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ABSTRACT. This Chapter starts with a description of Monte Carlo techniques to study
many-body systems in the canonical (constant-NVT), isobaric-isothermal (constant-NPT)
and grand-canonical (constant-pVT) ensembles. Subsequently, I give a unified descrip-
tion of two families of 'smart' Monte Carlo schemes, namely Swendsen-Wang-style cluster
moves, and configurational-bias MC techniques for collective moves of pre-selected par-
ticles. Next, I briefly discuss free-energy calculations in the context of first-order phase
transitions. I conclude with a discussion of recent advances in grand-canonical simulations
of (hybrid) lattice models.

1. Introduction

In this Chapter, I will assume that the basic idea behind the Monte Carlo
technique of Metropolis et al, [1], as described in Chapter 1, is known. Nev-
ertheless, I briefly recall those aspects of the Metropolis method that are

. essential for what follows. The Metropolis method provides us with a recipe
to perform a random walk through configuration space, in such a way that
the probability of visiting a given configuration i (i.e. a given set of co-
ordinates {ri,r2, . . . , rATI), is proportional to the Boltzmann weight gi of
that configuration. In order to construct such a random walk, one should
specify the matrix rij that determines the probability to make a transition
from state i to another state j. The matrix irj should satisfy the important
condition that, if we prepare an ensemble of systems in equilibrium, then
after one Monte Carlo step, this ensemble is still in equilibrium. One way to
achieve this is to impose that irij satisfies the detailed-balance condition

Pilrii = ejirii (1)

There are many possible forms of the transition matrix that satisfy
eqn (1). Let us consider how rij is constructed in practice. We recall that
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a Monte Carlo move consists of two stages: first we perform a trial move
from state i to state j. We denote the transition matrix that determines the
probability to perform a trial move from i to j by ctij. a is usually referred
to as the underlying matrix of the Markov chain. The next stage is the deci-
sion to either accept or reject this trial move. Let us denote the probability
of accepting a trial move from i to j by P. Clearly, rij = c,Pjj. In the
original Metropolis scheme, a is chosen to be a symmetric matrix. However,
in later sections we shall see several examples where a is not symmetric. If
a is symmetric, we can rewrite eqn (1) in terms of the Pi; only :

PiPij = ejPii (2)

From eqn (2) follows:

= eil ei = exp( f3(Vj Vi)) . (3)

Again, there are many possible choices for Pij that satisfy this condition
(and the obvious condition that the probability Pij cannot exceed 1). The
choice of Metropolis et al. was

Pia = min(eJ/ei, 1) (4)

Note that we have not specified the matrix a, but for the fact that it must
be symmetric. This reflects the fact that there is a considerable freedom in
the choice of our trial moves. We will come back to this point in subsequent
sections. Thus far, we have not mentioned another important condition that
ir.ij should satisfy, namely that it is ergodic, i.e. that every accessible point
in configuration space can be reached in a finite number of Monte Carlo
steps from any other point. Although there are simple MC schemes that
are guaranteed to be ergodic, these are often not the most efficient schemes.
Conversely, there are many efficient Monte Carlo schemes that have either
not been proven to be ergodic or, worse, been proven to be non-ergodic. If
you are worried that purists may dislike your favorite non-ergodic scheme,
the solution is to mix that scheme with a less efficient ergodic scheme. Then
everybody is happy.

Before proceeding with a discussion of Monte-Carlo sampling methods,
it is important to stress one limitation of the Metropolis-style MC method.
The MC method can be used to estimate configuration-space averages of
structural properties of a many-body system, i.e.

f der A.(e)
(A)NVT

ZNVT
1 (5)

with ZNyT= f dqN exp(--13V(qN)). However, the MC method cannot be
used to compute the configurational integral ZNyT, as it depends on the ac-
cessible volume in configuration space. Knowledge of the configurational inte-
gral is required to compute "thermal" properties, such as the Helmholtz free
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energy F , the Gibbs free energy G , and the chemical potential j.t. Techniques
to compute the latter quantities (that play a crucial role in the calculation
of phase equilibria), will be discussed in considerable detail in subsequent
sections.

2. Other ensembles

In the previous section, I have briefly reviewed the Metropolis Monte Carlo
simulation method. This technique was designed to compute the average
value of an arbitrary function A(q) of the coordinates of a system of N
particles at constant temperature T and volume V (eqn (5)):

f dqN A(qN) exp(fiV(qN))
(A) NVT

ZNVT

This average is usually referred to as the 'canonical' ensemble average. To
be more precise, the true canonical ensemble average includes the particle
momenta. However, in all cases of practical interest, the integration over
momenta can be carried out analytically, and therefore does not require
numerical sampling.

A large fraction of all Monte Carlo calculations to date have been per-
formed in the constant-N VT ensemble. However, it is sometimes advisable
to perform a simulation where thermodynamic variables other than N ,V or
T are kept fixed. In the present section we discuss such simulations. I will
limit this discussion to those ensembles that have found most widespread
use in the simulation of classical many-body systems, such as the constant-
N PT and AVT ensembles. I refer readers interested in microcanonical MC
simulations to the original paper by Creutz [2] and the book by Binder [3].

2.1. ISOBARIC-ISOTHERMAL ENSEMBLE

Apart from the canonical ensemble, the isobaric-isothermal (constant-NPT)
ensemble is probably the one most widely used in Monte Carlo simulations.
This is not surprising because most real experiments are also carried out un-
der conditions of controlled pressure and temperature. Moreover, constant-
NPT simulations can be used to measure the equation of state of a model
system even if the virial expression for the pressure cannot be readily evalu-
ated. This may, for instance, be the case for certain models of non-spherical
hard-core molecules. But also for the increasingly important class of mod-
els where the (non-pairwise additive) potential energy function is computed
numerically for each new configuration. Finally, it is often convenient to use
constant-NPT MC to simulate systems in the vicinity of a first-order phase
transition, because at constant pressure the system is free (given enough
time, of course) to transform completely into the state of lowest (Gibbs)
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free energy, whereas in a constant-NVT simulation the system may be kept
at a density where it would like to phase-separate into two bulk phases of
different density, but is prevented from doing so by finite size effects.

Constant-pressure Monte Carlo simulations were first described by Wood [4]
in the context of a simulation study of two-dimensional hard disks. Although
the method introduced by Wood is very elegant, it is not readily applied to
systems with arbitrary continuous potentials. McDonald [5] was the first to
apply constant-NPT simulations to a system with continuous intermolecular
forces (a Lennard-Jones mixture), and it is the constant-pressure method of
McDonald that is now being used almost universally, and that is discussed
below.

I will derive the basic equations of constant-pressure Monte Carlo in a
way that may appear unnecessarily complicated. However, this derivation
has the advantage that the same framework can be used to introduce some
of the other non-NVT Monte Carlo methods to be discussed below. For
the sake of convenience we shall initially assume that we are dealing with a
system of N identical atoms. The partition function for this system is given
by:

1
Q(N,V,T)=

L
d p( PV(q

N
)) , (6)

where A = -VW/ 27rrnkBT is the thermal de Broglie wavelength. It is conve-
nient to rewrite eqn (6) in a slightly different way. We have assumed that
the system is contained in a cubic box with diameter L = V113. We now
define scaled coordinates sN, by:

Lsi

for i = 1, 2, N . If we now insert these scaled coordinates in eqn (6) we
obtain:

Q(N,V,T) VN
A3N

11
Jo

dsN exp(- (sN ; L)) (7)

In eqn (7), we have written V(sN; L) to indicate that V depends on the real
rather than the scaled distances between the particles. The expression for
the Helmholtz free energy of the system is:

F(N,V,T) = kBT1nQ

= ksT VN
A3NN!

4a' (f dsN exp( PI) (SN ; L)))

= F id.(N ,V,T) F ex(N ,V,T) . (8)

In the last line of the above equation we have identified the two contributions
to the Helmholtz free energy on the previous line as the ideal-gas expression

ch =
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Fig. 1. Ideal gas (m particles, volume Vo V) can exchange volume with an
N-particle system (volume V)

plus an excess part. Let us now assume that the system is separated by a
'piston' [6] from an ideal gas reservoir (see Fig. 1). The total volume of the
system plus reservoir is fixed at a value Vo. The total number of particles is
M . Hence the volume accessible to the m M N ideal gas molecules is
Vo V. The partition function of the total system is simply the product of
the partition functions of the constituent sub-systems:

VN (Vo V ) f den f dsN exp(-01)(sN; L)) . (9)Q(N, m, Vo, = A3M N Irn!

Note that the integral over the sm scaled coordinates of the ideal gas yields
simply 1. For the sake of compactness we have assumed that the thermal
wavelength of the ideal gas molecules is also equal to A. The total free
energy of this combined system is Ftot = kBT1n Q(N ,m,V,Vi),T). Now
let us assume that the 'piston' between the two subsystems is free to move,
so that the volume V of the N-particle subsystem can fluctuate. Of course,
the most probable value of V will be the one that minimizes the free energy
of the combined system. The probability density P(V) that the N-particle
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subsystem has a volume V is given by:

VN (V0 V f dsN exp(-0V(3N; L))P(V)= (10)fo dV' (Vo yom f ds.h.r exp(._i3y(sN; LI))

We now consider the limit that the size of the reservoir tends to infinity
(V0 + oo, M co, mfV0 p). In that limit, a small volume change of the
small system does not change the pressure P of the large system. In other
words, the large system works as a manostat for the small system. In that
case we can simplify eqns (9) and (10). Note that in the limit V/Vo -4 0 we
can write:

(V0 V)m = Vr(1 (V/V0))"' exp(mV/V0).

In the limit m oo, exp(mV/V0) exp(pV). But, as the reservoir
contains an ideal gas, p can be written as f3P. With these substitutions,
eqn (10) becomes:

VN exp(PPV) f dsN exp(PV(sN;L))P(V) = (11)v
dV'V'N exp(PPV') f dsN exp(PV(sN; L'))

In the same limit, the difference in free energy between the combined system
and the ideal-gas system in the absence of the N-particle subsystem is the
well-known Gibbs free energy G :

N exp(PPV)
ds

N
exp(-0V(sN; L)) (12)G(N , P,T) = kB T f dV V

A3NN!

Equation (11) is the starting point for constant-NPT Monte Carlo simula-
tions. The idea is that the probability density to find the small system in
a particular configuration of the N atoms (as specified by sN) at a given
volume V is given by:

P(V;sN) = VN exp(-13PV) exp(-0V(sN; L))

fo° dV' ViN exp( OPV') f dsN exp(-0V(sN; L'))

We can now carry out Metropolis sampling on the reduced coordinates
sN and the volume V, with a weight-function p(sN , V) proportional to
exp(-0{V(sN, V) + PV N3-11nV}). In the constant-NPT MC method,
V is simply treated as an additional coordinate, and trial moves in V must
satisfy the same rules as trial moves in q (in particular, we should main-
tain the reversibility of the underlying Markov chain). Let us assume that
our trial moves consist of an attempted change of the volume from V to

= V AV, where AV is a random number, uniformly distributed over
the interval [AVina., +AV..]. In the Metropolis scheme such a random,
volume-changing move will be accepted if:

exp(-13[V(sN, V') p(sN P(V' V) N0-11n(V7V)]) > 7Z ,(13)

+ V

v

+

-
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where 7Z, is a random number, uniformly distributed over the interval [0, 1).
Instead of attempting random changes in the volume itself, one might con-
struct trial moves in the box-length L [5], or in the logarithm of the vol-
ume [7]. Such trial moves are equally legitimate, as long as the reversibil-
ity of the underlying Markov chain is maintained. However, such alterna-
tive schemes result in a slightly different form for eqn (13). The isobaric-
isothermal MC method has been extended to simulate systems at constant
stress. This problem was first in the context of molecular dynamics sim-
ulations by Parrinello and Rahman [8, 9] who developed an extension of
the constant-pressure molecular dynamics technique introduced by Ander-
sen [10]. The extension of the Parrinello-Rahman method to Monte Carlo
simulations is straightforward [11].

2.2. GRAND CANONICAL ENSEMBLE

The Metropolis sampling scheme was introduced as a method to compute
thermal averages of functions A(qN), that depend explicitly on the coordi-
nates of the molecules in the N-body system under study. Examples of such
'mechanical' properties are the potential energy or the virial contribution to
the pressure. However, the Metropolis method cannot be used to determine
the configurational integral

ZNVT = dqN exp(-0V(qN))

itself. The latter quantity measures the effective volume in configuration
space that is accessible to the system. Hence the original Metropolis scheme
cannot be used to determine those thermodynamic properties of a system
that depend explicitly on the configurational integral. Examples of such
'thermal' properties are: the Helmholtz free energy

F = ksT 111Q NvT
the entropy S and the Gibbs free energy G. However, although the Metropo-
lis method cannot be used to measure, for instance, free energies directly, it
can be used to measure the difference in free energy between two possible
states of an N-body system. This fact is exploited in the grand-canonical
Monte Carlo method (GCMC) first implemented for classical fluids by Nor-
man and Filinov [12], and later extended and improved by a number of other
groups [13-21]. The basic idea of the GCMC method is explained below.

