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Chapter 2

Induction in categories

Within a conception of mathematics that is constructive and predicative, it is very nat-
ural to assume the existence of a wide variety of inductively generated structures. To
allow for inductively de�ned sets, Aczel extended his set theory CZF with the Regular
Extension Axiom (REA), while for the same purpose, Martin-L�of has added well-
founded types (or W-types) to his type theory. To study categorically constructive-
predicative theories characterised by this liberal attitude towards inductively de�ned
sets, it is necessary to isolate categories in which there exist objects that can be
thought of as inductively generated.

In order to give a categorical formulation, the idea of an inductive de�nition is too
informal, and also too broad, so one has to restrict oneself to a class of sets that result
from an inductive de�nition of a determinate form. Following Moerdijk and Palmgren
[60], I take Martin-L�of's W-types as the inductively de�ned sets to incorporate: they
have a precise constructive justi�cation in type theory, while they are also su�cient
for obtaining models for set theory (see [61], generalising the work of Aczel in [2]; I
will discuss this work in Chapter 4).

The categorical notion of a W-type will be discussed in the �rst Section of this
Chapter. The main novelty of the discussion is a characterisation theorem which will
be helpful in recognizing W-types in concrete cases.

Two classes of categories with W-types are then de�ned, ML-categories and �W -
pretoposes. The latter, �W -pretoposes, were originally de�ned by Moerdijk and Palm-
gren, as predicative analogues of the notion of a topos. It is with these �W -pretoposes
that Chapters 3 and 4 of this thesis will be concerned. ML-categories are almost �W -
pretoposes, their only defect in this respect being that they are not exact. But this
\defect" can be remedied by taking their exact completion, as will be discussed in
Chapter 3.

The second Section of this Chapter discusses several examples of �W -pretoposes
and ML-categories. More examples will be given in Chapter 3.

Parts of this Chapter have previously appeared in [14] and are reprinted here with
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permission from Elsevier.

2.1 W-types

Martin-L�of's W-types are sets generated by an inductive de�nition with a particular
shape. The form of the inductive de�nition is determined by a signature: a set of term
constructors, each with a small (set-sized) arity. The inductively generated set (the
W-type) is then the free term algebra over this signature. There are sets which deserve
to be called inductively generated, but are not of this form, but these are beyond the
scope of this thesis (see [27] for a broader framework for inductive de�nitions).

To capture W-types categorically, the language of initial algebras (for an endo-
functor) immediately suggests itself, for, in general, it is the appropriate categorical
language to talk about inductively generated structures (see Appendix A for the basic
facts and terminology on algebras and coalgebras on which this Section relies). The
question then becomes which endofunctors one should require to possess initial alge-
bras in order to have W-types. Moerdijk and Palmgren identi�ed the following class,
de�nable in any lccc (also for categorical terminology and notation, one should consult
Appendix A).

De�nition 2.1.1 In a cartesian category C, there is a polynomial functor 1 Pf asso-
ciated to every exponentiable map f :B //A. It is the endofunctor de�ned as the
composite

C B� // C=B �f // C=A �A // C:

A more insightful way of writing Pf (X) may be the following:

Pf (X) = �A(X � A //A)(f :B // A);

or:
Pf (X) = �a2AXBa ;

where Ba = f �1(a) is the �bre of f over a 2 A.

De�nition 2.1.2 Let f :B //A be an exponentiable morphism in a cartesian category
C. The W-type associated to f is the initial Pf -algebra, when it exists; the M-type
associated to f is the �nal Pf -coalgebra, whenever it exists. If in a locally cartesian
closed category C, W-types (resp. M-types) exist for any map f , the category C is said
to have W-types (resp. M-types).

1Polynomial functors have received di�erent names in the literature: there is a tradition of calling
them partial product functors (they are called like this in [44], for example), while recently a group of
authors has emerged who use the name containers (for instance, see [1]).
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To understand this de�nition better, it helps to compute W-types and M-types in
the category of sets.

Fix a function f :B //A. One can think of f as specifying a signature: a term
constructor for every element a 2 A of arity Ba. The W-type Wf is now the set of all
terms over the signature speci�ed by f . But it is even more suggestive to represent
such terms as well-founded trees of a particular type. The W-type for f is the set
of all well-founded trees in which nodes are labelled by elements a 2 A and edges are
labelled by elements b 2 B, in such a way that the edges into a certain node labelled
by a are enumerated by f �1(a), as illustrated in the following picture.

