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1 Introduction
The velocity auto correlation function(VACF) of a tagged particle has a fundamental significance in non-equilibrium statistical mechanics. Its time integral
defines the self diffusion coefficient through the Green-Kubo relation, and its
decay exhibits short time kinetic relaxation, conceivably an intermediate cage
effect, and long time hydrodynamic relaxation.
Recently Frenkel, van der Hoef and Ernst [1-4] have obtained the VACF
in the 2-D FHP-III model and the quasi 3-D FCHC model with remarkable
statistical accuracy using lattice gas cellular automata (LGCA). Their results
show excellent agreement with the asymptotic long time tails of t-dI2 predicted
by mode coupling theory for times larger than 20 x to with to being the mean free
time. Mode coupling theory assumes that the long time relaxation to equilibrium
can be described through the decay of products of hydrodynamic modes [5, 6].
In particular, the combination of a shear and a self diffusion mode leads to the
asymptotic long time tail of the VACF [2, 4].
Obviously, the VACF should approach zero for long times, possibly through
power law decay. However, when performing Molecular Dynamics (MD-) simulations on a one-dimensional CA-fluid, the VACF of a tagged particle appeared

to approach to a negative constant, as illustrated in Fig. 1 for a system of 500
lattice sites on a line. It was this remarkable observation, suggesting the .existence of some type of conserved quantity, that motivated the present research.
Is this a typical one-dimensional effect or could it conceivably also be observed
in higher dimensional systems?
Our objective here is not only to give a quantitative explanation of this constant anticorrelation, but also to investigate the VACF in the transition region
from kinetic relaxation to long time tails, using mode coupling theory. Following Erpenbeck and Wood [7] the mode coupling theory will be extended (i) to
include all possible product of pairs of hydrodynamic modes (also those yielding
subleading asymptotic time behavior), and (ii) to obtain finite size corrections by
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Fig. 1. The simulated VACF in the 1-D self dual 5 bits model at f = 0.7 and L = 500.
The logarithm of I ON(t)I is shown versus time t. Note that the ON(t) is negative for
t > 12.

adapting mode coupling theory to finite systems having a discrete set of allowed
wave numbers, instead of a continuous range. This extended mode coupling theory will be applied in subsequent sections to 1- and 2-dimensional CA-fluids
and compared with existing and new computer simulations. We will give here a
rather sketchy analysis of the problem. A more detailed and technical analysis
will be published elsewhere [8].

2 Extended Mode Coupling Theory
In computer simulations, the VACF is calculated using the Molecular Dynamics (MD) ensemble, which has a fixed number of particles N , one of which is
tagged (N* = 1), and vanishing total momentum, P = 0. In the time correlation
function method and in mode coupling calculations it is most convenient to use
a grand equilibrium ensemble, in which all extensive conserved variables A =
{N, N* , P} are fluctuating, but where the average values (N) = pV, (N*) = 1
and (P) = 0 are prescribed. As we are dealing with lattice gases, V is the total
number of lattice sites and p is the number of particles per site in the lattice.
In the MD emsemble the VACF is defined as

0(t) =

(vz(t)vx(0)) D _ (Jz(t).1x(0))mp

(q(0))

(J1(0))mp

with a tagged particle current,

J(t) a v(t) =

crn*(c,r,t)
rc

(1)
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=

Erc

t)a(c, r, t)

(2)

.

In the above equations n(c, r, t) is the occupation number of a particle and
te(c, r, t) = n(c, r, t)cr(c, r, t) of a tagged particle. The boolean variable cr(c, r, t)
is 1 for "tagged" and 0 for "untagged". For a b-bits model the reduced density
(n) E f = plb with 0 < f <1, and c7 E (re) / (n) = 1/ (N) is the fraction of
tagged particles.
According to the time correlation function method the Green-Kubo formula
for the diffusion coefficient of a tagged particle is given by the time sum over the
VACF, z.e.

0(0 = (:71(t):Tz.(0))/ (3(0))

(3)

defined in the grand ensemble, as indicated above. Here ./ represents a subtracted
current [5], i.e. a current from which any component parallel to the fluctuations
bA = A (A) in the conserved quantities has been subtracted,

Z(t) E- Jr(t) 6A. (6AbA)-1 (bAJz)
= E cr[n*(c,r,t) c7n(c,r,t)] = v(t)

Pr

.

