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Abstract

The equilibrium properties of a one-dimensional mixture of hard rods of two di�erent lengths
are obtained. These are used to test the free-volume approximation, which has in the past been
applied in the study of hard-sphere mixtures in three dimensions. Three di�erent versions of
the free-volume approximation are tested. In the most primitive of these the smaller spheres
(or rods) are assumed not to interact with each other. In higher levels of the approximation
the interactions between the smaller molecules are partly taken into account. The results show
the ranges of compositions and densities over which the approximations are accurate and they
identify one form of the approximation as the most reliable. c© 2000 Elsevier Science B.V. All
rights reserved.
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1. Introduction

In the last 25 years, a large interest has developed for phase separation processes
induced by entropic interactions. In 1954, Asakura and Oosawa [1] showed that when
two large (colloidal) bodies are immersed in a solvent with non-adsorbing polymers, an
e�ective, attractive interaction is induced between the two bodies due to an unbalanced
osmotic pressure arising from the depletion of the polymers in the region between the
two bodies. This result was independently recovered and further elaborated by Vrij [2]
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in 1976. The attractive interaction, which is called depletion interaction, is the origin
of the rich phase behaviour displayed by colloid–polymer mixtures.
In the 1980s, Gast et al. [3] employed an e�ective-pairwise-potential model based on

the Asakura–Oosawa depletion potential to calculate the phase equilibria for colloid–
polymer mixtures. Later, Lekkerkerker et al. [4] proposed a free-volume approach to
calculate the phase behaviour of colloid–polymer mixtures. The key quantity in this
approach is the statistically averaged volume that is available for the polymers at a
given polymer activity set by a hypothetical reservoir. In this approach the partitioning
of polymer between the colloid-rich and colloid-poor phases is taken into account. The
calculated phase diagrams have been con�rmed by experiments [5,6]. The free-volume
theory for colloid–polymer phase behaviour has been compared with simulation [7,8]
as well.
The free-volume approach can also be applied to the phase behaviour of highly

asymmetric binary hard-sphere mixtures [9,10], for which a demixing transition was
�rst conjectured by Biben and Hansen [11]. These predictions have stimulated exper-
imental work [12–14], theoretical analyses [15], and simulations [15–18]. Here we
analyse a solvable one-dimensional model of a binary mixture of hard rods. Of course
there are no phase transitions in this model, but a comparison between the free-volume
model and exact analytical results can be made. This allows one to judge the ranges
of compositions and densities over which the free-volume approximation may be a
reliable guide to the properties of hard-sphere mixtures.

2. Free-volume approximations

The larger spheres are here identi�ed by subscript 1 and the smaller ones by sub-
script 2. The basic form of the approximation in three dimensions is to take the
con�guration-space integral in the volume V to be the product of two factors: (i)
the con�guration integral for the N1 larger spheres alone, as though they were un-
perturbed by the presence of the smaller; and (ii) that for the N2 smaller spheres as
though they did not interact with each other and their centers had free access to the
mean free volume, �(N1; V ), in the typical equilibrium con�guration of the unperturbed
larger spheres. Thus, the approximation for the mixture’s canonical partition function
Q(N1; N2; V; T ) at the temperature T in terms of the partition function Q0(N1; V; T ) for
the larger spheres alone in the volume V , is

Q(N1; N2; V; T ) ' Q0(N1; V; T )�(N1; V )
N2

�3N22 N2!
(1)

where �2 is the conventional thermal de Broglie wavelength of the type-2 molecules.
The Helmholtz free energy F(N1; N2; V; T ) of the mixture is then related to that for the
N1 larger spheres alone in the volume, F0(N1; V; T ), by

F(N1; N2; V; T ) ' F0(N1; V; T )− N2kT ln e�
�32N2

: (2)
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Note that � is itself V times a function only of the density �1 = N1=V of the larger
spheres. The chemical potential �2 of the smaller spheres, and the corresponding activity
z2 de�ned so as to become asymptotically equal to the number density �2 = N2=V in
the dilute-gas limit, are then, in this approximation,

�2 = kT ln(�32z2); z2 ' N2
�
; (3)

while the chemical potential �1(�1; �2; T ) of the larger spheres in the mixture is related
to that of those spheres alone in the volume, �01(�1; T ), by