: : : : : : : : : : : :
�
u 33

33
33

3 a

v
²²
²²
²²
²

�
x

�
y

©©
©©

©©
©©

�
z

vvvvvvvvvvvv

f �1(a) = ;
f �1(b) = fu; vg
f �1(c) = fx; y ; zg

: : :

a

x
EEEEEEEEEE b
y

c

z
||

||
||

||
||

c

Let us �rst try to understand why this set has the structure of a Pf -algebra. Now
Pf (X) for a set X can be written as:

Pf (X) =
∑

a2A
XBa :

So it consists of an element a 2 A together with a function t:Ba //X. Therefore
assume one is given an element a 2 A together with a function t:Ba //Wf . A new
well-founded tree of the appropriate type can be constructed as follows: take a fresh
node and label it with a. Draw edges into this node, one for every b 2 Ba and label
these accordingly. Then stick to the edge labelled by b 2 Ba the well-founded tree tb.
The new tree, which is easily seen to belong to Wf , is usually denoted by supa(t).

I have described an operation sup:Pf (Wf ) //Wf , giving Wf the structure of a
Pf -algebra. The fact that the trees are well-founded means that one could actually
generate all of them by (trans�nitely) repeating this sup-operation. This construction
terminates, because one has only a set of term constructors, and the arities are also
small, so there is only a set of trees with the appropriate labelling, well-founded or
not.

But this means that one can de�ne functions by recursion on this generation
process. And this is precisely what yields initiality of Wf . For if m:Pf (X) //X is any
Pf -algebra and one wishes to build a function g:Wf //X, one can do so by specifying
the value of g on an element supa(t), assuming that one has already speci�ed the value
on elements of the form tb, where b 2 Ba. Therefore one can put:

g(supa(t)) = m(�b 2 f �1(a):g(tb));

2.1. W-TYPES 19
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expressing that g is a Pf -algebra morphism. The Pf -algebra morphism so de�ned is
automatically unique, because functions de�ned by recursion always are. Although
much of what I have said, applies only literally in the case of sets, thinking in terms of
well-founded trees and recursion is the right intuition also in the abstract categorical
case, to which I now turn.

Now let f :B //A be an exponentiable morphism in a Heyting category C. When
the W-type Wf associated to f exists, one can say right away that it has two properties,
both for abstract categorical reasons (see appendix A). First of all, the structure
map sup:Pf (Wf ) //Wf is an isomorphism, by Lambek's lemma (see Lemma A.14).
Secondly, it will have the feature of possessing no proper Pf -subalgebras.

The second property is reected as an induction principle in the internal logic. If
R is a subobject of W that is inductive in the sense that

8b 2 f �1(a)(tb 2 R)) supa(t) 2 R
holds in the internal logic, then R = W as subobjects of W . Induction also holds when
R depends on a parameter. This follows from the following fact (see [60, 33], and
Remark 2.1.6 below):

Theorem 2.1.3 Let f :B //A be an exponentiable morphism in a cartesian category
C. The polynomial functor Pf is automatically indexed. If C is Heyting, a W-type for
f is automatically an indexed well-founded �xpoint. If C is locally cartesian closed, a
W-type for f is automatically an indexed initial algebra.

As an illustration of this theme, there is this lemma:

Lemma 2.1.4 Let f :B //A be an exponentiable morphism in a Heyting category
C. When both the W-type and the M-type associated to f exist, the canonical map
i :Wf //Mf is monic.

Proof. There is a canonical morphism i , because an M-type is a �xpoint for the poly-
nomial functor and can therefore be regarded as a Pf -algebra (conversely, the W-type
can be regarded as Pf -coalgebra). I will now actually prove something stronger: the
Pf -algebra map i from Wf to any Pf -algebra with monic structure map m:PfX //X,
is a monomorphism.

For let
R = fw 2 Wf j 8v 2 Wf : i(w) = i(v)) w = vg:

Then R is inductive: for suppose w = supa(t) 2 Wf is such that tb 2 R for all b 2 Ba.
Let v 2 Wf be such that i(w) = i(v). Since sup is an isomorphism, v is of the form
supa0(t 0). Now

i(w) = m(a; �b 2 Ba:i tb) = m(a0; �b0 2 Ba0:i t 0b0) = i(v):
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Since m is monic, a = a0 and i tb = i t 0b for all b 2 Ba. Using that tb 2 R, one sees
that tb = t 0b for all b 2 Ba, i.e. t = t 0. Therefore w = v and the proof is �nished. �

In many categories, the two properties of being a �xpoint and being well-founded
characterise W-types completely, as I will prove at the end of this Section. But before
I do that, I will discuss Pf -coalgebras and M-types.

