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1. Introduction

The term 'liquid crystal' is commonly used to designate certain phases
of (macro-)molecular substances. It is easiest to define liquid crystals by
saying what they are not: they are not simple molecular liquids nor are
they crystalline solids. Rather, they are characterized by some degree of
order that is intermediate between that of a molecular crystal where the
molecular centers-of-mass are arranged on a periodic lattice, and a 'normal'
molecular liquid that has no long-range translational or orientational order.
Just as with regular crystals, the name of a liquid crystalline phase (e.g.,
nematic, smectic, cholesteric etc.) is supposed to convey information about
the nature of the phase. Unfortunately, a large number of liquid-crystalline
phases were baptized before their structure was understood: hence their
names usually tell us more about the visual appearance of these substances
(e.g., 'blue phases') than about their symmetry.

Liquid crystals are quite common in nature, yet, even among physicists
and chemists they are not widely known for what they are: the bridge be-
tween simple liquids and crystalline solids. Imagine constructing a molec-
ular crystal from a molecular liquid via a step-by-step breaking of different
symmetry elements of the liquid: first break the isotropy of the distribu-
tion of molecular orientations, then break translational invariance in one
dimension, next impose two-dimensional bond-order, then break transla-
tional invariance in a second direction, and finally break the remaining
translational invariance. To every intermediate stage in this stepwise freez-
ing process there corresponds an existing liquid crystalline phase (although
I do not know of any single substance that actually exhibits all degrees of
ordering sketched above).

The previous paragraph shows that liquid crystals are important, at the
very least conceptually. Why is it then that liquid crystals are not discussed
in every high-school physics textbook. I tend to believe that it is due to
a historical accident that predates the discovery of liquid crystals (in 1888
[1]) by some 22 centuries: if only Aristoteles had allowed for more elements
than 'earth, water, air and fire', the western mind might have been more
prepared to accept the existence of other phases than solids, liquids, gases
and plasma.
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694 D. Frenkel

Statistical mechanics of liquid crystals is a topic so vast that entire books
and conferences have been devoted to many of its subtopics. It is therefore
impossible to give a balanced presentation of the subject in a few lectures
and I shall not attempt to do so. What I wish to achieve in these lectures
is something else. I shall discuss liquid crystals as a special case of 'simple
liquids'. This is a hazardous undertaking because the (macro)molecules
that form liquid crystal are usually far from simple. My aim is therefore
to see how far we can strip down the molecular model for a liquid crystal
without loosing the essential physics. As in the theory of simple liquids al-
most all choices for the intermolecular potential of a liquid- crystal-forming
molecule (a 'mesogen') lead to models that cannot be solved exactly. The
outstanding exception being the Onsager model [2] that I shall discuss in
some detail. All other 'exact' results come from computer simulations. I
shall rely heavily on the results of such simulations to explain the physics
of liquid crystals. For most liquid crystalline phases computer simulation
data are lacking. This does not imply that it is totally obscure what fea-
ture of the intermolecular interactions makes them behave the way they do
(although sometimes it is). However, my discussion (if any) of such phases
will necessarily be much more superficial.

In my discussion of statistical-mechanical theories I shall try, as much
as possible, to give examples that are sufficiently simple that they can be
worked out with pencil and paper. Such simple theories are not necessarily
the most accurate. My aim is more to show the structure of a particular
class of theories than to present the most recent theoretical 'conquests'.

Finally I should mention that there is a very important area of liquid-
crystal physics for which the precise molecular nature of the substance is
largely irrelevant, namely the study of continuous phase-transitions. Over
the last two decades many physicists have been attracted to this field, and
for a good reason: the diversity of phases and phase-transitions in liquid
crystals both in the bulk, in thin films and at interfaces gives rise to a wealth
of interesting pretransitional phenomena. This branch of liquid-crystal
physics has become one of the major testing grounds of modern theories
of critical phenomena. However, I shall largely refrain from discussing this
topic because it falls outside the scope of the 'molecular' approach that
I intend to follow. Moreover, an excellent reprint collection has recently
been published on this topic [3].

1.1. Liquid crystals

Originally, the word 'liquid-crystal' was used to designate a phase with some
degree of order intermediate between a crystalline solid and an isotropic
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P-OCTYL-P'-CYANOBIPHENYL

Fig. 1. Molecular structure of p-octyl-p'-cyanobiphenyl (8CB). This is a typical
example of a thermotropic liquid-crystal forming molecule.

(i.e., orientationally disordered) liquid. There are dozens of distinct liquid-
crystalline phases. It is has proven useful (and, occasionally, misleading)
to group these phases in 'families'. Below I shall name some of the main
families. Before doing so, let us first consider what the building blocks
of liquid crystals are. First of all, there are liquid crystals consisting of
non-spherical organic molecules. A typical example of such a molecule is p-
octyl-p'-cyanobiphenyl (8CB, for short, see fig. 1) that has both a nematic
and a smectic phase. Transitions between these phases are most easily
achieved by changing the temperature of the sample. For this reason, this
class of materials is often referred to as 'thermotropic' liquid crystals.

A second class are the so-called 'lyotropic' liquid-crystals. Lyotropic
systems are not pure substances but solutions of a non-spherical macro-
molecule or aggregate. Phase transformations are effectuated by changing
the concentration of the non-spherical particles, or by changing the charac-
teristics of the solvent (e.g., its ionic strength). An example of a lyotropic
liquid crystal is a concentrated solution of the (rod-like) Tobacco Mosaic
Virus (TMV).

Finally, liquid-crystalline order can occur in certain polymers. These
have the prosaic name 'liquid-crystalline polymers' (LCP's). Usually, phase
transitions in LCP's are induced by a temperature change. One way to syn-
thesize LCP's is to attach molecules that form thermotropic liquid crystals
at the end of a flexible side-chain ('spacer') that is tied to a polymer back-
bone. In practice, the dividing lines between thermotropics, lyotropics and
LCP's are ill-defined.

Let us now consider the most important liquid-crystalline phases. It is
convenient to distinguish the different phases, according to the form of the
single-particle distribution function pi . In the most general case, pi is a
function of the cartesian coordinates x,y, z specifying the position of the
molecular center-of-mass and the orientational coordinate 11 that describes
the molecular orientation: pi = y, z, (1). In a crystalline solid pi is of
this form. In contrast, in an isotropic fluid phase pi is equal to the number
density p, independent of x,y, z and fl. In liquid crystals, pi depends on
some, but not all coordinates.
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Nematic Liquid Crystal

Fig. 2. Schematic drawing of a 'snapshot' of the molecular configuration in a
nematic liquid crystal

1.1.1. Nematics
The simplest, and best known liquid-crystalline phase is the nematic phase.
Nematics have no long-range positional order, hence pi does not depend
on x, y or z. However, nematics do exhibit orientational order and, as a
consequence, pi does depend on 0:

ri) = P1 (11) , (1.1)

where (11) denotes the normalized orientational distribution function. In
normal nematics the orientational distribution function is axially symmet-
ric around a preferred direction n: the nematic director. The orientational
distribution function is then only a function of cos 0 =7. 12 n. Moreover,
molecules are equally likely to point parallel and anti-parallel to the di-
rector. Hence f (cos 0) = f( cos 0). Note that the latter property is not
restricted to molecules with head-tail symmetry. In fact, many nemato-
gens may even have a dipole moment along the molecular axis. Figure
2 shows an artist's impression of the molecular arrangement is a nematic
liquid crystal.

In addition to the uniaxial nematics mentioned above, there also exist
biaxial nematics in which the orientational distribution function does not
have axial symmetry. All known biaxial nematics are either mixtures of
rod-like and plate-like molecules or systems of molecules that have very
different x, y and z dimensions (ruler-like).

Closely related to the nematic phase is the cholesteric phase. Like in
nematics, the number density in cholesterics is independent of position.

P1(x,y, z,

I

1%11

I II I



Liquid crystals 697

Smectic Liquid Crystal

Fig. 3. Schematic drawing of a 'snapshot' of the molecular configuration in a
smectic liquid crystal

However, the preferred molecular orientation is a function of position in
one direction (say z): f (.0) = 1(0(z)). Cholesterics consist of chiral
molecules. Near the transition to the isotropic phase, many cholesterics
are known to transform into so-called 'blue- phases'. In the blue phases
that are presently best understood, the orientational distribution function
is a periodic function of all three cartesian coordinates. In some respects
these phases behave as crystals [4].

1.1.2. Smectics

Proceeding one step in the direction from liquid to crystal, we arrive
at the smectic phase. Of these there are close to 20. The single-particle
distribution function of smectics is periodic in one spatial dimension:

z, (2) = p(z, n) (1.2)

For convenience I have ignored the fact that, due to an accident in the
nomenclature, one phase that happens to have cubic symmetry has been
named smectic-D.

The simplest smectic phase is smectic-A. In smectic-A the orientational
distribution of the molecules is axially symmetric and the direction of the
symmetry axis (the director n) is perpendicular to the smectic planes. A
sketch of the molecular arrangement in a smectic-A phase is given in fig. 3.

.
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Columnar Liquid Crystal
Fig. 4. Schematic drawing of a 'snapshot' of the molecular configuration in a
columnar liquid crystal

Smectic-B has crystalline order in the planes and is maybe better described
as a crystal with extremely anisotropic elastic constants. Hexatic-B is like
smectic-B but for the fact that it has no long-range positional order in
the planes but only long-range 'bond-order'. Smectic-C is like smectic-A
but the director n is tilted with respect to the plane-normal. Then there
are a whole range of smectics with increasingly complex orientational and
positional order. These I shall not discuss at all.

1.1.3. Columnar phases

Columnar phases are liquid crystals that consist of stacks ('columns') of
disk-like molecules. These columns form a periodic two-dimensional array.
But in the third direction the system has no long-range positional order.
Hence the single-particle distribution function is of the form:

n) = P(x,y, (2) (1.3)

Figure 4 shows an a possible molecular configuration in a columnar liquid
crystal. A wide variety of distinct columnar phases exists. But, even more
than with smectics, the experimental picture is still incomplete.

1.1.4. Other phases
The above summary of liquid-crystalline phases has been very sketchy: for
a more detailed account I refer the reader to the books by de Gennes [5],
Chandrasekhar [6], Priestley et al. [7], Luckhurst and Gray [8] and the
more recent books by Vertogen and de Jeu [9] and Pershan [3]. Finally it
should be stressed that even in these more recent books the list of known
liquid-crystalline phases already incomplete: the number of known liquid-
crystalline phases is growing every year. I suppose that this trend will

4WD am MD QOMal IMID MOP
4111P qmpo IMIDMD ow MDa MP IMID

OM amp
MID 3111C MID 41.0QM am MID ow

Pi(x, z .
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continue for some time because, when contemplating the number of possible
liquid crystalline phases, the great surprise is not that so many are known
in nature, but so few.

1.2. Statistical mechanics?

If this brief introduction to liquid-crystalline phases has achieved anything,
it is probably that it has convinced the reader that liquid crystals are not
simple. The building blocks are large (molecular weight 102-103), flex-
ible and often polar organic molecules or still larger (bio-)polymers and
aggregates. All these factors appear to make the study of the statistical
mechanics of liquid crystals a messy and possibly futile project. Of course,
the critical behaviour at continuous phase-transitions is only sensitive to
the symmetry and not to the molecular details of the phases involved. How-
ever, these lectures are not about critical phenomena in liquid crystals but
about the molecular statistical mechanics of such systems. Clearly, there
is no point in attempting an accurate statistical mechanical description of,
say, p-octyl-p Lcyanobiphenyl. My aim is different. I wish to demonstrate
what we can learn by applying the machinery of statistical mechanics to the
simplest molecular (as distinct from phenomenological) models that exhibit
liquid-crystalline behaviour. There are two motives behind this approach.
The first is that the study of simple models provides insight. The second is
that a comparison between experiments (or computer 'experiments') and
the predictions for simple model systems tells us something about the rele-
vance of all 'complex' features that we have chosen to ignore in our model.
Such a comparison may point the way to meaningful refinements of our
model.

The starting point of our discussion should therefore be the 'ideal' liq-
uid crystal. 'Ideal' model systems play a central role in many branches
of statistical mechanics. An ideal model system may be loosely defined
as a many-body system with a well defined Hamiltonian for which we can
compute all equilibrium properties exactly. For gases the ideal reference
system is (not surprisingly) the ideal gas. For crystalline solids, the har-
monic lattice plays this role. Both models can be solved exactly, and the
effect of non-ideality (intermolecular interactions in gases at finite density,
anharmonic effects in warm solids) can be treated as a perturbation. For
simple liquids the situation is more complicated. There is no 'ideal liquid'
model that can be solved exactly. However, with the advent of the com-
puter it has become possible to compute the properties of model fluids to
any desired accuracy. In particular, the properties of the hard-sphere fluid
have been simulated extensively, and it is the latter model that now plays
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the role of the ideal simple liquid.
How about liquid crystals? Is there an exactly solvable ideal liquid crys-

tal? For most liquid-crystalline phases the answer is: no. However, exactly
40 years ago Onsager published a paper in which he presented an exactly
solvable 'molecular' model (namely a system of infinitely thin hard rods)
that exhibits a transition from the isotropic to the nematic phase [2]. This
model plays the role of the ideal nematic. In all other cases we have to
turn to computer simulation to generate our ideal liquid-crystalline refer-
ence system.

In view of the scarcity of exact results for liquid crystals, it is not sur-
prising that phenomenological descriptions play an important role in this
field. Of particular importance are mean-field models (such as the one
due to Maier and Saupe [10]) that are based on a molecular picture, and
continuum descriptions where the free energy density of the system is ex-
panded in powers of the appropriate order parameters (Landau theory). In
the next section I shall describe these different approaches in the case of
nematics, and I shall try to clarify the relation between them.

2. Nematics

In this section I describe different approaches to the statistical mechanical
description of the nematic phase. My description of the nematic phase
will be much more detailed than that of other liquid-crystalline phases.
There are two reasons for this emphasis. First of all, the nematic phase has
been studied more extensively than any other liquid-crystalline phase. And
secondly, much of the discussion of models for nematics carries over, with
minor modifications, to the discussion of other phases. First, however, I
should introduce the concept of 'order parameters' that quantify the degree
of liquid-crystalline order of a particular phase.

2.1. Order parameters

In an isotropic molecular liquid, the single particle distribution function p1
is a constant. In an ordered system, such as a liquid crystal, p1 depends
on the molecular orientation 0 and possibly also on the center-of-mass
coordinate In a nematic, pi is a function of 0 only [see eq. (1.1)].

