PUBLISHED BY IOP PUBLISHING FOR SISSA

RECEIVED: September 8, 2008
REVISED: December 22, 2008
ACCEPTED: January 7, 2009
PUBLISHED: February 3, 2009

Subleading and non-holomorphic corrections to
NN = 2 BPS black hole entropy

G.L. Cardoso,” B. de Wit” and S. Mahapatra®

@ Arnold Sommerfeld Center for Theoretical Physics Department fir Physik,
Ludwig-Mazimilians- Universitat Miinchen,
Munich, Germany
b Institute for Theoretical Physics and Spinoza Institute, Utrecht University,
Utrecht, The Netherlands
¢Physics Department, Utkal University,
Bhubaneswar 751 004, India
E-mail: [qabriel .cardoso@physik.uni-muenchen. de|, B .deWit@uu. n]],
Bwapna@iopb.res.id

ABSTRACT: BPS black hole degeneracies can be expressed in terms of an inverse Laplace
transform of a partition function based on a mixed electric/magnetic ensemble, which
involves a non-trivial integration measure. This measure has been evaluated for black
holes with various degrees of supersymmetry and for N=4 supersymmetric black holes
all results agree. It generally receives contributions from non-holomorphic corrections.
An explicit evaluation of these corrections in the context of the effective action of the
FHSV model reveals that these are related to, but quantitatively different from, the non-
holomorphic corrections to the topological string, indicating that the relation between the
twisted partition functions of the latter and the effective action is more subtle than has so
far been envisaged. The effective action result leads to a duality invariant BPS free energy
and arguments are presented for the existence of consistent non-holomorphic deformations
of special geometry that can account for these effects. A prediction is given for the measure
based on semiclassical arguments for a class of N=2 black holes. Furthermore an attempt is
made to confront some of the results of this paper with a recent proposal for the microstate
degeneracies of the STU model.
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1. Introduction

The degeneracy of BPS states of certain wrapped brane/string configurations defines a
microscopic entropy which, in quite a number of cases, has been successfully compared
to the macroscopic entropy of supersymmetric black hole solutions in the corresponding
effective supergravity theories. Agreement is usually obtained in the limit where charges
are large [[l], because in that limit one can make use of the Cardy formula for the under-
lying conformal field theory. The macroscopic entropy is not necessarily identified with a
quarter of the horizon area, since there are corrections associated with higher-derivative
couplings [B—[]. More recently, it was proposed that the entropy of four-dimensional BPS
black holes with IV = 2 supersymmetry is related to a partition function based on a mixed
ensemble defined in terms of magnetic charges and electrostatic potentials. Discarding
non-holomorphic corrections this partition function equals the modulus square of the topo-
logical string partition function [§]. On the basis of this relation it was concluded that the
microscopic black hole degeneracies can be retrieved from the topological string partition
function by an inverse Laplace transform. This observation gave new impetus to studying



the relation between microscopic and macroscopic descriptions of black holes on the one
hand, and the relation between black hole degeneracies and the topological string on the
other. (See, for instance, [§—[3].)

As was readily understood the proper definition of the inverse Laplace integral is subtle
for reasons of convergence and in view of ambiguities in choosing the integration contours.
The issue of non-holomorphicity did not enter into the original proposal. Early discussions
can be found in [[§—[[§]. Non-holomorphic terms are essential for duality invariance,
and indeed such terms were encountered when confronting the asymptotic results from
microstate counting with macroscopic results based on effective actions [I9, 0, [[J]. They
involve terms originating from higher-order interactions that contain the square of the
Riemann tensor, such as the ones that were determined in [PI-P3], which are part of the
effective field theory. The presence of non-holomorphic corrections can also be inferred
from the relation with the topological string, where they are encoded in the so-called
holomorphic anomaly equations [4].

At an early stage there were strong indications that the inverse Laplace transform
must involve a non-trivial integration measure (which will contribute to the subleading
entropy corrections for large black holes in the limit of large charges), so that (subleading)
non-holomorphic corrections can always be factored out from the mixed partition function
and absorbed into this measure. Therefore a further understanding of these matters will
ultimately depend on how well the measure factor can be understood. A strong argument
in favour of the measure was based on the invariance under duality, as the partition func-
tion for the mixed ensemble does not transform simply under electric/magnetic duality.
An alternative starting point [R5, [J] can be based on an ensemble of electric and mag-
netic charges, which is manifestly invariant under duality. From this set-up the previous
formulation based on the mixed partition function can be reobtained in the semiclassical
approximation, but, as it turns out, it is now accompanied by a non-trivial measure factor.
Independently, a direct evaluation of the mixed partition function from specific microscopic
degeneracy formulae also revealed the presence of a measure factor [fJ], and it was shown
that for large charges these measure factors were in fact equal [[1, €]

Somewhat unfortunately, the examples studied in [[[9, [, B4, [ did not pertain to
genuine N = 2 supersymmetric string compactifications (the work reported in [f—H] is an
exception to this), but to compactifications with N = 4 supersymmetry. The latter were
then treated in the context of an N = 2 supersymmetric truncation with minor modification
such as to account for the four extra graviphotons (leading to eight extra charges) and
moduli provided by the two additional gravitino supermultiplets.! The purpose of the
present paper is to study applications that pertain to genuine N = 2 supersymmetric
models in four space-time dimensions, where such modifications are unnecessary. The
problem with generic N = 2 supersymmetric compactifications is, however, that there are
not many cases where it is possible to make direct comparisons with microstate counting
and, at the same time, exact duality invariance is rather rare. There are a few models
which stand out in this respect, such as the FHSV model [2§] and the STU model [Rg, B0,

!This is in contrast with the work on small black holes reported in [ﬁ]



which exhibit both exact S- and T-dualities and for which microstate degeneracy formulae
have recently been proposed [Bl]. For N = 2 models based on compact Calabi-Yau spaces,
the measure factor has recently been evaluated at strong topological string coupling [[[5].
We will show that this result disagrees with the semiclassical prediction relevant at weak
coupling. We will comment on this at the end of section [], where we also compare to
results for the measure factor in N = 4,8 models.

Special attention is devoted to the issue of non-holomorphic corrections, which con-
tribute to the measure factor. As it turns out, the existence of a semiclassical free energy for
BPS black holes (which plays an important role in the variational principle for the attractor
equations) indicates that these corrections must be encoded in a single real homogeneous
function. For N = 4 black holes this form of the free energy has been used success-
fully [I9, (1], but in that case the non-holomorphic corrections are severely restricted, so
that the consequences of this approach were rather minor. Therefore we further investigate
the consequences of this approach in the context of the FHSV model by concentrating on
the requirements posed by the exact dualities of this model. As an example we derive
the subleading corrections to the function that encodes the effective action and explicitly
compare the result to the topological string for the genus-1 and genus-2 contributions. As
it turns out the results are clearly different.

Hence the precise relationship between the non-holomorphic terms in the effective
action and those in the topological string partition functions is not entirely clear. In fact
we will present further evidence that the relation between the functions that encode the
effective action and the partition functions of the topological string is more subtle than
has previously been envisaged. In [B3, P4] it was shown that certain string amplitudes are
related to the twisted partition functions of the topological string. These results, however,
do not necessarily imply that the effective action should also have such a direct relationship,
in view of the fact that the effective action encompasses only the one-particle irreducible
diagrams and not the connected diagrams. As is well known the relation between these
two sets of diagrams proceeds through a Legendre transform. Interestingly enough, a
Legendre transform is also involved when one wishes to realize the duality transformations
in a manifest way in a field-theoretic context. Here it is important to realize that the
action is not manifestly invariant under symmetries that are induced by electric/magnetic
duality [B3, B4]. In order to obtain manifestly invariant quantities, one may, for instance,
apply a Legendre transform and consider the Hamiltonian instead. However, in the context
of special geometry it is suggestive to consider the Legendre transform that leads from
complex to real special geometry. In that case one obtains the so-called Hesse potential,
which is related to the black hole free energy and which is manifestly duality invariant (this
was discussed in [[1]). The above scenario for explaining the discrepancy is admittedly a
bit speculative and it is beyond the scope of this paper to try and work this out further.
Obviously, this aspect has a bearing on the original conjecture of [f.

Returning to the black holes, there are two aspects that have come under intense
scrutiny lately which will not enter into our analysis. The first aspect concerns the depen-
dence of the microstate degeneracies on the asymptotic values of the scalar moduli, i.e., on
the values of the scalar fields at spatial infinity (see, for instance, [B3, [[5, Bd—Bg]). This



dependence is associated with the appearance or disappearance of multicentered black hole
configurations [B9, (] for a given total charge. The second aspect concerns the so-called
entropy enigma, a surprising phenomenon that may arise at weak topological string cou-
pling [[[F]. It is based on the fact that there exist multicentered black hole solutions that
carry an entropy that is vastly larger than the entropy of singlecentered solutions carrying
the same charges. The occurence of this phenomenon would imply a breakdown of the
conjecture of [ff], which was supposed to work at weak coupling. It would be difficult to
reconcile this with the fact that the predictions for large black holes have always been in
agreement with semiclassical reasoning. Evidence against such a breakdown has recently
been given in [@] The approach followed in this paper will not take into account the two
aspects just described and we will assume that semiclassical arguments do make sense.

This paper is organized as follows. Section P contains a brief review of the derivation of
the measure factor from a duality invariant perspective. Subsequently the non-holomorphic
corrections are incorporated in the black hole free energy and we discuss the semiclassical
approximation. Section [ describes the consequences of S- and T-duality invariance for a
class of models that contain in particular the FSHV and the STU models. In section
the measure factors for the mixed partition function are evaluated for these models in the
semiclassical approximation. In section | non-holomophic corrections are studied for the
FHSV model and compared to the results for the topological string. Subsequently non-
holomorphic deformations of special geometry are discussed. Section |§ deals with the STU
model and describes an attempt to reconcile the macroscopic and microscopic results for
the BPS black hole entropy in that model. Section [/ presents our conclusions.

2. The BPS black hole free energy and the partition function

At the field-theoretic level it is known that the attractor equations that determine the
values of the moduli at the black hole horizon [3—-[4], follow from a variational principle.
This variational principle is described in terms of a so-called entropy function. There
exists an entropy function for extremal black holes [@, @], where the attractor mechanism
is induced by the restricted space-time geometry of the horizon, and one for BPS black
holes [[L1], where the attractor mechanism follows from supersymmetry enhancement at the
horizon. For N = 2 supergravity the relation between these entropy functions has been
clarified in [I7]. To preserve the variational principle when non-holomorphic corrections
are present, it follows that these corrections must enter into the BPS free energy in a well-
defined way. Requiring the existence of a free energy seems desirable from the point of view
of semiclassical arguments and the relation with black hole thermodynamics, and it should
be interesting to derive this result directly from an effective action. However, no effective
N = 2 supersymmetric action is known to date that incorporates the non-holomorphic
terms, although partial results are known for N =1 [@] and from the string amplitudes
that are related to the topological string [B). We will discuss this last relationship in
section ] At any rate, the results of this paper indicate that, indeed, one can safely
proceed by checking the internal consistency at the level of the entropy function, guided



by the (partially established) relation with the full effective action. This is the underlying
strategy of this paper.

In the first subsection we discuss the definition of the free energy, and its relation
with the black hole partition function and the BPS entropy function, for a given set of
degeneracies and a corresponding locally supersymmetric effective action. The second
subsection describes the non-holomorphic contributions to the free energy, and the third
subsection deals with the semiclassical approximation.

2.1 BPS free energy and partition functions

We consider charged black holes in the context of N = 2 supergravity in four space-time
dimensions, which contains n + 1 abelian vector gauge fields, labeled by indices I,J =
0,1,...,n, so that black hole solutions can carry 2(n + 1) possible electric and magnetic
charges. The theory describes the supergravity fields and n vector multiplets (the extra
index I = 0 accounts for the gauge field that belongs to the supergravity multiplet), and
possibly a number of hypermultiplets which will only play an ancillary role. A partition
sum over a canonical ensemble of corresponding BPS black hole microstates is defined
as follows,

Z(¢.x) = Y d(p,q)emard’—rxl, (2.1)

{p,a}

where d(p,q) denotes the degeneracy of the black hole microstates with given magnetic
and electric charges equal to p! and gqj, respectively. This expression is consistent with
electric/magnetic duality, provided that the electro- and magnetostatic potentials (gbl y XTI)
transform as a symplectic vector, just as the charges (p’, qr), while the degeneracies d(p, q)
transform as functions of the charges under the duality. In case that the duality is realized
as a symmetry, then the d(p, ¢) should be invariant.