In the category of sets, the M-type associated to a function f :B //A is the set
of all trees (well-founded or otherwise) labelled in the familiar way: nodes are labelled
by elements a 2 A, while edges into a node labelled by a are enumerated by b 2 Ba.
If one wishes for a more concrete description, one could regard Mf as the set of all
sets S of sequences of the form

ha0; b0; a1; b1; : : : ; ani
where ai 2 A and bi 2 B satisfy:

1. f (bi) = ai ;

2. hai 2 S for some a 2 A;

3. if ha0; b0; a1; b1; : : : ; an; bn; an+1i 2 S, then also ha0; b0; a1; b1; : : : ; ani 2 S;

4. if ha0; b0; a1; b1; : : : ; ani 2 S and b 2 Ban , then ha0; b0; a1; b1; : : : ; an; b; ai 2 S
for some a 2 A.

That this yields the �nal Pf -coalgebra, one sees as follows.

There is the projection morphism Pf (X) //A for any X, so to any Pf -coalgebra
m:X //PfX one can associate a root map �:X //A. The name is suggested by
the case of M-types and W-types, where � assigns to a tree the label of its root (a
W-type is also naturally a Pf -coalgebra, because it is a �xpoint for Pf ). Another notion
that makes sense in any Pf -coalgebra m:X //PfX is that of a path, the name again
being suggested by the case of W- and M-types. A sequence of the form

hx0; b0; x1; b1; : : : ; xni
is called a path from x0 to xn, if xi 2 X and bi 2 B are such that they satisfy the
following compatibility condition: if for an i < n, m(xi) is of the form (ai ; ti), then
f (bi) = ai and xi+1 = tibi .

A Pf -coalgebra morphism g:X //Mf can now be obtained as follows: thinking
of trees as sets of paths, one sends an element x 2 X to the set of all sequences of
the form

h�(x0); b0; �(x1); b1; : : : ; �(xn)i;
where hx0; b0; x1; b1; : : : ; xni is a path starting from x . One readily sees that g is
well-de�ned, a Pf -coalgebra morphism and the unique such.
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An important observation is that the notions of a root and a path are readily
formalized in the internal logic of locally cartesian closed regular categories C with �nite
disjoint sums and natural number object: an object Paths = Paths(m) can be de�ned
in any such C as the subobject of (X +B+ 1)N consisting of those � 2 (X +B+ 1)N

for which one has:

1. �(0) 2 X.

2. If �(n) 2 X for an even natural number n, then either �(n+1) 2 B or �(n+1) =
� (with � denoting the unique element of 1).

3. If �(n) = x and �(n+ 1) = b for an even number n, then f b = a and �(n+ 2) =
tb, where (a; t) = r(x).

4. n < k and �(n) = � imply �(k) = �.
5. There is a natural number n such that �(n) = �.
Since paths will play a prominent rôle in this thesis, I establish some terminology

and notation, which will also make sense in the internal logic of C. Because there is a
natural number n such that �(n) = �, there is also a least such (this is a consequence
of the constructively valid principle that every inhabited decidable subset of the natural
numbers has a least element). That number will be called the length of �. Then �(0)
will be called the beginning, while �(the length of � � 1) will be called the end of the
path. One has a map Paths! X de�ned by assigning to a path the beginning of the
path. The �bre above x for this map will be denoted by Pathsx . Also in the internal
logic, I will continue to use the notation h: : : ; : : : ; : : :i for writing down sequences and
� as a symbol for concatenation.

One can then use the notion of path to de�ne the notion of subtree. Once again,
this notion has a clear meaning in the case of W- and M-types, but makes sense in
any Pf -coalgebra. I will call y a subtree of x if there is a path � in Pathsx such that
�(n) = y for some even natural number n. If n can be chosen to be bigger than 1, y
is called a proper subtree. Observe that the subtree relation is reexive and transitive.
For example, in a W-type, the tree t(b) is a subtree of w = supa(t) (the tbs are really
the immediate proper subtrees of supa(t)).

As an application of the notion of path, one has the following characterisation or
recursion theorem for W-types, which will be very helpful in recognizing W-types.