In order to understand the statistical mechanical basis of the GCMC
technique, let us return to eqn (9) of section 2.1. This equation gives the
partition function of a combined system of N interacting particles in volume
V and m = M N ideal gas molecules in volume Vo V:

Q(N,m,V,Vo,T )
VN(V0V)m

A3m min! dsm dsN exp(PV(sN)) . (9)

f

f
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Now, instead of allowing the two systems exchange volume, let us see what
happens if the systems can exchange particles (see Fig. 2). To be more
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Fig. 2. Ideal gas (m particles, volume Vo V) can exchange particles with an
N-particle system (volume V)

precise, we assume that the molecules in the two sub-volumes are actually
identical particles. The only difference is that when they find themselves
in volume V they interact and when they are in volume Vo V, they do
not. If we transfer a molecule i from a reduced coordinate si in the volume
Vo V to the same reduced coordinate in volume V, then the potential
energy function V changes from V(sN) to V(sN+1). The expression for the
total partition function of the system, including all possible distributions of
the M particles over the two sub-volumes is:

m VN(V0 - V)11-N f dsm-N f dsN exp(PV(sN))Q(M,V, Vo, T) = E
.A3mNpf N)!N=0

(14)
Following the approach of section 2.1, we now write the probability density
to fmd a system with M - N particles at reduced coordinates 5M-N in
volume V' a---_ Vo - V and N particles at reduced coordinates sN in volume
V:

VNVIM-N
Q(M,V,V',T)A3MN!(M N)!exp( . (15)
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Let us now consider a trial move in which a particle is transferred from
V' to the same scaled coordinate in V. First we should make sure that
we construct an underlying Markov chain that is symmetric. Symmetry, in
this case, implies that the a priori probability to move a particle from V'
.to V should be equal to the a priori probability of the reverse move. The
probability of acceptance of a trial move in which we move a particle to or
from volume V is determined by the ratio of the corresponding probability
densities (eqn (15)):

VqN + 1)
exP(-130)(sN-1-1)- v(sN)))

-1-3N+1-N V(M
_ig(v(sN)exp( v(sN-I-1))) (17)

Now let us consider the limit that the ideal gas system is very much larger
than the interacting system: M co, V' oo, (M IV') --+ p. Note that
for an ideal gas the chemical potential p is related to the particle-density
p by: p = kBT1nA3p. Therefore, in the limit (MIN) oo, eqns (16),(17)
become:

PN-01+1 = VN +1 A-3 exp(Py) exp(-0(V(sN+1) - V(sN))) (18)

PN+1..N
(N + 1)

A3 exp(-0/L) exp(-P(V(sN) V(sN+1))) (19)
V

In the Metropolis scheme, an attempted particle addition to (removal from)
- ri.N+1 > 7 (PN-0--.N > 7Z), where 7 ?. is a randomvolume V is accepted if P

number uniformly distributed in the interval [0,1].
Equations (18), (19) are the basic equations for grand canonical Monte

Carlo simulations. Acceptable trial moves are: (i) the random insertion of
an additional particle at any point in volume V; (ii) the random removal of
any of the N particles in volume V. In addition, the particles in volume V
can sample the accessible configuration space by conventional Monte Carlo
sampling. Note that in eqns (18), (19) all explicit reference to the ideal-gas
system has disappeared. The rules only refer to the system of volume V.

The most salient feature of the GCMC technique is that in such simu-
lations the chemical potential it is imposed, while the number of particles
N is a fluctuating quantity. During the simulation we may measure other
thermodynamic quantities, such as the pressure P, the average density (p)
or the internal energy (V). As we know IL, we can derive all other 'thermal'
properties, such as the Helmholtz free energy or the entropy. This may seem
surprising. After all, in section 1 we stated that Metropolis sampling cannot
be used to sample absolute free energies and related quantities. Yet, with
grand canonical MC we appear to be doing precisely that. The answer is
that, in fact, we do not. What we measure is not an absolute but a relative

PN-01-1-1 (16)

111(N
.

+

=

V(M N)
=
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free energy. In GCMC, we are equating the chemical potential of a molecule
in an ideal gas at density p (for the ideal-gas case we know how to compute
11) and the chemical potential of the same species in an interacting system
at density p'.

Grand canonical MC works best if the acceptance of trial moves by which
particles are added or removed is not too low. For atomic fluids this con-
dition effectively limits the maximum density at which the method can be
used to about twice the critical density. Special tricks are needed to extend
GCMC to somewhat higher densities [19]. GCMC is easily implemented for
mixtures and inhomogeneous systems, such as fluids near interfaces. In fact,
some of the most useful applications of the GCMC method are precisely in
these areas of research. Although GCMC can be applied to simple models
of non-spherical molecules, it converges very poorly for all but the smallest
polyatomic molecules. However, in section 4.1, we shall discuss techniques
that can be used to generalize GCMC simulations to chain molecules. For
more details on the more conventional grand canonical Monte Carlo method,
the reader is referred to the book by Allen and Tildesley [22] and a review
paper by Frenkel [23].

2.3. GIBBS ENSEMBLE

One of the prime reasons why we are interested in simulations at constant
P or constant it, is that the condition for coexistence of two or more phases
I, II,...is that the pressure of all coexisting phases must be equal (P1 =
P11 = . . . = P), as must be the temperature (Ti = TH = = T) and the
chemical potentials of all species (1./r = = = A"). Hence one might
be inclined to think that the best ensemble to study would be the 'constant-
APT ensemble'. The quotation marks around the name of this 'ensemble' are
intentional, because, strictly speaking, no such ensemble exists. The reason
is simple: if we specify only intensive parameters, such as P,T and p, the
extensive variables (such as V) are unbounded. Another way to say the
same thing is that the set P,T, kt is linearly dependent. In order to get a
decent ensemble, we must fix at least one extensive variable. In the case of
constant-pressure MC this variable is the number of particles N , while in
grand canonical Monte Carlo, the volume V of the system is fixed.

A few years ago, however, Panagiotopoulos [24] developed a new Monte
Carlo scheme, called the 'Gibbs method', that comes very close to achieving
the impossible: namely simulating phase equilibria under conditions where
the pressure, temperature and chemical potential(s) of the coexisting phases
are equal. The reason why this method can work is that, although the dif-
ference between chemical potentials in different phases is fixed (namely, at
Ait = 0), the absolute values are still free to change. The Gibbs-ensemble
method has developed into one of the most important techniques to study

. , .



103

phase-equilibria (in particular, fluid-fluid equilibria) by Monte Carlo simu-
lation. In view of the great importance of this method, Chapter 6 in this
volume has been devoted to the ins and outs of the Gibbs ensemble method.

2.4. SEMI-GRAND ENSEMBLE

At present, the Gibbs ensemble method has become the technique par excel-
lence to study fluid-fluid phase equilibria. However, like the grand-canonical
ensemble scheme, the method does rely on a reasonable number of successful
particle insertions to achieve compositional equilibrium. As a consequence,
the Gibbs ensemble method cannot be used to study phase equilibria involv-
ing very dense phase or crystalline solids. Although there exist, to my knowl-
edge, no numerical schemes that allow direct simulation of, say, solid-liquid
phase coexistence in a multicomponent system, there exists a technique that
greatly facilitates the numerical study of such phase equilibria. This is the
so-called 'semi-grand ensemble method' of Kofke and Glandt [25]. In this
section, I shall present a simple description of this method.

In order to understand why the semi-grand ensemble can be successful
where other schemes fail, it is useful to borrow a result that will be derived
in section 3.1. In that section, we show that the excess chemical potential of
a molecule in a fluid is related to the average Boltzmann factor associated
with the random addition of such a molecule to a fluid with N particles
present (eqn (40)):

pe. = kBT1n (f ds N +1 exp(- -43 AV)) .

N

Let us assume that we wish to study phase equilibria in a binary mixture. In
that case, we must compute the Gibbs free energy per mole of the mixture,
as a function of the composition:

G(XA) = XAAA + XBAB )
(20)

where XA (= 1 - XB) denotes the mole fraction of species A, and AA (?IB)
denote the chemical potentials of the two components in the mixture. Let
us assume that we have somehow succeeded in computing the Gibbs free
energy of one of the pure phases (for instance, by one of the thermodynamic
integration methods described in section 5). At first sight it might seem
that, in order to compute G as a function of XA, we have to repeat such
a thermodynamic integration for a large number of XA values. Fortunately,
this is usually not the case. Rather than recomputing G(X) for a number
of compositions, we can study the change in G(X) with X . In other words,
we need to have a 'microscopic' expression for

(OG(X))
A PBPax I P,T,N

(21)
\ =
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(PA )ici (i-LA 1113)ex

In the first line of eqn (21), we have used the Gibbs-Duhem relation. I assume
that the ideal-gas contributions to the chemical potential of both A and B
are known. The quantity that we must compute is Apex (tiA -
Naively, one might try to measure this quantity by using the particle inser-
tion method to obtain yex of species A and B separately and then subtract-
ing the result. Although such an approach would be correct in principle,
it is time consuming and not very accurate. Fortunately, Apex can be ob-
tained much more directly by measuring the Boltzmann factor associated
with a virtual trial move where a randomly selected particle of type B is
transformed into a particle of type A [26-281. I leave it as an exercise to the
reader to derive that the resulting expression for /4x at constant pressure
is:

NB
6,12ex = leBT111( NA + 1 exp(-i3AV+)) (22)

where AV+- denotes the change in potential energy of the system if one
particle of type B is changed into type A. -kBTlii(NBI[NA +1]) is simply
the ideal mixing contribution to the chemical potential. The point to note
about eqn (22) is that for a perfect mixture (i.e. A and B have the same
intermolecular interactions), ln(exp(-01V+)) is identically equal to zero.
In other words, we may obtain very good statistics on Apex even if the direct
measurement of the excess chemical potential of the individual species would
yield poor statistics.

The aim of this introduction to the semi-grand ensemble is twofold: first
of all, eqn (22) shows that the Boltzmann factor associated with the change
of identity of a particle in a mixture is related to the difference in excess
chemical potential of the two species that take part in the interchange. And
secondly, I have made it plausible that we can get good statistics on Apex
even when the particle insertion method to measure the excess chemical
potential of the individual species fails, for instance in a crystalline solid [29].
I recall that the grand-canonical Monte Carlo method has about the same
range of applicability as the particle insertion method. It is therefore logical
to infer that it should be possible to construct a simulation scheme based on
particle interchanges that should work under conditions where the GCMC
scheme fails. The semi-grand canonical Monte Carlo (SGCMC) method is
such a scheme.

How does the SGCMC method work? Let us first consider the expression
for E, the grand-canonical partition function for an n-component mixture:

n

E Ni!
dsN exp(-0V(sN)) (23)-

i=1

=

exp(012,Ni)

17-. hB)e..

N,

f ,

+



105

where N Ei Ni, V(sN) denotes the potential energy function of the n-
component mixture and qi is the 'kinetic' contribution to the partition func-
tion due to species i. Next, we consider a related partition function
identical to E, but for the fact that we have imposed the constraint that
N = Ei Ni is fixed. If N is fixed, we can eliminate one of the N, for in-
stance NI, from the sum in eqn (23) and we obtain:

1 (g,i)N' exp(00.ii pl.)Ni)
n

exp(f3ktiN) 11N
El --= EN qi x

i=1 qi Ni!

(VN f dsN exp ( PV(sN))) . (24)

We now multiply this equation on both sides by exp(-13it1N) and we define
.a new partition function y E E' exp(-0y1N):

fin (CNi exp([3(iii th)Ni)
Ni!

(ITN f dsN exp(-0V(sN))) . (25)

The next step is subtle. We shall reinterpret the sum over all Ni in eqns (23)
(25). In these equations, we had assumed that to every composition
N1, N2, . . . , Nn, there corresponds one term in the sum. Let us now take a
somewhat different point of view: we assume that all these different species
are all manifestations of one and the same 'particle'. This sounds strange, so
I shall use an analogy to explain what I mean. Let us consider that we have
a group of 100 people, made up of 3 groups: eaters, drinkers and sleepers. In
fact, we want to consider all possible combinations of these groups, with the
constraint that the total number is fixed. One such combination would be:
30 eaters, 30 drinkers and 40 sleepers. Now we make a discovery: one and
the same person can be an eater, a drinker or a sleeper, but not simulta-
neously. Now our sum over all combinations becomes different: we have 100
'persons' who can all take on any one out of the three possible identities.
In that case, we have many more ways in which we can make a group of 30
eaters, 30 drinkers and 40 sleepers, namely 100!/(30!30!40!). If we wish to
have the same total number of terms in our sum as before, we have to divide
by this factor.

Let us now translate this example back to the sum over particles in
eqn (25). We replace the sum over numbers of particles of species i, by
a sum over all possible identities of all particles. But then we must correct
for double counting by dividing by MANI! x x Nfi!). If we do that,
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N2 ,..., N,,

y E
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eqn (25) becomes:

N,

Y E 11 ) exP(0(ili
identities

(vN f dsN exp( pv (sN ))) . (26)

Finally, it turns out that it is more convenient to consider the corresponding
ensemble at constant pressure. In that case, the partition function changes
to

(vqi)Nexp(PPV) xy = 13P f dV (27)N!

(

n

E ri
Iv;

;-- exP(P(kii /41)Ni) .1 dsN exp(PV(sN))) .

identities i=1 11

For cosmetic reasons, we rewite eqn (27) in terms of the fugacities f i, rather
than the chemical potentials pi. Recall that the fugacity of a species i is
defined by the expression:

(P,T, {Xi}) =7: P? (T) + kBT In A , (28)

where 14(T) is the chemical potential of the ideal gas reference state (P = 1)
of species i. Using the expression for the chemical potential of an ideal gas
at pressure P, and recalling that for an ideal gas f = P , it is easy to show
that:

14(T) = kEIT ln(kBTD) . (29)

Inserting eqn (29) in eqn (27), we obtain:

(V gi)N
PV

n
= SPI dV eXP( E H TX

identities i=1

(1 dSN exp(PV(sN))) . (30)

By now the reader is probably thoroughly confused by all the algebra. In
order to see what we have done, it is instructive to look at the characteristic
thermodynamic function associated with the successive partition functions.
We started with a grand-canonical ensemble. The link with thermodynamics
is given by:

PPV = ln E(V, T, {Ai}) . (31)
The transformation to y (eqn (25)), corresponds to a change to the ther-
modynamic variable

13(PV 1.41N) = ln.Y (V, T, N , 0 11) . (32)

VLqi. Pi)Ni) x
i=1

.11
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Finally, we change to constant pressure, which means that the characteristic
thermodynamic function becomes:

1411N In Y(P,T, finCh/ 11) . (33)

Rather than use ln(fi/h) as the independent variable, it is more convenient
to follow Ref. [25] and use the fugacity fraction j, defined as

A
(34)n

The advantage is that, while ln(h/fi) varies between co and +oo as we
go from pure 1 to pure i, ei varies between 0 and 1. Clearly,

= ln (OP f dV exp(OPV)(V Nqir x (35)

E CISN exp(-0V(sN)))
identities i=1 C1

How does pi, the chemical potential of the reference species, change with the
fugacity fractions of the other species? To see this we consider the derivative
of eqn (35) with respect to

(a0A1N) N Nj\
N,P,T,{411ji} 6 / '

(36)

where we have used the fact that del = Ejoi d. Equation (36) tells us
how we can measure changes as we change the chemical potential differ-
ence between species 1 and the other species. Let us consider the application
to phase coexistence in a binary mixture. In that case we only vary e2. First
we measure the excess chemical potential in phase I consisting of pure 1
and in phase II consisting of pure species 2 (for instance by thermodynamic
integration). Next we compute the change in pl. in phase I as we increase ey
from 0 and the corresponding change in pi in phase II as we lower 4.2 from
1. The point where 4)(4'2) = i411)(6) is the coexistence point, because at
that point e. flu) and f = Ari). Note that we have not specified the
nature of phase I and II. They could be liquid, solid or liquid crystalline

The only practical problem that remains is the Monte Carlo sampling
of (Ni/ei (N N1)/6) (eqn (36)). Note that the Ni are the dependent
variables. The ei are imposed during a given simulation. In addition to the
usual particle moves and volume changes we must now also consider a move
where a Particle changes identity. To this end, we select one of the N par-
ticles at random and with equal probability assign it one of the n possible
identities. The probability of accepting such a trial move is

Pacc = min (1 Li' exp(PAV(sN))) , (37)

=
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where AV(sN) denotes the change in potential energy of the system if we
change the identity of a randomly selected particle from i into i'.