Viewing Z(¢,x) as an analytic function in ¢! and xr, the degeneracies d(p, ¢) can be
retrieved by an inverse Laplace transform,

d(p,q) / 6! dx; Z(6, ) e+l (2.2)

where the integration contours run, for instance, over the intervals (¢ —i,¢ +1) and (y —
i,x +1) (we are assuming an integer-valued charge lattice). Obviously, this makes sense as
long as Z(¢, x) is formally periodic under shifts of ¢ and x by multiples of 2i.

Identifying the logarithm of Z(¢, x) with a free energy, it is expected that this expres-
sion has a field-theoretic counterpart, because the electrostatic and magnetostatic fields
appear as some of the scalar moduli in the field-theoretic description. Indeed, such a free
energy function exists and it is contained in the so-called BPS entropy function. Station-
ary points of this entropy function are subject to the attractor equations which fix the
value of the moduli at the black hole horizon, and the value of the entropy function at the
stationary point equals the macroscopic entropy. The latter is a function of the charges
and it equals the Legendre transform of the free energy. The BPS entropy function was
originally proposed in []] for actions that are at most quadratic in space-time derivatives
and its generalization to higher derivatives was discussed in [[[]. It is natural to identify



the partition function (R.I]) with the exponent of the relevant free energy, which is con-
tained in the entropy function. In the case at hand, where one considers functions of real
potentials (gbl ,X1), this free energy equals twice the so-called Hesse potential H, which
depends on the holomorphic function that encodes the N = 2 supergravity theory of the
vector multiplet sector [5(]. In the notation of 1], we write

Z d(p, q) e™lur® =il Z 2™ H(¢/2x/2) | (2.3)
{p,q} shifts

The Hesse potential is a macroscopic quantity which does not in general exhibit the period-
icity that is characteristic for the partition function. Therefore, the right-hand side of (.d)
requires an explicit periodicity sum over discrete imaginary shifts of the ¢! and x;.2 In
the inverse Laplace integral (B.4) we expect that this periodicity sum can be incorporated
into the integration contour.

It is in general difficult to find an explicit representation for the Hesse potential. The
standard way to encode the effective supergravity theory (as far as the vector multiplet
sector is concerned), is in terms of a holomorphic function of the complex scalar fields Y/,
and the resulting geometric structure is known as special geometry. Here one identifies
a symplectic vector by combining the scalars Y/ with the holomorphic derivatives F of
the function F(Y'), which transforms under duality precisely as the charges (p’,qr). Of
course, this leaves several options for parametrizing the models, and the obvious one that
leaves the symplectic structure intact is to choose real variables equal to the electro- and
magnetostatic potentials [@],

(JSI:YI—I-YI, X[:F[—I-Fj. (2.4)

In these variables one obtains the Hesse potential as a Legendre transform of the imaginary
part of F(Y) with respect to the imaginary part of the Y. This is precisely equal to
one-half of the free energy F(Y,Y), defined in complex coordinates, that we will discuss
momentarily. Substitution of these relations leads to,

S d(p, q) e E R §Y g FR) (2.5)
{p,q} shifts

but now the definition of the shifts has become very subtle as they still refer to imaginary
values of ¢! and y;. This subtlety should again be reflected in the choice of the integration
contours in the inverse Laplace transform. We emphasize that at this point we are assuming
that F(Y) is a holomorphic function which is homogeneous of second degree, although so
far we did not make use of this. The equation (P.J) is the conjectured relation between
the microscopic data, defined in terms of the degeneracies d(p, q), and the field-theoretic
data, encoded in the free energy F. In this section we will derive the expression for this
free energy in terms of derivatives of the function F' in the presence of subleading and
non-holomorphic corrections, and discuss some consequences of this result. The expression

2In case that the Hesse potential exhibits a periodicity with a multiple of the periodicity interval, then
the sum over the imaginary shifts will have to be modded out appropriately such as to avoid overcounting.



for the free energy follows from the requirement that the attractor equations are based on
a variational principle. The reason for adopting this procedure is that in the presence of
non-holomorphic corrections, the effective action is not fully known and hence cannot be
used directly to define the free energy. We already discussed this strategy at the beginning
of this section.

Postponing the discussion of various subtleties and generalizations, we consider a vari-
able change from the real variables (x’, ¢7) to the complex variables Y in the integral B3,
replacing Z (¢, x) by exp[2m H(4/2, x/2)], and subsequently by exp[r F(Y,Y)] when chang-
ing variables. This leads to the integral,

d(p, q) oc/ d(y+7)"d (F+ F), e =0 pa)
_ (2.6)
x / avlay! A (v, v) e >VYpa)

where A(Y,Y’) denotes the Jacobian associated with the change of integration variables

(¢,x) — (YY),
A(Y,Y) = |det[Im 2 Fk ]| , (2.7)

and X denotes the BPS entropy function which decomposes according to
S(Y,Y,p,q) =F (Y.Y) —q (Y +Y!) +p! (Fr + Fy) . (2.8)

Here p! and g7 couple to the corresponding magneto- and electrostatic potentials (c.f. 24)
at the horizon in a way that is consistent with electric/magnetic duality. Furthermore,
F(Y,Y) represents the free energy alluded to earlier. In the following we will consider
its definition.

The free energy F has the property that its variations take the form,

SF=i(Y'=Y!) s (Fr+ Fr)—i(Fr—F) s (Y +Y7), (2.9)

so that the variation of the entropy function ¥ with respect to the Y/, while keeping the
charges fixed, yields the black hole attractor equations,

vi—vi=p',  FY)-F(Y)=iq. (2.10)

These equations determine the values of the Y/ at the black hole horizon in terms of the
charges. Under the mild assumption that the matrix N;; = 2Im F7; is non-degenerate, it
thus follows that stationary points of 3 must satisfy the attractor equations.

One can now evaluate the integral (.) in the semiclassical approximation and show
that the answer takes the form,

d(p,q) = eSmacoP:2) (2.11)

where Spmacro(p, ) equals the value of w3 taken at the saddle point. This is a gratifying
result as we correctly recover the classical result, provided a free energy function exists with
the required properties. In principle, we should have included the measure factor (2.7) when



expanding around the saddle point but these contributions are suppressed in the limit of
large charges, where all the charges and the fields Y/ are scaled uniformly.

Before continuing and discussing the free energy in further detail, we wish to empha-
size that the scalar fields belonging to the vector multiplets are projectively defined in
the underlying superconformal framework used for constructing the effective supergravity
theory. On the other hand, the fields Y/ must have been given an intrinsic normalization
as follows from the observation that both sides of the attractor equations scale differently
in view of the fact that the charges are constant. This is also obvious from the equation
aY! —p'F = —i(}_/'IFI — YIF’I), which holds generally at the attractor point. Indeed
we have adopted a normalization condition on the Y/ such that they are no longer sub-
ject to these projective redefinitions.® In the case that the function F(Y') is holomorphic
and homogenous of second degree, the expression for the free energy is known and equal
to F(Y,Y) = —i(Y!F; — YIF;). Indeed this expression satisfies (P-d) by virtue of the
homogeneity of the function F(Y) [Ag].

However, in reality, the function F(Y') will depend also on an extra complex field T
which is equal to the lowest-dimensional component of the square of the Weyl multiplet.
The presence of this field encodes interactions in the effective field theory proportional to
the square of the Weyl tensor. Supersymmetry requires the function F(Y,Y) to remain
holomorphic and homogeneous of second degree,

F(AY,NY) =N F(Y,Y). (2.14)
The BPS free energy takes the following form in the presence of T-dependent terms,
FY,Y,X,Y)=—i(Y'F,-Y'F) -2 (YFr— YFy) , (2.15)

where Fy = OF/0Y. And again, this free energy satisfies (R.9) by virtue of the (modified)
homogeneity property (R.14), where F(Y) and F(Y') are everywhere replaced by F(Y,T)
and F7(Y,T), and where Y is kept fixed under the variation. Note that the definition (2.17)
is consistent with electric/magnetic duality [pg]. Furthermore, an encouraging feature is
that the expression (R.I7) follows directly when evaluating the Hesse potential based on
the holomorphic function F' in the presence of YT-dependent terms, without making any
reference to the attractor equations [[LT].

The BPS attractor equations impose a constant real value for T, namely T = —64. This
implies that the terms proportional to positive powers of T encode subleading contributions

3To be specific, the original (projectively defined) fields X’ and the normalized fields Y' are related

by [d,

I_ Z X!
e Vi(XTF(X) — Fr(X)XT) ’ (2.12)

where

Z= P (X) —a X! (2.13)
VIEXTF (X)) = F(X)XT) ’

This latter quantity is sometimes referred to as the holomorphic BPS mass. Note that the Y/ are invariant
under uniform complex rescalings of the underlying variables X 7.



to the entropy. The reason for this is that the attractor equations and the entropy function
scale uniformly under simultaneous scale transformations of the Y/ and Y fields according
to (R.14), provided we scale the charges accordingly. The fact that the attractor equations
fix T to a constant affects this scaling property. This phenomenon has been successfully
demonstrated in [[l], following earlier work in [g, .

2.2 Non-holomorphic corrections

A more subtle issue concerns the non-holomorphic corrections to the entropy function.
Already at an early stage [[Ld] it was clear that non-holomorphic corrections were required
for manifest S-duality in N = 4 supersymmetric heterotic string compactifications, which
have dual realizations as type-II string theory on K3 x T2, or M-theory on K3 x T2 x S*.
Non-holomorphic modifications signal departures from the Wilsonian action and are caused
by integrating out the massless modes. These modifications are required in order to preserve
the physical symmetries which cannot be fully realized at the level of the Wilsonian action.
An early example of this can be found in [i], where it was shown that the gauge coupling
constants become moduli dependent with non-holomorphic corrections. Applying the N =
2 attractor equations to this particular situation reveals the need for non-holomorphic
modifications [[§]. Specifically, requiring the vector (Y1 Fy) to transform consistently
under S-duality monodromies, an S-duality invariant entropy was obtained. The results of
this analysis were also in accord with the results for the non-holomorphic terms found in
the corresponding effective action [RI]]. Subsequently, but much later, it was demonstrated
in [I9) how these results emerge from a semiclassical approximation of the microscopic
degeneracy formula for N = 4 dyons [fJ-Fg]. However, as we already alluded to in
section [l, the N = 4 supersymmetric models are of limited use for studying the general
situation as their Y-dependence in F(Y,Y) is severely restricted.

Nevertheless, there is one question that can be addressed already at this stage, namely,
whether one can still derive the attractor equations from a variational principle in the
presence of the non-holomorphic corrections and define a closed expression for the BPS
entropy function and the free energy introduced earlier. To investigate this question let us
evaluate the variation of the free energy F defined in (R.15) minus the right-hand side of
its expected variation (R.g), without making any further assumptions on the function F,

SF —i(Y'=YT) s (Fr+Fr)+i(Fr—Fp) s (Y +Y7) =
—1(2Y6Py + Y'6F; — Fr 6Y') + hec.. (2.16)
The right-hand side of the above equation should either vanish, or become proportional to
the variation of a new term, which can then be absorbed into F. Inspection shows that

there are two obvious solutions. When the function F' is homogeneous of second degree
and holomorphic, (R.14) implies,

2YPr+YIF, =2F, (2.17)

so that 2 6Fy + Y1 6F; — Fy 6Y! = 0. In that case the right-hand side of (R.1§) vanishes,
confirming the result quoted earlier for the holomorphic case. Alternatively, we may relax



the holomorphicity requirement and assume that F' (or part of F') is not holomorphic but
purely imaginary, so that we can write F' = 2iQ(Y,Y, Y, T) with Q a real homogeneous
function of second degree, which therefore satisfies 2 YQy +2TQ¢ + Y1Q; + YIQ; = 20
In that case the right-hand side of (2.16) vanishes as well. Hence we may write,

F=FO®w,T)+2Q(Y,Y,T,T), (2.18)

where the attractor equations (R.1() retain the same form, irrespective of the presence of
the non-holomorphic terms. The decomposition (R.1§) is not unique. When the function
) is harmonic, i.e. when it can be written as the sum of a holomorphic and an anti-
holomorphic function, then one may absorb the holomorphic part into the first term. The
anti-holomorphic part will then not contribute as it will vanish under the holomorphic
derivatives which enter the attractor equations and the free energy. In practice we will
require that F© is independent of Y.

We are not aware of any other general solutions. These two solutions are the ones that
have been discussed before and are consistent with all known cases. The second option
seems to take the form of a consistent non-holomorphic deformation of special geometry,

as we shall further discuss in section fj.