Although knowledge of pi suffices to determine the nature and degree of
ordering in a liquid crystal, it is often convenient to be able to quantify the
liquid-crystalline order with a few numbers rather than with a continuous

T.
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function. These parameters should have the property that they are non-
zero if a particular type of ordering is present, and zero otherwise. In
the case of the nematic phase a natural choice for these so-called order
parameters results if we express the single-particle distribution function
in orthogonal polynomials. As mentioned in section 1.1.1 the orientational
distribution function 1(0) in a uniaxial nematic depends only on the angle
0 between the molecular orientation D and the nematic director n. Hence
it is convenient to expand f ((I n) in orthogonal polynomials of cos 0 on
the interval [-1, 1], i.e., the Legendre polynomials. We can therefore write:

f (cos 0) = U4+71. 1 StPe (cos 0) (1 even) . (2.1)
e=o

In the isotropic phase all coefficients Se with > 0 vanish. However, in the
nematic phase the St with P = 2, 4, ... are nonzero:

Se = I d cos 0 dO f (cos 9)Pe(cos 0) = (Pe(cos 0)) . (2.2)

The quantities St with ?. 2 can therefore be used as a measure of the
nematic order. Often the quantity S2 = (P2 (COS 0)) is referred to as the ne-
matic order parameter. Similarly, it is possible to define order- parameters
that quantify smectic and columnar order by expanding the spatial varia-
tion of the single-particle density function pi in Fourier components. The
amplitude of the Fourier component with the lowest non-zero wavevector
that is commensurate with the periodicity of the density modulation is a
measure for the smectic (columnar) order.

The definition of the nematic order parameters in eq. (2.2) is not en-
tirely satisfactory for the following reason: St is defined as the average of
Pt(cos 0), where 0 is the angle between the molecular orientation vector u
(for convenience we consider axially symmetric molecules) and the nematic
director n. But the director is defined as the average alignment direction of
the molecules in a nematic. In the absence of external forces the direction
of n is not known a priori. Hence eq. (2.2) suggest that in order to measure
the order parameter, we should first determine the preferred alignment (i.e
we should already know if the sample is nematic) and only then can we
measure the degree of nematic order.

Fortunately, it is possible to give a definition of S2 that does not presup-
pose knowledge of n. To see this, consider the expression for (P2(u e)),
where e is an arbitrary unit vector:

1 I
(P2(u e)) = e (-utu

N 2

c't

r=1

@

e
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e Q e , (2.3)

where I is the second-rank unit tensor and the last line of eq. (2.3) defines
the tensor order-parameter Q. Q is a traceless, symmetric second-rank
tensor. Its eigenvalues correspond to the expectation values of Sc, (P2(u
ea)) for the three orthonormal eigenvectors ea. We now define the director
n to be the eigenvector of Q that has the largest eigenvalue S. In a uniaxial
nematic the other two eigenvalues must be equal. If we combine this with
the fact that Q is traceless, it follows that these eigenvalues must be equal
to 5/2. In the nematic phase we can therefore rewrite the tensor order-
parameter Q as:

Q = S
3nn I

(2.4)
2

We shall return to this expression in chapter 3 below. Note that it is
in principle possible to have a biaxial tensor order parameter even if the
molecules are uniaxial. However, I know of no example where a pure system
of uniaxial molecules forms a biaxial nematic (for a discussion, see [11,12]).

2.2. Landau expansion

A convenient starting point to discuss the transition from the isotropic to
the nematic phase (I-N transition) is to consider nematic ordering as a
weak perturbation of the isotropic phase. Following Landau [13], we then
assume that the free-energy difference between the nematic and isotropic
phase may be expressed as a power series in the nematic order parameter
Q (see de Gennes [5]). Clearly, such an expansion of the free energy F
may only contain rotationally invariant combinations of Q. As Q contains
at most two independent eigenvalues (say S and S/2 A), the most
general expression for F would be a power series in S and A. Here we only
consider transitions to the uniaxial nematic phase, and hence we only need
to consider the case A = 0. The more general case is important in the
context of I-N transitions in the presence of external fields: it is discussed
in ref. [12]. The leading terms in the expansion of F in powers of Q are:

F = Fo + A tr Q2 + B tr Q3 -I- C1(tr (12)2 + C2 tr Q4 + . (2.5)

If we only consider uniaxial fluctuations, we can use eq. (2.4) to express F
in powers of S:

F = Fo + AS2 + 1BS3 + 1(C1+ C2/2)54 +
Fo + a(T T*)S2 bS3 + cS4 + . (2.6)E

E

.
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The last line in eq. (2.6) defines the coefficients a, b and c. Moreover,
we have assumed that in the vicinity of the I-N transition the coefficient
of A varies linearly with temperature, while b and c are varying slowly.
It is important to note that the coefficient of the cubic term (b) is non-
zero. This reflects the fact that a fluctuation with positive S (prolate
orientational distribution function) is not equivalent to a fluctuation with
opposite S (oblate orientational distribution function). The presence of a
cubic term in eq. (2.6) implies that according to Landau-de Gennes theory,
the isotropic-nematic transition in three dimensions should be first order.

In two dimensions the situation is different: there a change of sign of the
order-parameter (S = (cos 20)) can be effectuated by rotating the system
over 90 degrees. Hence, in 2D fluctuations with S and -S are equivalent
and the free energy is a function of even powers of S only. If the coefficient
of the quartic term is positive, Landau theory predicts a second order
phase-transition in 2D. In fact, as we shall see in chapter 4, the situation
in two-dimensional nematics is somewhat more complex.

In order to see what the Landau-de Gennes theory predicts for the I-N
transition, it is convenient to write eq. (2.6) slightly differently (neglecting
terms 0(S5):

b2 bTc]F F0 =[a(T T*)
c ]

s2 + 2 [ s 2

. (2.7)

It is immediate y obvious that the right-hand side of eq. (2.7) vanishes
for S = 0 (of course) and for S = b1(2c) at T = T* b2 I(4ac). At
the latter temperature the transition from the isotropic to the nematic
phase occurs. At this transition temperature (TN!) the order parameter
jumps discontinuously from S = 0 io S = 1)1(2c). For T < TN! the order
parameter is found by computing the value of S where (aFos) = 0. This
yields:

3b , 8(T T*)
g(TNI T*)

From eq. (2.6) we can derive expressions for all thermodynamic properties
in the vicinity of the I-N transition. Although the Landau-de Gennes the-
ory is very useful as a unified framework to describe different experiments
on the isotropic-nematic transition, it should be stressed that the theory
does not provide us with predictions for the magnitude of the coefficients
a, b, c, . That would require a molecular theory. Examples of such theo-
ries are discussed in the following sections. However, before proceeding it

S(T) = \

+

1
-
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is interesting to see if there is any direct evidence that the free energy in
the vicinity of the I-N transition indeed behaves as predicted by eq. (2.6).
One way to find out is to study spontaneous order-parameter fluctuations
in the vicinity of the I-N transition, for instance by light-scattering [14].
The problem is that the form of the Landau expansion used in eq. (2.5) is
only valid for fluctuations in a volume that is sufficiently small that vari-
ations of the order parameter over this volume can be ignored (i.e., the
linear dimensions of this volume must be much smaller than the 'correla-
tion length' for order-parameter fluctuations). Otherwise we must use the
full expression for the Landau-de Gennes free energy, including gradient
terms:

F = F0+ 3-a(T T*)Q0(2,3« + BQQ0Q0-/Q-ya

+C].(Q0C20,02 + +
L2Li

aaQ0-ya,.c20-y +
2 a.Q.,yeacb-y +

2

Order-parameter fluctuations are correlated over a distance of order =
VL1/[a(T T*)]. In normal thermotropic liquid-crystals, this correlation
length is at most a few tens of nanometers, even close to the I-N transition.
In light scattering experiments, the scattering volume is certainly larger
than A3 (where A is the wavelength of the incident light). Typically, A=500
nanometers. Hence, light-scattering probes many correlation volumes in
which the fluctuations of S are uncorrelated. The central limit theorem
then tells us that it is going to be very difficult to see anything but Gaussian
fluctuations (for a discussion see [12]).

A more direct way to probe F(S) is by computer simulation. With that
technique we can study order-parameter fluctuations in systems containing
a few hundred molecules [15]. Even in that case it is not always possible to
ensure that the order-parameter fluctuations in the system are completely
correlated. But now, at least, the non-Gaussian effects are clearly visible
(see fig. 5). If we try to extract the behaviour of the expansion coefficients
A and B from our simulations, we see that A does indeed go linearly to zero
very near the transition point (see fig. 6). However, the (noisy) simulation
data provide no support for the assumption that B varies little through
the transition region. We shall return to eq. (2.8) in chapter 3.

(2.8)

2.3. Mean field theory

At this stage it is useful to recall the steps that led us to the Landau-de
Gennes expansion for the free energy. First, we introduced the single-
particle density function pl. Next, we argued that, for a uniaxial nematic,

+ .

e



9

a

7

5

4

3

Liquid crystals 705

2
-0 50 0 025 0 50 0.75

Fig. 5. 'Landau' free energy associated with nematic order-parameter fluctua-
tions. The curves in the above figure were obtained by Monte Carlo simulations
of infinitely thin hard platelets [15]. Drawn curve: low-density isotropic phase.
Dotted curve: density just beyond the isotropic-nematic transition. Note that
the minimum of F(S) shifts to non-zero values of S. Dash-dot curve: high-
density nematic. Now only small fluctuations around a non-zero average of S are
possible.

pi may be expanded in a series of Legendre polynomials. We interpreted
the coefficients of this expansion as 'order parameters' and then focused
exclusively on the lowest non-trivial order parameter, i.e., S (P2(u n)).
Finally, we assumed that the free energy could be written as a power series
in S2.

We know from density-functional theory (see the lectures of Oxtoby in
this volume), that the free energy of a system is a unique functional of
the single-particle distribution function. As pi for a uniaxial nematic is
completely specified by the average density and all order parameters Se,
it follows that F must be a unique functional of the set {p, Se}. In the
previous section we assumed that F could be approximated by a power
series in S2. Here, we shall consider simple parametrizations of pi in terms
of the order parameter S2. We find the stable phase by minimizing the free
energy with respect to pi (strictly speaking we should consider the free
enthalpy, but because the density jump at the I-N is small we ignore the
distinction).

The mean-field theory for the I-N transition was first derived by Maier
and Saupe [10]. Let me first present the Maier-Saupe theory in its 'con-

12

11

10

6

-0 25
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Fig. 6. Density-dependence of the coefficients of A (left),B (right, crosses)and
C (right, triangles) of successive powers of S in the expansion of the free energy
F(S) of a system of thin hard platelets [15] (see text). Note that A goes to zero
in the vicinity of the isotropicnematic transition (as expected). In the vicinity
of the IN transition the coefficient B (and possibly C) exhibits a pronounced
density dependence. This is contrary to the assumptions of the Landau theory
of (almost) second-order phase transitions.

0.75

C/) 0.50

0.25

0 15 0 20 0 25
T.

Fig. 7. Dependence of the nematic order parameter on the (reduced) temperature
in the Maier-Saupe model (see text).

ventional' form (see e.g., ref. [5]). We write the single-particle distribution
function MO) as pf(0). We assume that the free energy F(p,T) of a
nematic liquid crystal can be written as a sum of three terms: 1) the
free energy F1(p,T) of the isotropic liquid at the same density and tem-
perature, 2) a term that reflects the loss in ideal-gas entropy due to the
fact that in an orientationally ordered phase f(0) is no longer a constant:
AFid = kT f pf(11)log(lrpf (.0)) di? and 3) a term AFex that describes
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the lowering of the excess free energy due to the orientational ordering. It
is of course the latter term that contains all the interesting physics. Maier
and Saupe considered the case where anisotropic dispersion interactions are
the dominant ordering force. In that case, the leading contribution to AFex
is of the form AU = -(U2/2)S3. We then get the following expression for
F(p,T):

F(p,T) = F1(p,T) kTI f (II) log(47rpf (0)) dil

2

do)--U-2- (I f(12)P2(n 0) . (2.9)
2

Next we minimize F(p,T) with respect to f (9), with the constraint that
f is normalized to 1. The variational equation has the following form:

bF(p,T)-plof(ii) dD = 0 . (2.10)

From eq. (2.10) we derive the following equation for f :

log(47 f) = p 1 + U2 (P2)P2 (cos 0) . (2.11)

The Lagrange-multiplier p is fixed by the condition that f(cos 0) is nor-
malized:

exp(w cos2 0)
f (cos 0) = (2.12)

271- f d cos 9 exp(w cos2 0)

where we have defined w E 3U2(P2)/(2kT). Note that w still depends on
the (as yet unknown) order-parameter (P2). This implicit dependence on
(P2) can be resolved by imposing the self-consistency condition:

f d cos P2 (COS 0) exp(w cos2 0)
(P2) = (2.13)

f d cos 9 exp(w cos2 0)

The reduced temperature kT / U2 then follows, as: kT/U2 = 3(P2)/(2w).
Finally, the free energy follows from eq. (2.9). The transition from the
isotropic to the nematic phase takes place at a reduced temperature
kT/U2 = 0.22019 ... where F1 = FN. At this temperature the order pa-
rameter jumps discontinuously from S = 0 to S = 0.4289 (incidentally,
this is quite a reasonable value for the order-parameter of thermotropic
nematics at the I-N transition). For 0.22019 > kT/U2 > 0.2 the isotropic
phase is metastable. Below the latter temperature the isotropic phase is
absolutely unstable. This is easily verified by expanding the free energy
[eq. (2.9)] around w = 0. This very simple bifurcation analysis is a useful
exercise. Figure 7 shows the order-parameter vs temperature diagram for
the Maier-Saupe model.

0
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Fig. 8. Relation between the nematic order parameters (P2(cos 0)) and
(P4(cos 0)) obtained by Monte Carlo simulation of thin hard platelets [15]
(crosses) compared with the prediction of the Maier-Saupe theory (drawn curve).

The above presentation of the Maier-Saupe model contained no 'molec-
ular' information, i.e., no attempt was made to justify the form for the
free-energy function (eq. (2.9). The reason is not that this form is dif-
ficult to justify. For instance, Maier and Saupe derived this mean-field
model assuming that anisotropic dispersion forces are responsible for ne-
matic ordering. Rather, the problem is that there are so many different
intermolecular interactions that give rise to a `Maier-Saupe'-like free en-
ergy. As an illustration, consider the following example: we can employ the
distribution function f (cos 0) [eq. (2.12)] to compute the relation between
(P2) and higher order-parameters, such as (P4). A plot of (P4) as a func-
tion of (P2) is shown in fig. 8. Also shown in this figure are the results of
a computer simulation study of a system of infinitely thin, hard disks [15].
Clearly, the intermolecular interactions in this model system are totally
different from the dispersion forces considered by Maier and Saupe. Still,
the Maier-Saupe model does appear to account for the observed relation
between (P2) and (P4). This forces us to think about mean-field models in
more general terms.