I conclude this discussion of the semi-grand ensemble with three com-
ments. First of all, SGCMC is very well suited to study phase equilibria in
multicomponent systems that are also in chemical equilibrium. The reason
is that every chemical equilibrium simply imposes a relation between the
fugacities of the reacting species. Hence, the only effect of a chemical equi-
librium is that the number of independent fugacities is reduced by one. In
practice, the method cannot be used to study any chemical equilibrium: the
total number of molecules should be conserved in the reaction.

Secondly, the SGCMC scheme can be used to simulate phase equilibria
in truly polydisperse systems, including polydisperse solids. And finally, it
can be quite advantageous to combine the SGCMC method with the Gibbs
ensemble method for mixtures. In that case the fugacity ratios in both sim-
ulation boxes are kept the same. In other words, we allow particles in either
box to change identity while remaining in the same box. But in addition
we allow trial moves where we attempt to move a particle of the reference
species 1 from one box to the other. Now the selection of the particle to be
swapped goes as follows: first select box I or box II with equal probability.
Next, select any molecule of type 1 in the selected box and try to insert
it in the other box (see Chapter 6). (The implementation that I suggest
here is slightly different from the one advocated in Ref. [25] and closer to
the approach of Stapleton et al. [30]). The natural choice for the reference
species 1 is clearly that species that can be swapped most efficiently, e.g.
the smallest molecule in the system.

3. Virtual moves

In the previous sections we have been discussing several Monte Carlo schemes
that all aimed to sample equilibrium averages in one ensemble or another.
The procedure by which this was achieved was by some kind of random
walk through configuration space, where the probability of acceptance of a
trial move from one configuration to another was determined by the ratio
of the probabilities of these configurations. In the present section we dis-
cuss sampling schemes in which certain trial moves are attempted but never
.accepted!

3.1. PARTICLE INSERTION METHOD

As an example of a Monte Carlo technique that employ virtual moves, we
consider the so-called 'particle-insertion' method (often referred to as the
Widom method [31]) to measure the chemical potential it of a species in a
pure fluid or in a mixture. The statistical mechanics that is the basis for this
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method is quite simple. Consider the definition of the chemical potential
of a species a. From thermodynamics we know that ji is defined as:

((aF) as
(38)ON pr. ON IrT ON VE

where G,F and S are the Gibbs free energy, the Helmholtz free energy and
the entropy, respectively. Here, and in the next few paragraphs, we focus on
a one-component system, and hence we drop the subscript a. If we express
the Helmholtz free energy of an N-particle system in terms of the partition
function QN (eqn (8)), then it is obvious from eqn (38) that, for sufficiently
large N the chemical potential is given by: = in(Q N+1. IQ N). If we
use the explicit form (eqn (8)) for QN, we find:

= kBT1n(Q N-F1 / N)

=
V

1n.kBT
f dsN +1 exp ( 0V( sN+1))kBT1n

As(N + 1) f dsN exp(-0V(sN)) )
= AO) + . (39)

In the last line of eqn (39), we have indicated the separation into the ideal-
gas contribution to the chemical potential, and the excess part. As itid(V)
can be evaluated analytically, we focus on ilex . We now separate the potential
energy of the (N 1)-particle system into the potential energy function of
the N-particle system, V (sN), and the interaction energy of the (N 1.)th
particle with the rest: AV E V(sN+1) V (sN). Using this separation, we
can write pex as:

pex = kBT ln (f ds N +1 exp(- -P AV)) , (40)

where (...)N denotes canonical ensemble averaging over the configuration
space of the N-particle system. The important point to note is that eqn (40)
expresses ilex as an ensemble average that can be sampled by the conven-
tional Metropolis scheme. There is only one aspect of this equation that
makes it different from the averages that we considered before, namely the
fact that we compute the average of an integral over the position of parti-
cle N 1. This last integral can be sampled by brute-force (unweighted)
Monte Carlo sampling. In practice the procedure is as follows: we carry out
a perfectly normal constant NVT Monte Carlo simulation on the system of
N particles. At frequent intervals during this simulation (for instance, after
every MC trial move) we randomly generate a coordinate sN+1, uniformly
over the unit cube. With this value of sN+1, we then compute exp(PAV).
By averaging the latter quantity over all generated trial positions, we ob-
tain the average that appears in eqn (40). So, in effect, we are computing
the average of the Boltzmann factor associated with the random insertion

)
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ilex
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of an additional particle in an N-particle system, but we never accept any
such trial insertions, because then we would no longer be sampling the av-
erage needed in eqn (40). The Widom method is a very powerful method to
compute the chemical potential of (not too dense) atomic and simple molec-
ular liquids. Its main advantage is its great simplicity, and the fact that it
can be added on to an existing constant-NVT MC program, without any
modifications to the original sampling scheme: we are simply computing one
more thermal average. There is something else about the Widom method
that makes it appealing, but that has nothing to do with computational
efficiency: it really provides an insight into the meaning of the chemical po-
tential, an insight that is often hard to extract from most text-books on
statistical thermodynamics.

Extensive numerical studies of the excess chemical potential of finite pe-
riodic systems, have shown that this quantity is rather strongly dependent
on the size of the system [32,33]. Computer simulations are typically carried
out for periodic systems in which the fundamental cell contains of order 102
to 103 particles, and the correction needed to give the infinite-system result
can therefore be large. Of course, it is possible to estimate the finite-size
correction empirically by carrying out simulations for different values of N
(the number of particles), but this is very time consuming. It would clearly
be much more convenient if the finite-size correction could be estimated di-
rectly, since it would then be possible to estimate the chemical potential in
the thermodynamic limit on the basis of results obtained from simulations
of relatively small systems. In fact, Siepmann, McDonald and Frenkel [34]
have recently derived an expression for the leading (0(1/N)) system-size
dependence of the excess chemical potential:

/ op\
Allex(N) =

Op kBT 5 PkBT (OP / p)2
(41)2N

As shown in Ref. [34], this expression agrees with the exact result for hard
rods in one dimension, and is in excellent agreement with numerical results
for hard-disks in two dimensions.

The particle insertion method can be modified to measure the difference
in chemical potential between two species a and )3 in a mixture. In this
case a trial move consists of an attempt to transform a particle of species
a into species (without, of course, ever accepting such trial moves). For
more details, the reader is referred to Refs. [35,28]. Let us finally mention
that the particle insertion and swapping techniques are not limited to the
measurement of chemical potentials. In fact, a wide class of partial molar
quantities (such as, for example the partial molar enthalpy ha or the partial
molar volume va) can be measured in this way. For details, see Refs. [28,
36].
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The particle insertion method fails under the same conditions where
grand canonical Monte Carlo simulations become inefficient, and for the
same reason: namely that the probability of 'accepting' a trial insertion
becomes very small. One consequence is that the 'brute-force' particle inser-
tion method is less suited for molecular than for atomic systems. Recently,
however, Siepmann [37] has developed a scheme to measure the chemical
potential of flexible molecules with a finite number of conformations. A sim-
ilar approach, in the context of a lattice model, had been proposed earlier
by Harris and Rice [38]. The next section discusses the basic idea behind
these schemes.

3.2. CHEMICAL POTENTIAL OF MACRO-MOLECULES WITH DIS-
CRETE CONFORMATIONS

In order to understand the methods that have been devised to calculate the
chemical potential of chain molecules, it is instructive to first consider how
we would compute pe. of a chain molecule with the Widom technique. To
this end, I introduce the following notation: the position of the first segment
of the chain molecule is denoted by q and the conformation of the molecule
is described by F. The configurational part of the partition function of a
system of chain molecules can be written as

l
Qthain(N, V,T)= dqN exp(--13V(qN,rN)) . (42)

The analogy with the previous sections suggests that the excess chemical
potential of a chain molecule is obtained by considering the ratio

Q(N -I- 1,V,T)1[Q(N,V,T)0 1,V,T)],, noninteracting(

where Q(N +1,V,T) is the (configurational part of) the partition func-
tion of a system of N + 1 interacting chain molecules and Q(N,V,T) X
Qnoninteracting(1, V, T) is the partition function for a system consisting of N
interacting chains and one chain that does not interact with the others. The
latter chain plays the role of the ideal gas molecule in the previous sections.
Note, however, that although this molecule does not interact with any of
the other molecules it does interact with itself, both through bonded and
through non-bonded interactions. Unfortunately, this is not a particularly
useful reference state, as we do not, in general, know the partition function
of an isolated self-avoiding chain.

We therefore use another reference state, namely that of the isolated
non-selfavoiding chain. To be specific, let us consider the case of a molecule
that consists of / segments. Starting from segment 1, we can add segment
2 in b2 equivalent directions, and so on. Clearly, the total number ofnon-
selfavoiding conformations is Slid = Ili bi. For convenience, I have assumed

f E
N! r1,...,r



112

that for a given i, all bi directions are equally likely (i.e. I ignore gauche-trans
potential energy differences and I even allow the ideal chain to fold back on
itself). These limitations are not essential but they simplify the notation.
Finally, I assume that all bi are the same. Hence, for the simple model that
we consider, nid = bi. If we use such an ideal chain as our reference system,
the expression for the excess chemical potential becomes

+ 1,V,T)
= -1CBTIn

Q(N,V,T)Clidera(1,V,T)

= -kEIT111.(en[-PAy(e r)rN N+1)]) (43)

where AV denotes the interaction of the test chain with the N chains that are
already present in the system and with itself, while (...) indicates averaging
over all starting positions and all ideal-chain conformations of a randomly
inserted chain.

The problem with the Widom approach to eqn (43) is that almost all ran-
domly inserted ideal chain conformations will overlap either with particles
already present in the system, or internally. The most important contribu-
tions to pex will come from the extremely rare cases where the trial chain
happens to be in just the right conformation to fit into the available space in
the fluid. Clearly, it would be desirable if we could restrict our sampling to
those conformations that satisfy this condition. If we do that, we introduce
a bias in our computation of the insertion probability and we must some-
how correct for that bias. The scheme developed by Harris and Rice and,
independently, by Siepmann shows how that can be done.

In order to explain this scheme, I will first describe how the method
works, and then show that it does indeed lead to the desired answer. The
approach used in Refs. [37,38] consists of two steps: in the first step a chain
conformation is generated in such a way that 'acceptable' conformations
are created with a high probability. The next step corrects for this bias by
multiplying with a weight factor. A scheme that generates 'acceptable' chain
conformations with a high probability was developed by Rosenbluth and
Rosenbluth in the early fifties [39]. In the Rosenbluth scheme, a conformation
of a chain molecule is constructed segment-by-segment. For every segment,
we have a choice of b possible directions. In the Rosenbluth scheme, this
choice is not random but favors the direction with the largest Boltzmann
factor. To be specific, the probability (P) to generate a polymer with a
conformation r using the Rosenbluth algorithm is given by

t exp [Pv()(ri)}
Pr (44)

i=i

where v(i)(Ili) denotes the energy of segment i of the chain with conformation
r (note that this energy excludes the contributions of segments i +1 to /, so

PI lex
C2(N

ciN1, ,

= z,
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the total energy of the chain is given by: Vr = ELI v(i)(ri)). Zi in eqn (44)
is shorthand for

where j enumerates all possible orientations from which the ith segment of
the chain can be chosen and v(t)(ri) denotes the potential energy of the ith
segment in orientation j. An important property of the probability given by
eqn (44) is that it is normalized, i.e.

E Pr = 1

The Rosenbluth weight factor that corrects for the bias in the selection of
conformation r is given by

t
Wr

1-r
T. (45)

Now let us assume that we use the Rosenbluth scheme to generate a large
number of chain conformations while keeping the coordinates of all other
particles in the system fixed. For this set of conformations, we compute
the average of the Rosenbluth weight factor W, W. If we also perform an
ensemble average over all coordinates and conformations of the N particles
in the system, we obtain

(E pr(qN, rN)wr(qN, rN)) (46)

where the angular brackets denote the ensemble average over all configura-
tions {qN} of the 'solvent'. Note that the test polymer does not form part
of the N-particle system. Therefore the probability to find the remaining
particles in a configuration {qN, rN} does not depend on the conformation
r of the polymer.

In order to simplify the expression for the average in eqn (46), we first con-
sider the average of the Rosenbluth factor for a given configuration {qN, rN1
of the solvent

weNN, rN)) E pr(e),,vr(fe, rNI).

