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Abstract. The interaction between two parallel plates due to non-adsorbing polymer chains with excluded
volume is calculated using the adsorption method. The adsorption is calculated from the profile of the
polymer segment concentration between the plates, which is obtained from the product function of the
concentration profile near a single wall, involving the correlation length. The renormalization group theory
provides expressions for the osmotic pressure and consequently for the osmotic compressibility, chemical
potential and correlation length of a polymer solution. Both the local polymer concentration profiles as well
as the minimum of the interaction potential between the plates agree with recently published self-avoiding
random walk computer simulations.

PACS. 61.25.Hq Macromolecular and polymer solutions; polymer melts; swelling – 82.70.Dd Colloids

1 Introduction

When non-adsorbing polymer chains are immersed in a
suspension containing colloidal particles they impose an
effective attractive interaction between those particles.
This polymer-mediated depletion interaction has received
significant attention in the last decades. Although the on-
set of the development of the depletion interaction was
made by analysing the interaction between parallel plates
by ideal chains [1], the description of the polymers was
simplified even more by replacing the non-adsorbing poly-
mers with penetrable hard spheres (PHS), sometimes also
denoted as non-additive hard spheres. Penetrable hard
spheres are hard spheres for the colloidal particles with
which they interact but are permeable towards one an-
other. The PHS concept was initiated by Vrij [2], who
showed that it gives a rather accurate description of the
depletion interaction due to ideal polymer chains. In fact,
the minimum of the interaction potential of ideal polymers
corresponds to that of PHSs if one takes 4Rg/

√
π as the

effective PHS diameter [3], where Rg is the polymer’s ra-
dius of gyration. The strength of the PHS simplification is
that it allows a quantitative prediction of the consequences
for the colloidal stability and the phase behaviour of col-
loidal dispersions as induced by non-adsorbing polymers.
As a result, the PHS concept was used frequently over the
last two decades during which theories focusing on the
topology of the phase diagrams resulting from the PHS
approach were developed [4,5]. Computer simulations [6,
7] (largely) confirmed these theoretical approaches.
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The inclusion of the excluded-volume effects of the
polymer segments has gained increasing attention [8–18]
in order to bring the theoretical description closer to real
polymer chains. Simplifications can be made in a success-
ful way when relatively small colloidal spheres immersed in
a polymer solution are considered [8–11], whereas a mean-
field approach was developed for excluded-volume poly-
mers between two plates [12]. For more complex systems,
reference interaction site models (RISM) have been de-
veloped [13–16] that treat the polymers more realistically
than PHS models do. Louis et al. [17] recently adopted a
Gaussian core model for polymer chains that interact via a
penetrable repulsive Gaussian potential. This model pre-
dicts the minimum of the interaction potential between
two parallel flat plates reasonably accurately, as tested
with self-avoiding random walk (SAW) computer simu-
lations [17,18], and also predicts a significant maximum
of the interaction potential. For a suspension of colloidal
spheres between the plates, repulsion due to accumulation
is a significant effect which is shown using analytical the-
ory to third order in colloid concentration [19], by com-
puter simulation [20] and recently by density functional
theory [21,22]. Oscillations in the polymer concentration
profile around the bulk polymer concentration (that lead
to a repulsion) for a polymer solution near a wall have been
found by using self-consistent mean-field calculations [23]
and by SAW simulations [17,18]. However, these oscilla-
tions have amplitudes less than a factor of 0.01 of the
bulk polymer concentration and the resulting repulsion is
therefore extremely weak.