A very elegant discussion of this problem was presented some years ago by
Sluckin and Shukla [16]. These authors considered the isotropic-nematic
transition in the context of density-functional theory. As the essential
features of density-functional theory are discussed elsewhere in this vol-
ume, I shall limit myself to a brief sketch of the argument of ref. [16].
For simplicity I shall assume (unlike ref. [16]) that the density jump at
the isotropic-nematic transition can be ignored. More precisely, I wish to
compare the stability of isotropic and nematic states at the same density.
Moreover, I shall consider the difference in Helmholtz free energy of the

1,1
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isotropic and nematic phases AF FN Fi rather than the difference
in grand potential Al2 discussed in ref. [16]. Let us denote the density of
the isotropic phase by pi and the (orientation- dependent) density of the
nematic phase by pN((1) p + 6PN (0). The difference in Helmholtz free
energy AF = FN F1 is expanded to second order in powers of b pN(11):

AF
kT

dr df2pN(Q) log[PN(0)/pil

I dr di/ dr' di 1' pN (0) pN(12') c2(rc2(r, r', 11 , + ,
2

1

(2.14)

where we have used the fact that (pN) = (m). Next, we expand SpN in
Legendre polynomials [see eq. (2.1)]:

PN((l) =
2.e + 1

stPe(cose) (i even).
47re.2

Finally, we employ the fact that the two-body direct correlation function
c2(x , x') (with , ill) in the isotropic phase is translationally and
rotationally invariant:

C2(x x') = E cw (AO
,t"

x (in'e mt' ,) litm(12)Y1, ne (0' )Yt in (Ar) , (2.15)

where Ar = r' r,

rn(t
et en
mf mil

is the Wigner 3J-symbol [17] and the Yin, represent spherical harmonics.
Inserting equations (2.1) and (2.15) in eq. (2.14) and carrying out the
integration over all angular variables, we obtain:

F
= f dr pN(12) log[pN(0)/pl] 1 US2, (2.16)

kT 2 L--et

where we have defined Ut as:

2 1/ 2.e + 1 oo

U = pj fo cetar)r2 dr . (2.17)

=
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If we truncate equation (2.16) at the lowest order in t, we recover the free-
energy expression [eq. (2.9)] that formed the starting point of the Maier
Saupe theory. But now the coefficient of ,53 has a simple statistical me-
chanical interpretation: it is directly related to the integral of the function
c220(R), and the latter function can be obtained from a spherical-harmonics
expansion of the two-body direct correlation function of the isotropic fluid.
Note however that, even if c2(r, r', 11,(2') were known, eq. (2.16) would
not be exact, because it is based on second-order density-functional theory.
Only in the case of the Onsager model (see section 2.4 below) are higher
order terms negligible.

Not surprisingly, the original version of the MaierSaupe model can be
recovered by assuming that for a weak, anisotropic dispersion interactions
U(x,x'), c2(x,x') may be replaced by -U(x,x')IkT. For more details,
the reader is referred to ref. [16].

After this long introductory discussion of approximate schemes to model
the nematic phase, the reader is probably desperate for some hard facts.
At first sight it would seem too much to expect any exact results. After all,
even for atomic liquids there is not a single non-trivial model that can be
solved exactly (in three dimensions). So how can we expect exact results
for fluids consisting of non-spherical molecules. Fortunately, the situation
is different. Liquid-crystal physics has its (almost) exactly solvable model.
It was introduced by Onsager in 1942 ( and published in 1949 [2]). In fact,
Onsager did not bother to find the 'exact' solution (because it could not
be obtained in closed form), but others have done so since [18,19]. In the
next section, the Onsager model is briefly discussed.

2.4. Onsager model

The model that Onsager considered is a gas of thin, hard spherocylinders
of length L and diameter D, in the limit that the ratio LID oo. We
wish to compute the Helmholtz free energy of a system of N such rods as
a function of density (p). There are several ways to do this. The simplest
is to consider the cluster expansion of the free energy [20]. For an isotropic
fluid, this expansion reads:

01 02 2= c(T)+ log p 1 .Tp + ,
NkT

(2.18)

where c(T) is a constant that depends only on temperature and 137, are
the irreducible Mayer cluster integrals [20]. The latter are related to the

p
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Fig. 9. Third (circles), fourth (triangles) and fifth (pluses) virial coefficients of
hard spherocylinders as a function of the length-to-width ratio LID. The n-th
virial coefficient are expressed in units of the 13';'-1. Note that these higher-order
virial coefficients tend to zero as LID --+ oo. The fourth virial coefficient is in
fact negative for large LID. The figure shows -B4/M.

virial coefficients Br, by: Bn = + 1),(3n. In particular, for a hard-
core fluid 401 = vexcl, where vexcl is the average excluded volume of two
hard-core molecules. In what follows I shall omit all constants that are
independent of density. We can now rewrite eq. (2.18) as:

B3
= log p + pB2 + (02)2 + (2.19)

NkT

Equation (2.19) allows as to evaluate F if: [11 The virial series for F con-
verges rapidly and [2] The relevant virial coefficients are known. These
restrictions usually limit the applicability of eq. (2.19) to the dilute gas
phase. However, for the Onsager model the situation is different. The
reason is that for a system of spherocylinders with LID --+ oo the con-
tribution to eq. (2.19) of all virial coefficients beyond the second goes
to zero. More precisely: Onsager showed that for large LID the ra-
tio B3//33 log(LID)I(LID). In addition, he assumed that the ratio
./3/B2n-1 for n > 3 vanishes in the same limit. In fact, for purely geomet-
ric reasons it is indeed plausible that B3//33 log(LID)I(LID) while the
leading contribution to B/13;'-1 for n > 3 is proportional to DIL (this is
left as an exercise to the reader). A quantitative measure of the first five
virial coefficients of the spherocylinder system was obtained by computer
simulation [21]. The result of these simulations is shown in fig. 9. The fig-
ure shows that, indeed, all higher virial coefficients tend to zero. However,
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it also shows that quite long rods are needed before these higher order co-
efficients become negligible. In the limit L I D oo, all higher-order terms
in eq. (2.19) may be neglected at all finite densities (pB2 < L D).

Up to this point we have assumed that the system is isotropic. However,
we should allow for the possibility that an orientationally ordered phase
has a lower free energy. We shall therefore rewrite eq. (2.18) for a system
with an arbitrary orientational distribution function PO). In that case
the single-particle density distribution is of the form: pi(.0) = p f (0).

FI(NkT) = log p + f di/ (0)f log(47 f (II))

+ e2 J d0 f (12) f (12') Vexcl(ii, + 0(p2)

(2.20)

where vexci(0, (T) is the pair-excluded volume of two spherocylinders with
orientations (.11, The orientation of a spherocylinder can be specified
by a unit-vector ft along the molecular axis. vexci(11, (21) is a function of
the relative angle -y = arccos

Vexcl = lirD3 + 27rLD2 + 2L2D I sin y.

For large values of L I D the dominant term is 2L2DI sin -yI. In the same
limit the average pair-excluded volume in the isotropic phase is (vexci)i =
2B2 = irL2D/2. We can now minimize F [eq. (2.20)] with respect to f (0).
This leads to the following (non-linear) integral equation for f :

8
0 = A + log(47rf (il)) + pB2-71. f(a) I sin (2.21)

where A is an, as yet undetermined, constant (Lagrange multiplier) that
will be fixed by the condition that f is normalized. Onsager did not solve
eq. (2.21) exactly but showed: [1] that the isotropic solution becomes un-
stable for pB2 4 and [2] that a trial function for f of the form:

a cosh(a cos 0)
f (cos 0) =

4ir sinh a

yields a strong first-order phase transition. Onsager's estimate of the den-
sities of the coexisting phases is: p1B2 = 3.3399 and pNB2 = 4.4858. The
'exact' answers [18,19] are: p1B2 = 3.2906 and pNB2 = 4.2230. At coexis-
tence, the value of the order parameter in the nematic phase is (P2) = 0.784.

(2') ,

it ft':
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Fig. 10. Equation-of-state of a system of infinitely thin, hard platelets [15].
Monte Carlo results: crosses. Five-term virial series: dashed curve. For this
model the Onsager assumption that virial coefficients higher than the second
can be ignored leads to an incorrect prediction for the location of the isotropic
nematic transition(diamonds). For the meaning of the drawn curves, see ref. [15].

7 9

For a discussion of an approximate solution of the Onsager model, see Ap-
pendix A.

2.4.1. Discussion
In many respects, the system of thin hard rods is the 'Ising model' of liquid-
crystal physics. It is certainly no coincidence that the 2D Ising model was
also solved by Onsager. The existence of such an exactly solvable model
for a liquid crystal confronts of with several questions. I shall name a few:
[A] Is this the only exactly solvable model? [B] Is it a useful starting point
for a 'perturbation' approach? and [C] How does it compare with the real
world?
A. Other exactly solvable models? Let me begin with the first question. The
Onsager model has been extended to mixtures of rods of different length
[22]. However, it is my impression that the basic idea behind the model
could be exploited in other directions. The essence is to make a model for a
fluid of particles with proper volume vo and virial coefficients B, such that
vo/B2 > 0 and Bri/B2n-1 > 0. Thin hard rods are the simplest geometrical
shape that yields such behaviour. However, one could consider 'molecules'
consisting of two or more hard rods, assembled into rigid (or even non-rigid)
objects with a 'loop-free' pair-excluded volume. For instance, of particular
interest would be molecules of three perpendicular rods, joined at their mid-
points. Such a model system will not (I suppose) form a nematic phase.
Yet the pair-excluded volume does depend on the relative orientation of the
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molecules in such a way that parallel alignment is favoured (although less
strongly than in the case of rods). Hence at sufficiently high density such
a system should be orientationally ordered, yet translationally disordered,
i.e., a 'cubatic' liquid crystal (see Appendix B).
B. Perturbation series? The answer of the second question is very much
a matter of words. One may take the point of view that the Onsager
model is an example of a system where second-order density functional
theory is exact. It is clearly interesting to apply density-functional theory
to molecules with less extreme shapes. In that case one must go beyond
second-order. This is certainly a worthwhile enterprise (see below). What
is not advisable, is to simply assume that second-order density functional
theory is also valid for other molecules. This is strikingly illustrated by
the behaviour of a model system consisting of infinitely thin, hard platelets
with diameter a. This system is interesting because, at the level of the
second-order theory, it is identical to the Onsager model. In particular, the
pair-excluded volume vexci equals (ra3/2) sin -y = (8/7r)B2 sin -y. Hence, if
all higher order terms could be ignored the I-N transition would be located
at a reduced density pio-3 = 5.3345 and pNa-3 = 6.846. In fact, Monte
Carlo simulations [15] indicate that this prediction fails badly. The actual
transition densities are at pio-3 = 4.04 and pNo-3 = 4.12 )(see fig. 10). The
density jump at the transition is much smaller than in the Onsager model
(,--,2% instead of --30%) and the value of the nematic order parameter at
coexistence is 0.3-0.4.

Finally, the Onsager model cannot be used as a reference system for a
van der Waals-type perturbation theory. The reason is simple: in such a
theory the effect of attractive interactions is to add a term -ap to the free
energy. In simple liquids this term is harmless because at any density it
can be compensated by the (positive) excluded-volume contribution to the
free energy. For the Onsager model this does not work. At high densi-
ties the hard-core contribution to the free energy goes as 3 log p. Hence,
at sufficiently high density the attractive term will always dominate and
the system will collapse. Of course, this behaviour peculiar to systems of
particles with zero volume.
C. Real world? The Onsager model was originally devised to model systems
of rigid rod-like colloidal particles. This it does quite well (for a recent
discussion, see [23]). There are several sources of discrepancy between
the simple theory and experiment. Most important among these are the
following:

(a) Real rod-like colloids are not completely rigid. This has a pronounced
effect on the location of the I-N phase transition. Odijk [24] has studied
the effect of flexibility on the location of the I-N transition and on the
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properties of the nematic phase in the context of the Onsager model.
(b) The interaction potential between rod-like colloids is not really a

hard-core. This point was already discussed by Onsager. More recently,
Stroobants et al. [22] have analysed the effect of screened Coulomb inter-
actions on the ordering transition in systems of rod-like colloids.

(c) In practice, the limit LID > oo is never achieved. In colloidal
systems very large LID values are possible, but for thermotropic liquid
crystals the length-to-width ratio of the molecules is usually of the order
LID = 4. Hence, the Onsager model is of little value for thermotropic
liquid crystals. Unfortunately, this has resulted in a distinct impopularity
of excluded volume models among researchers in the field of thermotropic
liquid-crystals.

2.5. Computer simulation

What has been missing from the discussion thus far is the observation that
most molecular liquids freeze rather than form a liquid crystal. In the
case of the phenomenological Landau-de Gennes theory freezing does not
occur because the possibility of solid order is not built into the from of the
free energy expansion. Neither does the Maier-Saupe theory allow for the
possibility of crystallization. In fact, the Maier-Saupe model might just as
well describe orientational freezing of a plastic molecular crystal as nematic
ordering of an isotropic molecular liquid. In the Onsager model there is no
need to consider freezing because this is expected to take place at a much
higher density than the I-N transition. More precisely, nematic ordering
of thin hard rods takes place when PINL2 D is of order 1. In contrast,
freezing will take place when pica a p1LD2 is approaching the value 1.
Hence the ratio Pi/PIN LID. Moreover, in the vicinity of the freezing
point the Onsager model is no longer tractable because the higher-order
virial coefficients are no longer negligible. Hence, if we wish to study the
competition between liquid-crystal and crystal formation we must look for
other models. In the absence of exactly solvable models, the only way to
obtain 'hard' information is by computer simulation.

With computer simulation it is, in principle, possible to compute the
properties of any model for a classical many-body system. The choice of the
model is determined by the nature of the question that we wish to answer.
In the present case we are interested in crystalline and liquid-crystalline or-
dering in simple models for molecular liquids. What is the most appropriate
model? There is no unique answer to this question. Several mechanisms
have been invoked to explain the onset of liquid crystalline ordering. Two
of these I have already mentioned, namely: non-spherical excluded-volume
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effects (Onsager), anisotropic attraction forces (MaierSaupe). However,
there are other factors that can play a role. For instance, for thermotropics,
the tendency of molecules to form liquid crystals depends strongly on the
nature of the flexible side-chains attached to the rigid core of the molecule
[25], while the angle-dependence of the effective attractive forces depends
on the shape of the non-spherical hard core of the molecule [26]. For ly-
otropics, molecular flexibility and polydispersity both have a pronounced
effect on the tendency to form a liquid crystal. All these factors are real.
However, it would be very unwise to try to take everything into account at
once. It is inevitable that a choice is made between primary and secondary
factors.

