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Numerical study of gas–liquid nucleation in partially miscible
binary mixtures

Pieter Rein ten Wolde and Daan Frenkel
FOM Institute for Atomic and Molecular Physics, Kruislaan 407, 1098 SJ Amsterdam, The Netherlands

~Received 21 July 1998; accepted 1 September 1998!

We report a numerical study of homogeneous gas–liquid nucleation in a binary mixture. We study
the size and the composition of the critical nucleus as a function of the composition and
supersaturation of the vapor. As we make the~Lennard-Jones! mixture increasingly nonideal, we
find that there is a regime where the critical nucleus is still miscible in all proportions, even though
the bulk liquid phase is not. When these critical nuclei grow, their composition ‘‘bifurcates’’ to
approach the value of one of the two bulk phases. For more strongly nonideal mixtures, the two
species in the critical nucleus are no longer completely miscible: we observe droplets that are either
rich in one species, or in the other. However, we do not find evidence for phase separation inside
the critical nucleus—a scenario suggested by Talanquer and Oxtoby@J. Chem. Phys.104, 1993
~1996!#. In fact, our simulations show that such demixed clusters have a higher free energy than
critical nuclei that have an asymmetric composition. ©1998 American Institute of Physics.
@S0021-9606~98!51246-9#
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I. INTRODUCTION

Measurements of the rate of homogeneous gas–liq
nucleation provide increasingly precise and detailed inform
tion about the microscopic aspects of the nucleat
process.1–8 From the measured nucleation rates, one can
duce the size and composition of the critical nuclei.9 Such
information makes it possible to test nucleation theories
much more detail than was hitherto possible. The exp
ments indicate that classical nucleation theory~CNT! works
fairly well for one-component systems of simple, nonpo
molecules.4,8 In particular, CNT predicts the size of critica
nuclei surprisingly well. However, for binary systems t
agreement between the experimental observations and
predictions of CNT is worse.2,3 For nonideal mixtures, CNT
can even produce thermodynamic inconsistencies. Un
certain conditions, CNT predicts that, at constant heigh
the nucleation barrier, the gas-phase activity of one com
nent as a function of the activity of the other can have
positive slope. From the nucleation theorem9 it would then
follow that one of the two components has a negative c
centration in the critical nucleus. Laaksonen and Oxto
who used density functional theory to study nucleation in
mixture,10,11argue that the failure of CNT can be traced ba
to the fact that this theory does not predict the composit
of the critical nucleus correctly.

Talanquer and Oxtoby12 reported a more extensive stud
of the effect of composition and relative strength of the
teractions on the nucleation behavior of a mixture. Th
found that, as expected, nearly ideal mixtures with posit
~negative! deviations from ideal behavior require high
~lower! gas-phase activities for nucleation. However, for le
ideal mixtures, they observed unexpected behavior. T
found that in some cases, more than one type of crit
nucleus could occur. In particular, they observed that nu
ation of a mixture rich in the less volatile component c
proceed via a nucleus that is poor in this component. M
9910021-9606/98/109(22)/9919/9/$15.00
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surprisingly, their theoretical analysis indicated that, un
certain conditions, phase separation can take place inside
critical nucleus.

Computer simulation is a convenient tool to study t
crucial entity in gas–liquid nucleation, namely the critic
nucleus. Direct experimental observation of the critic
nucleus is complicated by the fact that nucleation is b
infrequent and fast: the chances of catching the system a
top of the nucleation barrier are slight. In computer simu
tion, it is possible to study the structure and free energy
the critical nucleus directly and in detail. This allows us
test the relevant theoretical predictions. In this paper we
port a computer simulation study of gas–liquid nucleation
a binary mixture of Lennard-Jones particles. This is the sa
model system that was studied by Talanquer and Oxtoby12

The rest of the paper is organized as follows: in the n
section we describe the simulation techniques that we h
used. We have developed a computational method tha
lows us to efficiently compare critical clusters that corr
spond to the same height of the nucleation barrier. As
rate of nucleation is dominated by the height of this fre
energy barrier, simulations at constant barrier height
comparable to experiments in which the size and comp
tion of critical nuclei are often studied at a fixed nucleati
rate.

II. SIMULATION TECHNIQUES

A. Cluster free energy

At a given pressure, temperature, and composition of
vapor, the excess free energy of a nucleus depends bot
its size and on its composition. The method that we used
compute the free energy of an arbitrary liquid cluster is d
scribed in detail in Ref. 13. Below, we briefly summarize o
approach.