Theorem 2.1.5 (Characterisation Theorem) Let C be a locally cartesian closed reg-
ular category with �nite disjoint sums and a natural number object, and f :B //A a
morphism in C. The following are equivalent for a Pf -algebra (W; s:Pf (W ) //W ):

1. It is the W-type for f .
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2. It is an indexed well-founded �xpoint.

3. It is a well-founded �xpoint.

The idea of the proof of the characterisation theorem is essentially that of Cantor's
general recursion theorem (see, for example, [49], Theorem 5.6): one builds a map
by pasting together \attempts" (partial approximations). Some care has to be taken,
because the argument has to be predicative. In the impredicative context of elementary
toposes, the characterisation would follow from a general result (see Theorem 2.2.3),
but that argument does not obviously carry over to a predicative one.

Proof. The di�cult part will be to show that (3) implies (1). Before Theorem 2.1.3
I pointed out that (1) implies (2), while the implication from (2) to (3) is trivial.

So assume W is a �xpoint having no proper Pf -subalgebras. In particular, it is a Pf -
coalgebra and hence it makes sense to talk about paths in W . This can therefore be
used to de�ne a notion of attempt.

Now let (X;m:Pf (X) //X) be an arbitrary Pf -algebra. An attempt for an element
w 2 W is a morphism g: Pathsw //X with the additional property that for any path
� 2 Pathsw ending with an element w 0 = sa0(t 0) the following equality holds:

g(�) = m(�b0 2 f �1(a0):g(� � hb0; t 0b0i))

Later it will become apparent that g(�) is p(w 0) where w 0 is the last element of � and
p is the unique Pf -algebra morphism p:W //X. So an attempt will turn out to be
the restriction to the subtrees of w of the unique Pf -algebra morphism p:W //X,
which I still have to construct.

Let S be the collection of all those w 2 W for which there exists a unique attempt.
Then S is a subalgebra of W . For let w = sa(t) be such that tb 2 S for all b 2 f �1(a).
This means that there are for every b 2 f �1(a) unique attempts gb for tb. Write
xb = gb(htbi). Now de�ne a morphism g: Pathsw //X for w as follows:

g(hwi) = m(�b 2 f �1(a):xb) and
g(hw; bi � �) = gb(�)

The fact that this is an attempt is easily veri�ed.

Uniqueness relies on the following observation: if � is a path starting with w and
ending w 0 and g is an attempt for w , then h(hw 0i � �) = g(� � �) de�nes an attempt
for w 0. So if h is any attempt for w , then hb(htbi � �) = g(hw; b; tbi � �) de�nes an
attempt for tb for every b 2 f �1(a). So hb = gb and what remains is the proof of
h(hwi) = g(hwi). But that is established by an easy calculation:

h(hwi) = m(�b 2 f �1(a):h(hw; b; tbi)
= m(�b 2 f �1(a):hb(htbi)
= m(�b 2 f �1(a):gb(htbi)
= g(hwi)
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So h = g and w 2 S. Therefore S is a subalgebra of W .

As W has no proper subalgebras, S = W as subobjects of W . But that allows one to
de�ne p:W //X by:

p(w) = g(hwi)
for the unique attempt g for w . This de�nes a Pf -algebra morphism, which is actually
the unique such: for if q is another Pf -algebra morphism the equaliser of p and q is a
subalgebra of W . �

Remark 2.1.6 It would not be di�cult to give a direct proof that (3) implies (2). The
crucial fact is that in case T is a PX�f -subalgebra of X�W in C=X, then

S = fw 2 W j 8x 2 X: (x; w) 2 T g
de�nes a Pf -subalgebra of W in C.

I can now give the following two, important, de�nitions:

De�nition 2.1.7 A locally cartesian closed category C with �nite disjoint sums and
W-types is called an ML-category .

Observe that ML-categories possess a natural number object, because the functor
X 7! 1 +X is polynomial, and an initial algebra for this functor is a nno (see Appendix
A). In fact, X 7! 1 + X is X 7! Pf (X), where f is the right inclusion 1 // 1 + 1.

De�nition 2.1.8 A locally cartesian closed pretopos C with W-types is called a �W -
pretopos. (So a �W -pretopos is an exact ML-category.)

It is with these kinds of categories that the �rst part of this thesis will mostly be
concerned. In Chapters 3 and 4, I will show that, for logical purposes, �W -pretoposes
can be regarded as a kind of predicative toposes, in that a theory analogous to topos
theory, with similar closure conditions, can be developed for them, while they at the
same time provide a natural habitat for models of set theory.