Substitution of eqns (44) and (45) yields

exp [Pv(i)(ri)11
11W E zi -ITr i=1

(47)

Z E exp [Pv(i)(ri)] .

H

zi 1
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r= E H exp
r

= E exp [Or] (48)

where we have dropped all explicit reference to the solvent coordinates{ Nq , rN}. Note that eqn (48) can be interpreted as an average over all
ideal chain conformations of the Boltzmann factor exp [Or]. If we now
substitute eqn (48) in eqn (46) we obtain

(exPEPAVNN, rN; C1N-1-1, rNA-1)])
(w) =

Er
(49)Er

If we compare eqn (49) with eqn (43), we see that the ensemble average of
the Rosenbluth factor is directly related to the excess chemical potential of
the chain molecule.

Oilex = kBT In (W) (50)

!This completes our proof that a measurement of the average Rosenbluth
factor of a trial chain can indeed be used to estimate the excess chemical
potential of a polymer in a dense fluid.

Siepmann has compared this method with a brute-force application of the
Widom method for a simple two-dimensional model of chain molecules on
a lattice [37], and found the `Rosenbluth' scheme to be very much superior,
in particular at high densities. I should stress that the above method to
measure the chemical potential is in no way limited to chain molecules on a
lattice. What is essential is that the number of possible directions for each
segment (6) relative to the previous one is finite. The special case of chain
molecules on a lattice was studied by Mooij and Frenkel [40,41] who found
that, in that case, the calculation of the chemical potential can even be made
2-3 orders of magnitude more efficient than the original scheme of Refs. [37,
38].

3.3. EXTENSION TO CONTINUOUSLY DEFORMABLE MOLECULES

The numerical computation of the (excess) chemical potential of a flexible
chain (with or without elastic forces that counteract bending), is rather
different from the corresponding calculation for a chain molecule that has a
large but fixed number of undeformable conformations.

Below, I shall consider the case of a flexible molecule with internal energy.
The fully flexible case then follows trivially. Consider a 'worm-like' chain of

linear segments. The potential energy of a given conformation has two
contributions:

1g

i=1

bt

.

I
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(i) The internal potential energy Vint is equal to the sum of the contributions
of the individual joints. A joint between segments i and i + 1 (say)
has a potential energy v(O.i) that depends on the angle Oi between the
successive segments. For instance, v(li) could be of the form v(0)=a02.
For realistic models for poly-atomic molecules, Vint would account for
all local internal potential energy changes due to bending and torsion.

(ii) The 'external' potential energy Vext . This energy accounts for all in-
teractions with other molecules and for the non-bonded intra-molecular
interactions. In addition, interactions with any external field that may
be present are also included in V.

In what follows I shall refer to the chain in the absence of the 'external'
interactions as the ideal chain. Clearly, the conformational partition function
of the ideal chain is equal to

i
Zid = c f ...f drl ...art IT exp(Pvid(oi)) (51)

where c is a numerical constant. Our aim is to compute the effect of the ex-
ternal interactions on the conformational partition function. Hence, we wish
to evaluate Z/Zid, where Z denotes the partition function of the interacting
chain. The excess chemical potential of the interacting chain is given by

pe. = kB T ln(Z/Zid).

Below, I shall sketch an efficient procedure to evaluate this ratio by Monte
Carlo sampling. However, before considering the 'smart' approach, let us
briefly review two not-so-smart methods.

The simplest (and most stupid) way to compute the excess chemical
potential of the interacting chain is to generate a very large number of com-
pletely random conformations of the freely jointed chain. For every confor-
mation we compute both exp(-0Vint) and exp(P [Vint +Vext]). The average
of the former quantity is proportional to Zid, while the average of the lat-
ter Boltzmann factor is proportional to Z . The ratio of these two averages
should therefore yield Z/Zid.

The problem with this approach is that the overwhelming majority of
randomly generated conformations correspond to worm-like chains with a
very high internal energy (and therefore a very small Boltzmann weight).
Hence the statistical accuracy of this sampling scheme will be very poor.

The second scheme is designed to alleviate this problem. Rather than
generating conformations of a freely jointed chain, we now sample the inter-
nal angles in the chain in such a way that the probability of finding a given
angle Oi is given by the Boltzmann weight

exp(Pv(9i))
P(9j) f dr exp(-0v(t9i))

i=1
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Here, and in what follows, I use the symbol ri to denote the unit vec-
tor that specifies the orientation of the ith segment of the chain molecule.
For every conformation thus generated, we compute the Boltzmann factor
exp( --131)..o). The average of this Boltzmann weight is then equal to

(exp(-13Vext)) = f 1-1 dF exp(ovid)
Z 1 Zia. (52)

f dr exp( 13[Vid Vext])

This approach is obviously superior to the first scheme. However, in many
practical situations it will still yieldpoor statistics, because most ideal chain
conformations will not correspond to energetically favourable situations for
the interacting chain. Hence the Boltzmann weights will, again, be small for
most conformations and the statistical accuracy will not be very good.

The problem with both schemes described above, is that neither allows us
to focus on those conformations that should contribute most to Z, namely
the ones for which both the internal and external potential energy are not
much larger than a few kBT per degree of freedom. It would clearly be de-
sirable to bias the sampling towards such favourable conformations. Let us
now consider one possible solution to the sampling problem sketched above.
The procedure is similar to the scheme to compute the excess chemical po-
tential of a chain molecule with many fixed conformations (see section 3.2).
Yet, there is an important difference precisely because the number of con-
formations is now, in principle, infinite. We can never hope to sample overall possible orientations of a new segment as we grow a chain. Hence, we
generate a random sample of possible segment directions and use these in
a modified Rosenbluth scheme. Below I shall first sketch how the sampling
scheme works. Next I shall show that it does indeed yield the desired average.

To compute pe., we apply the following 'recipe' to construct a confor-
mation of a chain of / segments. The construction of chain conformations
proceeds segment by segment. Let us consider the addition of one such seg-
ment, To be specific, let us assume that we have already grown i segments,
and that we are trying to add segment i 1. This is done as follows:
(i) Generate a fixed number (say b) trial segments. The orientations of the

trial segments are distributed according to the Boltzmann weight associ-
ated with the internal energy v(0). We denote the different trial segment
by indices 1, 2, b.

(ii) For all b trial segments, we compute the 'external' Boltzmann factor
exp(f3ve.t(j)).

(iii) Select one of the trial segments, say j, with a probability
Pj = exp(Ovext(j))/Zi ,

fl
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where we have defined

E exp(fivext(j')) .

(iv) Add this segment as segment i 1 to the chain and store the corre-
sponding partial Rosenbluth weight wi=Zi/b

The desired ratio Z/Zid is than equal to the average value (over many trial
chains) of the product of the partial Rosenbluth weights:

Z/Zid wi). (53)

The advantage of this scheme is that step (iii) biases the sampling towards
energetically favourable conformations. However, it still remains to be shown
that eqn (53) is, in fact, correct. This, I shall now proceed to do. To this
end let us consider the probability with which we generate a given chain
conformation. This probability is the product of a number of factors. Let
us first consider these factors for one segment, and then later extend the
result to the complete chain. The probability to generate a given set of b
trial segments with orientations ri through r, is

Pid(ri).Pki(r2)

The probability of selecting any one of these trial segments, say segment j,
is

exP(Pvext(j))1zi.

We wish to compute the average of a quantity, say w, over all possible sets
of trial segments and all possible choices of the segment. To this end, we
must sum over all j and integrate over all orientations Hp (i.e. we
average over the normalized probability distribution for the orientation of
segment i 1):

(D) = P H E exPk
(

i'vextjullw(1, 2, 6) , (54)
j'=1 jn=1

Now we make use of the fact that w(1,2, , 6) is equal to Zi/b (see step (iv)
of the 'recipe' above). Inserting this expression in eqn (54), we obtain:

exp(v6ext(j"))(w) =1[11 d.rj,Pid(ra,)] E P

p=1
(55)

Zi 7-2
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b b
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Now, as the labeling of the trial segments is arbitrary, all b terms in the sum
in eqn (55) yield the same contribution, and eqn (55) simplifies to

(to) = f drPid(r)exp(Ove,d(r)) (56)

f dr exp(-13[v1d(r) + vext(r)))
f dr exp(--Pvid(r))

Z(1)
=

id

(57)

(58)

which is indeed the desired result, but for the fact that the expression in
eqn (58) refers to 1 segment (as indicated by the superscript in Z(1). The
extension to a chain of t segments is straightforward, albeit that the inter-
mediate expressions become a little unwieldy.

The above scheme to compute the chemical potential of continuously de-
formable molecules has recently been tested by Frenkel and Smit [42] and
by de Pablo et al. [43]. The results of Refs. [42,43] indicate that the method
can be applied directly to chain molecules of 20-30 segments. However, there
is some evidence that, for longer chain lengths, the scheme runs in to sam-
pling problems. In that case, there is an alternative scheme to compute the
chemical potential of chain molecules, due to Kumar et al. [44]. This scheme
is more robust, but also more expensive than the method described above,
because it computes the incremental change in the chemical potential of
a chain molecule upon sequential addition of segments. In principle, the
computation of the chemical potential of a chain molecule consisting of £
segments, would require £ + 1 simulations in the Kumar scheme. However,
Kumar et al. argue that, in practice, reasonable estimates of the chemical
potential may be obtained using far fewer runs. The idea behind the latter
approach is that 'incremental' excess chemical potential can be related to
the excess chemical potential of the polymer as a whole, when the latter
increases linearly with the number of segments.

This assumption has been tested for an isolated chain by Smit et al. [45],
using the present, rigorous scheme. The work of Ref. [45] suggests that, at
least in this case, the assumption of a linear length dependence of the excess
chemical potential of a chain molecule is, in fact, an oversimplification. It
seems likely that a hybrid of the techniques of Refs. [42] and [44] will be
preferable to either technique.

3.4. OVERLAPPING DISTRIBUTION METHOD

The reader may wonder why, in the previous sections, we have only been
discussing a trial move that attempts to add a particle to the system, and
not the reverse move. After all, the excess chemical potential can also be



written as:

A = lesT In(Q NIQN +1)
kilT
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(59)

where AV denotes the interaction energy of particle N +1 with the remaining
N particles. It would seem that eqn (59) can be sampled by straightforward
Metropolis Monte Carlo. In general, however, this is not true. The reason is
that the function exp(PAV) is, in principle not bounded. It can become ar-
bitrarily large, as AV grows. (Incidentally, this is not true for exp(13AV),
because one of the conditions that a system must satisfy in order to be
describable by classical statistical mechanics is that its potential energy
function has a lower bound). The problem with eqn (59) is that very large
values of the integrand coincide with very small values (0(exp(-0A V)) of
the Boltzmann factor (that determines how often a configuration is sampled
during a Monte Carlo run). As a consequence, an appreciable contribution
to the average in eqn (59) comes from a part of configuration space that
is hardly ever, or indeed never, sampled during a run. Hard spheres of-
fer a good illustration. As the potential energy function of non-overlapping
hard spheres is always zero, a simple Monte Carlo sampling of eqn (59) for
a dense fluid of hard spheres would always yield the nonsensical estimate
/lex = 0 (whereas, in fact, at freezing, pe./kBT 15). The correct way to
obtain chemical potentials from simulations involving both particle inser-
tions and particle removals has been indicated by Shing and Gubbins [46,
47]. However, I find it convenient to discuss this problem in the context of a
more general technique to measure free energy differences, first introduced
by Bennett [48], called the overlapping distribution method.

Consider two N-particle systems, labeled 0 and 1 with partition functions
Q0 and Q. For convenience we assume that both systems have the same
volume V , but this is not essential. From eqn (8) it follows that the free
energy difference AF = F1 Fo can be written as:

AF = k8Tin(Q1/Qo)

= k ln (f dsN exp( OV 1(sN ))
(60)

)
f dsN exp(_ovo(sN))

Suppose that we are carrying out a (Metropolis) sampling of the configura-
tion space of system 1. For every configuration visited during this sampling
of system 1 we can compute the potential energy of system 0 (Vo(sN)) for
the same configuration, and hence the potential energy difference AV =
V 1(sN ) Vo(sN) (see Fig. 3). We use this information to construct a his-
togram that measures the probability density for the potential energy differ-
ence AV. Let us denote.this probability density by pi.(AV). In the canonical

= /lid ,
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Fig. 3. Example of measurement of histogram of potential energy differences (here
represented by height differences) between two systems 0 and 1. Note that the two
histograms will, in general, be different.

ensemble, pl(AV) is given by:

f dsN exp(-0V1) 5(V1 Vo AV)pi(AV) =
qj (61)

where we have denoted the scaled, configurational part of the partition func-
tion by a lower-case q (e.g. qi = f dsN exp(-0V1(sN))). The 6-function in
eqn (61) means that we can substitute Vo + AV for V1 in the Boltzmann
factor, hence:

pi(AV) =
f d8N exP(-13(Vo + AV)) S(V1 V 0 AV)

qi
go exp(_0Av)f dsN exp(-0Vo) 5(Vi Vo AV)
qi
qo

exp(---PAV)po(AV) ,
qi

go

(62)

where po(AV) is the probability density to find a potential energy difference
AV between systems 1 and 0, while Boltzmann-sampling the available con-
figurations of system 0. As the free energy difference between systems 1 and

=



0 is simply AF = kBT1n(q1/0), we find from eqn (62):

Inpi(AV) = f3(AF AV) + lnpo(AV) .
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(63)

In order to obtain AF from eqn (63) in practical cases, it is convenient to
define two functions fo and fi by:

fo(AV) = Inpo(AV) PAV

and

fl(AV) f3AV
= lnpi(AV)-F

such that

= fo(AV)+ .

Suppose that we have measured fo and fi in two separate simulations (one
sampling system 0, the other system 1). We can then obtain AF by fitting
the functions fo and fi to two polynomials in AV that are identical but for
the constant term. The constant offset between the two polynomials yields
our estimate for AF. Note that, in order to perform such a fit, it is not
even necessary that there exists a range of AV where both fo and fi can be
measured. However, in the absence of such a range of overlap, the statistical
accuracy of the method is usually poor.