In gas–liquid nucleation, the density of liquid clusters
9 © 1998 American Institute of Physics
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9920 J. Chem. Phys., Vol. 109, No. 22, 8 December 1998 P. R. ten Wolde and D. Frenkel
usually so low that the interactions between them can
neglected. Then, the average numberNn of liquid clusters of
sizen is given by13

^Nn&5exp@2b~Fn2nm!#5exp@2bDF#, ~1!

whereFn is the free energy of a cluster of sizen, m is the
chemical potential of particles in the vapor, andb[1/kBT is
the reciprocal temperature withkB Boltzmann’s constant and
T the absolute temperature. In order to arrive at the ab
expression, we only ignore the interaction between clust
not the interaction of the cluster with the surrounding vap
Clearly, in order to compute the properties of a cluster,
need to be able to identify a cluster unambiguously. In
present study we have used the same cluster criterion
was used in Ref. 13. This criterion distinguishes betwe
liquidlike and vaporlike particles, on the basis of the loc
density around a particle. Neighboring liquidlike particl
that are within a certain cut-off distance are said to be c
nected. A liquid cluster consists of all liquidlike particles th
are connected. We stress that our cluster criterion is o
sensitive to the size of the cluster and not to its composit
We therefore do not impose a particular cluster composit

The number of clusters, denoted byNn , is an extensive
quantity, i.e., it is proportional to the size of the system. It
useful to relate the number of clusters to the total numbe
particles in the system, denoted byN, via a probabilityPn

that is intensive,

Pn[
Nn

N
. ~2!

This, in turn, defines an intensive isobaric-semi-grand~see
below! free-energy of the cluster,

DY[2kBT ln@Pn#. ~3!

The average number of clusters is then given by

^Nn&5N exp@2bDY#. ~4!

The probability distribution functionPn is an equilib-
rium quantity and can be computed both by molecular
namics~MD! and by Monte Carlo~MC!. However, the brute
force approach, in which we would simulate the metasta
vapor, and simply count the number of liquid clusters, w
not work. At the moderate degree of supersaturation tha
characteristic for most experimental studies of gas–liq
nucleation, the height of the barrier is typically of the ord
of 75kBT. This implies that, even if the number of particle
in the system is equal to Avogadro’s number, the probabi
of finding a critical nucleus at any given instant is of t
order of one in a billion. In most simulations, the number
particles is some 20 orders of magnitude less, and so is
probability of finding a critical nucleus in a simulation
Hence, standard MD or MC simulations are ill-suited
study the formation of critical nuclei. In order to obtain goo
statistics near the top of the nucleation barrier, we have
ployed the umbrella sampling technique.14 The basic idea
behind this approach is that we can influence the freque
with which a particular range of cluster sizes is samp
during a simulation by adding a fictitious biasing potential
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the Hamiltonian of the model system. Subsequently, we c
rect for the bias that we have introduced in the sampling14

B. Contour of constant barrier height

Using the umbrella sampling technique, we can stabil
not only critical but also precritical~and postcritical! nuclei.
In this way we can obtain information about the structu
and free energy of these nuclei. In the present study we fo
our attention mainly on the critical clusters, i.e., nuclei at t
top of the free-energy barrier. At constant temperature,
height of the free-energy barrier depends both on the c
position and the pressure of the vapor phase. However, a
nucleation rate is a very steep function of the barrier heig
most experimental studies focus effectively on a narr
‘‘window’’ of barrier heights. For this reason, we also loo
in our numerical simulation at the composition depende
of critical nuclei at constant barrier height. To achieve th
we adjust the pressure for every composition such that
barrier height is kept fixed at a given reference value.
principle, we could compute the full free-energy barrier
nucleation by the umbrella sampling technique for a serie
pressures, in order to find the desired pressure for a g
composition. However, even for only one composition a
one pressure, computing the full free-energy curve is alre
quite time consuming. We therefore follow a different a
proach, which is close in spirit to the Gibbs–Duhem integ
tion method to trace phase-coexistence curves.15

We first compute the nucleation barrier for one pu
component at a given pressure, using umbrella sampling.
then increase the activity fraction of the other component
order to keep the height of the nucleation barrier consta
we have to adjust the pressure. Information about the
quired change in pressure can be obtained by simulating
system not only at the top of the barrier, but also in t
metastable vapor phase. For both states we can deter
how the free energy varies with the activity fraction a
pressure. By setting the variation in free energy for bo
states equal, thus keeping the height of the barrier cons
we get a Clapeyron-type of equation which yields a relat
between the change in pressure with the change in act
fraction.