In the case of freezing of molecular liquids the situation is similar: attrac-
tion, repulsion and flexibility all play a role. For instance, we know that
the presence of flexible side-chains in a molecule makes the formation of a
molecular crystal entropically less favourable. Only for atomic liquids the
picture is clear. Since the work of Alder and Wainwright [27] it is known
that the freezing of atomic liquids is primarily an excluded volume effect.
That does not imply that attractive forces do not affect the location of
the freezing point (they do). But the structure of the coexisting phases is
largely determined by the harsh repulsive interactions between the atoms.
The effect of attraction can be considered a perturbation [28].

If freezing can be understood in terms of excluded volume effects alone,
it is natural to ask how far we can push this idea in the case of liquid
crystalline ordering. Our aim then is to study the simplest possible hard-
core models that may form both crystalline and liquid-crystalline phases.

It should be noted that an alternative approach has been followed by
Luckhurst and collaborators [29]. Following the pioneering work of Leb-
wohl and Lasher [30], these authors focused on the effect of anisotropic
intermolecular interactions of the form vij = Ju P2 (COS 023 ). The choice
of the LebwohlLasher model was inspired by the original justification of
the MaierSaupe theory in terms of anisotropic dispersion forces. However,
the discussion in section 2.3 suggests that there are many possible mecha-
nisms that lead to an effective interaction potential of this form. It should
be noted that in simulations of models such as the one introduced by Leb-
wohl and Lasher it is assumed that the molecules are on a periodic lattice.
In that case the `IN' transition may also be interpreted as a rotational
order-disorder transition in a crystalline solid.

Computer simulations of hard-core models for two-dimensional liquid
crystals were pioneered by Vieillard-Baron in the early seventies [31].
Vieillard-Baron also made much progress towards the study of three-
dimensional model systems [32], but did not observe spontaneous nematic
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Fig. 11. 'Phase diagram' of a system of hard ellipsoids of revolution [33]. The
ratio of the length of the semi-major to the semi-minor axis is denoted by x. The
reduced density p* is defined such that the density of regular close packing is
equal to N5 for all x. The shaded areas indicate two-phase regions associated
with a first-order phase transition. The following phases can be distinguished:
I: Isotropic fluid. S: orientationally ordered crystalline solid. PS: Orientation-
ally disordered ('plastic') crystal, and N: Nematic liquid-crystalline phase. The
densities of coexisting phases at a first order phase transition (black dots) were
computed in a free-energy calculation. Note that no stable nematic is possible
for 0.4 < x < 2.5.

ordering in 3D. The first systematic simulation study of a three-dimensional
hard-core nematogen was performed by Frenkel and Mulder [33] who stud-
ied a system of hard ellipsoids-of-revolution for a range of length-to-width
ratios.

The shape of hard ellipsoids of revolution is characterized by a single
parameter, x, the ratio of the length of the major axis (2a) to that of the
minor axis (26): x = alb. Prior to the simulations reported in ref. [33],
the phase behaviour of hard spheroids was only known for a few special
values of x, viz.: x = 1: hard spheres, which freeze at 2/3 of close packing
[34]. x oo: thin hard needles, because this limit is equivalent to the
Onsager's model. The latter system has a transition to the nematic phase
at vanishing volume fraction. And x > 0: thin hard platelets, which also
form a low-density nematic [15].

The simulations of ref. [33] were performed for values of x between 3 and
1/3. In order to locate all phase transitions, the absolute free energy of
all phase was computed. Figure 11 shows how the stability of the differ-
ent phases of hard ellipsoids depend on their length-to-width ratio. Four
distinct phases can be identified, namely the low-density isotropic fluid, an
intermediate-density nematic liquid crystalline phase, which is only stable
if the length-to-width ratio of the ellipsoids is larger than 2.5 or less than
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Fig. 12. Ratio of the pressure of a system of hard ellipsoids of revolution with
inverse length-to-width ratios x and 1/x. For the values of x studied in the
Monte Carlo simulations of ref. [33] this ratio is very close to 1. In fact, for the
isotropic phase (dashed curve), the difference from unity is less than 3%.

0.4, and a high-density orientationally ordered solid phase. In the case of
weakly anisometric ellipsoids, an orientationally disordered solid phase was
also observed. Perhaps the most striking feature of the phase diagram in
fig. 11 is the near symmetry between the behaviour of oblate and prolate
ellipsoids with inverse length-to-width ratios. In fact, this behaviour is also
exhibited by the pressure (see fig. 12) which is also remarkably insensitive
to the permutation of x and 1/x. At low densities such behaviour is to
be expected because the second virial coefficient B2(x) equals B2(1/x).
However, no such relation holds between the third and higher virial coeffi-
cients. To give a specific example: in the limit x oo (the Onsager limit),
B3/B3 0, whereas for x 0 (hard platelets [15]) B3/B3 > 0.4447(3).
For larger anisometries than studied in the simulations of ref. [33] one
should expect to see asymmetric behaviour in the location of the isotropic
nematic transition. It is doubtful, however, if the near symmetry of the
melting line will be much affected. Strongly aligned rods and platelets
follow the same equation of state (P = 3p) and a simple estimate of the
melting point of very anisometric ellipsoids [35] suggests that in the limit
x oo the symmetry between oblate and prolate ellipsoids is still present.

Another point to note about the phase transitions in the hard-ellipsoid
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system is that for particles with 3 ?. x (1/3) the relative density-jump at
the I-N transition is much smaller than for the Onsager model. Typically,
the density changes only by some 2% at the I-N transition. For technical
details the reader is referred to ref. [33]. Hence the very large density
discontinuity at the I-N transition in the Onsager model is peculiar to long
rods and not to hard-core models in general.

2.6. Theoretical description

The numerical simulation of the phase diagram of hard ellipsoids of rev-
olution provided theoreticians with an opportunity to compare analytical
theories for the isotropic-nematic transition with 'exact' numerical data.
Several rather different theoretical approaches have been tested in this way.
Actually, this work was predated by the scaled-particle for the isotropic-
nematic transition constructed by Cotter and Martire [36,37]. However,
this scaled-particle theory was worked out for hard spherocylinders and
could only be compared with simulation data for the isotropic phase.

The first statistical mechanical theory for the I-N transition in a fluid
of hard ellipsoids was developed by Mulder [38] who followed the so-called
'y-expansion' approach of Barboy and Gelbart [39]. Mulder found that the
y-expansion led to a slight over-estimate of the pressure in the isotropic
phase and that the isotropic-nematic transition was predicted to occur
at too low a density. Moreover, the density-jump at this transition was
predicted to be larger than observed in the simulations. However, the very
symmetric appearance of the phase-diagram was well reproduced by the
theory of ref. [38].

Subsequently, several authors have applied density-functional theory to
the study of the isotropic-nematic transition of hard ellipsoids. The first
such theory was formulated by Singh and Singh [40]. These authors also dis-
cussed the freezing transition of hard ellipsoids and used density-functional
theory to estimate the stability of the plastic crystalline state. Subse-
quently, alternative density-functional theories for hard ellipsoids of rev-
olution were presented by Baus et al. [41] and by Marko [42]. A good
discussion of the relative merits of these theories can be found in the arti-
cle by Co lot, Wu, Xu and Baus [43].

A rather different approach was followed by Perera et al. [44]. These au-
thors studied the generalization to convex hard-body fluids of the Percus-
Yevick (PY) and Hypernetted Chain (HNC) integral equations that are
known to be quite successful for simple fluids [20]. Perera et al. found
that for hard ellipsoids of revolution the PY approach failed to predict the
existence of a stable nematic phase. In contrast, the HNC theory yielded a
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Fig. 13. Schematic representation of the splay, twist and bend deformations in a
nematic liquid crystal. In the 'twist' case a rotation of the molecules out of the
plane of the drawing is indicated by a shortening of the line-segments.

fair estimate of the location of the isotropicnematic transition (or, to be
more precise, of the density where the isotropic phase becomes mechani-
cally unstable).

3. Elastic constants

Nematic liquid crystals are ordered liquids. This has interesting conse-
quences for the mechanical properties of these materials. In particular,
nematics exhibit elastic behaviour. To be precise, any attempt to deform
the uniform alignment of the director in a nematic results in an elastic
restoring force. The constants of proportionality between deformation and
restoring force are known as the Frank constants. On basis of symmetry
arguments it can be shown that in a uniaxial nematic there are 3 indepen-
dent elastic constants (see e.g., [5]). Here I shall follow a 'derivation' of the
expression for the deformation free energy of a nematic given by Ping Sheng
and Priestley [45]. This derivation is not rigorous (it is even incorrect in
that it predicts that the three elastic constants are not all independent).
But it does provide insight in the physical meaning of the Frank constants.

Our starting point is the Landaude Gennes expression for the free-
energy density associated with order-parameter fluctuations in the isotropic
phase: eq. (2.8) in section 2.2:

F = F0 + ta(T + BQ0Q0-yCl-ya

C1(QapQoa)2 C2Qati(20'yQ-y6Q5a +
L2

2
caL1R-rocti4R-r

2 utzo4ck-ruM4/3-r 1"

I/I II
I I/I 1\11
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+
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Using equation (2.4) in section 2.1:

Q =
2

we can rewrite eq. (2.8) in terms of the local order parameter S(r) and the
local director n(r):

F = F0 + la(T + 1BS3(r)+ 1[C1+ C2/2]S4(r)

+ :91-LiS2(r)a,n8(r)a,,no(r)

+ 1L2S2(7)[17 n(r)] + 1L2S2(r)[n(r) x x n(r))12

(3.1)

where the include all terms that contain gradients of S(r). We shall
now simply assume that eq. (3.1) is also valid in the nematic phase. In
particular, we assume that the magnitude of the order parameter is every-
where equal to the average order parameter S. In that case, the terms on
the right-hand side of the first line of eq. (3.1) simply yield some constant
c, while all the terms containing gradients of S(r) can be neglected. In
addition, we employ the relation:

aotoac,no = [V n[2 + [n (V x n)]2
+[nx(Vxn)[2V[n(V-n)+nxVxn[.

Upon integration, the last term yields a surface contribution which can be
neglected if we are only interested in bulk properties. Finally, we obtain:

F = c + S2(r){(Li + L2/2)[V n(r)12 + Li[n(r) V x n(r)r
+ (L1 + L2/2)[n(r) x V x n(r)121 (3.2)

Equation (3.2) strongly resembles the usual expression for the deformation
free-energy density in a nematic:

F = c+1{.K.Y n(r)]2 + K2[n(r) V x n(r)r + K3[n(r) x V x n(r)]2}
(3.3)

where K1,K2 and K3 are, respectively, the Frank elastic constants for
'splay', 'twist' and 'bend'. The director patterns corresponding to typi-
cal long-wavelength periodic splay, twist and bend deformations are shown
in fig. 13. I have chosen to display periodic director variations, because I
find the drawing of splay, twist and bend deformations that one finds in
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most publications rather misleadihg. According to eqs. (3.2) and (3.3):
= (9/2)S2(L1 + L2/2), K2 = (9/2)S2L1 and K3 = K1. This suggests

that the Frank elastic constants are proportional to the square of the ne-
matic order parameter, provided that the constants L1 and L2 do not vary
strongly through the I-N transition. The prediction K1 = K3 is an artifact
of the present derivation in which we only considered gradient terms of
the second-order tensor order parameter. If higher rank order parameters
are included in the expansion, all three elastic constants will in general be
different [46].

Next consider how one should compute the Frank elastic constants. The
most direct way is to evaluate the difference in free-energy per unit volume
between a uniformly aligned nematic and the same substance under slowly
varying deformation of a given type. On a molecular level, the effect of a
variation of the director is to make the single-particle density p f (12) a func-
tion of position. The natural language to describe the effect of a variation
in the single-particle density on the free energy is density-functional the-
ory. In the limit of very slowly varying deformations the local density and
structure of the nematic is not affected by the director deformation. Hence,
while the local alignment axis n' varies in space, the local orientational dis-
tribution function f (n' u) has the same functional form as fo(n u) in
the undeformed sample. Following Poniewierski and Stecki [47] in spirit
(but not in notation), and expanding the free energy to second order in
(f fo)

AF
= f dr di/ dr' di?' (f n' (1) fo(r. n 12))kT 2

x (f n' (1') f o(r' , n if)) rate , r', (2 . (2' ) . (3.4)

Equation (3.4) is the starting point (in some cases a posteriori [48-50]) for
most molecular theories of the Frank elastic constants. Note that the de-
formation free energy is invariant under a global rotation of the orientation
of the director of the undeformed state. This allows us rewrite eq. (3.4)
in the following way. We transform to new coordinates R (r + r')/2
and Ar (r r'). We first perform the integration over Ar at fixed R
taking as the direction of the director of the uniform reference state the
value of n at R. The distribution functions at r and r' is obtained by
Taylor expansion:

f (n(R +
Ar

) = f (n(R) fl)
2

Or VR Or VR)
2 2 ) 2 )

Ar V
R f (n(R) II)

2

f (n(R) (1) + 0(1.3r) . (3.5)

- -

fl) +

1- \
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After partial integration, eq. (3.4) reduces to:

AF 1

kT
=

4
p2 dR dAr dil (n (1) f' (n f2')

x [Ar V R(n 11)][Ar V R(n 12')] c2(Ar, (2, fr) . (3.6)

To compute a particular Frank constant we impose a director pattern that
corresponds to a pure splay, twist or bend deformation. For instance, to
compute K1 we could choose:

n(R) = + X"

with small. For this deformation, V n = E and Ar V R(n 11) = fAxf2s.
Hence,

K1 =
2

I2C

T f dR dAr di/ dil'

x (n (2')A2 x 112x c2(Ar, . (3.7)

As usual, the problem is that knowledge of the direct correlation func-
tion is required. In the Onsager model c2 is known exactly (it is equal to
vexcl(r, r',12, (1'). And for this model calculations of the elastic constants
were performed approximately by Priest [48] and Straley [49], and essen-
tially exactly by Poniewierski and Stecki [47] and Lee and Meyer [50]. For
the Onsager model K1 = 3K [51]. Odijk has shown that in the Gaussian
approximation (see section 2.4) very simple analytical expressions result
for the elastic constants [51]:

7c K1 4c3
,= K2 =

8ir 3
K3 = (3.8)

where c B2p. Equation (3.8) clearly shows that K3 the bend elas-
tic constant, has a much stronger density dependence than K1 and K2
The Gaussian approximation is particularly useful to estimate elastic con-
stants in mixtures of hard-rods and in systems consisting of semi-flexible
molecules. For more details, see [51-53].

In general, the direct correlation function in eq. (3.4) is not known and
must be approximated. In models that stress the importance of long-range
anisotropic interactions (i.e., the usual context of the Maier-Saupe model)
the most logical choice is to write the anisotropic part of c2(ri3, fli) as
-U (rij, fli, kT (see e.g., ref. [54]). Over the last two years there has
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been much progress in the development of density-functional techniques to
compute Frank elastic constants of hard-core nematics (see e.g., refs. [55
57,75]). The crucial point in these theories is to find an accurate represen-
tation of the direct correlation function.