Now consider the particle insertion/removal problem. Let us assume that
system 1 is a system with N interacting particles, while system 0 contains
N 1 interacting particles and 1 ideal-gas particle. The difference in free en-
ergy between these two systems is obviously equal to pex. Applying eqn (63)
to this particular case, we find:

Akiex = fi(AV) fo(AV) . (64)

Equation (64) is equivalent to the result obtained by Shing and Gubbins.
Using the overlapping distribution method it is possible to combine the
results of simulations with trial insertions and trial removals to arrive at a
more accurate estimate for the chemical potential. A generalization of the
Shing-and-Gubbins method to chain molecules, has been proposed by de
Pablo et al. [43].

3.5. UMBRELLA SAMPLING

In the previous section, we introduced the distibution functions po(AV) and
Pi(AV) that measure the probability of finding system 0 (1) in an equilib-
rium configuration sN where its potential energy difference with system 1
(0) equals V. At first sight it would seem that knowledge of either po or

2
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pi is sufficient to estimate the free energy difference between systems 0 and
1. After all, eqn (63) states that

pj(AV) = pe(AV) exp(i3(AF

If we integrate over AV on both sides of this equation, we obtain:

Lpi(AV)dAV = exp(PAF)f po(AV)exp(PAV)dAV

1 = exp(PAF)
co

(exp(-0AV))0
Or

(65)

exp(PAF) = (exp(PAV))0
Although eqn (65) is very useful to estimate free energy differences between
two systems that are not too dissimilar, its applicability is limited. The prob-
lem is that, in many cases of practical interest, the largest contributions to
the average (exp(-0AV))0 come from regions of configuration space where
po(AV) is very small, while exp(PAV) is very large. As a result, the sta-
tistical error in AF is large.

One method to achieve a more accurate estimate of AF is the 'umbrella
sampling' scheme suggested by Torrie and Valleau [49]. The basic idea be-
hind umbrella sampling is that, in order to obtain an accurate estimate of
the free energy difference between two systems (0 and 1), one should sam-
ple both the part of configuration space that is accessible to system 1 and
the part that is accessible to 0. In order to achieve this in a single simu-
lation, one should modify the Markov chain that governs the sampling of
configuration space. This is achieved by multiplying the Boltzmann factor
of system 0 by a (positive) weighting function w. As a result, the proba-
bility of visiting a point qN in configuration space is now proportional to
exP(-014(c1N))w(qN). The expression for (exp(--PAV))0 now becomes:

(exp(PAV))0 =
f dqN exp(-0Vo(qN))w(qN)[exp(PAV(qN))/w(qN)}

f dqN exp(-13Vo(qN))w(c1N)w-1(e)

or, introducing the notation (...)w to denote an average over a probability
distribution proportional to exp(PV0(qN))w(qN):

(exp(--PAV))0 =

= (exp(PAV)/w). (w)0 . (67)
The second line of eqn (67) shows that, in order for both terms on the right
hand of this equation to be non-zero, po(AV)w should have an apprecia-
ble overlap with pi(AV), while w itself should overlap with po(AV). This
'bridging' property of w is responsible for the name 'umbrella' sampling.

(66)

. 0.

,

,

(exp(f3AV)/w),
(1-/w)tu

-
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Although umbrella sampling is, in principle, a powerful technique, one
drawback is that the function w is not known a priori. Rather, it must
be constructed using the available information about the functions pa and
pl. This requires some skill. A second (though related) problem is that an
unfortunate choice of w may result in estimates for AF that appear rea-
sonable but are, in fact, wrong. Only by systematic testing is it possible to
get a feeling for the statistical errors in an umbrella sampling calculation.
At first sight, it might seem advantageous to refine the computation of w in
such a way that all relevant configurations can be sampled in one run. Sur-
prisingly, this is not the case. Rather, it is advantageous to perform several
umbrella sampling runs in (partially overlapping) 'windows'. To see this, let
us define an 'order parameter' ,1 that is a measure for the 'location' of a
given configuration between systems 0 and 1. For instance, might be the
potential energy, or the (in constant-pressure simulations) the density. Let
us denote the average value of in system 1 by cbmax and the value in 0,
by Imin. Let us assume that we sample an interval ,Imax Aal, in n
umbrella-sampling simulations. The optimum choice of n is clearly the one
that samples the complete 1-interval in the minimum computing time. In
order to estimate this time, let us assume that the system performs a ran-
dom walk in 4-space within the window A4,/n. Associated with the random
walk in 4-space is a 'diffusion constant' ak. The characteristic time needed
to sample one interval Al/n is

n. =
(AI/n)2

Clearly, the total time to sample all n windows is

(4,)2
Ttot = nrn = nap

The important point to note is that the computing time decreases with
increasing n. It would, however, be incorrect to assume that n should be
chosen as large as possible. The actual equilibration time of a run in one of
the 1-windows also depends on the rate at which all coordinates 'orthogonal'
to are sampled. Let us denote this time by r1. Clearly, once becomes
appreciably larger than r, the total computation will scale as n x r1. This
suggests that the optimum choice of n is the one for which rn r±. For
a more detailed discussion, see Ref. [50]. A recent example of multi-stage
umbrella sampling applied to the problem of homogeneous nucleation can
be found in Ref. [51].

It has been suggested [52] that there is, in fact, a unique optimum choice
for w that minimizes the statistical error in the measurement of the free-
energy difference between two systems in a single simulation. In order to

4

cbmin a

LJ

.
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achieve this, the sampling of configuration space should be carried out with
an overall probability density W, given by

W = const. x exp(-20V0) exp(-20Vi)
QZ Q?

(68)

Although the above equation is, in principle, correct, its practical use may be
limited by two factors. One is not serious, the other one usually is. The not-
serious problem is that we do not know Q0/Qi a priori (if we did, there would
be little need for umbrella sampling). In practice, the simulation will be done
using a reasonable guess for this ratio. Any error in this guess will worsen
the statistics of our simulation somewhat, but it will not systematically
affect our estimate for the free-energy difference. The more serious restriction
of eqn (68) is that it will only work if systems 0 and 1 are sufficiently
close in configuration space that W is not vanishingly small in between.
We can interpret kBT1n W as an effective free-energy surface probed in
the simulation. If the basins in configuration space belonging to systems
0 and 1 are separated by a region were W is very small, then there is a
high 'free energy barrier' between the two systems. Our sampling scheme
will then converge poorly. In fact, the equilibration time will diverge as
exp(f3Fmax), where Fmax = kBT In Winin is the height of the free-energy
barrier separating the two regions in configuration space. As before, this
problem may be alleviated by replacing a single run by a series of runs
restricted to successive 'windows' that 'tile' the path in configuration space
between 0 and 1.

4. Beyond single-particle moves

Thus far, I have described Monte Carlo procedures that were based on the
original Metropolis method to sample the configurations of the system under
study. In particular, I have assumed that a trial move consisted of an at-
tempted displacement of a single, randomly selected, particle. In fact, there
have been many attempts to construct Monte Carlo schemes that utilize 'col-
lective' many-particle moves. Special techniques are required to construct
such collective Monte Carlo moves, because a scheme where we would sim-
ply attempt a random displacement of all N particles simultaneously, would
be less rather than more efficient than a sequence of single-particle moves,
because a very small step-size is required to get a reasonable acceptance.
In order to construct larger collective trial moves, several authors have con-
structed hybrid techniques that are, in a sense, intermediate between Monte
Carlo and molecular dynamics (see e.g. Ref. [53] and the book of Allen
and Tildesley [22)). The idea behind the earlier 'smart' MC schemes was
to construct trial moves that were not completely random, but utilized in-
formation about the forces acting on the particles in the system. Recently,

+
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these techniques have been considerably extended [54] in such a way that
an MD algorithm can be converted into a 'collective' MC algorithm. The
difference is that, whereas for MD, we should use time increments that are
sufficiently small to ensure energy conservation (see Chapter 2), for MC we
should use large time steps, and accept or reject the position thus generated
using (say) the Metropolis criterion. It should be stressed that this scheme
can only be applied to MD algorithms that are time-reversible or, more pre-
cisely, that conserve volume in phase space (otherwise there would be a bias
in the sampling for which we should correct). For more details, the reader
is referred to Ref. [54]. In the remainder of this section, we shall discuss
other 'collective' MC schemes of a completely different nature. The reason
to include this discussion is that, during the past few years, much progress
has been made in the development of Monte-Carlo schemes where a group of
particles is displaced in a trial move. In fact, we should distinguish between
two rather different schemes:
(i) The first scheme, or actually family of schemes, is based on the cluster

algorithm of Swendsen and Wang [55]. In this method, stochastic rules
are used to construct clusters, and these clusters are subsequently moved
(or, in the case of spins, flipped) as a single unit.

(ii) In the second scheme, that I denote by the name 'Configurational Bias
Monte Carlo', we know in advance which particles we shall attempt to
move e.g. some or all particles belonging to a given chain molecule). The
scheme provides a set of rules that make it possible to perform large-scale
collective moves with a reasonable acceptance probability.

In the following sections, I describe first the Configurational-Bias MC (CBMC)
method (section 4.1) and then the "Swendsen-Wang" method (section 4.2).
In the latter case, my presentation will be a bit different from the one given
in the recent review by Swendsen, Wang and Ferrenberg in the book by
Binder [3]. The latter review emphasizes application to lattice systems. In
contrast, I try to present the scheme in a way that facilitates extension to
off-lattice problems. Both the SW and the CBMC methods are examples of
Monte-Carlo schemes in which the a priori probability to make a transition
from state i to state j (i.e. the matrix crj, in section 1) is not symmetric. In
this respect, both schemes are related to the earlier 'smart' or 'force-bias'
Monte-Carlo schemes (see Refs. [22, 53]).

4.1. CONFIGURATIONAL-BIAS MONTE CARLO SCHEME

The configurational-bias MC method was originally developed in the context
of simulations of chain molecules. The central idea is that the Rosenbluth
trial insertion scheme described in sections 3.2 and 3.3, can be used as a
starting point for a Monte Carlo scheme to sample equilibrium configura-
tions of systems consisting of chain molecules [38,56, 57]. At first sight, this
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may not appear to be a new result but a very old one. After all, the original
Rosenbluth scheme itself was designed as a method to sample polymer con-
formations. However, the Rosenbluth scheme suffers from the drawback that
it generates an unrepresentative sample of all polymer conformations: i.e. the
probability to generate a particular conformation r using the Rosenbluth
scheme, is not proportional to the Boltzmann weight of that conformation.
The Rosenbluth weight W, discussed in the section 3.2, was introduced to
correct for this bias in the computation of thermal averages. However, such a
correction procedure only works for relatively short chains. This drawback of
the Rosenbluth sampling scheme is, in fact, well known (see, e.g. Ref. [58]).
The solution of this problem is to bias the Rosenbluth sampling in such
a way that the correct (Boltzmann) distribution of chain conformations is
generated in a Monte Carlo sequence. In the configurational bias scheme to
be discussed below, the Rosenbluth weight is used to bias the acceptance of
trial conformations that are generated with the Rosenbluth procedure. As a
consequence, all conformations are generated with their correct Boltzmann
weight. This removes the main drawback of the original Rosenbluth scheme.
Moreover, I shall show that the configurational bias scheme can also be
extended to continuously deformable molecules, such as worm-like chains.

4.1.1. Sampling discrete conformations. Consider a trial move from a chain-
conformation r, with Rosenbluth weight w1 to some other conformation r,
with Rosenbluth weight w2. Let us denote the probability of finding the
chain in conformation r, by P1 and the corresponding probability for r,
by P2. The number of chains in conformation 1(2), N1 (N2) is obviously
proportional P1 (P2). We wish to perform a Monte-Carlo move such that
detailed balance is satisfied, i.e. the rate K12 with which conformations of
type 1 are transformed into type 2 equals the reverse rate:

K12 = K21 (69)
Let us try to compute K12 and K21. K12 is equal to N1 times P5en(r2),
the probability of generating chain 2 by Rosenbluth sampling, times the
acceptance probability Pacc We assume that Pacc is an, as yet unspecified
function of the ratio w2/wi, g(w2/t4). Pgen(r2) is equal to

exp(-0v(i)(r2(i)))
Pgen(r2) =

Li

.where, as before, we use the notation Zi Eba=iexp(---Pv(i)(r2(j))). The
sum in Z runs over all b possible directions of the segment of the polymer.
With this notation, eqn (69) becomes

NiPgen(r2)g(w2/wi) = N2Pgen(ri)9(1v1/w2)

(70)

(71)

ith

.

i
,ri

i=1

E
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Equation (71) can be simplified by using the result of the section 3.2 that
the Rosenbluth weight w2 times the generating probability Pgen(r2) is pro-
portional to N2 (and similarly for 1). Hence multiplying eqn (71) on the left
by w2/w2 and on the right by w1/w1 yields

N1N2g(w2/w1) N2Ni (wi /w2)
(72)

w2 wi

or

g(w2/w1) w2
(73)

g(wi/w2) w1

There are many choices of g that satisfy this condition. One obvious choice
is the Metropolis form [1]

g(z) = min(z,1). (74)

In words, the Configurational Bias Monte Carlo (CBMC) scheme works as
follows:
(i) Generate a trial conformation by using the Rosenbluth scheme (i.e.

eqn (70) to regrow the entire molecule, or part thereof.
(ii) Compute the Rosenbluth weights totriej and wold of the trial conforma-

tion and of the old conformation.
(iii) Accept the trial move with a probability Min( w trial/ wold, 1)

4.1.2. Continuously deformable chain. Next consider Configurational Bias
Monte Carlo sampling of worm-like chains or, for that matter, any chain
with flexible joints with or without internal bending energy. Again, we first
consider the probability to generate a trial configuration ri using the (ex-
tended) Rosenbluth scheme. As before, we only consider the expression for
one of the segments, to keep the equations simple:

Pgen(j) = dripid(ri) H drPid(ril)
Loi

exp(Ovext(j))
.

exP(Ovext(f))
(75)

We now generate around the original conformation i the same set of addi-
tional directions (i.e. those conformations in eqn (75) with j' j). Next we
compute the ratio of the Rosenbluth weights 4)/wo), where

exp(-13vt(j)) Ebfoj exp( --Pv(4)t(j'))
W3

and

(0) exp(--i3v(:)t(i)) Vpoi exp(-0v(eVt(f))
Wi =

=

=

/

w(t) _
b

+
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The superscript (t) and (o) distinguish the trial conformation from the old
conformation. Again, we shall devise a Metropolis criterion to determine the
acceptance probability of a trial move from i to j. As before, this acceptance
probability is determined by the ratio x w j(t) /iv.°) (actually, for a molecule
of I segments, we should compute a product of such factors). Let us assume

that w(t) < Ie. In that case, Pacc(i = z while Pacc(j 4 i) = 1. Next,
3

let us check whether detailed balance is satisfied. To do so, we write down
the explicit expressions for Kij and K1.

ij NiPgen(j)q) w)

and

Kii = NaPgen(i)1.