(4)

rc
In the present case the velocity of each particle has a component FP of order
11 (N), parallel to the conserved total momentum P. The theory on the ensemble
dependence of fluctuations [9, 10], shows that subtracted fluctuation formulas
(PP) are ensemble independent in the thermodynamic limit, where P is defined
by replacing J in the first line of Eq (4) by F. The normalization in Eq (3) is
given by

(I(0)) = V (rtt) (1

)E d FA (1 - alc,?)

.

(5)

Note that in the thermodynamic limit, where Tf = 11 (N) vanishes, the VACF
in Eqs (1) and (3) are identical.
In mode coupling studies on the long time behavior of the VACF in Eq (3)

the current J is interpreted as Er ux(r, t)P(r, t) with ux(r, t) the local fluid
velocity and P(r,t) the concentration of tagged particles. The time dependence
of these slowly varying fields is calculated from the diffusion equation arid the
hydrodynamic equations, where the flow field is decomposed into shear modes
and sound modes. In our extended mode coupling theory we also include the
more rapidly decaying sound modes, which are the only hydrodynamic modes
in one-dimensional fluids. This yields [1-4]:
ON(t) =

(1 f)
dN

{(d

1)

exp [(D + v)et]+
goo

+ E cos (coqt) exp [(D + F)q2t] 1
goo

,

(6)
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where D, v and r are the self diffusion coefficient, the kinematic viscosity and
the sound damping constant. From here on N stands for the average number
(N) of particles in the system. The dependence on -cf, shown in the normalization
of Eq (5), cancels completely. In the above equation the summation over q is

restricted to the first Brillouin zone excluding the term of q I = 0 because
J is a subtracted current. Hereafter the results obtained through Eq (6) are
referred to as the finite hydrodynamics results of the extended mode coupling
theory [7]. The finite lattice sum can be calculated numerically and the result is
illustrated in Fig. 2 for the one-dimensional model of section 3, with a sPeed of
sound co = N./.2., contained in a volume of V = L = 500 lattice sites with perodic
boundary conditions. The acoustic traversal time is here ra = L/co = 354.
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Fig. 2. The finite hydrodynamics prediction for the VACF at f = 0.7 and L = 500.

In the thermodynamic limit (V $ oo) the q-sum in Eq (6) is replaced by an
integral, and the extended mode coupling result for the infinite system becomes
[8]:

=

d/2

(1

f)vo {(d
bfd(471)d/2

+

+

1)(D +1 v

d1
1F1(
D
+
r
2 2
(
)d/2
,

co2t
,

4(D +

r))}

(7)

where vo is the volume of the unit cell and 1F1 is the confluent hyper-geometrical

function. The first term of Eq. (7) is the leading long time tail obtained in [1]
(absent in the case of d = 1) and the second one represents the subleading contributions involving the sound modes. For dimensionality d = 1, 3 the confluent hy-
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pergeometrical function can be expressed in closed form: i.e. 1F1(1/2,

e-z for d = 1 and 1F1(3/2,1/2, -z) = (1

-z) =

- 2z)e-z for d = 3, and therefore the

sound mode contributions are exponentially damped. For dimensionality d = 2,

1F1(1,1/2, -z) can not be represented in any closed form and its asymptotic
behavior is estimated as -1/(2z) at large z-values and therefore the decay of
the sound mode contribution is proportional to t-2, as compared to the long
time contribution, which is proportional to 1/t. The tranport coefficients are
calculated in the Boltzmann approximation.

3 Application to a Fluid on a Line
Our applications start with a 1-D self dual 5 bits model introduced by d'Humieres

et. al [11]. Only sound modes contribute to Eq (6) and finite size effects are
expected to be more significant than in higher dimensional models. The system
in this model consists of V = L lattice points on a line. At each lattice point,
there are 5 velocity channels, (b = 5), each of which can be occupied by at most
one particle. The collision rules for these particles are self dual (particle-hole
symmetry),

(-1) + (+1) + (0)t <=> (-2) + (+2) + (0)t
(0) + (-1) + (+2)t <=> (+1) + (-2) + (+2)t
(0) + (+1) + (-2)t <=> (-1) + (+2) + (-2)t

(8)

,

where (i)t represents collisions taking place irrespective of the presence of a
"spectator" particle with velocity i at the same lattice point. The collision rules
for a tagged particle are only different from those of fluid particles in the sense
that the outgoing tagged particle is scattered with equal probability into any
allowed outgoing velocity channel.