Let us make this approach more explicit. It will be co
venient to work in the~isobaric! semigrand ensemble. Th
isobaric semigrand free energyY is the Legendre transform
of the Gibbs free energyG, which, for a binary system, is a
function of the total number of particlesN, the number of
particles of species 2,N2 , the pressureP, the temperatureT,
and the order parametern. The first differential of the Gibbs
free energy is

dG~N,N2 ,P,T,n!5m1~n!dN1~m2~n!2m1~n!!dN2

1V~n!dP2S~n!dT1
]G

]nU
N,N2 ,P,T

dn,

~5!

where m i is the chemical potential of speciesi, V is the
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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volume, andS is the entropy of the system. Now the sem
grand ensemble is obtained by a Legendre transforma
between the variablesN2 and (m22m1),

Y~N,m22m1 ,P,T,n!5G~N,N2 ,P,T,n!2N2~n!~m22m1!,
~6!

or, in differential form,

dY~N,m22m1 ,P,T,n!5m1~n!dN2N2~n!d~m22m1!

1V~n!dP2S~n!dT

1S ]Y

]n D
N,P,T,m22m1

dn. ~7!

At constant temperature and number of particles, Eq.~7! re-
duces to

dY~N,P,T,m22m1 ,n!

5V~n!dP2N2~n!dDm1S ]Y

]n D
N,P,T,Dm

dn, ~8!

whereDm5m22m1 . In order to keep the height of the ba
rier constant, the variation in the free energy at the top of
barrier, whose position is denoted byn* , should be equal to
the variation in the free energy in the metastable va
phase, withn50. In general, when the activity fraction an
the pressure are changed, the top of the barrier can cha
However, at the top of the barrier, the partial derivative
the free energy with respect to cluster size,]Y(n)/]n, is
zero, so that the last term in Eqs.~7! and~8! drops out. In the
metastable vaporn is zero and remains zero. Hence, the l
term is zero, also for the vapor phase. Equation~8! then
reduces to

dY~n* !5dY~0!; ~9!

V~n* !dP2N2~n* !dDm5V~0!dP2N2~0!dDm, ~10!

from which we obtain

S dP

dDm D *
5

N2~n* !2N2~0!

V~n* !2V~0!
, ~11!

where the asterisk denotes differentiation at constant ba
height. The chemical potential differenceDm can be written
in terms of the activities of species 1 and 2,

Dm5kBT logS a2

a1
D , ~12!

whereai5exp@bmi# denotes the activity of speciesi. We can
rewrite the above expression as

Dm5kBT logS xa2

12xa2

D , ~13!

wherexa2 is the activity fraction of species 2, defined as

xa2
[

a2

a11a2
. ~14!

We thus obtain the following expression for the variation
the pressure with activity fraction
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
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S dP

dxa2
D *

5
kBT

xa2
~12xa2

!

N2~n* !2N2~0!

V~n* !2V~0!
. ~15!

To compute a contour of constant barrier height on the fr
energy barrier surface, we have to integrate the above
pression in theP,xa2

plane by computingN2 andV, both at
the top of the barrier and in the metastable vapor. We h
integrated Eq.~15! by a fourth-order predictor-correcto
scheme. We start withxa2

50, which corresponds to the limi
that only one species is present. Atxa2

50, the value of
(dP/dxa2

) is undefined@see Eq.~15!# because both the nu
merator @N2(n* )2N2(0)# and the denominator@xa2

(1
2xa2

)# vanish forxa2
50. However, (dP/dxa2

) itself is fi-
nite. To bootstrap the integration procedure we have adop
the scheme of Bolhuis and Frenkel.16 Instead of calculating
successive points step by step, we ‘‘guess’’ the first points
the P,xa2

contour. For every point we perform a simulatio
~or actually two, one in the vapor and one at the top of
barrier! to compute the derivative ofP with respect toxa2

according to Eq.~15!. Subsequently we fit the derivatives t
a polynomial inxa2

. The polynomial is integrated to give
new pressures which are then used in the next iteration.
repeat this procedure until convergence of the pressur
reached. After we have generated the first few points on
contour in this way, we use these points to start the fou
order predictor-corrector scheme to obtain the rest of
contour.

To compute the derivative in Eq.~15! we need to know
the position of the top of the barrier with a high accuracy,
N2(n) and V(n) strongly depend onn. For every pressure
and activity, we therefore perform not one, but three simu
tions near the top of the barrier: one at the estimated top,
one on either side. The histogram of cluster sizes near the
of the barrier is fitted to a polynomial to obtain the variatio
of the free energy with cluster size@via Eq.~3!#. This allows
us to locate the position of the top of the barrier. Next, to
the volume,V(n* ) and the number of particles of species
N2(n* ), at the top of the barrier, we fit the histograms
V(n) and N2(n) to polynomials and insert the value of th
critical droplet size into these polynomial expressions.