�1(�1; �2; T ) ' �01(�1; T )−
N2
�
kT
d�=V
d�1

: (4)

Since � has been de�ned as the free volume experienced by hypothetically non-
interacting spheres of species 2 in the hypothetically unperturbed system of the N1
larger spheres in the volume V , it is the same as the free volume that would be
measured by a single smaller sphere acting as a test particle in the uid of the N1
larger spheres. The quantity �=V in (4) is thus the Henry’s law constant of the small
spheres as a dilute solute in the uid of large spheres as solvent. We retain the symbol
� for that free volume in all that follows. The quantity N2=� in (3) is then the Henry’s
law (dilute-solution) approximation to the activity z2.
One may now imagine that the approximation in (4) would be improved if the

coe�cient N2=� of the second term on the right-hand side were identi�ed with the
exact activity of species 2 in the mixture, for in that way the e�ect of the interactions
among the smaller spheres would be partially taken into account. One may imagine
a reservoir of the type-2 spheres in osmotic equilibrium with the mixture; the exact
activity of the small spheres in the mixture is accordingly denoted zR2 here. Thus, as a
putative improvement of approximation (4), one could take

�1 ' �01(�1; T )− zR2 kT
d�=V
d�1

: (5)

Like the earlier (4), this, too, may be viewed as a perturbation approximation, in which,
to a �rst approximation, the larger spheres are taken to be unperturbed by the presence
of the smaller, while the second term on the right-hand side is then a correction. In (4)
the correction is linear in N2 while (5) is an attempt to incorporate some higher-order
e�ects.
While the smaller spheres were still being taken to be non-interacting, i.e., before

N2=� in (4) was replaced by zR2 in (5), the pressure p
R in the reservoir would have

been related to z2 by the ideal gas pR=z2 kT . Thus, still another way of taking account
of the interactions among the small spheres would be to replace (4) by

�1 ' �01(�1; T )− pR
d�=V
d�1

; (6)

where now pR is the pressure of the pure uid of species 2 at the exact activity zR2 of
that component in the mixture.
The approximations (4), (5), and (6) are three alternative, inequivalent versions of

the free-volume approximation, and will be denoted II, III, and IV in what follows,
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while I will refer to the true properties of the mixture. These are the approximations
that are tested in the exactly solvable one-dimensional model.

3. One-dimensional model

We have N1 hard rods of length a and N2 of length b on a line of length L¿N1a+
N2b. The con�guration-space integral proves to be independent of the ordering of the
rods on the line, with the result that the partition function Q(N1; N2; L; T ) is just

Q(N1; N2; L; T ) =
1

�N11 �
N2
2 N1!N2!

[L− (N1a+ N2b)]N1+N2 ; (7)

with �1 and �2 the respective de Broglie wavelengths of the two kinds of parti-
cles. With the linear densities �1 = N1=L and �2 = N2=L, the Helmholtz free energy
F(N1; N2; L; T ) at temperature T is then

F(N1; N2; L; T ) =−(N1 + N2)kT ln{e[1− (a�1 + b�2)]}
+kT [N1 ln(�1�1) + N2 ln(�2�2)] (8)

and the chemical potentials �1(�1; �2; T ) and �2(�1; �2; T ) are given by

�1
kT

= ln
�1�1

1− (a�1 + b�2) +
a(�1 + �2)

1− (a�1 + b�2) ; (9)

�2
kT

= ln
�2�2

1− (a�1 + b�2) +
b(�1 + �2)

1− (a�1 + b�2) : (10)

We introduce the “volume” fractions

�1 = a�1; �2 = b�2 (11)

and the size ratio

q= b=a : (12)

Then from (9) and (10) the activities z1(�1; �2) = �−1
1 exp(�1=kT ) and z2(�1; �2) =

�−1
2 exp(�2=kT ), which become asymptotically equal to �1 and �2, respectively, in the
dilute-gas limit, are given by

az1 =
�1

1− (�1 +�2) e
(�1+�2=q)=(1−(�1+�2)); bz2 =

�2
1− (�1 + �2) e

(q�1+�2)=(1−(�1+�2)) :