In this context it would be highly desirable to have accurate simulation
data on c2. Unfortunately, a simple method to 'measure' c2 in a com-
puter experiment seems to be lacking. However, it is possible to measure
the Frank elastic constants themselves in a simulation (although, unfor-
tunately, not very accurately). The method that is used to estimate the
Frank elastic constants in a simulation is to measure the mean-square am-
plitude of certain director fluctuations. In spirit, this technique is identical
to an experimental method to extract the value of K, from the intensity of
light scattered by director fluctuations (see e.g., ref. [5]).

Consider a nematic with the average director no along the z-axis. To first
order, a fluctuation in the orientation of the director will be perpendicular
to the director itself. This is so because the director is a unit vector: hence
6(n n) = 2n bn 2n0 Sn = 0. Therefore bn lies in the xy-plane. Let
us now consider equation (3.3) in Fourier- transformed from:

1F = c+ '{1<i[q n(q)]2 + K2[no (q x n(q))? + K3[no x q x n(q)]2) .2V

(3.9)

It is convenient to transform to a different coordinate system in which the
director fluctuations are decomposed in a component n2 (q) perpendicular
to q and a component n1(q) perpendicular to both no and n2. Similarly,
we decompose q in components q11 and EL that are respectively parallel and
perpendicular to no. With these definitions, equation (3.9) becomes:

F = c +
a

1 (q)I2 (IC + Kaqi) .2V otid,2 (3.10)

Note that eq. (3.10) is a sum of quadratic terms. Equipartition dictates
that the average contribution to the free energy of every quadratic degree
of freedom is equal to kT. Hence:

(lni(q)12) = +
V kT

(In2(9)12) = KAr + K2q1.

V kT

(3.11)

E
q 0=1,2

It-34 K jqi
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Direct measurement of these fluctuations for various values of q allows us
to determine K1, K2 and K3. This is all very well for a light-scattering
experiment that probes long-wavelength director fluctuations. However, in
a typical simulation the accessible wavelength are very short (typically 5-10
molecular diameters. On such short length scales the average director is
an ill-defined quantity. In contrast, the tensor order parameter Q is well
defined. If we now employ equation (2.4) of section 2.1:

s3nn I
2 '

we see that for small director fluctuations around the z-axis the following
relation must hold:

Q. = Sinzönc,

or, using the fact that rt, = 1:

2
bna

S'(2za

(3.12)

(3.13)

To go to a completely molecular description of the director fluctuations, it
is convenient to define the tensor order-parameter density Q(r):

luza SaoQ(r) =E( )6(r ri) .
2i=1

Clearly, the ensemble averaged value of Q is equal to:

3nn I
(Q) = PS 2

(3.14)

We can now express director fluctuations in terms of fluctuations of the
completely microscopic quantity Q:

3pSQ(q) = -öna(q) (3.15)

Finally, we can insert eq. (3.11) in eq. (3.15) to obtain:

(9/4)p2S2VkT
(I2za(9)12)

= K3q .(3.16)

Q =

=

N

.

2K+ 0(11
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-Ob

Fig. 14. Starting form eq. (3.16) we can compute the Frank constants K3 and
K2 if we choose q in the xz-plane and a = y. Using the variables k2 k z2 k x2

and A kx2 q, we can plot the right-hand side of eq. (3.16) as a function of
k2 for A = 0 (E23 in the figure) and the derivative of this function with respect
to A ( D23 in the figure). K2 + K3 is then obtained from the low-k slope of E23
and K2 K3 is obtained from the zero-k intercept of D23 (see [46]).

Equation (3.16) provides the microscopic definition of the Frank elastic
constants that we need. For more details, the reader is referred to the
book by Forster [58] and the 1982 paper of Poniewierski and Stecki [47]. It
should be noted that there are two serious drawbacks that limit the use of
eq. (3.16) in numerical simulations. The first, and most obvious one is that
the elastic continuum theory of nematics is only expected to hold for low q-
values. In practice, the small wavevector cutoff in a simulation is at qmin =
(2r/L) where L is the linear dimension of the simulation box. Figure 14
shows an example of a fit to the simulation results for the left-hand side of
eq. (3.16). At very low q we would expect to observe a linear dependence
on q2. However, for the small system-sizes studied in a simulation, higher
order terms must be included in the fit. For more details, see [46] and
[59]. A second (related) point is that eq. (3.16) implicitly implies that all
fluctuations of Q correspond to director fluctuations. However, at large
q, we should also expect to see appreciable fluctuations in the magnitude
of the order-parameter S. Such fluctuations correspond to the terms in
VS that we have neglected in eq. (3.1). Finally, the statistical accuracy
for the Frank constants that can be achieved at present using eq. (3.16) is

a

2

2

-02

023

+

10



Liquid crystals 727

quite limited (10-20%). As a consequence, the comparison of the results
of ref. [46] (including a correction factor (9/4) that is missing in ref. [46])
with existing density-functional theory predictions is only fair. However,
in view of the small system-size that had to be used in the simulations,
this might just as well be due to the simulations as to the theories. The
simulation results could be improved by going to larger systems and longer
simulations, i.e., by using (much) more computer power.

4. Two-dimensional nematics

Once we know the elastic constants of a nematic, it is possible to compute
the free energy needed to create a topological defect in a uniform director
pattern. The elementary defect in a nematic director pattern is a line-defect
called a disclination. Tracing a path around the core of a disclination, the
director orientation changes by a multiple of 7r. For the simplest disclination
the alignment axis rotates over an angle of 7r. Using eq. (3.3) we can
compute the elastic free energy of a disclination [very close to the core
of a disclination we can no longer use eq. (3.3)]. It is natural to ask if
the presence of topological defects in a three-dimensional liquid crystal has
any consequences for its thermodynamic behaviour. For bulk nematics
the answer is: no (apart from the somewhat unfortunate effect on the
nomenclature).

However, the are situations where topological defects play a crucial role.
The most spectacular example in 3D is the so-called blue phase that occurs
in cholesterics close to the ChN transition (for a discussion that stresses
the 'defect' interpretation of blue-phases; see [60]).

Here I shall discuss another situation where topological defects may
be of crucial importance, namely the isotropicnematic transition in two-
dimensional systems. Of course, true two-dimensional nematics do not
exist in nature. However, a 2D nematic may be a reasonable model for sys-
tems of non-spherical molecules adsorbed on structureless interfaces. Be-
fore proceeding with a discussion of defects in 2D nematics, let me briefly
summarize what Landau theory tells us about the I-N transition in two di-
mensions. We start with the assumption that the orientational distribution
function of a 2D nematic is of the form

1 1f (9) = + E sm cos . (4.1)
m=1

This equation defines the nematic order-parameters Sm. As before, we
expand the free energy in powers of the nematic order-parameters. If we

CO
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neglect all contributions of order-parameters other than the lowest, we
obtain:

F = a(T T*)S2 + cS4 + eS6 + . (4.2)

This series only contains even powers of S, because a change of sign of
S ==_ (cos 20) is equivalent to a rotation of the director over an angle 7r/2.
Such a global rotation does not, of course, affect the free energy. If we
assume that c in eq. (4.2) is positive, then this Landau-expansion predicts
a second-order phase transition at temperature T*. In fact, a second-order
phase transition is also predicted by the 2D version of the Maier-Saupe
theory [61] and even the two-dimensional equivalent of the Onsager theory
for thin hard rods predicts a second-order I-N transition [19]. It should
be stressed, however, that in two-dimensions the Onsager theory is not
exact because the higher-order virial terms in the density expansion of the
free energy are not negligible. The fact that three approximate models all
yield a similar prediction for the nature of the 2D I-N transition might
be taken as an indication that this transition is indeed second order. In
fact, the situation is more subtle than that. First of all, there is always the
possibility that the 2D I-N transition is simply first order (for instance,
if c in eq. (4.2) is negative and e is positive, or if more order parameters
are taken into account). But there is also the more interesting possibility
that the transition is continuous, but not of finite order. Such transitions
were first considered by Kosterlitz and Thouless (KT) in a slightly different
context [62]. Here I shall only sketch the barest essentials of the Kosterlitz-
Thouless scenario in the context of 2D-nematics.

Let us first consider the expression of the Frank free-energy density of a
2D-nematic. We choose the average director along the y-axis. We denote
the angle between the average director and the instantaneous local director
by 0. By analogy to the three-dimensional case, the expression for the
deformation free energy is of the form:

Fp = (axn.)2 + K3(avnx )2
1K1(ax9)2 1K3(ay0)2 (4.3)

where, in the last line of eq. (4.3) we have assumed that 0 is small. We
shall simply postulate that the deformation free energy of a 2D nematic is
given by eq. (4.3). Moreover, we shall assume for the sake of convenience
that K1 = K3. In that case we obtain a very simple expression for the
deformation free-energy density:

FD = 1K(V0)2 . (4.4)

= + ,
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Using this expression, it is easy to compute the elastic contribution to the
free energy of a single -disclination in a 2D-nematic. Consider a circular
path (circumference 27rr) around the dislocation core. Along this path, the
director rotates over an angle 7r. Hence (V0)2 = (1/202. If we insert this
expression in eq. (4.4) and integrate from the dislocation core (radius ao,
say) to L (the linear dimension of the system) then we find that the elastic
energy of an isolated disclination is:

1 L 27rr
Fel K --2- dr = 7K log(L/a0). (4.5)

2 4r 4

Clearly, Fel -> oo if L 4 oo. This would seem to suggest that no free
disclinations are possible in a 2D nematic. However, we should also con-
sider the 'configurational entropy' of a single disclination, i.e., the entropy
k log 52 associated with the number of distinct ways in which we can place a
dislocation in a two-dimensional area L2. If we use ao as our unit of length,
then the configurational entropy is given by k / ao)2 (where we have
neglected an additional constant, independent of system size). Combining
this expression for the configurational entropy with our expression for the
elastic free energy [eq. (4.5)] we obtain the following expression for the total
free energy of a single disclination in a 2D nematic:

2kT)log(L/a0).Flow (4.6)
4

Equation (4.6) suggests that if kT < (7rK/8) no free disclinations are pos-
sible, whereas for kT > (7rK/8) spontaneous generation of free disclina-
tions may take place. However, if a nematic contains a finite concentration
of free disclinations, orientational correlations are destroyed over distances
longer than the characteristic separation of the free defects and the resulting
phase is an isotropic fluid. This simple version of the Kosterlitz-Thouless
scenario for defect mediated phase transitions predicts that the nematic
phase cannot be stable above a critical temperature kT* = (7rK/8). At
that temperature there is a continuous phase transition (of 'infinite' order)
from the nematic to the isotropic phase. However, there is an alternative
possibility: namely that the transition is simply first order. But if the

transition is first order then this transition must occur before the ne-
matic phase has reached the point where it becomes unstable with respect
to the formation of free disclinations: i.e., at a first-order transition
the following inequality must hold:

8kT
K > .

Ir

=

irk
= (

I-N

I-N

I-N
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This condition also follows from the more rigorous version of the K-T-
theory.

Note that our discussion of the disclination-mediated I-N transition was
based on the assumed from of the Frank free energy [eq. (4.3)]. It should
be stressed that this form of the deformation free energy has quite drastic
consequences for the nature of orientational order in 2D nematics. In par-
ticular, it implies that there exist no true long-ranged orientational order in
such systems. To see this, consider the expression for the Frank free energy
[eq. (4.4)]. If we expand the director angle 0(r) in Fourier components:

0(r) = 1 0(k) exp(ik r) ,
V

then the Frank free energy can be written as a sum of quadratic terms:

FD k210(42
2V

Using equipartition, we get:

kTV

(4.7)

(4.8)

Let us next consider long-range orientational correlations in 2D nematics.
We define the t-th orientational correlation function as:

ge(r) (cos 240(0) 0(r))) = Re(exp[-2it(0(0) 0(r))]) . (4.9)

As the free energy [eq. (4.7)] is quadratic in 0(k), we may replace
(exp(-2ii(0(0) 0(r))) in eq. (4.9) by the corresponding second-cumulant
expression:

ge(r) = exp[-2t2 ((0 (0) 0(0)2)] . (4.10)

Next, we employ the fact that ((0(0) 0(0)2) = 2((0(0))2) 2(0(0)0(r)).
Using the Fourier expansion of 0(k) we can write (0(0)0(r)) as:

1
(0(0)0(r)) = E(I0(k)12)exp(ik r) . (4.11)

Inserting eq. (4.8) and replacing the Fourier sum by a Fourier transform
from knit, = (27r/L) to kma. = (27r/ao) we get:

kT fkmax exp(ik r)
(0(0)0(r)) = dk . (4.12)(2702 L., ick2

E

E

(I0(k)12) = K k2

-

-
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Hence,

((0(0) 0(0)2) =
T

log(r/ao)
irK

and finally:

ge(r) = (r 1 rK) r ra (
4 ao

(4.13)

where the last term on the right-hand side of eq. (4.13) defines the ex-
ponent i. Note that this equation implies that, provided that eq. (4.3)
is valid, there is no true long-range orientational order in a 2D nematic,
but algebraic or 'quasi long-range' order. Using the same approach we can
show the average order parameter (cos 20) also vanishes algebraically with
increasing system size:

((cos 20)
r)

ao
a (4.14)

Now recall that we had derived that in order for a 2D nematic to be
stable against the spontaneous generation of free disclinations, K could
not be less than ir/(8kT). Hence, at the K-T transition the orientational
correlation functions and the nematic order parameter must satisfy the
following relations:

ge(r) =
ao

L y(1/8)
(cos 20) cx (-

ao

(4.15)

(4.16)

Two points should be stressed: [1] if the I-N transition is first order then,
at the transition the exponents of ge and (cos 20) must be less than the
critical values given by eq. (4.15). And [2]: the above arguments rest on
the assumption that the deformation free energy is of the form given by
eq. (4.4). If this expression is valid, 2D nematics can only have algebraic
orientational order. However, it has thus far only been possible to prove
the absence of true long-range orientational order for a certain class of
short- ranged potentials called separable [63]. A pair-potential is called
separable if the interaction energy of two molecules at fixed center-of-mass
separation ri3 depends only on the relative orientation of the two molecular

\a0J
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Fig. 15. Equation of state of two-dimensional fluid of infinitely thin hard needles
of length 1, as obtained by Monte Carlo simulation [64]. Note that in this figure
the reduced pressure is the independent variable. The reduced density (pL2) is
indicated by crosses, the chemical potential p by triangles. The drawn curves at
low pressure were computed using a 5-term virial series. For more details, see
ref. [64].

axes u, u3, but not on r,3 u or r u3. Realistic pair-potentials are
hardly ever separable.

There are therefore two obvious questions that one could ask about 2D
nematics. [1]: If the pair potential is non-separable, do we find algebraic or
true long-range order? And [2]: if we find algebraic order, do we observe
a first order I-N transition or a continuous one of the Kosterlitz-Thouless
type.