2.3 Semiclassical approximation

Having determined the free energy with possible non-holomorphic deformations we return
to the inverse Laplace integral (P.4). This integral, defined in the first line of (2.4), is
expressed in terms of ¥ given in (R.§) with the associated free energy given in (B.15) with
T = —64. In the presence of non-holomorphic corrections, the function F' appearing in
these expressions is the non-holomorphic one introduced in (2:1§). These non-holomorphic
modifications will also introduce an explicit modification in the integration measure A,
as follows,

d(p, q) o / d (YI +}7f> d (Fy + Fy) o™ E(V2Y p.a)

) ) (2.19)
x / Ay dy! AT (YY) em ¥
where we now introduce two Jacobian factors, A* (Y, Y), defined by
AF(V,Y) = |det [Im[2 Fp +2 Frer]]] - (2.20)
Observe that the mixed derivative satisfies,
Frj=-Fj;. (2.21)

because of the fact that the non-holomorphic terms are characterized by the real function
Q. Obviously, the mixed derivatives vanish when the function Q(Y,Y, Y, YT) is harmonic.
When this is not the case, we must adopt indices I,.,... to refer specifically to non-
holomorphic coordinates and derivatives.
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Subsequently one evaluates the semiclassical Gaussian integral that emerges when ex-
panding the exponent in the integrand to second order in 6Y! and 6Y ! about the attractor
point. As it turns out [[[1]], this can be done in two steps, because at the saddle point the
semiclassical determinant factorizes into two sub-determinants, one associated with the
real and another one with the imaginary values of the Y. These two sub-determinants are
precisely equal to A* and A~, respectively, defined in (R.2(). Performing the integral only
over the imaginary parts of the Y/ partially cancels the Jacobian factor in (-19), and one
is left with the integral,

d(p,q) o / dp /A= (p, ¢) e"FE@A)—ard’] (2.22)

where 1
vi= 5 (o' +ip") . (2.23)

Hence this result takes the form of the OSV integral [, with an extra integration measure
vA~. In view of the original setting in terms of the Hesse potential, we expect that the
integration contours in (P.22) should be taken along the imaginary axes. The free energy
associated with the mixed ensemble, Fx(p, ¢), reads as follows,

Fu(p, é) = 4 [ImF(Y, V.Y, T) - QY. 7,7, T)] . (2.24)
The remaining attractor equations read, q; = 0Fg/ O¢!. We note the presence of the term
proportional to €2, which partially cancels the 2-dependence in the function F'. The reader
may verify that, when (2 is harmonic, everything can be expressed in terms of the imaginary
part of the properly modified holomorphic function F.

It remains to complete the semiclassical approximation and perform the integral over
the ¢!. This gives the result,

A=(Y,Y)

_ Smacro(pﬂ]) . 292
AH(Y.Y) ‘ (2:25)

attractor

d(p, q) = ‘

In the absence of non-holomorphic corrections the ratio of the two determinants is equal
to unity and one recovers precisely the macroscopic entropy, as in (R.11]).
Inverting (R.29) to a partition sum over a mixed ensemble, one finds,

Z(p,¢) = Y d(p,q)e” u?
{a}

~ S VA g) ) (2.26)

shifts

The function Fg is not duality invariant and the invariance is only recaptured when com-
pleting the saddle-point approximation with respect to the fields ¢!. Therefore an evalua-
tion of (R.29) beyond the saddle-point approximation will most likely give rise to a violation
of (some of) the duality symmetries.

To discuss the validity of the semiclassical approximation, we recall that the entropy
function is homogeneous of degree two under uniform rescalings of the charges, (pl ,qr), and
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the fields Y/ and v/T and their complex conjugates. However, T will take a fixed value as a
result of the attractor equations. Therefore Y-dependent terms affect the uniform scaling
and, under the assumption that only positive powers of T appear, are associated with
subleading corrections. The leading terms in the BPS entropy function scale quadratically,
and so does the entropy. On the other hand, the leading contributions to the determinant
factors scale with zero weight. Hence the latter terms do not have to be expanded about
the saddle point as they would yield contributions with negative scaling weights. The
semiclassical approximation thus pertains to all terms that scale with non-negative scaling
weights. Therefore subleading corrections to the entropy function with zero weight are
comparable to the leading terms in the determinant factors. Assuming that 2 is at least
proportional to Y or its complex conjugate, we have to include the terms in € that are
linear in Y, but we can suppress them in the determinants. In that case the prefactor
in (£.25) equals unity.

Hence we expect that the semiclassical approximation is reliable for the leading and
subleading terms in the entropy. The consistency of this approach has been verified in many
cases, but mainly for large black holes in N = 4 supersymmetric string compactifications
based on an N = 2 supersymmetric description [[Id, [[9, Bl, BJ, (. Obviously this result is
not compatible with the so-called entropy enigma, found in [I§]. In the case of small black
holes, where the leading contribution is absent, the above arguments do not quite apply
and the semiclassical approximation breaks down, although the next-to-leading part in the
entropy can still be calculated reliably [[[6], f{, P7]-

3. Constraints on (2 due to exact duality symmetries

In this section we consider specific N = 2 models with exact duality symmetry groups. Two
such models are the FHSV and the STU model B9, Bd]. Their symmetries constrain the
form of the real homogeneous function 2 in (2.1§), because the corresponding monodromies
imply specific transformation rules for the derivatives of 2. We begin by discussing exact
duality symmetries in the context of a larger class of models, which will enable us to
make contact with previous work on BPS black hole entropy applied to various string
compactifications invariant under 8 or 16 supersymmetries. The results of this section will
then be used in later sections.

The FHSV model is a model with 8 supersymmetries. Its type-II realization cor-
responds to the compactification on the Enriques Calabi-Yau three-fold, which is described
as an orbifold (T? x K3)/Zs, where Zs is a freely acting involution. Its holonomy group
equals SU(2) x Zy, which implies that the type-II string compactification is described by an
effective four-dimensional theory with N = 2 supersymmetry. The Enriques Calabi-Yau is

@1 = p(LY =11, so that its Euler number X vanishes,

self-mirror with Hodge numbers h
and the massless sector of the four-dimensional theory comprises 11 vector supermultiplets,
12 hypermultiplets and the N = 2 graviton supermultiplet. In what follows we concen-

trate on the vector multiplet sector, whose classical moduli space, which is not affected by
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quantum corrections, equals the special-Kéhler space,

SL(2) 0(10,2)

Mector = 80(2) X 0(10) X 0(2) '

(3.1)

Its two factors are associated with T?/Zy and the K3 fiber, and the special coordinates for
these two spaces will be denoted by S and T?, respectively.* In the limit (S + S) — oo
one recovers the perturbative result of the dual realization on the corresponding heterotic
string orbifold.

Obviously the classical moduli space (B.1)) is invariant under the continuous group
SL(2) x O(10,2). However, at the quantum level the model is invariant under the product
of two discrete groups, namely the I'(2) subgroup of SL(2;Z), and the group O(10,2;7Z).
These groups must be realized as the invariance group of a more complete effective field
theory description. We will call those the S- and T-duality groups, respectively, although
this nomenclature is not quite appropriate in the type-II context.

Another model with 8 supersymmetries is the STU model [R9, B{], which may be
regarded as a truncation of the FHSV model, based on 3 vector multiplets and 4 hyper-
multiplets. Note that the STU model is also self-mirror and has x = 0. Its corresponding
special-Kéhler space equals,

SL(2) SL(2) SL(2)

Muector = 555y 50(2) * 50(2) - (3:2)

The duality group of this model is the product of the discrete I'(2) subgroups of each of
the three SL(2) groups.

For reasons of comparison we will also consider the so-called CHL models [F9], which are
invariant under 16 supersymmetries and whose S-dualities belong to the Fl(N ) subgroup of
SL(2;Z). Here N is an integer parameter and the models with N =1,2,3,5,7, have been
studied in the literature [2Q]. The case N = 1 corresponds to the toroidal compactification
of heterotic string theory. The rank of the gauge group (corresponding to the number of
abelian gauge fields in the effective supergravity action) is then equal to r = 28,20, 16, 12
or 10, respectively, and the corresponding number of N = 2 matter vector supermultiplets
equals n = 48/(N + 1) — 1. Many of the studies of BPS black holes in CHL models have
been carried out based on an effective N = 2 supergravity description.

Let us now consider the underlying holomorphic function F'(Y,T) in terms of which the
Wilsonian action for the vector multiplet sector is encoded. As explained in the previous
section the dependence on the field Y induces the presence of certain higher-order derivative
interactions, which, among others, involve the square of the Weyl tensor. The definition
of the n + 1 complex fields Y/ was also discussed in the previous section.” The number
n will depend on the particular model that one is considering. For example, the FHSV
model and the STU model have n = 11 and n = 3, respectively. Usually one assumes that

4The hypermultiplet moduli space contains the type-II dilaton and is of no concern to us. Its classical
moduli space is given by the quaternion-K&hler space O(12,4)/[0(12) x O(4)], as follows from the c-map [E]
5See footnote E Note that T has been subject to a similar rescaling.
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the function can be expanded in positive powers of Y. For type-II compactifications on
Calabi-Yau three-folds that are K3 fibrations, the expansion takes the form

YWY | &
F(Y,T) = 77 T4 Z 19 F9 (3.3)

where a,b = 2,...,n, and the symmetric matrix 7, is an SO(n — 2, 1) invariant metric of
indefinite signature. Obviously this expression can be parametrized by

F(Y,T) =i(Y°)? ST T" + T F )+ > YO 5 FYST),  (34)
g=2
where
S=—-ivYy®  19=-iYy*Y°, (3.5)

denote the special coordinates that parametrize the moduli space of the Calabi-Yau three-
folds. We stress that the classical moduli space described by the first term of (B.4) is
exact for the models that we discuss in this paper. The function F(Y,Y) takes the form
of a loop expansion with Y as a loop-counting parameter. This is the form that is used
for the topological string where Y is regarded as the inverse topological string coupling
constant and the functions F(9)(S,T) are the genus-g twisted partition functions.® The
latter acquire non-holomorphic corrections encoded by the holomorphic anomaly equation,
whose structure is such that the holomorphic dependence on the topological string coupling
constant is preserved [@]

On the other hand it is well known that non-holomorphic corrections are also required
to realize the relevant symmetries of the effective action [[I§]. In this context the holomor-
phic contributions encode the Wilsonian effective action which is supposed to arise from
integrating out massive degrees of freedom. The Wilsonian action does not necessarily
reflect all the symmetries of the theory and those are recovered upon including the con-
tributions from the massless fields. These contributions contain non-holomorphic terms.
As we mentioned already in section [l it turns out that the non-holomorphic corrections
to the effective action are not quite identical to the non-holomorphic contributions to the
genus-g partition functions of the topological string, at least for g > 1. This will be further
discussed in section fj.

Equivalence classes of the holomorphic function F(Y,T) are governed by Sp(2n+2,7Z)
rotations of the 2(n+1)-component period vector of the underlying Calabi-Yau holomorphic
three-form, corresponding to (Y, F}), where F; = (Fy, Fy,F,) denotes the derivatives
of F with respect to Y°, Y and Y, respectively. For the models based on (B4) the
invariance group is embedded into an SL(2; Z) x O(n—1, 2; Z) subgroup of these monodromy
transformations. In this section it is not necessary to precisely specify this embedding. At
the classical level, where one retains only the first term in (B.4), the continuous version
of these monodromy transformations generate the isometries of the moduli spaces. At the

SHence F9(Y) = (Y°)~29%2 F(9) (S T); when refering to the genus-g partition functions in the text, we
usually do not make a distinction between F(9)(Y) and F9) (S, T).
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level of the four-dimensional effective action these transformations are accompanied by
electric/magnetic duality transformations.

The period vector (YI , Fr) plays a central role in the so-called attractor equations for
BPS black holes, which express their imaginary parts (taken at the black hole horizon) in
terms of the black hole charges (c.f. (B-10)). Rather than concentrating on the properties
of the function (B.4), we will therefore focus attention on the properties of this period
vector. On the period vector, invariance transformations are characterized by the fact that
the variations of the Y/ induce the action on the F;(Y,Y) according to the monodromy
matrix that also acts on the black hole charges. Because the BPS attractor equations
require T to take a specific value at the horizon (namely T = —64), it is possible that the
invariance arguments are not valid for arbitrary Y. Based on previous work, it seems at
least necessary to restrict T to a real number. However, in this section this aspect does
not yet play a role. Furthermore, because the action of the monodromies on the charges is
not subject to corrections, the action of the symmetry on the period vector must remain
unchanged upon introducing non-holomorphic corrections.