(13)

The pressure p(�1; �2; T ), found either from (8) as p=−(@F=@L)N1 ; N2 ; T or from (8),
(9), and (10) as p= (N1�1 + N2�2 − F)=L, is

p=
�1 + �2

1− (�1 + �2)kT ; (14)

as obtained also by Lebowitz et al. [19]. It is a simple generalization of the well-known
p= �1kT=(1− a�1) for the one-component case (�2 = 0).
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We take q¡ 1, thus identifying the smaller rods as the species 2. The free volume
� was de�ned in Section 2 in such a way as to be identi�ed with the ratio N2=z2 in
the limit in which the component 2 is in�nitely dilute in 1. Then here, from (13),

�
L
= (1− �1)e−q�1=(1−�1) : (15)

The quantity called zR2 in Section 2 is the exact activity of component 2 in the
mixture and is thus the z2 given by the second of Eqs. (13). The quantity called
pR in Section 2 is the pressure of hypothetically pure 2 in the “reservoir” at activity
zR2 and temperature T . From (13) and (14), and in accord with the known result
z = (p=kT ) exp(bp=kT ) for pure hard rods of length b,

bzR2 =
bpR

kT
ebp

R=kT =
1

1=y − 1e
(x+y)=(1−y) ; (16)

where we have introduced the abbreviations,

x =
q�1
1− �1 ; y =

�2
1− �1 : (17)

We note that �1 + �261 so y61. With the function W (x) (Lambert’s W function
[20]) de�ned by W (u)exp [W (u)] ≡ u, we may express bpR=kT from (16) as

bpR

kT
=W

(
1

1=y − 1e
(x+y)=(1−y)

)
: (18)

From Eq. (9) for �1 and the abbreviations in (12) and (17), the exact (�1−�01)=kT ,
to be denoted I, is given by

�1 − �01
kT

=−ln(1− y) + 1
q
x + 1
1=y − 1 (I) ; (19)

while from (15), (16), and (18), approximations (4), (5), and (6) (now with V = L),
denoted II, III, and IV, respectively, are given by

�1 − �01
kT

'
(
1 +

x + 1
q

)
y (II) ; (20)

�1 − �01
kT

'
(
1 +

x + 1
q

)
1

1=y − 1 e
(x+1)=(1=y−1) (III) ; (21)

�1 − �01
kT

'
(
1 +

x + 1
q

)
e−xW

(
1

1=y − 1 e
(x+y)=(1−y)

)
(IV) (22)

in this one-dimensional mixture model. The object is to compare approximations II–IV
with the exact I. This is done in the next section.
The exact (19) and approximations (20)–(22) all express (�1−�01)=kT as a function

of the composition �1; �2 (or equivalently �1; �2 or x; y) of the mixture. In applica-
tions of these mean-�eld, free-volume approximations to mixtures of spheres in three
dimensions it is important for studying the phase behaviour also to know (�1−�01)=kT
as a function of �1 and z2, i.e., of �1 and zR2 or p

R=kT . To test this version of the
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Fig. 1. (�1 − �01)=kT as a function of the volume fraction �2 for �xed volume fraction �1 = 1
4 and size

ratio q = b=a = 1
4 . The curve marked I is the exact result for the hard-rod model; II, III, and IV are the

approximations in Eqs. (4), (5), and (6) [Eqs. (20), (21), (22) in the one-dimensional model], respectively.

approximation the y that appears in (19)–(22) is to be understood as that function of
x and bzR2 or bp

R=kT that is given implicitly by (16). This test, too, is made in the
next section.

4. Test of the approximations

In Fig. 1 are shown (�1−�01)=kT , from (19)–(22), as functions of �2 with the �xed
values q= 1

4 and �1=
1
4 . The curve marked I is the exact result for this one-dimensional

system, from (19), while II, III, and IV are the approximations as given by (20), (21),
and (22), respectively. With the �xed �1 = 1

4 , the value �2 =
3
4 corresponds to the

close packing of the rods on the line. The ordinates of the curves I, III, and IV are all
in�nite at that point; the vertical dashed line in the �gure is the asymptote. The line II
comes from the approximation in which no account is taken of the interactions of the
particles of species 2 with each other, so it does not recognize the condition of close
packing and can extend beyond �2 = 3