The simulated VACF in Fig. 1 shows three different types of behavior; an
exponential decay for t < 2 which is well described by the Boltzmann approx-

imation, another exponential decay for 3 < t < 11 which is expected to be
explained by contributions from sound modes, and a negative plateau for t > 20
which shows finite size effects.
Next we interpret the 1-D simulation data of Fig. 1 and the theoretical result of Fig. 2 which contain only sound mode contributions. It is instructive to
transform the finite hydrodynamics result ON(t) back to real space, yielding a
representation which is very well suited to discuss the behavior of ON(t) for times
shorter than the acoustic traversal time rc, = L/co [12],i.e.

-

ON(t)=

1

N

f + (1 - f)
bf
n=o0

1

Or(D + r)i

x

E pex [

L2

4(D + r)-

cot
L

ni2J

(9)
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It holds for t > 2. The first term corrects for the missing (q = 0) term in Eq
(6). The remainder is a superposition of an infinite number of traveling Gaussian wave packets, initially excited in each replica and produced by the periodic
boundary conditions. The time difference between the adjacent peaks is given

as the acoustic traversal time ra. The widths of these peaks are increasing as
V4(D + I")t due to the diffusion of the tagged particle and the damping of
sound modes. The relative magnitude of the peak separation and peak widths
determines whether the negative plateau or the damped oscilations can be observed in specific time region. In particular, in the time interval, satisfying the
inequalities

V4(D + r)t « cot << L

(10)

,

the 1-D VACF in Eq (6) shows very markedly a negative plateau, given by the

opposite of the (g = 0)-term, i.e. Op/at = (1

1)/N. Here the spreading
14(D + nt of the wave packets is small compared to the propagation distance
cot and simultaneously t < ra. For times t much larger than the acoustic traversal
time ON(t) approaches again zero.
To confirm the prediction, we carried out a simulation up to much larger times
and obtained the result shown in Fig. 3. There is excellent agreement between
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Fig. 3. The VACF in the 1-D model for L = 500 () and L = 10 (e) at f = 0.7.
The dashed curve shows the finite hydrodynamics prediction for the L = 500 system,
Eq (6). The solid curve represents the extended mode coupling prediction for a infinite
system, Eq (7).

simulations and theory. In the data for the L = 500 system there is a negative
plateau for 25 < t < 275 and another one for t > 430. They are seperated by
a sharp peak, occurring at the acoustic traversal time ra = Lie() = 354. This
constant anticorrelation can be understood as follows. Since the tagged particle
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is given an initial velocity of c and the ensemble is prepared in such a way that
the total momentum vanishes, each fluid particle has on the average a velocity

c/N yielding the anticorrelation Opiat = (1 f)cg/N, where the factor (1 f)
comes from the Fermi exclusion. In the time interval satisfying Eq (10), the fluid

momentum (without the tagged particle) is essentially a constant of motion.
Figure 3 also shows the simulation data for a system of V = L = 105 lattice
sites at the same density. Here finite size effects are completely negligible and the
simulations coincide with the result Eq (7) for the infinite system. Again, there

is excellent agreement between simulations and the extended mode coupling
theory.

To confirm the damped oscilations in Fig. 2 we performed a simulation for
much larger times on a much smaller system of L = 50 with ra = 35.4 in which
the VACF is expected to give damped oscilations at much earlier times than in
the L = 500 system. The mode coupling results, shown in Fig. 4, are again in
excellent agreement with the computer simulations. The oscilations are due to
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Fig. 4. The VACF in the 1-D model at f = 0.7, and L = 50. The solid curve represents
the finite hydrodynamics prediction. The both results give damped oscilations.

interference effects of the tails of the diffusive wave packets which already have
arrived in the reference region from its neighbouring replicas.

The negative plateau value Oplat = (1

- f)/N may also be viewed as an

effective finite size correction for short enough time intervals, such that all inter-

actions of sound waves with their periodic images are absent (t < Ira), where
kra is 177 and 18 in Fig. 1 (L = 500) and Fig. 4 (L = 50) respectively. Next we
consider the corrected VACF at finite N, corrected for finite size effects, i.e.
(1) corr. (t)

= 4)0) + (1
= ((1

f)/N

1)/N)Ecos(coqt),--(D+net
q
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In the thermodynamic limit the q-sum can be replaced by an integral. This leads
to Eq (7), where 1F1 reduces for d = 1 to an exponential,

f

1

1*)=

bfco

(12)

.