In the next Section I will give a number of examples of ML-categories and �W -
pretoposes. Once I have developed more theory, especially concerning exact comple-
tions, I will be able to give more.

Generalised polynomial functors 2.1.9 Which functors, aside from polynomial ones,
automatically have initial algebras in a category, when that category has W-types? The
question is interesting, but I will not attempt to give an answer.
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However, in [33], Gambino and Hyland identify a class of functors that have initial
algebras, when all W-types exist. Suppose C is an ML-category, and recall that, since
C is an lccc, pullback functors

f �: C=X // C=Y
have left and right adjoints for all f : Y //X, called �f and �f , respectively. Consider
all possible compositions of such functors f �, �f and �f , possibly for di�erent f . When
such a composition has the same slice of C as domain and codomain, the functor is
called generalised polynomial .

The class of generalised polynomial functors is less unwieldy than one might initially
think, because of the following \normal form lemma".

Lemma 2.1.10 For any generalised polynomial functor � there is a (not necessarily
commutative) triangle

B f //

h
ÂÂ

??
??

??
? A

g
ÄÄÄÄ

ÄÄ
ÄÄ

Ä

C

such that � is naturally isomorphic to �g�f h�.

In their paper, Gambino and Hyland prove:

Theorem 2.1.11 (See [33], Theorem 12.) All generalised polynomial functors on a
ML-category C have initial algebras in the appropriate slice.

One could prove an extension of the characterisation result Theorem 2.1.5 for initial
algebras for generalised polynomial functors: when an algebra is a well-founded �xpoint
for a generalised polynomial functor, it is the initial algebra.

2.2 Categories with W-types

In this Section, I will introduce various examples of the notions of ML-category and
�W -pretopos, introduced above. It is well known that these categories have this
structure, W-types excepted, and for proofs, the reader is therefore referred to the
literature. Frequently, a concrete description of W-types or M-types was not available
in the literature, and in some cases their presence was unknown. Therefore concrete
descriptions will be provided.

Toposes 2.2.1 Elementary toposes with a natural number object form an important
class of examples of �W -pretoposes. Recall that a morphism >: 1 // 
 in a cartesian
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category C is the subobject classi�er of C, when for any monomorphism m:A //X
there is a unique map cA:X // 
 such that

A
²²

m
²²

// 1
>

²²

X cA
// 


is a pullback. And recall that (elementary) topos is a cartesian closed category with
pullbacks and a subobject classi�er.

Topos theory is a rich subject with plenty of examples, among which are Grothendieck
toposes, in particular categories of sheaves over a topological space (see [56]), the
free topos (with nno) (see [51]) and the e�ective topos (see [39]). Any (good) book
on topos theory will prove that a topos is a �-pretopos (for example, [44], Corollaries
A2.3.4 and A2.4.5). The fact that toposes with nno have W- and M-types is folklore.
The description that I gave of an M-type for a map f :B //A as consisting of sets
of sequences

ha0; b0; a1; b1; : : : ; ani
having four properties, makes sense in the internal logic of any topos with nno. It is a
routine exercise in the use of internal logic to show that the object so de�ned is the
M-type for the map f . Therefore:

Proposition 2.2.2 (See Lemma 2.4 in [46].) Toposes with nno have M-types.

The fact that toposes have W-types now follows from another folklore result:

Theorem 2.2.3 (See Proposition 1 in [43].) Let F be an indexed functor on a topos
E preserving pullbacks. If F has a �xpoint, it also has a well-founded �xpoint (see
Appendix A), which necessarily is the initial F -algebra.

Since M-types are �xpoints and polynomial functors are indexed and preserve pullbacks,
one immediately obtains:

Proposition 2.2.4 (See Proposition 2.3.5 in [68].) Toposes with nno have W-types.

Alternatively, one can simply select in the internal logic the trees in the M-type that
are well-founded (the internal logic of toposes is impredicative, so this is expressible),
and obtain the W-type in that way (see Proposition 3.6 in [60]).

The next couple of examples concern full subcategories of the realisability topos
RT(Q) on a pca Q. For a (brief) discussion of pcas and realisability toposes, see
Appendix C.
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Convention 2.2.5 When in the name of a category depending on a pca Q, this index
is omitted, it is to be understood that the relativization is to K1, Kleene's �rst pca.
So RT is RT(K1), i.e. the e�ective topos.