In view of the above it is of interest to define the monodromies associated with the
group SL(2;Z)xO(n—1,2;Z), a subgroup of which is expected to leave the model invariant.
The action of the S-duality group is defined as follows,

YO - dYO4¢cY?, Fy —aFy—bF,
Y! - aY!+bY0, Fi —dF —cFy, (3.6)
Y“HdY“—%CU“be, Fa—>aFa—2b77abea

where a, b, ¢, d are integer-valued parameters that satisfy ad — bc = 1 which parametrize (a
subgroup of) SL(2;Z).

For the T-duality group, general transformations are most easily generated by prod-
ucts of a number of specific finite transformations. Those transformations that belong to
the O(n — 2,1;Z) subgroup are manifest in the above description and do not have to be
considered. Then there are n — 1 abelian transformations generated by

Y0 - v0, Fy — Fy4+ \F, + X\ YL
vyl — vt Fi — F1 4+ 2X5Y" — XA\ YO (3.7)
Yo - Y9 XYY F, — Fy+ 20\ Y1

where the A® are integers. Finally the full O(n — 1,2;Z) group is generated provided one
also includes the following transformation,

YO - R, Fyp— Y,
Y! - -Fy, F —Y°, (3.8)
Yye -Y*, F,— F,.

Observe that the square of this transformation equals the identity.

In the case that the higher-order genus terms in (B.4) are suppressed, it is straightfor-
ward to evaluate the behaviour of these transformations on the special coordinates S and
T°. Under S-duality we find the well-known results,

aS —1ib

— 15—



The T-duality transformations (B.7) and (B.§) lead to, respectively,
TCL

S—>S, Ta—>Ta+i)\a, TQHW

(3.10)
However, these S- and T-duality transformations become much more complicated in the
presence of higher-genus contributions in (B.4). Insisting on the same symmetry (i.e., char-
acterized by the same monodromy matrix) will restrict these higher-genus contributions.
This was demonstrated, for instance in [[lf]], in a simpler situation.
In what follows we concentrate on the periods and thus consider holomorphic deriva-
tives of the function F', which is itself not holomorphic,
Yl Yanabyb
o

where Q encodes the non-classical contributions in accordance with (P.1§). We will still

F = +2Q(Y,Y, 1, 7), (3.11)

be assuming that © depends only on positive powers of T and T compensated by negative
even powers of Y9 and/or Y so as to make (B.I1)) homogeneous of second degree (but
not necessarily holomorphic). Furthermore we expect that 2 vanishes for T = 0. In the
case studied before [I9], where the F @ vanish for g > 1, it turns out that Q could be
written as a real function. As long as 2 is harmonic, which implies that it can be written
as the difference of a holomorphic and an anti-holomorphic function, this modification
has no consequences when considering the periods, as the latter will remain holomorphic.
Irrespective of these precise properties the I can be written as follows,

y! 2i 0 0 0
Fy= —— Y%V — — | -Y'— + §— 4+ T¢ 0
0= oy VY 35 | 7Y gy g5 T T G|
1 2 00
Fil = — — Y)Y+ =— —
1 yo Nab + yo 95 )
vl y 2 00
Fa = — 2W nabY + W oTa 5 (312)

where we regard € as a function of Y?, S and 7 (and possibly their complex conjugates).
With these results the S-duality transformations (B.6) take the form,

Y0 - AgY?,
Y! - avt+0Y°,
a a C _ab on
with
Ag=d+icS. (3.14)

On the special coordinates S and T these transformations extend the previous result (B.9),

al —ib ic ap 082

Tiesyar L Tt agmoe o (3.15)
and we note the useful relations
oS’ _ 1 |Agl? As?
7P A2 _ _ — — —icAqg. 3.16
s ~ "% 945 S+5 S48 7S (3.16)
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Assuming that the above transformations constitute an invariance of the model, we
require that the S-duality transformations of the Y/ induce the expected transformations
of the F; upon substitution. This leads to the following result,”

00 _ 00
ore)y  ore’

<aQ>’ 2202 _ 9(AsY) [_1 o) ic 0 00

9S)s 75 9S T Tas | 2 ov9 1Ag(YO2 oTa! 9rb|
o0\’ Y, ic 00 00
09\ _ 0 ab
<Y 8YO>S Yoo T Asvor are arh (3.17)

It is instructive to consider the consequences of these equations in case that the dependence
on the T-moduli is suppressed (i.e., 9Q/9T® = 0) and non-holomorphic terms are absent
(so that we may use the decomposition (B4)). The result is that the functions F(9)(S,T)
are modular forms of weight 2¢g — 2, as the above equations take the form,

9sF1(S,T) — AZ9gFW(S,T),
FO(S,T) — AF?FO(S,T), (9>1)
DsF9(S,T) — A¥DgFO(S,T), (9> 1) (3.18)

—~

where DgF9)(S,T) = [0s — 2(g — 1)0s Inn?]F9) (S, T) with n(S) the Dedekind function.

Here 05 1nn? acts as a connection, in view of its transformation law,
1
dsInn? — A3 dsInn? + §asA2 , (3.19)

but alternative connections exist that will lead to identical results. In the holomorphic case
the first derivative with respect to T of € is known to be an invariant function [5J], and
this is consistent with the second equation of (B.1§).

The same reasoning applies to T-duality. Under the transformation (B7) it follows
from (B13) that all the derivatives 9Q/9Y°, 9Q/0S and 9/0T* must be invariant under
integer shifts 7% — T 4 iX®. For the T-duality transformation (B.§) the analysis is more
subtle. Using (B.19) we derive,

Y0 - ApY?,
2i o0 o0
1 1, 4| 50 a
e R T i 7 I
Y -Y*, (3.20)
with
2 00
_ ma b
AT =T T]abT + (Y0)2 % . (321)

7(0)'53 denotes the change of O under S- or T-duality induced by the transformation of all the arguments
on which O depends.
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On the special coordinates the transformation (B.2() extends the previous result (B.10),

2 0 0Q 00
=5t rwoe |V v T o
a T

Again we assume that the above transformations constitute an invariance of the model,
and require that the T-duality transformation (B.20) of the Y induces the expected trans-
formations of the F; upon substitution. This leads to

o0 _ o0
95 ), 95’

/
< o > = <AT 8l — 2naCTCTb> o0 + 205 T° Yoa—Q

oTe ) .+ or® oyo”’
o’ oY) 4 09 oY) oY)
Y'— )] =Y° — | -Y'— T 2
( ay0>T Y0 T Ar (YO 95 [ ayo * aTa} (3:23)
To appreciate the first term on the right-hand side of the second equation we note
ore 1 27T npT° 27  9%*Q
— |y, = 2 e (3.24)
ort A AT Ar(Y0)2 9T?9S

In case that the S-dependence is suppressed so that we can drop the terms proportional
to 959, (B.24) is precisely the inverse of the term appearing in the second equation (.23).

As before it is instructive to consider the consequences of these equations in case that
non-holomorphic terms are absent (so that we use the decomposition (B.4)), assuming this
time that the dependence on the S modulus can be ignored, so that dg{2 = 0. The result
is that the F (9)(5, T') are holomorphic automorphic forms of weight 2g — 2, as the above
equations reduce to (note that At = T%,T? in this case),

O FU(S,T) — (AT 5ab — 2nacTch) O FO(S,T),
FO(S,T) — AFTPFO(S,T), (9> 1)
DraF9(8,T) — (AT St — 2nacTCTb) AX2DLFOS,T), (g>1) (3.25)
where Dya F9)(S,T) = [0« 4 (g — 1)d7a In Ap]F9) (S, T). Again this result is consistent

with the fact that the first derivative with respect to T must be an invariant function in
the holomorphic case. Here we made use of a connection —%81“ In A, as

1 1
—§6Ta In At — (AT 5ab -2 nacTch> [—56@7 In A1 + 8Tb InAr| . (3.26)

However, other (less trivial) connections are possible. For instance, in the FHSV model
one may use i@T In®(T'), where ®(T) is the holomorphic automorphic form of weight 4
(c.f.(EF)). A non-holomorphic connection is given by —7 In[(T + T)%u, (T + T)°], which
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is invariant under imaginary shifts of the 7. Note that, in the same approximation as
above, the T-duality transformation (B.2(]) acts as

_ _ 1 _ _
(T +T)" 1y (T +T)" — a0+ T)* 1oy (T +T)" . (3.27)

We refer to [p] for further discussion.
Returning to the more general case it follows that both dg{2 and YO% -25 g—g are

T-duality invariant, whereas dpa€) is S-duality invariant. Furthermore, the combination

Yo% -7 8‘979“ turns out to be invariant under S-duality, while, under the T-duality (8.20),

it is invariant up to a sign change. We also note the relations,

At — At + S )2|: Y 8Y0+T ara |

0 00 | 00 ] . (3.28)

At (Y0)2 [_Y Y0 T

This completes the review of S- and T-duality transformations in the FHSV model
and in similar models, such as the STU model. We stress once more that the central
results, (B.17) and (B.23), hold in the presence of non-holomorphic modifications. Fur-
thermore, it should be clear that €2 is not an invariant function. While the fields T and
T do not enter explicitly into the monodromies (B.), (B.7) and (B.§), the corresponding
transformations induced on Y°, S, and T depend in a complicated way on T and Y. In
the next two sections we will discuss how to solve these equations iteratively in T = Y.
In section ], we restrict ourselves to terms linear in ¥ = T with the aim of studying the
subleading corrections to the mixed black hole partition function. These terms coincide
with the genus-1 partition functions of the topological string. Then, in subsection .1,
we analyse higher-order terms in ¥ = Y, related to the genus-2 partition function of the
topological string. As we intend to demonstrate the result no longer agrees directly with
the topological string. The underlying reason for this different result resides in the fact
that the transformation rules depend on Y, Y, unlike in the case of the topological string.

4. The measure factor for the mixed partition function

The consequences of the duality symmetry, which are expressed by the equations (B.17)
and (B.23) for the function Q defined in (B.I1]), can be studied by iteration in powers of T
and Y. Therefore it is convenient to expand Q as follows,

QY,Y,0,T) =D QWY Y, T, 7), (4.1)
g=1

where Q@ may in general contain various monomials in T and T of degree ¢g. As Q) must
be a real function that is homogeneous of degree two, the coefficients of these monomials
take the form of functions of S and T%, as well as of their complex conjugates, divided
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by homogeneous polynomials of YV and Y of degree 2(g — 1). In particular Q(l)(S, T) is
known for a large variety of models.

In the context of large black holes, only Q(l)(S, T) is expected to contribute to the
mixed partition function (R.2¢)) in the semi-classical approximation, as discussed at the
end of section . Therefore we restrict ourselves here to the case g = 1. This result will
enable us to evaluate the effective measure factor for the mixed partition function at the
end of this section.

We study the constraints imposed by S- and T-duality invariance for the terms linear in
Y and/or T, and their non-holomorphic corrections, proceeding by iteration and assuming
that the duality invariance will be realized order-by-order in Y (subject to T = T). We
consider both the FHSV and STU models, which have N = 2 supersymmetry, as well as
the N = 4 supersymmetic CHL models. Considering this variety of models will be helpful
in callibrating the normalization of 2. All these models share the property that the first
term in (B.4) is not modified by quantum corrections. In this iterative procedure the term
QM which is linear in Y or Y, is subject to relatively simple equations,

o0 ¢ o0l
A
oTe ore ’
o0 ¢ 9OMm
A 2
a5 78 a5
o0l 1+ o0l
LN 7
oS oS
9O Mm
oTe

o0
oTb -

T (nCchTd 5 — 2 naCTCTb> (4.2)
These equations are obviously satisfied by assuming that Q) is the sum of an S-duality
invariant function of S, and a T-duality invariant function of T%. Such invariant modular
and automorphic functions are usually quite rare, so that invariance under the duality
group will pose strong restrictions.