In this communication the potential interaction curve
between two parallel plates due to polymers with excluded
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volume is calculated using the adsorption method [24,25]
in a simple, convenient fashion. With respect to deple-
tion type of interactions, calculations of the attraction
between colloids as induced by non-adsorbing hard rods
using the adsorption method has proven to be successful
in previous work [26,27]. Recently, the adsorption method
was used to calculate the interaction between parallel flat
plates, between two spheres [3], and between a sphere and
a plate [28] for ideal polymer chains. The fact that this ap-
proach can be extended to excluded-volume polymers (or
real polymers) is due to the developments that have been
made in the renormalization group (RG) theory of poly-
mers. The RG theory (Schäfer [29]) provides an accurate
expression for the osmotic pressure of a polymer solution
that gives the relevant thermodynamic properties required
when applying the adsorption method to real polymers.

2 Theoretical section

The adsorption method follows from the generalised Gibbs
equation [24–26] and leads to the following expression for
the interaction potential W (h):

W (h) =

µ∫
−∞

[Γ (∞) − Γ (h)] dµ′ , (1)

where µ is the chemical potential of the polymer solution,
and Γ (h) is the adsorbed amount when the plates are sep-
arated at a distance h. The adsorption itself is the integral
over the local polymer segment concentration profile be-
tween the parallel plates n(x):

Γ (h) =

h∫
0

dx [n(x) − nb] , (2)

with nb the bulk concentration of polymer segments. The
bulk polymer segment concentration nb is here defined as
N(3/4πR3

g)φp, with φp the relative polymer concentration
(≡1 at the overlap concentration) and N the number of
polymer segments per chain. de Gennes [30] has solved the
(Edwards) diffusion equation [31,32] for polymer chains in
a gradient field with a self-consistent potential and found a
simple equation that describes the polymer segment con-
centration of a polymer solution near a single wall in a
semi-dilute solution of polymers with excluded volume:

n(x) = nb tanh2

(
x

ξ

)
, (3)

where ξ is the density correlation length, which thus di-
rectly determines the range of the single wall profile. This
profile also describes self-consistent mean-field lattice cal-
culations very well [23]. In order to introduce the correct
scaling of the correlation length with polymer concentra-
tion, we use results from the RG theory [29]. Alternatively,

it is possible to derive a profile with the right scaling ex-
ponents using the Widom approach [33], as suggested by
de Gennes [34]. This approach may lead to a perceptibly
better profile but is computationally more involved.

In semi-dilute polymer solutions it is known that the
osmotic compressibility is directly related to the density
correlation function by the Ornstein-Zernike equation in
the thermodynamic limit (wave vector → 0) [30]:

kT
∂ nb

∂ Π
= nbξ3 , (4)

where Π is the osmotic pressure of the polymer solution
for which there is a very accurate expression from the RG
theory [29]:

Π

kT
= np + 5.505n2

pR3
g

(
1 + 2.509n∗ + 1.360n∗2

1 + 0.596n∗

)0.309

,

(5)

where n∗ equals 3.584 nbR3
g/N , and np is the bulk poly-

mer concentration nb/N . Further, the density correlation
length is defined as Rg at infinite dilution [29,30,32]. Con-
sequently, it follows from equations (4) and (5) that

ξ

Rg
=


 1

1 + n∗ + 3.073n∗2
[

1+3.80 n∗+5.67 n∗2

1+1.73 n∗

]0.309




1/3

,

(6)

giving ξ = Rg for nb → 0, ξ → 0 for nb → ∞, and the
“right” scaling relation for the semi-dilute regime: ξ ∼
n−0.7697

b . The results of equation (6) agree with small-
angle scattering experiments on the correlation length of
polystyrene in toluene [35].

Next it is proposed that the polymer concentration
profile between two parallel hard plates can be expressed
as the product function of the individual profiles of equa-
tion (3):

n(x) = nb tanh2

(
x

ξ

)
tanh2

(
h − x

ξ

)
, (7)

assuming that the superposition approximation gives a
good description of the concentration profiles between two
particles, as was demonstrated for ideal polymer chains [3,
28].