III. THE SYSTEM

We studied a simple model for a binary mixture, name
one in which the particles interact via the Lennard-Jones
potential

v i j ~r !54e i j F S s i j

r D 12

2S s i j

r D 6G , ~16!

wherer is the interparticle distance,e i j is the Lennard-Jones
well depth corresponding to the interaction between speci
and j, ands i j is the corresponding Lennard-Jones diame
Following Talanquer and Oxtoby12 we takes115s225s12

5s.
The structure and composition of our nuclei are th

determined by the values of the ‘‘volatility parameter’’
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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e22* 5
e22

e11
~17!

and the ‘‘mixing parameter’’

L* 5
L

e11
5

e111e2222e12

e11
. ~18!

The volatility parametere22* measures the relative volatilit
of the two components, and the mixing parameterL* deter-
mines the energy of mixing particles of different speci
Note that L* does not measure the deviation from t
Lorentz–Berthelot mixing rule (e125Ae11e22). In fact, when
e125Ae11e22, L* .0, unlesse115e22.

In most nucleation experiments3–5 the volume is fixed.
This means that the nucleation of a liquid droplet leads t
decrease in vapor pressure, and in general, also to a ch
in the composition of the vapor phase. However, as alre
indicated, the concentration of critical nuclei is usually
small that the change in pressure and composition is ne
gible. That is, when a critical nucleus is formed, the activit
of the species in the vapor phase are unaltered. In princ
we could simulate the experimental situation by perform
a NVT simulation. However, a large excess number of p
ticles would then be required in order to keep the va
phase activities constant. It is therefore much more natura
work in the isobaric-semi-grand (NPTDm) ensemble or in
the grand-canonical (mVT) ensemble. In both ensembles
liquid droplet can be formed at constant chemical potent
of the vapor species without actually having to simulate
excessive number of vapor particles. In the grand-canon
ensemble this is accomplished by the insertion and rem
of particles. However, at high densities the insertion pr
ability can be too low to obtain reasonable statistics. It
then more convenient to work in the isobaric-semi-grand
semble. In this ensemble, the volume of the system is
justed such that the pressure in the vapor surrounding
liquid drop is maintained at a constant value, irrespective
the size of the liquid cluster.13 In addition, in a semigrand
Monte Carlo simulation, the composition in the vapor is ke
constant, by allowing for Monte Carlo moves that swap
identity of particles~see, e.g., Ref. 17!. Hence, this approach
effectively mimics the experimental situation in which th
gas-phase activities are constant, but it avoids the inser
and removal of particles that is required in the gran
canonical ensemble. More details about the Monte Ca
scheme that is used to study~pre! critical nuclei can be found
in Ref. 13.

The number of particles in all simulations wasN5864.
As the size of the largest critical cluster in our simulatio
was fewer than 600 particles and the density of the surrou
ing vapor is very low, the system size was always su
ciently large that system-size artifacts can be excluded.
have truncated the potential atr c52.5s and shifted the po-
tential such that it is zero at the cutoff. No long-range c
rections were made. We applied cubic periodic bound
conditions. In what follows, we use reduced units, such t
e11 is the unit of energy ands is the unit of length.
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
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IV. RESULTS AND DISCUSSION

In order to facilitate comparison of our findings wit
recent experiments2–5 and theories12 on nucleation in binary
systems, we will use, as much as possible, the same nota
as employed in these publications. In these studies the ‘
set activities’’ai05exp@bmi0# are defined as those activitie
for which the nucleation rate~in experiments! or the height
of the barrier~in theory! is kept at a fixed reference value. A
we do not determine the nucleation rate itself, but the hei
of the nucleation barrier, we follow Talanquer and Oxtoby12

and define the onset activities as those activities for wh
the height of the barrier is constant. This seems reasona
as the rate of nucleation depends strongly on the bar
height, and only weakly on the kinetic prefactor. We c
therefore expect that the onset activities follow the same
havior as the experimentally determined onset activities
correspond to a fixed nucleation rate.

The composition of the clusters is usually expressed
terms of the normalized activity fraction of one of the com
ponents. The normalized activity fraction of component 2
defined as

xa2n
[

a2n

a1n1a2n
, ~19!

where the normalized onset vapor activitiesa1n are given by

ain[ai0 /ai0
0 ~20!

and ai0
0 represents the onset activity for the pure vapor

componenti.
We performed two sets of simulations. The first set c

responds to asymmetric mixtures, for whiche22* 51.1. The
second corresponds to symmetric mixtures withe22* 51.0.
The starting point for all simulations was the one-compon
system withxa2

50.0, i.e., a system consisting of pure sp
cies 1. In Ref. 13 we computed the height of the nucleat
barrier in this system forT50.741@which is 32% below the
critical temperatureTc51.085 ~Ref. 18!# and P50.01202,
which corresponds to a supersaturationS51.53. At this de-
gree of undercooling, the height of the nucleation barrie
56.7kBT ~Ref. 13!. In the present simulations, we keep th
temperature constant, but vary the activity fraction and pr
sure according to Eq.~15!. In this way, we ensure that th
height of the barrier remains constant. Hence, all results
we present below refer to a reference barrier heightDY0*
556.7kBT.