The solutions of the above equations are known for the FHSV model, where the con-
tribution linear in Y or T takes the following form [R3, B,

_ _ — 1 1 1- _ _
O (S, 8, T, 7,7, T) = ~YIn[p*(25) ®(T)] + 5T In[n**(25) ®(T))

2567 | 2

+ (T + 1) In[(S + )T + T)*nap(T + T)"]| . (4.3)

For real values of Y, this result is indeed invariant under S-duality.® The S-duality trans-
formations of this model constitute the I'(2) subgroup of SL(2;Z), defined by a,d = 1

8Here and in the following we make use of the modular transformation rule and the asymptotic expansion
of the Dedekind eta function,

Inn**(S) — Inn**(S) +12 InAs,

Inn(S) = —1—1271'5' —e 7™ L O(e™). (4.4)
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mod 2 and b,c = 0 mod 2 in (B.9). The result is also T-duality invariant in view of the
fact that ®(T) is a holomorphic automorphic form of weight 4 [67],

1—e2nrT 2¢1(r?)
CI)(T) = H <1 + e—27r7’-T> ! (45)
r>0

transforming under the T-duality transformation (B.2(]) (suppressing the S-dependence) as
O(T) — AL B(T). (4.6)

Indeed, () can be written as the sum of two invariant functions, one of S and S and one
of T* and T, respectively, which for large real values of S and T satisfies,

1 TS+7TS
gy ~ - (4.7)

It contains non-holomorphic terms, which are crucial for the duality invariance, equal to

afaetoe = T [(S+8)" (1 +7) na (1 +7)"] (4.8)
Observe that the duality invariance of Q(Fll)isv is only realized for real values of Y. Therefore
we do not know a priori whether to write Y or its complex conjugate. The way in which
this potential ambiguity has been resolved, is by assuming that purely holomorphic terms
are always accompanied by a power of T and purely anti-holomorphic terms by a power of
T, whereas for the mixed terms we assign T and Y such as to preserve the reality properties
of 2 for complex Y. At this point, it is not quite clear how this procedure will work out at
higher orders in T and T, but we know from the explicit evaluation of Q2 for the FHSV
model, which we will present in the next section, that no problems are encountered.
Subsequently we turn to the STU model, based on the function

Yyly?2ys

FOY) = -— i (v9)? sTU, (4.9)

corresponding to n19 = 191 = % and 111 = 722 = 0. In this case, we have [B({],

Qg}le(S’ S? T7 T7 U7 U, T7 T) g

ﬁ[ﬂln [92(S) 92(T) 92(U)] + 4 T 1n [02 (S) 92 (T) 92(T)]
+ (X + 1) nl(S + )T+ T)(U + D), (4.10)
where 2
92(5) = 277(7(52)5) (4.11)

For large real values of S, T" and U, this result yields

a® YS+T+U)+Y(S+T+0)
STU =~ 256 ’

(4.12)
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and its non-holomorphic contribution equals,

T+7YT _
——1In

Qi uenholo — [(S+8)(T+T)(U+D)] . (4.13)

STU 2567

Assuming that the real part of S is much larger than that of T' and U, the two results ([L.7)
and ({.19) coincide up to a factor 2. This is related to the fact that the STU model has
been defined on the type-II side. The relation between the field S and the heterotic dilaton
must involve a factor 2. When this is taken into account the two results are in fact equal,
in agreement with [63].

It is instructive to confront some of the previous results with the solution of the holo-
morphic anomaly equation for Q) for generic Calabi-Yau compactifications,

K0

1 1
1) nonholo F(O) 4.14
47T Q( ) = —5 hl det[ImQ K[]‘ + (2 X 1) ln ‘YOP 9 ( 1 )

T=—-64

where we adjusted the proportionality constant to have agreement with previous results.
The quantity K is generally defined by

K=i(Y!F, —-Y'F}). (4.15)

Here F; and F7j refer to the derivatives of the general function F' and may thus contain
non-holomorphic contributions. However, F 1(3) and K(© refer only to the corresponding
expressions for T = 0, so that non-holomorphic terms are absent. Then the Kéhler potential
K and the determinant of the special-Kahler metric in the standard representation [p(] (see
also [4]), are given by

K=-In [K(O)/|Y0|2] , g=— eI get [ImZFI(?H . (4.16)

In the case at hand, where the function F(©) coincides with (B.1]) in the T = 0 limit,
the expression for the Kéhler potential and Q) are given by

K== [KO/YOR] = —In |(S+8)(T +T)'na(T+ 1) ,
(1) nonholo _ X 5, - 3 Q
47 Q N (24 2 5 > In(S +95)
L _ \a 7\b
n (24 2) In [(T + T)na(T + T) } , (4.17)

where we used the relation,

K(0)

det [Isz&] = 9771(S + §)"3 det|— 1) vor| (4.18)

which holds for the same class of functions. For the Enriques Calabi-Yau three-fold, n = 11
and y = 0, so that ([.14) coincides with ({.§), provided we set T = —64. Similarly for the
STU model, where one has y = 0 and n = 3, the result coincides with ([.1J).
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One may also consider the class of CHL models which have N = 4 supersymmetry [59]
and which we already mentioned in section f]. These models are invariant under the S-
duality group T'y(N) C SL(2;Z), which is generated by (B.1§) with the transformation
parameters restricted to ¢ = 0 mod N and a,d =1 mod N. They contain no higher-
genus contributions beyond genus-1. As discussed in [B0] the function 2 can be expressed
in terms of the unique cusp forms of weight k + 2 associated with the S-duality group
I (N) C SL(2;Z), defined by f*)(S) = nf*+2(8) n*+2(NS) where,

FEI(S) = AgT? FR(S). (4.19)

The result for ), then takes the following form [[L],

1

[T In f®(S) + Tln f®(S) + %(r + 1) In(S + S)k“] . (4.20)

Note that this result agrees with the terms obtained for the corresponding effective actions
(see, for instance, 1], R3)).

For large real value of S we obtain the same result (.4) as for the FHSV model.
The non-holomorphic terms in (4.2() can also be confronted with (4.14) and one finds
agreement (again, modulo a factor 47) provided n = 2(k + 2) + 3 (here we have included
the four gauge fields associated with the extra N = 2 gravitino multiplets) and x = 48.
However, this seems a numerical coincidence and we stress that ({£.14) is strictly speaking
only applicable to N = 2 supersymmetric models.

As an application we can now give the expressions of the measure for the mixed par-
tition function as it appears in () Because the mixed partition function usually refers
to the holomorphic part of Fg, we extract the non-holomorphic contribution from (R.24)
and absorb it into measure, so that the factor VA~ is replaced by VA~ exp E%s Q(l)nonh"lo].
Evaluating the expression based on ({.14), we find the following universal result,

x/24—1

O)
K , (4.21)

—  Aq Q(1)nonholo
VA~ e 4 XX W

where we only kept the leading terms which scale with zero weight in the large-charge
limit, and we dropped an irrelevant proportionality constant. This result applies to N = 2
only. For the CHL models one can perform the same calculation, employing an N = 2
description. Provided that one chooses n = 2(k + 2) + 3, accounting again for the extra
four gauge fields belonging to the N = 2 gravitino multiplets, one obtains,

K0

— 47 Q(1)nonholo
A~ e TP

(4.22)

This latter result has been confirmed for the CHL models [0 [[1]] based on the corresponding
microscopic degeneracy formulae [F3 —FH, RO]. Observe that for the FHSV and STU models,
x = 0, so that the semiclassical measure factors for these models and for the CHL models
are inversely proportional. In contrast with the N = 4 models the semiclassical prediction
for the N = 2 and N = 8 models does not agree with other results in the literature. The
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N = 2 results of [[[§] for compact Calabi-Yau manifolds are qualitatively different as they
apply to large topological string coupling, whereas the semiclassical results refer to small
coupling. Hence these two results apply to different regimes. Actually the measure factor
of [[[§] will diverge when uniformly taking the charges and the Y large, which reflects the
so-called entropy enigma. We expect the semiclassical results to apply to singlecentered
solutions, which are insensitive to the entropy enigma. For the N = 8 result of [fJ] the
situation is rather different, because here the measure factor is subleading as compared
to semiclassical arguments. This seems to indicate that the semiclassical contribution will
actually vanish in this particular case, presumably as the result of the high degree of
symmetry of the N = 8 model.

We evaluate Q) for the FHSV model in the next section. Obviously these results will
only be determined up to invariant functions, just as the non-holomorphic anomaly equa-
tion of the topological string enables the determination of the genus-g partition functions
up to holomorphic terms. We will demonstrate that the results for Q) do not coincide
with the corresponding expressions found for the topological string in [6(].

5. Non-holomorphic corrections and the topological string

In this section we solve the constraints posed on Q@ for the FHSV model, and compare the
result with that for the genus-2 partition function of the topological string. As we already
indicated previously, the two results do not agree. Obviously the discrepancy raises a
variety of questions. First of all, it is important to realize that the transformations depend
on T, so that we are dealing with an iteration in Y, both in the function €2 as well as in the
transformation rules. This situation is crucially different from the setting in which the non-
holomorphic terms arise for the topological string, and this explains why the two results
are different. As is well known, Q) encodes certain terms in the full effective action that
are not necessarily local, which arise upon integrating out the massless modes. These terms
affect the holomorphicity that underlies the Wilsonian effective action. The full effective
Lagrangian must reproduce the physically relevant invariances, and for that the presence of
the non-holomorphic corrections can be crucial. Indeed we will demonstrate that the free
energy (R.1§) is invariant up to second order in Y in the presence of the non-holomorphic
corrections. This will be discussed for the FHSV model in subsection [.1.

A second, even more subtle, issue concerns the electric/magnetic duality transfor-
mations. Electric/magnetic duality is defined at the level of the effective action and its
consequences are not a priori restricted to the Wilsonian action. This duality is not nec-
essarily a statement about invariances, but about equivalence classes: the same physics
can be described in the context of different electric/magnetic duality frames with differ-
ent corresponding Lagrangians. These equivalence classes are well understood for N = 2
supersymmetric theories at the level of the Wilsonian action, based exclusively on the holo-
morphic contributions. It is reasonable to expect that the full effective action that includes
the effect of the non-holomorphic terms remains subjected to electric/magnetic duality, so
that the functions in terms of which the full effective Lagrangian can be encoded, should
still fall into similar equivalence classes. This requires that one can establish the existence

— 24 —



of a different function encoding a different Lagrangian which is related to the former by
an electric/magnetic duality transformation induced by symplectic rotations of the period
vector. In subsection we show that this situation is indeed realized in certain cases.
We prove that upon electric/magnetic duality, there are indeed equivalence classes of func-
tions. Furthermore, for the class of functions that we consider in this paper, the free energy
transforms as a function under duality. In this way the results of subsection p.] can be
understood in a more general context.

5.1 Duality constraints on Q®(S,S,T,7,Y°,Y?)

In this subsection we consider the duality constraints at second order in Y and Y. We
concentrate on the FHSV model, but the corresponding result for the STU model can be
derived along the same lines. For the CHL models the Q(9) vanish for g > 1 so that (E20)
represents the complete result.

We start by solving the constraints imposed by S-duality, which are given in (B.17).
Because the 02/0T® are S-duality invariant, we can solve the second and third equation
and write 9Q/0S and Y°09/0Y° in terms of two functions transforming homogeneously
under S-duality. To this end we employ the holomorphic function G2(2S) = %85 Inn?(29),
which transforms under S-duality as,

Go(28) — AZGy(2S) + %ic As. (5.1)

Observe that to G2(25) one can always add a modular form of weight two but this ambi-
guity will be absorbed in the various functions that we will introduce shortly. We stress
that we cannot assume holomorphicity for these functions in view of the non-holomorphic
corrections noted previously. The choice for the argument 25 in (p.1) is made in view of
the S-duality transformations which constitute the group I'(2). We now solve the third

equation (B.17) by writing,

0 02 _ o), 2C2(25) 02 00

Yigyo v 92 a1 aTv’

(5.2)

where w(® is invariant under S-duality. Substituting this result into the second equa-
tion (B.17), we obtain the following expression for 9§/,

(9]

o © 2 [G2(29)]? 992, 09
oS

Y92 ara’ orb

w® —2G5(25) w (5.3)
where w® is now a function transforming under S-duality as w® — A%w(z).

The above two equations should be integrated to yield a solution for €2. In order to do
so we first note the identity
B 18G2(25 )

(Ga(28))? = 5 =5 + Ga(29). (5.4)

where G4 is a modular form of weight four, which is proportional to the corresponding
Eisenstein function G4(S) = (7/6)? E4(S). This identity enables one to write the square of
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G2 in the last term of (f.J) as an S-derivative of Ga, because the term proportional to Gy
transforms under S-duality in such a way that it can be absorbed into the function w(®.
Furthermore the second term proportional to w(®) can also be related to an S-derivative,
as can be seen by writing it as a power series in Y°,

0 (a & 7 i vO0 w0y _
w®(8,8,7,7,v°, 7% =) Ty , (5.5)
m#0
where the functions v transform under S-duality as modular forms,
"™ — A ™. (5.6)

The reason that the contribution with m = 0 is not included, is related to the fact that
such a term can not show up in (5.9) in the context of a power expansion in Y. Using the
definition of the covariant holomorphic derivative Dgv™ = (9g — 2mG2(25))v™, we can
write 2 Go(25) w® as

(05 — Ds)v™

26,025 = 3

m7#0

(5.7)

The terms proportional to Dgv™ transform under S-duality exactly as w®), and can thus
be absorbed into it. Hence we are left with,

55 = - n . (5.8)

oN w(2) . Z 1 o™ 1 8G2(2S) o9 ab o0
MY 95 (Y92 o5  ore a1v

m#0

The two equations (f.3) and (B.§) can be integrated provided the following condition holds,

2 2 ®)
90 [402(25) 920 9G»(25)  8%Q , dw 59

_ (v0
ore YO 9S91* as  oyvar? =) Yo -

Now we concentrate on the terms Q9 with g = 1,2, which depend at most quadrat-
ically on Y and/or Y. In that case the T-derivatives of Q in the above formulae can
be restricted to the corresponding derivatives of Q) and thus follow from the results of
the previous subsection. In particular, these T-derivatives depend only on 7% and T°.
According to (5.9) it then follows that w(®) does not depend on Y.