To start with the first question: a good starting point would be to choose
a pair-potential that is as non-separable as possible. An obvious candidate
is a two-dimensional model of infinitely thin hard needles [64]. This pair
potential is very non-separable in the sense that, at fixed Ir,31 and fixed
u, u3 the pair potential is not constant, but may vary between 0 and
oo. The equation of state of this system is shown in fig. 15. According to
the bifurcation analysis of the corresponding Onsager limit [19] a second-
order isotropic-nematic transition is expected at a density pL2 = (37r/2) =
4.712 and a pressurePL2 = 11.78 . At first sight this seems to be quite
a reasonable estimate of the I-N transition, because very close to this point
the equation of state appears to exhibit a change of slope. However, analysis
of the long-distance behaviour of the orientational correlation functions
and of the system-size dependence of the order-parameter (cos 20) indicate

.
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.1 r/L
Fig. 16. Orientational correlation functions g2(r) E (cos 2(0(0) Or))) and
g4(r) (cos 4(0(0) OM)) for a two-dimensional system of hard needles of
length L = 1. This figure shows that at a reduced density pL2=6.75 the orien-
tational order decays exponentially. In other words: the phase is isotropic.

100

that the higher density phase is not a stable nematic. The orientational
correlation functions decay either exponentially (see fig. 16) or with an
apparent algebraic exponent that is larger than the critical value given in
eq. (4.15). Only at a density that is almost twice the Onsager transition
point does the observed behaviour conform to what is expected for a stable
nematic with algebraic order (see figure. 17). However, at this density
the equation of state is completely featureless. Such behaviour is to be
expected if the I-N transition is in fact of the K-T type.

I am not aware of any 2D hard-core systems that show anything but
quasi-long range nematic order. For continuous potentials the literature is
a less clear [65,64], but I would be very surprised to see true long range
orientational order in a 2D liquid crystal in the absence of positional order.

5. Smectics

5.1. Introduction

Thus far I have only discussed the simplest possible liquid-crystalline phase,
i.e., the uniaxial nematic. We have found that simple excluded volume
effects can give rise to nematic order, and that anisotropic van der Waals
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.1

r/L
Fig. 17. Orientational correlation functions g2(r) (cos 2(0(0) 0(r))) and
g4(r) (cos 4((0) 0(r))) for a two-dimensional system of hard needles of
length L = 1. This figure shows that at a reduced density pL2 = 8.75 the ori-
entational order decays algebraically. From the values of the algebraic exponents
712 and 7/4 the effective Frank elastic constant can be computed. At p = 8.75
this Frank constant is large enough to make the 2D nematic stable with respect
to disclination unbinding. The isotropic-nematic transition is estimated to occur
somewhere around p = 7.5. Note that if we had only used fig. 15 to locate the
isotropic-nematic transition, we might have concluded that this transition occurs
at a density of approximately 5.0 in reduced units.

10

g2

forces can do the same. It is legitimate to ask what new ingredients (if
any) we must add to our molecular model, in order to account for the
existence of other liquid crystalline phases? In the present section, we
consider models for the smectic-A phase: as mentioned above, this phase
has one-dimensional positional order in addition to the orientational order.
It constitutes the next link in the series of phases between isotropic liquid
and crystalline solid. As with the nematic phase there is a wide variety
of phenomenological and molecular models that aim to explain smectic
ordering. Unfortunately, there is no exactly solvable model that exhibits a
transition to a smectic phase.

I shall first discuss the transition to the smectic-A phase phenomenolog-
ically. Next I shall discuss the N-SA transition from a 'molecular' point
of view. And finally I shall mention some numerical results obtained by
computer simulation. The reader should not expect to find a mini-review of
recent research on the N-SA transition in this section. The majority of pub-
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lications in this field deal with critical phenomena at the N-SA transition.
Yet, I shall not discuss this topic at all. Not because it is uninteresting: on
the contrary, the critical behaviour at the N-SA transition still remains to
be explained and constitutes 'one of the major unresolved theoretical ques-
tions in equilibrium statistical mechanics' [3]. However, the 'molecular'
picture of liquid-crystals becomes largely irrelevant on the length-scale of
critical fluctuations. And it is this molecular description of liquid crystals
that I intend to discuss.

5.2. Landau theory

The smectic-A phase is an orientationally ordered fluid with a one-
dimensional density modulation along the direction of molecular alignment.
If, for convenience, we assume that the molecules are cylindrically symmet-
ric and that the director n is aligned along the z-axis, the single-particle
density p1 is of the form:

pl(x , y, z, u) = p(z, n u) . (5.1)

In general, p1 may still be a very complicated function of z and u n
COS 9. To simplify matters, let us first consider a perfectly aligned smectic.
This is not a completely absurd model because in nature most smectics are
strongly aligned: i.e., the orientational order-parameter S = (P2 (cos 0)) is
close to 1. Next, we expand p1(z) in Fourier components:

00

p(z) (p) E pn cos(27rn(z/d) + On) , (5.2)
n=1

where d is the (as yet unknown) smectic layer spacing, On is an arbitrary
phase angle, and (p) is the average number density. In what follows we
shall limit the discussion to the case On = 0. Experimentally, the Fourier
components of the density can be measured using X-ray diffraction (see,
e.g., ref. [3]). These experiments indicate that for most known smectics
Pi >> p (n > 1). Let us therefore start by considering a model where
we ignore all pn with n > 1. In that case the single-particle density has a
simple sinusoidal modulation:

p(z) (p) = P1 cos(2r(z 1 d)) (5.3)

In the spirit of density-functional theory we assume that the free energy of
the system is a functional of the single-particle density, and that therefore

+
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the free energy difference between the smectic and the nematic state is a
function of pi:

A 2 C 4
Fs FN = )91 + 4 Pi + (5.4)

This equation contains only even powers of pi , because a change of sign
of pi is equivalent to a translation of all layers over a distance d/ 2. Such
a translation does not change the free energy of the system, and hence F
is even in pi Let us now assume that the coefficient A changes sign at a
temperature T* , while the higher order coefficients C, are slowly varying.
Then we have reduced the problem to the standard Landau scenario of
second-order phase transitions. In particular, we find that for T > T* F
has its minimum at pi = 0 (nematic phase), while for T < T* the most
stable state corresponds to

= (T* T) .

The above phenomenological description of the nematic to smectic-A tran-
sition is too restricted for two reasons. First of all, the N-SA transition
may be first-order. And even when the N-SA transition is not first-order,
its critical behaviour is more complex than that of a simple 2nd-order tran-
sition [3].

It is quite simple to include the possibility of a first-order N-SA transition
in the Landau theory by including some additional terms. Actually, there is
a wide choice of possible extensions to the Landau free energy density that
will do the job. For example, we could extend eq. (5.4) by including terms
containing powers of the second smectic order parameter (p2) and mixed
terms, such as p2pl. More interesting is the situation where we consider the
coupling between density fluctuations and orientational order fluctuations.
In this case the free energy is expanded around a nematic reference state
with nematic order parameter So. The change in free-energy density due
to smectic fluctuations (pi ) and orientational order parameter fluctuations
(AS S So) is:

A C 4 As 2 D
Fs FN = + p + (AS)2 +

6
pY + . (5.5)

2 1 4 1 2

If we first minimize this equation with respect to AS we find:

Pi

-7=-

2
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If we insert this expression in eq. (5.5) and we assume, as before, that A
changes sign at a temperature T* [A = a(T T*)[, then eq. (5.5) can be
written as:

C 2B2/As 4 D 6
Fs FN = (T T*)p? + Pi + 6 Pi + (5.6)

2 4

Equation (5.6) shows that the nature of the phase transition (first or second
order) depends on the sign of C 2B2/As. If this term is positive the
phase transition is second order. If it is negative the transition is first
order. Clearly a strong coupling between fluctuations of the nematic order
parameter S and the smectic order parameter p1 (i.e., a large B) favours a
first-order N-SA transition. For more details the reader is referred to [9].

5.3. Mean-field theories

The early 'molecular' theories of the N-SA transition [66-68] provide some
more insight in the factors that determine the nature of the transition
to the smectic phase. In the language of density-functional theory both
the Kobayashi-McMillan model [66,67] and the Meyer-Lubensky model
[68] can be considered as special cases of second-order density functional
theory. In the Meyer-Lubensky model it is assumed that the molecules in
the nematic phase are perfectly aligned. The change in free energy due to
a smectic density modulation is given by:

AF 1
=

2
C2(zi z2, p(z1) p(z2) dri dr2. (5.7)

As before, all the physics of the problem is contained in the direct corre-
lation function c2. In the Meyer-Lubensky molecular field theories it is
assumed that c2 is a short-ranged function, e.g., a Gausssian. The nature
of the N-SA transition is found to depend on the range of this Gaussian.

In the Kobayashi-McMillan model there is an additional degree of free-
dom in the theory, namely the orientational distribution of the molecules.
If we retain the most general form for the direct correlation function c2 in
the nematic phase then even the mean-field theory would become totally in-
tractable. In the Kobayashi-McMillan theory a judicious selection is made
of the simplest 'essential' contributions to c2: one term that reflects the
tendency of molecules to align [this contribution also appears in the Maier-
Saupe theory, see eq. (2.16)] and one term that couples density modulations
to fluctuations in the orientational order parameter. By varying the rel-
ative strength of these two terms it is possible to reproduce a rich phase

hT
f
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diagram. If the coupling between ofientation and density modulation is
strong, a first-order I-SA transition is found. If the orientation-orientation
coupling dominates we find a first order I-N transition and a second order
N-SA transition. And in between we also find a first-order I-N transition,
but now the N-SA transition is first-order too. Clearly, the Kobayashi-
McMillan theory is quite successful in reproducing the phenomenology of
the I-SA, I-N and N-SA phase transitions. However, it should be borne in
mind that c2 in this theory is postulated, not computed. So, although this
theory may suggest what kind of microscopic interactions will favour the
formation of a SA phase, it is not a 'microscopic' theory. Below we shall en-
counter examples of recent density-functional theories for the smectic phase
that aim to compute c2 directly from knowledge of the intermolecular po-
tential. However, first we shall discuss the results of computer simulation
studies of the smectic state.

5.4. Hard-core models: beyond nematics

It would of course be nice if there existed something like the Onsager model
for smectics: an exactly solvable model system that exhibits a transition
to the smectic-A phase. Unfortunately, no such model is known. Hence
the only way to test approximate 'molecular' theories of the smectic phase
is to compare with computer simulations. In the spirit of the section 2.5
we look for the simplest possible model that will form a smectic phase. In
the case of nematics convex hard-core models were the natural candidates
because these constituted the natural generalization of the Onsager model.
However, for smectics it is not obvious that hard-core models will work.
In fact, in the existing textbooks on liquid-crystal physics the possibility
of a hard-core smectic is not even discussed. To my knowledge the only
pre-simulation article discussing the possibility of hard-core smectics is a
paper by Hosino et al. [69]. The 'traditional' approach was to ascribe
smectic ordering to attractive interactions between the molecular cores or,
alternatively, to the change in packing entropy of the flexible tails of the
mesogenic units [25].

5.4.1. Parallel molecules
Whereas essentially any fluid of sufficiently non-spherical convex hard bod-
ies will form a nematic phase, non-sphericity alone is not enough to from a
smectic phase. This is best demonstrated by the following simple example.
We know from experiment that in many smectic phases the orientational
order parameter S 1. Let us therefore first consider the possibility to
form a smectic phase in a fluid of perfectly aligned molecules (S = 1).
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0 0 0
() 0 0 0000 000

0 0 0 0
0 0

Z -> (B/A) Z

Fig. 18. Example of the affine transformation that maps a system of parallel
ellipsoids with length-to-width ratio alb onto a system of hard spheres. To
facilitate the identification of particles before and after the transformation, all
particles have been labelled with letters.

We know that sufficiently non-spherical hard ellipsoids can form a nematic
phase (see section 2.5). It is natural to ask whether a perfectly aligned
nematic of hard ellipsoids can transform into a smectic phase. The answer
to this question is: no. The reason is quite simple. Consider a fluid of
ellipsoids with length-to-width ratio alb all aligned along the z-axis (say).
Now we perform an affine transformation that transforms all z coordinates
into coordinates z', such that z' = (bla)z. At the same time we transform
to new momenta in the z-direction: p'z = (alb)pz. Clearly, this transfor-
mation does not change the partition function of the system, and hence
all thermodynamic properties of the system are unchanged. However, the
effect of this affine transformation is to change a fluid of parallel ellipsoids
into a system of hard spheres (see fig. 18). But, as far as we know, hard
spheres can only exist in two phases: fluid and crystal. Hence parallel ellip-
soids can only occur in the (nematic) fluid phase and in the crystalline solid
phase. In particular: no smectic phase is possible. This makes it extremely
improbable that a fluid of non-parallel ellipsoids will form a stable smectic.
Such a phase is only expected in the unlikely case that the orientational
fluctuations would stabilize smectic order.

This example demonstrates that we should be careful in selecting possible
models for a hard-core smectic. Surprisingly (and luckily) it turned out that

0
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Fig. 19. Typical snapshot of a system of parallel spherocylinders with length-to-
width ratio LID = 5 in the nematic regime (density p/pcp=0.40). The lower
figure shows a side view of the system, the upper figure a top view. To enhance
the clarity of the figure all spherocylinders are represented by line segments of
length L

another very simple hard-core model system, namely a system of parallel
hard spherocylinders, does form a smectic phase [70,71]. This is shown
in figures 19,20 and 21 which show a nematic, smectic-A and crystalline
phase of a system of hard parallel spherocylinders with length-to-width
ratio LID = 5. In fact, there is at least one more liquid crystalline phase
of parallel hard spherocylinders, namely the columnar phase (see fig. 22). A
stable smectic phase is possible for length-to-width ratios LID 0.5. The
range of stability of the columnar phase is known less accurately: it is found
for parallel spherocylinders with LID ratios of 5 and larger. A tentative
'phase-diagram' of parallel hard spherocylinders is shown in fig. 23.

At first sight it may seem surprising that the columnar phase is found for
large LID values. In nature, columnar liquid crystals consist of flat, disk-
like molecules. However, there is no contradiction between this observation
and the simulation results. To see this, we apply once again an affine
transformation of all z coordinates by a factor DIL. This transforms a
spherocylinder with length-to-width ratio LID into a cylinder of length 1,
while the hemispherical caps are transformed into oblate ellipsoidal caps
with axial ratio DIL. In the limit of large LID these ellipsoidal caps
become very flat. And in the limit LID --+ oo a system of parallel hard
spherocylinders is equivalent to a system of hard 'chequer stones'. This
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Fig. 20. Typical snapshot of a system of parallel spherocylinders with length-
to-width ratio LID = 5 in the smectic regime (density p/pep=0.50). Note
that although the system is periodic in one direction (lower figure), there is no
long-range positional ordering in the other directions (see upper figure).
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Fig. 21. Typical snapshot of a system of parallel spherocylinders with length-to-
width ratio LID = 5 at a density PIP, p 0.82 where the crystalline solid is
stable. Note that the system is periodic in all three directions.

makes it plausible that a system of parallel spherocylinders with large LID
behaves like a system of flat, disk-like particles.
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Fig. 22. Typical snapshot of a system of parallel spherocylinders with length-to-
width ratio LID = 5 at a density p/pcp = 0.80 in the columnar phase. Note
that the system is periodic in the direction perpendicular to the alignment axis
(see top figure), but not along this axis.