7\77/F,i

Here th = 4(D+ r)/cF) denotes the crossover time from kinetic to hydrodynamic
relaxation. This is shown in Fig. 5, where lo g [orr
(1)] is plotted as a function
Cbc
of t at a density f = 0.7 with th = 3.1. For t < 2t0 -= 2 there is an exponential
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Fig. 5. Data collapse of corrected finite hydrodynamics results and M.D. data for
for L = 500, o for
Ocorr(t) = ON(t) + (1 - f)/N at f = 0.7 (* for L = 50,
L = 2000 and for V = 105) with the infinite system result OW (solid line; Eq
(7)). The finite hydrodynamic predictions Eq (11) are shown as the dashed lines. The
standard deviations are shown by thin vertical lines (L = 500), thick ones (L = 105)
and vertical pillars (L = 2000). In the L = 2000 system the absolute errors (not all
shown) for t > 20 are approximately 10, whereas 4,,I,Pr(t) < 10-7 for t = 21, 23-30.

decay with a kinetic relaxation rate that is correctly described by the Boltzmann
equation. At t = th 3.1 there is a crossover to hydrodynamic decay bounded by
an exponential with a slower decay rate 1/th (see Eq (12)). Indeed figure 5 shows
the collapse of the corrected M.D. data, the corrected finite hydrodynamics result
(11) and the infinite system result (7) in the appropriate time interval t < 17. For
the smallest system (L = 50) the M.D. data (without error bars) and the finite
hydrodynamics results should deviate from the infinite system curve for t > 17a,
as explained in Fig. 3. In the remaining data the error bars increase strongly for

t > 17 because ON(t) becomes negative for t > 12 (M.D. 11), 15 (M.D. 14)
and 26 (M.D. 84) for the system sizes L = 500, 2000 and 105 respectively. The
quantity 66 corr = hI + (1 f)/N vanishes exponentially fast and becomes small
compared the absolute errors, which are of order 10-5 for all system sizes.
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Discussion

4

Conclusions and outlook are summarized in a number of points:
(i) There is excellent agreement between the finite hydrodynamics results
Eqs (6) and (9) for the VACF in 1-D CA-fluids and the computer simulation
results over more than five decades in orders of magnitude.
(ii) The finite size correction Eq (11) permit us to collapse the M.D. data for
all system sizes (L = 50, 500, 2000, 105) with the infinite system results in the
appropriate time interval t < ra.

(iii) The short time kinetic theory result for t < 2t0 (the mean free time
1/f) combined with the finite hydrodynamics results for t > 310 essentially
provides a quantitative theory for the VACF in this 1-D CA-fluid. The crossover
from collisional to hydrodynamic relaxation occurs at t w 2to without any complicated intermediate dynamics, such as the cage effect. This is probably related
to the absence of any structure in the pair correlation function of this ideal Fermi
to

gas.

(iv) The finite hydrodynamics result Eq (6) can also be applied to higher
dimensional systems, as will be discussed extensively in Ref [8]. As an illustration
we compare in Fig. 6 the theoretical results for the VACF Ocorr =

corrected for finite size effects, with the M.D. data of Ref [1-4] in the twodimensional FHP-fluid for system size V = L2 = 50 x 50 at f = 0.1 and V =
100 x 100 at f = 0.75. The minimum in the lower density curve (f = 0.1) at
t = kr, -= 37 is consistent with the acoustic traversal time T. = L/co with
co = V3/7 and completely analogous to the minimum in Fig. 4 at t = r5 = 18.
(v) We compare the M.D. data for the 2-D FHP-III model with the restricted
mode coupling results (only shear modes) of Ref [1-4] and with the extended
mode coupling results (shear modes and sound modes) for finite (short dashes)
and infinite system (solid line). The plot illustrates the importance (a) of including sound modes to extend the validity of mode coupling theory to shorter times,
(b) of finite hydrodynamics for t > Ir0 in small systems to account for interference effects of the periodic replica systems, and (c) of the finite size correction
(1
N to collapse small and large system results for t < 17-0.
(vi) In the quasi 3-D FCHC model the system is actually a 4-D slab, one
lattice spacing wide in the fourth dimension. How to account for finite size
effects in this geometry is under investigation. In general the differences between
restricted and extended mode coupling theory and between finite and infinite
systems are quite small. The finite size corrections of Eq (11) is typically of
order 10-6 and can be neglected.
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Fig. 6. The logarithm of the Oc.(t) versus time in 2-D FHP-III model for system
size V = 50 x 50 at density f = 0.1 and for V = 100 x 100 at f = 0.75. The symbols
o's represent the results of computer simulations. The solid, dotted and dashed curves
denote results respectively obtained from the (extended) infinite mode coupling theory,
the finite hydrodynamics and the leading
tails. The short time M.D. data agree
with the Boltzmann approximation.
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