We are thus left with the first equation (B.17), which implies that the T-derivatives of
Q are S-duality invariant. Since the derivative of Q1) was invariant under the first term in
the S-duality variation of the 7% specified in (B.17), this equation leads to,

00\’ ic  2?20W , 900
<W>S T A0 aTeare! 9T
ic  220M , 000 902
T AS(YO29reaTt 9Tc  oTe

(5.10)

Note that, in the approximation that we are working, the S-duality transformation on the
left-hand side will not involve any variations of the T% as those would be of even higher
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order in T or T. Furthermore we make use of the fact that Q) is real, so that we extract
an overall T*-derivative and establish that,

CGy(28) 90 00 Gy(25) o), 900
Y92 are ! Tar® (Y92 ol | arv

Q@(s,5,1,T,Y°, Y% = +u® | (5.11)

where (0

is an S-duality invariant function quadratic in Y, Y. Its S-derivative must
obviously coincide with the first two terms on the right-hand side of (f.§) as far as they
are of the same order in Y, Y.

Further constraints follow from imposing the T-duality equations (B.23), where we will
now deal exclusively with contributions of second order in Y, Y. We first consider the third
equation of (B.23) and note that the term proportional to Y99Q/9Y° on the right hand
side of the third equation can be dropped in this order. Using that 92/9S is invariant

under T-duality we find that third equation is solved by

000 _ (0) 1 9dlog®(T) o o0 90
YO 2(Y0)2  9Te ord  as

(5.12)

where %OT log ®(T') acts as a connection for T-duality, as discussed below (B-26). Here r(©)
denotes a T-duality invariant function. The first equation of (B.23), on the other hand,
results in

0@\’ 2 9020 o0l 2 020 _ o0t 902
< 95 )T T A2 952 | ore T Rp(vo2 9585 L a1" -~ a5

(5.13)

where we used again that Q) is real. Following the same steps as before, this equation is
solved by

003 o 1 22QW 9md(T) , 000

95 7 T 4Y%? a8z ~ are ! o1V
1 92QM 9me(T) ,, 000

A(YO)2 9505 are | Tt

(5.14)

where s denotes a T-duality invariant function. Observe that (5.14) is consistent with
the expression (f.§) for 9Q/dS following from S-duality invariance. Namely, the last term
in (B.§) is of the type 59 while the second and third term in (F-14) are of the type v? and
w®, respectively.

All results obtained so far give rise to the following expression for Q) up to an S-

and T-duality invariant function,

CGy(28) 90 000 1 amd(T) 000 90
W92 are ! TaTv  4(¥%2 oare | 9Ib 08

The reader may verify that all previous results (5.9), (p.11), (b.13) and (p.14) are repro-
duced. Furthermore, the result is consistent with the assumption that Q@ is real.

0@ —

fcc.  (5.15)

The result (p.15) can be confronted with the manifestly duality invariant expression,

R _ 90 " o0
G2(25,25) T n R

FA(Y) x (5.16)

(Y0)?
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where G(S,S5) = G2(S) 4 [2(S + S)]~!. Note that the right hand side of (5.16) is non-
holomorphic. This latter expression is the one obtained for the topological string [B(], which
is clearly invariant under the lowest order S- and T-duality transformation by virtue of the
non-holomorphic terms in Go and Q). Tt is clear that the real part of (5.16) and (5.19)
are quite different. Indeed, Q@ is not duality invariant in leading order of Y and Y. It
varies as follows under S- and T-duality,

; 1 1
Q@) = @) — <2A ic  00M 000 +C'C.> |
S

Y2 a7 " aT®

1 590Mm
2 (00 00 —i—cc) (5.17)

@y — 0® _
(Q )T & <AT(YO)2 9T  9S

The lack of invariance poses no problem as the function Q@) is invariant in lowest order
of T or Y, but still receives corrections from variations of S and T and their complex
conjugates that are themselves linear in Y or Y. This leads to the following variations,
quadratic in T, T,

i (S R-Te1¢))
(1) / _ (1) 1C 89 ab
@), =%+ <AS(Y0)2 ara " g e |

M 9o
1 g0 00 —i—c.c.) (5.18)

MY —
(Q )T & +<AT(YO)2T oTe 98

Observe that Ar can be replaced by its lowest-order value T“nabTb in the second equation
of (5.17) and of (p.1§). With these results one can verify that (f.19) also satisfies the second
equation in (B.23). This follows directly from the second equations in (5.17) and (f.13),
taking into account that all fields 7%, S and Y°, as well as their complex conjugates,
transform under T-duality. Hence we have established that () satisfies the restrictions
posed by the dualities to second order in (real) Y.

While Q) +0Q®) is not invariant, the quantity Im[Ydy F] oc [Ty 4+ TO¢]S is invariant
for real values of T at this level of approximation. Therefore it follows that the free energy
defined in (R.19) is indeed invariant under S- and T-duality to second order in real Y!

For genus g > 2 the deviations between the functions that encode the full effective ac-
tion and the topological string twisted partition functions will persist. The reason is that
both the function 2 and the duality transformation rules depend on Y, which is in striking
contrast to the situation in the topological string, where the duality transformations are
independent of T and determined, once and for all, by the classical contribution of the
function F. Therefore the twisted partition functions, F9), of the topological string must
be different from the contributions appearing in €). The former are invariant under the du-
alities whereas the latter are not invariant, but they are determined by the requirement that
the corresponding periods transform according to the correct monodromy transformations.

In section [I] we have already pointed out how this discrepancy can possibly be resolved.
The topological string partition functions correspond to certain string amplitudes [B3, B4,
which are also encoded in the full effective action that describes all the irreducible graphs.
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On the other hand the latter is not invariant under duality, unlike the partition functions
of the topological string. Therefore the information contained in the topological string and
in the relevant terms of the effective action can certainly be in agreement, although the
corresponding mathematical expressions are different. It is suggestive that the connected
and irreducible graphs are related by a Legendre transform, whereas the action (or its
underlying function) can also be converted to an invariant expression (e.g. an Hamiltonian
or a Hesse potential) by a Legendre transform. Obviously resolving these subtleties is
a challenge.

5.2 Non-holomorphic deformations of special geometry?

Motivated by the results of the preceding section we consider some of the more concep-
tual issues related to the presence of non-holomorphic corrections. Let us consider elec-
tric/magnetic dualities on the periods (X?, Fy), which take the form of Sp(2n) rotations.
Here we do not assume that the F are holomorphic functions or sections. Hence we have
holomorphic and anti-holomorphic coordinates X! and X I , while the F7 may depend on
both X! and X!. To avoid ambiguous notation we will use anti-holomorphic indices T
wherever necessary. In this subsection homogeneity properties do not play a role.

Electric/magnetic dualities are defined by monodromy transformations of the periods,
defined in the usual way,

X' X' =vl,x7 + 2" Fy,

Fr — Fr=V{/Fy+ W X7, (5.19)
where U, V, Z and W are the (n + 1) x (n + 1) submatrices that constitute an element
of Sp(2n + 2,R). As a result the relation between the old and the new fields, X! and X1
will no longer define a holomorphic map, and we note,

ox1
0xX’ —
where Fy; = 0F;/0X7 and F; ;7 = 0F;/0X”. Subsequently we consider the transformation

behaviour of the derivatives Fy; and F;; induced by electric/magnetic duality (f.19).
Straightforward use of the chain rule yields the relation,

Sy, =U";+Z'"F a—XI—ZIKF 7 (5.20
J — J KJ > - - KJ>» . )

Frj— Fry=(VitFre + Wig) [S7YE S, (5.21)
where
Fry = Fy— F 280 Fy )
Sy =U",+2"Fy,,
2zl — (s Yl 257 (5.22)

As was shown in [B4], Z!/ is a symmetric matrix by virtue of the fact that the duality
matrix belongs to Sp(2n + 2,R). For the same reason [S™') ¢ ZX7 is also symmetric in
(I,J). Observe that Z!7 satisfies the equation,

621 = _zIKspp 21 (5.23)
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Let us now assume that Fr; is symmetric in / and J. This symmetry implies that
the Fy can be written as the holomorphic derivatives of some function F(X, X). It is of
interest to determine whether this symmetry is preserved under duality. In general this is
not the case. However, when we assume that

Fry==+Fy, (5.24)

then FI J will also be symmetric. In that case one can derive from () that F) 77 must
be symmetric as well, so that the F; can be expressed as the holomorphic derivatives of
some function F(X, X) with respect to X!. This is a first indication that non-holomorphic
deformations satisfying (5.24) can be consistent with the special geometry transformations
of the periods. Henceforth we will assume that (5.24) holds. Observe that terms in F' that
depend exclusively on X I are not determined by the above arguments.

Furthermore one can show that

Fry— Fryp=[8"1%1187"" 5 Frr- (5.25)
It seems that the holomorphic and anti-holomorphic indices are treated somewhat asym-
metrically in this transformation rule. However, noting the relation

N1 _Far
(8—13) =08, - 2K 2L (5.26)

which follows from (p.22), and upon inverting the above expression and writing it as a
power series, one observes that S S” ; Fy; takes a more symmetric form. This enables
one to show that (5.25) can be expressed in two ways,
~ A K — L 1. K ~_ L
FIJ_’FIJZ[S 1] [[S 1] jFKE:[S 1] I [S 1} kT - (5.27)
Let us now assume that the function F' depends on some auxiliary real parameter n
and consider partial derivatives with respect to it. A little calculation shows that 0, F;
transforms in the following way,
~ £l J KT _

OnFr = |57 1|0 Fy - Fyi 250 0,F | (5.28)
where the n-derivative in 67715 I(X ,f( ;M) is a partial derivative that does not act on the
arguments X' and their complex conjugates, and likewise, in OnFr(X, X;n) the arguments
X' and their complex conjugates are kept fixed. Let us now assume that the function

F(X,X;n) decomposes into a holomorphic function of X and a purely imaginary function
that depends on X/, its complex conjugates, and on the auxiliary parameter 7,

F(X,X;n) =FO(X)+2Q(X, X;7), (5.29)

where €0 is real, just as the functions we have been considering in this paper. For this class
of functions we have the following identities,
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so that we must adopt the minus sign in (§.24). With this result we can establish that
OnF (X, X;m) = 0,F (X, Xin). (5.31)

up to terms that no longer depend on X' and X I Ignoring such terms on the ground
that they are not relevant for the vector multiplet Lagrangian, this implies that the first
derivative of the function F with respect to some auxiliary parameter transforms as a
function under electric/magnetic duality. Of course, it is crucial that we assumed the
decomposition (B.29) so that  appears only in the non-holomorphic component Q of F.

When the electric/magnetic duality defines a symmetry, then it follows that 9, F must
be invariant under this symmetry. As we explained previously, S- and T-duality requires
real values of T. The above arguments can now be applied to the free energy for BPS
black holes defined in (R.15), with the real T playing the role of the auxiliary parameter
1. Therefore the second term in the free energy proportional to the T-derivative of F' is
duality invariant while the first term equals the symplectic product of the period vector
and its complex conjugate. As a result the free energy is thus duality invariant.

We stress once more that the effective action encoded in a non-holomorphic function
F' is not fully known. Although the arguments presented above indicate that, indeed,
non-holomorphic deformations are possible within the context of special gometry, a lot of
work remains to be done in order to establish the full consistency and the implications of
this approach.

6. The STU model

The analysis of the last section can be repeated for the STU model, and undoubtedly
the results will be rather similar. Nevertheless, we still turn to a detailed analysis of
this model to confront our general results with the proposal of [BI] for the statistical
degeneracies in the STU model. The STU model is based on four fields, Y°, Y, Y2 and
Y3, of which the latter three appear symmetrically. The fields S, T, and U are defined by
S =YY% T = —iv?/Y? and U = —iY3/Y". Much of the information has already
been given in section . The T-duality group is contained in SO(2,2) = SL(2) x SL(2),
and the combined S- and T-duality group is the product group I'(2)s x I'(2)r x I'(2)y,
where I'(2) C SL(2;Z) with a,d € 2Z + 1 and b,c € 27Z, with ad — bd = 1. Furthermore
there exists a triality symmetry according to which one can interchange Y, Y2 Y3 or,
equivalently S, T, U. Under this interchange the corresponding I'(2) factors of the duality
groups are interchanged accordingly.