4 .
The approximations are better the smaller q is and they become exact when q = 0,

i.e., when the smaller particles are points. The �xed value q= 1
4 in Fig. 1 is greater than

the value it has in most applications, while the �xed value �1 = 1
4 is in the mid-range

of practical values of �1. Thus, Fig. 1 may be taken as a fair test of the reliability of
the various approximations.
All four of I–IV are the same to �rst order in �2 but II and III rapidly depart

from the exact I as �2 increases. The most rapid departure is that of III, which grows
exponentially rapidly. That is the approximation in which one attempts to account for
the interactions of the smaller particles with each other by replacing N2=� in (4) by the
exact activity zR2 of component 2 in the mixture. As the volume fraction �2 increases
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it becomes rapidly more di�cult for a test particle to �nd a hole in the “reservoir” of
type-2 particles, which is the reason for the exponential growth of zR2 with �2. This
exponential growth is seen explicitly for the one-dimensional model in (13).
The pressure pR, by contrast, grows much more slowly with increasing �2: only

as the logarithm of zR2 , as seen explicitly for the one-dimensional model in (16).
This results in the approximation IV remaining very accurate until very close to the
close-packed limit, as seen in the �gure. At �2= 1

2 , so at a total volume fraction �1+�2
that is 3

4 of that of close packing, the exact I and approximate IV di�er by only 9%;
and even at �2=0:70, so at a total volume fraction that is 95% of that of close packing,
they di�er by only 16%.
As remarked in Section 3, one wishes also to test the free-volume approximation for

�1=kT as a function of �1 (or �1) and bzR2 or bp
R=kT . From formula (9) for �1=kT ,

the de�nitions of �1; �2, and q in (11) and (12), and the abbreviations x and y in (17),
the exact result I for this one-dimensional model may be expressed in the form

�1
kT

− ln �1
a
= ln

x=q
1− y +

1
q
x + y
1− y (I) ; (23)

equivalent to (19). Then also

�01
kT

− ln �1
a
= ln

x
q
+
x
q
: (24)

Then from (18), (22), and (24), the approximation IV is equivalently

�1
kT

− ln �1
a
= ln

x
q
+
x
q
+
bpR

kT

(
1 +

x + 1
q

)
e−x (IV) : (25)

With x as de�ned in (17), the right-hand side of (25) is explicitly a function only of
�1 for any given q and bpR=kT . The right-hand side of (23) may also be taken to be
a function of �1 for any given q and bpR=kT provided that the y that appears in it is
understood to be that function of x and bpR=kT given implicitly by (16), as remarked
at the end of Section 3. In Fig. 2, the exact I and approximate IV are then plotted as
functions of �1 for q = 1

4 and for bp
R=kT = 0:2, 1.0, and 4.0. To make a connection

to Fig. 1, it may be noted that at �1 = 1
4 , for these three values of bp

R=kT the volume
fraction �2 has the respective values 0.12, 0.36, and 0.59.
At bpR=kT =0:2 the exact and approximate functions of �1 are indistinguishable on

the scale of the �gure and are shown as a single curve. At this bpR=kT , as �1 varies
from 0.10 to 0.80 the volume fraction �2 varies from 0.15 to 0.01.
At bpR=kT = 1:0 the exact and approximate functions of �1, while clearly distin-

guishable, are still very close over the range 0:106�160:80. At this bpR=kT , as �1
varies from 0.10 to 0.80 the volume fraction �2 varies from 0.44 to 0.06.
At bpR=kT = 4:0 the exact and approximate values are very di�erent (except near

�1 = 0:67, where the two curves happen to cross). The exact curve at this and all
other values of bpR=kT has positive slope everywhere, as required by thermodynamic
stability, and has the expected inection where the curvature changes from negative
to positive. The curve for the approximation at bpR=kT = 4:0, by contrast, just as
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Fig. 2. The exact and approximate �1=kT − ln(�1=a) as functions of the volume fraction �1 for size ratio
q = b=a = 1

4 and for the �xed values 0.2, 1.0, and 4.0 of bp
R=kT . The curves “approx” are approximation