A. Asymmetric mixtures

We first discuss the behavior of the asymmetric m
tures, as they provide a good test for the integration sche
discussed in Sec. II B. The volatility parameter ise22* 51.1.
The fact thate22* .1 means that component 1 is the mo
volatile component. We studied asymmetric mixtures w
this value of the volatility parameter for three different va
ues of the mixing parameterL* : L* 50.1, 0.3, and 0.5. As
the volatility parameter is held constant, the two on
component limits, withxa2n

50.0 andxa2n
51.0, are the same

for all three values ofL* . This can be used as a test for th
accuracy of the integration scheme discussed in Sec. I
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Although we do not know beforehand what value of t
pressure is required to get the reference barrier heightY0

556.7kBT in the limit xa2n
51.0, we do know that this pres

sure cannot depend onL* . Figure 1 shows the pressure as
function of the activity fraction for the three different mix
tures. It is seen that at intermediate values of the acti
fraction, the pressures are different for the different types
mixtures. However, in the one-component limits the pr
sures are the same@P(xa2n

51.0)50.0073060.00007#. This
means that the integration scheme is not only an efficient,
also an accurate method to compute contours of constant
energy on the free-energy barrier surface.

Figure 1 shows that, as the activity fraction is increas
from zero, the pressure initially increases. In other wor
mixing inhibits the nucleation process, and the higher
value of the mixing parameter, the larger the increase
pressure. At some point, however, the pressures goes d
again as the nuclei become enriched in the less volatile c
ponent. This is illustrated in Fig. 2, where we show the e

FIG. 1. The reduced pressureP as a function of the normalized activit
fraction xa2n

for an asymmetric mixture withe22* 51.1 for three different
values of the mixing parameterL* . All curves correspond to a referenc
work of formation of DY0* 556.7kBT. In this figure and all subsequen
figures, we uses115s225s12 as our unit of length ande11 as our unit of
energy. In all cases,kBT/e1150.741.

FIG. 2. Size and composition of the critical nuclei as a function of
normalized activity fractionxa2n

in a binary system withe* 51.1 andL*
50.3, corresponding to a nucleation barrier of heightDY0* 556.7kBT. Dn1

andDn2 are the excess numbers of particles of species 1 and 2, respect
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
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cess number of particles of species 1 and 2 as a functio
the activity fraction forL* 50.3. The excess number of pa
ticles of speciesi is defined as

Dni54pE
0

`

~r i~r !2rv,i !r
2dr, ~21!

wherer(r ) i is the density of speciesi in a spherical shell of
radiusr around the center of mass of the cluster andrv,i is
the density of speciesi in the vapor. The excess number
particles in a critical nucleus is a quantity that can be
duced from experiments using the nucleation theorem.9

In the limit xa2n
50.0, the critical nucleus contains som

325 particles. When the activity fraction is increased,
concentration of species 2 increases. But as mixing of
two species is unfavorable, the relative concentration of s
cies 2 in the cluster is initially less than in the vapor pha
Moreover, the total number of particles in the critical nucle
increases withxa2n

. However, at an activity fraction ofxa2n

50.4, component 2 begins to dominate the nucleation p
cess and the fraction of this species in the critical nucl
rapidly increases. At the same time, the total number of p
ticles in the cluster starts to decrease. Atxa2n

51.0 ~pure
species 2!, the critical cluster size is 235 particles. Note th
this cluster size is smaller than the critical nucleus size
xa2n

50.0. This is due to the fact that species 2 is less vola
than species 1.

Let us next examine the structure of the critical nucl
Clarke et al.19 reported a computer simulation study of b
nary liquid Lennard-Jones clustersin vacuo. The simulations
of Ref. 19 were performed at a reduced temperatureT
50.31, which is less than half the temperature that we
posed during our simulations. Clarkeet al. found that for
e22* Þ1.0 andL* .0.0, spherical clusters can occur that co
sist of a core rich in the less volatile component, coated b
shell rich in the more volatile component. Such behavior
to be expected on the basis of macroscopic~wetting! argu-
ments. However, under the conditions studied in our simu
tions, we find little evidence for the existence of such co
positional inhomogeneities. In almost all clusters that
studied, the two species appeared well mixed. Only for
critical nuclei atL* 50.5 andxa2n

50.52 do we find that the
concentration of species 1~the more volatile component! is
significantly higher in the surface than in the core of t
droplet ~see Fig. 3!.