The distinction between S- and T-duality disappears for this model and in view of
that the set-up adopted in section [J is not the most convenient one. However, we can
simply start from the S-duality as explained there and recover the other I'(2) factors upon
interchanging the corresponding moduli. Hence we start from (B.6), which we present on
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the corresponding charges,

p° —dp’+ep', g —aq—ba,

pt —ap'+bp°, @ —da—cq, (6.1)
p* —dp®—cqz, q2— ag—bp?, ’
p*—dp’—cqr, q3— ags—bp*.

The T-duality (U-duality) transformations are now obtained upon interchanging the labels
1+ 2 (1 < 3). From these transformation rules it follows that the eight charges trans-
form according to the (2,2, 2) representation of I'(2)g x I'(2)7 x I'(2)y. Consequently the
charge bilinears transform as I'(2) triplets, (3,1,1) 4+ (1,3,1) + (1,1, 3), or in the (3,3, 3)
representation. Only the triplets are relevant for what follows and we start by defining the
following three charge bilinears,

<Q7 Q>S =2 (QOPI - q2q3) )
(P, P)s = =2 (q1p° + p*p*),
(P,Q)s = qop’ — q1p* + @2p” + @3p°, (6.2)

which are invariant under I'(2)r x T'(2)y and transform as a vector under I'(2)g,

(Q,Q)s — a®{Q,Q)s +b” (P, P)s +2ab (P, Q)5
(P, P)s — ¢*(Q,Q)s +d* (P, P); +2cd(P,Q)s,
(P,Q)s — ac(Q,Q)s +bd (P, P), + (ad + be) (P, Q) . (6.3)

The I'(2)s invariant norm of this vector,

D(p,q) = (Q.Q)s (P, P)s — (P,Q)Z, (6.4)

is also invariant under triality, so that the two triplets of charge bilinears that follow
from (.9) by triality, have the same invariant norm.These two other triplets,((Q, Q)¢, (P, P)y,
(P,Q)) and ((Q, Q)u, (P, P)u, (P,Q),), transform as a vector under I'(2)p and T'y(2), re-
spectively, and are singlets under the two remaining I'(2) subgroups.

In the next subsections we discuss the macroscopic determination of the entropy of large
and small black holes based on the entropy function (R.§) and the free energy (R.15), which
will include the non-holomorphic corrections. Subsequently we consider the statistical
degeneracy formula for the STU model proposed in [B1]].

6.1 Macroscopic evaluation of the BPS entropy

Here we apply the results of the preceding sections and determine the attractor equa-
tions and the black hole entropy including the first non-trivial subleading corrections. For
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convenience we recall the relations (B.19) for the STU model,

Yy?y3  2i 0 0 0 3,
Fo= o~y | Y oy 555t Tar t Vo | @
g YV 200
Yo Y0 9S 7

p_ YV 200
Yo Yo or’
1y2

which clearly exhibits the triality symmetry, provided that  is triality invariant. Under
I'(2)s the fields transform as follows (c.f. (B.13)),

YO - AgY?, Y! - aY!'+0Y0,
2¢ 90 2¢ 0 (6.6)
2 g 4C O 3 3_ 282t
Y — AgY Y0 90 Y° — AgY Y0 9T
This result leads to the following transformations of the special coordinates (c.f. (B.15)),
aS—1ib 2ic 0N 2ic 09
“istar Tt aeopeare Vo Utasoogar O0
Requiring these transformations to induce the corresponding variations on the periods,
we obtain (c.f. (B.17)),
00\ _ o0 oy _ oo
or)s or’ o)y  oU’
00\, L,00 O [ 1,00 i 0000
95)s ~° as oS 27 9Y0 Ag(YO)2 0T oU |’
o0\’ o0 dic 00 0N
YO — ) =Y° — .
( ay0>s aY0 T A (YO 9T oU (68)

Corresponding results under T- and U-duality follow directly by triality. Subsequently we
evaluate the free energy,

F=—YRPS+8)(T+T)U+T)+40W

Yo _.o0Wm _ o0 _ o0
—Z{W[(S—i—b’) D w02 el 09)

where we dropped all the higher-order YT contributions. Henceforth we will consistently

restrict © to Q) but we will nevertheless keep writing © for notational clarity. The above
free energy is invariant under S-, T- and U-duality, up to terms that are quadratic in
QW as can be verified by explicit calculation. These higher-order terms will eventually be
cancelled by variations of the higher-order Q(9).

Expressing Y2 and Y? in terms of the charges and the field S,

1 - a0
2 _ _ 5,2 o (OUM O
Y _5—1-5'{ g3 +iSp 21<Y0 }70>}’

1 . & (O Opd
V= o {mrise-a (%9 - (6.10)
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and imposing the remaining magnetic attractor equations, Y! — Y1 =ip! and Y* — Y" =
ip?, one finds,

<Q7Q>s_i<P7Q>s(S_S)+<P7P>8‘S‘2
S+

%(S,8,p,q) = — +4Q(S,8,T,T,U,0), (6.11)

where T and U are no longer independent variables but denote the S-dependent values of
the moduli that follow from (f.10) to first order in 2. To evaluate those we use the defini-
tions,

Q(S)ZQO+1SQI, Q2(S):q2+lsp37

6.12
P(S) = p' —iSp°, Q3(9) = g3 +iSp?. (6.12)

transforming under S-duality as P(S) — Agl P(9), and likewise for Q(S), Q2(S) and
Q@3(S). Furthermore we note the expression

o _ P(S)
Yi=g -l (6.13)
so that (p.10) leads to the following S-dependent expressions for T and U,
7o @) 2(5+9) <aUQ - 8UQ>
- P(S) P(9) P(S) P(S))’
QS 2(S+8) (002 950
=i rE (P B) (6149

Observe that the S-duality transformation of these equations coincides with the re-
sults (6.7). For what follows we need to evaluate the derivatives of T and U with respect
to S,

or 1 _

5 _§<P7P>up 2(9)+--,

ou 1

95 —§<P7P>tp_2(5)+'“ ; (6.15)

where we suppressed terms proportional to the derivatives of 2.
Finally the attractor equation for S follows from requiring the S-derivative of (.17)
to vanish,

<Q7Q>s + 2i <P7Q>sg_ <P7P>s 52

+2(S + 85)? {2 s — gg)“ 070

<P7P>t
- P2(S)

aUQ} ~0. (6.16)

It is important to check the behaviour of this result under the various dualities. It is
covariant under S-duality, because, in this approximation, the term proportional to the
derivatives of (2 scale under S-duality with the same factor Ag 2 as the other terms in (5.14).

In the following, we will consider large black holes, i.e. black holes with charges such
that D(p,q) > 0, and hence with (P, P)s # 0. In that case the solution of (f.16) takes the
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following form,

[ b 4 (PP, (P, P),
S~ e\ e 2050 g o~ ey 0}

where the arguments in Q are the leading values of S,T,U as our results hold only to first
order of in Q. At this point it is easy to substitute these values for S into (6.14) and we
find the same equations for the fixed-point values for 7' and U as in (6.17) upon triality
transformations. These results are the extension of the lowest-order expressions that were
obtained long ago [65.

Before considering the behaviour under T- and U-duality of (B.17), we note the fol-
lowing identities, which hold at the attractor point,

2(P,P)s|P(S)I* = ~(P.P)e (P, P)u+ -,

2 (P, P), Q2(8) P(5) = (P,P)u(P,Q)u— 31 (P, P)u(P. P}y (S +8) + -

S+

_
T4+1 = =3P Phu g+

(6.18)

as well as similar identities obtained by triality. Furthermore we note the transformations,

Ps) = PA? o P(S) Y Ay P(S) 4 (6.19)

With these equations one establishes that the expression (p.I7) for S transforms under T-
and U-duality as,

”
s g4+ T _9yrQ, (6.20)

Aty (Y0)

which is precisely compatible with (@) upon triality.
Now we can introduce a modified field S™ invariant under T- and U-duality by

inv __ D 8659 B i<P, Q>s
T <Rfv3{1+<Pva} (P.P), (6.21)

which transforms in the usual way under S-duality as it is the solution of an S-duality
covariant equation,

(Q,Q)s +2i (P,Q)sS — (P, P)s 5* +4(5 + 8)* 9502 = 0. (6.22)
This equation results from the condition that (we set T = —64)

<Q7 Q>s - i<P7 Q>8 (Sinv __S'mV) 4 (P, P>s ‘Sinv‘2
Sinv _|_ Sinv
2 ; : .
== In [[9o(S™) (5™ + S (6.23)

ZS(SinV, Svinv;p7 q) - _
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is stationary. Likewise we can introduce similar equations for fields 7™ and U™ which
transform as usual under T- and U-duality respectively, but are invariant under the other
dualities. These fields are the solutions of the equations that follow from (.29) by triality.

The result for the entropy now follows from substituting the value of S into (f.17).
All the €)-dependent terms in the solutions for S,T,U cancel generically, and one is left
with (B.I1)) with S (and thus 7" and U in Q) equal to their classical values. Observe that
this is so because we are only considering the first-order corrections to the entropy. In
principle there are higher-order terms which will represent next-to-subleading corrections
to the entropy. The result for the entropy thus takes the form,

Sstu(p,q) = X

attractor

= 7y/D(p,q) — 2 In [|92(S)[* (S + )]

—2In [[92(T)|" (T +T)] — 2 In [|[92(U)|* (U + U)], (6.24)

where, in the last terms S, T and U are fixed to their lowest-order attractor values. Here

we made use of ([.10).
Alternatively, the entropy (f.24) can be obtained from an entropy function ¥ that

depends on the invariant fields S™, T and U™, where these fields are treated as inde-

pendent. This entropy function is given by
~ . _. . _. . _. 1r~ ~ ~
E(va, Slnv7 rTmV7 TIHV’ Uan7 U*lnv;p7 q) — g |:ES + ET + EU , (625)

where 5 is S-, T- and U-duality invariant and equal to,

v inv ginv ,Q)s — (P, s Qinv _ ginv + (P, P)4 ginv|2
£ (5, v, q) = — \Q Qs ZHPQ) {Simgim) (P, P)s |S™]

6 . . _.
_ % In [‘02(51nV)’4(S1nv + va)] , (626)

and T and TV follow by triality. Extremizing 3 with respect to S™, T and U™ and
substituting the resulting values into ¥ yields the entropy (b-24), where we work in the same
order of approximation as before. Note, however, that 35 does not equal (F-23) so that
the value of the attractor point will be different, although, at this order of approximation,
such a deviation has no effect on the entropy.

6.2 Small black holes

To explore some other aspects of the STU model, we now consider possible small black
hole solutions. Small black holes satisfy D(p,q) = 0, with D given in (§.4). The higher-
curvature corrections encoded in {2 are then crucial to ensure that the moduli are attracted
to finite values at the horizon. For the STU model, the associated Q) given in ({.10),
depends on all three moduli S,T and U, which implies that in order for the three moduli
to take finite values at the horizon, the charges carried by the small black hole have to be
chosen in such a way as to result in three non-vanishing charge bilinears (out of the nine
bilinears introduced earlier). This differs from the situation encountered in N = 4 models,
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where the associated Q) only depends on one modulus, so that only one non-vanishing
charge bilinear is required to construct a small black hole [f].