Here it should be stressed that there are many different routes to go from i
to j and vice versa, depending on the selection of the trial orientations j'.
What we show is that, as for any specific choice of this set, Kii and are
equal ('super-detailed balance'), this equality must also hold for the sum
over all possible sets j'. In addition, we use the fact that

Pgen(j)wj N H curi,r;,(r;,)

and

Pgen(i)wi drilPid(ri,).

For a given set j', we can therefore write:

1driPpid(r,,)_= NiPge,i(j)wjlwi = constant x NN H
Wij

while

= Vgen(i)1 = constant x N1N H dry Pia?
WIfoJ

Hence, Kij is indeed equal to Kii. This completes the proof that the above
Configurational Bias MC scheme satisfies detailed balance.

The CBMC scheme for completely flexible molecules has been applied
by Fren.kel et al. [59] to study conformational changes of chain molecules
in solution. The method was found to be particularly efficient in generating
large conformational changes of such a molecule. More interestingly, the
CBMC scheme makes it possible to perform direct simulations of phase
equilibria in polymer mixtures, using the Gibbs-ensemble method [60,61].

=

j)

=

Kji

N H

Kij

1

4

b

fti

Kji
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4.1.3. From polymers back to atoms. Up to this point, I have introduced
the configurational-bias MC scheme as a method to sample conformations
of linear chain molecules. However, the method is applicable to branched
polymers and ring polymers. In the latter case, the condition that the Nth
segment is connected to the first, is accounted for by biasing the generation
of trial directions. The a priori probability to generate a given trial direction
ri as the ?nth segment, is proportional to the number of ideal (i.e. non-(self )-
avoiding) conformations that connect this segment to the first segment in
N m steps.

Above, the configurational-bias scheme has been presented exclusively as
a method to generate polymer conformations. In fact, the method is more
general than that. It can be used as a scheme to perform collective rearrange-
ments of any set of labeled coordinates. Such a scheme could, for instance,
be used to carry out Monte Carlo moves to swap n small particles within a
volume AV with one large particle that occupies the same (excluded) vol-
ume. Similarly, one could envisage a Monte Carlo move in which part of a
polymer plus the surrounding solvent is regrown. Such an approach may be
useful in the study of molecules of biological interest.

4.2. THE SWENDSEN-WANG SAMPLING SCHEME

The central idea behind the Swendsen-Wang (SW) scheme [55] and subse-
quent extensions and modifications (see Ref. [3]), is to generate trial con-
figurations with a probability that is proportional to the Boltzmann weight
of that configuration. As a result, the subsequent trial moves can be ac-
cepted with 100% probability. The easiest way to describe the SW scheme
is to consider the expression for detailed balance in a Monte Carlo scheme
to simulate a discrete spin model. Consider an 'old' configuration (labeled
by a superscript o) and a 'new' configuration, denoted by a superscript n.
Detailed balance is satisfied if the following equality holds:

Pf3PLiaclusterl)P.{:11}(fiip)Pacc(0 n) =
ITPaen({clusterl)P.{:11}(fiip)Pacc(n o) (76)

where Pl°3(n) is the Boltzmann weight of old (new) configuration, PGen({cluster})
denotes the probability of breaking the system up into a specified set of clus-
ters, each of which can be subsequently flipped at random,

p{cill ) is the
probability to select, from a set of clusters (1,2, . ..,p1 a given subset (e.g.
{1, 5, ...,p 1}) that is to be flipped, and finally P.(o n) is the ac-
ceptance probability of a given trial move. We can simplify eqn (76) in two
ways: first of all, we note that the probability Fis{ecil} (flip) is the same for the
forward and reverse moves (i.e. we consider the same subset of the same
set of clusters). Moreover, we wish to impose P,c = 1 for both forward
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and reverse moves. This may not always be feasible. However, for most of
the cases that I discuss below, this is indeed possible. The detailed balance
equation then becomes:

N3PL,({cluster}) P;;P'61,({cluster}) (77)

Or

Paen({cluster})
17' = exp(PAE) , (78)Paen({cluster).)

where AB is the difference in energy between the new and the old config-
urations. The trick is then to find a recipe for cluster generation that will
satisfy eqn (78). In order to illustrate how this works, I consider two simple
examples, namely the Ising model and the xy-model. The extension to many
other models is straightforward.

4.2.1. Ising model. For the construction of the Ising SW algorithm, the
dimensionality of the model is irrelevant. Consider a given configuration of
the spin system, with Np spin-pairs parallel and Are, spin-pairs anti-parallel.
The total energy of that configuration is:

E = (Na Np)J

where J denotes the strength of the nearest-neighbor interaction. The Boltz-
mann weight of that configuration is

= exp(PJ(Na Np))/Z

where Z is the partition function of the system. In general, Z is unknown,
but that is unimportant. We only use the fact that Z is a constant. Next,
we construct clusters by creating bonds between spin pairs according to the
following recipe:

If nearest neighbors are anti-parallel, they are not connected.
If nearest neighbors are parallel, they are connected with probability p
and disconnected with probability (1 p).

Here, I have assumed that J is positive. If J is negative (anti-ferromagnetic
interaction), parallel spins are not connected, while anti-parallel spins are
connected with a probability p.

In the case that we consider, there are Np parallel spin pairs. The prob-
ability that ric of these are connected and nb = Np me are 'broken' is:

Paen({cluster}) pnc (1 p)flb

Note that this is the probability of connecting (c.q. breaking) a specified
subset of all links between parallel spins. Once the connected bonds have

=

Pg

Prf, -

= .
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Fig. 4. Swendsen-Wang algorithm. Top figure: the system is divided into clusters.
U denotes the "unflipped" state of the cluster. In the bottom figure, some clusters
have been flipped (F). Note, however, that the cluster structure is unchanged.

been selected, we can define the clusters in the system. A cluster is a set
of spins that are at least singly connected by bonds. We now choose our
subset of clusters to flip (see Fig. 4). After the cluster flipping, the number
of parallel and anti-parallel spin pairs will have changed, e.g.

',Arne

1Yxrold

A"1YP P

and (hence)

AN:" = N:ld .

= +
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Therefore, the total energy of the system will have changed by an amount
2JA:

Enew = Bold 2JA .

Let us now consider the probability to make the reverse move. In order to do
this, we should generate the same duster structure, but now starting from a
situation where there are Np + A parallel spin pairs and Are, A anti-parallel
pairs. As before, the bonds between anti-parallel pairs are assumed to be
broken (this is compatible with the same cluster structure). We also know
that the new number of connected bonds, n', must be equal to nc, because
the same number of connected bonds is required to generate the same cluster
structure. The difference appears when we consider how many of the bonds
between parallel spins in the new configuration should be broken (n'b). Using

NtW N;ici A An', tilt, = nc + =

we see that

n'b = nb + A

If we insert this in eqn (78), we obtain

Pa...({ cluster}) pnc (1 p)nb pn
exp(20JA) .(79)Paen({cluster}) pne(l _ prb+A = 0--Pr° =

In order to satisfy this equation, we must have:

1 p = exp(-2/3J)

Or

p = 1 exp(-20T) ,

which is the Swendsen-Wang rule.

xy-model. In this section, I describe one application to a 'continuous'
model, namely the planar Heisenberg model (xy-model). In this model, spins
on neighboring lattice sites have an interaction

=

where ui denotes the unit vector that specifies the direction of a spin on site
i, while J measures the strength of the interaction. The first step is to define
the cluster moves. The essential requirement is that the relative orientation
of particles within one cluster is not changed. One way to achieve this is to
reflect the orientation of all particles within the selected cluster with respect

= + n'b + = ri., + nb +

3.11 =

4.2.2.

via Jui.u1
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to a randomly chosen plane. For convenience, I use coordinates such that this
plane is perpendicular to the x-axis. Let us consider what happens to the
interaction energy of two neighboring spins if one is reflected, but not the
other. Initially, the interaction energy was

,,old _,J(uTu7 -f- 1414)

If only one spin is reflected (either one), the product t.tfu7 changes sign.

Therefore,

new old x xIli oldvij , Avij= E.-. -r .

Note that Avo may be either positive or negative. Now we construct clusters
by linking neighboring spins according to the following recipe:

If Avo < 0, i and j are always disconnected. We call these spin pairs
'anti-parallel', by analogy to the Ising case.
If Avo > 0, i and j are connected with a probability po and discon-
nected with a probability (1 pij). We call these spin pairs 'parallel',
by analogy to the Ising case.

Note that the probability to break a bond between 'parallel' spins depends
on the magnitude of Avo.

Let us next consider how we can impose detailed balance. The equivalent

of eqn (77) is

nc nb n'c nib

P7311Pij11(1 p ki) = II pij pki)

.13 kl u kl

(80)

where the set of pairs {ij} and {kl} denote all pairs of neighboring spins that
are 'parallel'. Note that, as before, the set {ij} is the same for the old and
new configuration, because we are considering the same cluster structure.
As a consequence, nc = n',. However, the number of disconnected parallel
spin pairs will, in general differ in the old and new situations. We can write
the change in energy between the old and new configurations due to cluster

flips as

AE = E Avti E
ij kl

where Av+ denotes a positive energy change (i.e. where a pair of spins
goes from 'parallel' to 'anti-parallel') and Av denotes a negative energy
change. Note that, for a given pair ij, A is either positive or negative (or
zero). Hence, the sets {ij} and {kl} that give non-zero contributions are
non-overlapping. We can now re-express our condition for detailed balance

v ij

n

=

+ Avki
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(eqn (80)) as:

ne

PIS II Pi H(1 pki) =
ij kl

Pis exp [f3 (E Avat3 E
n1c n'b

pij 11(1 pm).
ar3 ij kl

Clearly, as the same set of bonds are connected in the old and new configu-
ration, we can simplify the above equation

(81)

H(1 pia) = exp [)3 (E Av.+0 + E Av,75)
n'b

H(1 pm) (82)
Id a(3 -y5 kl

Let us denote the number of bonds between parallel spins that are broken
both in the old and in the new configuration by Nb. We now write nb =
Nb Ang and n'b = Nb Using this definition, we can rewrite our
detailed balance condition as

ri (1_ pij) exp (E if,;)1 =
i; i;

exp [p 1-1 - p k1) .
kl

(83)

It is important to note that the pairs with a positive (negative) Ay are
precisely the ones that are parallel in the old (new) configuration but not in
the new (old) one. The above equality can be satisfied trivially if we impose
that

1 pij = exp(pAv)
Or

pij = 1 exp(-064j) .

This, then, is the 'Swendsen-Wang' recipe for the xy-model. In fact, it will
work for a wide class of d-dimensional spin models. It contains the Ising
model as a special case.

4.2.3. Translationally disordered systems. Here the problem is more com-
plex. Consider two 'molecules' i and j that either belong to the same cluster,
or move independently. We should now distinguish three cases:
(i) The relative coordinates of i and j are unchanged (they belong to the

same cluster). This yields Avij=0.

nb

+ Av; n
-7,5

nb

Anil,.

Ant

bol;

AvZ)] (1
kl

-
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i moves, but not j. This yields Avij E v1.
(iii) j moves, but not i. This yields Avij v2.

In general, v1 v2. There are probably many ways to define clusters in this
situation. I suggest the following, scheme. Grow a single cluster starting
from a randomly chosen site (say i). An atom k in the cluster is linked to
another atom (1) with an, as yet unspecified, probability pa. We terminate
the growth of the cluster as soon as we have exhausted all possibilities to
form bonds to atoms outside the cluster. We then try to move this cluster
over a distance A. The trial move is accepted with an (as yet unspecified)
probability Pac.(0 1), where 0 denotes the old position, and 1 the new
position. The problem arises when we consider the reverse move: i.e. we
attempt to move atom i over a distance A. For any atom j, moving i
over a distance A and keeping j fixed, is equivalent to moving j over +A
and keeping i fixed. As a consequence, Avij is now equal to v2, rather than
v1. Clearly, whatever we do, the probability of forming a bond in a cluster
should not depend on the sign of A. One solution would be to have pij
depend on the current distance of i and j only (such an approach has been
followed successfully by Wu, Chandler and Smit [62]). Alternatively, one
may construct pii in such a way that it depends on A, but in such a way
that it is symmetric in v1 and v2. A possible expression would be:

Pii =
2

This expression reduces to the previous one for the Ising and xy models. The
difference with these earlier examples is that, in those cases, once a cluster
(or set of clusters) had been generated, the cluster moves were accepted with
unit probability. In contrast, we must now explicitly compute the acceptance
probability of a trial move. If we denote the potential energy of the old (new)
configuration by Vo (V1), the detailed balance condition requires that

min(1, exp( 01/0) min(1, exp( Ov2))

exp( 0V0) 11(1 /41)Pacc(0 * 1) = exp( 0V1) prki )Pa(1W) (84)
kl ki

where k denotes a particle on the cluster, and I a particle outside it. The
superscripts f and r denote forward and reverse moves. In writing eqn (84),
we have used the fact that the probability to form intra-cluster bonds is the
same for forward and reverse moves. Note, however, that for particles on
different clusters, the probability to form a bond on the forward and reverse
moves is not the same. From eqn (84), we derive an expression for the ratio
of the acceptance probabilities:

R Pacc(0 1) (1 Pici)= exp( p(vi vo))II f (85)
PatC(1 4 0) ki

(ii)
E

-

1

11(1

I
PkI1
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Note that all quantities on the right hand of eqn (85) can be evaluated once
the cluster around i has been generated. As before, it is probably best to
use the Metropolis rule

Pacc( 0 1) = min( R, 1) .