3 Results and discussion

To test the superposition approximation, the results of
equation (7) (using (6) for the density correlation length)
are compared with the SAW simulation results, of which
several results were performed by E.J. Meijer which were
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Fig. 1. Relative polymer concentration between two paral-
lel flat plates as a function of the relative position x/h for
φp = 0.30. The full curves are the predictions according to
equation (7) (using Eq. (6)). The symbols correspond to the
SAW computer simulations.

published in references [17] and [18], and which were made
available for us. In Figure 1 SAW results are shown (sym-
bols) for φp = 0.30 for various relative plate separation
distances h/Rg, as indicated. The full curves refer to equa-
tion (7) using the result for the correlation length of equa-
tion (6) from the RG theory, and they match reasonably
well with the simulation results. The differences between
the simulation results and the product function that oc-
curs for small h/Rg are comparable to those found for ideal
polymer chains [3]. For depletion type of interactions the
deviation due to the product function approximation at
small h/Rg will not have a large effect on the results for
the interaction potential since the product function only
has a significant relative deviation when the polymer con-
centration between the plates approaches zero.

Equations (6) and (7) are the ingredients for equa-
tion (2) to calculate the adsorption of polymer segments
with excluded-volume interaction between two parallel
plates. The interaction potential now follows from equa-
tion (1). It is convenient to use the thermodynamic rela-
tion

dµ =
1
nb

dΠ , (8)

from which it follows that equation (1) can be rewritten
as

W (h) =

nb∫
0

[Γ (∞, n′
b) − Γ (h, n′

b)]
(

1
n′

b

∂Π

∂n′
b

)
dn′

b . (9)

Fig. 2. Interaction potential between two plates immersed in
a polymer solution with excluded-volume interaction between
the segments from equation (9) (curves) as a function of the
normalised distance between the plates h/Rg. The results are
given for three polymer concentrations as indicated. The sym-
bols refer to SAW simulation results for identical polymer con-
centrations.
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This equation, using the earlier results for the adsorp-
tion (Eqs. (2), (5), (6) and (7)) thus allows a calcula-
tion of the interaction between two parallel plates up to
very high polymer concentration in the excluded-volume
limit. In Figure 2(a-c) the interaction potential between
two plates is plotted, for various polymer concentrations as
indicated, as a function of the relative plate separation dis-
tance, h/Rg. The minima of the potentials as determined
by the SAW simulations correspond very well to those
from equation (9) for the three polymer concentrations.
The agreement between the simulation results and our
approach is rather reasonable for φp = 0.24, as plotted in
Figure 2(a). It seems that the SAW results correspond to
a slightly smaller range of attraction. This effect becomes
increasingly more significant for φp = 0.58 (Fig. 2(b)),
and for φp = 0.95 (Fig. 2(c)). Probably, the difference can
be explained by accumulation effects, which are not ac-
counted for in de Gennes’ profile (Eq. (3)). Further, the
finding that the potential, as calculated from equation (9),
is somewhat longer-ranged compared to the SAW simu-
lations corresponds to earlier results for ideal chains [3].
Those results showed that the range of potential as pre-
dicted by the product function is slightly longer-ranged,
an effect due to the superposition approximation, as com-
pared to exact results probed in simulations. The results
of the method presented here do not exhibit a maximum
in the interaction potential, an effect that is only present
very weakly in the simulation results.

4 Conclusions

The minimum of the interaction potential between two
parallel flat plates immersed in a solution with polymer
chains with excluded-volume interaction can be calculated
reasonably accurately using the adsorption method. The
required ingredients for the adsorption method are the ad-
sorption of polymer segments and the osmotic compress-
ibility. The adsorption is the integral over the local poly-
mer concentration profile, which is approximated as the
product of the individual profiles near a single wall. The
profile near a single wall involves the correlation length,
which is calculated using the osmotic compressibility. The
approach presented here is reasonably consistent with self-
avoiding random walk computer simulations and has the
advantage that no “colloid” behaviour of the polymer
chains is assumed whatsoever.
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