00 05 1.0 2.0 10 4.0 5.0
LID

Fig. 23. Schematic 'phase diagram' of a system of parallel hard spherocylinders
as obtained by computer simulation [71]. The abscissa indicates the length-to-
width ratio LID. The ordinate measures the density referred to the density
at regular close packing. The grey area is the two-phase region associated with
first-order phase transitions. The simulations of ref. [71] found evidence for a
nematic, smectic-A, columnar and crystalline solid phase. However, more recent
evidence suggests that the phase behaviour at large LID-values is more complex
than shown in the present figure.
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5.4.2. Theories of parallel hard-core systems
At first sight it seems very surprising that pure excluded volume effects
can give rise to smectic ordering. However, stimulated by the computer-
simulation results a number of authors have reexamined the theoretical
description of hard-core liquid crystals and have come up with quite sim-
ple models that do in fact predict smectic and, in some cases, columnar
phases [72-78,80,81] The earliest and most transparent density-functional
theory of hard-core smectics is due to Mulder [72]. The basic results of the
work of Mulder are in fact so surprisingly simple that they can literally be
reproduced on the back of an envelope. Mulder considers the functional
expansion of the free energy of a system of parallel hard 'capless' cylin-
ders in powers of the single-particle density. In principle such an expansion
is exact, and diagrammatic expressions for all the expansion coefficients
are known (see ref. [20]). In practice, however, this diagrammatic expan-
sion becomes increasingly cumbersome as higher powers of p1 are included.
What Mulder showed is that even a simple second-order density functional
theory for hard right cylinders exhibits a second-order nematicsmectic
transition. He thereupon showed that the inclusion of higher-order terms
in the expansion does not change this qualitative picture. Here I shall only
discuss the second order theory because it is both simple and illuminating.

The starting point for the present discussion is the OrnsteinZernike
expression for the structure factor of a fluid at particle density p:

1

Sq) 1 p c(q)
(5.8)

where c(q) is the direct correlation function. In the second-order density
expansion that we are considering, c(q) may be replaced by its low-density
limit c(q) f(q), where f(q) is the Fourier transform of the Mayer f-
function. We are looking for the point where the system becomes unstable
with respect to one-dimensional density modulations. In order words, we
wish to find lowest value of p for which S(q) diverges. At that density, we
must have that pc(q) = 1. Let us now consider what density modulations
could give rise to such an instability. For the model consisting of aligned
hard cylinders with length L and diameter D, this is very easy to compute,
because the Mayer f-function itself can be simply written as a product of
two 0-functions:

f(r) = -0(L IzI)0(r2± D2) , (5.9)

where we have chosen z as the alignment axis, while r± denotes the distance
in a plane perpendicular to z. It is now trivial to compute f(q) and hence

=
'
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c(q):

f (q) = [2Ljo(q11L)] x [ir D2 ji(q±D)
)12 '

(5.10)

where J1 is the first-order Bessel function and jo is the zero-order spherical
Bessel function. Defining reduced wavevectors q q11L and qi q_LD,

the condition pc(q) = 1 is now equivalent to:

877jo(qii )
(q1)

= 1 (5.11)

We are looking for the lowest-density root of eq. (5.11). This will occur for
that q-value that gives the largest positive value for eq. (5.10). This will
happen either when qi = 0 and jo(4) is at its first (and lowest) minimum,
or when qri = 0 and Ji(qI)/(qi /2) is at its minimum. The corresponding
solutions for n and q are:

= 0.575 4
= 0.945 4

In this model, the transverse ('columnar') ordering is predicted to occur
at unphysical packing fraction n = 0.945, but the longitudinal ('smectic')
ordering is predicted to occur at a packing fraction ti = 0.575. This value
is higher than what is observed in the simulations of ref. [71]. However,
the analysis of Mulder indicates that the addition of third and fourth-order
terms in the density-functional expansion tends to lower the transition
density to a value n = 0.3694 that is quite close to the one observed by
Stroobants et al. (q 0.35). Similarly, the higher-order density corrections
increase qiii` to a value 4.85, which should be compared the simulation result:

4.95.
Density-functional theories that predict a phase-diagram of hard parallel

spherocylinders for all L/D-ratios were presented by Holyst and Poniewier-
ski [75-77] and by Somoza and Tarazona [74]. These density-functional
theories differ from the one used by Mulder in one important respect: they
are not expansions around zero density. Physical arguments are used to
construct an approximate density functional that can be used at all den-
sities of interest. This advantage of the theories of [74-77] is at the same
time their weakness: it is very difficult to improve systematically on a clever
guess for c2. Both theories account quite well for the density-dependence
of the smectic layer spacing observed in the Monte Carlo simulations. The
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= 0 q*, = 5.136
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Fig. 24. Phase diagram of parallel hard spherocylinders as predicted by the
free-volume/scaled-particle theory of [78].
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Monte-Carlo results on the location of the nematic-smectic transition are
best reproduced by the density-functional theory of ref. [74]. Columnar
ordering in parallel hard (sphero)cylinders is also observed in the density-
functional theories of refs. [74] and [77]. In addition, the latter paper also
predicts the existence of a smectic-B phase for parallel hard cylinders.

A density-functional theory for hard-core smectics that also takes the
effects of polydispersity into account was recently presented by Sluckin
[81]. Kirkpatrick [82] has developed a kinetic theory that describes the
pre-transitional dynamics of parallel hard spherocylinders in the vicinity of
the nematic-smectic transition.

The theory formulated initially by Wen and Meyer [73] and subsequently
expanded by Taylor, Hentschke and Herzfeld [78,79] is based on a quite
different approach. Smectic (columnar) phases are considered as systems
with liquid-like order in two (one) dimensions and solid-like order in the
remaining one (two). In order to estimate the thermodynamic properties of
a partially ordered phase with n solid-like dimensions and d n liquid-like
dimensions, it is assumed that the liquid-like degrees of freedom can be
described by scaled-particle theory, while the solid-like degrees of freedom
are described by a free-volume theory. This approach results in a very
simple picture for the formation of aligned hard-core liquid crystals. A
drawback of the approach of [73,78,79] is that its forces all transitions to
be first order. But apart from that the most recent results of Taylor et al.
[79] are in good qualitative agreement with the computer simulations (see
fig. 24).

Caillol and Weis [80] have investigated the parallel hard spherocylinder
model using an integral-equation approach. They found that the Percus-

co
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Fig. 25. Typical snapshot of a system of freely rotating spherocylinders with
length-to-width ratio LID = 5 in the smectic regime (density p/pcp = 0.625).
Note that there is appreciable short-range positional ordering in the smectic
planes but apparently no long-range order.

Yevick equation does reproduce the MC equation-of-state data better than
the HNC equation. However, the latter yields a better prediction of the
nematicsmectic transition density.

5.4.3. The effect of rotation

Of course, a model system consisting of parallel spherocylinders is rather
unphysical. It is therefore of considerable interest to know if a system of
freely rotating hard-core molecules can form a smectic phase. This question
is of some practical interest, in view of the recent experimental evidence
that smectic [83] and columnar [84] ordering may take place in concentrated
solutions of rod-like DNA molecules. We therefore carried out molecular
dynamics and Monte Carlo simulations on a system of freely rotating sphe-
rocylinders with a length-to-width ratio LID = 5 [85]. At low densities,
the nematic order parameter S is always, within the statistical accuracy
of the simulations, equal to zero. At 45% of close packing S fluctuates
strongly: its average value is equal to 0.3. This is a typical value for a
nematic order parameter at the transition to the isotropic phase. As the
density is increased even more, the nematic order parameter S, grows from
0.3 at 45% of close packing to more than 0.9 at 60.4% of close packing.
Although the fact that we observe spontaneous nematic ordering is gratify-
ing, it is not really surprising. The more interesting question is whether the
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smectic ordering that is observed in parallel spherocylinders, is preserved
in a spherocylinder-fluid with full orientational freedom.

Upon further compression of a well equilibrated and annealed nematic
phase, an increase was noted in the amplitude of one-dimensional density
fluctuations along the nematic director. As the density increased the am-
plitude of these fluctuations grew as did their decay times. At 60% of close
packing, the system developed a static one-dimensional density modula-
tion. However, no translational ordering was observed in the directions
perpendicular to the director. This is the hallmark of a smectic-A liquid
crystalline phase. Although the fact that the latter phase formed sponta-
neously on compression indicates that it is stable with respect to both the
isotropic and the nematic phases, its thermodynamic stability with respect
to the crystalline state had to be established. This requires calculation of
the free energy of both the solid and the liquid phase. Such calculations
(reported in ref. [86]) show that the smectic phase of hard spherocylinderg
with LID = 5 is indeed thermodynamically stable. Figure 25 shows a typ-
ical snapshot of the smectic-A phase of a system of hard spherocylinders
with LID = 5. A 'phase-diagram' of freely rotating spherocylinders has
recently been worked out by Veerman and Frenkel [87].

Density-functional theories for hard spherocylinder systems have been
proposed by Holyst and Poniewierski [76,77] and by Somoza and Tarazona
[57,88]. Both theories predict the presence of a stable smectic phase if the
length-to-width ratio LID exceeds a minimum value of 3. However, the
two theories differ in their estimate of the point where the nematicsmectic
transition has its tricritical point.

There are, of course, several qualitative, differences between the phase
diagrams of parallel and freely rotating spherocylinders. First of all, the
freely rotating spherocylinders must always have an orientationally dis-
ordered low-density phase. In contrast, the parallel spherocylinder fluid
remains (by construction) a nematic, even in the dilute gas phase. More
interesting for the present discussion is the observation that, whereas par-
allel spherocylinders with LID = 5 appear to form a columnar phase,
freely rotating spherocylinders with the same L/D-ratio, apparently do
not. There is, in fact, a good reason for this difference in behaviour. The
reason is that, whereas aligned spherocylinders with large LID ratios can
be 'scaled' to capless platelets, the same transformation will not work for
non-parallel rods. Any small rotation of a long axis of the spherocylinder
away from the z-direction will destroy the mapping from spherocylinder to
platelet. So, if we are interested in the effect of orientational freedom on a
system of parallel spherocylinders with a given LID ratio, it is not sufficient
to study only freely rotating spherocylinders with the same LID ratio. We
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Cut-sphere model_,

Fig. 26. Schematic drawing of the cut-sphere model. This model is used as an
oblate counterpart of the hard spherocylinder model.
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Fig. 27. Equation of state of cut spheres with length-to-width ratio LID = 0.1
(left) and 0.2 (right). Simulation points obtained by compression of the low-
density isotropic phase are indicated by circles. The triangles represent state
points that were obtained by expansion of the crystalline solid and columnar
phase. The crosses (LID = 0.1 only) refer to points in the nematic phase. The
pluses (LID = 0.2 only) show how the columnar phase spontaneously melts at
p/pcp = 0.55. At that same density the thermodynamically stable phase appears
to have cubic orientational order (see text).

should also consider the effect of free rotation on the fiat, platelike particles
that are equivalent to these spherocylinders, only when aligned.

For ellipsoids the transition from prolate to oblate shapes is controlled
by a single parameter (the axial ratio alb). In contrast, spherocylinders
cannot be changed into oblate particles simply by changing LID (unless we
allow for the possibility of negative LID). It turns out that a particularly
convenient 'oblate spherocylinder' model is the so-called cut sphere [89] (see
fig. 26).

The cut sphere is a hard convex body. Using the standard techniques

F,
0-
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applicable to such objects (see, e.g., [90]), the second virial coefficient of
cut spheres can be evaluated for arbitrary L/D-ratios:

B2 7D3 Om (1 +
sin2 Om

) + 3(cos Om +
Om sin Om

)6 2 2

sin2 Om
x (cos Om +

2
)/ (5.12)

where Om arccos(L/D).
At high densities, cut spheres can be stacked in a regular close-

packed lattice. The volume fraction at regular close-packing is: 71cp =

(r/6) (LID)2. Note that for LID =1 (hard spheres), this reduces
to the well-known hard-sphere result ycp = 7/074. For LID 0 (flat,
cylindrical platelets), we obtain the 2D hard-disk value ricp

Monte Carlo simulations were carried out on a system of cut spheres with
LID = 0.1 and LID = 0.2, over a range of densities between dilute gas
and crystalline solid. The equation-of-state data for both model systems
are shown in fig. 27. Surprisingly, it turned out that the systems with
LID = 0.1 and L/D = 0.2 behaved completely differently.

For the system with L/D = 0.1 it was observed that the system sponta-
neously ordered to form a nematic phase at a reduced density of 0.35 (i.e., at
35% of regular close packing). However, the director of this nematic phase
was not aligned with any edge of the cubic simulation box. The system
was thereupon prepared in a well-equilibrated, pre-aligned nematic state at
the same density (p = 0.35). When the latter nematic was expanded to
p = 0.325, the nematic order was found to disappear spontaneously. The
subsequent compression runs were started from the pre-aligned nematic at
p = 0.35. Finally, a series of runs was started from the crystalline state.
In these simulations, subsequent state points were generated by expansion,
followed by equilibration.

In the isotropic phase the orientational correlation functions g(r)
(Pt(u(0) u(r))) for = 2 and 4, decay to zero essentially within one
molecular diameter. In contrast, in the nematic phase these correlation
functions do not decay to zero. Further compression of the nematic phase
results in an increase of the overall orientational order and, in addition, in-
creasing local ordering is observed in the fluid. As the system is compressed
to a reduced density of p = 0.45, there is an increasingly clear tendency of
the system towards local columnar ordering. The 'nucleation' of a colum-
nar phase is greatly facilitated by allowing the shape of the periodic box
to fluctuate. In fact, if the cubic box is allowed to become orthorhombic,
the pressure of the system is found to drop rapidly, and 'nucleation' of

cos

,

-a
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*
= r/f12.
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Fig. 28. Density dependence of the orientational correlation function g2(r)
(P2(u(0) u(r))) in a system of hard cut spheres with a length-to-width ratio
LID = 0.2. Drawn curve: p/pcp = 0.525, dashed curve: p/pcp = 0.575, dotted
curve: P/Pcp = 0.625 . Note that even at the highest densities studied g2(r) is
short ranged.