Assemblies 2.2.6 Fix a pca Q. An assembly on Q consists of set X together with a
function [�]X:X //PiQ (by PiQ, I mean the set of non-empty subsets of Q). Instead
of q 2 [x ]X, I will frequently write q `X x , or simply q ` x , when X is understood.
In this case q is called a realiser of x . A function f :X // Y is a morphism of
assemblies from (X; [�]X) to (Y; [�]Y ), when there is an element t 2 Q such that for
all x 2 X; q 2 Q:

q `X x ) t � q # and q � p `Y f (x):

Such a t is said to track f , or to realise f . In this way, one obtains a category Asm(Q)
of assemblies on Q.

The category Asm(Q) is a regular ML-category for any pca Q. It is not a �W -
pretopos, as it is not exact. Asm(Q) occurs as the full subcategory of RT(Q) con-
sisting of the ::-separated objects, and the inclusion of Asm(Q) in RT(Q) preserves
the regular ML-category structure. These facts are well-known. Even the fact that
the category of assemblies has W-types and M-types, and that they are preserved
by the inclusion, seems to be familiar to many people, although it is seldom pointed
out explicitly (it is implicit in [67], for example). Also for the sake of completeness,
I explain the construction here, based on some unpublished notes by Ieke Moerdijk
(another description is contained in [37]).

But before I can give a concrete description of the W-types and M-types in the category
of assemblies for a pca Q, I �rst need to investigate the behaviour of the functor Pf
for a morphism f :B //A of assemblies. The underlying set of Pf (X) consists of
those pairs (a; t) where a is an element of Q and t is a function from Ba to X that
has a realiser. An element n 2 A is a realiser for (a; t), if n = hn0; n1i is such that n0

realises a and n1 tracks t (the latter meaning, of course, that for every b 2 Ba and
every realiser m of b, n1 �m is de�ned and equal to a realiser of tb).

The key concept behind the construction of the W-types is the notion of decoration.
This notion will recur a number of times, so I will take some time explaining it. The
idea behind this notion is as follows. Elements w of the W-type Wf belonging to a
function f :B //A are thought of as being constructed by repeated application of the
sup operation to maps of the form f �1(a) //Wf . When constructing the W-types in
Asm(Q), I only want those elements w of W (f ) that can be constructed by applying
the operation sup to \trackable" maps of the form f �1(a) //Wf . A decoration of
an element in the W-type speci�es for each application of the sup operation that has
been used to generate the element, a realiser for the \applicant", i.e. both an element
in Q that tracks the map t: f �1(a) //Wf to which it has been applied, as well as a
realiser for a.

Therefore the W-type for f is constructed as follows. First construct the W-type W for
the underlying function f in the category of sets. Next de�ne a function E:W //PQ
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by trans�nite induction: E(supat) consists of those elements n = hn0; n1i 2 Q such
that (i) n0 realises a; and (ii) n1 tracks t, that is, for every b 2 Ba and every realiser
m of b, n1 � m is de�ned and a member of E(tb). I call a member n of E(w) a
decoration or a realiser of the tree w 2 W . The trees w that have a decoration are
called decorable and V will be the name of the set of all decorable trees.

The set V is the underlying set of an assembly whose realisability relation is determined
by restriction of E to V . This assembly, also to be called V , is, I claim, the W-type
for f in the category of assemblies. It is not hard to see that it has the structure of
a Pf -algebra. Let a be an element of A and t be a function Ba ! V . The element
supa(t) 2 W is actually an element of V , because if n is a realiser of (a; t) in Pf (V ),
then n is a decoration of supa(t) (this is immediate from the de�nition of E and the
description of Pf (V )). So there is a map of assemblies s:Pf (V )! V , which is tracked
by the identity.

To verify that the constructed object is the W-type, I appeal to the characterisation
theorem, Theorem 2.1.5. The map s is iso, basically because the underlying map sup
is, therefore I only need to show that V has no proper subalgebras.

Let (X;m:Pf (X) //X) be a subalgebra of V . One may assume that the underlying
set X is actually a subset of V and that m is the restriction of s to Pf (X) on the level
of underlying functions. First of all, one sees that X = V on the level of sets. Let P
be set of trees w 2 W for which one has that

w 2 V ) w 2 X:
That P = W can be proved by trans�nite induction, which immediately shows that
X = V as sets. For suppose supat 2 W and tb 2 P for all b 2 Ba (here a 2
A; t:Ba //W , of course). One needs to show that supat 2 P , so assume that
supat 2 V . Because s is iso, one has that tb 2 V and hence, by induction hypothesis,
tb 2 X. Since on the level of sets, m is the restriction of s, which is a restriction of
sup, one has that supat is in X. This completes the proof.