B. Symmetric mixtures

We studied symmetric mixtures, for whiche22* 51.0, for
the following values of the mixing parameterL* : L*
520.1, 0.1, 0.3, 0.5, and 0.7. The symmetric mixture w
L* 50.0 corresponds to an ideal mixture, that is,e115e22

5e12. We will use this ‘‘mixture’’ as a reference. The mix
tures forL* <0.3 are weakly nonideal and the species a
fully miscible in the bulk liquid. However, forL* .0.3, the
species demix in the bulk. Below, we first discuss the wea
nonideal mixtures and subsequently the mixtures that sho
macroscopic miscibility gap.ly.
P license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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1. Weakly nonideal liquid mixtures

The weakly nonideal liquid mixtures do not show bu
liquid–liquid phase separation and, not surprisingly, the t
species are also fully mixed in the critical nuclei. Howev
depending on the sign ofL* , nucleation is either enhance
or hindered by mixing. Figure 4 shows the pressure a
function of the activity fraction. Note that as species 1 an
have identical properties, the figure is symmetric arou
xa2n

50.5. For comparison, we also show the contour~a
straight line! for the ideal mixture. For negative values
L* , mixing of the two species in the critical cluster lowe
the pressure that is needed to maintain a constant ba
height. In other words, mixing enhances the nucleation p
cess. For positive values ofL* the vapor pressure has to b
increased in order to keep the height of the barrier const

This behavior can be understood by examining the co
positions of the critical nuclei. Figure 5 shows the exce
number of particles of species 1 and 2 as a function of
activity fraction forL* 520.1 andL* 50.1. Again, we also
show the~trivial! result for the ideal mixture. For such

FIG. 3. Radial density profile of species 1 and 2 for a critical nucleus i
system with e22* 51.1 and L* 50.5. The normalized activity fraction is
xa2n

50.52 and the height of the nucleation barrier isDY0* 556.7kBT. Units
as in Fig. 1.

FIG. 4. The reduced pressureP as a function of the normalized activit
fraction xa2n

for symmetric mixtures (e22* 51.0) with different values of the

mixing parameterL* (DY0* 556.7kBT). The curve for the ideal mixture
with e22* 51.0 andL* 50.0 is indicated by the straight solid line. Units as
Fig. 1.
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mixture, both the composition of the critical nucleus and th
of the vapor phase are equal to the activity fraction. Mo
over, for an ideal mixture the size of the critical nucleus do
not depend on composition.

For negative values ofL* , the critical-nucleus size
shrinks when the species are mixed. Moreover, critical nu
are enriched in the minority component when compared
the ideal mixture. For positive values ofL* , the opposite
behavior is found. This can be seen more clearly in Fig
which shows the molar fractionx2 of species 2 in the critica
nucleus as a function of the activity fractionxa2n

~i.e., the
composition in the dilute vapor!.

2. Demixing transition

Let us now consider the more strongly nonideal mixtu
that have a tendency to demix in the bulk, i.e., mixtures w
large positive values ofL* .

When L* is increased, the critical clusters become
creasingly enriched in the majority component as compa

a
FIG. 5. The excess number of particles of species 1 and 2~as well as their
sum! in critical nuclei as a function of the normalized activity fractionxa2n

for three symmetric mixtures that differ in the value ofL* . The ideal
mixture with e22* 51.0 andL* 50.0 is indicated by the straight solid line
and the onset work of formation isDY0* 556.7kBT.

FIG. 6. Cluster compositionx2 as a function of the normalized activity
fraction xa2n

for ~symmetric! mixtures withe22* 51.0 and an onset work of

formationDY0* 556.7kBT. The ideal mixture withe22* 51.0 andL* 50.0 is
indicated by the thick solid line.
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to the ideal mixture. Figure 7 shows the composition of
critical cluster as a function of the activity fraction forL*
50.5. It is seen that up to an activity fraction ofxa2n

50.5,
the cluster almost exclusively consists of species 1, whe
for an activity fractionxa2n

.0.5 it consists almost only o
species 2. Still, forxa2n

50.5, x250.5. That is, atxa2n

50.5, both species are present in equal amounts in the c
cal cluster. Yet, atL* 50.5, the bulk liquid already exhibits
phase separation. We thus have a situation in which the
cies are mixed in the cluster, but phase separated in the
liquid. A natural question to ask is therefore the followin
how do these critical nuclei develop into a bulk liquid?

To answer this question, we have computed the free
ergy as a function of the composition for clusters of differe
size, atL* 50.5 andxa2n

50.5. We have studied a precritica
cluster of 255 particles, a precritical cluster of 368 particl
a cluster near the top of the barrier of 472 particles, an
postcritical cluster of 571 particles. Figure 8 shows the f

FIG. 7. Size and composition of the critical nuclei as a function of
normalized activity fractionxa2n

for a symmetric mixture (e22* 51.0) with

L* 50.5 (DY0* 556.7kBT). For comparison we also indicate the compo
tion of the ideal mixture withe22* 51.0 andL* 50.0.