4

a hexagonal columnar phase is observed. However, such a spontaneously
formed columnar phase contains defects.

In order to prepare a defect free columnar phase the system was expanded
starting from a crystalline configuration. As it turns out, true crystalline
order already disappears at quite high densities (p > 0.75). Below that
density the system is found to exhibit columnar ordering. In summary: for
LID = 0.1 we observe isotropic, nematic, columnar and crystalline phases.

At first sight, the equation-of-state for cut spheres with LID = 0.2 looks
similar to the one corresponding to LID = 0.1 (see fig. 27).

At low densities the compressibility factor is well described by a 5-term
virial series (dashed curve) and at higher densities the actual pressure is
lower. In other hard-core systems this is usually an indication of a precursor
to some kind of ordering transition (e.g., the I-N transition in the LID =
0.1 case). And, indeed, at p 0.475 we see a change of slope in the equation
of state, as is to be expected in a simulation near weakly first-order (or,
possibly, second-order) phase transition. The most natural assumption
is that an isotropic-nematic transition takes place. After all, this is what
happens in the LID = 0.1 case, and we also know that oblate hard ellipsoids
with a axial ratio less than 0.4 have a stable nematic phase. However, if
we measure the orientational correlation function g2(r) (P2(u(0) u(r)))
we find that it decays to zero within one molecular diameter, even at the
highest densities of the 'fluid' branch (see fig. 28). In a nematic phase,
g2(r) should tend to a finite limit: g2(r) -4 S2, as r oo, where S is the
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Fig. 29. Density dependence of the orientational correlation function g4(r)
(P4(u(0) u(r))) in a system of hard cut spheres with a length-to-width ratio
LID = 0.2. Drawn curve: p/pcp = 0.525, dashed curve: p/pcp = 0.575, dotted
curve: p/pcp = 0.625 . Note that, unlike g2(r), g4(r) appears to be long-ranged
at high densities.
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Fig. 30. Typical `stereo'-snapshot of the molecular configuration in a system of
cut spheres with L/D = 0.2 at a reduced density (with respect to regular close
packing) of 0.55. In order to make the ordering (or lack thereof) in the system
better visible, the molecules are represented by line-segments of length L along
the molecular axis. Note that there is a strong tendency for the molecules to
pack locally in short columns. This system has cubic orientational order.

nematic order parameter. It should be stressed that the absence of nematic
order in the LID = 0.2 system is not a consequence of the way in which the
system was prepared. Even if we started with a configuration at a reduced
density P/Pcp = 0.50 with all the molecules initially aligned, the nematic
order would rapidly disappear. In other words, at that density the nematic
phase is mechanically unstable.

The great surprise comes when we consider the higher-order orientational
correlation function g4(r) (P4(u(0) u(r))). Usually, when g2(r) is short
ranged, the same holds a fortiori for g4(r). However, fig. 29 shows that
for densities p/pcp > 0.5, g4(r) is much longer ranged than g2(r). This
suggests that the system has a strong tendency towards orientational order
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with cubic symmetry (`cubatic', not to be confused with cubic, which refers
to a system that also has translational order). In computer simulations one
should always be very suspicious of any spontaneous ordering with cubic
symmetry, because such ordering could be induced by the (cubic) periodic
boundary conditions. In order to test if the boundary conditions were
responsible for the cubatic order we did a number of long simulations with
systems of up to 2048 particles. These simulations strongly suggest that
the onset of cubatic orientational order is not an artifact of the boundary
conditions. Another indication that the boundary conditions are not the
cause of the observed ordering is that still higher order correlations (g6
and 98) that could also be induced by the periodic boundaries, are in fact
rapidly decaying functions of r. If we make a log-log plot of g4(r) in the
large system for several densities between p = 0.525 and p = 0.625, it
appears that, at least at the lower densities, the cubatic order is not truly
long-ranged but quasi-long-ranged, i.e., g4(r) , where /I depends on
the density p. In this respect the cubatic phase found in the computer
simulations differs from the cubatic phase of hard 3D crosses (see section
2.4.1 and appendix B). A typical snapshot of the 'cubatic' phase is shown
in fig. 30. The picture indicates that in this phase the molecules stack in
short columns. And that these columns tend to pack approximately at
right angles. At present, a microscopic theory of hard-core cubatics is still
lacking, but fig. 30 strongly suggests what ingredients should go into such
a theory.

At this stage there are more questions than answers about the possi-
ble nature of the cubatic phase that we observe in our simulations. For
instance, we do not yet know whether the cubatic phase is thermodynam-
ically stable or only metastable, nor do we know whether or not it is sep-
arated from the isotropic phase by a first order phase transition. Another
open question concerns the relation between the present molecular 'cubatic'
and the phase with cubatic bond order that has been predicted by Nelson
and Toner [91]. In ref. [91] it is argued that cubatic bond order could oc-
cur in rapidly quenched atomic liquids. In the liquid-crystalline systems
under study we observe cubatic order of the molecular orientations. How-
ever, this distinction need not be important because for a non-separable
potential (see chapter 4) orientational order implies bond order.

These questions are clearly important and should be investigated. Even
if it turns out that the cubatic phase is only metastable, this would not rule
out the possibility of observing it in nature. Yet, I am not aware of any
experimental observations of cubatic liquid crystals, although cubic liquid-
crystalline phase of disk-like molecules have been observed experimentally
[92].
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6. Conclusion

In these lectures I have tried to approach the statistical mechanics of liquid
crystals from the 'simple liquids' side. My main aim was to show that
many properties of liquid crystals can be qualitatively understood using
extremely simple molecular models. In this sense the present set of lectures
is simply a tribute to the seminal work of Onsager.

I wish to stress that it was not my intention to present a quantitative
molecular theory of thermotropic liquid crystals. Such a theory, if it could
be constructed, would require accurate intermolecular potentials as an in-
put. For most real mesogens such information is not yet available. And
if it were, we still would lack a sufficiently powerful analytical theory to
tackle the problem head-on. The situation looks distinctly better for ly-
otropic liquid crystals consisting of relatively rigid non-spherical particles,
i.e., the class of systems originally considered by Onsager. Computer sim-
ulations have shown that the idea that excluded-volume effects are at the
heart of the formation of lyotropic liquid crystals is even more powerful
than Onsager indicated. We now know of hard-core smectics and columnar
phases and possibly even more exotic liquid crystals that have not yet been
recognized in nature.

In order to construct truly quantitative theories of lyotropic liquid crys-
tals, such theories should take into account two factors that I have only
hinted at: the presence of long-range attractive or repulsive forces and the
effect of the flexibility of the colloidal particles. Much progress has already
been made along these lines and I hope that the theory of colloidal liquid
crystals may one day be considered the Statistical Mechanics of Simple
Liquid Crystals.
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Appendix A. Approximate solution of the Onsager model

The expression for the free energy of a gas of infinitely thin, hard sphero-
cylinders at reduced density c -=7 B2p is:

Fl(NkT) = log c + f dil f (12) log(47rf (0))

4c
df2 f (r2') I sin . (Al)

7r

We use the following trial function :
a

f(n) =
4,71. sinh

cosh(a cos 0) (A2)

to minimize the free energy. Let us denote the part associated with the
orientational entropy by a(a):

a(a) --a- I di/ f (12) log(47rf (11)) , (A3)

a(a) is lowest in the isotropic phase (a = 0). On the other hand, the part
associated with the translational entropy:

4
p(a) a- f di/ da1(.0)1(11')1 sin ii (A4)

71-

is minimal in a perfectly aligned fluid. The competition between these two
factors determines the value of a for which:

F kT) = log c + a(a) + cp(a) (A5)

is lowest. Inserting the expression given in eq. (A2) for pri) in equation
(A3), we obtain by straightforward integration:

arctan sinh a
a(a) = log ( a ) 1 + (A6)

tanh a sinh a

The expression for p(a) requires a bit more work (see ref. [2]). It can be
obtained using a result derived by Onsager, namely that for any function
F(sin-y), the following identity holds:

J cosh(ai cos 01 + a2 cos 02).F(sin y)

87r 2
{2 sinh al a2./(0)

alaz

-y =o

cosh( Va? + ct3 + 2a1a2 cos --y) d.r(sin-Y)} (A7)

+ f di?'

a

(N

diiiE- dr4

.+
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Using eq. (A7) the final result for p(a) is:

4 ( f cosh(2a cos(-y/2)) cosy ryd
p(a) =

sinh2 a
(A8)

And finally we can express the nematic order parameter (P2) as a function
of a:

3 3
(P2)(a) = 1

a tanh a +
a2

. (A9)

It is illuminating to look at the isotropic-nematic transition of the Onsager
model in the 'Gaussian' limit. This case was studied extensively by Odijk
[24]. In this simplified (and therefore approximate) solution of the Onsager
model he exploits the fact that the nematic phase in a system of thin hard
rods is always strongly ordered. Hence, to a good approximation we may
replace the orientational distribution function f(cos 0) by a Gaussian :

a ae2
exp(- -2-)f(cos 0) = (0 9 < 7r/2)

47r

a= exp(
a(0 702)

(7r/2 9 < 7r) . (A10)

In this Gaussian limit, eqs. (A6), (A8) and (A9) become very simple:

c-(a) 1 , (All)
4

p(a) (Al2)

3-(P2)(a) 1 (A13)a

It now becomes trivial to find the solution with the lowest free energy. We
simply solve the equation:

(an 1 2c

)aa a
'N a3

= 0 . (A14)

This yields:

7r

2

log(a)

.

4c2a = .

w_

..

2
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=
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Finally, to find the isotropicnematic transition, we insert this value of a in
the expression for the pressure P and the chemical potential p. We use the
pressure equation to relate the density of the nematic and isotropic phases
at the same pressure:

3cN = C1 + c? . (A15)

The equality of the chemical potential of the coexisting phases then reads:

log(ci ) + 2ci + 1 = 3 log(cN) + log(4/7) + 4 .

The solution is:

= 3.4516

and

CN = 5.1217

(A16)

which should be compared with the exact values: cI = 3.29 . . and CN =
4.22 ....

Appendix B. Cubatic order and the Onsager model

Consider a molecule that consists of a rigid assembly of thin hard rods
with length-to-width ratio LID. We assume that the molecule contains no
loops. Moreover, we assume for convenience that no two segments in the
molecule are collinear. For such molecules it is clear that in the Onsager
limit LID oo, the total pair-excluded volume is simply the sum of the
excluded volumes of all the linear subunits. The leading correction to this
expression for the pair-excluded volume is of order log(L 1 (L I D).

Just as for the original Onsager model, the density-expansion of the free-
energy of these composite molecules terminates at the second-order term.
Given the geometry of the molecules, we can evaluate the free energy of
the system exactly at any density.

Here I consider a very simple molecular shape, namely a particle made of
three perpendicular rods (a '3D cross'). I will show that this 'molecule' un-
dergoes an orientational ordering transition. However, the liquid-crystalline
state that results is not a nematic. Rather, it has an orientational distribu-
tion with cubic symmetry, a 'cubatic' liquid crystal. Other (higher order)

CI
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liquid crystalline phases could be obtained by going to more highly symmet-
ric molecules. However, to explain the phenomenon, the present example
will suffice.

I shall treat the problem of the orientational ordering of 3D crosses in the
Gaussian approximation. As a consequence my estimate for the isotropic-
cubatic coexistence point will be approximate. However, my conclusion
about the stability of the orientationally ordered phase is not affected by
the Gaussian approximation, because the latter distribution function nec-
essarily yields a free energy that is higher than the true free energy of the
system at that density. In contrast, the free energy of the isotropic phase
is computed exactly.

Consider a molecule consisting of three perpendicular rods of length L
and diameter D. The orientation of such a molecule is specified, for in-
stance, by three Eulerian angles. The expression of the free energy F as a
function of the orientational distribution function f (11) is given by:

Fl(NkT)= log c + f dO f(0) log(87r2f (II))

+ f dO f (0) f (it) vexci(r 2 . fl' ) . (B1)

In the isotropic phase, f(0) = 1/(87r2). In the orientationally ordered
phase we assume that f is sharply peaked in the vicinity of the preferred
orientations of the molecule. We choose our laboratory-frame such that
these preferred directions coincide with the x,y and z axes. There are
24 distinct ways to align a 3D cross with the lab-axes (namely (6 x 4 x
2)/2). In the orientationally ordered phase we assume that the orientational
distribution function is a sharply peaked Gaussian centered around the x,y
and z axes. In fact, there are 24 such Gaussians corresponding to the
24 different, but equivalent alignments of the molecules. If we denote the
Eulerian angles that describe the molecular rotation with respect to any one
of such preferred direction by 0, 0, 0 then we can express the orientational
distribution function f(0) in the vicinity of this orientation as:

2 exp(a(02 02 j_ \" " 7

) 27r 24
(B2)

where a is a measure for the width of the Gaussian. It should be noted
that, for convenience, I have used the so-called xyz-convention of Eulerian
axis [93], because in this convention three infinitesimal Eulerian rotations
are carried out around three perpendicular axes.

f(n) (Lt 4.

an'
2
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The ideal entropic contribution to the free energy of the ordered phase
is:

a(a) = I f(Q) log(872 f (0)) dO

= log (8ir42) + log (a.ir)

Similarly, the excluded volume contribution cp(a) equals:

cp(a) = e3 (78r + 0-4ra) ,

(B3)

(B4)

where we have defined the concentration c as B2 times the number density.
In the limit LID > oo, the second virial coefficient of a 3D cross in the
isotropic phase is equal to:

B2 = 97r L2 D .

4

The next step is to minimize the free energy of the ordered phase, Fo:

Fo(a) = log c cr(a) cp(a) ,

with respect to a at constant c. This yields:

16c2a =
81/1-

(B5)

Substituting this value for a in the expression for the free energy of the
ordered phase, we obtain:

3
3 8c

Fo(c) = 4 log c + log 2-
3 97r 2 37

(B6)

In order to locate the coexistence point we must compute the pressure and
the chemical potential of both the ordered and the disordered phases, using
P = c2(aFlac) and p = F + Plc. For the isotropic phase we find:

Pr = CI ,

33 .

2 27r 2

+

( 2 ±
3

.

+ C?
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while for the ordered phase the pressure is:

8c2
Po = 4co + .

37r

Finally, we obtain the following two equations that specify the coexistence
point:

and:

2c
8C6

CI + = 4co +
37r

log ci + 2c1 + 1 = 4 log co + log [732 ( )

3 8co 8co
37r

+ 2 + + 4 + .

3

(B7)

(B8)

If we now solve these equations for cI and co we find that there is coexis-
tence between an isotropic and a 'cubatic' phase at:

Cj = 48.83 co = 50.80 .

At this transition the value of a in the ordered phase is:

a = 162.3 .

which is quite large. This large value of a would seem to justify the use of
the Gaussian approximation.
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