To show, �nally, that the X and V are isomorphic as assemblies, I have to show that
the identity map i : V ! X is tracked by some element r 2 Q. For this, let q be the
element in Q tracking m and let H be the element computing the composition of two
elements in Q (that is, H(x; y) � n = x � (y � n)). Now use the fact that one can solve
recursion equations, to obtain an r satisfying the following equation:

r � j(n0; n1) = q � j(n0; H(r; n1)):

It is easy to see that r tracks i , by proving by a trans�nite induction that for any tree
w 2 W and any decoration n of w , r � n is de�ned and a realiser of i(w).

This completes the proof of the fact that V is the W-type of f in the category of
assemblies. The fact that the inclusion of assemblies on Q into the realisability topos
on Q preserves W-types, is easily seen as follows. Since the inclusion preserves the
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lccc structure, the inclusion also preserves the functor Pf in the sense that

Asm(Q) i //

Pf
²²

RT(Q)

Pi f
²²Asm(Q)

i
// RT(Q)

commutes (up to natural isomorphism). Therefore the W-type in Asm(Q) is a �xpoint
in RT(Q). It is also well-founded, because subobjects of ::-separated objects are
again ::-separated. Therefore it is also the W-type in RT(Q) by either Theorem
2.1.5 or Theorem 2.2.3.

M-types are constructed in a similar fashion. When f :B //A is a morphism of
assemblies, write M for the M-type of sets associated to the underlying function of
f in sets. Write sup for the inverse of the structure map of the coalgebra M. A
decoration for an element m = supa(t) 2 M is an element d 2 Q such that d codes
a pair hd0; d1i, where d0 realises a = �(m) and d1 � y is de�ned for every realiser y of
some b 2 Ba and is a decoration of tb, in the sense that it codes a pair he0; e1i, where
. . . etcetera (somewhat pedantically, one can say that the notion of a decoration is
coinductively de�ned). More formally, say that a sequence of elements

hd0; e0; d1; e1; : : : ; dni
in Q tracks a path

hm0; b0; m1; b1; : : : ; mni
in M, when j0(di) realises �(mi), ei realises bi and j1(di) � ei = ei+1. An element d 2 Q
is a decoration for m, when every path starting from m is tracked by a sequence
beginning with d . The advantage of de�ning the M-type in this manner, is that it
makes clear that any reliance on impredicative methods turns out be only apparent.
Since this de�nition in the case of well-founded trees coincides with the de�nition given
above, this means that both the construction of the W-type as that of the M-type can
also be performed within a predicative metatheory, as long as W-types, respectively
M-types are available in that metatheory.

Modest sets 2.2.7 Again, �x a pca Q. A modest set on Q consists of a set X
together with a function [�]X:X //PiQ mapping distinct elements of X to disjoint
subsets of Q. Again, one writes a `X x or simply a ` x to mean a 2 [x ]X, and one
says that a realises x . Equivalently, a modest set as a set X together with a relation
`X� Q�X satisfying

x = y , 9a 2 Q: a ` x and a ` y :
A morphism of modest sets from (X;`X) to (Y;`Y ) is a function of sets f :X // Y
having the property that there is a t 2 Q tracking f in the sense that for all a 2 Q; x 2
X

a ` x ) t � a # and t � a ` f (x):
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In this way one obtains a category Mod(Q), another regular ML-category that is a
full subcategory of the realisability topos on Q, where the inclusion is a morphism of
regular ML-categories.

Mod(Q) is equivalent to the category PER(Q) of partial equivalence relations on
Q. A partial equivalence relation (or simply a PER) on Q is a symmetric, transitive
relation on Q. If R and S are partial equivalence relations on Q, one calls f 2 Q
equivalence preserving, when for all a; b 2 Q

aRb ) f � a #; f � b # and (f � a)S(f � b):

Two equivalence preserving elements f ; g 2 P are considered equivalent when (f �
a)S(g � a) for all a 2 P . A morphism of PERs is an equivalence class of equivalence
preserving elements. A good reference on modest sets and PERs is [13].

Usually, when people talk about PERs, they mean partial equivalence relation on the
pca K1, but the de�nition makes good sense for any pca. For example, as proved
in [13], when Q is Scott's graph model P!, PER(Q) is equivalent to the category
of countably based equilogical spaces, which, for that reason, is also a regular ML-
category.