Clearly, many choices for pkl are possible and there is, as yet, little experience
with such schemes.

4.2.4. An. alternative for 'Metropolis' sampling?. Finally, I wish to point
out that the concept underlying the Swendsen-Wang scheme suggests an al-
ternative to the Metropolis sampling for single-particle and collective moves
in conventional Monte Carlo simulations. Before discussing how this can be
achieved, I should first explain why such an alternative scheme is, in fact,
desirable. To see this, consider the often quoted rule-of-thumb which states
that it is advisable to choose the magnitude of a trial move such that the
acceptance probability of such moves is approximately 50%. Of course, this
is not a rigorous rule, but for systems that interact through a continuous
potential, it is reasonable. In contrast, if we consider systems with hard-core
interactions, it is better to work with much lower acceptance probabilities.
The reason is the following: a trial move of particle i is accepted with a
probability Pace(i) = exp(PAV(i)), where AV(i) represents the change inthe potential energy of the system due to the displacement of particle i. In
what follows, I shall assume that all interactions are pairwise additive, i.e.

AV = Avii .

Jot

In systems with continuous intermolecular interactions, the usual procedureto determine whether or not a trial move is accepted, is to compute Aviifor all j and then, at the end, compare exp(-0 E Avid) with a randomnumber between 0 and 1. However, for hard-core systems, we can computeexp(--PAv.ia) for every j and reject the move as soon as we find an overlap.As a consequence, rejected moves are cheaper than accepted moves in ahard-core system, but not in a system with continuous interactions. Wecan now balance the amount of computational work spent on accepted andrejected moves in the hard core system, by increasing the magnitude of thetrial move (and thereby reducing the acceptance probability). I shall nowshow that we can use the concept of 'bonds' to construct a MC scheme forcontinuous potentials that will allow us to reject at an early stage moves thatare likely to be 'unfavorable'. For hard-core particles, this scheme reducesto the conventional Metropolis scheme (see, however, below).As before, I consider the trial move of a single particle i. Particle i in-teracts with 'neighboring' particles {j}. Due to the trial displacement the

+
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interaction energy will change by an amount Avij. I now construct bonds
between particle i and its neighbors {j} according to the following rule:
(i) If Avij < 0, i and j are not connected.
(ii) If Avij > 0, i and j are connected with a probability pij = 1 exp( f3Avii)

and disconnected otherwise.
The trial move is carried out if particle i is not connected with any other
particle j. More importantly, the trial move is rejected as soon as a bond
is formed between i and any j. Note that this scheme is different from the
Metropolis scheme, because it will result in the rejection of some moves
that lower the potential energy. The scheme does, however, satisfy detailed
balance. To see this, consider the probability of accepting a trial move from
the 'old' position of particle i to the new position:

Pacc(i i') = 11(1 pij) = exp E Avd (86)

where the sum over j enumerates all interaction energies that increase as a
result of the trial move. Next, consider the reverse move. I will assume that
the underlying Markov chain of the Monte Carlo scheme is symmetric, i.e.
the a priori probabilities of going from i to i' and from i' to i are equal. The
acceptance probability for the trial move from i' to i is

i) 11(1 pii)= = exp [pE Avd . (87)

But now the sum over j includes only those pairs {ij} for which the energy
increases when going from the trial position to the original one. The ratio
of these acceptance probabilities is

Pacc(i i')
Pacc(i' i)

exp E 1joi
(88)

In eqn (88), the sum over j is unrestricted! Hence our scheme satisfies de-
tailed balance.

A few remarks are in place. First of all, one should bear in mind that
there is a trade-off between the possibility of rejecting a move at an early
stage and the computation of a large number of quasi-random numbers. In
practice, it will probably be best to use the bond-generating MC scheme
only for those interactions that are likely to change appreciably in a trial
move, i.e. the interactions with near neighbors. If this part of the test is
passed, the change in long-range interactions can be summed in the usual
way and the normal Metropolis rule can be used to test if the overall move
will be accepted.

-
i#i

Pace(i'
joi Joi

,
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Secondly, the scheme described here, is in no way limited to single-
particle moves. In fact, it is probably most useful to apply it to complex
many-particle moves that have a very low acceptance. Examples are vol-
ume changes in constant pressure simulations of systems with strong, short-
ranged attractions (e.g. the attractive, hard-core Yukawa system). A second
interesting application is the staging approach to path-integral Monte Carlo
in systems with attractive interactions. A third, useful application is the
sampling of configurational-bias moves in the simulation of systems of chain
molecules (see section 4.1). Here too, the average acceptance probability of
trial moves may be very small. This suggests that we may often find that,
after 'regrowing' only a small fraction of the chain molecule, the ratio of the
Rosenbluth weights that we are considering becomes very small. This im-
plies that, most likely, the move will be rejected. In the conventional CBMC
scheme, we must nevertheless follow the regrowth process to the very end.
In contrast, the present scheme allows us to terminate a 'doomed' trial move
at an earlier stage. It should be noted that, in this application, the bond-
generating MC scheme should be superior to the conventional 'Metropolis'
scheme, even for hard-core molecules.

In this brief outline, I have only sketched a few obvious applications.
However, there are clearly many others. In general, one may expect the
present scheme to be most efficient in situations where conventional Monte
Carlo moves (i) are expensive and (ii) have a very low acceptance probability.
The present scheme allows one to quickly eliminate a large fraction of the
'doomed' trial moves. It should be stressed that we are free to decompose the
contributions to the acceptance probability of trial moves in any way that we
consider convenient (as long as this is done consistently). In particular, this
means that there is no need to generate a quasi-random number for every
interaction that we compute. However, as the best way of implementing the
algorithm clearly depends on the system under consideration, I shall not
discuss this point here.

5. Thermodynamic integration

In section 3.1 it was mentioned that knowledge of 'thermal' quantities, such
as pc, is usually necessary to locate the coexistence line for a first-order phase-
transition. At first sight knowledge of A may appear superfluous. After all,
a computer simulation mimics the behaviour of a real solid or liquid. If
the simulation is ergodic it should spontaneously transform to whatever
phase is thermodynamically most stable, and then we would know all there
is to know. Unfortunately, this approach does not work. At least, not for
phase transitions involving three-dimensional solids. At a solid-solid or solid-
liquid phase transition very strong hysteresis effects are usually observed in
a simulation (see Fig. 5). In fact, it is very difficult to nucleate a crystal
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Fig. 5. First-order phase transitions in small model systems with periodic boundary
conditions (right) tend to exhibit much stronger hysteresis effects than are usually
observed in the real world (left)

from a liquid during a simulation. Hence, to locate the point where two
phases coexist, we must compute the chemical potential of the homogeneous
phases at the same temperature and pressure and find the point where the
two g's are equal. For not-too-dense fluids, one might use the Gibbs method
(see Chapter 6) to allow the computer to find this point. However, the latter
method does not work for phase transitions involving solids. In such cases we
really must compute p. General methods to compute ti and related thermal
quantities by computer simulation are discussed in Ref. [23]. In the present
section I wish to describe a simple, and usually reliable, method to compute
the free energy F (and hence p.).

Let us first recall how free energies are measured in real experiments. In
the real world free energies cannot be obtained from a single measurement
either. What can be measured, however, is the derivative of the free energy
with respect to volume V and temperature T:

(na
NT

(89)
av)

and

(OFIT\ = E. (90)
(91/7-' )1,7,

Here P is the pressure and E the energy of the system under consideration.
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The trick is now to find a reversible path that links the state under consid-
eration to a state of known free energy. The change in F along that path
can then simply be evaluated by integration of eqns (89) and (90). There areonly very few thermodynamic states where the free energy of a substance is
known. One state is the ideal gas phase, the other is the perfectly orderedground state at T = OK.

In computer simulations, the situation is quite similar. In order to com-pute the free energy of a dense liquid, one may construct a reversible path
to the very dilute gas phase. It is not really necessary to go all the way to
the ideal gas. But at least one should reach a state that is sufficiently di-lute that the free energy can be computed accurately, either from knowledge
of the first few terms in the virial expansion of the compressibility factorPVINkBT, or that the chemical potential can be computed by other means(see section 3.1 and 3.4). For the solid, the ideal gas reference state is less
useful (although techniques have been developed to construct a reversible
path from a dense solid to a dilute (lattice-) gas [63]). The obvious reference
state for solids is the harmonic lattice. Computing the absolute free energy of
a harmonic solid is relatively straightforward, at least for atomic and simple
molecular solids. However, not all solid phases can be reached by a reversible
route from a harmonic reference state. For instance, in molecular systems it
is quite common to find a strongly anharmonic plastic phase just below themelting line. This plastic phase is not (meta-) stable at low temperatures.

Fortunately, in computer simulations we do not have to rely on the pres-ence of a 'natural' reversible path between the phase under study and a
reference state of known free energy. If such a path does not exist, we can
construct an artificial path. This is in fact a standard trick in statistical
mechanics (see e.g. Ref. [64]). It works as follows: Consider a case where weneed to know the free energy F(V,T) of a system with a potential energy
function V1, where V1 is such that no 'natural' reversible path exists to astate of known free energy. Suppose now that we can find another model
system with a potential energy function Vo for which the free energy canbe computed exactly. Now let us define a generalized potential energy func-tion V(A), such that V(A = 0) = Vo and V(A = 1) = V1. The free energyof a system with this generalized potential is denoted by F(A). Although
F(A) itself cannot be measured directly in a simulation, we can measure its
derivative with respect to A:

( F ) (av(A)\
(91)NVTA aA I NVTA

If the path from A = 0 to A = 1 is reversible, we can use eqn (91) tocompute the desired F(V,T). We simply measure (ay aA) for a number ofvalues of A between 0 and 1. Typically, 10 quadrature points will be suffi-cient to get the absolute free energy per particle accurate to within 0.01kBT.

k. °Ai
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It is however important to select a reasonable reference system. One of the
safest approaches appears to be to choose as a reference system an Einstein
crystal with the same structure as the phase under study [651. This choice
of reference system makes it extremely improbable that the path connect-
ing A = 0 and A = 1 will cross an (irreversible) first-order phase transi-
tion from the initial structure to another, only to go back to its original
structure for still larger values of A. Nevertheless, it is important that the
parametrization of V(A) be chosen carefully. Usually, a linear parametriza-
tion (i.e. V(A) = AV1 (1 A)V0 ) is quite satisfactory. But occasionally such
a parametrization may lead to weak (and relatively harmless) singularities
in eqn (91) for A 0. More details about such free energy computations
can be found in Ref. [23].

Similar techniques can be used to locate first-order phase transitions in-
volving phases with partial order (e.g. liquid crystals). For details, the reader
is referred to Refs. [66-68].

6. The grand canonical miracle

In this final section I discuss entropy-driven phase transitions. The main aim
of the examples discussed here is to show that, in some cases, the grand-
canonical ensemble greatly simplifies the description of solvent effects on the
structure and phase behavior of complex fluids.

6.1. BINARY MIXTURES

Phase separation in binary mixtures is the example that is used in many text-
books to illustrate the competition between energy and entropy in a phase
transformation. For a mixture at constant total volume V, the Helmholtz
free energy F, should be minimal. As a first approximation, the entropy of
mixing of a mixture of two species A and B, is replaced by the entropy of
mixing of an ideal mixture

Sid(X) = NkB[X ln X + (1 X)ln(1 X)] (92)

where X denotes the mole fraction of one component (say A): X = NA/(NA+
NB). The entropy of mixing given by eqn (92) is a convex function of X. As
a consequence, Sid(X) will always decrease if phase separation takes place.
This implies that phase separation can only take place if the resulting de-
crease in energy E outweighs the increase in TSId. In a hard-core mixture,
there is no energy change upon mixing. Hence, if eqn (92) were exact, we
should never observe phase separation in a hard-core mixture. And, even
though eqn (92) is known to be only an approximation, it was commonly
thought that a fluid mixture of dissimilar hard spheres would not phase sep-
arate. This belief was, at least partly, based on the work of Lebowitz and
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Rowlinson [691, who studied the phase-behavior of such binary mixtures ofdissimilar hard spheres, using a more accurate approximation for the entropyof mixing, based on the Percus-Yevick (PY) integral equation. Lebowitz andRowlinson found that, at least within that approximation, hard spheres ofarbitrary size ratio will mix in all proportions in the fluid phase. The im-plication of this result was that entropic effects are not enough to causea miscibility gap in a simple fluid mixture. Recently, however, Biben andHansen [70] have applied a more sophisticated analytical theory for densefluid mixtures to the same problem. Unlike the PY approximation, thistheory is found to predict that an asymmetric binary hard-sphere mixtureshould phase separate if the sizes of the two spheres are sufficiently dissim-ilar (typically, if the size ratio is less than 0.2). However, as in the case ofRef. [69], it is based on an approximate theory for the hard-sphere mixture.Hence, one may wonder to what extent the result found in Ref. [70] dependson the approximations that are used to compute the equation-of-state ofthe mixture. Clearly, it would be highly desirable to have a model systemof a binary mixture for which the existence of a purely entropic demixingtransition can be proven exactly.
It turns out that, in a special case [71], this can indeed be done by con-structing a simple lattice model ofbinary hard-core mixture. By transform-ing to a grand-canonical ensemble, this binary hard-core mixture can bemapped onto a one-component lattice gas with attractive nearest neighborinteractions. This mapping is of interest because the one-component latticegases can, in turn, be mapped onto Ising-like models for which, in somecases, the phase behavior is known exactly. To illustrate our approach, firstconsider a trivial model-system, namely a square lattice with at most oneparticle allowed per square. Apart from the fact that no two particles canoccupy the same square face, there is no interaction between the particles.For a lattice of N sites, the grand-canonical partition function is:

E = E exp {Op,E . (93)
{ni}

The sum is over all allowed sets of occupation numbers {ni} and /./ is thechemical potential. Next, we include "small" hard particles that are allowedto sit on the links of the lattice. (see Fig. 6). These small particles areexcluded from the edges of a square that is occupied by a large particle.For a given configuration {ni} of the large particles, one can then exactlycalculate the grand canonical partition function of the small particles. LetM Marlin be the number of free spaces accessible to the small particles.Then clearly:

pnziEsmdiani}) = E (1+
1 ) ! (94)

ni1
i

=

I!(M zsymni}),=
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Fig. 6. Exactly solvable lattice-gas model for a mixture of large (black squares) and
small (white squares) hard particles. The crosses indicate which small-particle sites
are excluded by the presence of large particles.

where z, is the fugacity of the small particles. M can be written as

M({n1) = 2N 4 En, +
<ii>

(95)

where 2N is the number of links on the lattice and the second sum is over
nearest-neighbor pairs, and comes from the fact that when two large particles
touch, one link is doubly excluded [72]. The total partition function for the
"mixture" is:

{E. rnixture = E exp [i3p 4 log(1 + zs)] E ni + [log(1 + zs)] nn i
{n,}

(96)

where we have omitted a constant factor (1 + z5)2". Equation (96) is simply
the expression for the grand-canonical partition function of a one-component
lattice-gas Ising model with a shifted chemical potential and an effective

ninj ,

<ij>
E

i
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nearest neighbor attraction with an interaction strength log(1 +zs)/p. As is
well known, this lattice model can again be transformed to a 2-D Ising spin
model that can be solved in the zero field case [73, 74]. In the language of
our mixture model, no external magnetic field means:

(1 + z5)2 = zi, (97)

where z1 = exp pp., the large particle fugacity. The order-disorder transition
in the Ising model then corresponds to phase separation in the language of
our model. This demixing is purely entropic, just like the transition predicted
[70] for the hard sphere mixture. In fact, the mapping described above can
also be carried through when energetic interactions between the large parti-
cles are included. However, for the sake of clarity, we will restrict ourselves
to athermal hard-core mixtures.

Of course, there is a wide variety of lattice models for hard-core mixtures
that can be mapped onto one-component systems with effective attraction.
The model discussed above is only special in the sense that it can be mapped
onto a model that is exactly solvable. In particular, from the known results
for the 2D-Ising model (see e.g. Ref. [75]), it is straightforward to evaluate
the composition of the coexisting phases along the entire coexistence line.
This coexistence curve is shown in Fig. 7. One important question that
is raised by the work of Biben and Hansen [70] is whether the demixing
transition is of the fluid-fluid or the fluid-solid type. The phase transition in
the square-lattice model that we discussed above provides no answer to this
question, as there is no distinction between 'liquid' and 'solid' in a lattice
gas on a square, or simple-cubic lattice. Yet, from the above mapping, it
is immediately obvious that a fluid-fluid transition does, in fact, occur in
another hard-core mixture, namely that of a mixture of hard-core monomers
and polymers on a lattice. To this end, we consider, once again our model
of a mixture of large and small hard squares (cubes, in 3-D) on a square
(cubic) lattice, i.e. the model that could be mapped onto the 1-component
lattice gas with nearest neighbor interactions. We now construct 'polymers'
by connecting N large squares (cubes), while the solvent is represented by
the small particles. The simplest polymers are made by connecting N large
particles by nearest neighbor bonds only. A grand-canonical summation over
all configurations of the small particles, yields a very simple expression for
the (canonical) partition function of the polymers, namely

J
Zpoiymers = E exp _

kB T
nini (98)

{n,}

with J E kg T log(1 + z) and where the sum is over all acceptable (i.e. non-
overlapping) configurations of the hard-core polymers. Equation (98) is pre-
cisely the expression for the partition function of the Flory-Huggins lattice
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Fig. 7. Phase diagram of the model system shown in Fig. 6. X1 denotes the molar
fraction of large squares, ; is the fugacity of small squares. The drawn curve indi-
cates the composition of coexisting phases. Note that this curve is asymmetric. In
particular, the critical point (indicated by a black dot) is located at X1 = 21/2 1.

Along the coexistence curve the fugacities of the large and small particles are related
through eqn (97).

model [76]. This model has been studied extensively both using approximate
analytical theories, in particular the well-known Flory-Huggins theory and
modifications thereof (for a critical review see [77]) and, more recently, by
direct numerical simulations (see e.g. Refs. [58,78]). Traditionally, the cou-
pling constant J has been interpreted as a purely energetic interaction. In
contrast, in the context of the model that we consider, J is of completely
entropic origin. We can now translate the results that have been obtained
for the Flory-Huggins lattice-gas model directly to our hard-core mixture.
This means that many effects that in the past were interpreted as originating
from energetic attractions, can also be obtained from purely entropic effects.
In particular, the existence of a first-order fluid-fluid phase separation in this
model provides direct proof that a purely entropic demixing transition ex-
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ists in a hard-core polymer-solvent mixture. Our analysis also yields a very
simple 'entropic' interpretation of other, closely related phenomena, such as
polymer collapse in a 'poor' solvent. It is, perhaps, worth pointing out that
in our model, the solvent molecules are smaller than the monomeric units of
the polymer. In contrast, in the original Flory-Huggins lattice model, there
is no such size-asymmetry. We can, however, construct a hard-core lattice
model where solvent and monomeric units occupy the same volume. It can
be shown that the solvent-induced polymer collapse will also occur in such
a 'symmetric' model system.

Finally, we note that the Flory-Huggins theory for polymer solutions
yields the following (approximate) expression for the free-energy of a poly-
mer solution:

kBT N

where 0 is the fraction of the volume occupied by polymer, while the pa-
rameter x is related to the coupling constant J of the original lattice model,
by

(99)

1 J 1
X i -ic--BTnb = 2 nb In(1- + z,), (100)

where nb is the coordination number of the lattice. If, as was assumed in
the original Flory-Huggins theory, J is due to energetic interactions, then x
should vary as la. However, in the present (extreme) interpretation of the
same lattice-gas model, the parameter x would be completely independent of
temperature. There is, in fact, a large body of experimental data that shows
that, for many polymer solutions, x has a large, if not dominant, entropic
(i.e. temperature-independent) part.

6.2. DEPLETION FLOCCULATION

Let us next consider a slightly more complex example of an entropy-driven
phase separation in a binary mixture, namely polymer-induced flocculation
of colloids. Experimentally, it is well known that the addition of a small
amount of free, non-adsorbing polymer to a colloidal suspension induces an
effective attraction between the colloidal particles and may even lead to
coagulation. This effect has been studied extensively [79] and is well under-
stood, at least qualitatively. As in the example discussed above, the polymer-
induced attraction between colloids is an entropic effect: when the colloidal
particles are close together, the total number of accessible polymer confor-
mations is larger than when the colloidal particles are far apart. However, al-
though the physical mechanism responsible for polymer-induced coagulation
is understood qualitatively, a quantitative description of this phenomenon

Ftilix
log 0 + (1 0) log(1 0) + x0(1 0)
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is difficult. This is so because the polymer-induced attraction between the
colloidal particles is non-pairwise additive. Moreover, it depends both on
the osmotic pressure of the polymer and on the concentration of the colloid.
Yet, in the theoretical description of polymer-induced clustering [80], the ef-
fect of the polymer is usually replaced by an effective, density-independent,
pair-wise additive attraction between the colloidal particles. However, in this
case, no analytical evaluation of the (grand-canonical) partition function is
possible, even when one considers only the very simplest model, viz, that
of a mixture of hard-core colloidal particles with ideal chain molecules with
conformations that are restricted to a lattice. In this case, it would clearly
be desirable to carry out 'exact' numerical simulations to investigate the
phase behavior. Yet, the computational problems are still formidable. What
is required is a numerical scheme that samples the positions of the colloidal
particles while averaging over all possible conformations of a large (and fluc-
tuating) number of chain molecules. The 'conventional' Monte Carlo schemes
to simulate lattice models of polymer systems [58] would be woefully inad-
equate for such a calculation.

Fortunately, it is possible to construct a rigorous and efficient Monte
Carlo scheme to study this model. Our approach relies on the fact that we
can recursively compute the partition function of an ideal (non-self avoiding)
chain on a lattice in an arbitrary external potential [81, 82]. This is most
easily seen by considering a chain of length 1-1 on a lattice. For convenience,
we assume that the external potential is either zero or infinite. The total
number of accessible ideal chain conformations that terminate on lattice
site i is denoted by w1_1(i). The total partition function fit_i is equal to
Ei wi_, (i), where the sum runs over all lattice sites. The total number of
chains of length / that terminate on site i is clearly equal to the sum of the
total number of chains of length l - 1 that terminate on any of the neighbors
of i, multiplied by the Boltzmann factor associated with site i. Using such
a recursive scheme, we can compute exactly fit, the partition function of a
single ideal polymer of arbitrary length / on a lattice, in an arbitrary external
potential. This scheme can be used as a starting point to study self-avoiding
polymers [83, 84], but for the present purpose we limit ourselves to ideal
polymers. Up to this point we have not specified the nature of the 'external'
potential. We now assume that this potential is due to the presence of N
hard, spherical colloidal particles each of which occupies many lattice sites.
The polymer partition function clearly depends on the coordinates rN of the
colloidal particles: flt(rN). The configurational part of the partition function
of the system of N colloids plus one polymer of length I in volume V is then
given by:

Z(V, NJ) = f drNe-vh.(rN)fit(rN), (101)
v
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where Vhs(rN) denotes the hard-sphere interaction. Next, we make use of the
fact that we are considering ideal polymers. In that case we can immediately
write down the corresponding partition function for N colloids and M ideal
polymers:

Z (V, N , M) = drN e-v1g(rN) [IIL(rN)] M!, (102)

where the factor 1/M! accounts for the fact that the polymers are indistin-
guishable. Using eqn (102) it is straightforward to transform to an ensemble
where the polymer chemical potential (i.e. the osmotic pressure) is kept
fixed. The corresponding grand-canonical partition function is given by:

00

E(V, N, ti) E emmck Z (V, N, M)IM!
m=o

Iv

Iv

drNe-vh.(rl") E emmck [nt(rN)] /m!

edrN eznt(rN) . (103)

In the last line of eqn (103), we have introduced the polymer fugacity z
exp(pch), where itch denotes the chemical potential of the chain molecules.

The important point to note is that eqn (103) allows us to evaluate the
properties of the colloidal particles in osmotic equilibrium with a polymer
reservoir. In particular, it shows that we can perform Monte Carlo sampling
of the colloidal particles. The polymers only affect Veff(rN), the effective
interaction between the colloidal particles:

Veff(rN) E- vhs(rN) z ftt(rN). (104)

znt(rN) measures the entropic interaction between the colloids due to all
possible polymer conformations. This entropic interaction is, in principle,
not pairwise additive. In fact, it is shown in Ref. [82], that for all but the
shortest chain molecules, this non-additivity of the polymer-induced inter-
action between the colloids, has a pronounced effect on the structure and
stability of the mixture. For more details, we refer the reader to Ref. [82].

6.3. FROM SOAP TO SATURN?

Finally, I wish to discuss a more speculative, and somewhat exotic, example
of an entropy-driven phase transition, namely the demixing of a system of
ideal point fermions ("non-interacting electrons") and classical fluid parti-
cles. The analogy between this system and the previous ones rests on the
fact that, in Feynman's path-integral formulation of quantum mechanics,
there is an isomorphism between the partition-function of a d-dimensional

f

=

=
ti=o

=

E
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quantum-mechanical system, and that of a (d 1)-dimensional 'polymer'
system. Ideal quantum particles in d dimensions can be described by ideal,
directed polymers in d+1 dimensions. This suggests that we may expect that
mixtures of ideal quantum particles and atoms (effectively, hard spheres) be-
have much like a mixture of ideal polymers and colloids. In fact, the situation
in the quantum case is complicated by the fact that one must take exchange
into account. This is relatively straightforward in the case of numerical sim-
ulations of bosons [85], but it creates serious problems for fermions (the
`sign'-problem). However, in Ref. [86], it is shown how, at least for a mix-
ture of atoms and ideal fermions, these problems may be overcome. Alavi
and Frenkel [86] show that it is, in fact, possible to evaluate numerically
(but exactly) the grand-canonical partition function of ideal fermions in
the presence of arbitrary "obstacles" (in particular, atoms). This makes it
possible to perform Monte Carlo sampling of the atomic positions in the
presence of the fermion 'bath'. Here, I will not discuss the technical aspects
of these simulations. Rather, I will summarize the main conclusion, which is
that there is indeed strong evidence for a demixing transition as the chem-
ical potential of the fermions is increased beyond a certain critical value.
Again, there are no attractive forces in this system. Hence, this fermion-
induced phase separation appears to be yet another example of "attraction
through repulsion". For more details, the reader is referred to Ref. [86]. It
is amusing to note that the phase-separation in a mixture of ideal fermions
and hard-spherical "atoms" may have an intriguing counterpart in planetary
astronomy, namely in the structure of the interior of Saturn. It is thought
that the core of Saturn, which is a hydrogen-helium planet, consists of nearly
pure helium [87], whilst at the conditions relevant to the interior of Saturn
(T 104K, P 1 10Mbar) the hydrogen probably is metallic. If we view
the helium as consisting of 'hard spheres', and the metallic hydrogen as a
nearly free electron gas (in which the hydrogen nuclei play the role of a
neutralising background), we might expect on the basis of the calculations
in Ref. [86] that such a mixture would phase-separate. Clearly, this example
is far removed from most other topics discussed during this school, but it
does provide a nice illustration of the unity of physics.
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