FIG. 8. Excess free energy as a function of the compositionx2 for nuclei of
different size in a system withe22* 51.0 andL* 50.5. The activity fraction is
xa2n

50.5 and the imposed pressureP50.021, corresponding to a barrie

height ofDY0* 556.7kBT. The size of the critical cluster, i.e., the cluster
the top of the free-energy barrier, is around 440 particles. In order to fa
tate the comparison of the free-energy curves we have set the free ene
the minima to zero.
Downloaded 11 Oct 2004 to 145.18.129.130. Redistribution subject to AI
e

as

ti-

e-
lk

n-
t

,
a
e

energy as a function of compositionx2 for these clusters. It is
seen that the free-energy curve of the cluster of 255 parti
only shows one broad minimum atx250.5. However, for a
cluster size of around 368 particles, the free-energy cu
starts to develop two minima, centered atx250.3 andx2

50.7, separated by a small free-energy barrier atx250.5.
For larger cluster sizes, the minima shift to the on
component limits and the free-energy barrier separating
two minima increases. As the mixture is symmetric, the fr
energy curves are symmetric aroundx250.5.

The important point to note is that the saddle point th
separates the stable liquid from the metastable vapor d
not correspond to a critical cluster in which both species
mixed and equally present. Rather, there are two sad
points of equal free energy. Both saddle points correspon
a critical cluster of around 440 particles, but at one the cl
ter is of compositionx250.3, whereas the composition in th
cluster at the other saddle point isx250.7. However, the
free-energy barrier separating the two saddle points is stil
low that the critical cluster can easily jump back and fo
between them.

As the critical nucleus evolves into a postcritic
nucleus, there comes a point where the free-energy ba
that separates the two minima becomes too large for the c
ter to cross. Two ‘‘channels’’ in the free-energy landsca
have developed, one leading to a bulk liquid rich in spec
1, the other to a bulk liquid rich in species 2. Although bo
pathways for the formation of the bulk liquid are equa
probable and both bulk liquid phases are equally likely
occur, once the system has chosen either path, it has to
low that path—it cannot make the transition to the oth
channel any more.

Yet, because rapid interconversion between the two c
cal nuclei is possible, the nucleation theorem would indic
a 50–50 composition of the critical nucleus. Clearly, th
refers to the average composition of the critical nucleus
particular, a macroscopic droplet of phase 1 may well ha
evolved from a critical nucleus that was rich in species
Hence, this implies that in experiments on nucleation
moderate nonideal mixtures, the nucleation theorem will
reveal the true saddle point in the nucleation pathway.
note here that a similar conclusion was drawn by Oxtoby a
Laaksonen,20 who pointed out that caution is required in a
plying the nucleation theorem in the case of partially m
cible mixtures. Recent experiments by Viisanenet al. on
nucleation in binary mixtures of nonane with short-chain
cohols, may well belong to this category.5 In fact, it would
be interesting if the nucleation rates of the two phases of
bulk liquid could be measured independently: if the ‘‘bifu
cation’’ in the free-energy landscape occurs after the criti
nucleus is formed, then the nucleation theorem will rev
the same critical nucleus for both liquids. However, if the
is a high free-energy barrier between the critical nuclei t
evolve into the two bulk phases, then the two nucleat
rates will reveal the existence of two distinct critical nucle
In our model system, this would be the case forL* 50.7.

For L* 50.7 andxa2n
50.5, the path for the formation o

the bulk liquid bifurcates for clusters that are apprecia
smaller than the critical nucleus. We now have two differe

i-
of
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types of critical nuclei, one rich in component 1 and t
other rich in component 2. Atxa2n

50.5, the two types of

critical nuclei are of equal free energy and are formed w
equal probability. However, once the critical nucleus of
ther type is formed, it cannot transform into the other ty
due to the large free-energy barrier separating the two sa
points. Furthermore, the dependence of both the pressure
the cluster compositionx2 on the activity fractionxa2n

for

L* 50.7 exhibits hysteresis atxa2n
50.5, as can be seen i

Figs. 4 and 6, respectively. This is due to the free-ene
barrier separating the two types of nuclei. Only atxa2n

50.52~or xa2n
50.48! the height of the barrier is sufficientl

reduced that the transition from one type of cluster to
other can take place on the time scale of a simulation.