That Mod(Q) for any pca Q has both W-types and M-types is pointed out in [13].
But the description there is not very concrete, and one can easily give a concrete
description along the lines of the previous example, so that is what I will do here.

Fix a morphism f :B //A of modest sets. Let W be the W-type of the underlying
map of f in sets. Again, de�ne a function E:W //PQ by trans�nite induction as
follows: E(supat) consists of those elements n = j(n0; n1) 2 Q such that (i) n0 realises
a; and (ii) n1 tracks t, that is, for every b 2 Ba and every realiser m of b, n1 � m is
de�ned and a member of E(tb). I call a member n of E(w) a decoration or a realiser
of the tree w 2 W . By a straightforward proof by trans�nite induction, one shows
that E maps distinct well-founded trees to disjoint subsets. So if V is a the set of all
decorated trees (w 2 W such that Ew 6= ;), then (V; E) is a modest set, which is
actually the W-type for f in modest sets. The proof of this fact is completely similar
to the one given above and therefore omitted. The inclusion of modest sets over a pca
into the realisability topos over that pca again preserves W-types, because it preserves
the lccc structure and modest sets are closed under subobjects in RT(Q). Also the
construction of M-types contains no surprises.

Heyting-valued sets 2.2.8 The category of sets valued on a frame forms another
regular ML-category. Let H be a frame (a.k.a. a complete Heyting algebra). An
object of the category H+ of H-valued sets is a set X together with a function
[�]X:X //H. A function f :X // Y is a morphism of H-valued sets, whenever for
all x 2 X, [x ]X � [f (x)]Y . It is not so hard to see that it is a regular ML-category,
but references seem to be scarce (some facts are collected in [59] and [66]). The
presence of W-types and M-types appears to be new.
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For a morphism f :B //A of H-valued sets, Pf (X) for an H-valued set X is con-
structed as follows. Writing j : : : j for the obvious forgetful functor j : : : j:H+ // Sets,
jPf (X)j = Pjf j(jXj). An element (a; t) 2 jPf (X)j is then mapped to

∧

b2Ba
([b]) [tb]) ^ [a]:

The W-type Wf is then also computed as in sets on the level of the underlying sets.
An element supa(t) has the above expression as its value (this inductively de�nes an
element in H for the well-founded tree). M-types are a bit more involved, but not
harder, to describe, and will be omitted.

Heyting algebras 2.2.9 Heyting algebras can be considered as categories, like any
poset. Considered in this way, they are cartesian closed, because of the implication
!: ab = b ! a. They are in fact locally cartesian closed, because for any a in a
Heyting algebra H, H=a = fx 2 H j x � ag is again a Heyting algebra, with implication
given by b ! b0 (in H=a) = (b ! b0) ^ a. So it makes sense to ask whether Heyting
algebras possess W-types and/or M-types. The curious answer is that they have both:
for a map f : b // a (which simply means b � a),

Pf (x) = (b ! (x ^ a)) ^ a:
So the W-type is the least �xpoint for this, which is :b ^ a, and the M-type is the
greatest �xpoint, which is a.

Setoids 2.2.10 The last example, for now, is built from the syntax of (intensional)
Martin-L�of type theory (see Appendix B for an introduction to type theory). A setoid
is a type X together with an equivalence relation, meaning a type R(x; y) in the
context x 2 X; y 2 X with proof terms for reexivity, symmetry and transitivity.
A morphism of setoids from (X;R) to (Y; S) is an equivalence class of terms t of
type X ! Y preserving the equivalence relation (meaning that there is a term of type
�x; y 2 X:R(x; y)! S(tx; ty)). Such terms s and t are considered equivalent, when
there is a term of type �x : 2 X:S(sx; tx). The category obtained in this fashion,
will be denoted by Setoids.

Theorem 2.2.11 (See [60], Section 7.) Setoids is a �W -pretopos.

This theorem has \ideological" importance, in that it shows that a �W -pretopos
is a predicative structure (I consider Martin-L�of type theory to be the paradigmatic
constructive-predicative theory). In the next Chapter, I will show that Setoids is not
the free �W -pretopos. This is unfortunate, because if it were, there would have been
a way in which the theory of �W -pretoposes would have been useful also for studying
intensional type theory. Now it seems that all light that it will shed on type theory, will
fall on the extensional version (see the Appendix for the di�erence between intensional
and extensional type theory).
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