An obvious possibility consists in choosing charges such that only (Q,Q)s, (@, Q):
and (@, Q), are different from zero. Such a configuration can be obtained by switch-
ing on the charges qg,q1, q2, g3 while leaving the remaining ones equal to zero, so that
(@,Q)s = —2q2g3, (Q,Q)t = —2qug3 and (Q,Q)y = —2q1g2. Then, at the horizon,
YO Y1 V2 Y3 are all real, so that S,7,U are purely imaginary, which does not consti-
tute a well-behaved situation (since, for instance, the non-holomorphic terms contained
in QW are expressed in terms of the real part of the moduli fields). Therefore, we dis-
card this choice of charges and take instead p°, g2, g3 as non-vanishing charges. Then, the

non-vanishing charge bilinears are,
(Q,Q)s = —2q2q3, (P,P)i=—2p"q2, (P,P)y=—2p"gs. (6.27)

In that case Y1, Y2 Y3 are real, but Y? is not in view of the fact that p° # 0. Using the
definition of S,T and U we establish the following expressions for these quantities,

0 0

Y0 = i§ y2 = g7 _
S+8° S+S’
1 0 . o (6.28)
Y'=-8§———= Y° = -SU ——=
S+58’ S+58’
so that SU and ST are real. Inserting (5:2§) into (f) and restricting Q to Q) gives,
| (pOSTUS®  2(S + 8)S
Fy == — — S0sQ +TorQ+ Uoy2
052{S+S 0[S+T+U]7
i (p°TUS?  2(S+09)
F == - 9]
! S{ S+ P’ Os }
pPUSS?  2(S+9)
Fy == - orQl
2 5{ S+35 o T }
pPTSS?  2(S+09)
F; == - s . 6.29
P75 { S+8S oY } (6.29)
Using T = ST/S and SU/S, we find that the attractor equations Fy = Fy and Fy = F}
yield, respectively,
_ 2 _ _
(S8 — 8)S?TU = W(S +8) (S205 — 52050
+STor) — ST@TQ + SUy ) — SU@UQ) ,
_ 2 _ _
S°TU = oL (S + 8) (S5 + S059) (6.30)

while the attractor equations Fy — F5 = igo and F3 — F3 = iq3 read,

G [P 2 (8+59) S
sU =24 2 15 (65,01 50:9) .
PG s eSO
sr— 8. 2 559 4501 50,0) . (631)
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In the absence of higher-curvature corrections, inspection of (p.30) and (B.31]) shows that
there are no solutions with finite values of S, T and U. When including higher-curvature
corrections, on the other hand, we deduce from the structure of (.3() and (f.31) that a
likely solution exists with finite, but small values for T" and U, and a large, but finite value

for S. Therefore, we expand €2 around large values of S and small values of T" and U.
Using Q) given in (f.10), we obtain accordingly (with T = —64),

1 = 1 - 1 1 1 1
Oy =7 (5+8)— 5= (log<s +5)+log (T ; ?> T log (ﬁ n E)) 63

Here we used ([£4) in the expansion of ¥5. Observe that the non-holomorphic terms in Q)
are crucial for obtaining finite horizon values for T" and U.

Using (f.39) we find that the first equation in (f.30) is identical to the second equation
in (6.30) multiplied by S — 5. This means that S — S does not get determined at the
horizon. The second equation yields

2y — 2 o (Ltigrg L
STU—(pO)2(5+S)< (S +8) > (6.33)

while from (.31)) we obtain

o @ S+ S
U= TR eeeT
Sp— By S5 (6.34)

p°  w(p°)2SU

Thus we see that the attractor equations determine the values of S + S, SU and ST, while
the remaining moduli are left undetermined.

In the following, we take p°, g2, q3 to be positive and uniformly large. For large S +
S, (6.3) can be approximated by S+ S = v/2p°V S2TU, while (6.34) implies that SU and
ST are of order one with approximate values given by

(@, Q)s

_ ’ _
— T == =" .
SU=1p P ° (6.35)

where we made use of the charge bilinears (6.27). Reinserting this into S + S gives

S+5=VIQ,Q)sl . (6.36)

The entropy of this small black hole can be computed using (6.11]) at the attractor

point. Its value is entirely determined in terms of (p.35) and (6.36). We obtain, up to an

additive constant,

(6.37)

Smacro = 27 /|(Q, Q4| — 21og <!<P, P)i (P, P>u\) |

Q. Q)s|

We note that for large charges, the leading term in the entropy depends only on one of
the bilinears (5.27). This is in contrast to what one naively obtains when considering
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the microstate degeneracy proposal of [Bl]] and evaluating the degeneracy integral on an
electric or magnetic divisor. There one expects to obtain a microscopic degeneracy which,
to leading order, is given by the sum of three terms, each involving the square root of one of
the three charge bilinears (f.27). This, however, is in conflict with (6.37), which indicates
the need for a better understanding of the microstate degeneracy proposal of [B]]].

6.3 Comparison with microstate degeneracies

Recently, a proposal [B1] was put forward for the microscopic degeneracies of twisted sector
dyons in the STU model in terms of the residues of certain products of Siegel modular forms,
and it was shown that the leading and subleading results for the entropy of these dyons agree
with the macroscopic analysis that we have presented in subsection p.J. Here we briefly
review the analysis of the asymptotic degeneracies based on the microscopic formula in
the notation of [[[]]. It is based on the procedure used earlier in [[[9, R0]. The degeneracy
of dyons depends on the residues of the inverse of a modular form ®(p,o,v) of weight
zero under a subgroup of Sp(2;Z). The three modular parameters, p,o,v, parametrize
the period matrix of an auxiliary genus-two Riemann surface which takes the form of a
complex, symmetric, two-by-two matrix. For the STU model the proposed degeneracies
are given by the product of three of the following integrals over appropriate 3-cycles,

elmlp K+o L+(2v—1) M]

I(K,L,M) f{ dpdo dv (6.38)

Do (p,0,v)
The quantities K, L, M are integers proportional to the charge bilinears (P, P), (@, Q) and
(P,Q), and thus transform as triplets under I'(2). The inverse of the modular form ®g
takes the form of an infinite Fourier sum with integer powers of exp[rip|, exp[rio] and
exp[27iv], and the 3-cycle is then defined by choosing integration contours where the real
parts of p and o take values in the interval (0,2) and the real part of v takes values in
the interval (0,1). The leading behaviour of the dyonic degeneracy is associated with the
rational quadratic divisor D = v + po — v? = 0 of ®, near which 1/®, takes the form,

1 1 o2

1 . |
Oy(p,0,v) D2 fO(y) fO (o) +0(DY) , (6.39)

where

o=, po— (1)

S P A (6.40)

g g

and £ (y) = ¥94(v). The divisor is invariant under the following I'(2) transformations,

p—alp+b2oc—2abv+ab,
o—Ep+dPo—2cdv+cd,
v — —acp—bdo+ (ad+ bc)v — be, (6.41)

which belong to the invariance group of ®3. With this information it can be verified

Q

straightforwardly that the function (p.3§) is therefore invariant under I'(2) using that
K, L, M transform precisely as the charge bilinears in (.J).
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As stated above, the proposal for the dyon degeneracy reads,
dSTU(p7 Q) = I(K87 L87 MS) I(Kt7 Lt7 Mt) I(Kzu LU7 Mu) ) (642)

which is manifestly invariant under triality. When performing an asymptotic evaluation
of the integral (p.3§), one must specify which limit in the charges is taken. Large black
holes correspond to a limit where both electric and magnetic charges are taken to be large.
More precisely, one takes KL — M? > 1, and K + L must be large and negative. Under a
uniform scaling of the charges the field S™ given in (B.21]) will then remain finite; to ensure
that it is nevertheless large one must assume that | K| is sufficiently small as compared to
VKL — M?2. In this way one can recover the non-perturbative string corrections, as was
stressed in [L9].

Clearly, ®o(ps,0,,vs) has double zeros at vsy = % + % 1+ 4psos on the divisor.
The evaluation of the integral (p.3§) proceeds by first evaluating the contour integral for v
around either one of the poles v, +, and subsequently evaluating the two remaining integrals
over ps and o, in saddle-point approximation. The saddle-point values of ps, o5, and hence
of vgy, can be parametrized by

i’ Sinv‘2 i Sinv
b= G T T gwigm VT G gow
with S™ given in (.2]).° The same considerations apply to the other integrals in (6.43)
with identical results. As argued in [[[9], these values describe the unique solution to

, (6.43)

the saddle-point equations for which the state degeneracy d(p, q) takes a real value. The
resulting expression for log dsTu(p, q) precisely equals the expression for the macroscopic
entropy (p.24), with S (and similarly T and U) expressed in terms of the charges through
the first term in (B.I7). The result is valid up to a constant and up to terms that are
suppressed by inverse powers of the charges. Other divisors are expected to give rise to
exponentially suppressed corrections to the microscopic entropy Smicro = log dstu(p, q).
This result is in accordance with the generic features of the semiclassical approximation
that we have outlined in section f.

The microstate degeneracy proposal of [BI]] does, however, raise a few questions which
in our mind indicate that a better understanding of the microstate degeneracy is needed.
First of all, the saddle-point equation for S™ resulting from the asymptotic evaluation
of (6.39), is the one following from (.26) and therefore it does not agree with the attractor
equation (p.29) derived from the macroscopic analysis. This is in contrast to the situation
encountered in the N = 4 models discussed in [[9, B(].

Second, when considering the small black hole discussed in (6.37), it is not clear how
the microstate proposal () can reproduce the leading term of the entropy of this small
black hole. In the case of a small black hole, the degeneracy integral (6.3§) needs to be
evaluated on either an electric or a magnetic divisor, and to leading order this yields a

9Observe that p, o, v constitute the complex two-by-two period matrix, which appears in the exponential
factor of the integrand in () sandwiched between the charge vectors. At the divisor, the imaginary part
of this matrix is proportional to the coset representative of SO(2,1)/SO(2), parametrized by the invariant
dilaton field.
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contribution to the microscopic entropy proportional to the square root of the appropriate
charge bilinear. Since the microscopic degeneracy proposal (.49) involves three integrals,
with each integral contributing a term of this type, the resulting microscopic entropy
consists of a sum of three terms, each involving the square root of one of the three charge
bilinears (6.27). This, however, is in conflict with ([.37).

Finally, we have considered the computation of the mixed black hole partition function,
as was done in the context of N = 8 and N = 4 [[, [1] models, in the hope of
reproducing (R.2¢]). Hence we start from the definition of the mixed black hole partition
function (R.24) with dstu(p, q) expressed by (6.49), and with K, L, M given by the charge
bilinears (P, P), (Q, Q) and (P, Q) (here we omit a proportionality factor between these two
sets of bilinears, for simplicity). The summation over gy leads to a delta function, whereas
the sum over ¢1,¢o2,q3 can be done by a Poisson resummation. In this way we obtain the
following result,

1
Z .44
STY p7 Z %%% VOsO0tOy CPO p57087vs) (I)O(Ptygt,Ut) CPO(pquu;Uu) (6 )

¢—shifts
X (5(¢0 +1p°(2vs + 2vs + 20, — 3) + 2i(pto, + pPor + pgau))
¢s2 + ¢t2 _|_¢u2 o 2(¢s¢t + ¢t¢u + ¢u¢s):|>

16 o50:0,

X exp (—27Ti [pr?’ps +p*p o + p'pPpu —

where the sum over shifts of ¢ are by arbitrary integer steps of 2i. The quantities ¢°, ¢
and ¢" are given by

¢° = o' — 2ip°peos — iplos(2us — 2u; — 20, + 1), (6.45)

with ¢! and ¢“ related by triality. The resulting integral is supposed to be a function
of #°, ¢t 92, », and of the charges p°, p!, p?, p?, but this feature is no longer manifest in
the expression (p.44). Unlike in the N = 4 models, it is a non-trivial task to explicitly
evaluate the integral, although it should, for instance, be possible to use a saddle-point
approximation and make contact with semiclassical predictions.

Note added. Meanwhile this problem has been addressed in [Gq].

7. Conclusion

In this paper we demonstrated that non-holomorphic corrections are crucial for obtaining
a BPS black hole free energy that is manifestly invariant under duality transformations.
In our approach, these corrections are encoded in a single real homogeneous function €2,
in order to ensure that the attractor equations will still follow by requiring stationarity
of the free energy. We presented evidence that these corrections describe a consistent
non-holomorphic deformation of special geometry. The precise relationship between the
non-holomorphic terms encoded in 2 and the effective supersymmetric action remains to
be worked out.

In the context of N = 2 models with exact duality symmetries, such as the FHSV and
the STU models, an explicit evaluation of the non-holomorphic corrections to €2 reveals that
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these are related to, but quantitatively different from the non-holomorphic corrections to
the topological string. This difference may be related to the Legendre transformation that
transforms the holomorphic prepotential of complex special geometry into the real Hesse
potential of real special geometry. The latter is related to the BPS black hole free energy
and therefore manifestly duality invariant. It would be very interesting to investigate
this further.

Duality invariance of the black hole partition function also requires the presence of
a non-trivial integration measure when writing the BPS degeneracies in the form of an
inverse Laplace transform over a mixed partition function [E] We gave a prediction for
the measure factor for a class of N = 2 black holes using semiclassical arguments, which,
however, disagrees with the results for string compactifications based on compact Calabi-
Yau manifolds at strong topological string coupling [[[]. A direct test of our semiclassical
prediction for the measure factor requires knowledge of the exact microscopic state degen-
eracy. When confronting our macroscopic results for large and small black holes in the
STU model with the microstate degeneracy proposal of BI], we identify a number of subtle
issues that to us indicate the need for a better understanding of the microstate degeneracy
of the STU model.
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