IV. The binodal and critical point are those associated with the approximation.

it is about to show its inection to positive curvature, instead develops a van der
Waals loop. The equal-areas construction that gives the coexisting phases at this value
of bpR=kT , in this approximation, is also shown in the �gure. This instability and
the associated phase transition, occurring here in one dimension, are artifacts of the
mean-�eld approximation that is implicit in those forms of the free-volume theories
that are now being tested. The instability disappears in a more re�ned version of
the free-volume theory in which some of the previously neglected correlations are
taken into account [21]. Although the phase separation found here in this mean-�eld
approximation is not truly realizable in one dimension, it is nevertheless of interest
because it shows the propensity for phase separation in mixtures of hard particles of
di�erent sizes at high enough densities. The phase separation may then be realized in
higher dimensions.
The binodal curve associated with the van der Waals loops is also shown in Fig. 2.

The integration over �1 of expression (25) for �1=kT − ln(�1=a), which is required for
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the equal-areas construction, may be done analytically, with x given in terms of �1 by
(17). Introduce the abbreviation

!= bpR=kT : (26)

Then if ��1 is the common equilibrium value of �1 in the two phases as given by the
equal-areas rule, and if x′ and x′′ are the respective values of x in the two coexisting
phases, we have from (25), for any ! and q,

��1
kT

− ln �1
a
= ln

x′

q
+
x′

q
+ !

(
1 +

x′ + 1
q

)
e−x

′
(27)

= ln
x′′

q
+
x′′

q
+ !

(
1 +

x′′ + 1
q

)
e−x

′′
; (28)

and from these and the equal-areas rule (after some simpli�cation and rearrangement),

!=
ln(x′=x′′)
e−x′′ − e−x′ =

x′ − x′′
(1 + x′′)e−x′′ − (1 + x′)e−x′ : (29)

It is the non-trivial root, x′′ 6= x′, that is required in (27)–(29). These equations
determine the binodal for any q. The binodal in the �1=kT − ln(�1=a), �1 plane shown
in Fig. 2 was calculated from (27)–(29) with q = 1

4 . At the critical point, �1=kT −
ln(�1=a) = ln(1=q) + 3=q + 1 and �1 = 1=(1 + q), which for q = 1

4 , as in the �gure,
are 14.4 and 0.80, respectively; while !(=bpR=kT )= e=2:718 : : : at the critical point,
independently of q. Also at the critical point with q= 1

4 , the volume fraction �2 =0:11.

5. Summary and conclusions

The free-volume approximations (4)–(6) for the thermodynamics of mixtures of hard
spheres of two di�erent sizes have been tested by comparison with the exact results in
one dimension. The comparisons are shown in Figs. 1 and 2.
One sees from Fig. 1 that approximation (6) (referred to in the text as IV), in which

the interactions of the smaller spheres with each other is partially taken into account
via the pressure pR that such spheres would exert if they were alone in a reservoir
at the exact activity zR2 they have in the mixture, performs markedly better than either
of the other two forms of the free-volume approximation (approximations II and III).
For a size ratio 4 : 1 of larger to smaller, and a volume fraction �1 = 1

4 of the larger
spheres in the mixture, the deviation of the chemical potential �1 of the larger spheres
from its value �01 when those spheres are alone in the volume, is closely approximated
by IV for volume fractions �2 of the smaller spheres up to about 0.70, i.e., up to a
total volume fraction �1 + �2 that is about 95% of that of close packing.
The chemical potential �1 as a function of the volume fraction �1 at �xed pR, again

for size ratio 4 : 1, is approximated very well by approximation IV for bpR=kT up to
1.0, as seen in Fig. 2. At this size ratio and at �1= 1

4 the value bp
R=kT=1:0 corresponds

to �2=0:36, i.e., to a total volume fraction �1+�2=0:61. At bpR=kT =e=2:718 : : : for
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any size ratio, this approximation IV leads to an instability (the critical point of phase
separation). When the size ratio is 4 : 1 the volume fractions �1 and �2 at the critical
point are 0.80 and 0.11, respectively. This critical point produced by the approximation,
while unphysical in one dimension, perhaps pre�gures the (stable or metastable) phase
separation of such mixtures in three dimensions.
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