The possibility of the simultaneous occurrence of tw
types of critical clusters was predicted by Talanquer a
Oxtoby,12 using density functional theory, and by Ra
et al.21 using classical nucleation theory. The present sim
lations confirm this prediction. Of course, as the simulatio
illustrate, only atxa2n

50.5 do both types correspond to th

same free energy. For 0.48,xa2n
,0.5, the clusters rich in

component 1 have the lowest free energy, and for 0.5,xa2n

,0.52, those that are rich in component 2.
An interesting prediction that was made on the basis

density functional theory by Talanqueret al.,12 is that when
the mixtures exhibit a large miscibility gap in the bulk, c
lindrical critical nuclei can appear. The remarkable feature
these nuclei is that the species have~micro! phase separate
inside the nucleus. In fact, this type of nucleus has b
observed by Clarkeet al.19 in a computer simulation study o
binary liquid Lennard-Jones clustersin vacuo. In our simu-
lations, we explored in some detail the possibility of m
crophase separation in critical clusters. Talanquer
Oxtoby12 predict that such clusters should appear forL*
>0.6 andxa2n

50.5. As discussed above, we find that f

xa2n
50.5 andL* >0.5, the saddle points that separate

bulk liquid from the metastable vapor correspond to nuc
that are enriched in one of the species. We never found
dence for free-energy saddle points that correspond to cy
drical nuclei. This is not in contradiction to the findings
Clarkeet al.:19 our simulations do not rule out the possibili
that phase-separated clusters form at the top of the ba
separating the two saddle points. However, such clus
then correspond to local free-energy maxima and should
no role in the nucleation process. We have examined
structure of nuclei at the top of the barrier and in the vicin
of x250.5. For L* 50.5, we found that at the top of th
~shallow! ridge separating the two critical nuclei, the spec
were mixed, rather than phase separated. Even when
‘‘prefabricated’’ a cylindrical cluster and constrained th
cluster at a molar fraction of around 0.5, we found that a
typically 5000 MC cycles the species mixed again, and t
the initially cylindrical droplets transform into a spheric
shape. ForL* 50.7, the situation is slightly more complex
The ‘‘unprepared’’ clusters at the top of the ridge were n
cylindrical, although a visual inspection of the snapshots
dicated that the species have a strong tendency to phase
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rate. Nuclei that were prepared in a phase-separated, c
drical configuration, remained there for the length of t
simulation, provided that the composition of the cluster w
kept fixed atx250.5. However, as soon as the compositi
of the cluster was allowed to adjust, all phase-separated c
ters transformed back into a spherical clusters that were
riched in one of the two species. This illustrates that
cylindrical nuclei correspond to localmaximaof the free-
energy surface as a function of the two order paramet
size, and composition, and therefore cannot play a signific
role in the nucleation process.

V. CONCLUSION

We have developed a new scheme to study critical
clei involved in gas–liquid nucleation of binary mixture
Our numerical scheme allows us to compare clusters
have the same barrier height but different compositions. T
numerical scheme was found to be both efficient and ac
rate. Using it, we performed a detailed study of the com
sition of critical nuclei in binary systems. The results of o
simulations support the density functional predictions of T
lanquer and Oxtoby12 on the nucleation of weakly nonidea
mixtures. These mixtures condense via a single type of c
cal nucleus, in which the components of the mixture can
mixed in all proportions. Depending on the value of the m
ing parameter, mixing either enhances or inhibits nucleat

For the nucleation of mixtures that show a macrosco
miscibility gap, the picture that emerges is more compl
We find that nucleation in these systems can still be initia
by clusters in which both species are mixed. However, wh
the cluster size increases, the path bifurcates and two c
nels develop, corresponding to nuclei enriched in one of
two components. In all cases, the critical nuclei are found
have a spherical shape. The cylindrical, microphase se
rated nuclei predicted by Talanquer and Oxtoby12 only ap-
pear at the top of the free-energy ridge separating the
types of critical nuclei. The cylindrical clusters do not corr
spond to saddle points and they probably play no role in
nucleation of immiscible mixtures.

The cluster size at which the bifurcation of the path o
curs depends on the value of the mixing parameter. He
whether or not one or two types of critical nuclei can
formed depends on the supersaturation and the value o
mixing parameter. For larger values ofL* , larger supersatu-
rations, corresponding to smaller critical-nucleus sizes,
required in order to find mixed critical nuclei. Correspon
ingly, when the nucleation process is dominated by one t
of critical cluster at a given supersaturation, it can proce
via two types of nuclei at smaller supersaturation. This a
implies that, in experiments on the nucleation behavior
partially miscible or immiscible mixtures, care should b
taken when deriving the composition of the critical nuc
from the variation of the nucleation rate wit
supersaturation.5 Our simulations suggest that the measur
average composition of the nucleus need not be the m
likely one.
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