een extra variable geeft. Voor een zwak optisch rooster be-
nadert dit systeem een drie-dimensionale situatie, terwijl voor een sterk optisch
rooster de twee-dimensionale situatie benaderd wordt.

Temperatuur-effecten blijken groot te zijn in dit systeem. Dit geldt in het
bijzonder voor de situatie dat een vortex-ring het condensaat inkomt. Er blijkt
een dynamische instabiliteit tot quadrupole deformatie van het Bose-Einstein-
condensaat op te treden. Maar ook in andere situaties blijkt dat er alleen voor
zeer lage temperaturen nog sprake is van een vortex-rooster. Wanneer bovenop
de harmonische potentiaal in de radiale richting ook een quartische potentiaal
wordt aangelegd, kan er in het centrum van het systeem een vortex-vloeistof
ontstaan, die omringd wordt door een vortex-rooster.
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